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1 Introduction 

A major step in the programme of classifying rational conformal field theories is the enumera
tion of all possible conformal field theories which possess some given fusion rule algebra. Two 
similar approaches to such an enumeration have been outlined in [l. 2j. Both of them are based 
on the analytic properties of the four-point functions of primary fields; the fusion rules of the 
theory are employed to compute the four-point functions, and from these (by factorization 
into three-point functions) the operator product coefficients. One of the approaches [l] starts 
with the polynomial equations [3, 4] for the fusing and braiding matrices of the theory. By 
solving these algebraic equations, one obtains the monodromies of the four-point functions, 
and from these one deduces (following [5]) the four-point functions themselves by solving the 
associated Riemann monodromy problem. In the other approach [2], general properties of the 
four-point functions of a conformal field theory are employed to construct differential equations 
obeyed by the correlators, and afterwards these differential equations are solved to obtain the 
four-point functions (in fact, the solutions to the differential equations may still depend on 
some unphysical parameters, namely (some of) the so-called accessory parameters which will 
be introduced in section 3; the values of these parameters have to be fixed by imposing the 
polynomial equations). 

It should be mentioned that in [1, 2] these ideas have been applied to the actual computation 
of specific four-point functions only for examples with M < 2, where M is the dimensionality 
of the fusing and braiding matrices, respectively the order of the relevant differential equations. 
In these cases both methods are rather easy to apply. In contrast, already for M = 3 some of 
the manipulations become quite involved, and it is not easy to see which of the two approaches 
should be preferred for the actual calculations. 

Another important issue concerns the uniqueness of the results for the four-point functions. 
Let us assume that the singularity structure of the four-point functions is fully known, i.e. 
that we know both the conformal dimensions of the primary fitlds (including the integer part) 
and. in the case of fusion rule coefficients larger than 1, also the grades of the exchanged fields 
which are responsible for the leading singular behavior of a chiral block. (Alternatively, one 
can treat the conformal dimensions and the values of the relevant grades as parameters in the 
classification programme.) As has been proven rigorously in [1], the results are then unique 
provided that the differential equations satisfied by the four-point functions are restricted to be 
of a special type. The restriction in question is that the differential equations must not possess 
any apparent singularities. By definition, an apparent singularity of a differential equation is a 
singular point of the differential equation at which any solution of the differential equation is 
regular. The local monodromy of the solutions around an apparent singularity is trivial; this 
makes it clear that the presence of apparent singularities spoils the uniqueness of the solution 
to the Riemann monodromy problem. 

It is the purpose of this paper to investigate the role of apparent singularities for the four-
point correlation functions on the sphere. Since the analysis of apparent singularities requires 
the discussion of the relevant differential equations, we will use the framework of [2], Given these 
differential equations, the associated Riemann monodromy problem is no longer of primary 
interest; accordingly in this paper we will not analyse it in detail. Let us however make the 
following comments. The presence of apparent singularities is generically necessary to obtain 
a solution to the monodromy problem at all. More precisely [6], to any given monodromy 
data there is associated a nonnegative integer n < oo such that the monodromy problem 
possesses a solution with n apparent singularities (solutions with a larger number of apparent 
singularities then of course exist as well); for the four-point function on the plane this number 
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is 

n = i ( . V - l ) ( A / - 2 ) (1.1) 

if the associated differential equation has order M. From this one might be tempted to conclude 
that the assumption that apparent singularities are absent (which was used in the uniqueness 
proof of ilj) excludes most of the relevant cases. Fortunately this is not so; namely, while 
for generic values of the monodromy data, (1-1) is the minimal possible number of apparent 
singularities, for special values of the parameters solutions with a smaller number of apparent 
singularities can exist. Indeed one finds that in conformal field theory this happens quite 
often; for example, all four-point functions of the su(2) VVZVV theory [7] possess components 
which obey differential equations without apparent singularities, irrespective of the order of 
the differential equation (this follows e.g. from a criterion that will be established in section 7). 

The rest of the paper is organized as follows. In section 2 we describe the construction of 
linear ordinary differential equations for four-point correlators from the data of a conformal 
field theory defined on the plane. Section 3 provides some basic information about linear ordi
nary differential equations, with emphasis on the aspects related with apparent singularities. 
In section 4 these results are set into the context of four-point functions of rational conformal 
field theories. In particular the constraints on the number and position of apparent singulari
ties are investigated there; they turn out to be quite weak. The rather simple, but nevertheless 
instructive, example of first order differential equations is worked out in section 5. For higher 
order equations, explicit formulae are much more difficult to establish; some considerations on 
how to handle these cases by making use of an isomonodromic deformation of the differential 
equation are contained in section 6. In section 7 a few remarks are added on the special case 
of correlation functions of WZW theories. Our conclusions are summarized in section 8, where 
we also comment on the possible existence of continuous families of rational conformal field 
theories. 

2 Differential equations for four-point functions 

To start, let us give a brief review of the methods advocated in [2]. The idea is to construct 
linear ordinary differential equations obeyed by the four-point functions of a conformal field 
theory by making use of a few general properties of (rational or quasi-rational) conformal field 
theories. This can be done with the help of the modular geometry approach [8] to conformal 
field theory which describes the theory in terms of projectively flat holomorphic vector bundles 
over the Teichmiiller space of punctured Riemann surfaces (with the fibres corresponding to the 
vector spaces spanned by the chiral blocks). There exists however also a much more pedestrian 
way to arrive at the differential equations which does not need any information from higher 
genus Riemann surfaces. Namely, one merely has to employ the following basic properties 
satisfied by any conformal field theory [9-12,2]: 

1. Möbius invariance of the vacuum. 

2. Existence of a closed operator product algebra, whose structure is strongly constrained 
by conformal invariance. 

3. Holomorphic factorization. 

4. Power-like form of the structure 'constants' of the operator product algebra. 

5. Associativity of the operator product algebra. 

6. Independence of the chiral blocks. 
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Of course these properties are not logically independent. We have listed them in the given 
order because we want to implement successively their consequences for the four-point func
tions {4>i{:i, ci)<?j(-2,f2)<i)fc(-3--3)öi(-4.i4)) of primary fields living on a world-sheet with the 
topology of the Riemann sphere. We will also always assume that the symmetry algebra is 
maximally extended. 

From property 1 it follows that we can fix the position of three of the four primaries to 
preferred values. These are conveniently chosen as 0, 1, oo so that the four-point functions 
read 

JT(_-,i) = Ttjkl(z,z) = { ^ ( - . ^ ( 0 , 0 ) ^ ( l . l ) ^ ( o o , o o ) ) (2.1) 

(from now on we will suppress the indices i,j, k, I whenever no ambiguity can arise). Property 
2 implies, first, that ƒ"(- , ;) can be written as a sum of products of three-point functions, and 
second, that the terms in this sum corresponding to the contributions of a given primary öm 

and its descendants can be collected to obtain a block Qm(z,z) of definite analytic behavior. 
Thus 

M 

•F(r,5)= £ < U " - ) ' (2.2) 
m = l 

or pictorially 

j k j k 

= E ^ r - (2.3) 
\ m 

i / i / 

More precisely, the index m introduced here generically not just labels the primary fields, but 
for the case of fusion rule coefficients larger than 1 also the various possible couplings of the 
three fixed primaries which correspond to the vertices in (2.3). For notational simplicity we 
use a single index m to count both the primaries appearing as intermediate fields and the 
multiplicities of their couplings. Thus in particular the number M can be expressed through 
the fusion rule coefficients A^ k as 

Af= E Kfrtnu. (2.4) 
n 

(t>„ primary 

Next we implement property 3, i.e. make use of the fact that the symmetry algebra of the 
conformal field theory is the direct sum of two chiral halves. Correspondingly one can separate 
the z- and 5-dependence of F(z, z), and hence refine (2.2) to 

M Iff _ 

H:rz) - E E <W^m(~-)^m(z). (2.5) 
m = l ffi = l 

Here each of the chiral blocks ^m(-) corresponds to the contribution of a definite primary field 
(with a definite choice of coupling if the relevant fusion rule coefficient is larger than 1) and its 
descendants with respect to the holomorphic. chiral algebra, and Fm{z) to the corresponding 
anti-holomorphic quantity. Also, we have introduced som*1 complex constants a m m in order to 
reserve us the freedom to normalize the blocks at will; since the chiral algebra is assumed to 
be maximally extended, one has in fact M — M and amm - a m ^ » ( m ) for some permutation 
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jr. * From now on we concentrate on the holoniorphic blocks Pm{z); analogous results h:>ld 
for the anti-holomorphic blocks / " m ( f ) . 

Next we implement property 4 which in more detail asserts that the world-sheet dependence 
of the operator product of two primaries Ot{z.z) and Oj(u.\ d) is of the form ( ; - w)a with the 
power a determined by the conformal dimensions of the fields involved. Combining this with 
the previous results, it follows that the chiral blocks Tm(z) behave as 

Fm(z) a c . - - ^ - ^ - 1 " " f o r ; - 0 . (2.6) 

Here \ t denotes the conformal dimension of the primary field d- and Am
J is the conformal 

dimension of that field <fm contained in the chiral family [óm. of the primary Qm = Or.' which 
gives the leading contribution to the coupling between O,, ó} and \omt; in other words. 

Am->> = 4 m » + , # > (2.7) 

with iimJ) the grade of v?m-
So far we have assumed that the decomposition of T(z, z) into three-point functions is 

performed as indicated in figure (2.3). Alternatively, we could decompose according to 

E rn (2.8) 
m m 

: I 
/ \ 

i I 

This would result in different chiral blocks j " m ( - ) and !Fm(z). By the same reasoning as above, 
these blocks must behave as 

£„( . -) « ( l - r ) - * . - ^ * ' - * ' f o r z ^ l , 
(2.9) 

Tm(z) a ( l / r ) - i - - A ' + * « " for z - ex. 

with the conformal dimensions A m \ Am defined analogously as A m . 
The systems { J n ( : ) } , {?m(z)} and { J m ( - ) } of chiral block 'functions' 2 are not indepen

dent. This follows from property 5 above: Associativity of the operator product algebra implies 
the crossing symmetry, or duality, relations 

Fijuiz,-:) = ^ J ( ( l - -M - 5) = z-^-z-™- ^ ( 7 , 7 ) (2-10) 

for the four-point functions. (These two basic duality relations yield a system of relations for the 
four-point functions at z and at any of the points 1 - z, j fy , 1 - 7, -̂f—, \ (and with analogous 

1 If the blocks ate normalized such that they behave as Fm{z) = za for some a f t , then am is essentially 
the product C„mC„kt of operator product coefficients. 

