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ABSTRACT
The functional quantization of the Liouville gravity on bordered surfaces in the conformal
gauge is developed. It was shown that the geometrical interpretation of the Polyakov path integral as
a sum over bordered surfaces uniquely determines the boundary conditions for the fields involved.
The gravitational scaling dimensions of boundary and bulk operators and the critical exponents are
derived. In particular, the boundary Hausdorff dimension is calculated.
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Introduction

The recent progress in the continuum treatment of 2D gravity was initiated by
Polyakov's proposal of the light-cone quantization [1]. This method based on SL(2R)
current algebra provides an exact solution of the theory on the sphere [2]. Soon
after the success of the light-cone approach the results of KPZ have been rederived
and generalized for arbitrary genus within the functional integral framework in the
conformal gauge [3, 4]. The fundamental assumption of the latter approach is that
the Jacobian arising due to change from the field dependent functional measure to
the translation invariant one is of the same form as the original Liouville action. This
conjecture, crucial for applications of conformal field theory methods, was further
justified by the explicit calculation of the Jacobian by the heat-kernel technique
[6]. The combined results of Refs [3, 4] and [5, 6] provide an elegant, and efficient
approach to 2D gravity. Recently this method has been successfully used in some
exact calculations in the Liouville gravity [7, 8] yielding a considerable agreement
with the matrix model results.
The developments mentioned above concern the Liouville gravity on closed surfaces. There are however some interesting potential applications of a corresponding
theory on bordered surfaces so it is desirable to extend the techniques of [3-6] to
that case. The basic issue that arises is the choice of a relevant boundary condition
for the Liouville field. This choice however depends on the context in which the
sum over surfaces appears.
In the Liouville gravity regarded as a noncritical string theory there are two
different applications of the Polyakov path integral over bordered surfaces. First,
it can be used in the path integral representation of the closed (noncritical) string
off-Bhell amplitudes. In the special case of surface with only one boundary component and several operator insertions one gets a path integral representation of a
wavefunction of the theory. This representation of states in Liouville gravity has
been recently analysed in [9] where the nonhomogeneous Neumann boundary condition nadaifi — ks + pe% = 0 involving the boundary geodesic curvature k9 has been
postulated. In general the boundary condition in this case depends on an off-shell
extension of the theory and therefore is gauge dependent.
The second application concerns the path integral expression of the open (noncritical) string on-shell amplitudes. Among few recent papers on this subject one
can find two different choices: the homogeneous nada<p = 0 and the ponhomogeneous nadaip ~ e* Neumann boundary conditions. The first one, conjectured in [7],
has been implemented in the recent attempt [10] to identify the boundary operators
of 2d gravity with some redundant matrix model operators. The second choice has
been used in the operator quantization of the Liouville theoTy on the strip [11].
The aim of the present paper is to extend the path integral conformal gauge approach of [3-6] to the Liouville gravity on bordered surfaces interpreted as a theory
of open noncritical string. In Sect.2 we start with the derivation of boundary conditions based on the geometrical interpretation of the Polyakov path integral as a sum
over bordered surfaces.' Since in the continuum treatment Buch an interpretation
goes via the Faddeev-Popov procedure we adopt the requirement of consistency
of this method as a "first principle" from which the boundary conditions can be
derived. This is in logral agreement with the original derivation of the Liouville
gravity where the action (expect the matter field conformal anomaly contribution)
as well as the functional measure are direct consequences of the Faddeev-Popov
method [22]. It is shown that the consistency requirement imposes some strong

