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INTRODUCTION

Let G be a compact, connected Lie group with a torsion free fundamental group iri(G),
U a closed connected subgroup of maximal rank of G, and as usual let R{G) (respec-
tively R{U)) denote the Grothendieck ring of classes of complex representations of G
(respectively U). Complex representations of U give homogeneous vector bundles over
the homogeneous space G/U by means of induced representations and it yields a map
a : R(U) = K%{GjU) -» K°(G/U) in K-theory, defined by forgetting the equivariant
structure on the bundles. It has been a conjecture that a is surjective, and since it
has been recognized that a appears as a "transgression" in a complex K-theory spectral
sequence, due to Hodgkin ([13]) and relating G and U in the above situation, the surjec-
tivity of a reduces to a problem of H(G)-module structure of R(U) via the restriction map
R[G) -» R(U) induced by inclusion. Pittie ([16]) in his proof of this conjecture showed
that for any maximal torus T of G, the ring R(T) is a free ii(G)-module of rank \W\
via the restriction homomorphism. He also proved a weaker result in the general case.
More precisely, for U as above, R{U) is a stably free module over R{G) which is free when
|W(G)|/IW(17)| > 1 + I, where t = rank G and where \W{G)\ and \W{U)\ denote the
orders of the Weyl groups of G and U respectively.

Actually, the last restriction on the relative orders of the Weyl groups can be dropped (as
Pittie has suggested), since Quillen and Suslin have given a positive answer to a conjecture
of Serre which states that any finitely generated projective module over a poiynomial ring
over a field or a principal ideal domain is free. So R{U) is also a free il(G)-module.
Moreover, a simple analysis of Pittie's proof shows that his theorem still holds under the
sole assumption that R{G) is a polynomial ring over Z (G being compact and connected)
allowing Lie groups such as the special orthogonal groups SO(2r + 1), r > 1, whose
fundamental group is Z/2Z. In fact, soon after, R. Steinberg working along quite different
lines in [19, Theorem 1.2], gave a sequence of equivalences to the fact that R(T) is free
over R(G).

In the light of various facts above, a somewhat natural question to ask is whether Pittie's
theorem remaims true when one replaces complex representations by real ones, and the
purpose of this paper is to provide an answer to this question. For example, under certain
hypothesis on the usual conjugacy involution on the ring R(G), one can show that RO(G)
becomes a subring of invariants of RO(T) under the action of a subgroup of W(G), so one
can hope that the flatness question of R0{T) over RO{G) is related to the class of G (in
case G is a simple Lie group) via the nature of W(G).

The main result of this paper establishes a real version of Pittie's theorem and may be
stated as follows.

Main Theorem. Let G be a comp&ct, connected group, which is either simply connected
or isomorphic to some special orthogonal group SO(2r + 1), r > 1. Let T he a maximal
torus in G. Then, t ie Mowing holds for the R0(G)-module structure of RO(T) via the
restriction map induced from inclusion.

RO(T) is a free RO(G)-module if and only if ranicG < 2 and if no basic representation
of G is of quatemioniL tĵ pe.

If any of the above equivalent statements is satisfied, then the rank of the free modules



are as follows:

a) rankRO(G)R0(T) = \W\j2 if all the fundamental representations of G are of real
type (i.e. if RO(G) = R(G) through the complexification homomorphism.

b) rankno(c)RO(T) = \W\ if all the fundamental representations (whose number is
therefore 2) are of complex type.

In the course of this study, we are led to investigate the algebraic nature of the real
representation ring RO(G) (G compact and simply connected) which in general fails to be
a polynomial ring or even a regular ring, in contrast with the complex case. The basic fact,
passing from the complex to the real case, is that for a certain class of G, Macauleyness is
retained, and this we prove by looking at the types of irreducible fundamental (or basic )
representations of G (see e.g. Proposition 9 and remark 9.2).

In Section 1, we start with Lie groups under certain restrictions. In Sections 2 and 3,
the problem is considered in much more generality and there are proved the basic results.
Some remarks in this paper may have some independent algebraic interest.

l. PRELIMINARIES

Throughout this paper, we shall denote by c : RO(G) —> R(G) the usual complexi-
fication homomorphism, by r : R(G) -* RO(G) the realification homomorphism, where
G is a compact Lie group and R(G), RO(G) are respectively the Grothendieck ring of
isomorphism classes of complex and real G-modules; * will stand for the conjugation on
the ring R(G) induced from the map which associates to each complex G-module M its
conjugate M. Also, because of the well known formulae

(1) r - c = 2

and

(2) c - r = l + '

relating complexification and realification, we shall view all rings involved here as embedded
in R{T) (T = T(G) being a maximal torus of G) by an appropriate map (in fact, either
the complexification or the restriction maps) via the following commutative diagram

RO(G) RO(T)

R(G) Bit)

where all the maps are ring homomorphisms. Then R(T) is a RO(G)-modu]e and these
rings become J?0(G)-submodules of R(T) provided that their images in R(T) contain that
of RO(G).

As our methods are similar to that of [16], we prove some preliminary results.
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First, we need the finiteness of RO(T) over RO(G) (via the restriction map io). Atiyah
and Segal have studied such a finiteness in the more general setting of "Real Lie groups".
Let us recall that a compact Real Lie group G is a Lie group with a preassigned involution
a : G —+ G and that a Real representation of a Real Lie group is a complex G-module
with a conjugate linear involution J such that for any g 6 G, x € M, J(g • x) = a(g) •
J(x). E Rr(G) denotes the Grothendieck ring of Heal representations of G, there exists a
complexification RT{G) ~+ R(G) defined by forgetting the Real structure and which reduces
to the usual complexification RO(G) —t R(G) mentioned above, when the involution on G
is the identity, in which case one has Rr(G) = RO(G). Then proposition 6(i) of [3] says
that R(G) is finite over RO(G). So to prove the finiteness of RO(T) over RO{G), it is
enough to show that RO(T) is finite over R(G), provided that, everything being viewed
as embedded in R(T), we have RO(G) C R(G) C RO(T). Therefore we get:

Proposition 1. Let G be a compact Lie group such that the conjugation * : R(G) —* R(G)
is the identity map. Then (via the above identifications) RO(T) contains R(G) and RO(T)
is finite over RO(G).

