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Abstract

The tunneling rate is investigated in the quantum and classical limits

using an exactly soluble driven SU(2) model. The tunneling rate is obtained

by solving the time-dependent Schrodinger equation and projecting the exact

wave-function on the space of coherent states using the Husimi distribution.

The presence of the classical chaotic structures leads to the enormous growth

in the tunneling rate. Our results suggest the existence of a new mechanism of

quantum tunneling, involving transport of the wave-function between stable

regions of the classical phase-space due to a coupling with "chaotic" levels.
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1. Introduction
The tunneling is a non-perturbative phenomenon of purely quantum origin,

which plays a very important role in quantum many-body systems. The relation

between quantum tunneling and the classical physics is well-known for a potential

barrier in one degree of freedom. A quantum particle can penetrate through the

classically forbidden region and the semiclassical tunneling rate is proportional to

exp(—W/h) , where W is the action "under barrier". So far, little is known about

tunneling in higher dimensions.

The interplay between classical phase-space structure and the quantum tunneling

for non-integrable systems has recently become a topic of considerable interest [1, 2] .

It was found by investigating the non-conservative system of a particle in a double-

well potential with an oscillatory driving force [1] , that the coherent tunneling

takes place between isolated, classically stable regions of phase-space and its rate

is significantly larger than the ordinary tunneling for one-dimensional integrable

system in the absence of driving. If the initial condition lies in the chaotic region

of the classical phase-space, the initial wave-packet spreads rapidly throughout the

chaotic zone and the coherent tunneling is no longer observed.

The enhancement of the quantum tunneling was also observed in the conservative

two-dimensional system, for which the underlying classical dynamics is chaotic [3].

The splittings between different symmetry states are the result of the dynamical

tunneling between the classically regular structures in the phase-space. The effect

is strongly enlarged due to the the presence of the "irregular" level, connected to

the classically chaotic region.

Here we want to present results obtained for the non-conservative, time-dependent

SU(2) (TDSU(2)) model. The SU(K) (K=2,3,...) models, in spite of their simplicity,

contain many features of the realistic nuclear shell model Hamiltonians and therefore

are often used to test various approximate many-body theories in nuclear physics.

These models have also the well-defined classical limit respecting the dynamical

quantum symmetry, and hence permit the studies of the correspondence between



classical and quantum results. In this work we shall investigate the salient features

of the quantum evolution corresponding in the semiclassical limit to the tunneling

through the time-varying potential barrier. This problem may be helpful in un-

derstanding the change of the decay constants of the quantum many-body system

subject to an external perturbation.

2. Time-dependent SU(2) model
The SU(K) models are denned by N particles (fermions) labelled by an index

n. The particles can occupy N times degenerate single-particle levels in K shells

(k=l,..,K) with energies e*. The two-body interaction V can move a pair of particles

between the levels in different shells. The Hamiltonian, written in terms of the

fermion creation and annihilation operators, has the form:

i K N .

fc=l vn=l ' " Jb,/=l vn=l

where VM — V(l — Ski) and V > 0 . In the present analysis we restrict ourselves to

K = 2 with EI = —0.5 and e2 = 0-5 [4]. One can define the collective operators:
N ,

t~i V"> T / n \

n=l

and the quasi-spin operators: KQ = \(G22~ G I I ) , K+ = 621, K- = Gi2,

which have the commutation properties of angular momentum operators. The SU(2)

Hamiltonian:

where e ~ e2 — e\, has discrete symmetries of the rotations Rx(ir), Ry(ir) in a

three-dimensional quasi-spin space.

The classical limit of the model can be constructed using the SU(2) coherent

state representation for the Slater determinants [4, 5, 6] :

| i^(z)} =| z) = exp(z*£?2i) | 0) , (4)

where | 0} is the state with all the particles in the lower shell and z is the complex

amplitude of particle-hole excitation. As the total number of particles tends to



infinity (N — > oo), various coherent states become orthogonal and the quantum

interference effects disappear [7] . Consequently, the quantum dynamics in the

large-N limit becomes equivalent to the classical dynamics in the space of the SU(2)

coherent states. Performing the suitable change of variables [6, 8] :

one obtains the classical Hamiltonian Hci = (i}> \ H \ ij>)/Ne in the form:

u« = ~\ + n r *2 + H ^ 2 + i(q4 ~ ?4) (6)

where x = e
 1S the dimensionless strength of the interaction. 7ici is invariant

under both the reflections in coordinate-like and momentum-like variables (q — >

~1iP ~+ ~p}- The equations of motion for q and p take the form of Hamilton

equations and are equivalent to the time-dependent Hartree-Fock (TDHF) equations

for the evolution of the SU(2) coherent states. Obviously, such an one-dimensional

system is integrable. The static part of 7ici:

V(q) = Hd(q,p = 0) = \q* + ^ q 2 - \ (7)

can be interpreted as the potential energy. Its behaviour depends on the value of

X • For x < 1 it has one minimum for qeq = 0 , whereas for x > 1 it displays two

symmetric minima at qeq = i , / 3 ^ which are separated by a barrier which increases

with x • The minima correspond to the Hartree-Fock (HF) ground states.

Let us now consider the TDHF evolution of the coherent state ip(qo, Po) for

X > 1, starting with po = 0 and q0 close to its equilibrium value qeq. In the

classically allowed region the system will perform the small amplitude oscillations

around each of the HF minimum. The classically forbidden region under the barrier

becomes accessible after the so-called Wick transformation t — > t r , where r is real.

Changing simultaneously p —> in (TT is real) preserves the Hamiltonian form of

the evolution equations. The probability of the tunneling through the barrier per

unit oscillation period is given by Pu = 1/(1 -f e"'), where W = / t ' ° irdq is the



imaginary-time counterpart of the classical action integral. ±qa are the limits of

the classically forbidden region and TT is the momentum "under the barrier". The

part of the system which is transmitted through the barrier can be obtained by

summing up the semiclassical penetration probabilities at each time tt, when the

classical trajectory reaches the turning point qa:

t - jT' dt'^Pu(t')S(t' - *,Pd(t) -l-exp\- dt'22Pu(t')S(t' - ti) ) (8)
\ Jt° , /

The time-dependent driving in the SU(2) model is introduced by the time-

dependence of x in (6):

Classically, variations of x lead to the oscillations of the potential barrier and can

be caused either by the variations of the distance between the unperturbed shells e

or by the variations of the two-body matrix element V, In our calculations e = 1,

so the time-dependence of the quantum Hamiltonian is given by:

V(t) = V0 + ^ — ^ / ( * ) . (10)

We have studied the behavior of the TDSU(2) system for different kinds of driving:

periodic, quasiperiodic and random. In the periodic case [9], f(t) takes form:

what corresponds to the sharp kicks of alternating sign both in x a n ^ V values. We

consider also the quasiperiodic driving [10]:

f(t] = a,,(0 sin10 /3f , i = 0,1,2,... (12)

where index i enumerates the subsequent multiplicities of the period T = | and

<*„(,) is constant for t 6 [to + iT, to + (i + 1)T]. v(i) can be equal 0 or 1, and:

a0 - - a

«i = a/a (13)

(14)



The sequence of indices i/(i) is constructed as follows. Let us define the sequence of

words MI of length FL (where FL stands for the L-th Fibonacci number) built of

the symbols 0 and 1. Let M\ = 0 and M2 = 1. Every next word is built of the two

preceding words, using the concatenation rule:

ML+\ = MiM^-i , (15)

for example Mj = {10} , Mj = {101} , etc. For L —» oo the word ML gives

the infinite sequence of indices i/(i). It can be proved that such a sequence is

quasiperiodic [10]. The absolute values of ao and 04 are different, as they are

chosen to ensure the mean value of x equal xo-
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Figure 1: P(t) for the periodic driving for the following values of parameters: xo = 5, a

4.75, 0 = 9 and the initial condition go = +1eg, Po ~ 0.

The third type of driving is the random one:

(16)



where a;(f) = (-l) 'for* e [t0+iT, t0+(i+l)T]. The frequencies /3fc(i) are generated

in the range $ € [1,17] with the uniform distribution. At t0 the frequency /30 is

generated. After At = 7r//3o the new frequency (3i is generated, and simultanuously

the sign of the amplitude is changed into the opposite one: ao —> «i = —ao- The

procedure is repeated again after Ai = ir/fli, etc.