conditions on a submanifold of the space of all Riemannian metrics which can serve
as an integral domain in the Polyakov path integral. All admissible integration domains form a family parameterized by the space of all normal directions along the
world sheet boundary. In particular each member of this family consists of metrics with vanishing boundary geodesic curvature. This completely determines the
homogeneous Neumann boundary condition for the Liouville field confirming the
conjecture of [7] and the choice made in [9].
In the rest of the paper some consequences of the boundary conditions found in
Sect.2 are analysed. In Sect.3, following the methods of [5, 6] the transition to the
translation invariant measure is performed. It yields the expected renormalization
of the central charge. Moreover with the cosmological terms renormalized to zero
one gets the free field action. This justifies the calculations of the anomalous dimensions of the bulk and boundary operators based on the free field OPEs [9], Finally,
in Sect.4, using the scaling arguments of [3, 4) the critical exponents are . alculated.
Due to the special properties of the boundary conditions derived in Sect.2 the calculations of the bulk scaling exponents are not atered by any boundary effects and
proceed exactly as in the case of closed surfaces As an example of the critical exponent specific to the bordered random surface the boundary Hausdorff dimension
is derived.

2

The analysis based on the requirement that P$Pg , PgPg are elliptic operators
(and therefore i t makes sense to calculate their determinants) leads to the following
most general structure of admissible boundary conditions [12],
B2(Pgv) = 0

where B\ , B? are ultralocal relations making the integral
da nakabvfl

vanish. The interpretation of vector fields on Mh,b as vectors tangent to the group
"Dh,b a ' the identity diffeomorphism implies the boundary condition
nava = 0 ,

Let M>,j, denotes the compact oriented surface with 6-smooth boundary components
and fe-handles. The contribution to the partition function of all surfaces of the
topological type M^j, is proportional to
(1)

(2)

which has the following unique extension to an admissible system,
tanbhab

= 0,

n°(Pjft)fl

= 0,

<V(i>)<.t

Boundary conditions

BtiPtk) = 0 ,

(3)
(4)
(5)

= 0 •

It follows that if one insists to integrate in (1) over a space of metrics on a fixed
manifold M^j, than the boundary conditions (2-5) are uniquely determined. From
the geometrical point of view the additional boundary conditions (3,4) mean that
one has to integrate in (1) not over the whole space of metrics on Mh,b but rather
over an integral submanifold of the distribution on Mh,b defined by (3,4).
We will briefly discusa the integrability conditions for this distribution. For this
purpose it is convenient to regard the boundary conditions (3,4) as 1-forms on

where the matter action is
SM[9, S] = -^ J d2z^gg°bdax>'db
and ^GIS] denotes the bare cosmological constant term

The standard way to calculate (-to define) the functional integral (1) is to apply
the Faddeev-Popov procedure with respect to the group Z\(, of diffeomorphisms of
Mhb • Jn the conformal gauge it yields the determinant of the F-P operator
defined by the conformal Lie derivative

and its formal adjoint
These operators act respectively, on the space of vector fields on Mh,i,( identified
as the Lie algebra of the gauge group T>k,b) and on the space T3Mh,b tangent at g to
the space Mh,t of all metrics on Mk,b . In the case of bordered surfaces the operators
PgPg , PgPg are not well defined unless some appropriate boundary conditions are
introduced.

Agi&g) = nalb6gab
Bg(Sg) = na
Calculating the exterior derivative of A one can check that the distribution kerA is
integrable
dA = - ( T + AO A A .
The 1-forms T, N in the formula above are defined by
Tg(tg) = tatbfgab\SMhi

,

An integral submanifold M%ib C Mh,b of kerA consists of all metrics g e Mh,\>
with the same normal direction n at the boundary dM^b . Let usfixn and consider
the integrability conditions for the distribution on M"b given by the kernel of B,
One gets the following relations,
dB =

-I

dC = i

where the 1-forro C on

provide a meaning to the formal expression (1). Secondly the boundary condition
for tho Liouville Held

is defined by
Ca(6g) = u'

It follows that in order to get an integrable system the boundary conditions
j4, B should be supplemented by the new boundary condition C, Recall that the
integrability is actually required by the interpretation of the path integral (1) as a
sum over surfaces.
The similar analysis can be performed for the boundary condition (5) imposed
on vector fields on Mh,b • A corresponding integral submanifold is the subgroup
X>£t C V^.b consisting of all diffeomorphisms preserving a fixed normal direction n.
The next requirement following from the consistency of the Faddeev- Popov procedure is that an integral submanifold of the system B, C on M^j, which can be
used ELS an integration domain in (1) should be stable under the action of T>^k. It
yields the following conditions for vector fields,
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nad^

\dMh,b

+ Vbva) = 0 .
+ Vbva) = 0 .