Proof. Since * commutes with restrictions and operates as the identity map, we have that
the image of R(G) by i* is contained in the subring R(T)* := {x € R(T) \ x" = x) and
the first part of the proposition follows from the characterization of RO(T) as R(T)" (see
Proposition 5 below). For the second part, note that RO(T) is an ,R(G)-submodule of
R(T). Since R(T) is finite over R(G) and the tatter ring is noetherian, RO{T) is a finitely
generated .R(G)-module. Now, using the Atiyah-Segal Proposition, we get the desired
result. D

We get a little more by strengthening the hypothesis on G as in the following

Proposition 2. Let G be a compact, connected Lie group such that the complexification c
is an isomorphism RO(G) ££ R(G) and let T be a maximal torus ofG. Then the restriction
ij induces an isomorphism RO(G) —* RO{T)W (where RO(G)W is the ring of invariants
under the Weyl group action).

Proof. First note that an immediate consequence is that RO(T)W is isomorphic to R(G).
For the proof of the proposition, consider the isomorphism chj? : RF(G) —» ch^(G) (see
[10, Chap.13 ]) where RF(G) is R(G) or RO(G) according as F is C or R and ch f is the
ring of characters associated to the isomorphism classes of G-modules over F, that is, for
each such class—say M—a central function XM defined by ^ ( s ) := trace (*M), S E G ,
with SM denoting the action of s on M. One verifies easily from the above isomorphism
that il(RO(G)) C RO(T)W which therefore gives rise to the commutative diagram (t)
below:

RO{G) > RO(T)w

(t)

R(G) > R(T)V



In ({), the vertical maps are isomorphisms, the left hand one by assumption, while
the injectivity of the right one derives from that of c : RO{T) -> R(T). Finally c :
RO(T)W -* R(T)W is also surjective by the commutativity of (t) together with the well
known fact that the bottom i" is an isomorphism. Again the commutativity of (|) implies
that il : RO(G) -+ RO(T)W is an isomorphism as desired.

Some examples of Lie groups that satisfy the conditions in Proposition 2 are given by
the special orthogonal groups SO(2r + 1), r > 1 for the classical ones and G2, Ft for the
exceptional ones. In the G2 case, for instance, as the group of R-algebra automorphisms
of the normed algebra of the octonions, G2 stabilizes the subspace of imaginary octonions
and thus, has a 7 dimensional real representation L. Yokota has shown that the complexi-
fication Lc of L, togheter with its second exterior power generates H(Gj) as a polynomial
ring. For Proposition 1, consider the groups Sp(n) and Spin(2r + 1). (See [10] for the
classical groups and [23], [24] for the exceptional ones.)

Remark S. We observe that under either of the hypothesis in these propositions, the ring
RO(T) is an H(G)-submodule of R(T), (R{T) is free over R(G) by Pittie's theorem).
However, since for any such G of rank greater than 1, R(G) has Krull dimension equal or
greater than 2, it is follows from a result of M. Auslander that R(G) is not a hereditary
ring (i.e. a ring which preserves projectivity for submodules), so this does not guarantee
projectivity for RO(T) over R(G).

2.THI; PROJECTIVITY OF RO{T) OVEE RO(G)

In this section, we assume that G is a compact Lie group such that (i) the complexifica-
tion c is an isomorphism of rings and (ii) R(G) (equivalently RO(G) also) is a polynomial
ring over Z. This covers also the cases of the compact, non simply connected Lie groups
such as the special orthogonal groups SO{n) with n odd.

Then, RO(G) is a regular noetherian ring (i.e. a noetherian ring with finite global
homological dimension). Also, we have the inclusions R(G) C RO(T) C R(T) (up to
identification in R(T}). Since R(T) is integral over R(G) (by the finiteness of W), R(T) is
also integral over RO(T). As it is finitely generated over RO(T), it follows by a theorem
of Eakin ([16], appendix) that R0(T) is also a noetherian ring.

Now, we can state the equivalent condition to the flatness of RO(T) over RO(G) in
purely algebraic terms. Note that, since all ground rings in what follows are noetherian,
flatness is equivalent to projectivity (e.g, [8, Chap. 4]).

Theorem 4. Let S be a noetherian integral domain and A be a subring of S such that

(i) S is finitely generated (as a module) and integral over A.

(ii) A is regular.

Then, S is a protective module over A it and only if S is a Cohen-MacauJay ring.

Proof. Note that the hypothesis implies that A is also noetherian.
Assume first that S is flat over A; then we have to show that the localization of S at any

of its maximal ideals is Cohen-Macaulay. Let SOT be such a maximal ideal and consider the
induced local homomorphism A,, —* S<m where 77 =%flCiA € spec (A), the prime spectrum of
A. Notice that since A is regular, it is also integrally closed (as a consequence of a known

result of Auslander-Buchsbaum that every regular, local ring is a unique factorisation
domain). Then, as S is integral over A, the inclusion A C S satisfies the going down
theorem of Cohen - Seidenderg (see for example [2, Theorem 5.16, p.64]). Alternatively,
this follows from the flatness of S over A ([16, chap. 2, Theorem 4]). Therefore, we have
the dimension formula

dim SOT = dim An + dim(S<n ® A, *•(*]))

where K(TJ) is the residual field at t;.
Further, since S is integral over the integrally closed base ring A, it follows from [2,

Lemma 11.26] that dim 5aft = dimA,. Hence, the "fiber" S«ot®A, «(*?) over rj is of dimension
0 and thus is Cohen-Macaulay. As A is Cohen-Macauley (being regular by assumption),
so is SOT by using [16, Corollary 21.C, p. 154].

For the converse, note that since S is a domain, its A-torsion submodule is trivial.
Now because A is regular and 5 is Cohen-Macauley and finite over A, it follows from a
theorem of Vasconcelos ([22, Theorem 1.3*]) that 5 is yl-projective, finishing the proof of
the theorem. •

3. RO(G), R0(T) AND THE i?0(G)-MODULE STRUCTURE OF RO(T)

3.1. The structure of the real representation ring. We return now to the ring
RO(T) and gives its convenient characterization mentioned in Section 1. It is well known
that the complex representations ring R(T) is isomorphic to Z[t], the group algebra of
T, where T is the character group of T. It can be described as the Laurent polynomial
atgebra Z[Xi,Xt,... J , , ! " 1 , ^ " 1 , . . .,X^] (n = rank T), if a Z-basis {X,, 1 < j < n}
of T is specified.

