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Abstract
These lectures want to give a survey about new developments in the description of nuclei. In a
first chapter we try to derive nuclear properties from the basic theory of quantum chromodynamics.
This is not rigourously possible. There are still many cracks in the bridge between QCD and
nuclear structure. The basic ingredient for nuclear structure calculations is the nucleon-nucleon
Interaction. We shall discuss the nucleon-nucleon interaction in a quark model. In a further
chapter we discuss the way to come from a bare nucleon-nucleon interaction in free space to an
effective nucleon-nucleon interaction in a limited model space for nuclear structure calculations.
Such nuclear structure calculations can be done as shell model calculations. But they are due to
the large number of configurations limited to light nuclei. We discuss possibilities (MONSTER
and VAMPIR) to enlarge the model space for medium heavy and heavy nuclei. At the example of
the low lying isovector 1 + states we discuss collective models (Bohr- Mottelson Model, interacting
Boson Model) with proton and neutron degrees of freedom. The same states can also be described
microscopically with the Quasi-Particle Random Phase Approximation (QRPA). We discuss the
removal of spurious states in RPA. We also discuss the calculation of form factors and compare
with inelastic electron scattering data. Finally we apply QRPA to the double-beta decay. Grand
unified models predict, that the neutrino is identical with his antiparticle, that it has a finite
mass and a weak right-handed interaction. If these properties are found the standard model of
the strong and the electro-weak interaction can not be correct. Presently we can only derive from
lower limits of the half lives of neutrinoless double-beta decays upper limits of the neutrino mass
and of the right-handedness of the weak interaction and lower limits of the mass of the right
handed heavy vector boson, if a specific grand unified model is given.

* Lectures given at the Swieca/Brasil Sunnnerschnol, February 18th - March 2nd 1991,
on "Nuclear Physics". Supported by BMFT under contract number 06 TU 714 and the
Int. Buero of the KFA Juelich and the KfZ Karlsruhe

1. FVom Q C D t o nuclear structure? (A bird's eye view)
Many talks and lectures like this begin with the statement that we are convinced
today that Quantum Chromodynamics (QCO) is the theory of strong interaction which
keeps the nucleus tof«ther and describes the properties and interactions of hadrons. This
conviction originates from the fact that perturbative QCD ca.. explain all available data
for high momentum transfers of larger than 10 GeV/c . Figure 1 shows for example the
angular distribution of two-jet events as a function of cos(9) in proton-antiproton collisions
at CERN with 200 GeV for each baryon. Including radiative corrections the agreement
between the data and QCD is complete. The leading term gives the colour Coulomb
interaction between quarks and antiquaries in the so-called Drell-Yan process.

1

i

I1

'

TWO-JET EVENTS vt tose ~ji"

soo

.

400

-

tijj-ISO-2S0 GeV

11

1
I
/

300

*•

200

;

-

•

•rdtr QCO
iwrvt

'L
too

I»»<fai9 «r«cr QCC
uilinf cflccK
i

0.2

i

1

0 (.
0 6
cot 0

i

0.0

I.I

Figure 1
Number of 2-jet events in 200 GeV proton on 200 GeV antiproton collisions by
UA1 at CERN. The solid line shows QCD with higher order corrections while the
dots with error bass indicate the UA1 data from CERN.

Although at the moment no high energy data exist which can not be described in
the standard model of the electro-weak interaction (SU2 • Ul) and QCD (SU3), we are
not able to describe the properties of hadroas and there interactions at low energies where