Since 8( Voi>& + Vjvn) = na(P^Psv)a, for any eigenfunction of the operator P*PS the
first relation is automatically satisfied (note that P\P$ with the boundary conditions
(2,5) is an elliptic operator and all its eigenfunctions are smooth). The second
relation however implies a new boundary condition

is uniquely determined and does not depend on a section
(6)

used for the construction of a conformal gauge slice g = e^gtThe question arises to what extent the partition function (1) depends on the
choice of an admissible integration domain M^j,. Let n and n' denote two different
normal directions. There always exists a dift'eomorphism / of Af),,!, such that f'n =
n'. Since the functional measures and the action in (1) are explicitly Vhib-invariant
the change of variables (g, x) —• (f*g, f*x) results only in the change of integration
domains. It follows that the path integral (1) is in fact independent of n. As we will
see in the next section this result can be confirmed by explicit calculations based
on the heat kernel technique.
Concluding this section let us stress that the above discussion concerns only
the LiouviUe gravity, i.e. the quantum Liouville theory arising from the Polyakov
path integral over bordered surfaces. It is fairly possible to construct a consistent
quantum field theory determined by the Liouville action and based on different
boundary conditions. In such a case,however,the interpretation of the theory in
terms of a sum over random surfaces is unclear.
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where kg denotes the boundary geodesic curvature. This is compatible with the
boundary conditions (2,5) if and only if kg = 0 along dM^f, • This last condition
uniquely determines the admissible integral submanifold M™h of the system B, C

=0

Functional measures

The application of the Faddeev-Popov procedure to the path integral (1) with the
integration domain M^'b proceeds along the standard way [12,13]. In the conformal
gauge (6) it yields the following expression,

The explicit description of AIJJ'j can be given by means of doubling construction
[13]. Let M°b denotes the double of Mh,b and i - an involution of MJ?b with dMhj,
as the set of all fixed points and with the invariant direction along dMh,b coinciding
with the no nal direction n. Then the submanifold .VijJJ consists of all metrics g €
Mh b admitting a Cx extension to an i-symmetric metric gD on M^b (gD \M* b = S.
For any u the submanifold M%\ has the structure of a principal fibre bundle over
the reduced Teichmiiller space TJ^h of M^j with the semidsrect product W£ibQT>%°b as
a structure group [13, 14]. ( WJj denotes the abelian group of real valued functions
on M^s, satisfying the Neumann boundary condition nadaf = 0 , and V™b is the
connected component of identity in T>^b.) This is not surprising since in the infinitedimensional geometry the ellipticity of a differential operator arising in the map
tangent to the group action is a basic ingredient of the proof of the existence of
such a structure [15]. In the case under consideration this is just the ellipticity of
the Faddeev Popov operator - a property assumed at the beginning of the present
discussion. What the analysis given above actually shows is that the supply of
subtnanifolds of Mhf, caring the required structure is strongly limited. It is precisely
the family of submanifolds M%\ paraiBtrized by the set of all normal directions
along dMh,k •

The principal bundle structure of M™b has some important consequences. First
of all, as it has been desired, the Faddeev-Popov technique is perfectly in order to

(7)

where [dt] stands for the ^-independent measure on the moduli space and [Tj^b] is a
fundamental domain of the modular group T>^b/V™b. The LiouviUe action Si,\g,tf>]
in (7) takes the following form,

Note that as a consequence of our choice of integration domain, the only boundary
term in the formula above is the cosmological one. Finally, the functional measure
T>" St for the Liouville field is formally interpreted as the volume form related to
the weak Rietnannian structure on WJf 6 given by

6? V .