If V is a complex T-module, then V splits as a finite sum V = £ mj V\ where V\ is the
one dimensional irreducible complex T-module which corresponds to the character A :T —*
S1 and where the mj's are non negative integers. If now V is assumed to be self-conjugate,
each character \ of T in this decomposiHon occurs along with the conjugate character A"1

and the same multiplicity my (This follows since the classes of irreducibles T-modules
generate freely R(T)). Thus, V = £ mA[V* © VA-i]. If we set Af = £ x mxr(Vx), then M
is a real T-module which satisfies V = c(M) and since conversely, real type T-modules are
self-conjugate, it follows that in the semi-ring Mc(T) of isomorphism classes of complex
T-modules, /me is exactly the subring MC(T)' of self conjugate elements of Mc(T). (Here,
we use the same notations for the complexification and the reeljfication morphisms at the
level of semi-ring of isomorphism classes). This extends at once that on the Grothendhieck
groups, so that we have

Proposition 5. Via the complexiflcation c, RO(T) is isomorphic to R(T)', where R(T)*
denotes tlte subring of invariants of R(T) under the usuaJ conjugation *

Further R0(T) S Z[X" + X~", v € Z n - 0] with respect to the character description of
R(T). Here for any v = {uu ...,un) £ Z n - 0, we set X" for X,"1 •••X'".

Proof. The second part of the theorem follows since the virtual character X" + X~", v ^ 0
is in one-to-one correspondence with the non trivial two-dimensional irreducible real T-



module r(Vx) for X = v\X\ + • • • + vnXR and whose complexifies to V\
[1, Chap. 3] for some details). D

^-i (See Adams

Let us now recall for later use the following lemma which is based upon the relation
between the dimension of any finitely generated module—say E—over a ring A, its pro-
jective dimension and its depth, where the base ring A is local and regular (see Seire [17,
chap. 4, Prop. 22]).

Lemma 5. Let A, B be two regular noetherian rings with dim A — dimB and let $ : A —*
B be a ring homomorphism which makes B a finitely generated module over A. Then B
is A-projective.

Proof. See Pittie [16] for an explicit proof.

According to the Proposition 5, RO(T) is isomorphic to Z[X" + X~",v € Z" - {0}]
where the notations are as above. In particular, when rank T = 1, ao that T is the
circle group S1, R0{T) - ROiS1) is generated by the elements X" + X'", 1/ € Z - {0}.
Therefore, it follows by using identities in polynomial rings that RO(Si) is isomorphic to
ZIX1 + X~l] and thus, is a polynomial ring. But then, G is either 50(3) or SV{2) and
the corresponding Weyl group is E2, the symmetric group of two elements in both cases
and W acts by permuting X and X"1 . Hence, we have

R{G) = RiS1)™ = ROiS1).

If G is 50(3), it is known that all complex 50(3) modules are of real type, thus
iJO(5O(3)) S R(SO{3)) S ROiS1) and RO{T(SO(3))) is a free R0(S0(3)) module in a
trivial way.

For SU(2) = Sp(\), the ring R{Sp[})) is generated as a polynomial algebra over Z
by the standard quaternionic representation and therefore RO(Sp(l}) is strictly contained
in R(Sp(l)). However, it turns out that R(Sp(l)) = R0(T(Sp{l))) fails to be free over
R0(Sp(l). The proof of this is posponed until the next section where it follows from a
more general fact (see Theorem 7.4).

Recall also that if G is a compact, simply connected (hence semi-simple) Lie group, its
complex representation ring is generated by the so-called basic irreducible representations
0jt 1 — j ^ rankG, whose highest weights correspond to the fundamental dominant
weights of G (relative to a maximal torus T of G and some W-inv&riant euclidian structure
in the Lie algebra of T). The Uj's are permutated by the conjugacy and if we denote
by $i,...,8r the real ones, ^ ] , . . , , ^ ( , the quabTnionic ones, the others being pairwise
conjugated, then R0(G) has an additive basis consisting of 8\, ... , 0r, 2^j, . . . , 2̂ >t,
Aj -!- AJ, . . . , A, + A*. If further, we set X ] , . . . , Xn for the basic representations (in the
usual notation for indeterminates), then a typical element of R0(G) viewed as a subring
of R(G) is a polynomial f(X) = £a t,X",r> € N",a,, £ Z whose coefficients satisfy the
following conditions.

(1) av = at, if the monomial a^X" is not self conjugate
(ii) av € 2Z if a^X" is self-conjugate and its partial height with respect to the quater-

nionic variables is odd.

Here, we write X" for X"1 ,,, X£" where | /gN", and "", denotes the involution induced
on N" by the conjugacy on the variables Xj.

For a more complete description of RO(G) as a subring of R(G), we refer the reader to
[6], chap.6.

3.2. Proofs of Theorems.
According to the preceding section 2, we are let to asking whether the ring 7i[X" +

X-",v£Zn- {0}] is Cohen-Macautey.
Write A for the Laurent aig/sbia.Zi[Xi,X^'1,...,Xn,X^1] so that ns characterized in

the Proposition 4, R0(T) = Z[X" + X~",v g Z" - {0}] is isomorphic to the subgroup of
invariants Ar, where F is the group of order 2 whose generator exchanges X, and X~l for
alii.

A first basic observation is that one can replace the ground ring Z by the the field
k = Z/2Z because of the following fact, which proof is given in lemma S below.

\: Ar is Cohen-Macauley if and only if Ar/2Ar = (A/2A)r is Cohen-Macauley.
and by using the fact that the ring in the right side of ({) is a Z/2Z vector spaces.
Also, notice that a set of ring generators for k[X" •+• X~", v £ Z" — {0}] is provided by

the elements X" + X~" where the entries of v are 0,1. (This may be seen by observing
that any element X" + X~" can be expressed as a polynomial in the Xf' + Xj "' 's where

"i e z).
The case n = 1 is easy and have been already considered.
If n = 2, Ar is generated over it by u = Xi + X^1, v - X2 + Xf1 and w = X\X2 +

(XiXi)^1 and there is only one relation among these generators given by w2 — (uv)w —
(u2 + v2 - 4) = 0. Hence, k[X" + X'"} = k[u,v,w]/(w2 - (uw)ui - (u2 + v2 - 4)) is a
complete intersection and therefore a Cohen-Macauley ring.

