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ABSTRACT
Optical properties of multi-layer films consisting of alternating layers of two different
metals are studied on the basis of the Maxwell equations and the Boltzmann transport theory. The
influence of free-electron scattering at the film external surface and at the interfaces is taken into
account and considered as a function of the electromagneticfieldfrequency and the structure modulation wavelength. Derived formulas for optical coefficients are valid at low frequencies, where
the skin effect is nearly classical, as well as in the near-infrared, visible and ultraviolet spectral
ranges, where the skin effect has the anomalous nature. It is shown that the obtainedresultsare apparently dependent on the values of scattering parameters. What is more, the oscillatory nature of
analyzed spectra is observed, where the two oscillation periods may appear on certain conditions.
The oscillations result from the electron surface and interface scattering and their amplitudes and
periods depend on the boundary conditions for free-electron scattering. Finally, the application of
the interference phenomenon in dielectric layers is proposed to obtain the enhancement of the non
distinct details which can appear in optical spectra of metallic films.
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INTRODUCTION

Recently, the advance in epitaxial growth techniques have made the
production of high quality compositionally modulated structures or superlattices possible. These structures are studied intensively because of
their novel physical properties. The interest is concentrated in the structural analysis, mechanical, magnetic and transport properties1, and in
investigations of the multi-layer films for extended ultraviolet and X-ray
optics3'3. Only few works4"6 have considered the optical properties of
metallic compositionalty modulated structures. The work by Dimmich6
gave tentative information about the oscillatory nature of optical spectra of these samples.
An approach presented in this paper is based on the results derived
for skin-effect theories given by Reuter and Sondheimer7, Dingle8 and
Manz et a/.9'10 for the case of semi-infinite sampie, and their later developments obtained for single and double-layer films by Hutchison and
Hansen", Dimmich and Warkusz12, Szczyrbowski et a/.13'14, Dryzekand
Dimmich15'18 and Dudek17'18.
It is the aim of this paper to formulate a theoretical description of
the optical properties of films which consist of alternating layers of two
different metals and have a constant modulation wavelength.
We
present' a detailed set of expressions for optical coefficients of multilayer films, which were derived for the case of normal electromagnetic
wave incidence on a film.

2

WAVE EQUATION

We consider the metallic multi-layer film which is presented in Fig.l.
A plane electromagnetic wave is incident from the z direction on a film,
where the electric field E(z)e'ut is taken in the x direction and magnetic
field H{z)e1"* in the y direction. Thefilmconsists of n repeating doublelayer systems of the thicknesses d = b + a, so the film thickness is
df = nd, where we are interested in the case of n 3> 1. For such
geometry Maxwell's equations reduce to the following wave equation
<PE(z)
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(1)

where J{UJ,I) is the density of free-electron current generated by the
electric field E(z) of the incident radiation, 1 + S takes care of the
displacement current, atomic polarization etc. The current density may
be obtained from the linearized Boltzmann transport equation for the
electron distribution function /(v,2) of the conduction electrons

eE(z) df0

(2)

dz

where the notation with optional lower indices in the square brackets
is used, i.e., an equation or a quantity can be rewritten with the index
2 to describe the layer of metal 2. It is assumed that the distribution
function is in the form /i[2](v,j) = / 0 + /"|2j( v ' z )i where f0 is the
Fermi-Dirac equilibrium distribution function, /"(v, z) and /J(v, z) are
the deviations from this function induced by the electric field in layers
of metal 1 and metal 2 in the n-th layer system, respectively (see Fig.l),
v = (vx, vy,vs) is the electron velocity, and T^J and m,[2] are the electron
relaxation times and the effective masses. The general solution of Eq.(2)
for the considered geometry has the form

i

)

for (n - \)d - b < z < (n - \)d and

f

(5)