the running coupling constant a , is of the order unity and a perturbative approach is not
possible. The length scale in hadron and nuclear physics ranges from 0.2 to 20 fm and
this corresponds according to Heisenberg's uncertainty principle to momentum transfers
between 1000 to 10 MeV/c. We therefore do not expect that it is possible to cross in
one step the river from the shore of QCD (see figure 2) to the shore of nuclear structure
properties.
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Figure 2
The dream of nuclear structure physics is to cross in one step from the shore of
Quantum-Chromodynamics (QCD) to the shore of nuclear structure properties.
But this approach is at the moment for sure not feasible.
Figure 3 shows an approach which is closer to reality. One tries to bridge the gap
between QCD and the shore of nuclear structure properties by several arches with pillars
grounded on experimental data. This bridge in figure 3 is modeled according to one across
the Neckar in Heidelberg, built between 1786 and 1788.
The experimental pillar on which the bridge is resting in the river-bed are the nucleonnucleon phase shifts and the effective interaction between the nucleons in a finite model
space used in nuclear structure calculations. The first arch between QCD and the N-N
phase shifts is built by the nucleon-nucleon interaction. The second arch between the N-N
phase shifts and the effective interaction is constructed with the help of the Brueckner
approach and the theory of effective interactions. For the last arch between the effective

approach and the theory of effective interactions. Ft» the last arch between the effective
nudeon-nucleon interaction in a finite model space and nuclear structure properties one
uses the shell model approach, Random Phase Approximation (RPA), MONSTER (MOdd
for Number and Spin projected Two-quasi-particle Excitations in Realistic model spaces)
and other microscopic approaches. The cracks in the arches indicate that the bridge is not
yet a very stable one. We will discuss in detail the different steps in this chapter.
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Figure 3
One tries to come from the shore of QCD to nuclear properties aí the other side of
the river by a bridge built in severaJ archs where the different arch are supported
by pillars grounded in experimental data like nucleon-nucleon phase shifts and
effective interactions fitted in finite model spaces.

1.1 From QCD through the Nucleon Interaction to the Nucleon-Nucleon Phase
Shifts.
The first idea about the nature of the strong interaction which keeps the nucleus
together came from Yukawa in 1935. He assumed that the strong interaction between two
nudeons is transmitted by exchanging a medium heavy particle between the two nucleons,
a meson with a mü3s of about 200 MeV. After the píon n has been detected in the cosmic

radiation one believed that it is the quantum of the strong interaction. But in the 50s we
learned that more than one meson is needed to decsribe successfully the nudeon-nudeon
interaction. (See e.g. the lectures of Holinde in this book.) After it was dear that the
nudeoD-nudeon interaction is strongly repulsive at short distances Gregory Breit predicted
that a spin S—1 meson should exist with a mass of the order of 800 MeV which is responsible
for this short range repulsion. It was a big success for the meson exchange theory when
this spin S = l u-taaoa

was found. This one meson exchange picture is shown in figure 4.
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Figure 4
The meson exchange model (OBEP=0ne Boson Exchange Potential) assumes that
the interaction between two nucleons is described by exchanging mesons between
the two nucleons.1

The one boson exchange model (OBEP) is not a theory which is converging. But one
hopes that the lowest order diagram (figure 4) describes the main features of the nudeonnucleon interaction as a function of energy and momentum transfer. Higher order diagrams
which for sure are also important are included by fitting nucleon-meson formfactors and
coupling constants to the data. That this is not a converging theory is already obvious
from the fact that the nudeon-pion coupling constant is of the order of 14 and an expansion
according to powers of 14 will hardly converge.
Today we know that the nucleons are not elementar}' particles. They are built of three
valence quarks, sea quarks and gluons. In spite of that the exchange of mesons between the
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Figure 5
Two nucieons at a distance of 0.6 fm corresponding to the radius of the quark
content of the nucleon wave function. The six valence quarks are indicated. The
anti-symmetrisction due to the operator A distributes the six valence quarks
in each permutation differently among the two nucieons. Thus the centre of
gravity in each nucleon is changing from term to term. Therefore we do not even
know from which point to which point we should exchange the mesons at small
distances. It seems therefore obvious that a description of the NN force at short
distances needs quark degrees of freedom.
centres of the two nucieons can at large distances quite well describe the nucleon-nucleon
interaction. At short distances the situation is quite different (see figure 5).
The lowest order diagrams for the nucleon-nucleon interaction in QCD are given in figure 6. Again as in the meson exchange model one can not hope that at the low momentum
transfer in nuclear physics an expansion of the nucleon-nuclcon interaction in diagrams
like the one in figure 6 leads to a converging theory. The philosophy is the same as for
the meson exchange potentials: One expects that the lowest order diagrams give the main
dependence on energy and momentum transfer and that the higher order diagrams yieid
a more smeared out dependence which can be included by fitting a few free parameters in
the model.
At large distances one has to exchange the particles responsible for the interaction
through the vacuum. Therefore one has to go back to colourless objects and one exchanges
again mesons, especially the lighter ones like the pion it and the <r-meson with spin and
isospin zero. The tr-meson represents partially a pion-pion resonance. On the other side
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Figure 6
Lowest order diagrams of the nucleon-nucleon interaction in QCD. The solid
lines indicate the red, blue and green quarks, while the curled line represents
an exchanged gluon (g). The left-hand diagram is identically zero due to colour
selection rules: The gluon is a colour octet while both nudeons must be colour
singlets. A singlet plus an octet can not give a singlet. The lowest order con- '
tribution is therefore a diagram of the type given on the right-hand side. One
naturally must add up the exchange of the gluons between all different quarks.
it takes into account intermediate A excitations and spatial polarization of the nucleons.
To prevent double counting one couples the mesons to the quarks at the surface of the
nucleons. We assume a radial dependent coupling strength proportional to r 3 having its
strongest coupling at the surface of the nucleons.

