
IC/91/316

I:J(

V
INTERNATIONAL CENTRE FOR

THEORETICAL PHYSICS

ON THE LONG-RANGE ORDER OF LIEB-MATTIS MODEL
OF QUANTUM ANTIFERROMAGNET

I.G. Gochev

and

N.S. Tonchev

INTERNATIONAL
ATOMIC ENERGY

AGENCY

UNITED NATIONS
EDUCATIONAL,

SCIENTIFIC
AND CULTURAL
ORGANIZATION

MIRAMARE-TRIESTE



« J»



IC/91/316

International Atomic Energy Agency

and

United Nations Educational Scientific and Cultural Organization

INTERNATIONAL CENTRE FOR THEORETICAL PHYSICS

ON THE LONG-RANGE ORDER OF LIEB-MATTIS MODEL
OF QUANTUM ANTIFERROMAGNET

I.G. Gochev

Georgy Nadjakov Institute of Solid State Physics,

Bulgarian Academy of Sciences, Blvd. Lenin 72,1784 Sofia, Bulgaria

and

N.S. Tonchev *

International Centre for Theoretical Physics, Trieste, Italy.

ABSTRACT

The spontaneous magnetization m and the root-mean-square order parameter mo of the

Lieb-Mattis model for arbitrary temperature and spin values s are obtained. For the ratio r (T, s) =

m/mo the value r(T\ a) = y/3 is found.
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Recently in Refs.l and 2 Kaplan et al. discussed the relation between two measures of

the long range order in antiferromagnets, the usual spontaneous magnetization m and the root-

mean-square (r.m.s.) order parameter mo •

By definition3):

m = lim+ lim < m* >«(« (1)

where

< ml >HW = Tr{mltxp[-pH(h)]}

H(h)=H-hNml} fiml

and
= Um y/<{m*)2 >H . (2)

N-*<x>
Here H is the Hamiltonian of the ferro- or antiferromagneL

In ferromagnets JVm* is the operator of the 2~component of the total spin S. In antifer-

romagnets m* is the z-component of the staggered magnetization ms = mi — mi, Nrh\ = SA

and Nrhi = 5 s are the total spins of the A and B sublattices and N is the number of the spins.

The relation between m and mo for general systems (at any temperature) has been studied
earlier3J. The interest to this subject renewed recently in connection with the theory of Heisenberg
antiferromagnets (see Refs.l and 2 and the references therein).

There are only a few rigorous results concerning the value of the ratio

^ (3)

In ferromagnets where [ ml, H ] = 0 as it has been shown by Griffiths 3) mo cannot exceed m at

any temperature T < Tc. In Ref.2 Kaplan et al. obtained r > 1 in the more complicated case of

an antiferromagnet, where [ m*, H] ^ 0 but at T = 0. An exact value for r( r = \f$ ) has been

obtained in Ref. 1 in the framework of the Lieb-Mattis model of antiferromagnet (s = 1/2), again

a t r = 0.

The Lieb-Mattis model Hamiltonian has the form

^ A S B . (4)

The method used in Ref.l (see also the closely related calculations of Kaiser and Peschel 4)) is

limited to the ground state properties of the model (4). Undoubtedly more interesting for the theory

of phase transitions is the case of an arbitrary temperature T > 0.

In the present investigation using the Approximating Hamiltonian Method (AHM) (for

a review see Refs.5 and 6) we obtain m, mo and r for the Lieb-Mattis model at T < Te and for

arbitrary values of s.



The AHM makes it possible to solve exactly in the thermodynamic limit certain classes

of the models in statistical mechanics. If we recast Eq.(4) in the form

H= 3N{m\ + m\)- JNmj (5)

it is easy to see that model (4) belongs to such a class. Thus instead of (4) we can use the approxi-
mating Hamiltonian

2

V-l

in the sense that

lim fw[H] = min lim fs[ff(.atb\,b\)] (7)

where

is the free energy and M is the set of solutions of the system of equations

A {lim MH(aM,b2)]}=0
da y.N-nx> )

4-{li
dbv

 u
9 r r ^ ( 8 )

hm

Let us note that H{3,6i, 62) is one-site Hamiltonian and the approximating free energy

fs [ H( a, b\, 62) 1 can be easily calculated.

