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Abstract

Based on the perturbation method, the resonant frequency changes due to apertures
on a cavity wall have been investigated, and analytical formulas have been derived and
compared with numerical and experimental results. The dispersion relation of a periodic
disk-loaded slow wave structure, which relates the group velocity explicitly to the shapes
and sizes of coupling apertures, is established and verified. These explicitly expressed
analytical dispersion relations established in this paper will not only serve as useful tools
in the design of forward (electrically coupled) and backward wave (magnetically coupled)
linear accelerators, but also show a clear picture of relevant physical processes.

Introduction

It is known that one of the most basic elements of microwave components is a resonant
cavity. By introducing couplings between cavities and between cavity-waveguide, one can
get different types of RF components such as linear accelerator structures, if guns and
klystrons etc., it is, therefore, worthwhile to study the behaviour and characteristics of a
resonant cavity futher and futher together with its more and more applications. It is the
aim of this paper to find analytically the resonant frequency changes due to apertures on
the cavity walls, such as pumping holes, holes for turner and coupling holes etc., by the
purtcrbation method. Based on the same method the analytical dispersion relation of a
periodic disk-loaded slow wave structure is established, which relates the group velocity and
other properties of this slow wave structure to the shapes, sizes, positions of the coupling
apertures and cavity geometries. Another important quantity concerning a cavity in the
microwave engineering is the coupling coefficient fi between a cavity and a waveguide. An
analytical formula for this coupling coefficient /? has been developed, verified and shows
itself in ref. 1.

Perturbation Theory

Slater's perturbation formula!*' which relates the resonant frequency change of a loss-
less resonant cavity to the perturbation on the boundaries of this cavity, states that.
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where UJ0 is the resonant frequency before perturbation, u is the resonant frequency after
perturbation, U is the total energy stored in the cavity, Au is the small volume change on
the boundaries, and E, H are the electric and magnotic fields in this small volume with the
values equal to those before perturbation. If perturbation is small, Su = (a/ — wo), then

Su « ^- I (ftoH2 - eQE2)dv (2)

If the perturbation has occured towards outside of the original volume, the perturbation
formula, eq. (1), could be rewriten as follows'3' :

or

where AWe and AWm are time-average electric and magnetic energy stored in the per-
turbation volume. Eq. (3) could be established from a more general theorem given by
Boltzmann and Ehrenfest'4' which states that for a periodical and linear working, loss-
less engine, the product of energy (kinetic and potential) and period time is invariant for
adiabatic deformations.

Frequency Change due to Apertures

According to ref. 5 it is known that an aperture on the cavity wall could be made
equivalent to some combination of electric and magnetic dipoles (if the dimension of this
aperture is small compared with the wavelength), such as

/*Q * * l < 0
3(A(r0) - E{c0))

where fa is the permittivity of vacuum. /.» is the permeability of vacuum, P find M\, M^ are
the electric and magnetic dipole moments respectively. Ea is the electric field perpendicular
to the surface of ellipse. H\ and H> arc the magnetic fields parallel to the major and minor
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axes of this ellipse, /i and /2 are the lengths of demi- major and minor axis respectively (see
Fig. 1). A"(e0) and E(e0) are complete elliptic integrals of the first and second kinds'6'.

fc - (5« -(^-(ii |)>|-(|^f|yi--) (.)
Obviously, for eo equal to zero, the aperture becomes circular with

P = -Ih0E0 (10)

M1 = Af2 = |fVoffi,2 (H)

It should be mentioned that the apertures discussed above have no volumes, only elliptic
surfaces. Since the apertures on the cavity wall can be equivalent to electric and magnetic
dipoles as expressed in eqs. (4-6), ATV6 and AWm can be calculated by imagining that
these electric and magnetic dipoles interact with applided driving electromagnetic fields.
According to Bethe's theory''', these driving fields in the center of the aperture are the
halves of those values of E0 and H0, i which are the electric and magnetic fields at the
center of the aperture before being perturbed. Remenbering taking the time-average of
the energy changes due to these electromagnetic dipoles, we have

, = - I p • E' = ' i (12)

AUm = AUm.i + AC/m,2 = -AWm (13)

H 1 = — ——-if, (14)
I2(l\(eo) - L(e0))

1IVI H' / t O 7r /^g( l P g) 2

= -M2 • H2 = T^-——7m^)H2 (15)

where E' = E0/2, H[ 2 = # | - 2 /2 . E^ and H\,2 are the electric and magnetic fields at the
center of the aperture before being perturbed. By combining eqs. (3), and (12-15) we get
the resonant frequency change due to an open aperture on the cavity wall. Sometimes a
cavity is perturbed as shown in Fig. (2), where the frequency change also depends on the
distance 7. as in the case of <i frequency tuner. If the hole is a circular one, the frequency
change will be