Remark, In fact,u,u and w with the same relation generate the ring Z[X" + X~",v E
Z" - {0}], so that for the two dimensional torus T2, we have ROiT2) S Z[u,v,w]/(w2 -
(uv )u>- (u a +« 2 -4 ) ) .

For a general n, we have the following result of Hochster (private communication).

Proposition 6. (Hochster [12]).Let k be the Reid Z/2Z (or more generally a field of
characteristic 2) and let B be the subring of invariant of k[Xi, Xf1, ...,Xn,X~l] under
the k-algebra, involution which maps X{ to X" 1 for ail i. Then B is Cohen-Macauley if
and only if n < 2.

Then, we have the following theorem.

Theorem 7. Let G be a compact, simply <-onnected Lie group whose all fundamental
representations are of real type (i.e. such that the complexiScation is an isomorphism
R0{G) S R{G)) and T be a maximal torus ofG. Then,

1) R0(T) is a free R0{G)-module if and only if rankG is < 2.
2) WJien rankG < 2, RO(T) is a free RO(G)-module of rank \W\/2

Proof. Under our hypothesis on G, the representation ring RO(G) is a polynomial ring,
hence is regular. Part 1) then follows from the Theorem 4) and the Hochster's result just
above. For part 2), let us denote by L and K respectively the field of fractions of the



integral domains B = RO(T) and A = RO(G). Also, notice that the Weyl group of such a
G ( which is just the Weyl group of the root system Bn for G simple ) contains an element
we denote by too and which acts as the usual conjugacy operator * on R{T), Then, by
Proposition 2, RO(G) is the subring of invariants RO(T)Wl where W is the quotient
group of W by the subgroup of order 2 generated by u>o and the action is the induced one.
Further, by Galois theory, L is a Galois extension of degree \W'\ of K and L is isomorphic
to B ®A K. This follows from [7, chap. 5, theorem 2, p. 42] and the fact that K is of
characteristic 0. If part 1) of the theorem holds, then we have

\ = \W\/2rankRO(G)R0{T) = &mK(B ®A K) = [L;K] = \

and this completes the proof of the theorem.

Note however that the hypothesis on the complexification morphism is not necessary,
as the following example shows.

Consider the case where G is a compact, simply connected Lie group of rank 2 with
no self congugate basic irreducible representation (e.g. SU(3)), so that RO(G) is strictly
contained in R{G). Then R{G) = Z[X,Y] and the conjugacy permutes X and Y. Thus,

R(G)' = Y,XY].

Note that both generators X + Y and XY are real, since X + Y = X + X — cr(X) and
XY = XX and the latter representation is real by a standard fact ( see, e.g., [l,lemma
72, p. 166]).

Hence RO{G) is isomorphic to the polynomial ring R(G)'. It follows at once from the
Proposition 4 that part 1) of the atove theorem 7 holds also in this case.

Another case is when a system of basic representations of G contains a representations of
qu^tcrnicnic type. We prove here that the real representation ring RO(G) is not integrally
closed and therefore, is not a regular ring.

Proposition 7.1. Let G be a Lie group such that the conjugacy * : R(G) -* R{G) is the
identity map. Let plt...,pn be a. set of basic complex representations of G. Assume that
at least one of the pj 's is quatemionic. Then

RO(G) is not integrally closed.

Corollary 7.2. IfG is as above, R0(G) is not a poiynomiaJ ring over Z.

Proof. This is straighforward, since polynomial rings over Z are regular rings. D

Proof of Proposition 7.1. Set A = RO[G). Suppose (without loss of generality) that
p = p\ is quatemionic. Then p2 is in A since the tensor product of two quatemionic
representations is real. Also, since 1p and 2 are in A, the element p is an element of the
fraction field of A which is integral over A. But it follows directly from the hypothesis that
p is not in A. D

Corollary 7.3. Let G be a compact, simply connected Lie goup witii rankG < 2 and such
that * : R(G) -> R{G) is the identity map. Then,

R0(T) is a flat RO{G)-module if and only if R0{G) is a reguJar ring.

Proof. Note that since R(G) is finite, hence integral, over R0(G), both rings have the
same Krull dimension. If in addition, they are both regular, then R(G) is flat over R0(G)
by the lemma 5. Then applying the point 1) of the above theorem proves the if) part of
the corollary.

For the converse, consider the following inclusions

RO{G) c R{G) C RO{T).

Since RO(T) is integral over R(G), it follows that it is faithfully flat over it. The
flatness of R0(T) o\-x R0(G) therefore implies that of R(G) over RO[G). Then, every
local homomorphism RO{G)P - t R(G)V is flat, where V is a prime Ideal of R{G) over a
prime ideal p of RO(G). Since R(G) is regular, so is R(G)-p and by (M, Theorem 51 p. ] 55
] RO(G)P is regular. Hence, RO(G) is a regular ring since the map induced between prime
spectra by the inclusion RO(G) C R(G) is surjective. •

With the help of its subsequent corollaries, the above theorem 7 is made more precise:

Theorem 7.4. Let G be a compact, simply connected Lie group ofrank< 2. If* : R{G) -»
R(G) is the identity map, then

RO{T) is a free R0(G)-module if and only ifG has no basic irreducible representation
of quatemionic type ( equivalently if all basic representations are reai).

Notice that the hypothesis on the conjugacy * is unnecessary in the case n = 1, due to
the fact that RO(T) = Z[X + X~l\ is itself already a regular ring (see section 2).

As a consequence, we see for example that the ring RO{T{Sp(n))) is not free over
RO(Sp{n)) for n = 1,2.

We return to the real representation ring RO(G) and ask about its Cohen-Macauleyness
in view of Theorem 4 and known facts on extensions of Cohen-Macauley rings. We know
that, if G has a basic fundamental representation of quatemionic type, then RO{G) is not
a regular ring. We will now show that it is , however, a Cohen-Macauley ring ( written
C-M, for short) in some important cases ( e.g. when all basic representations are self
conjugate ).

We start by proving the following basic lemma.

Lemma 8. Let S be an integral domain such that 5 ® Z[l/2] is Cohen-Macauley. Then,
S is Cohen-Macauley if and only ifS/2S is Cohen-Ma.ca.uley.