For calculating m and mo we shall use an auxiliary Hamiltonian with an appropriately

chosen source term. The differentiation (see Eqs.(ll) and (18) below) of the free energy obtained

by the AHM gives the averages in the right-hand side of (1) or (2). The addition of the source terms

hNml, aNrh2
a or pN{ m*)2 to H does not violate the basic statement (7). It is only necessary to

add the corresponding terms hNm\, aN(2amt - a2) or pJV(2azm\ — a2
x) to the approximating

Hamiltonian (6).

In calculating m from (1) we use H (/») = H — kNm't. The free energy of the system is

Urn MK(h)]=f{h)
N-HX

where

* l F\ " I ^ J . (9)

Here b is the solution of the equation

^ [ ] (10)



where

** l J " 27 COth
2a \ 2s / 2s 2a

is the Brillouin function.

The functions fN [H( h) ] are differentiable and convex at any h, the limit function / (h)

is differentiable at /i ^ 0 (see Eq.(9)). Then from definition (1), the Griffiths-Fisher lemma7) for

the differentiation of a sequence of convex functions and Eqs.(9) and (10) we obtain

m=.lim linH -. t = J™ J fllH=2M ^ U )

A-»o* |_ oh J
where for T > Tc = JS(s + l ) / 3 , 6o is the trivial solution bo = 0 and for T < Tc, fco is the

nontrivial solution of the equation

bo = j sBt(2s0Jbo) . (12)

When T = 0 we have m = s. In the particular case of s = 1/2 this result has been obtained by

Kaplan et al. X), using the quantum mechanical analysis of the model (4) in the ground state with

broken symmetry. The source term —hNm* reduces the symmetry of H, / ( h ) is not differentiable

at h = 0 and m = ( — ^ ^ ) ¥ < m» >s= 0. As it is well known m is a typical example of

the Bogolubov's "quasi-average"8).

Since in the right-hand side of Eq.(2) we have a usual average in order to calculate

we need a suitable source term which does not violate the symmetry of H. We recall that the

Hamiltonian (4) is rotationally invariant. Thus

2 < ( m * ) 2 >H=<(m*a)
2>H= j < m2

a >H • (13)

The Hamiltonians H and H(ct) = H — aNml commute with the operators 5 s , S%, S | and Sz

and have the same basic symmetry properties. In this case using AHM we have

Mm M H ( a ) ]

where
sinh

b is the solution of the equation

B [ 2 0 6 ( T 2 ) ] (15)

The function / ( a ) is differentiable on the real axis including ct = 0 , which is a consequence of the

symmetry properties of the source term. Then from definition (2), the Griffiths-Fisher lemma 7)

and Eqs.(14) and (15) we obtain

4 .,
m0

2 _ _j_
3 da I o-o 3
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Here 60 is the trivial (nontrivial) solution of Eq.(12) for T > Te(T < Tc).

firom Eq.(12) for T = 0 we have mo = s/\/3. For s = 1/2 the result mo = l / \ / l2"
has been obtained in Ref. 1. By analogy with Eq.(l) mo = (2 /\/3 ) 60 is a measure of the LRO in
the symmetry unbroken state of the Lieb-Mattis model.

The source term in the form —pJV(mJ)2 violates the spin rotation symmetry of the

Hamiltonian (4) and it can be shown that the free energy f(p) is not differentiable at p = 0.

In this case
mo = lim Urn < (m*)2 >«<„)= 4 6Jj

and it is another example of the Bogolubov's "quasi-average". There is nothing surprising that
mo ^ mo, such a result is immanent to systems undergoing phase transitions accompanied with
spontaneous symmetry breaking8). The puzzling fact is that mo ^ mo in conjunction with mo ^ 0.

From Eqs.(l 1) and (16) we obtain the following value for r in the Lieb-Mattis model at

T < Te and arbitrary 3:

^ ^ V (17)

To our knowledge this is the first exact result concerning r for antiferromagnets at arbi-

trary temperatures. This result shows that the antiferromagnetism itself does not lead to the viola-

tion of the inequality3) m > mo - One can expect that the value r( T) = y/i is a consequence of a

classical behaviour of fna at any T. In the Lieb-Mattis model such a behaviour has been established

explicitly at T = 0 in Ref.l.
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