«2(1 + ̂ d - e-*»*)- ^ L ( I -<-*""))



with AU€, AUm ^s expressed in eqs. ( 12,13), z > O and with ori, <*2 expressed as follows :

*2,TC A i 1/0

r ]

A A r 2

where A is the wavelength in free space, \ci = 2.62a is the cutoff wavelength of
mode wave, A^ = 3.41a is that of TE\\ mode wave, and a is the radius of the circular
pipe. The necessity of there existing two factors (1 — e~2or'*) and (1 — e~2a7Z) in eq. (16)
can be proved easily and it is omitted here. To show the applications of eq. (16), two
examples will be given here. First example is shown in Fig. (2a) where a circular aperture
is opened. Since there is almost no magnetic field where the aperture is located, eq. (16)
reduces to

or
6u> = Wo —rrp—( 1 — e~ O | " ) (20)

It is known consequently that

- j — = Wo TTT e~ **'* (21)

The second example is shown in Fig. (2b). Since there is no electric field where the circular
aperture is located, eq. (16) reduces to

or
(I LIt)H

and consequently

Numerical results from Superfish have been compjvred with the theoretical results calcu-
lated by eqs. (20, 21), and the LAL (Orsay) RF Gun18-9-10' experimental results!10' have
been compared with those calculated by eq. (23). The comparison results will be shown
later.

Frequency Change due to Coupling Between Cavities

Now we consider two cavities coupled by an aperture on the common wall. To begin
with, a simple case is dicussed and shown in Fig. (3a). where the coupling is conducted
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only by a circular aperture (an electric dipole). Since there is coupling between the two
cavities, the energy change in the first cavity clue to electric diploe will be as follows :

AWe1I = ^ P i - E i - I p 1 -E 2 (25)

where P 1 is the dipole moment corresponding to first cavity, Ei = 1/2Ei, Ej is the
electric field of the second cavity seen by the electric dipole of the first cavity, with E2 =
l/2e~airfE2, d is the thickness of the common wall where the aperture is located, and Ex,
E2 are the electric fields at the center of the aperture in the two cavities when the aperture
is replaced by an ideal metalic boundary. Therefore according to eq. (3), one can get the
frequency change of the first cavity as

2 2
« =<"Vi

3 U 3 L'

where # is the phase difference between E 1 and E2 . As for the second cavity one could
follow the same procedure accordingly. If the two cavities are coupled magnetically through
a circular aperture as shown in Fig. (3b). the frequency change of the first cavity will be
expressed as follows :

,2
1 - ^ 0 , (

H1 • H1 2 3 H1 • H2 _
3«Jj+ 3 Vo

.„,.,„ . ^ S + 1 ^ 5 ^ = ! ^ , ,27,

where 0 is the phase difference between H1 and H2 . If this coupling aperture is located
where electric and magnetic fields both are not, vanishing, the total frequency change
caused by electric and magnetic dipoles could be evaluated by combining eqs. (26) and
(27) according to eq. (3). From eqs. (20) and (27) it is obvious that if a resonant cavity
is coupled with another cavity, its resonant frequency will be split into different values
depending on the phase shift and magnitude ratio between the two electric (or magnetic)
fields on the surface of the coupling aperture in the two cavities.



Dispersion Relation of Slow Wave Structure

As a practical application of eqs. (26) and (27) we consider a periodic disc-loaded
accelerator structure as shown in Fig. (4). According to Floquet's theorem it is very
easy to know that 6 = P0D, where P0 is the foundamental wave number, D is the space
periodicity of the periodic structure. We condiser first the case of electrical coupling
structure. According to eq. (26) we have

u =wo(l + y a e 0 — - yrt e0 JJ e ' ) (28)

where N is the number of the coupling apertures on the wall of each cavity (assuming that
the physical conditions for these N apertures are same). If P0D = IT/2 (n/2 mode), then

«4/2 ^ ( l + y " 3 ^ ) (29)

Usually I (ui0 —<jJTr/2)/un/2 |>C 0, eq. (28) can be rewritten as

) _nid^
e ) (30)2 2 N ,

= ^(1 -Ja

It is very clear to see that eq. (30) is the dispersion relation of an electrically coupled
periodic slow wave structure, and by comparing with that obtained from an equivalent
circuit as shown in Fig. (5) ' l 2 ' ,

u>2=ul/2(l-kcos(30D)) (31)

where k — 2C/(2C + C), we know that the coupling constant k in the classical dispersion
relation, eq. (31), can be represented as follows :

* * a e o^,-«M< (32)
o U

The group velocity of this electrically coupled slow wave structure is

( 3 3 )
du N 3 arDEl*inUi0D) d

v' M u " 2 * a e o V '
where ar = \E2/Et |, 1 > o> > 0. and in an norm.il accelerator structure n> = 1.