Proof. Clearly, if 5 is Cohen- Macauley, so is 5/25, since 2 is a non zero divisor in 5. Hence
assume that 5/25 is Cohen-Macauley and consider a prime ideal p of 5 that contains 2.
Then, if we denote by p' the image of p under the canonical surjection S —» 5/2S, the
localization of 5/25 at p'- that is (S/25),.-, is Cohen-Macauley. But (S/2S),,. = Sp/2Sp

and since 5 is an integral domain, 2 is not a zero divisor in Sp. Hence by [16, Theorem
30, p. 107] 5p is Cohen-Macauley. The next step is to show that the localization of 5 at
a maximal ideal p which does not contain 2 is also Cohen-Macauley. This will follow from
the development below.
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We introduce the following notations.
We denote by R'(H)(resp. RO'(H), (where if is a compact topological group), respec-

tively R(H) ® Z[l/2], FO{H) ® Z[l/2]. Then, setting c' = ^c : RO'(H) -» # ( # ) , we
have

r.c' = / (/ = identity)

and

"4 *)

which shows that the reelification becomes a retraction of R'(H) onto RO'(H) and c'
induces an isomorphism between R(y{H) and R'(H)*. (Here iJ(JT)* denotes the subring of
invariants for the Z[l/2]-tinear extension to R"{H) of the usual conjugacy on the complex
representation ring R{H). Now, if H is a compact, connected Lie group, B!{H) is a Cohen-
Macauley, being a polynomial extension of the C-M ring Z[l/2J. Thus, by [14, Proposition
13 page 1033] RO'(H) is also C-M.

More generally, if A is any ring containing the integers and in which 2 is invertible, we
get an isomorphism

(1) R0{H) ® A = {R{H) ® A)'

In particular, if p ^ 2 is any prime integer and Z(p) is the localization of Z at the prime
ideal (p), we have an isomorphism

(2)

where the action of * has the obvious meaning.
Now, the result on page of [15,Lemma 3.2 p.129] asserts that a finitely generated algebra

over Z, the integers, is Cohen-Macauley if and only if its localizations at all maximal
homogeneous ideals are. So, suppose that M is a maximal ideal of A = RO(G) such that
M fl Z is a prime idea! p different from the prime (2). Then, AM is C-M since it is a
localization at its prime ideal Ap !~l MAM of the ring Ap which is C-M by a remark just
above.

Assume first that the fundamental representations Xlt • • • ,Xn of the Lie group G un-
der study are all of quaternionic type. Then the real representation ring RO(G) can be
described as the subring A of R(G) whose elements are the polynomials of the form:

where , for any v = (vi,...,vn) 6 N", we have set X" for X"1 •••X*n, and where
. . . ,X n ) is subjected to the condition that av is an even integer when the height

u\ = i/! + v-i 4- • • • + vn of v is odd. Then, we have
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Proposition 9. Let G be a compact, connected Lie group whose all /undamentaJ repre-
sentations are of quaternionic type. Tien the real representation ring RO(G) is Cohen-
Macauley.

In view of the lemma 8, it amounts to showing that the ring A/2A is C-M, where we
. rate A for RO(G) as above. Now, since the monomials X" = XJ"1 . . -X£" of odd height
of the polynomials in A have even integer coefficients, it follows that A/2A is isomorphic
to the Z/2Z-algebra generated by the monomials X,2,• • • ,X%,Xi.Xj,l <i<j < n. The
argument to show that the latter ring is C-M requires the following result of Hochster wich
we now recall.

Definition 9.1. (see Hochster [11]) A subset M C R[x1,...,xn] of monomials in the
indeterminates x^,...,xn is called a semi-group of monomials if it contains 1 e R and is
closed under multiplication. ( Here, R is any ring).

M is said to be full if, given p, p'and p" such that p.p' — p" and p,p" £ M, then p € M.
A semi-group of monomials M is normal , if for any non-negative integer m and any

elements p,p',p" of M such that pip')"1 = (p")m, there is a eiement p, € M suck that
P=P?-

Note that under the hypothesis of the Proposition 9, the ring A/2 A above is isomorphic
to Z/2Z[M] C Z/2Z[X],. . . , Xn] where M is now the semi-group of the monomials in the
variables X}, 1 < j < n with even height and M is easily seen to be normal in the above
sense. Hence, it follows from [11, Theorem 1, p. 320] that A/2A is a Cohen-Macauley
ring.

Hence, A is C-M, finishing the proof of the Proposition 9.

Remark 9.S. The above reasoning carries over the case where some fundamental represen-
tations of G are of real type and * acts on R(G) as the identity map. To see, this denote
by X\,..., Xr the variables corresponding to these real representations and set R for the
subring of R(G) that they generate. Then R is a polynomial ring and as before we need
only show that RO(G)p is Cohen-Macauley at any maximal ideal P that contracts to the
prime ideal (2) of the integers.

Observe that, RO(G) is isomorphic to the ring R[Xr+i,... ,Xn], generated over R by
the quaternionic variables. A typical element of RO(G) is then of the form

/ ( ^V+i , - • • ,Xn) = ^ a u J S f j d p € R, v •=• ( iv+i , . • •, vn)

subjected as before to the condition that a t 6 2R whenever the height |e | = vr+i H 1- vn
of v = ( f r+ii • - -, vn) is odd. Here X" denotes a monomial in the qutiternionic variables
only, with the obvious meaning. Then, as before, the ring A/2 A is isomorphic to the R/2R-
algebra generated by the normal semi-group of monomials in the quaternionic variables,
which have even height. Since R/2R is C-M, the result again follows.

The remaining case is provided by a Lie group G of rank n = 2a, with no self-conjugate
fundamental basic representation, so that the fundamental representations are pairwise
mutually conjugate i.e.
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An example of such groups are given by the special unitary groups 5E/(n), with n odd.
We show in the following that A = RO(G) is isomorphic, up to identification, to ii(G)*,

the ring of invariants of H(G) under the usual conjugation.

lemma 10.1. R0{G) = R{G)*

Proof, First, we observe that any element of R(G)* viewed as element of R(G) can be
written as :

.,xn) = + X")

Here, in the first summation, the monomial X" in the n variables are self-conjugate,
while X" in the second summation is non self-conjugate and X"1 denotes its conjugate.
Now, since none of the fundamental representations is self conjugate, it follows that the
monomials in the first summation are generated by the products XiX',l < i < s, all of
which is of real type. Also those occuring in tl.e second sum are clearly real. Therefore
RO(G) = R(G)' as to be proved.