In spite of the fact that the arguments connected with figure 5 make it very unprobable that at short distances one can get an adequate description of the nucleon-nucleon
interaction by meson exchange one is able to fit the experimental data extremely well in
the OBEP picture.1 First indications for the insufficiency of the meson exchange picture
can be seen in the w-N coupling constant fitted in the Bonn-potential to values between
0 2 /(4TT)

= 12 to 23. The /vmeson-nucleon coupling constant is determined experimentally

to 0.5. According to flavour symmetry the w-nucleon coupling should be nine times as
strong and therefore should have a value of 4.5. This is by a factor 2.5 to 5 smaller than
the value fitted to the phase shifts in the Bonn-potential. This probably indicates that the
w-meson has to play a role for the short range repulsion in the nucleon-nucleon interaction
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Figure 7
At large distances even in the quark model one has to exchange the light mesons
between the quarks in addition to gluons (see figure 6) to describe quantitatively
the nucleon-nucleon interaction.
which it is not its true nature, since normally flavour SL'3 violation is at most of the order
of 30%.

1.1a T h e nature of the short range repulsion
In view of the fact that the role of the quarks should be seen most clearly in the
nucleon-nucleon interaction at short distances (see figure 5) we want to study first the
nature of the short range repulsion of the nucleon-nucleon interaction in the quark model.
In a potential picture this short range repulsion is described by a soft or repulsive core
with the radius of 0.3 to 0.4 fm (see figure 8).
Let us consider the S-wave interaction between two nucleons (see figure 9). Each
nucleon consists out of three quarks in the la-state. Since all quarks in each nucleon are in
the same orbital state, the orbital part of the nucleon wave function has to be symmetric.
We are now asking "What is the permutation symmetry of the six valence quarks in both
nucleons?'1. This is a fundamental question of the same quality as the one when we ask
"What is the spin of two electrons?". Independent position of the two electrons the answer
is S=0 or S = l . For the permutation symmetry of the six valence quarks group theory gives
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Figure 8
What is the nature of the short range repulsive core of the nucleon-nucleon interaction V(rl2) below 0.4 fin?
the answer [6] and [42]. [6] is the completely symmetric state and [42] the state where two
pairs of quarks are antisymmetric and the rest is symmetric (see figure 9).
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Figure 9
Orbital permutation symmetry of the six valence quarks in two nucleons for a
relative S state. The permutation symmetry of the six quarks can be completely symmetric (6] or it can have the orbital symmetry (42J. The corresponding
Clebsch-Gordon coefficients squared are 1/9 for the (6) and 8/9 for the [42] symmetries.
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As for the spins of the two electrons the expansion of the orbital part of the two-nuclcon
wave function into a Clebsch-Gordan series tells us the probability of finding the [6] and
[42] orbital symmetry. The surprise is that the orbital symmetry [42] has a probability of
8/9 compared to 1/9 for the completely symmetric state [6]. The lowest energy realisations
of these symmetries for two nucleons at. distance r = 0 are shown in figure 9. From the
configurations shown there one would expect that the [42] orbital symmetry lies much
higher in energy. But the residual colour-magnetic interaction originating from the onegluon exchange favours this symmetry and lowers it by about 600 MeV while it pushes up
the [6] orbital symmetry by the same amount, so that both configurations are degenerate.
To understand the nature of the short range repulsion between two nucleons we neglect for
the moment at distance r = 0 on the right-hand side of figrre 9 the completely symmetric
orbital wave function [3] and keep only the [42] orbital symmetry. Thus we neglect for the
following qualitative argument 1/9 compared to 8/9 which is for sure much better than
neglecting 8/9 compared to 1/9 as often done in the past. The orbital symmetry [42] on
the right-hand side has two harmonic oscillator quanta excited. If we now move the two
nucleons apart by the distance r in relative S state as on the left-hand side of figure 9 we
should find the.e the same number of harmonic oscillator quanta. But the wave functions
of the two nucleons show us that they contain each zero oscillator quanta. Thus the two
oscillator quanta must be hidden in the relative wave function.
u,(r) = a ^ l s > +a 2 |2s > +o.3|3s > + . . .

