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Abstract

We have derived the semidassical relativistic energy functional for a set of fermions
moving in the mean field arising from scalar and vector fields, including up to ft2 correct-
ive terms. The method is applied to a relativistic harmonic oscillator model for which
the semiclassical result can be compared with the exact solution of the Dirac equation.

1. INTRODUCTION

With the advent of heavy ion accelerators in the intermediate and high energy domain,

relativistic theories such as the Walecka <r-u> model [1] and Dirac-Brueckner methods [2,3] are

getting into demand. It is thus highly desirable to develop semiclassical methods that could

be used in this field. These methods have become very popular in nonrelativistic Nuclear

Physics [4,5] due to their feasibility and reliability. Although the c-u> model has been solved

in the Thomas-Fermi (TF) approximation [1], no attemp has been made to go beyond it

and include h corrections as is currently done in the nonrelativistic case [6]. Relativistic h

corrections, similar to the ones we shall present here, have been recently introduced in the

atomic context by Dreizler and collaborators [4,7-10]. The specificity of our approach stems

from a new and compact derivation of the h corrections which is similar to the one known from

BCS theory [H]. With respect to the atomic case, the nuclear problem has some additional

features, the essential one is the existence of a position-dependent effective mass m* which

renders the semiclassical treatment and expressions more involved.

A different question is whether or not ft corrections are important for the relativistic nu-

clear problem. It may seem that the phenomenological character of the relativistic nuclear

models does not necessitate such complications. Let us remind however, that the Skyrme

forces used in the nonrelativistic context are also based on phenomenological models; never-

theless, it was necessary to introduce ft corrections in semiclassical calculations to accurately



describe some quantities, e.g. the surface energy. The same consideration applies to the re-

lativistic problem. Furthermore, the fact that in the latter case the nuclear potential is given

by a difference of two large numbers could make the introduction of ft corrections specially

relevant.

We want to point out that our formalism is not fully covariant, unlike the so-called heat-

kernel expansion [12]. Our h corrections just derive from spatial inhomogeneities whereas

time is always resummed to all orders.

This contribution is organized as follows. In Section 2 we present the formalism. It is

applied in Section 3 to a model case where m* — m = S(r) = V(r) = Kr2/2, comparing the

semiclassical results with the quantal ones obtained solving the Oirac equation. Finally, the

summary and outlook are presented in Section 4.

2. THE FORMALISM

Our aim is to perform the semiclassical expansion in powers of ft of the propagator asso-

ciated with the Dirac hamiltonian

H = a~p + 0 m'(r) + 1 V(F ), (1)

where a and /3 are the standard 4 x 4 Dirac matrices [13] and I is the unit matrix (ft = c = 1

everywhere, unless ft is explicited for the sake of clarity). We present below a new method

based on the Wigner transform to solve this problem which is valid for any time-independent

single-particle hamiltonian H with a matrix structure [H].

The propagator for such hamiltonians is given by

<2>

with 0 = it, and fulfils

The Wigner transform (WT) [14] of eq. (3) results in

(4)

where for Au we mean the WT of the operator Â, and

(5)

for any two operators Â and B. Use has been made of the WT of a product of operators:

(6)

/ A (ih Â  J A (ih^\a , D (ih Â\
i Aw,exp I - j - I,flw > = Awexp I -^- IBw + fiwexp I - j p I



with A = Vr • Vp — Vp • Vr (the arrows indicate in which direction the gradients act).
Writing explicitly Gw = Go + hd + Ji2Gj, expanding exp (tft A /2) in powers of ft and

equating the coefficients of equal powers of ft we obtain the following set of coupled equations,
where each term is a matrix:

2 2 + !{fi-., ! , < * ) . 0, (7)

+ ±{HW11,G1) + 1-{HWJ,GO} = 0, (8)

^ + ±{HW, 1,G2) + *-{!!„, A1G1J - ^ { ^ , A 2 , G o } = 0. (9)

The solution of eq. (7) is given by

G0 = exp (-PHW). (10)

Once Go is known, one can work out a recursive scheme to calculate the following orders
in the ft expansion of the propagator. Let us define

G1=G0
1^G1G0

1 /2 (11)

(note that any power of Go is well defined since it is an exponential). Differentiating eq. (11)
with respect to /?: _

^ = -1-{Hw,l,Gl} + Gol»^Go1'\ (12)

and combining eq. (12) with eq. (8) we get

= J-GQ-M2 ^ 1 X, Go} Go"1'2. (13)

From this equation one readily finds

G1 = -^G0
1'2 \£d0Go"1'2 (/^,A5G0JG0-1/2] G0

1/2, (14)
where the lower limit in the integral ensures that G1 (/? = 0) = 0.