The non-conservative TDSU(2) model is no longer integrable. The classical

evolution of the system can be studied numerically. We have studied the phase-space

trajectories and the values of the energy for different types of driving, different initial

conditions and different values of parameters in TDSU(2). The most important, as

the shape and stability of the phase-space trajectory is concerned, is the parameter

/3 , i.e. the frequency of driving. The trajectory reminds the unperturbed one for /?

being much larger than the frequency of classical unperturbed oscillations WQ at a

given energy E. The stability of the trajectory decreases when /3 approaches u and

in some range of f) values around w the trajectory spreads over all the phase-space.

For a given /3, the stability of the trajectory depends on both the driving amplitude

a and on the excitation energy. The stability of the trajectory depends also on the

type of driving. For the quasiperiodic case the stability is in general smaller than for

the periodic one. The most unstable are trajectories in the case of random driving.

3. Properties of the tunneling in driven quan-
tum systems

The time-dependent Schrodinger equation for the TDSU(2) model can be solved

exactly in the finite basis of states labelled by the occupation number in the higher

shell | k). This leads to the system of differential equations for the time-dependent

coefficients of the wave-function. We start quantum and classical evolutions with the

same initial condition corresponding to the wave-packet concentrated near the static

HF minimum at the positive values of q. For the purpose of comparison, the quantum

results are analyzed using the Husimi function [11, 12] : W^,(q,p;t} = \(q,p \ !&(<))|2

which for any quantum state | ip) is the positive definite, normalized distribution



function in the classical phase-space spanned by the parameters (q,p) of coherent

states. The tunneling rate from the region q > 0 through the classically inaccessible

region under the potential barrier to the negative q region was calculated in two

ways: semiclassically, using the eq. (8), and quantum-mechanically, by calculating

the integral of the Husimi distribution over the half of the phase-space (q < 0, p):

P(t) = J dqdp Wv(q,p;t). (17)

t = 0 t = 460

t = 945 t = 1020

Figure 2: The Husimi distributions of the exact wave-function in chosen times: t = 0, t — 460,

t = 945 and t = 1820 for the periodic driving with *u = 5, Q = 4.75, /? = 9 and the initial

condition go = -rg,¥, pu = 0.

P(t) in eq. (17) represents the probability, that the system, initially in the coherent

state at q > 0, can be found at time t on the other side of the classical potential

barrier.



The quantum results for the periodic driving (11) and the following choice of

parameters: Xu — 5, a = 4.75, /3 = 9 % 1.3 uu, where u>o = \/2(xu — 1) is the

frequency of small amplitude oscillations around the HF minimum, are shown in

Fig. 1.
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Figure 3: The stroboscopic plots of the classical trajectories starting with the energies

EI = -0.9734062 (Fig. 3a) and £•_. = -0.6909194 (Fig. 3b), corresponding to the energies of

the two lowest excited states for the periodic driving with xo — 5, a = 4.75, 0 = 9 and the initial

conditions q0 = +<?,.,, po = 0.

In the presence of driving, the classical system is pushed away from the static HF

minimum and performs oscillations in a small, confined region of the phase-space.

The semiclassical estimate (8) gives a very small value for the tunneling rate: at

t = 2000 the probability to find the particles on the other side of the barrier is only

Pci = 0.00034. The quantum curve exhibits a rich temporal structure which is absent

in the classical case. P(t = 0) is almost exactly equal to zero, because the initial

wave-function is localized near the HF minimum for q = +qeq. For 0 < t < 950

the value of P increases, reaching the value close to 1. Then, it decreases and for

t = 1820 takes value ~ 0.05. The integral of the Husimi distribution over the domain

q < 0 is an almost periodic function of time, with an oscillation frequency of about

3.4-10- ' .

In Fig. 2 we present the shapes of the Husimi distribution for few chosen instants



of time. At t = 0 it is a wave-packet concentrated around the minimum of tiie clas-

sical potential at q = +qeq. At t — 460 about one half of the system is on the other

side of the barrier. The Husimi distribution is composed of two wave-packet-like

structures, strongly peaked around the points corresponding to the minima of the

classical potential. At t = 945 the Husimi distribution is concentrated around the