2 The chiral blocks are (generically) multivalued, i.e. not ordinary functions, but rather sections of some 
vector bundle (in more detail, a protectively flat vector bundle over the moduli space of the two-sphere with 
four distinguished points). In contrast, th- four-point functions f(z,z) to which the blocks combine must be 
ordinary functions and hence be single-valued in the whole complex z-plane. The latter requirement fixes the 
coefficients amr* in the expansion (2.5) up to overall normalization, and as a consequence it can be employed to 
determine the operator product coefficients of the theory. 
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transformations of the antiholomorphic coordinate z). These points are the images of z under 
the nontrivial elements S, T, ST, TS, STSof the symmetric group S3 (or, what is the same, of 
the dihedral group D3), with the transformations S : z •— 1 - z and T : z •-»• -^ corresponding 
to the generators (12) and (1 3) of S3, respectively. Note that S3 may also be defined as the 
group which is generated freely by S and T modulo the relations S2 = T2 = {ST)3 = 1, which 
shows that S3 = PSL(2, TL2) is a factor group of the torus modular group PSL(2, 'S.).) In order 
for (2.10) to hold, it is necessary |4, 10] that the systems of chiral blocks are related linearly, or 
in other words that they transform into each other under analytic continuation. In formula?. 

-^ijM.n(-) = ^*.fcj7.n(-) = £ ] B n m [ j *\ fijkl,m{ 1 - =), 
m 

Tllkl,n(z)=Tlik}A-) = £ F n m [ - * ; J^ w , m ( l /z) 
(2.11) 

where F[J.fj and Bf-».*] are the fusing and braiding matrices. Analogous formulae follow for the 

continuations corresponding to other elements of S3. The duality matrices appearing there can 
be expressed as products of F and B. Furthermore, analysis of the duality transformations of 
five-point functions leads to the compatibility requirements [3] 

^-B^ni«W;]Bn.[£l = E.B„[2!IW*!B«[«], 
(2.12) 

*—p 

the so-called polynomial equations. 
Finally we impose property 6. Independence of the blocks implies that the Wronskian 

determinant 

win 
dT2 

dMlFi dM-lF2 
)M-l F\t 

(2.13) 

must not vanish identically. 
Putting all this information on the chiral blocks together, it follows from elementary results 

of the theory of ordinary linear differential equations [13-17] that the chiral blocks are the M 
independent solutions of an A/th order differential equation in the variable z, 

M-i 

dM?(z)+ Y, *m(:)dm?(z) 0, (2.14) 

(d = d/dz) with only regular singular points, among which there are in particular z = 0, 1 and 
00. (The coefficient functions hn can be expressed through the solutions fm(z) as n.vr-i(-) = 
-d log W(z) and hn(z) = -Wn(z)/W(z) for n = 0 ,1, . . . ,A/- 2, with W the Wronskian, 
and Wm obtained from W by replacing the (m -t- l)th row in (2.13) by the A/th derivatives 
dMfud

Mf2,...,d
MJr

M.) The systems {-Fm(z)}, {.Fm(z)} and {/"m(z)} are systems of solu
tions of (2.14) which have diagonal monodromy around the singular points z - 0, 1 and 00, 
respectively, and hence are so-called canonical systems for the respective points. 

To conclude this derivation of the differential equations for four-point functions of conformal 
field theory we emphasize again that they already follow from the properties of the theory on 
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the sphere. The behavior of the theory on higher genus Riemann surfaces is not needed. This 
reflects the fact that it is the conformal bootstrap which places the most relevant constraints 
on a conformal Held theory; having obtained a solution to the bootstrap, the requirement of 
modular invariance at higher genus puts only rather mild additional constraints and essentially 
only further restricts the allowed spectra via the invariance of the partition function on the 
torus. 

3 Apparent singularities 

From the considerations of the previous section concerning the singularity structure of <?( r,;) it 
is clear that z = 0. 1, x must be the only real singularities of the differential equation (2.14). 
Thus if any other singular points are present, these must be apparent singularities 

Let us describe a few general aspects of differential equations with regular singular points 
including possibly apparent singularities. Recall that a singular point of a differential equa
tion of the form (2.14) is by definition a point Zi such that at least one of the coefficient 
functions hm(z) has a pole at z = Zi. A singular point r, is called a regular singular point if 
the singularity structure of the solutions to the differential equation is of a particularly simple 
form; a necessary and sufficient condition for ^ to be regular singular is that Am(;) has a pole 
at z = zt of order at most .1/ - m for m = 0 ,1 , . . . , \f - 1. Requiring that all singular points, 
including oo, of the equation are regular singular, further restricts the coefficient functions: 
The most general form of a linear ordinary differential equation of order M with r distinct 
regular singular points at ; = ; t := oo and z = z,, i = 2 ,3 , . . . , r, is [18, 16, 13; 

M 

Y.(R(:)rQm(:)dm?(z) = 01 
m-0 

where 

R(z):=i[(z-Zi), 
i = 2 

and where the functions Qm are polynomials of degree 

deg((?m) = ( r - 2 ) ( A / - m ) ; 

(3.1) 

(3.2) 

(3.3) 

in particular, Qy is a nonvanishing constant. (The choice z-y = oc can be made without 
loss of generality.) As a consequence, the number of parameters appearing in the differential 
equation is [16. p. 51] 

7ip„r = i r A / ( A / + l ) - A / 2 . (3.4) 

Let us assume that the differential equation (3.1) is irreducible in the sense that none of its 
solutions actually satisfies also another linear differential equation of order smaller than M. 
Then the space of solutions of (3.1) is the complex linear span of M special solutions Tm{-), 
m = 1,2,...,A/. The general solution is conventionally described by the so-called Riemann 
scheme P, 

?(:) = ?{ 

oo •2 

«i1» * i 2 ) 
a 

(3) 

4" 

«Ï 

n{2) 
a2 

ai2) 

a(3) 

a2 

ci3) 

J') 

4" 

*i? 

(3.5) 
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The real numbers o „ are called the exponents of ƒ"(-) at ; t; they are the roots of the inJuiat 
equation which is [19] the .Uth order equation for a ( , ) that one obtains in lowest order in 
z- zt by inserting the ansatz F(z) = (z - -,)a>° ^?L0ap{z - z,)p (a0 ^ 0) into the differential 
equation. There exist several simple relations among different Riemann schemes (most of them 
reflect some underlying symmetry). For example, one has 

teï 
-j 

J') 
P{ 

a Xt 

U) 

z) = P < 
« i t- 7 • - - « i " 

Q_W + 7 . . . «_u - 7 

} (3-6) 

(for the case of r, = oc, (z - c,)7 is to be interpreted as :i
 7 ) . Also, abbreviating (3.5) by 

P {{ ; , } - {a{n} ; } . one has for each substitution z — p(z) :- {az + b)/{cz +• d) {ad ~ bc jé 0) 

the equality 

P {OH--.)};{«Ü'}! iK-)} - P{{-'.};{<&'} i - } - 0-7) 

In general some of the independent solutions !Fm(z) may possess logarithmic singularities 
at some of the points z, (for example, if two exponents at ;, coincide, then at least one of 
the Tm(~) has a logarithmic singularity at : = ; , ) . From now on we will assume, however, 
that all singularities of ƒ*( z) are power-like: as discussed in section 2, this is always fulfilled for 
the correlation functions of conformal field theory. It then follows that for each c, there exists 
a system {J^m (z)} of solutions which has diagonal monodromy around Zi; this is called the 
canonical system for z = z„ and its members behave as 

*Ü}<'-)« 

(•) f o r ; - Zi, i = 2 , . 

(OTZ 

, r . 

oo. 

(3-8) 

(3.9) 

Compatibility of these limits implies [13, p. 371] a linear relation among the exponents, the 
so-called Fuchs [18] relation 

M 
£ 5 > ! i ) = $(r-2).V(A/-l); (3.10) 
1 = 1 i = l 

thus only rM - 1 of the exponents are independent. 
The motivation to introduce the Riemann scheme (3-5) is the idea, dating back to Riemann, 

that an analytic function should not so much be considered in terms of explicit expressions (such 
as contour integral representations), but better be defined through its singularity structure. It 
is however important to realize that the Riemann scheme does not, in general, determine 
uniquely the functions 3 Tm(z), since it specifies only the exponents of Fm{z), whereas the 
number of parameters of the differential equation (3.1), and hence of its solutions, is given by 
(3.4). The parameters not specified by the Riemann symbol are called accessory parameters of 
the differential equation; their number is given by 

" .« = «p« - rM + 1 = \ (M - l)[(r - 2)A# - 2] (3.11) 

1 Actually the objects ?m are not functions, but sections of some vector bundle, compare footnote 2. For 
convenience we will nevertheless use the term function from now on. 
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A regular singular point r, of (3.1) is called an <ipparent singularity iff all the solutions 
ƒ"„,(;) are regular at ; = ;,. In other words, the ƒ«,(-) can be expanded in a power series 
in (r - :t) and hence the exponents a„ at r, are natural numbers. Furthermore, inspection 
shows that in order to avoid logarithmic singularities, the am must also be all distinct: finally 

they must not satisfy «H = m - I for all m - 1,2 .If. because otherwise 16. p. 17: the 
coefficients of the differential equation could not be singular. Thus in particular -Fm(;,) = 0 
for all but at most one value of m. and 

M 

£ « ™ > f - V ( . V - l ) . (3.12) 
m = l 

Note that the positions of the apparent singularities must not be counted as additional accessory 
parameters of the differential equation. This is because for any apparent singularity :, there 
exists an algebraic equation relating -, to the other parameters of the system. This relation 
is derived via the so-called Frobenius 19Ï method which consists in making a power series 
ansatz F{z) - Yl%>=oap(: ~ :i)p f°r t n e general solution of the differential equation around 
- = zt. If zt were a real singularity or an ordinary regular point, then by inserting this ansatz 
into the differential equation one would just obtain a (generically rather complicated) A/-term 
recursion relation for the coefficients ap. In contrast, if ;; is an apparent singularity, the first 
n, := X!m=i a"« of the equations that are obtained by this procedure decouple from the rest 
and hence provide a system of n, linear equations for the coefficients ap, p — 0,1, . . . ,n , - 1, 
which has a unique solution. This way one arrives at an equation of order n, in the position -,, 
with the coefficients being polynomials in the exponents am • the accessory parameters, and the 
positions of all other singularities (for examples of such equations, see (6.25) and (6.26) below). 
Note that this result implies [18] that at an apparent singularity ; = :„ the "initial values'' 
f{zx), dF(z,),... ,dM~xF(zl) of the general solution T cannot be prescribed arbitrarily. 