More explicitely, the real representation ring is generated over 1 by the polynomials

((10. 1).) Xj.X*, X" + X'",l< j <s,X"? X'"

In fact, the groups SU(n) provide a good example of how the type of the basic repre-
sentations may vary within a given class of compact, simple Lie groups (here, the class
An_i,n > 2, for which SU(n) is the simply connected representative). More precisely, we
have

Lemma 10.2. Let SU(n) the special unitary group. Then, the fundamental representa-
tions of SU(n) can be taken to be the exterior powers A* = A'(V)'s where V is C with
the standard SU(n)-action. Then, we have

1) If n is odd, then none of the A' is self-conjugate.
2) If n is even, n = 2m- say- , A" is self-conjugate if and only ifi = m.

Further, Am is real for ra = 0 mod 4 and quatemionic for n = 2 mod 4

Proof. The non degenerate bilinear form * : A'(V) ® \"~'(V) ~* A"(V) = C given by
p{a g> /?) = a A 0,, Q 6 A'(V), p € A"~i{V) induced from the wedge product, identifies the
St/(n)-module An~'(V) with the dual of A'(V). Now, using an 5I/(n)-invariant hermitian
form on V sets an isomorphism of 5J7(n)-module between the dual and the conjugate of
A'. It follows at once that A'(V) is self-conjugate if and only if n — i = i, i.e. n = 2i. Thus
part 1) is proved. Further, the bilinear form 0 is symmetric if n = o mod 4 and alternate
if n = 2 mod 4 and this yields part 2).

As a second example, the fundamental representations P>, 1 < j < n of the symplectic
groups Sp(n) are real for n even and quatemionic for n odd ( see for example (6, chapter
6] for their explicit construction).
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3.3.The case of the ring R0(SU(n),n odd.
The issue ia to prove the following theorem. Our proof follows the one given by Hochster

in the case of subring of invariants of Laurent polynomial rings.

Proposition 10.3.. Let k be a field of characteristic 2 and 5 = k[XU-.., X,, Xf,... , X*]
be the polynomial ring over h on n = 2s ( algebraically independent) variabJes, where
Xj,\ <j<s, is the image of Xj under the fc-automorphism (i.e. the Z/2Z-action) of S
which exchanges X{ and X? for all i. Let A = k{Xv + Xtv,XiX?'s,v 6 N']. (A is the
subring of invariant of the above Z/2Z-actionJ. Then,

the ring A is Cohen-Macauley implies that s < 2.

Proof. Let us consider the subring R = k[Xi + Jff,. ..,X, + X^XjX], 1 < j < s] of
S. Then R is a polynomial ring; in fact, it is the fixed ring of 5 under the finite group
F, generated by reflections 0j,l < j < 3 where Oj fixes Xj for i ^ j and sends Xj to
XJ. It follows that A has torsion-free rank 2 J~' as an it-module. Now, applying Theorem
4 and Quillen-Suslin liberation theorem for projective modules ([Q]), it follows that A is
free over R if and only if A is Cohen-Macauley as R is a regular ring. Furthermore, R,
being a polynomial ring, is semi-simple, i.e. its Jacobson radical is trivial. Hence by using
the projectivity criterium of Auslander-Buchsbaum ( Invariant factors and two criteria for
projectivity for modules, Theoren B [5]), we must have for every (maximal) ideal 9J1 of /?,

dimK(m)A/WlA = 2""1

where K(OT) = R/MR = k is the residue field at OK.
In particular so is the dimension at the maximal ideal P of R generated by the elements

u>, = Xt + Xf,U = XjX;, 1 < i < a.
The next step is a direct calculation of the dimension d of the vector space A/PA. We

show that a fc-basis of A/PA is given by the elements of the form

where the non zero coordinates of the multi-index v = {v\,..., va, v,41,..., t/2,) corre-
sponds to the fondamental domain of the action of Z/2Z on the set

of all variables and with Vj = 0 or 1.
To see this, we first fix some notations.
For a multi-index ( f ] , . . . , v,, </J+1,..., v2a) € N', we write X" for

The action of Z/2Z on the set of variables induces an action, we denote by " on the
multi-indexes, i.e. u —* u where

V = ( ( / , + ! , . . . , J / 2 l , V i , . . . , V,).

If we multiply a generator X" + X*" of A by uu = A\ + X*, we have
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where e,-, 1 < i < 2s stands for the canonical generators of N2j.
More expticitely, in A/PA, we have to identify the multi-index

with either

(a) • •, "»+(-!>",+, + 1, f ,+;+i, .

Nov.- the identification in (a) shows that a set of vector space generators for AjPA is
given by the X" + X'" with v = (0, . . . t0,ua+1,... ,vi3) or v - {vA>..., v,,0,... ,0), i.e. v
is in the fundamental domain of the above Z/2Z action.

Next, notice that we ca-a just consider the subset of the above generators such that the
corresponding multi-index v have relatively prime coordinates. This is the consequence of
the following formula valid in AjPA which may be proved by induction.

Starting with n — 2, for example, we have that

(X- + X-")2 = X2"1 . ..X2"' + X*2"1 ... Xf' +

some extra terms which factorise through the XiX*'s, giving the above formula in the
vector space Aj PA since the X,X"'s are in PA. The case of the general n proceeds from
an easy induction. ( Note that this is just the formula that hold in characteristic 2 when
n is a power of 2).

Further, we can choose the multi-indexes occuring in the previous set of generators to
have coordinates Vj equal 0 or 1 for all j . i.e. we have

lemma. The set X" + X'" where v = (V,,.. . , v,, 0,. . . ,0) with v, - 0 or 1 generates
AjPA as a i-vector space.

Proof. To see this, take any X" + X*" as in formula (2), with gcd(i/i,,..., Vit) — 1 where
m0 = i j , . . . , ij, 1 < t < ( < a are the non zero coordinates of v and gcd refers to the
greatest commun divisor. Reordering if necessary the variables, we may assume that
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Then, we claim that the following relation hold in AjPA.

Observe that by the formula (2), the first factor on the right hand side of (3) is generated
by Xi, • - • X,-, + X,* • • • X,* and the other factors are also generated in the same way, still
by formula (2). Hence the lemma is proved by observing that, the product of monomials
in which occurs both sets {Xi, . . . ,X ,} , {X*,... ,X*} of variables, factors through some
Wi = X,X", hence give zero in AjPA.