(8)

Following [5, 6] we will calculate the Jacobian emerging from the transformation
of the measure V^'f to the translation invariant measure V s'(f related to the field
independent Riemannian metric

Note that with our choice of the integration domain n a 3 a *
for any g € M%\- Therefore inserting the expansion (11) in the formula (10) and
integrating one gets (up to ^-independent terms)

(9)
The comparison of (8) and (9) leads to the formal relation
•D'"S'<fi = VdetLV"'<fi ,
where L is given by the integral kernel

The final expression for the partition function reads

L(z - z') = e^'H^Xz - z') .
The short distance divergence £'2'(0) appearing in the formal formula for variation,

Kh

= j[dt]

i log det L = 6 Tr log L =

(12)

h(l2XQ)S<p{z) =
where the effective Liouville action S'L[g,x] is given by
can be regularized by the short time heat kernel of some elliptic operator natural
for the problem under consideration. In our case this is the covariant Laplacean Aj,
acting on the space of scalar functions on Af^j, satisfying the Neumann boundary
condition. One gets the following formula for the variation of regularized determinant,
61ogdetjjli = lim I i/gd2z e~ "(z, z)$<p(z) .
(10)
The formula above depends on the choice of metric g however. One way to
avoid this ambiguity has been proposed in [6]. The reasoning given there involves
the family e"^gt , s 6 [0,1] of interpolating metrics and is based on the observation
that for a small variation Ss the ambiguity in the choice of metric is of order (6s)2
and can be neglected. Integrating out an infinitesimal expression one gets the result
equivalent to the choice g — evgt in the formula (10). Another justification of this
choice can by obtained by a slightly modification of the symmetry arguments used
in [3, 4], The original measure V'^'f is invariant under the'Weyl transformations

One can show that the choice g = e^gt is the only one which yields the Weylinvariant regularization.
The short time expansion of the heat kernel for the scalar Laplacean with the
Neumann boundary condition is given by

S'L\9M = ~

~ -

(13)
with Q — i/ 25 "^ and 7 = i . This form results from the rescaling <p —
performed in (12) in order to.achieve the standard normalization of the kinetic term.
fn the cast of closed surfaces the crucial observation was that setting the renormalized cosmological constant equal to zero one gets a simple conformal field theory [4]. This allows to employ the known machinery of the free field OPE [16]. In
particular the Liouville exponential interaction term can be treated as a marginal
deformation of the free action.
As follows from the formula (13) in the bordered surface case essentially the
same interpretation is possible. In fact with the bulk and the boundary cosmological
constants renormalized to zero_one obtains a free conformal field theory with the
background charge Q = yj^f^- Moreover, due to the special properties of the
boundary conditions derived in Sect.2 one can apply, via the doubling construction,
all methods of conformal field theory on closed surfaces. In particular the combined
results of [17] and [16] provide an efficient method of calculating the correlation
functions of boundary operators.
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Critical exponents

Another consequence of the boundary conditions derived in Sect.2 is that the anomalous dimensions and the critical exponents can be calculated by a straighforward
generalization of the scaling method developed in [4]. In this section we will mainly
consider the boundary Hausdorff dimension which provides a iiontriviat example of
a critical exponent specific to the bordered random surface. Although the definition
of this notion is rather tricky in the range d < 1 « beliwethat it still contains a
good deal of information about the Liouville gravity. At least the derivation of this
exponent can serve as a good illustration of possible boundary effects in the theory.

The interest to the Hausdorff dimension comes from its standard interpretation
as Ft measure of interaction of a system. Let us recall that it could be roughly
defined as the dimension h of the subset of the target space swept out
by a
random trajectory. If the dimension of the target space d > 2/t then two generic
random walks do not intersect and the system behaves like a free one. For d < 2ft,
however, the random walks necessarily intersect and the interaction becomes crucial
for properties of the system. Following this interpretation in the noncritica.1 open
string the boundary Hausdorff dimension measures the cubic string interaction while
the bulk Hausdorff dimension can be related to the quartic one.
The first attempt to calculate the Hausdorff dimension of the closed Polyakov
surface within the continuum approach has been made in [19]. More recently this
issue has been discussed in [20] by means of the conformal field theory techniques
developed in [4]. For a more comprehensive discussion of the Hausdorff dimension
and its interpretation we refer to [20].
For completeness we will start with a brief exposition of some results of [9]
concerning the bulk and the boundary anomalous dimensions. Since the anomalous
dimensions concern local properties of the theory it is enough to work in a local
chart of Mj,,t, which can be chosen as the upper half plane with the flat metric.
(Note that locally it is always possible to deform the metric gt to the flat metric
keeping the boundary geodesic.) In this case the (improved) stress energy tensor
derived from the action (13) takes the following familiar form,