nd-b
(v, *) =

and
> 0 and vt < 0, respecthe functions
for
tively. F"rji and GJtj] are the arbitrary velocity functions determined by
the appropriate boundary conditions at the film surface and interfaces.
These conditions should serve as a description of the electron scattering
processes. Therefore, we introduce the Fuchs- Sondheimer scattering
parameters and we assume for the simplification of boundary condition
system that n = oo. According to the previous works6'19 we consider
the following equations as the boundary condition system

tf-iv^z = 0) = TJl-lv,,z = 0),
fi+(vz,z = 0)^Tj{+(vz,z

= 0),

(7)
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for (n — l)d < z < nd — b and where
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,
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where P is the specularity parameter describing the electron scattering
at the film surface z = —6, and T\ and Ti are the probabilities of
coherent passage of an electron across an interface from a layer of metal
1 ( or from a layer of metal 2) to a layer of metal 2 ( or to a layer of metal
1), and 0 < P,Tx,Ti < 1. The above description of the surface and
interface scattering is quantitative oniy. There is no information about
the nature of scattering mechanisms. Nevertheless, our approach can be
developed in certain cases and the actual scattering mechanisms can be
taken into account using boundary conditions, for example, derived by
Soffer20 for scattering from surface and interface roughnesses or derived
by Greene and O'Donnell21 for scattering from charge centers randomly
located on surfaces or interfaces. It means, in fact, that the expressions
appropriate for a considered scattering mechanism should be applied in
the final formulas instead of the parameters used in Eqs.(7)si|23.

Using the boundary conditions, Eqs.(7), for the electron distribution
Functions, Eqs.(3)-(6), and introducing the polar coordinates one may
obtain the equation for the current density J(ui, z) dependence on the
electric field E(z) in the following form

E;W{Z)

= e-usulaI"

for 0 < zn < a.

(11)

After the substitution of Eqs.(lO) and (11) into Eqs.(8),(9) and, in turn,
(1) and then, after the integration over t one may derive the following
system of equations

(7 - ^
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jd* Q - i
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for -b<zn<

0,

where the dimensionless coordinates are introduced, i.e., sn =
b = 6//1 for — b < zn < 0 and *„ = zn/h, a = a/I-) for 0 < zn < c,
and (3 are the mean free paths of the electrons in metal 1 and metal 2,
and where

•>?(*) =
l[2J

(9)

for 0 < *„ < a,
where wip] = „ '^ T ^ > Zr, = z — (n — i)d, and vp- is the Fermi velocity of
electrons, Consequently, having J(w, z) as afunction £(2) it is apparent
that the wave equation, Eq.(l), becomes the equation for the electric
field E^{z) and E^iz) within particular layers. This equation cannot be
solved in a compact form. However, according to the Dingle method8
the approximate solution may be found. In order to obtain this solution
(it means the electric field) we consider in the first step the possible field
contribution in the form
for

„(

(10)

I - U][2]

S + U,

AJ and AJ are the functions of P,Ti,Ti,wi,wi,U\,u-i,a,
apparent that taking «i and u5 as follows

b and z. It is

we leave with uncompensated terms fi;2] / , " <Mj ~ ^i^Tp] ' n " l e w a v e
equation. Thus, the next possible contribution to the electric field may
be chosen in the form
(15)
(16)

The two contributions £"™ and E^-J applied to the wave equation
leave, in turn, terms of order £J and ($ only. Therefore, the process can
be repeated to form a series in £t for layers of metal 1 and a series in
£2 for layers of metal 2. The serieses converge for |£i| < 1 and \£2\ < 1.
The solution is the following
ll

m

(1)

(S)

= E* \z) + E? (z)
+)

dz

(21)

dz

and

in the layers of metal 1, (17)

E? (z) = £j (z) + £J U) + 0(H) in the layers of metal 2. (18)
Taking into account the fact that A'(ui) and X(uj) are even functions
of U[ and ttj one may notice that —t»i and —U2 are also roots of the
transcendental Eqs.(14), and consequently, the next solution of wave
equation E*(~*(z) and E^'^z) may be obtained from Eqs.(17) and
(18) simply by replacing uj by — ui and u2 by —u2- Thus, the electric
field is a linear combination of these two solutions which in both kind
of layers takes the form