Whereas the individual solutions Fm(z) typically possess branch cuts, their Wronskian 
(2.13) is single-valued in C \ {-,|J = 1,2,... , r} : defining 

M 

d, = Y.<^-\M{M- I) (3.13) 
m = 1 

for i = 1,2,. . . , r, one has 
r 

(Together with the sum rule (3.10), this implies that W[f\ <x ;~J l for ; —• oo.) In particular, 
if the points zt are real singularities for i = 1,2, . . . ,a, and apparent ones for i = s + 1,. . . , r, 
then 

s 

\V{f\ = V(z)\[(z - ztf> (3.15) 
i = 2 

with V(z) a polynomial of degree 

r M 

de&V = ( £ £t(*W)-\ir-,)M{M-l) (3.16) 

(note that due to (3.12) this number is at least equal to the number r - s of apparent singu
larities), such that 

V(z) = 0 <==*• z - Zi for some i 6 {» + 1,.1 + 2 , . . . , r } . (3.17) 
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In short, the apparent singularities are precisely the zeroes of the Wronskian \\\f\. 
Upon analytic continuation around a closed path T C C \ {zt i = 2, — , r} , any of the 

functions Tm[z) must transform into a linear combination of the Tn(z), n - I M. The 
matrix of coefficients of this linear transformation is known as the monodromy matrix At p-
The monodromy matrix is non-singular and depends only on the homotopy class of T; hence 
the mapping f — Mr defines a homomorphism 

RT : r,(C \ {-',! i = 2,... .r}) — GH.V.C) (3.18) 

from the fundamental group of C \ {:,:-i = 2 , . . . , r} to GL(A/, C). Rp is called the monodromy 
representation of the differential equation obeyed by T or, shortly, of T; Ryr is an irreducible 
representation iff the differential equation is irreducible. The image Rp(xi) is referred to as 
the monodromy group of F. 

The Riemann monodromy problem 20; (also known as the Riemann-Hilbert problem be
cause it was included, as the 21st problem, by Hilbert in his famous list of problems 21 ) is 
then the following: Given a matrix representation R of the fundamental group, construct a 
'function' T satisfying a linear ordinary differential equation with regular singular points at 
zx = oo, ;2 i —7-r. such that R - Ry. As already mentioned in the introduction, generically 
some of the singularities must be apparent in order for the Riemann monodromy problem to 
possess a solution ([6;; see also L20, 22, 16. 23;). The simpler problem of finding, given a Rie
mann scheme P, a differential equation with only regular singular points such that its general 
solution is given by P, is also sometimes [14, 17] referred to as the Riemann problem: for r > 3 
this problem has a solution iff the exponents satisfy the sum rule (3.10). 

To conclude this review of elementary properties of linear ordinary differential equations 
with regular singular points, we present more explicit formulae for some simple cases. We 
take r = 5 = 3, i.e. three real singularities and no apparent ones. The number of accessory 
parameters is then n>cc = (M - l)(M - 2)/2, and hence vanishes for M - 1 and SI - 2. The 
case M = 1 is rather trivial; there is then only a single function T = T\, and W[T\ - T so 
that T x (z - Z2)a 2 {z - z3)° ", and the first order differential equation satisfied by T reads 

dT 
• ( ^ - ^ ) 

T. 

For M = 2 one has, upon use of (3.6), 

J-(z)<x z ' i (z - z2) ' (- - -3) ' H;2--3|-). 

(3.19) 

(3.20) 

with 

oo 

F(r2,.-,!.-) = P. 

Due to (3.7), it follows that 

where 

» --2 .'3 | | f 
7 0 0 L-|:=P o f i o f ' +aS" 0 0 > . 

F(.-2,.-3|>') = F (0 , l 
-3 ~ -2 

0 1 oo 
F(0,l\z):=P{ 0 0 7 2 

a 0 6 

(3.21) 

(3.22) 

(3.23) 
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is the Riemann scheme for the hypergeometric function, i.e. the scheme corresponding (for 
a, 7.6, a + 7, a - 6 £ 2L, which implies irreducible monodromy) to the two independent solutions 

(F(0,l | ;)) i = i F , ( 7 . * ; l - a ; - ) , 
(3.24) 

(F(0. lj;))2 = -a3F,(o ! 7 , « r U r Q ; : ) 

with 3Fi(a.6:c:;) = H* = 0 ir (o r n)T{b - n)r(c)/n!r(a)r(6)r(c + n)\zn denoting the hyperge
ometric series. 

4 Apparent singularities in conformal field theory 

The considerations of section 2 may be summarized by the statement that the correlation 
functions of any two-dimensional conformal field theory satisfy irreducible linear ordinary dif
ferential equations with only regular singularities. These correlators can therefore be analysed 
along the lines of section 3- We now want to apply the mathematical results of section 3 to the 
two basic problems of conformal field theory, i.e. to the classification programme and to the 
complete solution (by reconstruction from the data obtained in the classification) of specific 
theories. Concerning the former problem, we first note that only the positions and exponents 
of the real singularities of correlation functions are provided by the basic data of a conformal 
field theory. As a consequence, the number ri(„t of free parameters of the problem is larger 
than (3.11) as soon as the number r - s of apparent singularities is nonzero: 

"free = "par " * A / + 6T., = ± ( r - 2 ) A / 2 + (± T - s) M + 6r,,. ( 4 . 1 ) 

(The term 6T_, arises because only for r = s the sum rule (3.10) restricts the information 
contained in the exponents of the real singularities.) Thus in particular for the four-point 
functions of a conformal field theory the number of free parameters is 

ƒ i ( A / - l ) ( A / - 2 ) for r = 3 

1 i M [(r - 2)(M + I) - 4j for r > 3-

Here we implicitly assumed that at least the number of apparent singularities is given. 
But generically even this is not the case. Thus for pursuing the classification programme, one 
must, for given monodromy of the four-point functions, treat also the number r - 3 of apparent 
singularities as a parameter, and for any fixed number classify the solutions. The following 
considerations show, however, that the number of apparent singularities is not completely 
arbitrary. 

As already mentioned in section 2, the exponents at the real singularities of a correlation 
function in conformal field theory are expressible in terms of the conformal dimensions of the 
relevant fields. In particular, from (2.6) and (2.9) one reads off that the exponents of the 
four-point function (2.1) with real singularities at ^ = 0, - j = 1, 23 = 00 are 

o U > = - A é - A i + Aji», «!»> = - * - A * + *!*>, a£> = A* - A, + AÜ'\ (4.3) 

As a result, the sum rule (3.10) can be rewritten as 

M 
A/(A, + Aj + A* + A,) - £ ( A # > + Aj*> + Aj;'>) = p + v-\M(M- 1), (4.4) 

m = l 

where 

f = E ^ + ̂  + Mji0) (4-5) 
m = \ 
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is the sum of the grades (im which were defined in (2.7), and where v is the degree (3.16) of 
the polynomial part of the Wronskian, i.e. 

Af r 

^ ( ^ a ^ - i M f M - l H r - 3). (4.6) 

Note that by definition \L is a non-negative integer, and due to (3.12) one has 

v > r - 3 (4.7) 

so that v is a non-negative integer as well. Thus in particular (4.4) implies that the average 
conformal dimensions A™ of the primary fields corresponding to the intermediate lines in the 
pictorial representation (2.3), (2.8) of the correlator must not be too large compared to those 
of the external primaries fa, <j>j, <t>k, 4>i-

The sum rule (4.4) was found, independently, in [10, 11, 2]. Retaining only the information 
that the left hand side of the equation must be an integer, it reduces to a formula which was 
obtained earlier [24] by considering Dehn twists of a punctured torus; the consideration above 
shows that this formula already follows from the genus zero data of a conformal field theory. 
Also note [10] that (4.4) cannot be deduced from the polynomial equations (2.12) because they 
can constrain the conformal dimensions only modulo integers. 

From (4.4) we can read off the restriction on r - 3 to which we referred above: First, 
assuming that we know all relevant conformal dimensions as well as the grades fim , we can 
read (4.4) as an equation which uniquely determines the number v, rjid hence the inequality 
(4.7) provides a bound from above on r - 3; also, r = 3 iff v = 0. Second, if we are given 
the conformal dimensions, but not the grades ^im' € Z>o, we can consider these grades as 
additional parameters of the classification problem, and perform the analysis for each allowed 
set {[irk } of grades separately. Finally, as advocated in [2] we may even start from scratch 
in the sense that only the fusion rules of the theory are known: Using the constraint (4.4), 
together with the knowledge that fi, v > 0, for all four-point functions of a given conformal 
field theory, it is possible to determine the conformal dimensions of all primary fields of the 
theory up to a few integer constants; 4 for each allowed set of values of these parameters one 
then proceeds as before. 

At this point it is appropriate to recall from the introduction that the presence of apparent 
singularities is generically necessary for a solution to the Riemann monodromy problem to exist. 
It has been argued in [12] that for the classification programme it is sufficient to consider only 
those solutions to the monodromy problem for which the number of apparent singularities is not 
larger than (1.1) which for generic values of the parameters is the minimal number of apparent 
singularities for which the existence of a solution is guaranteed. The argument in [12] is that 
four-point functions with a larger number of apparent singularities are always correlators for 
descendant fields so that they need not be considered independently. However, as can be seen 
already in simple examples, this argument is incorrect. 5 To be specific, take the correlation 
function (ipipcra) of the Ising model; as we will see in section 5, eq. (5.15), this possesses 
precisely one apparent singularity, while the minimal number (1.1) is zero. 