(1)

Since the realization of the [42] orbital symmetry with two harmonic oscillator quanta
is the lowest energy possible, the relative wave function must have two or more harmonic
oscillator quanta for the S-state. Thus the 1-s-admixture of harmonic oscillator states into
the relative wave function is forbidden. The relative wave function (1) must start with
a 2s harmonic oscillator wave function. Therefore this function must have a node in the
interaction region as indicated in figure 10. Asymptotically it is oscillating according to
the relative energy between the two nucleons by admixing higher \ns > states of harmonic
oscillator wave functions. The differential cross section of nucleon-nucleon scattering is
measured asymptotically in a detector. The phase shift analysis yields a hard core phase
shift due to the node of the relative wave function in the interaction region. But this node
is not due to a hard or a soft core, but due to the [42] orbital symmetry of the relative
wave function.
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Figure 10
Relative wave function between the two nucleons in a relative S state. The lowest
possible admixture ofans harmonic oscillator wave function is the 2s harmonic
oscillator state with two oscillator quanta due to the dominant role of the [42]
orbital symmetry. Asymptotically one measures in the detector a differential
cross section dc/dd from which one derives a hard core phase shift due to the
node in the 2s wave function enforced by the (42] orbital symmetry.
The nature of the short range repulsion is therefore not due to some repulsive softor hard-core potential, but due to the orbital symmetry of the many-quark-problem of the
nudeon-nudeon interaction2"*.

1.1b Nucleon-nucleon phase shifts
To get a quantitative result for the nudeon-nudeon phase shifts one has to describe
also the long range part of the nucleon-nucleon interaction. This is done as indicated
above by including the ir and o meson exchanges assuming an r3 dependent coupling
between quarks and mesons and a form-factor for the mesons6. The free parameters are
adjusted to reproduce the nudeon mass mN = 938 MeV, the A mass m A = 1232 MeV,
the pion-nudeon coupling g7/(4n) =14.1 and the root mean square radius of the charge
distribution of the proton < r* >>/* = 0.83 ± 0.3 fm. All these quantities are either
three quark or three quark-meson observables but have nothing to do with the nudeon-
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nudeon interaction. The only quantity adjusted to the nudeon-nucleon phase shift is the
a-meson-nucleon coupling constant g2/(4v) —3.4. It is important to include for the charge
distribution for the proton also the meson cloud6.
The nudeon-nucleon phase shifts are now calculated by solving the resonating group
equations for the relative wave function u(r).