£?(z) = A^E"M(z) + B^E^'Hz),

dz

dz

=

(22)

• - B?7i?'(

where the refractive indices have the forms

(19)
(20)

where Ai,A?,Bi and £f2 are constants.
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OPTICAL PROPERTIES

The validity of the presented considerations is determined by the
assumption |£ip]| < 1. Analyzing the dependence of fjpj on ui for metal
films it is evident that, generally, this condition is fulfilled. Moreover,
in two spectral ranges; for low frequencies, where the skin effect is
nearly classical, and for high frequencies, from the near infrared to the
ultraviolet, the extended assumption |£i[2]| *C 1 may be used. Thus, in
the above frequency ranges our approach, i.e.,the approach where the
two first contributions in the series for the electric field are taken into
account, is substantiated. Consequently, we can find that inequalities
1fi[3]l "£ 1 and |ui(2]l *^ 1 are also fulfilled. Therefore, with sufficient
accuracy we may take that
£?(z) =

t'* "">*'<*+»)

+

\

3

{ { l - TiTadffj + CfT,^ -

(23)
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and

„, . _ «2t _

,

, 3vF3 / ^ > p 2 y 1, (i

i\

where M = M{M{M{'M^1 • • • M^M^ is the product of the matrices
for the particular layers. In this formalism the coefficients r and t are
given by the following expressions
r _ (m n + rni2n,)n0 - (m al + man,)
(m al

i

i

x { {l - T,T2HXG2 + C^T^H,

- G,) -

( m u + m12n,)nB
where n, is the substrate refractive index and the elements of matrices
M"[2j may be found from boundary conditions24-25 describing the fact
that the tangential components of the electromagnetic field must be
equal across the surface and across the interfaces. The elements of the
matrix M{ for the external layer of metal 1 are given in the form

vhere
=

wi

e-

H? =

= e""1""6, G2 =

1

,C ~

nf(O) + «{#(0)

uipi and uipi are the plasma frequencies for metal 1 and metal 2. The
quantities nu and njj, i.e., the complex refractive indices of the bulk
metal 1 and the bulk metal 2, respectively, are introduced by means of
the following relations

(25)
j
J
which are obtained from Eqs.(12) and (13) with neglected terms of order
"\

(h2, and higher, and where it is used that for bulk metals A'ftiipj) 2i | .
It seems to be reasonable to take into account the case that the
considered metallic multi-layer film, as a sample of finite thickness, may
be partly transparent. Thus, the expressions for the reflected (r) and
transmitted (() amplitudes of the electric field maybe obtained using the
interference matrix method24'25. For n repeated double-layer systems in
the film the interference matrix M is defined as
E(-b)
H(-b)

=M

E(nd - b)
H(nd - b)

with M =

(26)

»{(0) + B{'(0) '

and the others can be calculated by analogy.
The reflection (R) and transmission (T) intensity coefficients of multilayer film on a transparent substrate are as follows
(29)
T=ltl

no(l-RaRr

(30)

where r and t are given by Eqs.(27) and (28), and the reflection coefficient of the medium-substrate interface R,a — [„{+„" P and R! is the
reflection coefficient of the multi-layer film for the electromagnetic wave
incident through the substrate. In calculations of RI we may neglect
surface contribution to the skin effect because in Eqs.(29) and (30) the
term R^R1 is much less than unity.
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DISCUSSION

