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Abstract 

The collaboration with John Bell is recalled. Quantum field theory methods to calculate 
properties of quark-antiquark bound states are illustrated in a nonrelativistic context. 
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It was in 1978 when I came to CERX as a young Austrian fellow. I was working 
at that time on nonrelativistic potential models for quarkonium systems. I had the 
great fortune to meet John Stewart Dell who tvas the prominent theorist at CERN; 
highly appreciated by his colleagues. There was a certain aura around him - he was 
the 'Oracle of CERN\ So you can imagine hew exciting it was for me to get the 
chance of a collaboration. I would like to report on some parts of our work especially 
where John established a connection between relativistic quantum field theory - as it 
is used in particle physics - and nonrelativistic quantum mechanics. 

1 Duality 
The conception of duality has a long history. It can be traced back to the ideas of Eastern 
philosophy where in Yin and Yang two opposite phenomena are strongly correlated to each other 
- they appear as the dual aspects of ore and the same reality. According to the circumstances 
either one or the other phenomenon reveals its specific qualitites [l]. 

Precisely such dual aspects occur in physics too, especially in particle physics when consid
ering hadronic reactions. An example is the process 

e e hadrons (n,p,...) (1) 

where electron-positron collisions create hadrons (strong interacting particles). Then the cross-
section exhibits the following feature (see Fig. 1). At low energies there show up some pumps 
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Figure 1: The hadronk cross-section in electron-positron collisions is shown qualitatively; 3 = 
y rel F 2 

which are interpreted as resonances but at hi0h energies the curve becomes quite flat or asymp
totically smooth. 

When asking whether these two different phenomena - the resonance production and the 
asymptotic production of hadrons - are correlated to each other - very much in the above 
described dual sense - the answer is yes. 
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The key lies in the quantum field theory for hadrons - in quantum chromodynamics QCD. 
This is a field theory for quarks which interact strongly via gluons (the colour force). At high 
energies (or short distances) the quarks behave as free particles whereas at low energies (or large 
distances) they are confined generating bound states - quarkonium (in analogy to positronium) 
- which show up as resonances (or hadronic particles). It was J.J. Sakurai [2] who found that the 
comparison of the resonance cross-section with the free quark-antiquark cross-section (neglecting 
confinement at this stage) obeys a so-called superconvergence relation which we reformulate by 
the following d lality statement. 

Duality: 

Both cross-sections - the resonance- and asymptotic one - will agree when averaged suitably 
over energy 

/ soTca(s)d^ = / s(Tqi(s)d\/s, (2) 
J£kE,cl M£„i 

global duality: includes all resonances (Sakurai [2]), 
local duality: includes one individual resonance (Bell-Bertlmann [3]). 

Explanation: 

John always liked simple explanations. When we discussed equation (2) - the remarkable contact 
of the averaged asymptotics with the resonances - we both agreed to study this equation within 
nonrelativistic potential theory [3]. And we found its validity when averaging already over a 
single resonance. The reason is as fol .vs: 

The eres-section for resonances can be approximated very well - for our purpose of energy 
averaging - by a sum of delta-functions 

*7 r e 8 ( S ) = 6 7 r 2 £ r ^ ( £ - £ „ ) , (3) 
n 

with yß — E + 2m; E being the nonrelativistic energy and m the quark mass. The leptonic 
width on its part is related to the wave function at origin [4-6] 

r ; e = ~ ^ 3 e > n ( 0 ) | 2 / 4 m 2 . (4) 

Such a nonrelativistic spectrum generated by some potential we have plotted on Fig. 2. 
On the other hand, a nonrelativistic cross-section of (quasi) free quarks depends on their 

relative velocity v — \JEjm 
/ A 4?ra2

 2 3r .., . . . . 
**«(*)= — 3 e , y A (»)• (5) 

The function K(v) arises from the short distance part of the potential (from V, in equ. (9)) 
and is calculable. For example, in the case of the Coulomb potential it denotes the well-known 
Coulomb enhancement factor. 

Insering both expressions (3) and (5) into the duality relation (2) we obtain 

4*K'„(0)|2 - — / dEv{E)K(E) (6) 

file:///JEjm


Figure 2: Cross-section for bound states and energy spectrum in a potential picture 

when averaging over the n-th bound state. Choosing the interval 

A£ n = 
t>n ~ -E-n-l 

the mean value theorem for integrals provides 

4*|V,(0)|2 = m 
3/2 

^TnK{En)
d-f\ 

(7) 

(8) 

But identity (8) denotes the familiar WKB expression [7-9] which relates the energy spectrum to 
the wave function at origin and follows from the Schrödinger equation by WKB approximation. 
So we could trace duality back to a well-known result in quantum mechanics. 

In fact, what happens we can can understand quite naively [10]. We split a potential into a 
short range V, and confining part Vc (see Fig. 3) 

V = Vs + Vc- (9) 

In the duality relation (2) we average over an energy level, wc allow for an energy spread. But 
then the uncertainty relation 

A £ A i = l (10) 

forces us to concentrate on small values of the conjugate variable time. For short times the cor
responding wave cannot spread far enough in order to feel the details of the confining potential. 
Vc can be neglected but certainly not V,; the short distance part remains essential. 