*6,=A{\Nl>\N2>u(r)}
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Figure 11
*5 proton-proton phase shifts extracted from experimental data by Arndt and
McGregor * (dashed and dashed-dotted line) compared with the theoretical results of reference 6 (dotted line) as a function of the proton bombarding energy
in the laboratory system.
The resonating group equation is the Hill-Wheeler integral equation for the relative
wave function u(r). The asymptotic part of the wave function u(r) yields the phase shifts.
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They are given • in figures 11 and 12. The corresponding relative wave functions between
the proton and the aeutron in the deuteron are given in figures 13 and 14 for the S S and
*D contribufcicfts. respectively.
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Figure 12
»5 phase shift extracted from proton-neutron scattering. The long dashed hnes
are the data extracted by Arndt and McGregor* from experimental observables,
whÜe the dotted Une indicates the theory of the quark cluster model according
to Faessler and Fernandez*.

With the same parameters one can understand not only the nudeon-nudeon but also
the nudeon-hyperon interaction and one can make predictions for the H-dihyperon with
the quark content of two Lambdas7.
In summary one can say that one is able to come from QCD inspired models like the
non-relativistic quark model to the nudeon-nudeon phase shifts by adjusting a minimal
amount of data. Thus the crack between QCD inspired models and the nucleon-nudeon
interaction is getting smaller and smaller and will hopefully disappear in the future. But
there is still a step from QCD to QCD inspired models although that gap seems to be
narrowing also9'10.
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Figure 13
Relative S radial wave function obtained in the quark cluster model (solid line)
and from the Paris (dashed-dotted line) and the Reid soft core (dotted line)
potential.
3

Figure 14
Relative deuteron wave function of the 3D admixture in the quark cluster model
(solid line) and for the Paris (dashed-dotted line) and the Reid soft core (dotted
line) potential.
1.2 Nucleon-nucleon force and the effective interaction
A nuclear structure calculation is in principle very simple. One must choose in a first
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step the model space in which one intents to solve the nuclear structure problem and in a
second step the effective interaction (see figure 15).
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Figure 15
A microscopic nuclear structure caicu/ation includes the choice of a unite model
space, here indicated as the sd shell space with ds/2, sl/2 and d3/2 single particle
levels and their energies «.. In a second step one distributes the protons and
neutrons in all possibles ways over the levels of the model space and di&gorulizes
the many-body Hamiltonian with the effective interaction (see equation (4)).

So after choosing the model space (in figure 15 e.g. sd oscillator space) one has to find
a value for the single particle energies e« and for the effective nucleon-nucleon interaction
in this model space.

i5T = H <**U. + 7 £ < «W//M " dc >
•

(4)

abed

The effective interaction for the restricted model space is naturally not identical with
the bare nucleon-nucleon interaction determined from the free nucleon-nucleon scattering.
In principle the effective interaction can be calculated for each restricted model space. The
first step is the solution of the Bethe-Goldstone equation to include the short range repulsion (see figure 8) into the wave functions. The solution of the Bethe-Goldstone equation
yields the Brueckner-reaction matrix < a,b\G\c,d >, which corresponds to summing up all
ladder diagrams of the bare nucleon-nucleon interaction V.
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Here «i and t% are the initial energies of the two interacting nucleons and Qp = Qp,Mi,
is the Pauli operator which forbids to scatter into occupied states below the Fermi surface.
If one now defines projection operators P projecting on the model space and Q (not
identical with the Pauli operator Qp) projecting on the rest of the Hilbert space, one can
define the effective interaction in a compact notation.
V € / / (l,2) = «?(1,2)P + PGQ

\-QGP

P = {projection operator on model space)

' '

Q = {projecrton operator on rest}
As an example let us consider the most simplest case l8O with an I60-core. Thus we
have only two neutrons in the sd-model space with the levels d$/2i$1/2 an<^ ^3/2- We shall
use different single particle wave functions: The simplest approach uses oscillator wave
functions and then we improve to Brueckner-Hartree-Fock (first diagram in figure 16),
to renormalized Brueckner-Hartree-Fock (first two diagrams in figure 16) and to density
dependent Brueckner-Hartree-Fock (DBHF) wave functions (first three diagrams in figure
16). The effective interaction is defined in figure 17.