Similarly, the /»2-order contribution to the propagator is

G2 = -l-G0
1/3 [ j f ^ G 0 - 1 / 2

 ( [ H V X G 1 ) + j {JT., A2,G0}) Go"1/2] G0
1/2. (15)

The WT of the Dirac hamiltonian (1) is given by Hw = S • p + 0 m*(f) + 1 V{f ), as can
be easily shown. In this case, eq. (10) can be written in the following way:

G0 = exp {-0 (a- p + 0 m')} exp {-0IV}

even K' k odd Km

= |cosh/?£ I - 5 i H ^ £ ( 5 . ? + / 3 m < ) | e x p{_/?iV}, (16)



where £ = up2 + m'2.

The explicit calculation of G\ and G2 from eqs. (14) and (15) is not an easy task, and

to do so we have written a REDUCE computer code. The expressions of Gi (which has zero

trace) and Gj will be given in a forthcoming paper.

Two essential features of the propagator given by eqs. (14), (15) and (16) are worth noting.

First, as it is clearly seen in Go, the propagator Gw contains both positive and negative energy

solutions separately. Second, all contributions arising from the expansion of eq. (2) in powers

of 0 have been consistently resummed for each order in ft. These are the main advantages of

our formalism in comparison with the Kirzhnits method [15] used by Dreizler et al. [4,7-10].

The 4 x 4 semiclassical density matrix IZ is obtained in the usual way:

7? — r~l

0
where C~l stands for the inverse Laplace transform and A is the chemical potential.

For a given operator Ô, we take as its semiclassical expectation value the expression

(18)

where Tr* means that the trace is taken disregarding the negative energy terms. Thus, in

the following we only consider the positive energy contributions, i.e., we restrict ourselves to

the positive energy part of the spectrum and neglect vacuum polarization effects.

Introducing the definitions kp = ^(A — V)2 ~ m'2 , £p = A — V = yjkF + m'3 and

xp = £p/kp, the WK particle p(r), energy e(r) and kinetic energy T(r) densities for each

kind of nucléons are found to be:

/•M = (2^j; J dp Tr*' [rtff,?)^ - A, + ft, (19)

(3 - 4) ̂ 1 ^ + £ (2 - 4)

«M = j j i j ; / i ?Tr* [ ( ap -+3m-(? ) + IV(?))A(f,?)]<j = ̂  + «1, (22)



ro

« o = ^ j k p e p + k F e F - m ' 4 I n r „ . ] + V p 0 , (23)
d

)

2^- (1 - 4 ) (VV • Vm") + ( „ (1 - 4 ) - In 4 E ±

- 2m' (atj, - In * F ^ . g F ) Am'l + V^2, (24)

and

T(r) = ^y>d?Tr+[(fi.|r+ /9m-Im)W(f;|r)]w*ro + T8 (25)

T0 = ^ (5 - 4 ^ ) kFeF + m-4 (3 - 4 ^ ) In *S±&] - mp0, (26)

- f?2 (2 + 4 ) + 2X/T— (3 - 4 ) + 6 ^ (l - 4)1 (VV • Vm-
[ Kp v ' m v ' m" v ' J

- 2m [xr + ̂  (1 - 4) - (3 - 2^) In &±S£] Am"} - m*.( ^ ) ] } (27)
Eqs. (20), (23) and (26) correspond to the h0 TF approach, whereas eqs. (21), (24) and (27)

are the ft2-order corrections.

As in the nonrelativistic case, using eq. (20) and the definition of &jr, we can obtain VV

and AV written in terms of p, m* and their gradients. Upon substitution in (24) and (27),

the energy density and the kinetic energy density become:

( 2 8 )



rW = £

mV £> J

5 ( ( £ ) £ ) ] } (29>
where now Af = (3jr2p)1/3.

If one takes m* = m, eq. (29) reduces to Dreizler's resuit [4,8]. In the nonrelativistic limit
(kf 4C m, 5(r) <§; m) we recover from (29) the well-known result

<30>

which is consistent with the nonrelativistic limit of the hamiltonian (1), viz. a set of fermions

moving in an external potential that is just the sum of the vector and scalar fields.

3. THE RELATIVISTIC HARMONIC OSCILLATOR POTENTIAL

In this section we apply the semiclassical functional to a simple case where the scalar and

vector fields are identical and correspond to a harmonic oscillator, i.e.