* The fusion rule» also constrain the quantum dimensions V of the primaries. If V < 2, then according to 
a conjecture in [25] some constraints on the conformal dimensions arise also from a general relation between 
quantum dimensions and conformal dimensions. 

i Actually, in [12] two-point functions on the torus are considered instead of four-point functions on the 
sphere. But since the former reduce to the latter upon pinching one of the holonomy cycles of the torus to zero, 
the same considerations should apply to both types of correlators. 
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So far the position of any apparent singularity must be considered as arbitrary. A slight 
restriction on these positions results however from the requirement of crossing symmetry of 
the four-point functions which implements the associativity of the operator product algebra. 
Since the duality transformations form a group isomorphic to S3, for any given quadruple 
01, 02, 03, 04 of primary fields they relate six four-point functions which would otherwise be 
independent. Fixing the world-sheet coordinates of the fields to z, 0, 1 and 00 (and analogously 
for the antiholomorphic coordinates), these functions may be chosen as 

?(l)(z,z) = (0i(z,;)02(O, O)03(l, l)04(oo, 00)), 

?{2){z,z) = (01(z,z)03(O,O)02(l,l)04(oo,oo)), 

Ti3)(z,z) = {01(c,z)04(O, O)03(l, l)02(oo, 00)), 

T{A)(z,z) = (0^^,5)02(0,0)04(l, l)03(oo,00)), 

r{S)(z,z) = (01(2,Z)04(O,O)02(1,1)03(OO,OO)), 

T(6){z,z) = (01(z,f)03(O,O)04(l,l)02(oo,oo)) 

(i.e. ƒ"(!)=ƒ", T(2)^T, ^(3)=^" in the notation of (2.11)). According to (2.10), the associativity 
of operator products implies a system of crossing symmetry relations among the functions (4.8) 
evaluated at z and at the points 1 - 2, -^, *• ~~ »̂ T^I' \ (an(^ analogously f°r z), s u c n a s 

F{l){l-z,l-z) = ?{2){z,z). (4.9) 

This leads in particular to similar relations for the Wronskian and hence for its polynomial part 
V, thus constraining the possible positions of apparent singularities as announced. It turns out 
that the constraints obtainable this way are rather mild. For example, if the primary fields 
0i, 0j, 0^, <p[ are all distinct, then the positions of the apparent singularities of one of the six 
functions (4.8), say of ^( i j , can be chosen freely; for some explicit formulae, see section 5. 

One might think that further constraints on the position of apparent singularities could 
result from imposing the polynomial equations (2.12) on the duality matrices. This is not the 
case, however, simply because duality transformations are the "square root" of monodromy 
[3] and hence are essentially independent of the position of apparent singularities. To explain 
this in more detail, it is helpful to recall a simple result from the theory of isomonodromic 
deformations of differential equations. The general theory [26-28,17] of such deformations deals 
with a broad spectrum of issues; but here not much is needed, as we only have to consider very 
special examples of isomonodromic deformations. Let us just mention the following facts from 
the general theory: Given a family of differential equations depending on some "deformation 
parameters" f;, the family is said to be generated by an isomonodromic deformation iff the 
monodromy representation Rp(t) = R?(t) does in fact not depend on the parameter^ ^. For 
example, since the local monodromy around an apparent singularity is trivial, the position 
of any apparent singularity of a differential equation can be considered as the parameter for 
an isomonodromic deformation. The condition that a deformation be isomonodromic can be 
encoded in a system of partial differential equations 

8 M-i 
— J(2;*)= £ h$(z;t)dmF(z;t) (4.10) 

* m=0 

in z and the deformation parameters <,, whose coefficients hm(z\t) are analytic in the t, (as 
well as in the positions of real singularities and in the accessory parameters) and rational in 
z. (The integrability conditions for these equations are often of interest in their own right; e.g. 
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they play a role in the theory of completely integrable H ami 1 toni an systems [16]; for simple 
examples with M = 2, one obtains Painlevé equations [29].) 

The piece of information that we need for our purposes is the following: Whenever two 
functions T and Q satisfying irreducible Mth order differential equations with only regular 
singular points are related by an isomonodromic deformation, they satisfy [20, 30, 31] 

itf-i 
Gm(z) = £ fn(z)d"Tm(z) (4.11) 

for m 6 {1,...,M} with rational coefficient functions fn(z). Conversely, since any derivative 
dnT satisfies a differential equation of the same type as F, any two functions T and Q related 
via (4.11) possess the same monodromy. 

Now let us assume that we are given the set of four-point functions {T} = {Fijki} of a 
conformal field theory (with some given fusion rule algebra), with chiral blocks Tm = ƒ",•_ƒ«,„,, 
such that at least one of the four-point functions possesses at least one apparent singularity. 
According to (2.11) we have 

M 

ïm(z) = Y,t>mnfn(l-z) (4.12) 

n=l 

with T = Fikji, and with 6mn the matrix elements of the braiding matrix B[-'*], and an anal

ogous formula involving the fusing matrix F[-'*r]; these duality matrices satisfy the polynomial 

equations (2.12). We may then define, for any quadruple (i,j, k,l) with i < j < k < /, the func
tion Q = Qijki by (4.11) with arbitrary rational functions fn(z), and the functions Qi„{}) w(k)*{i)i 
with 7r g S3 any permutation of j , k, I, by the same duality transformations which relate Ttjki 
a « d ^w(j)ir(fc)ir(J)' S U C n a S 

M 

gm{z) = Y.hmnQn{\-z) (4.13) 

n=l 

for Q ~ Gikji- As a consequence of (4.11) and (4.12), this is equivalent to 

Qm{z)=YjUz)dnfm{z) (4.14) 
n=0 

with 
fn(z) = (-ir/n(l-z). (4.15) 

In other words, the functions Gm(z), Qm(z),... defined by (4.11), (4.14), and by analogous for
mulae for other permutations ir € S3, not only possess the same monodromy as the Tm{z), Tm{z), 
. . . , but also the same fusing and braiding matrices. Thus, trivially, the polynomial equations 
are satisfied for the duabty matrices associated to the functions Qm(z), and hence these func
tions can be interpreted as the chiral blocks of four-point functions associated to another con
sistent conformal field theory possessing the given fusion rules. On the other hand, by varying 
the rational functions ƒ„ in the definition (4.11) of Qijki, the position (and, generically, even 
the number) of apparent singularities can be varied freely. Of course, due to (4.15) and the 
analogous formula? for other permutations of ;, k, I the position of the apparent singularities of 
various distinct four-point functions are related, but the resulting constraints are precisely 
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those already mentioned after (4.9). 6 In short, as asserted above, the polynomial equations 
do not lead to any further constraints on the apparent singularities. In fact, this is not only 
true for the genus zero polynomial equations (2.12), but also for the genus one polynomial 
equations which involve the modular transformation matrices 5 and T, simply because T is 
fixed once the non-integer parts of the conformal dimensions of the primaries are given and S 
is determined essentially uniquely [32] if in addition the fusion rules are prescribed. 

We now recall that, given the spectrum of primary fields of a conformal field theory, their 
operator product coefficients C{j

k are determined uniquely by the duality matrices. (This is 
immediate [33, 34] if the (maximally extended) chiral symmetry algebra is the Virasoro algebra; 
for extended algebras in addition some information on the structure constants of the zero mode 
subalgebra is needed as an input [35, 7, 34, 2].) As a consequence, equality of the duality 
matrices of two theories means that the operator product coefficients are the same if they 
have the same symmetry algebra, and that they are closely related if the symmetry algebras 
are distinct. Moreover, given the operator product coefficients of the primaries as well as the 
symmetry algebra, all operator product coefficients are fixed uniquely. On the other hand, 
if the four-point functions of two theories are different, then the operator product coefficients 
involving generic descendants are different as well, even if the operator product coefficients of 
the respective primaries coincide. From this we conclude that two theories possessing the same 
spectrum of primary fields as well as the same duality matrices are either identical (and hence 
in particular have identical four-point functions), or else possess distinct symmetry algebras. 
The possible existence of continuous families of four-point functions all having the same duality 
that we encountered here therefore suggests the existence of continuous families of symmetry 
algebras of rational (or possibly quasi-rational) conformal field theories; this will be discussed 
further in section 8. 

5 The first order equation 

Four-point functions which satisfy first order differential equations provide an instructive ex
ample for the general structures investigated in section 4. Many of the manipulations needed 
to pursue the programme outlined there become rather trivial in this case, but nevertheless 
the relevant features of the generic case already show up; in particular the mild restrictions on 
the positions of the apparent singularities are easily worked out. 

Consider the six four-point functions (4.8) for a given quadruple of primaries. By as
sumption, they now obey a first order differential equation with regular singular points at 
z - 0, l ,oo, and possibly in addition some apparent singularities. Such an equation must 
read dT - (a/z + /3/(z - 1) + Y,rj=4nj/iz ~ zi))^r w i t n n* G 2 , generalizing the equation 
(3.19) which assumed the absence of apparent singularities; also, W[/"(,)] = F(i). Hence the 
four-point functions are of the simple power-like form 

f{l)(z) = z°>(l-zf-Vl(z) (5.1) 

for i - 1,...,6, with some polynomials V{ which obey Vi(0) ^ 0. The monodromies around 
zero and one are just the phases exp(2jriai) and exp(2fl"i/£?j), respectively, and the apparent 

' Actually there is another restriction on the functions ƒ„• Generically the exponents of Q at the real 
singularities 0, 1, oo will differ by integers from those of T. Due to the restrictions on the integer parts of 
the relevant conformal dimensions, the allowed values of these integers are restricted as well, which im| )ses 
constraints on the behavior of fn(z) near z - 0, 1, oo. But while this can provide an upper bound on the 
number of apparent singularities (namely the one already discussed above), it does not constrain their positions. 
In particular one can restrict the ƒ„ in such a manner that the exponents at 0, 1, oo remain unchanged, without 
constraining the positions of the apparent singularities; compare e.g. the result (6.4) below. 
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singularities are the zeroes of the V, (counting multiplicities). As discussed in section 2, the 
exponents a^ and li, are combinations of conformal dimensions of the primaries <t>p and of the 
fields if(p-p ' £ [<t>p * <t>p.] which are exchanged (in leading order) in the relevant channel. Note 
that according to (2.4) M = 1 implies that Af^A//^ is mvanishing for only a single value of 
k, in which case A/"12* = Ajt34 = 1. Hence in the present case there is a unique such field <f(p-p') 
in each channel; thus e.g. ax - a 4 = A'1 , 2 ' - Ai - A2 . 