If magnetic coupling is chosen as shown in Fig. (6), started from oq. (27) we get the
dispersion relation of magnetic coupling structure :

where

(34)

H2

-̂ f) (35)



Compared with the equivalent circuit shown in Fig.(7) and the classical dispersion relation'12'

where k — M/L, we know that

"• ~ ~o~ I °—TT— I" ' /

The group velocity of this magnetically coupled slow wave structure is

„ <*" , N 3 <*mDHlsin(l30D) _ „ , ,
Vg = -TT- = - W i r / 2 T a ^O TT e (38)

where a m = \H2/Hi\,l > am > 0, and in a normal accelerator structure am = 1. The
dispersion relations shown in eqs. (30) and (34) have theoretical and practical importance,
i.e., theoretically, they demonstrate explicitly around a resonant mode (arbitrary resonant
mode in general) in a single resonant cavity how the frequency is changed and how the
pass band is formed if it is coupled with other cavities as shown in Fig. (8) ; practically,
they have revealed the relation between the group velocity ((Lj/dfio) and the dimension of
the coupling aperture on the common wall.

Summary of Some Useful Formulas Expressed in General Forms

To conclude the theoretical analysis, some useful formulas will be summarized assum-
ing the coupling holes are elliptical nportures (circular aperture is a special ca.se of the
elliptical aperture). Corresponding to eqs. (19) and (22) one has

u,' = „„'(1 + ^ ' ^ ' " ^ ( l - <-*'")) 09)

- ' - 1 * » ( 4 0 )

corresponding to eqs. (26) and (27), one has

2 2 M , 2JT(1 - rg ) / ? f , ,g?

- i - o . , ( l l2{K{Cn)_E((n)]U +

and corresponding to eqs. (30) and (31). one hns



where aJ 2 « a i 2 if e0 is not too far from zero.

Comparisons with Numerical and Experimental Results

In order to check the validity of eq. (20) and (21), a test cavity as shown in Fig. (2a)
and LAL model rf gun cavities as shown in Fig. (9) have been used. Fig. (Cl) shows the
comparison between Superfish results (denoted by "s") and theoretical results (denoted
by "t") from eq. (20) when 2a\z » 1. Fig. (C2) shows the same kind of comparison
with a = 3mm and d varing. Fig. (C3) gives the comparison between Superfish results of
the test cavity and LAL rf gun first cavity and the theoretical results from eq. (21) with
z = 0. Since Superfish could not tackle the three dimensional problem as illustrated in Fig.
(2b), the theoretical results have been compared with LAL rf gun experimental results'13)
as shown in table 1 to verify eqs. (23) and (40). In order to check eqs. (29) and (30), a
two electrically coupled cavity test structure has been established as shown in Fig. (3a).
Since Superfish calculates standing wave modes, numerical and theoretical results of three
modes (0, TT/2, IT) have been compared as shown in Fig. (C4) and (C5). The comparison
results have shown quantitatively the validities of those formulas given above.

Discussions

Started from investigation of the frequency changes due to small apertures on a cavity
wall, the dispersion relations of a periodic slow wave structure have been derived, which
are useful for the understanding and the designing of cavities and practical accelerator
sturctures. During the practical application of the formulas derived above, the average
field strength is better to be used if the aperture i.s not small enough, and that is one of
the reasons why, when the aperture is getting larger and larger, the scaling law will deviate
from a3 (or /3) (another reason is the effect of e"^1 j r f). In a strongly coupled accelerator
structure the effect of interaction between apertures can be treated by imagining that one
aperture (dipole) is effected by the other apertures (dipoles) and this process generates
extra energy changes, and concequrntly generates frequency changes. It is important to
emphasize that the formulas established in this paper can be applied to the coupling
between any different types of cavities.
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Table 1. LAL Rf Gun First and Second Cavities

Cavity
apertures

1st
(j) x 4
0.172
0.122

1st
elliptic»! laser hole

0.77
1.04

2nd
(4x4
0.095
0.106

Dimension
mm
Mhz
Mhz

* 4> x 4mm and laser hole are all on the boundary where there is no electric fields.

Fig. 1 : The. elliptical aperture
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2a : There is no magnetic fi.eld where the aperture is located
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Fig. 2 : The electrically and magnetically perturbed cavities with apertures
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Fig. 3 : Two electrically and magnetically coupled cativities
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