HF minimum for q < 0, i.e. the system has passed the classical barrier. Again, at

t = 1820. the wave-function returns closely to the initial condition, and the Husimi

distribution function looks like the initial one. The tunneling between the two HF

states is not only periodic, but also coherent. In order to study this phenomenon

more in detail we introduced new states, $ = -^(^i71"*) ± ^i(^~}) (i ~ 0,1,2)

consisting of the symmetric and antisymmetric combinations of the pairs of few low-

est, nearly degenerate energy eigenstates ^,-(7r+), i/Ji(v~) of opposite parities TT+, ?r~

which are obtained by diagonalizing the SU(2) Hamiltonian for x = Xo- Such states

are well-localized in the classical phase-space for the initial condition as described

before. For example, an overlap of <% for the ground state wave-functions if>o(^+)

and 00(?r~) with the coherent state at q = qeq, p = 0 is ~ 0.98. This procedure can

be applied only to the quantum states if>i for energies below the top of the classical

barrier. The first two pairs of excited levels -̂(Tr"1"), ^,(7T~), (i = 1,2) for X = Xo

satisfy this condition. We have investigated the occupation numbers for three pairs

of the lowest states <t>\ (i = 0,1,2) localized at the opposite sides of the classical

barrier. Initially, only the states corresponding to q > 0 are populated. At t = 0

about 0.98 of the system is in the ground state, 0.0007 in the first and 0.016 in the

second excited state. At later times we looked at <j>\ at the integer multiple of the

driving period, i.e. when x = Xo- Due to the driving, particles are continuously

excited from the ground state <% to the higher levels </>, localized at q > 0, where

from they populate their energy partners localized at q < 0 and fall down into the

ground level at q < 0. For t < 950 the total flux goes from the positive to the

negative q region. The barrier "seen" by the particles in the excited states is smaller

than in the ground state, and hence the tunneling rate is much faster there. It is

10



possible to estimate semiclassically the tunneling probability per unit time from the

first and the second excited levels 0i and 02 at a fixed value of x = Xo- It turns out,

that the tunneling probability from the second excited state 4>z is about 150 times

larger than from the first one. So even though the average population of 4>i during

the evolution is about six times smaller than that of <j>\, nevertheless the flux into

the other side of the barrier is about 25 times larger.
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Figure 4: P(t) foi the quasiperiodic driving (12) with the parameters xo = 5, a = 4.75, 0 = 9

and the initial condition qo = +qeq, Po — 0.

The physical picture emerging from this analysis is the following. The driving

introduces coupling between different energy levels and the occupation numbers vary

in time very fast. The biggest part of the system is always in the ground state, but

the flow to the other side of the classical barrier goes through the excited states. This

picture of tunneling through the excited levels can qualitatively explain the time-

dependence of the quantum results (Fig. 1). The wave-packet evolving according

to the classical TDHF equations can be also decomposed in the same way. Also in

11



this case one observes the oscillations of the occupation numbers corresponding to

the movement of the packet. However, since the trajectory remains confined close

to the HF minimum in the classically allowed region, therefore, these oscillations

do not lead to the population of states at q < 0. The semiclassical prescription (8)

underestimates the tunneling rate by several orders of magnitude. In principle, one

could think about improving the semiclassical analysis of tunneling by taking into

account the tunneling rates corresponding to the higher energy components of the

wave-packet, but the way to do it in the consistent fashion is not obvious.

Figure 5: The Husimi distribution of the exact wave-function for t — 1082 for the quasipeiiodic

driving with Xu = 5, o = 4.75, /3 = 9, and the ininilial conditions g0 = -t-Scv, Po = 0.

In Fig. 3. we present the stroboscopic plots of the classical trajectories in

TDSU(2) starting with the energies corresponding to the energies of the first two

pairs of excited states. The classical trajectory for $\ is a regular one, concentrated

in three islands near the HF minimum. The second one, corresponding to the state

4>-2 which is very important for tunneling, exhibits classically chaotic behavior.

Completely different character of P(t) is observed for the quasi-periodic sequence

12



of pulses of x' given b_y (12).