Figure 18 from Shurpin, Muether, Kuo and Faessler " shows the l90 spectrum with
an 160 inert core in the different approaches for the single particle states (see figure 16) and
the effective interaction (figure 17) calculated with the Reid soft core potential. Figure 18
shows that with an improved theory the results do not agree better with the data. Indeed
it is so that the most simplest calculation using harmonic oscillator wave functions and the
lowest order diagrams for the effective interactions (figure 17) yields the best results. The
first column in figure 18 is practically identical (if one omits the A- resonance contribution
in the effective interaction) with the resilt of Kuo and Brown 25 years ago12. Figure 18
shows that improving the theory does not improve the results. This is also true if one
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Figure 16
Brueckner-Hartree-fbck (BHF), «normalized Brueckner-Hartree-Fock (RBHF;
two £nt diagrams) and density dependent Bruecfcner-flartree- Fock (DBHF; all
diagrama).
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Figure 17
Lowest contributions to the effective interaction defined in equation (6). The
nuc/eofl lines which an crowed are outside the model space. For the tint diagram
this is a nucleon particle state and for the second one two nucleon hole states.
The third diagram contains as a A resonance outside the model space.
replaces the first two diagrams of the effective interaction in figure 17 by intermediate
states which are summing up the full RPA sequence for the interaction between the two
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nucleon. Although we have greatly improved the techniques of summing up different classes
of diagrams for the effective interaction (6) we did not come closer to a reliable effective
nucleon-nucleon interaction than 25 years ago. Thus the biggest crack in the bridge in
figure 3 from QCD to nuclear structure is still in the arch connecting the nucleon-nucleon
phase shifts and the effective interaction.
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Figure 18
Energy levels of the A=18 T=l system corresponding to " 0 with an " 0 core.
The different theoretical approaches are explained in the text and in figure 16.

1.3 From t h e effective interaction to nuclear structure
As already mentioned in chapter 1.2 it is in principle very simple to perform a nuclear
structure calculation. According to figure 15 one chooses a model space e.g. sd-shell model
space of <is/2,*i/2 and d3/j single particle states and energies <«. Secondly one has to have
an effective interaction (4) and distribute the nucleons (e.g. for 20 Ne the two protons and
the two neutrons) over all levels in all possible ways in the model space. A diagonalisation
of the many-body Hamiltonian (4) in all these configurations yields then the excitation
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energies and the wave functions of all the states in the mudei space.
The difficulty with this approach is the astronomically increasing number of configurations. For 24Mg one has in the so-called m-scheme 245 025 configurations. Using all the
symmetries this is reduced to about 1000 configurations depending on the angular momentum chosen. But in heavier nuclei like l6*Er one has in a reasonable model space about
10*2 configurations (m-scheme). In no way these configurations can be brought down to a
number which can reasonably be treated in a shell model calculation as described above.
The reason for the large number of configurations originates from the fact that the
different configurations are not chosen to be close to the physical solution one wants to
describe. Thus a way out of the astronomical number of configurations seems to be to
choose the starting configuration as close as possible to the physical state which one wants
to describe. One immediately thinks of the Hartree-Fock approximation as a starting point
(see figure 19).
Figure 19 shows how one obtains combining the Hartree-Fock (HF) and the BCS
degrees of freedom, the Hartree-Fock-Bogoliubov (HFB) solution as the deepest energy
minimum in the united space. The HFB state gives the optimum single particle potential
with the best deformation and a smeared out Fermi surface due to pairing correlations. The
disadvantage of such a quasi-particle Slater determinant is that it has not a good angular
momentum (a deformed nucleus is not rotational invariant) and it has due to the quasiparticle transformation not a good proton and neutron number. One therefore projects
on good angular momentum and particle number. This approach is called MONSTER
W-I7 <pne i e tj e r s stand for AfOdel of TVumber and Spin projected Two quasi-particle
Excitations in realistic model space? and with Realistic forces.