Following the san^e way one can determine the bulk,

fa = - ^ =
and the boundary,

(19)
gravitational dressing of the spintess primary field $ of a conformal field theory
coupled to the LiouviUe gravity.
The choice of the minus sign in the solutions (17,18,19) is determined by the
semiclassical analysis [18] which leads to the inequalities [9]:

( V ( J W » ) ) = - log \z - w\

- log \z - H

2

,

(14)

and the free field normal ordering one can calculate the bulk and the boundary
OPE's. For the operator :e w l'). one gets

(z-wf

I2

J—j (- 2a2 -

•$•)'

\

(15)

d e

2

z — w
2
s-s'

'I -

'

'

(16)

Therefore the bulk and the boundary anomalous dimensions are given by

(20)

2

Q

(21)

The simplest example of the bulk critical exponent is the open string susceptibility. Using the scaling arguments presented in [4] it can be easily derived from the
effective action (13),
d~25-

Using the free field propagator satisfying the Neumann boundary condition along
the real axis
2

(18)
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In order to determine the boundary Hausdorff (or fractal) dimension we will use
a continuum version [20] of the microcanonical discrete approach proposed in [21].
The basic idea of this method is to use some scaling property of random path (or
surface) as a definition of the Hausdorff dimension. An important advantage of this
approach is that one can u e some scaling arguments which are hardly available
when one starts with the standard definition by coverings.
Let us fix a boundary component E £ dMkfi and denote by I its intrinsic length.
According to [21, 20] the boundary Hausdorff dimension ftt can be defined by the
scaling limit (for large enough I ) of the "mean square size" of the embedded boundary *"(£),
where x\ is formally defined as

At(eav)

= -2a2-aQ

.
2

The requirement that the bulk and the boundary integrals of the operator :er"i>: be
reparametrization invariant leads to the conditions

Solving for a,, , at, one obtains

The fixed length expectation value {*J;)J of the boundary operator i | is given by:

(22)

hn h
(17)

where Vfi stands for the finite dimensional integration over the moduli as well as
for the contribution of the ghost and the matter system, and V[z2(s),v{a)] denotes
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the gravitational dressing of the local boundary operator :x2:. In addition we
have to assume that the functional integral over a;-fields in (22) is restricted to the
orthogonal complement of the subspace of zero modes [21, 20].
There are two remarks in order. First of all, let us note that the definition above
has been designed for the special case of the matter system consisting of rf-scalar
free fields. Unfortunately, the scaling properties of expectation values, which we
wish to use in calculating the i-dependence of {s|)i . are available only in the range
d < 1. In this range the geometrical interpretation of the Hausdorff dimension is
rather problematic. Moreover for d < 1 it is hard to recognize a counterpart of the
operator :~2: between operators of the matter system and the definition (22) does
not make sense anymore.
In order to provide a meaning to the expression (22) in the range d < 1 we will
use, after [20], the following formal procedure. We start with a positive integer d
and perform calculations using the free field stress energy tensor

and the free field normal ordering. The final formulae are then continued to the
region d < 1 where the scaling exponents involved become real.
The second problem with the formula (22) is that, even with the zero modes projected out, :xi(s): is not a conformal boundary operator a6 it can be easy recognized
from its OPE,

TZ(S) z2(s') = - 2 ^ _ d 3 y + ~pd-xi-

= :f(<p(S))x2(s):

foi d
(27)

where k,k\,k2, are new arbitrary constants.
Substituting (27) and (28) into (24) we have, in the range d ^ 1 the following
formula for V[x'2(s),<p(s}] ,
(28)

Performing the shift <j> —- ip + j^log' in the path integral (22) and using the
transformation property of the vertex operator V[x2(s)tip(s)] ,

one gets the explicit /-dependence of {x\)

(23)

For this reason the formula (19) for gravitational dressing of conformal operators
cannot be applied. However, extending the idea of dressing to nonconformal operators, one can assume that after switching on the gravity the operator :22(s):
acquires a dressing of the following more general form [20],
V[x2(S),<p(S)]

where c, Ci,c2 are arbitrary constants. Solving the equation (26) with / given by
(27) and using again the bound (21) to reject a part of solutions one gets

+ :g(V(S)):.