-1.5 -1 -0.5 0 0.5 1 1.5
q

Figure 6: The classical trajectory starting with the HF minimum for the qu&siperiodic driving

with Xo = 5, o = 4.75, <3 = 9 and the initial conditions ^ = +ge4 , po = 0.

i .... i .... ' .... i ..-.. i .... i .... i

1000 2000 3000 4000
t

5000 6000

Figure 7: P(l] for the quasiperiodic driving (12) for the following values of parameters: xo =

5. Q = 0.5, 0 — 9 and llie initial conditions y,> = •+qc,l, pu = 0.

For Q = 4.75 and 5 = 9 and initial conditions corresponding to the HF minimum

fcr positive g, the particles easily penetrate the barrier and at t % 120 the proba-

13



bility of finding them in the negative q region is -~ 0.8 (Fig. 4). For later times the

system neither returns to the state close to the initial condition nor it exhibits any

regular behavior. Instead the rapid oscillations of P(i} with the large amplitude are

observed. The Husimi distribution of the wave-function changes its shape and the

packet-like structure is completely destroyed. In Fig. 5 we present the Husimi dis-

tribution for t = 1082. It is very irregular and quite different from the distributions

observed in the case of periodic and coherent tunneling (Fig. 2).

t = 1793 I = 2696

t = 4515 t = 6300

Figure 8: The Husimi distributions of the exact wave-function in chosen times: i = 1793,

t = 2696, t = 4515 and t = C300 for the quasiperiodic driving with *o = 5, Q = 0.5, 0 = 9 and

the initial condition <j(, = +9,,,, Pu = 0.

The similar irregularity is observed in the classical evolution. The trajectory

starting with the HF minimum (Fig. G) is completely chaotic and fills the whole

14



accessible phase-space. Trajectories starting with higher energies display also chaotic

behavior. When we decrease the amplitude of quasiperiodic driving to a = 0.5

and keep both the values of the remaining parameters and the initial conditions

unchanged, we find again a quasi-periodic evolution (Fig. 7) similar to the one

shown in Fig. 1 for the periodic driving with the large amplitude a = 4.5.

The wave-packet transits almost completely to the other side of the barrier, and

then returns back close to the initial condition. The Husimi distributions presented

for few different instants of time in Fig. 8 resemble closely those observed in the

case of the periodic driving, discussed before (Fig. 2). In this case the classical

trajectories starting with energies corresponding to the ground and first excited

states of the unperturbed problem (Fig. 9 a, b) are confined into the region near

the HF minimum, like for the system with periodic driving discussed before. The

trajectory starting with the energy corresponding to the second excited state (Fig

9 c) is chaotic.

1.5
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-0.5
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-1.5 -I -0.5 0 0.5 I 1.5-1.5 -I -0.5 0 0.5 1 1.5-1.5 -I -0.5 0 0.5 1 1.5

q
Figure 9: The sttoboscopic plots of the classical trajectories starting with the initial conditions

corresponding to the energies of the ground (a) and the two lowest excited states (b,c) for the

quasiperiodic driving with Xo = 5, <* = 0.5, 0 = 9 and the initial conditions go = +qe<l, Po = 0.

In Fig. 10 we present the P(t) for the random driving (16). The observed tunneling

rate is quite fast, faster than in the case with quasiperiodic driving with the same

small amplitude. Already at t v 700 the value of P(t] is close to 0.5. Then it oscilates

15



rapidly around 0.5 value. In the case of random driving the classical trajectories

starting with the different energies are chaotic. Fig. 11 presents the trajectory

starting with HF minimum, i.e. the smallest possible initial energy. It clearly

exhibits the irregular behavior.
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Figure 10: P(t) for the driving with the random frequency (16) with the frequency generated

within the range 0, € [1,J7] and the amplitude | a, |= 0.5. The initial conditions are: q0 =

-r9e?, Pu = 0.

It is worth emphasizing that the strong enhancement of the tunneling rate due to

the driving is a dynamical effect and cannot be explained by the diminishing of the

potential barrier height with respect to its unperturbed value at Xu at some instants

of time. In Fig. 12 we present the P(i) for X' = 4.5 = const corresponding to the

minimal barrier height for the cases with | a ]= 0.5. The transition to the region

of negative q is much slower than in described cases with quasiperiodic or random

driving.

1C



The total energy of the system is a regular (periodic or quasi-periodic) func-

tion of time for the periodic and quasi-periodic driving with the small amplitude,

corresponding to the periodic and coherent tunneling. On the contrary, the time-

dependence of the total energy of the system (Fig. 13) for the considered case with

the random driving (16) follows closely the curve:

E(t) = a + btc (18)

with a = —1.58, b = 0.06, c = 0.39 and then saturates, oscillating around the value

close to zero. The energy equal to zero corresponds to the wave-function distributed

in all regions of the phase-space, because it is the mean energy accessible in the

SU(2) system. The similar diffusive character of the kinetic energy growth (18),

with c = | , was observed in the one-dimensional model of a particle in the random

potential [13], which can describe the movement of a light particle in the gas of

1.5
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a 0

-0.5

- 1

-1.5

;'(....'-.. ••'•'-'-'xi'.-*-'.''::':..