\HFB,I,Z,N
\a,0,I,Z,N

>=P1PZPS\HFB>
>= P,PzPNb*b*\:iF3 >

The angular momentum and particle number projected Hartree-Fock- Bogoliubov
quasi-particle Slater determinant \HFB > is already a very good approximation to the
state we are searching. One now allows variations around this minimum by two quasiparticle excitations and then diagonalizes the many-body Hamiltonian H in this zero and
two quasi-particle model space. This yields the MONSTER solution.
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Figure 19
Equienergy line of the expectation value of the many-body Hamiltonian < H >
in the space of the Hartree-Fock (HF) and the pairing (BCS) degrees of freedom. A Hartree-Fock calculation (HF) minimizes the expectation value < H >
in the in principle infinite dimensionei space HF. In this space we find the best
Slater dtirminant with the optimum form of the radial dependence of the single particle potential and the optimum form of the deformation. But the Fermi
surface is sharp. All levels below the Fermi energy are completely occupied and
all levels above are empty. Pairing correlations smear out the Fermi surface. The
Bardeen-Cooper-Schriefer (BCS) approach taker these correlations into account
by defining quasi-particles which are linear combinations of particles and holes.
The minimization of the expectation value of the many-body Hamiltonian H in
such BCS states yields the BCS solution. The Hartree-Fock-Bogoliubov (HFB)
state yields the deepest energy minimum in those spaces by having a Slater determinant of quasi-particles which at the same time are linear combinations over
the paiticle and the hole basis states.
This approach can still further be improved by doing the variation with respect to
the single particle degrees of freedom after the particle number and angular momentum
projection (VAMPIR= Variation After Mean field projection [n Realistic model spaces
and for realistic forces)10. An additional improvement is to allow even for the same angular
momenta different self-consistent potentials (e.g. in the case of shape isomers). This leads
to the so-called EXCITED VAMPIR17.
These approaches are powerful tools to describe nuclear many-body wave functions
with only a few configurations in extremely large single particle model spaces. It is e.g.
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possible to take five different oscillator shells, which never could be dreamed of in the shell
model approach.
In closing chapter 1 we can summarize that a direct step from the shore of QCD across
the river to the shore of nuclear structure is at the moment not possible and perhaps even
not desirable (figure 2). But a bridge in different steps (figure 3) going from QCD inspired
models to the nucleon-nucleon phase shifts and in this way establishing the arch of the
nucleon-nucleon interaction, in a second step from the nucleon-nucleon phase shifts to the
effective interaction and in a third step from the effective interaction to nuclear structure
data might be possible in the future. The step from QCO to QCD inspired models has
been narrowing in the past 9 ' 10 and the step from QCD inspired model to the nucleonnucleon phase shifts is almost complete 2 " 7 . Still open as 25 years ago is the step from
the nucleon-nucleon phase shifts to the effective nucleon-nucleon interaction in a restricted
model space. Powerful techniques for summing up whole classes of diagrams have been
developed. The result is a qualitative agreement with the fitted effective interactions. But
an improvement of the theory does normally not improve the agreement with the data.
Thus we have still a large crack in the arch which connects the nucleon-nucleon phase
shifts and the effective interaction.
The situation is much better for the arch connecting the effective nucleon-nucleon
interaction and the properties of nuclei. In small model spaces the shell model approach
works excellent.

But for larger model spaces this approach is not possible and other

approaches like the Random-Phase Approximation (RPA) or the powerful MONSTER or
VAMPIR approaches have to be used.