For simplicity assume for the moment that /< = 0 in the sum rule (4.4). It then follows that 
the sum of the exponents at all apparent singularities is independent of the index i; in other 
words, the polynomials Vx have a common degree, V{ = jV for i = 1,... ,6 . Moreover, according 
to (4.4) N can be expressed through the conformal dimensions of the various relevant fields as 

4 

iV = A1 + ] T ( A p - A ( 1 , P ) ) - (5.2) 
p=2 

Also note that, for M = 1, according to (4.2) the number of free parameters of the monodromy 
problem is zero for r - 3, and r — 4 for r > 3. These free parameters are just the exponents at 
r - 4 of the apparent singularities, with the exponent at the additional apparent singularity fixed 
by the sum rule (4.4). In particular, if T(i) has precisely one apparent singularity, then the 
exponent at this singular point is just the degree of V, and hence is given by (5.2). 

In terms of the polynomials Vi, the crossing symmetry relations imply 

7>i(l-z) = {-l)"V2(z), 

V3(l-z) = T](-lfV6(z), 

V4(l-z) = (-l)NVs{z); 

T>x(\) = :~N V3(z), 

P2(l
2) = Vz-"Vs(z), (5.3) 

V,(\) = vz-NP6(z); 

ï M l f ï ) = VU- z)~N?*(:), 

v?(7ti) = v(i---rNr6(z), 
v3(^j)^T,(i-zyNv,(z). 

To be precise, this result follows after fixing the relative normalizations of the polynomials 
Vi (and of their antiholomorphic counterparts) in a suitable way; furthermore, the parameter 
T) introduced here could be set to 1 by choosing a different normalization for V\z,$, but a value 
different from I will simplify the formula (5.6) below, so for the moment r] is kept arbitrary. 

In a generic conformal field theory, the set (5.3) of equations constitutes the only constraint 
which can be placed on the polynomials Vi. To find the most general solution to this constraint, 
we just make the ansatz 

JV 

V,(z)oc Jiiz-mj). (5 .4) 
J=I 

When this is plugged into (5.3), one obtains 

JV 

V,(z)= Y[R,(ay,z) (5.5) 

with Rt(a; z) defined as 

Rl{a;z)=z-a, R2(a; z) = z - 1 + a, R3(a; z) = -a(z - \)\ 
(5.6) 

RA(a; z) = 2 - ^ , R6{a;z) = z - T ^ , fl6(a; z) = - ^ (z - 1 r ±). 
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The parameter 7/ occuring in (5.3) has now been fixed to the value 77 = IljLi(aj _ 1)- As 
a consequence of (5.6), not all apparent singularities of the functions (4.8) are independent; 
rather, the total number of free parameters is equal to the common degree N of the polynomials 
Vi, and the apparent singularities can be identified with the zeroes of one of the polynomials, 
say of V\. 

Of particular interest are the four-point functions containing only two distinct fields because 
they are sufficient to determine uniquely (at least up to sign) the operator product coefficients 
of the conformal field theory. Thus take <j>i = <j>2 and 4>3 = ^4. Then one is left with only 
three of the functions (4.8), say T\, T2, T3, because T{ = Fi+3 for i = 1,2,3. We remark that 
the relative normalizations of the corresponding polynomials (which are not fixed by the linear 
differential equations obeyed by the Ti) have been chosen such that in particular 

Vi(0) = (-1)^2(1)= hm(z-"V3{z))t 

V2(0) = P3(0) = ( - l )^ i (D = lim(z-"7M*))= \im(z-NV2(z)), 
z—*oo z—>oo 

which proves to be convenient for the analysis of the operator product algebra. 
To solve the system (5.3), we make again the ansatz (5.4), but now only for i = 1,2,3 

whereas the remaining polynomials are fixed to V{+3 = ^~lV^ i = 1,2,3. The most general 
solution then is 

7M2) = n<?i(aj;*). (5.8) 
i 

where, for a ^ 2 , Qi(a; z) = Ri{a; z)Ri+3(a; z) with Ri{a; 2) as in (5.6), i.e. 

Qï(a;z) = (z~a)(z-^ï), 

Q2(a;z) = (z-l + a)(z-^a), (5.9) 

Q3(a;*) = ; & ( z - l ) ( z - l + l ) . 

The restriction a jt 2 arises because the zeroes of Ri(2; z) and i?,., 3(2; z) coincide, which implies 
that for a - 2 the formula (5.9) must be replaced by Qi{2; z) = R{(2; 2) for i = 1,2,3. There 
are two other special values 7 of a, namely 

a = a± = ± ( l ± i \ / 3 ) ; (5.10) 

in this case Qi has a+ and o_ as its zeroes, independently of the value of i. Instead of (5.8), 
we may therefore write more explicitly 

Viz) = (Q(z)P (Ri(z)r fl(<?,K;;)). (5.11) 

Here aj is restricted to aj $ {2, a±}, Q and Ri are defined by Q(z) := Qi(a+; z), Ri(z) :-
J?,(2; z), i.e. 

Q(z) = z2-z + l, (5.12) 

Rx{z) = z - 2 , R2(z) = z + l, R3{z) = l - 2 z , (5.13) 
7 AU the special points encountered here are images of the orbifold points of the fundamental region of the 

modular group of the torus under the PSL(2, Z})-modular function A : r w : = A(r) := (i?j(r)/i?j(r))4, which 
is known as Picard's A-function (in terms of q = exp(2*-ir) one has A(r) = 16q'/3 ^ ( ( 1 + 9")/(l + 9n _ 1 / 2)) ')-
Namely [12], A(ioo) = {0,1,00}, A(i) = {-1 ,±,2} , A(±(~l+iv/3)) = {a+,a_}. Under the map A, the generating 
transformations r »-> - 1 / r and r <-* r + 1 of PSL{2,7L) become the transformations S and T of the variable z 
which were defined after (2.10). 
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and furthermore 
2nx + n2 + 2n3 = .V. (5.14) 

Note that if JV is odd, then (5.11) must contain at least one factor /?,(;); accordingly, the 
number of free parameters is now [JV/2] (with the square brackets denoting the integer part) . 
In particular there is a unique solution not only in the trivial case JV = 0, but also for JV = 1. 

As an example, consider the correlators containing twice the fermion V' and twice the 
spin field a of the two-dimensional critical Ising model, i.e. of the c = i conformal field 
theory possessing the fusion rules 0 * ^ = 1, ifr + a = a and a * a — 1 + ij>. The conformal 
dimensions are A^, = i and Aff = ̂  so that from (5.2) we learn that JV — 1. Thus the solution 
four the four-point function is unique up to overall normalization. Explicitly, 

<tf(*W(0)(r(lMoo)) = - i ( l - z)-^(z - 2), 

M J M O M I M O O ) ) - - - 1 / 2 ( 1 - :)-' z + 1), (5.15) 

(iH*M0Mi)ifr(oo)) = ^-1/2(i - --)-1/2(i - 2z). 

Of course, this result can also be obtained in various other ways (see for example [5, 36]), e.g. 
by solving the polynomial equations for the fusion matrices. But the present derivation makes 
it also clear that this form of the correlators depends crucially on the precise values, including 
the integer part, of the conformal dimensions of 4> and a. 

The situation simplifies further if all four fields in the correlation function are identical, 
4>\ ~ <f>z = <p3 - 4>'i- Then there is only a single four-point function T - {4>4><p4>}, for which the 
identities (5.3) reduce to 

V(z) = (-lfV(l - z) = zNV(-) = (1 - z)NV{-=-) (5.16) 
z z - 1 

(in particular, the polynomials are 'reciprocal' in the sense of [37]). Also, in order for T to 
be nonvanishing, <p * <t> must be selfconjugate, which generically is possible only if <t> itself is 
selfconjugate; assuming the latter, it follows that </> * <J> = 1 (i.e, 4> is a simple current of order 
two) so that (5.2) reduces to 

JV = 4 A 0 . (5.17) 

With the ansatz V(z) - l\j(: - a}), the constraint (5.16) leads to 

V(z) = (Q(z)r (R(z)r ft Way, z)) (5.18) 
J=I 

where again a $ {2,a±}, while R(z) and S{a;z) are given by R(z) - Ri(z)R2{z)R3(z) and 
S{a;z) = Ql(a;z)Q2(a;z)Q3(a;z),i.e. 

R{z) = z*-\z*-\z + \, (5.19) 

S(a; z) = (z- a)(z - -){z - 1 + a)(z - l + -)[z- -^—)(z - -?—). (5.20) 
a a I - a a — I 

Furthermore, the integers n l 5 n2, n3 introduced in (5.18) are constrained by 

2 n i + 3n2-(-6 713 = AT, (5.21) 

which shows that the number of free parameters, given by those zeroes (counting multiplicities) 
of V{z) which can be chosen arbitrarily, is now equal to [JV/6] (so that there is now a unique 
solution for JV e {2,3,4,5}) unless JV = 1 in which case there is no solution at all. 
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The same number [N/6] of free parameters (plus one overall normalization) is contained in 
the polynomial 

£ Cj (Q(z)P (R(z)Y> (5.22) 

which also has degree N; hence (5.22) is alternative way of writing (5.18). The result (5.22) 
was already obtained in [10]; the way it was derived here shows how it arises as a special case 
of the more general formulae (5.5) (four distinct fields) respectively (5.11) (two distinct fields). 