" " "«'*?'••• -' ....->s"":'•".*" . ""

' " '

0.5 1 1.5-1.5 -1 -0.5 0

q
Figute 11: The classical trajectory starting with the HF minimum for the driving with random

frequency (16) generated from the range & € [1, 17], the driving amplitude | a,- |= 0.5 and the

initial conditions 90 = +1eq, Po = 0.
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heavy particles. This behavior of the kinetic energy takes place both for the quantum

model and its classical limit.

4. Final remarks
In conclusion, the results obtained from this analysis imply the close connection

between the classical phase-space structure of the system and the nature of the

quantum tunneling. The classical dynamics for the states involved in quantum

tunneling has a complex character and both stable and chaotic classical structures

are involved. The presence of the classical chaotic structures leads to the significant

growth in the tunneling rate. It depends strongly on the type of driving. For the

periodic driving the large growth of the tunneling rate requires the large amplitude of

the driving term. It is worth emphasizing that in spite of the presence of the chaotic

structures in the classical phase-space at the excitation energies corresponding to

0 50 100 150 200 250 300 350 400

t

Figure 12: P(i) for the unperturbed evolution in the Lipkin mode] with x(f) = ^ 0 = 4.5 and

the initial coditioiis qt, = q^, p,, = 0. This value of ^ corresponds to the minimal value of the

barrier height for the discussed case* with the small amplitude | o 1= 0.5.

the energies of quantum states involved in the tunneling process, the quantum tun-

18



neling remains coherent for the periodic and the quasiperiodic (with small ampli-

tude) driving. The quantum wave-function that starts its evolution from the classi-

cally stable region returns closely to the initial condition, and only a small part of

it can spread into the chaotic 2one. This "dephasing" due to chaotic dynamics is

very slow. The quantum discrete symmetry:

H(t) = H (t~ - ^ j , n integer. (19)

is partially responsible for the observed character of quantum solutions for the pe-

riodically time-dependent system, but does not explain it completely [14].
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Figure 13: E(i) for the driving with random frequency (16) with parameters 0, € [1,17],

| Q, j= 0.5 and liie initial conditions y,, = -r</,,,, pv — 0. The solid curve represents the fit

E(t) = a-r6i r , will, a = -1.58, b = 0.06, c = 0.39.

Our results confirm the existence of a new mechanism of quantum tunneling,

involving transport of the wave-function between symmetric, stable regions of the

classical phase-space due to a coupling with chaotic levels. When the classical tra-

jectories starting with all. even the smallest possible energies, are chaotic, what takes
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place for the quasiperiodic driving with large amplitude and the random driving,

one does not observe a regular evolution pattern. The tunneling is fast, but not

coherent. The system does not return to the state close to the initial one, at least

in the considered time-scale.

The enhancement of tunneling in the presence of driving is accessible in the

solid-state and molecular experiments, including tunneling of electrons through a

semiconductor double-quantum-well structure [15, 16] or the coherent tunneling os-

cillation of the magnetic flux in a Josephson junction [17]. It would be fascinating to

search for similar effects also in atomic nuclei. The potential energy of some atomic

nuclei as a function of deformation parameters displays two minima corresponding

to the states of different intrinsic configurations. Putting such nuclei in the strong

time-dependent electric field would lead to the oscillations of the electric charges

and, in consequence, to the oscillations of the potential barrier. One could ob-

serve the considerable enhancement of the transition probability between the states

of different deformations. Such experiment can be performed by transmitting the

beam of the nuclei prepared in the one deformed state through the cristal lattice,

being the source of the strong electric field. Because of the strong dependence of

the tunneling rate on the type of driving, one could expect the different transition

rate to the other deformed state for the different temperatures of the crystal (the

(quasi-)periodic driving at low temperatures and the random driving at high temper-

atures). Applying of the lasers of very large energy would be the another possibility

of generating the oscillations of the potential barrier. One could also think about

influence on the decay rate of metastable nuclei (spontaneous fission) due to the

introduction of time-dependent strong external fields.
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