The metallic multi-layer structure considered in this paper needs
the approach taking into account the complexity of the problems which
would reflect in the properties of optical reflectance and absorptance
spectra. Such approach was developed in the previous sections and the
obtained formulas (Eqs.(23) and (24)) reveal that the optical coefficients
depend on the field frequency, the modulation wavelenght of the structure d = b + a. and scattering parameters P,TUT2. Thus, the infuence
of the skin effect on the optical film coefficients is modified by the size
effects. Moreover, the feasibility of coherent passages of conduction
electrons across interfaces (for Ti,T2 > 0) and the nonlocal character
of the relationship between the electric field and the surface current in
the wave equation lead to a mutual influence of transport parameters
characterizing one of the metallic layers on the optical coefficients of the
others.
In order to see the above-mentioned effects the reflection R and
the absorption A are numericaly evaluated for a hypothetical Nb — Cu
system. Artificial Nb — Cu superstructures were the object of studies of several researchers2""3'. It is assumed that /«(, = 5.8nm,lcu =
42nm,mjvt = f"Cu — "ic,.5;vt = Sen — 0) the electron concentrations
are A^t = 5.6 x 10"cro~3, JVCU = 8.5 x lO^cm"3. Values n0 = 1 and
n, = 1.5 are taken as the optical constants of the medium and substrate,
respectively. The theoretical results are presented in the standard form
versus the electromagnetic field frequency.
The basis for ail our calculations are the expressions for the refractive indices of the whole stack of layers given by Eqs.(23)-(25). However,
the refractive index of the external surface of the multi-layer structure
is prime of importance for the optical spectra of semi-infinite samples.
One can expect that the influence of the electron interaction with the external surface would change in a significant way the real part of n[{ —b).
It is shown in Fig.2. As we may see comparing the curves for P = 1
and for P = 0, the contribution of the electron surface scattering leads
to the increase the Re[n[( — b)\ value. Moreover, the effect increases
with decreasing value of the reduced thickness of the external layer
)- It means, in turn, that the surface scattering is
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more effective in the case of metal 1 being well conductor, i.e., for the
metals with longer electron mean free path. Generally, it is apparent
that the surface contribution to the refractive index value may be of
the same order as the refractive index vaiue for an ideal surface. This
multi-layer film behaviour is analogous to that found for the single and
double- layers structures8-11"16.
The optical reflection of the multi-layer films is illustrated in Fig.3.
The plots demonstrate the reflection coefficient dependence on the modulation wavelength d for Nb — Cu systems with constant ratio a/b. It
is shown for effectively operating mechanisms of electron scattering at
the surface and at the interfaces that the reflection decreases with decreasing modulation wavelength and the reflection oscillations appear
for bm < im and a j , < (<;„. These oscillations were predicted by
Dingle8 for single films. Their amplitudes depend on the efficiency of
the surface and interface scattering, i.e., they are the most distinct for
low values of the parameters P,T\,T2 and they increase with decreasing modulation wavelength. The obtained oscillations result from the
nature of the electron movement in the film layers in the field of electromagnetic waves. Generally, they are conditioned by the surface and
interface electron scattering and they disappear when those scattering
mechanisms are not operating (P = Ji = Ta = 1). Our understanding of this phenomenon was given in a detailed form in the previous
work15.
According to the above ideas one may expect for a bimetallic structure that the oscillations would have two different periods corresponding
to two different kinds of metallic layers. In the case of Fig.3 the values
of parameters (a/fc) are chosen in this way that oscillation periods for
both structure components are the same. Nevertheless, the problem of
influence of the transport parameters characterizing particular metallic layers on the optical absorption of multi-layer structure is presented
in Figs,4 and 5. In Fig.4 the two cases in which the surface does not
scatter the electrons diffuselly (F = 1) and the surface scattering is exclusively diffuse (P — 0) are demonstrated for curves labeled as 1. The
Cu layer thicknesses are taken much greater than the .V6 ones, and,
simultanously thin enough to obtain the influence of the bimetallic systems farther from the external surface evident. The oscillation periods
appearing due to the existance of two type of layers should differ several
12