For this reason we can predict from the (quasi) free qq pair (from V,) the wave function at 
origin, the leptonic width or the area of the resonance (see also Ref. [11]) 

|</>n(0)|2 ~ T" s ~ area of resonance. (U) 
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Figure 3: Potential for a bounded quaik-antiquark pair 

However, if we want to push duality further in order to become sensitive for the position of 
a resonance we need more. Then we certainly need some information about confinement. In this 
next step, somehow lying nearby, Bell and myself got interested subsequently and it revealed 
surprises which we named magic moments. 

2 Magic Moments 
During our afternoon discussions in John's office we always had a tea break. It was like a ritual. 
At 4 p.m. we walked out of his office down to the CERN cafeteria and John ordered "deux 
infusions verveine, s'il vous plait" (John's favorite tea). There in a relaxed atmosphere we did 
not talk only about physics but also about art, philosophy and nature. John was an ecologist 
already long before it became fashionable. 

It was in this 'atmosphere verveine' when John and I discussed how to incorporate confine
ment in our duality picture in order to determine an energy level. It happened that we got to 
know a paper of a Russian group [12] who made a field theory attempt in that direction. This 
was very exciting for us since we realized that we could use it for out confinement investigations. 

We decided to choose a framework - potential theory - where we could calculate both the 
perturbative and the exact result. There we define a nonrelativistic moment by [13,14] 

M(T) = J. •Er dEe-br Im 11(E). (12) 

The function U(E) represents the vacuum polarization function and can be calculated in a 
relativistic quantum field theory, here QCD. The corresponding Feynman diagrams we plot on 
Fig. 4. 

The crucial point now is the modification of the perturbative series ä la Shifman, Vainshtein 
and Zakharov (SVZ) [12]. They add a small part (third diagram in Fig. 4/ „inch is proportional 
to the so-called gluon condensate (GG) (vacuum expectation value of two gluon field strength 
tensors) and which represents the confinement mechanism. When we calculate a nonrelativistic 
approximation to this field theory approach we obtain [)A] 

" M - J J J * ''"-SS«?«^ (13) 
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Figure 4: Feynman dia0rams for the vacuum polarization tensor 

The first factor describes the free motion of the quarks corresponding to the free loop diagram 
in Fig. 4. It is perturbed by the o^-term representing the short distance interaction (second 
diagram) and by the gluon condensate (GG) term reflecting the long distance interaction (third 
diagram) ä la SVZ. 

On the other hand, the exact moment is determined by the optical theorem 

Im 11(E) ~<r„*(£) (14) 

which relates the imagery part of the forward scattering amplitude to the total cross-section. 
Inserting the cross-section within potential theory (recall equs. (3), (4)) provides 

Im 11(E) = —ZWMOtfW-En) (15) 
n 

which we use to calculate the exact moment (12). 
The quantity we finally work with is the logarithmic derivative, a ratio of moments 

^ r ) . - - l o g M ( ^ ) ^ / r f £ e . g r I r n n ( ^ - , E>. (16) 

For large (imaginary) times r it cuts off the higer states and projects the ground state energy 
E\. In the corresponding theoretical (perturbation) expression we regard the minimum value -
even though not occurring at infinity - as an approximation to E\ 

m\n R(T) = E1. (17) 

Then we obtain a very simple formula to calculate the energy of a bound state (the corresponding 
mass is M = 2m + R{T)) 

R(T)=l-\°,^T->/* + l£-{^GGy. (18) 
IT 6 %m 7r 
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Figure 5: The ratio of moments is plotted qualitatively 

Now I want to discuss what happens when we calculate explicit examples. For instance, for 
charmonium with values m = \A GeV, a, = 0.3 and {*fGG) = 0.02 GeV4 we plot the ratio 
Ä(r) on Fig. 5-

There occur the following features: 
The exact ratio approaches rather quickly its limit E\. The theoretical ratio being a perfect 

approximation for small times stabilizes for large times which happens already close to the 
ground state 

min Ä(r) = £, e X 8 C l within 12%. (19) 

This gives a good prediction for the ground state. 
We rediscover in quantum mechanics a balance - the SVZ balance in quantum field theory 

- which when returning to duality we can phrase like [13]: 

The energy average can be made coarse enough (to involve small times) for a mod
ified perturbation theory to work, while, on the other hand, also f.ne enough for 
individual levels to emerge clearly. 

This is a quite surprising result. Intuitively we would expect that for a clearly emerging 
level the confinement force must be dominant and not just a small additional perturbation. Our 
moments, however, teach us that such a balance exists (see also Refs. [15,16]). This is precisely 
the magic of the moments [13]. 