Since N must be a nonnegative integer, the reiaticn (5.17) also tells us that in order for 
(4>4>4><t>) to be power-like, the conformal dimension of 4> is restricted to 

A^ = ? , n 6 Z>o (5.23) 
4 

(and also n ^ 1 due to (5.21)). For the first few nontrivial cases, the full four-point func
tion T{z) = (z(l - z))~2**V(z) then reads 

A = I : T = TXI2:= (z(l - z))"1 Q(z) = I + - J - - l, (5.24) 
z 1 - z 

A = | : T = ̂ / 4 : = ( - ' ( ! - * ) r 3 / 2 *(*), 

A = l : JF = J F I : = [ ; F I / 2 ( Z ) ] 2 , (5.25) 

A = f : T = :F5/4 := ^1/2(z)jF3/4(z). 

The solution (5.24) is e.g. obtained for the correlator (tptprpil)) of the Ising model, or, equiva-
lently, as the four-point function of a free Majorana fermion. 

The discussion so far applies literally only provided that one requires the Virasoro algebra 
to be the maximal chiral algebra (note that in this case one has automatically [2] p = 0 in 
(4.4), which was assumed in the considerations above). The reason is that if an extended 
chiral algebra is present, then the primary fields carry an index referring to a representation 
of the nontrivial zero mode subalgebra of the chiral algebra, and the four-point functions 
decompose into components which can be labelled by the invariant tensors of the zero mode 
subalgebra. As a consequence, also in the cases where the four-point function contains only 
two or even only a single distinct primary field, the solutions for the invariant components 
are nevertheless of the general form (5.5) rather than (5.11) or (5.18). 8 Furthermore, the 
amplitudes corresponding to different invariant tensors for some given four-point function need 
not have the same number of apparent singularities. This is because in (5.2) one now has to 
replace A^^ by A(1'p) = A(1,p) + fAl,p\ or equivalently, JV by JV + fi; according to (4.4) only 
the sum JV + \L is fixed, and /i typically takes different values for the different invariants. 

If the maximal chiral algebra is not known (e.g. if one starts from a given fusion rule algebra 
and wants to classify the conformal field theories possessing these fusion rules), then this is all 
that can be said about the four-point function. If, on the other hand, the symmetry algebra is 
known, then one can employ the knowledge about the zero mode subalgebra to get more detailed 
information on the four-point functions. As an example, consider the B(n-\)/2 (n > 3 odd) 
WZW theories (realized as sigma models, with Wess-Zumino term, on the simply connected 
group manifolds Spin(n)) at level one. The nontrivial primary fields of these conformal field 
theories are ipa (a = 1,...,n) and <ra (a = 1,...,2^""1^2) which transform in the vector and 
spinor representation of i?(n_i)/2, respectively, ip and a have conformal dimensions A^ = 

' Incidentally, this implies that now also the value n = 1 is allowed for the integer n in (5.23). 
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i , A<r = ^g, and they obey the Ising fusion rules V' * V' = 1» V' * ° — <r and <r * a = 
1 + V7- Thus the four-po'-it functions containing either four times v\ or twice ^ and twice <r, 
obey first order differential equations. In the former case, the correlator T\{z) = ƒ"„&«*( ~) = 
(V'a(~)^"fc(0)^'r(l)Vii(3o)) can be decomposed into invariant amplitudes according to ^Fabcd(~) -
--"Ml - Z^VaM With 

Vabcd = Qx(r) W r f + Q2(=) U M + Q3(-) *«j*ic, (5.26) 

and analogously for T2 to J^ . Summing this over a = b = c = d from 1 to n, one obtains a 
correlator which does not depend any more on the indices of tp and hence must obey (5.16); 
accordingly one has ft = 0, and hence N = 2 (because the values of the conformal dimensions 
imply that N + ft - 2), and so one can conclude that n(Qi + Q2 + Q3) - Q( = ) = z2 - z + 1. 
Similarly, summing over a = b and c = d etc. leads to the constraints n(Qi + Ö2 + Ö3 + 
(n - 1) Qt) = Q,(a; z) for i = 1,2,3, with Qt given by (5.9). Combining these equations, one 
determines the polynomials Q; uniquely, leading to 

'Pabcd = ( 1 - -) flawed + Zf>act>bd ~ - ( 1 ~ - ) ^ a d t a (5.27) 

and to the conclusion that the correlator Taacc has a twofold apparent singularity at 

Z° = \ {l + V^I) ' (5"28) 

Similarly, for the correlator Ta0cd(z) = (<Ta(-)«T/3(0)^c(l)^'(i(oo)) there are two invariant ten
sors, 

Va()cd = Q{z)Sa06ed + 72(c) hcd)a0, (5.29) 

where 7a& = \{lalb — 767a) with 7a the so(n) Dirac matrices. One finds N - 1 in the case 
of Q, but N - 0 in the case of 72 (this follows because the adjoint appears at first at grade 
ft = 1 as the so(n) representation carried by an exchanged field), and hence (fixing the overall 
normalization) Q = R\(z) and TZ = c = constant; this time, however, there is no way to fix the 
relative normalization of the two terms in (5.29) from symmetry considerations alone. Rather, 
the correct result can only be inferred by solving the corresponding Knizhnik-Zamolodchikov 
equation, leading to c - 1 [2] so that the full correlal or becomes 

?*&*{ = ) = , , .[(l-2j)*afl*e4 + (7crf)afl] = ]J—YLhc7d)at}-J~^h'ilc)a(3- (5.30) 

To conclude this section, we add a general remark on the case where fa = 4>\ in (4.8). 
In this case, fa * fa = 1 + ... with the ellipsis standing for primaries which do not appear in 
fa * fa = (/)3 * </>+, and as a consequence of Z._11 = 0 the function J^ must then behave as 

^ ( : ) = : " ' [ l i O ( : ! ) ] . (5.31) 

The vanishing of the linear term in the expansion puts a restriction on the parameters of the 
theory. Inspection shows that this just reproduces the relation (5.2), with A' 1 , 2 ' = 0, between 
the number JV and the conformal dimensions. 

6 Higher order equations 

For M > 1 the analysis proceeds in principle rather analogously to the M - 1 case, but in 
practice it becomes quite technical already for the simplest cases. In order to simplify the 
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calculations at least to some extent, it is helpful to ex oit the relation (4.11) between systems 
of functions {(ym(~)} and {ƒ"„,(;)} possessing the same monodromy. Note that it follows 
immediately from (4.11) that the Wronskians of T and G are related by 

w[g] = v[z)W[?\ (6.1) 

with some rational function V. More explicitly, if the differential equation satisfied by T is 
given by (2.14), then 

V(z) = det M(z) (6.2) 

with the entries of the matrix M being determined recursively by 

Mml(z) = /m_ 1 ( r ) , 
(6.3) 

Mmn(z) = Mm.l,n-1{z) + dMm,n-i{z) - MM,n-1(z)hm_1(z) for n = 2,...,M, 

for m = 1,..., M (here the convention fm B 0 for m < 0 and hm = 0 for m > M is understood). 
The relation (4.11) can be used to express functions with an arbitrary number of apparent 

singularities in a canonical manner through functions with the minimal number of apparent 
singularities that is allowed for the given monodromy data. The latter number is not larger 
than (1.1), and as mentioned in the introduction in conformal field theory it is often zero; for 
notational simplicity, we will assume that this number is indeed zero (according to (1.1) this 
assumption is automatically fulfilled in the cases with M = 2 which we are going to describe 
in detail). Thus, assume that T and G are related by (4.11) and in addition that T has only 
real singularities z^ = oo, z2,..., z,; moreover, require that not only the monodromy of T and 
G, but also their exponents at the common singularities z2, Z3,..., z, of T and G coincide (due 
to the sum rule (3.10), the exponents at zx = 00 must then be different). For this it is clearly 
sufficient that the rational functions fm{z) are of the form 

fm(z) = Pm(z) MHz-*)} (6.4) 

with pm polynomials, and it can be shown [30] that this condition is necessary as well. It also 
follows that the function V introduced in (6.1) is a polynomial whose zeroes z#+i, zs+2,..., zT 

are the apparent singularities of G-
These remarks are trivial for M = 1, where there is a single polynomial p0 - V so that 

(4.11) reduces to G(z) = T{z) • V(z), i.e. is analogous to the relation (5.1) which has been 
discussed in detail in the previous section. For M > 2 the explicit formulae become rather 
lengthy, and hence from now on we restrict our attention to a few sample calculations for 
M - 2. In the latter case, according to (6.2) the function V reads 

r = fo(fo + df1-f1hl)- h (dfo - h ho), (6.5) 

and the differential equation for G takes the form 

0 = V(z)d*G(z) + [Mz)go(z)-fo(z)gi(z)}dG(z) 

+ HMz)hi(z) - f0(z) - dh(z))g0(z) + [dfo(z) - Mz)h0(z)}9l(z)} G(z) 

with 
90 := d2/o - (ƒ„ + 2dh) h0 + h (h0 hx - dh0), 

91 := 2df0 + d*h - (/o + 2dfx)hx + /, ((hrf -h0- dh). 
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Next we specialize to the case which is relevant to conformal field theory four-point func
tions, i.e. three real singularities (s = 3). Without loss of generality we take them to be at 0, 
1, oo and assume that one of the exponents at 0 and at 1 vanishes. Thus T and Q are given 
by the Riemann schemes 

0 1 oo 
JF(_-)=P< 0 0 7 ~\ (6.8) 

a 0 6 

and 
f 0 1 oo 

£(--) = P< 0 0 7' m4 . . . mr 

a 0 6' n4 . . . nr 

where 0+0+7+6= 1, m;, n̂  6 2>o and m; + n, > 2 for all i ~ 4,5,. . . , r, as well as 

(6.9) 

Here 

7 ' -)- 6' = 7 + 6 - n. 

n = J ] (m, + ni- 1) 
i=4 

(6.10) 

(6.11) 

is the order of the polynomial V. In particular, T satisfies the hypergeometric differential 
equation, corresponding to the form 

M*) = 
7* 

z(z-l) 
M , ) = L - + k4 (6.12) 

of the coefficients h0 and hx. By comparing (6.5) and (6.12), it follows immediately [30] that, 
in accordance with the general result (6.4), in order for V(z) to be a polynomial, the functions 
fo(z) and f\(z) in the relation 

G{z) = fo{z)r{z)+ h(z)d?(i) (6.13) 

must be polynomials as well, that they are determined uniquely up to an overall normalization, 
and that fi satisfies /i(0) = / i ( l ) = 0. (Moreover, f0 and fi can be re-expressed through the 
independent solutions Tm and Qm as 

/o = (W\F\Y' U = (W[f\) - l (6.14) 

which shows in particular that they do not vanish identically.) 
Let us determine the explicit form of these polynomials for the simplest nontrivial cases, 

namely 
' 0 1 oo z4 

Pj := P< 0 0 7' 0 z\ (6.15) 

I a 0 6' 2 

and 
0 1 oo Zn 25 

PJ 0 0 7' 0 0 
, a 0 b' 2 2 

(6 16) 
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These are special cases of the more general scheme 

P< 
f 0 1 

0 0 

[a ? 