Now, killing the IUJ'S, it follows that dimi^zAjPA is 2' — s.
Returning now to our original problem, it turns out that if A is Cohen-Macauley, then

we must have 2' — a = 2*"1 which gives s = 1 or 2, equivalently n = 2 or 4. This ends the
proof of the Proposition 12.

Next, we consider the case of a Lie group G whose fundamantal representations are all
of complex type (e.g. G = SU{n),n odd), which, from above, is seen to be not Cohen-
Macauley in general.

We introduce the following notations. We set CR(T) = C ®z R(T), CRO(T) = C ®i
RO(T), CR(G) = C ®2 R(G), and CRO(G) = C ®z RO(G) for the respective tensor
product of the representation rings with the field of complex numbers.

Then, both actions of Z/2Z (i.e. the conjugacy operator) and that of the Weyl group
W extend to an action by C-algebra automorphisms on CR(T), so that the subrings of
invariants of these induced actions are respectively

i) CR(T)V2Z = C® z R(T)Z'1Z = CRO(T)
ii) CR(T)W = C ®z R(T)W = CR(G)
iii) CR(T)D = C ®z R(T)D = CRO{G)

where D denote the group generated by W and Z/2Z.
Notice first that as all rings involved throughout are noetherian domains, then by the

generic flatness theorem (see e.g. [16, p. 156]), there is an h E CRO{T),h ^ 0, such that
the localisation map CRO{T)k -* CR(T)k is flat (equivalently faithfully flat). Now, since
the W and Z/2Z fictions commute, the element / = Ougiy h" , product of the elements
on the W-orbit of h, is fixed by ihe group D and the map CRO(T); -> CR(T)f is again
flat. Hence, since CR(T)/ is regular, so is CRO(T)f.

For convenience, set Sf for the multiplicative set generated by / . Then, we obtain the
following composite of local homomorphisms

Assume now that RO(T) is free over RO{G). Then, CRO(T) = Cff(T)z/2Z is flat and
module finite over CRO(G) = CR(T)D. Therefore, the first map in the above sequence
must be flat, which implies that the ring SJ1CR(T)D is regular.
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On the other hand, observe that the subring of invariants of the natural extension to
SJJCR(T) of the £>-action verifies [SJ*CR(T)]D = SjT'CRfT)0 as D fixes 5 / pointwise,
and the latter ring can also be described as

S71CR(T)D = SJ*CR{G)Z'2Z = S^CROiG), using the lemma 10.1 above.
This shows that S^CHOfG) is the subring of invariants of the local regular ring

SJ1CR(G) under Z/2Z. Since it is regular, it follows by the Chevalley-Todd-Sheppard-
Serre theorem (see [18] ) that Z/2Z (i.e. the conjugacy) must act by pseudo-reflections on
the Zariski tangent to SJ1CR(T) at its maximal ideal.

Next, observe that CR(G) is a polynomial ring, hence semi-simple; using this, it is easy
to see that there is some maximal ideal BO? ( of height n = rankG necessarily) of CR(G)
which does not meet 5/ , i.e., ECrt H 5 / = 0. On the other hand, the localization map
CR(G) —* S^CRIG) is a injection as CR(G) is a domain; it follows that Ul = Sj'iUt is a
prime ideal of height n = 2.s, hence the maximal ideal of SJ*CR(G) which therefore has
dimension n. Further, UJT has the form (JVi — ai,...,X, — a,,Xl — &i,...,X* — 6,) for
some d|, bj € C

i.e. an iso-Now, the action of Z/2Z on the tangent space of SpecfS^'Ci^G)) at %
morphic copy of the vector space 91/912 over the residue field at % is given by the action
of the conjugacy operator on the Xi - a^s and the Jf* - frj's. It is easy to see that, there,
Z/2Z acts by pseudoreflections if and only if n = 2s = 2. Hence, we have proved

Proposition 10.4. Let G be a compact, connected and simply connected Lie group, with
all basic representations of complex type (e.g. SU(n),n odd). If T is a maximai torus in
G, then R0(T) is free over R0(G) if and only if rankG = 2.

Note that R0(G) = R{G)li2Z is then a polynomial ring [compare Steinberg [21], Main
lemma].

Remark 10.5. The above reasoning extends to the general case, (i.e. when all possible
type of complex irreducible G-modules occur in a system of basic representations of G ),
as follows: Assume that RO(T) is free over R0{G). Then, by base change CR0(T) is
free over CR0(G). On the other hand, since 2 is invertible in C, we have (by a remark
in section 3), CRO{T) = CR(T)zf2Z, CR0(G) = CR(G)Z/2Z so that the left members of
these equalities are subrings of invariants and again the Z/2Z and W actions commute.
We are thus reduced to the case treated above, where now each of the rings are replaced
by its tensor product by C over Z. The proof then ends as peviously, since the eigenvalue
— 1 of the conjugacy on the Zariski tangent space at 91 is of multiplicity 1 if and only if
the number of the complex type basic representations is 2.

4. COMPLETION OF PROOFS

We summarize here the results obtained from the previous sections of this paper. From
Proposition 10.4, we have at once the following improvement of Theorem 7.4.

Theorem 11.1. . Let G be a Lie group of rank less or equal to 2 which is either a
compact, connected and simply connected or is isomorphic to S0(n) and T a maxima/
torus in G. Then ( via t ie restriction mapj
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R0(T) is free over R0(G) if and onJy ifG has no basic representation of quaternionic
type.

Denote by nm,n(j,nc respectively, the number of real, quatemionic and complex type
representations in a basic system of representations of G.

Main Theorem 11.2. IfG and T is as in TJieorem 11.1 with arbitrary rank, then R0{T)
is free over RO(G) if and only if rankG < 2 and none of the basic representations of G is
of quaternionic type.

Proof. It follows from the Proposition 10.4. and the remark 10.5 above, that the theorem
is true if a system of basic representations for G have more than two members of complex
type. Hence assume that the number nc °f complex basic representations is less or equal
to 2. If rankG > 2, then n i ^ 0 or rtQ ^ 0. But, then it follows from Proposition 9 and the
remark 9.2 that RO(G) is a polynomial extension of a C-M ring, hence C-M. The flatness
of RO(T) over RO(G) would imply that RO(T) is Cohen-Macauley; but this is false by
the theorem 6. If rankG < 2, the result is just the theorem 11. Notice, in particular, that
in the rank 2 case, with no self-cojugate-basic irreducible G-module, the rank of the free
/JO(G)-module R0{T) is ]W\.