times. However, it is obvious that Cu, as a very good conductor, can
dominate the oscillatory behaviour of the whole film, especially, when
Cu is the external layer metal. It should be emphasized that for the
considered structure the elimination of the external surface scattering
(P = 1) does not change the oscillation period of the multi-layer film
though the amplitudes may change. It is in contrary to the case of single layer where for the one of the surfaces assumed to reflect electrons
specularly (P = 1) the oscillation period increases twice. Therefore,
from our curves one may easily draw a conclusion that the influence of
the whole stack of systems appears in the spectra.
The interpretation is not so obvious for the second choice of the
parameters made for the curves labeled as 2. The thickness ratio a/6
is the same as in the first case, but the modulation wavelength is much
greater. The plots demonstrate the difference between the absorption
spectrum with the interface scattering included (Ti = Tj = 0) and
the spectrum for the case without the interface scattering contribution
(Ti = T2 = 1). For the parameters P = Ti = T2 = 0 the oscillations are
still distinct with the period determined by the Cu layers. It is two times
shorter than for the curves labeled 1 because the modulation wavelength
is two times longer. For P = 0 and T\ = Jj = 1, when the electrons
can pass across the interfaces coherently, the mutual influence of the
parameters characterizing particular layers on the transport parameters
characterizing the others leads to the spectrum where the oscillation
period created originally in the Cu layers is modified by the Nb layer
transport parameters.
The curve behaviour quite opposite to that described above is presented in Fig.5. The optical absorption spectra of Nb — Cu multi-layer
structures show that, for a certain choice of layer thicknesses one can
observe the domination of the oscillations created in the Nb layers or
the oscillations created in the Cu layers depending on the scattering parameter values only. Thus, in two limiting cases, for P = 7\ = T2 = 0
(i.e., for the most efficient surface and interface electron scattering) and
for P = T\ = 1 and T3 = 0 (i.e., when the interface scattering of electrons in the Cu layers is efficient) the two different oscillation periods
are apparent. In the intermediate cases the oscillations are not distinct
enough, i.e., the oscillations created in both kind of layers damp mutually. Moreover, it is illustrated in Fig.5 that the presence of surface and

interface scattering of the electrons may enhance the absorption of the
multi-layer films significantly.
Concluding one can say that the optical properties of the metallic
multi-layer films are determined by the transport parameters of metals
being components of the alternating systems. It should be emphasized
that the optical coefficient behaviour results from the properties of the
whole stack of repeated systems. The surface and interface scattering
of electrons may lead in the case of multi-layer structures to the oscillation effects which can appear in the optical spectra. The oscillation
periods and amplitudes can be a source of valuable information about
the transport parameters of the studied structures as well as about phenomena undergoing at the interfaces and at the surface. The amplitude
of these oscillations may be greater than that one expected for single
films. However, from the experimental point of view it seems that the
oscillations are still to weak to be observable. Therefore, we would like
to propose the application of the interference phenomena to enhance the
above-mentioned oscillations. The idea and the results are presented in
Fig.6for Cu —JV6 systems. In the upper part of this picture the metallic
multi-layer film with a dielectric coating is shown. According to the approach developed in this paper we can obtain the modification resulting
from the presence of the dielectric coverage by means of the interference
matrix method. The interference matrix M,<_m for the metallic multilayer film with the dielectric coating having thickness dc and refractive
index nc should be defined as
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M j . » = M c M,

(31)

c

where the matrix M elements are given in the form
mj,

= cos (tfncdc) ,

nfn = — sin ( — ncdcJ ,
rrt%2 =

cos

(—"

and the method of calculations of the optical coefficients follows essentially the same lines as those described in the previous section (Eqs.(26)(30)). The obtained results are presented in Fig.6 for the Cu — Nb absorption spectra. The absorption of the metallic film with the dielectric

t

coverage vary periodically and very quickly with changing frequency.
It exhibits a whole series of maxima and minima (marked in the left
part of the Fig.6 as full circles and crosses, respectively). Thus, in Fig.6
the two curves are presented only which are the envelopes for the interference oscillations of absorption of the structure under consideration.
It should be emphasized that the bottom curve is also the absorption
spectrum of uncovered multi-layer film whereas the top one (the second
envelope) is the projection of that absorption spectrum of uncovered
film with a significant enhancement. The enhancement depend on both
coverage thickness and refractive index value. The changes of these parameters can change also the period of interference oscillations, so the
choice needs some care about the measurement possibilities.
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CONCLUSIONS
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