Note that the second term is necessary for cancellation of the (first) anctsBlous term
in the OPE (23).
Using (16) and (23) one can calculate the OPE for the operator V[X2(s), ip{s)\ ,

(29)

where B is a constant given by some functional integral.
According to the standard interpretation of the logarithmical dependence, the
scaling low (29) implies that
in the range d < 1 the boundary of a random
surfaces has the infinite (logarithmically divergent) Hausdorff dimension .
It is of some interest to compare the result above with the bulk Hausdorff dimension. Calculating the gravitational dressing of the bulk operator \x2(t): and
using the fixed area expectation value one obtains
-log .4

s

!

It follows that the operator V[i'(s), f(s)] is a conformai boundary operator with
(V[x2{s),'t>(s)]) = 1 provided that the following equations hold,
2/" + Qf' + f = 0,
2s" + Qg' + g = -2df.

(24)
(25)

The most general solution of the first equation containing only those exponents
which satisfy the inequality (21) has the following form,
for d f 1
for d = 1

/(¥>)
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(26)

(30)

As it was already mentioned the calculations of bulk exponents are not altered
by any boundary effects and the derivation of (30) is essentially the s?,me as in
the case of closed surfaces [20]. The formula (30) however does not contain the
power dependent term found in [20]. This discrepancy has the following origin. The
solutions of the bulk counterparts of the equations (25,26) which yield pow^r terms
in the scaling low (30) contain exponents of if not satisfying the inequality (20).
According to the semiclassical analysis [18] such exponents do not exist as local
operators in the quantum LiouviUe theory and therefore the solutions containing
them are rejected in the present analysis.
Although the coefficients in the scaling lows are not supposed to be universal,
it is interesting to observe that the formula (29) can be obtained from (30) by the
simple substitution A ~ t2. This is a consequence of the close relation between the
bulk (15) and the boundary (16) OPE's determined by the free field propagator
(14).
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As both formulae (29) and (30) exhibit the same logarithmic divergence one can
say that the random surface and its boundary have the same (infinite) Hausdorff
dimension. Note that both scaling lows are independent on the global topology of a
random surface. In particular the boundary Hausdorff dimension dons not depend
on the presence of other boundary components. It is tempting to conclude that the
cubic, quartic as well as open-closed string interactions equally contribute to the
full interaction picture of the open string. In view of the failure of the standard
geometric interpretation of the Hausdorff dimension in the range d < 1, the meaning
of such a. statement is however highly problematic.
The remarks above concerning the comparison of the bulk and the boundary
Hausdorff dimensions apply in the case d = 1 as well. As follows from (27) ,(28)
the dressing is given by
2

V[X (s). ¥>(«)] =

The change under the shift
V[x2(.<s),<p{s)]

(s)\ e"bvi-'): log! +
+

—
2\

leads to the following scaling low,
Bl log/ + B2(\oglf

+~ c

2

(log i

(31)

where the constants 5 ] , #2,-63 are given by functional integrals.
In I.lie bulk, according to [20] we have:
~

The coefficients in the formula (31) depends on four independent parameters c\,
ci, fci, k'2 which cannot be calculated using simple scaling arguments. Let us observe that
whatever the values of these parameters are the scaling low (31) always contains
a term with higher power of log/. It follows that for d = 1 the large I behaviour of
the mean square size of the boundary is qualitatively different from the one valid
in the range d < 1. This can be interpreted as a sign of a phase transition at the
critical point d — 1.
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