3 'Equivalent' Potentials 

After finishing our work of the magic moments where we dealt with nonrelativistic approx
imations to quantum field theory investigating such the gluon condensate - the influence of 
confinement - it was quite natural for John and me to isk whether one can also attach a po
tential to this gluon condensate effect. The problem was that the gluon propagator modified 
a la SVZ occurred singular when extracting a potential in the usual way. So we had to look 



for regularized quantities. But these we already had close at hand - these were our magic mo
ments. Again, I had the great pleasure of a fruitful collaboration with John. We found potentials 
equivalent to a gluon condensate effect. 

3.1 'Equivalent' Potential to Field Theory Moments [14] 

The gluon condensate effect in quantum field theory we have already calculated in a nonrela-
tivistic approximation resulting in expression (13). Now we calculate the nonrelativistic momevt 
(12) within quantum mechanics which is determined by a Hamiltonian 

P 2 

H = V— + V (20) 
m 

that means by the kinetic term p 2 /m and a potential V. 
The moment defined by equation (12) we can rewrite by virtue of equ. (15) 

M(T) = fdEe-Er Im U(E) 

3 X>hMo)i 
8 m 2 , . . . , _ „ e 

2„-EnT 

3
 4TT(£ = 0 |e-" T |* = 0) (21) 

8m2 

and we recover the (imaginary) time dependent Green function at x = 0. 
According to our previous procedure we perturb the kinetic term by the potential with 

respect to the time r 

e-"* = e -£ ' - f dr'e-i^'We-^T'. (22) 
Jo 

The perturbation integral is determined by the potential and the familiar free Green function. 
For power potentials like 

V = £ A , r * (23) 
,i 

the result is quite simple [13] 

™-ä*(£)i-?«G+o-(=n- <»> 
This perturbation formula wc have to compare with the field theory expression (13). Identifying 
term by term (s = - 1 and 5 = 4) leads to the 'equivalent' potential of Bell and Bertimann [14] 

This potential is mass (flavour) dependent and has a steep increase in r. Thus as a bridge 
between the moment approach and the phencnenological potentials for quarkonium systems (see 
e.g. review [17]) it is rather inadequate. (Higher order corrections do not change substantially 
this behaviour [18,19,16].) 
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3.2 'Equivalent' Potential to Leutwyler-Voloshin Model [20] 

The situation changes for very heavy quarkonia. They are expected to be very compact and 
dominated by the Coulomb interaction. This Coulomb dominated case, with the gluon con
densate effect as a small perturbation, has been worked out by Voloshin [21] and Leutwyler 
[22]. 

There the energy level shift is given by the second order Stark effect in the gluon field 

SE« = TS <TG G> VI* ff8 * Fl *><)', (26) 

where the indices 1 and 8 denote colour singlet and octet states. 
In order to extract here a potential Bell and I proceeded in the following way [20]: 
In the static limit (m -* oo) where we can neglect the kinetic terms p*/m the energy 

denominator turns into a potential difference 

„ 8 pj m-.oo v s .-1 _ 9 0 1 

(ß = | a , ) leading to the cubic potential 

K t . t i c = ~ { ^ G G ) r 3 . (28) 

Potential (28) accounts for the large quantum numbers. In order to approximate the low quan
tum numbers we have to correct it; we must include terms proportional 1/m which we have 
neglected so far. This leads to the second 'equivalent' potential of Bell and Bertimann [20] 

which approximates a situation where a Coulombic quarkonium is perturbed by the gluon 
condensate. When calculating the energy leveis and the wave functions at origin we find a 
fantastic agreement with the Leutwyler-Voloshin approach within 6 per mille for all quantum 
numbers n ard / [23]. For this reason our 'equivalent' potential (29) is unique (within the 
approximations) by virtue of a theorem by Grosse and Martin [24]. However, it is flavour 
dependent. 

In the last years several authors investigated the meaning of our 'equivilent' potentials in 
comparison with phenomenological potential models. But such a discussion which is beyond the 
scope of this article I want to refer to the review [25]. 

When I look through my notes recalling my collaboration with John I feel again 
the great excitement ofthat time. John was a physicist with passion but also a teacher 
with empathy. I was attracted by his honest personality and fascinated by his sharp 
intellect and deep thinking. 

At the end of my seminar I would like to show a foto of John as I always will 
remember him. It has been taken by Renate Bertimann during his stay in Vienna 
1980 as a Schrödinger Gastprofessor. We enjoyed together physics and walking in 
the Vienna woods and we had fun by taking the 'Lilliput-Bahn' in the Prater, or by 

3 304_r^ 53 r 
T " 81 mß + IQ(mß)2 

113 1 
100 (mßf (29) 



getting into the 'Riesenrad' which he admired as "British engineering of the 19th 
century". 

Finally I would like to mention one very enjoyable quality of John. His excep
tional and severe intellect "as paired with a very special kind of dual wit - his 
humour could be very black and V2ry amusing and pleasing at the same time. This 
I could experience very often in every day life - even my socks became a delight
ful illustration of quantum effects [26]. So my time with John were magic moments 
indeed. 
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