S{r) = V(r) = ^ATr2. (31)

In this particular case, the Dirac equation admits analytical solutions since it can be trans-

formed into a Schrddinger-like equation for the large component (Ç with an energy-dependent

potential:

while the small component is straightforwardly obtained by differentiation of (Ç [16,17]. Un-
like ref. [17], we have solved this problem without neglecting the mass of the particle. For an



N-shell, the eigenvalue EN is given by:

(EN - m)(EN
2 - m2) = 4K + | (33)

The WK expansion of the particle number A and of the total energy E is obtained inte-

grating eqs. (19) and (22) respectively. Defining x = (X — m)/2m, we get:

(34)

* •

(35)

We have taken K = mw2/2 and fiw = 41A"1/3 MeV for the numerical application. Thus,

in the nonrelativistic limit the problem reduces to that of a set of fermions moving in an

external potential well Vnr = muPr2/2.

Table 1 displays the exact energies (in MeV) obtained for several sets of fermions cor-

responding to closed shells, as well as the h0 TF energies (first term of (34) and two first

lines of (35)) and the WK energies (full eqs. (34) and (35)). Two cases are shown in the

table: assuming the rest mass of the particles to be equal to the nucléon mass (m = mpf),

and reducing it by a factor of 100 (m = mN/l00). In the first situation, the relativistic ef-

fects are rather small (reducing the nonrelativistic quantal energy by ~ 1%). However, when

m = myv/100 the relativistic effects are sizeable, reducing the nonrelativistic energies (which

are independent of the mass of the particles) by ~ 35%.

A

4

16

40

80

140

224

Nonrelativistic

Exact

155.0

585.8

1438.6

2854.6

4974.5

7939.2

fi°TF

140.8

563.2

1408.0

2816.0

4928.0

7884.8

WK

163.8

598.1

1454.7

2874.5

4998.2

7966.8

Relativistic, mN

Exact

153.4

580.0

1424.5

2826.7

4925.9

7861.7

ft0 TF

139.4

557.7

1394.3

2788.6

4880.0

7807.9

WK

162.0

592.0

1440.2

2846.1

4949.1

7888.6

Relativistic, mN/l00

Exact

101.2

385.4

948.5

1883.7

3284.1

5242.9

ft0 TF

93.1

372.2

930.5

1861.0

3256.7

5210.7

WK

105.7

391.5

956.4

1893.4

3295.6

5256.2

TABLE 1



The semiclassical energies follow the same trends as the quantal ones. We have found

similar changes in their values if we compare the nonrelativistic energies with the relativistic

ones. In both situations the pure TF energies are smaller than the quantal onas, whereas the

WK calculation improves the results, yielding energies closer to the exact ones but slightly

larger than them. On the other hand, the shell energy, defined as the difference between the

quantal and semiclassical energies, decreases when the relativistic effects become important

(m = mN/100).
Figure 1 shows the relativistic quantal and semiclassical WK densities for m = m/v/100

and A = 224 compared with the corresponding nonrelativistic densities. In this case the

relativistic effects are very important in the exact, TF and WK calculations as well, shrinking

the densities by about 20%, as could be expected from the fact that the oscillator length-scale

is also reduced. Consequently, the central density increases significantly. One can also see

from this figure that shell oscillations are partially washed out by the relativistic effects. If the

calculation is made for m = mw, the same trends are shown but the discrepancies between

the relativistic and nonrelativistic densities are obviously much lesser.

Our semiclassical WK densities nicely average the quantal oscillations, except near the

turning point where they diverge; thus, they should be regarded more as distributions than

as functions.

5. T T —I

Exact

WK

80 100

FIGURE 1



4. SUMMARY AND OUTLOOK

In this contribution we have derived the h2 corrections to the relativistic nuclear TF model.

They have been obtained by means of a novel and compact method that can be applied to

other problems for which the hamiltonian has an intrinsic matrix structure.

The relativistic WK and energy density formulae have been explicitly given. The WK

expressions have been applied to study the model problem of a harmonic oscillator. From

this study we conclude that, for positive energy states, the method bears all the relativ-

istic ingredients, the difference with the quantal results being due to shell effects as in the

nonrelativistic case.

The method can be generalized to work out the h4 corrections and extended to non zero

temperatures. Its use to describe finite nuclei within the Walecka model and the relativistic

G-matrix method of ref. [3] is under way.
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