0 0 

7' 
6' 

- 4 

0 

« 4 

- S • 

0 . 

n5 • 

•!•
 

.. 0 

• • n , 

(6-17) 

The differential equation being of second order, T is a product of powers of z and \ - z and of 
a hypergeometric function (compare (3.24)). We can put 9 7 = 7', and hence 6 = 6' - n with n 
given by (6.11), i.e. n = 1,2 in the case of (6.15) and of (6.16), respectively. It is not difficult 
to see that the degrees of /o and f\ must be equal to n and n + 1, respectively, i.e. (fixing the 
overall normalization) we can write 

f0(z) = Az + B, Mz) = z(z - 1) (6.18) 

for P], as well as 
f0{z) = az2 + bz + c, fl(z) = z(z-l)(z + d) (6.19) 

for P2. The coefficients introduced here can be fixed by comparing (6.6) with the generic form 

d2G( :) + (L-l +l—^ + Yt L J Ü ) dG(z) + h0{z)Q(z) = 0 (6.20) 
V Z Z~l ,=4 Z ~ "' / 

of the differential equation corresponding to the Riemann scheme (6.17); here in the case of 
(6.15) the function n0 is given by h0{z) = [z(z - l)(z - zt)\~

l(i'i'z + p) (p is accessory), while 
for (6.16) it reads h0(z) = [z(z - \){z - r4)(z - z5)]

_1(7'£'r2 + \z + p) (A, p are accessory). 
This way one obtains 

A = i, B = (i + l)(6-l)z4 + a + p (6.21) 

for Pj, and 10 

a = 7, 

b = j — [A + (7 + 1)(* - 2)(a, + a2) + 2a + 6], 
7 - 0 + I 

1 (6.22) 
d = —— (A + (7 + I)(* - 2)(aj + a2) + a + l j , 

7 - 0 + 1 
c=-(a+ P ) d - a t ° 2 [o + 1 + 26 + (7* + 7 + 6 - 1)<*] 

ax + a2 ai + a2 

for P2. (More generally, for the scheme (6.17) the coefficient of the leading term of /o is 
universally given by 7 if the leading term of/i is normalized as above. The other coefficients are 
not universal, and their determination becomes more and more involved for large r and/or n,.) 
These results express the coefficients of the polynomials as rational functions of the exponents 
0,1,6 (and a = l - / 3 - 7 - o " ) , the apparent singularities and the accessory parameters. The 
number of independent equations supplied by the comparison of (6.6) and (6.20) is actually 
larger than the number of unknowns, and in fact they can be used to express the apparent 

* Actually we have to assume here that V ^ 6' + 1 and 7' / f' + 2 [30] (the latter case is not realized in 
conformal field theory because it leads to logarithmic singularities). In these exceptional cases the formulae are 
somewhat more complicated; to circumvent this complication, one may simply interchange the roles of V and 
6'. 

10 The corresponding formulae on p. 231 of [30] are incorrect. 
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singularities through the accessory parameters or vice versa. For example, in the case of Pj 
one finds 

•4 ( 7 - ü + i ) B i - 7 ( J + 7 )* P ( 7 _ ^ i ) B ^ 7 ( j + 7 ) -
 ( "> 

The relations of this type can, however, also be obtained more directly. Namely, according 
to section 3 to any apparent singularity there is associated an algebraic equation relating the 
various parameters of the system. To work out this relation, one inserts the power series ansatz 
Q(z) - T^LQ ap(z-zt)

p into the differential equation. For the general case (6.20), the equations 
obtained in order (z - z,)_1 and (z - z,)° read 

(I ~nx)a\ +ft0(^)oo = 0, 

2 ( 2 - n , ) a 2 + ( ^ + ^ 4 + M--I) + E T T T - ) a i + ö M - - . ) a o - 0 , (6-24) 
j = « J=< " ~J 

where /lo(-) = (- - -i)^o(-)- Thus for n̂  = 2 these two equations decouple from those obtained 
in higher order in (z - ;,). In the case of (6.15), they lead to 

( 7 V * + P)2 + ((?' + *')--4 + a)(7'6'z< + p) + 7'*'--<(--4 - 1) = 0, (6.25) 

while for (6.16) one obtains 

Wz\ + \z< + pf - [a(z4 - l)(z4 - z5) - Jz4{z4 - z5) - 2z4(z4 - 1)] (7'«'z| + Az4 + p) 

+ z,(zA - l)(-4 - zs)(27'*'z4 + A) = 0 
(6.26) 

together with an analogous equation with z4 and z5 interchanged. 

7 WZW theories 

In this section we add a few remarks which are special to WZW (Wess-Zumino-Witten) theories. 
Recall [38] that a WZW theory is a conformal field theory with chiral algebra given by the 
semidirect sum of the Virasoro algebra with an untwisted affine Kac-Moody algebra 9, and 
for which the energy-momentum tensor is quadratic in the currents (i.e. the generators of g). 
The latter identification implies the existence of null vectors in the highest weight modules 
of the chiral algebra, which for correlation functions induces differential equations known as 
Knizhmk-Zamolodchikov equations. Let us consider the four-point function M 

Q(z,z) = Gijki{:,z) = (<Mz,z)<MO,0)<Ml, l)*i(oo,oo)>, (7.1) 

and introduce a maximal set {/^|/4 = 1,„. ,M} of independent invariant tensors 14 of the 
horizontal subalgebra g of g (i.e. the subalgebra spanned by the zero mode currents) which 
possess the right index structure, i.e. if the primary fields (A,, <t>j,— correspond to multiplets 
{Ri)a, {Rj)»,... of g, then I A = {IA)OV ... (compare e.g. (5.30) above). The four-point func
tion (7.1) can then be expanded into invariant amplitudes QIJM.A <*$ 

(GijkiUM = E GituM ( / Ü W (7-2) 

1' Note that due to g-invariance this four-point function can only be nonvanishing if not all fields are strictly 
primary, but rather descendants with respect to the zero mode currents; it is custumary to use the word primary 
also for these special descendants. 
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The integer M appearing here can be interpreted as follows. Let R, denote the g-representation 
carried by the primary <?,, and Ct,

k the tensor product coefficients (or Littlevood-Richardson 
coefficients) defined by the decomposition of tensor products of representations into irreducible 
subrepresentations, ft; x ft, = ©fc CtJ

kRk- Then 

m 

In other words. St is the 'global' analogue of the number M that was defined in (2.4) in 
terms of the fusion rule coefficients. We recall (see e.g. [38-40]) that for any value of the 
level I of the affine algebra q the fusion rule coefficient? H- * = A'̂  *(/) are majorized by the 
corresponding tensor product coefficients Ci}

k, and that ,V^ k(l) = £-* for large enough level. 
Thus in particular St > M(t) for all levels /, and linv^» M(0 = St-

Upon making the expansion (7.2). the Knizhnik-Zamolodchikov equation is transformed 
into an ordinary first order matrix differential equat- a. reading 

- 1 (/+ h)dgijU.A{z) = £ ( ^ + ^ I T ) cnkt.Bi=), (7-4) 
B=l X " * 

where h denotes the dual Coxeter number of q, and 

p = EK«fc^(7",)®fl^1*)' c? = E'c«.^'(Ta)®«*(r*) (7-5> 
a,b a.b 

with Ri{Ta), a = 1,... ,dimg, the representation matrices for the generator T" of g in the 
representation Ri, and K the Killing form of g. 

Decoupling of the system (7.4) of St first order differential equations leads to linear dif
ferential equations of A/th order for each of the components QA (from now on we suppress 
the subscripts i,j,k,l); these possess 0, 1, 00 as real regular singular points, and possibly in 
addition some apparent singularities. It turns out that the presence of the latter can be decided 
directly from the matrix equation (7.4). To see this, consider the general first order matrix 
differential equation 

a 
dQA(:)=Y.f*B(z)GB{:), A = l M. (7.6) 

B=\ 

It is not difficult to show [28] that (7.6) implies that the mth derivatives of the component Q\ 
axe given by 

dmGi{:) = E ( 1 ? m " , / « ( - » ^ ( 2 ) (7-7) 
A 

(m = I,..., St), where /i(z) stands for the first row of the coefficient matrix /(:), i.e. (fx )A -
f\A for A - 1,..., St, and where the action of the operation V on any vector hA( z) of functions 
is defined by 

{Vh(z))A = dhA(z) + YihBi:)fBA(:). (7-8) 
B 

From the form .ia (7.7) one deduces that 

£,(;) = [detf(2)]-' detf(z) (7.9) 

where f stand- for (f\{z), T>f\{z), ...,Vn~x fx{z))1, «•*• for the matrix with entries IABU) = 
(VA'X f\(z))B. «ind where f denotes the matrix obtained from f by replacing the first column 
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by [dQx,d2Qu..., d^GiY, i-e- the matrix with entries f41(r) = dAQ1{z), fAB = f4B for B > 2. 
In other words, (7.9) is nothing but the Mth order differential equation for the component Gi 
which we were after. More explicitly, it reads [28] 

M 
y£hm(z)dmGl(z) = 0 (7.10) 

m=0 

with ho{z) - - det f (z) and hi(z),..., h^(z) the cofactors off which are obtained by expanding 
the determinant detf with respect to the first column (i.e. hm(z) = (-l)m_1detf'm>(z), m = 
1,..., M, with f'm) the (M - 1) x (M - l)-matrices with entries 

-i \ f f>« B+i for A < m, 
(f (m)hB = / B + 1

 r ' (7.11) 
{ U+i,B+i for A > m, 

for A,B = 1,...,M- 1.) The apparent singularities of the differential equation (7.10) are 
precisely the zeroes of the function hj^{z) [28]. 

