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I . INTRODUCTION.

The discovery of the universal properties of the transition into

chaos for certain classes of systems has stimulated much recent

work in different directions both theoretically and

experimentally. Chaos theory has become a real challenge to

physicists in many different fields ul - However, no more papers

have been found on defects and mechanical properties since

Ananthakrishna and Valsakumar121.

Dislocation multiplication is a fundamental process regarding the

response of a crack to externally generated dislocations as

well as yielding in materials'31. It is worth while to study the

details of bifurcations and chaotic behaviour In dislocation

multiplication process not only for the specially repeated

yielding of materials but also for yielding and cracking in

cracked materials, generally.

The purpose of this note is to report the bifurcation and chaos

in dislocation multiplication process exhibited by the model over

a certain range of applied stress as a drive parameter,

II. DISLOCATION MULTIPLICATION.

Dislocation multiplication can be described most simply by the

empirical relationship

dN • N dx/xj (l)

The total dislocation density N is different from the mobile

dislocation density because the proportion of sessile

dislocations, in dipoles etc., increases as the dislocation

density increases. The ratio of the density of mobile



dislocations Nm to N is only rarely known. In the case for Ge it

falls from 1 at the onset of deformation to about H at E=20%.

However, for simplicity, we take Nai=N as in [4]. x^o) is the

mean distance moved by the dislocations in which their length is

increased e-fold and which is equal to l/(Kcr,,() where aei( is the

effective stress, i.e. the externally applied stress less than

the mean internal stress (of other dislocations).

a.tt = a - A/N (2)

then

N = (N/xJx = NBK(o - A/N)"" (3)

where x is perhaps better described by averaging the localized

velocities over a period of internal stress field.

If the density of mobile dislocations is N. { ••* N in our case),

then from the Orowan relationship

e = bNx (4)

In the case of dynamic deformation 6 is the plastic shear strain

rate to which must be added the elastic deformation rate (a/G)

of the machine.

e - bNB(o - A/N)"1 + a/G (5)

III. BIFURCATION SEQUENCE LEADING TO CHAOTIC

BEHAVIOUR.

Let

x = (A/o)=N

y = € - 6/G

Eqs.(3) and (5) become

x = ux( 1-

u •= BKa"1

u'=bBom*2/A2

(6)

y - p'x(l - /x)" (7)

The parameter y includes either the case in constant-strain-rate

experiments (e=const) or in constant applied stress (o-const,

a=0) case (i.e. creep).

Now, we begin to discuss the instability of this dynamical

system from equation (6). We start from the simple case m=l in

which the relationship between o and the mean dislocation

velocity under temperature T has been confirmed for Ge and Si.

The Poincare section and the map are found to be essentially one

dimensional if the u(a) in eq.(6) is large.

xntl = u x J W x j a (8)

where xn and xntl are the (scaled) dislocation densities of thu

nth and (n+l)th generations respectively. The parameter u(a) is

a function of a, the stress which is the parameter we can control

externally. Unlike Ref.[2], we compute this dynamical system by

iteration. Fig.l shows the bifurcation diagram for u(o) and it

is evident that the variation of this parameter gives rise to a

very rich and interesting report of phenomena. The dynamics

starts with a fixed point behaviour. The fixed points of the map

are determined by

X = UX ( 1-/X ) J

x,* = 0 and /x2" = l-l//u or /Xj* = l + l//u. The Jacobean is given by

This implies that the stability of these fixed points are

dependent on the values of u(o).

L. 0 < u < 1



At the fixed point, x/.O The point of bifurcation can be obtained by solving the following

equation.

This fixed point is stable.

Another fixed point, x2*=( 1-1//JJ)'

This fixed point is instable.

The fixed point, x3*=(

This fixed point is instable for any values of p>0.

2. p = 1

x/ = x2* =0 and
Aj=A2=l

This is a point of bifurcation.

3. 1 < u < 9

The fixed point, xL* is instable because A^l

The lixed point x2* is stable because A < 1.

4. Bifurcation to period-two state

For the period-two state.

The roots of this equation are xt* = 0,

p2(l-/x,*)(l-2/x3*)(l-/x,*)(l-2/x/) » 1

M - 2/p - 3 = 0

(/p - 3)(/u + 1) = 0

uL = 9 (/jjj = -1 < 0 is unreasonable)

The Pi having value 9 is the reasonable point of bifurcation

from period-one state to period-two state.

5. Chaotic nation (computer results).

Fig.l shows the bifurcation sequence leading to chaotic motion.

The first bifurcation from the period-one state to period-two

state occurs at 1^=8.908. The successive bifurcations period-22,

period-23, period-2* and period-25 occur at u2 • 11.864

p3=12.549 and p,=12.699 respectively. The exponents defined by

6n = (un - pn.,)/()in.i - P j

from n = 2 and 3 are respectively 4.315332 and 4.566646 ( A

better estimate of 6 can net obtained due to limitations on

computer time). It--ems thai rhe value of 6 in. our case is near

that obtained by Feigenbaum, 6 = 4.669201... . T'hrv*.

usiti" S , '•••' found that yWM = l"'.737 Beyond this value of p. we

find chaotic motion. Fig. 2 shows a graph of xn-n for u = 18 well in

chaotic domain. Fig.3 shows a plot of x^-x^ for u=18 according

to eg.(8). It is shown that these points in Fig.3 form almost a

continuous line but with different densities of points. Unlike

the one dimensional map of [2], our map differs in shape from

theirs though similar to have a smooth rounded maximum.



We know that from equation (8),

dxn
dxn

O.-2-fx)

x = % is the point at which the curve has a maximum and the curve

±s also skewed. A minimum occurs at x •= 1.

Fig.4 shows a plot of y-x for u=18 according to eq.(7). It is

shown that these points in Fig.4 form also a continuous line and

with different densities of points. We know that from eq.(7)

dy_ I , , 3 r^j. /ini
— ^ U \ -L yj\ I 11UJ

x = 4/9 is the point at which the curve has a maximum. Now, at

x=l, the curve has no minimum though the value of y drops to

zero.

IV. DISCUSSION.

1. The critical stress to bifurcation.

From the above, u = 9 (or 8.908) is the critical drive parameter

to bifurcation. Then, from(6)

a - (9/BK)1'"-1 ( 11 )

We know that observations on many materials lead to very

different results of m values. It may vary from 1.5 to 200 I6:.

The bifurcation can be possibly observed under the condition that

a is lower than the fracture stress of tha materials. However,

it is not sufficient to draw a conclusion of occurring chaos

before checking up the parameters of a particular kind of

material.

2. Macroscope mechanical behaviour of materials.

7
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Up till now, we have discussed only the dynamical process of one

group of dislocations under constant stress as the drive

parameter. The real situation is complicated. The drive parameter

(stress) is changing. Dislocations may be at different non-

equilibrium stages of dynamical process. The macroscopic

mechanical phenomenon Is a certain average of many microscopical

dynamical processes. It seems too simple to explain the

phenomenon of repeated yielding of materials by using the

intrinsic nature of plastic flow, namely the nonlinear

interaction between dislocation.
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FIGURE CAPTIONS

Fig.l Bifurcation diagram of dislocation multiplication map for 0.2 < fi < 23. The interval
has been divided in 60 equally spaced intervals and for each /j-value the orbit is plotted
by iterates of order 100 to 240.

Fig.2 TheXn - ndiagram for^ = 18 (xo = 0,5).

Fig.3 The X^.j - Xn diagram for p = 18.

Fig.4 The Y - X diagram for n = 18.
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