5. APPENDIX

Both actions of the conjugacy * and of the Weyl group on the complex representation
ring of a maximal torus T fit into the general scheme of multiplicative action as defined
by Farkas in ([9]). More precisely, for F C GL(n,Z), a finite subgroup of general linear
group over Z, define a G-lattice M to be a free abelian group acted on linearly by F.
If a basis of M is specified, X\,...,Xn, say {$ = rank M) and K is a field, the group
algebra K[M] is isomorphic to the Laurent algebra over the X/s . (We refer to [9] for
details). We may view the Weyl group W as a subgroup of GL(n, Z) so that T is a
W lattice and consider the multiplicative action induced on the group algebra Z[T] =
2[J t i , . . . , J f n ,A ' f I , . . . ,X- 1 ] . If moreover, G verifies the condition RO(G) £ R(G) as in
Proposition 2, then, the conjugaison * viewed as Z/2Z C Gl(n, Z) belongs to W which ,
in this case, is the semi -direct product (Z/2Z)n x En where En is the symmetric group
on n elements.

This yields the following remark wich may be interesting for algebraic purposes. First
let us a recall a definition (see Auslander Buchsbaum[4]).

Definition. Let RQ S be two noetherian rings. Let V be a prime ideal of S andp = VC\R
its contraction to R. Then, the ideal V of S is said to be unramified if its contraction p
verifies the following:

i) PS = V
ii) the field extension SpjVS-p of Rj,/pRp is separable.

S is said to be unramified over R if the above assertion hold for every prime ideal V of
5. S is said ramified otherwise.

We can deduce the following
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Propos i t ion^ . Let the semi-direct product F — (Z/2Z)nxEn act by Z-algebm automor-
phisms on the Laurent algebra S = Z[X\, Jff1,..., XnjX^1] such that o~ € E permutes
the Xj '$ and the generator ej of thej-th copy of (Z/2Z)" exchanges Xj and XJ1 and fixes
Xi for i •£ j . Let Z/2Z C F be generated the product of the ej, 1 < j < n. Then the ring
extension B = 5 r -» SZ/7Z is ramified for n > 3.

Proof. This follows at once from a result of Auslander-Buchsbaura. For suppose the con-
trary. If K and L denote the field of fractions of B and 5 = Z[X" + X~", v € Z" - {0}J
respectively, then, L S S ®B K and is a separable field extension of K, If the morphism in
thp corollary were unramified, it will follow from [[4], Theorem 4.4] that S is B-projective.
But, since B is a polynomial ring, this is contradicted by the Propositions 4 and 6 for
n > 3. •

ACK NOWL EDG EM ENTS

The author is most grateful to many people who helped him throughout. To Professor
H. Bass from whom he knew about a theorem of Hochster which has been crucially used in
this paper. To Professor Pittie for his generous help, through numerous correspondences.
To Professor M.S. Naras.mhan for enlightening discussions and Professor N. Mahammed
for useful conversations. He would like to thank Professor L. Avramov who first pointed
out to him some relevant references. Thanks are also due to Professors Eells and Verjovsky
for constant encouragement. Most of this work was done under the Postdoctoral fellowship
of the author and he would like to thank Professor Abdus Salam, ihe International Atomic
Energy Agency and UNESCO for hospitality at the International Center for Theoretical
Physics, Trieste.

REFERENCES

1. Adams, J. F., Lectures on lie groups, Benjamin 92.
2. Atiyah, M. F. and MacDonald, I. G-, Introduction to commutative algebra, Addi-

son-Wesley, New York 921969.
3. Atiyah, M. F. and Segal, G. B., Equivariant K-theory and completion, J. Differential

Geom. 3, 1-18 921969.
4. Auslander, M. and Buchsbaum, D. A., On ramification theory in noetkerian rings,

Amer. J. Math. 81, 749-765 921959.
5. , Invariant factors and two criteria for the projectivity of modules, Trans. Amer.

Math. Soc. 104, 512-522 921962.
6. Brocker and torn Dieck, Representations of Compact Lie groups, Springer Verlag 921985.
7. Bourbaki, Algebre commutative chap, 5.
8. Cartan, H. and Eilenberg, S., Homological Algebra, Princeton University Press, New

Jersey 921956.
9. Farkas, D. R., Multiplicative invariants, L'Enseignement Mathematique t. 30, 141-157

921984.
10. Husemoller, D., Fibre Bundles, McGraw Hill, New York 921966.
11. Hochster, M., Rings of invariants of tori, Cohen Macauley rings generated by mono-

mials, and polytopes, Ann. Math. 96 921972, 318-337.

19

12. Hochster, M., Letter to S. Bass (private communication).
13. Hodgkin L., An equivariant formula in K-theory, University of Warwick preprint.
14. Hochster and Eagon, Cohen-Macauley rings, invariant theory, and the generic perfec-

tion of determinantal loci, Amer. Jour. Math. 93 t. 2 921971.
15. Hochster, M. and Roberts, J., Ring* of invariants of reductive groups acting on regular

rings ore Cohen-Macaulay, Adv. in Math. 13, 115-175 921974.
16. Matsumura, H., Commutative Algebra, Benjamin, New York 921970.
17. Pittie, H. V., Homogeneous vector bundles on homogeneous spaces, Topology 11 921972,

199-203.
18. Quillen, D., Projective modtdes over polynomial rings, Invent. Math. 36 921976,

167-171.
19. Serre, J. P., Algebre locale et multiplicity, Lect. Notes 11, Springer-Verlag 921965.
20. , Groupes finis d'automorphiames d 'anraeaux locaux reguliera,, Colloque d'aigebre

E.N.S.J.F. 921967.
21. Steinberg, R., On a. theorem of Pittie, Topology 14, 173-177 921975.
22. Vasconcelos, W., Extensions of Macauley rings, Anais da Academia Brasileira de

Ciencias 39 (2) 921967.
23. Yokota, I, Representation rings of Group G2, Jour. Fac. Shinshu Univ. 2 n°2, 125-138

921967.
24. , Exceptional Lie group Fi and its representation ring, Jour. Fac. Sci. Shinshu

Univ. 3 n°l, 35-60 921968.

20