In general it is difficult to describe the apparent singularities more explicitly. However, we 
can give a simple sufficient criterion for the absence of apparent singularities: There are no 
apparent singularities if by an appropriate numbering of the labels A the matrix f(z) can be 
brought to "tridiagonal form", i.e. to a form such that JAB{Z) = 0 for \A - B\ > 1, and if in 
addition with this numbering /A,A+I(Z) does not possess any zeroes. To see this, note that for 
tridiagonal ƒ one has 

M - l 

detff*>(r)= U(fA,A+ifA; (7.12) 
4=1 

thus hft = ( - l ^ - M e t f W does not possess any zeroes, and hence the assertion follows. 
In general it is not at all clear whether this criterion also constitutes a necessary condition. 

But in the cases relevant to WZW theories one can proceed further. Namely, first according 
to (7.4) the matrix f(z) has the special form f(z) oc P/z 4- Q/(z - 1) with constant matrices 
P, Q. Second, without loss of generality one may chjose [7, 39] the basis of invariant tensors 
I A in such a manner that P is diagonal, P\B = PA&AB (this is in fact the natural choice, as it 
is this basis in which the invariant tensors correspond precisely to the g-representations of the 
primary fields whose families appear as intermediate states in the channel corresponding to the 
limit z -* 0 12). Thus tridiagonality of ƒ just means tridiagonality of the constant matrix Q, 
and (7.12) can be written as 

J»-I 
det?<*>(*) = [§(/+ fc)(l - z)]-**W-x)/2 J J (QAiA+l)**~*. (7.13) 

A=\ 

It is also not difficult to see that for non tridiagonal Q, detf*^ does possess a zero, and hence 
the above criterion is also necessary. A similar analysis shows that the same criterion holds for 
the component Qjfj, and that all components Gm with m = 2,3,. . . , M - 1 do possess apparent 
singularities in any case (more specifically, the number of apparent singularities, including 
multiplicities, of the 4th component is (M - A)(A - 1)). 

It is clear from the expression (7.5) that, given the basis of invariant tensors, the explicit 
form of Q is fully determined by the representation theory of g. (The numerical values of the 

u Vfe remark that in this basis necessarily QA,A+\ ^ 0 for all A = 1,... ,M — 1. Otherwise one would be 
able to deduce a differential equation for Q\ which is of order < M. This would be in contradiction with the 
independence of the chiral blocks and the fact that M = M for large enough level. 
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off-diagonal elements of Q depend on the normalization of the invariant tensors I& in (7.2), 
which in turn correspond to the normalization of highest weight vectors in the Clebsch-Gordan 
decomposition of tensor products of g-modules [7, 2]. Accordingly, the function detfl**)(z) 
depends on these normalizations as well; e.g. in the tridiagonal case (7.13), multiplying the 
tensors I A by numbers £x results in an overall factor of 11^=2(^/^1) m det ^M^- However, the 
zeroes of det VM) are normalization independent.) In the literature so far only cases with either 
g - sl(2) [35, 7], or else with only low-dimensional g-representations (see e.g. [39, 2]) have been 
considered. For these simple correlators the matrix Q always turned out to be tridiagonal. 13 

But as soon as one considers large enough representations for g ^ sl(2), Q is generically no 
longer tridiagonal. As an example, consider the four-point function (<j><f><t><l>) of the Ea WZW 
theory, with <p = <̂ 248 t n« primary field carrying the adjoint representation of Eg. In this case 
one has M = 5 as a result of the tensor product decomposition 

248 x 248 = 1 + 248 + 27000+30 380 + 3875. (7.14) 

Working out the explicit form of the Knizhnik-Zamolodchikov equation, we find that in the 
basis with diagonal P (and with the ordering of components corresponding to the ordering of 
Eg-representations used in (7.14)), the matrix Q is tridiagonal except for a nonvanishing value 
of the entries Q25 and Q52; as a consequence, the fifth order differential equation obtained for 
the component Q\ does possess apparent singularities, which turn out to lie at z = - ^ c ? ( l ^ 
V ^ + 1470)/(* + 30)). 

8 Summary and outlook 

Starting from a given set of fusion rules, one can construct differential equations for the four-
point functions of primary fields. By solving these differential equations one obtains the chiral 
blocks, and by combining holomorphic and antiholomorphic blocks into single-valued functions 
one can determine the operator product coefficients of the theory. When carrying out this 
programme, various types of parameters are introduced, with different values of the parameters 
corresponding to different conformal field theories which all possess the given fusion rules. Such 
parameters are for example the conformal dimensions (subject to the consistency condition 
(4.4)) and the grades /i, defined in (2.7), as well as the positions of apparent singularities and 
the exponents at these singular points. In the present paper we have investigated various 
properties of apparent singularities and their implications for the computation of the operator 
product algebra and for the classification of conformal field theories. We also presented a few 
simple examples which show that conformal field heory correlations functions generically do 
possess apparent singularities. 

It is to be expected that for generic values of the above-mentioned parameters the poly
nomial equations [4] are not obeyed, i.e. that the corresponding four-point fur -tion does not 
correspond to a proper conformal field theory. In fact, from the investigation of the associated 
Riemann monodromy problem [1] it follows that after imposing the polynomial equations one 
is essentially left with those parameters which do not affect the monodromy representation of 
the differential equation. There are two types of such parameters: First, the grades /i; men
tioned above, the integer parts of conformal dimensions, and the exponents at the apparent 
singularities; or, in other words, the integer parts of the exponents of the differential equation. 
Second, the positions of the apparent singularities. While the former are discrete parameters, 

'* If $, — <j>*, the appropriate numbering of the invariant tensors is such that either h 01 la correspond to 
the singlet 1 6 R, x Rf • 
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the latter are a priori continuous, and (except for certain mild consistency conditions, see sec
tions 4 and 5) we could not derive any restriction on them from the principles of (rational) 
conformal field theory which we listed at the beginning of section 2, nor from the polynomial 
equations for the duality matrices. In particular, as we have seen in section 4, there exist 
continuous deformations of the positions of apparent singularities which leave the duality ma
trices invariant. As a consequence, one must expect that to any value of these positions there 
corresponds a consistent conformal field theory [8, 3], and hence that there exist continuous 
families of rational conformal field theories. It must be nrted that the eistence of continuous 
parameters of the form encountered here would be incompatible with the assumption (which 
is tacitly made in some approaches to the classification of conformal field theories) that the set 
of rational conformal field theories is countable. 

We have seen in section 4 that these continuous parameters are in one to one correspondence 
with parameters for continuous families of symmetry algebras (thus even in the presence of 
these parameters it is still possible that the set of rational conformal field theories possessing a 
fixed symmetry algebra is countable). On the other hand, it remains questionable whether such 
continuous families indeed exist. In particular, most cf the structure constants of the symmetry 
algebra cannot play the role of the continuous parameters because a rational conformal field 
theory is obtainable only for discrete values of these constants. This is immediate for the 
level of WZW theories, and also for the conformal central charge c because c is rational as 
a consequence of (genus 1) modular invariance [24, 41, 4j; for most other structure constants 
discreteness follows from the rationality of c because as a consequence of the Jacobi identities 
they can be expressed (see e.g. [42]) algebraically through c. Thus it appears that at least for 
many types of theories the position of apparent singularities that can be present for a given 
rational fusion algebra must be discrete. The fact that this discretization cannot be deduced 
from the known principles of conformal field theory seems quite puzzling. Further investigation 
of this problem is certainly necessary. 

A well-known example of a symmetry algebra containing a continuous parameter is given 
by the ii\ current algebra (or more precisely, its semidirect sum with the Virasoro algebra). 
Although the level of the ii\ algebra depends on the normalization of the current, it possesses a 
physical meaning as it corresponds to the compactification radius of the associated conformal 
field theory describing a free boson. For non-rational value of the level this theory is not 
a rational conformal field theory, but still a quasi-rational one. This may be taken as an 
indication that continuous values for apparent singularities can appear for continuous families 
of quasi-rational conformal field theories, and that they are related to the presence of ii\ parts 
in the symmetry algebra. In this context we note that such ü\ current algebras appear quite 
generically in the chiral algebras which are produced bv Drinfeld-Sokolov Hamiltonian reduction 
[43]. 

Finally we would like to add a remark on the technical problems which arise when one 
pursues the programme of classifying two-dimensional conformal field theories along the lines 
of [1, 21. First of all, the monodromy method of [1] and the differential equation method of [2] 
are of similar complexity in the absence of apparent singularities; if apparent singularities are 
present, the knowledge of the explicit form of the four-point functions is almost indispensable 
for a detailed analysis of the theory, and accordingly the differential equation method is the 
more appropriate one. Concerning the latter method, we have demonstrated in this paper that 
four-point functions satisfying first or second order differential equations can be treated in a 
straightforward manner, and with some effort the case of third order equations appears to be 
manageable as well; but a full analysis of higher order equations is beyond reach. Fortunately, 
for applications one often will be interested in the operator product coefficients of only a 
few sped?' fields satisfying low order differential equations, e.g. those with small quantum 
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dimension. In contrast, if all operator product coefficients are needed, then one typically will 
have to resort to free field realizations which provide integral representations for the correlators, 
but again this becomes quite involved except for the simplest cases (such as the c < 1 Virasoro 
minimal series [33] and the N = 1 superconformal minimal series [44]), as is exemplified by the 
case of the sl(2) WZW theory ([45]; see also [46}). 

The situation encountered here is thus another manifestation of the deplorable fact that 
many of the constructions which are available to address various problems in conformal field 
theory are powerful in principle, but rather laborious in practice. Clearly, still much work is 
lying ahead before all facets of two-dimensional conformal field theory can be analyzed in a 
fully satisfactory manner. 
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