2. A r e Isovector 1 + -States Scissorss Vibrations?
2.1 T h e experimental facts and the theoretical predictions
In 1984 Denis Hamilton 18*19 and A. Richter M - 21 found independently of each other
in spherical and in deformed nuclei low-lying isovector states, respectively. The states of
Denis Hamilton and coworkers

1S>19

are in spherical nuclei at around 2 MeV and have

+

angular momenta 2 . He found them in (n,7) reactions mainly performed at the high flux
reactor in Grenoble near the mass number A « 130. Achim Richter and coworkers 3O>3>

22

found low-lying isovector states in deformed nuclei with angular momenta 1 + at about an
excitation energy of 3 MeV with magnetic dipole transitions from the ground state into
these 1 + states with about 1/4,.
Such states have been predicted by several theoretical groups: In generalizing the
Bohr-Mottelson model to include proton and neutron degrees of freedom32 I obtained
low-lying isovector states in spherical nuclei. A generalization to deformed nuclei of this
model yields the 1 + isovector states found by A. Richter. In the 70s this model had been
extensively used by Greiner, Maruhn and «workers 23 . Specializing the generalized BohrMottelson model to static axially symmetric proton and neutron deformations one obtains
the two rotor-model of Lo Iudice and Palumbo24. A similar model has also been used by
Suzuki and Rowe25 and by R. Hilton
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.

In a similar way as the Bohr-Mottelson model can be generalized to include proton and
neutron degrees of freedom the interacting boson model27 can also be extended (IBA2) 28 ' 29 .
IBA2 predicts mixed symmetry (isovector) states where the proton and neutron bosons are
not excited in ,»hase. The usual low-lying isoscalar excitations correspond to completely
symmetric proton and neutron boson states.

2.2 The Generalized Bohr-Mottelson Model in Spherical Nuclei.
We follow here the extension of the Bohr-Mottelson model to coupled proton and
neutron quadrupole degrees of freedom given by Faessler
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in 1966. We consider the

nucleus to consist out of a proton and a neutron liquid which can perform independent
quadrupole oscillations.

(8)
,i=-2

The dynamical variables are the quadrupole deformations ar2^- They describe classically vibrations around the spherical equilibrium. The spherical harmonics %„ give a
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complete basis set for all the quadrupole deformations. Lines of equal density are characterized by the parameter r 0 .

(9)
The subscript r indicates the equal density lines r r (d,yj) for tfie protons and the
neutrons. The dot between the quadrupole deformations ar and the spherical harmonics
Y% indicate a scalar product including a sum over ft from -2 to +2. Since we use in the
future only quadrupole deformations we omitted the subscript 2 in artt.

The Hamiltonian

which describes the dynamics of the proton and neutron quadrupole deformations aTfl is
given for spherical nuclei as a quadratic expression in the o's.

U

V f 1iS»Ot A Q• ,1r

lxr/

w

H = 2 ^ \ 2 ' r ' r + ^TCtr • <*r\ + O(aF-<*„)'(ap
rmp,n *•

»\
- 0tn)

J

(10)
with :

-..-.=

V ^ -.+

Scholtz, Kyrchev and Faessler30 gave recently with the help of the group SP(4,R) an
exact solution of the Hamiltonian (10). They showed that (10) represents exactly two 5
dimensional uncoupled harmonic oscillators of protons and neutrons oscillating in and out
of phase.
Here we want to follow the solution given in reference 22 assuming that the mass Br
and the restoring force parameters CT for the protons and the neutrons are roughly equal.
The last term in the Hamiltonian (10) takes into account that the demixing of protons
and neutrons costs energy as for example reflected in the symmetry energy term of the
Bethe-Weizsaecker mass formula.

(N.4

The value of t}ie symmetrj' energy parameter <i#(a: 27 MeV) allows to determine the
demixing restoring force constant G. For this we write the symmetry energy term of the
Bethe-Weizsaecker mass formula as an integral over proton and neutron densities.
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with:

= I a,(P)
J
a.(p) = C(Pp

Pn+Pp

«zp([r0 - Ro]/a)

Here r 0 is the parameter of equation (9) defining equal density surfaces and thus if
eliminated with eq.(9) it introduces a dependence on the deformation parameter arit. If
one expands the symmetry energy Etym into powers of o r one gets a constant contribution
to (10), which one can neglect, and the last term of the Hamiltonian (10) with a quantitative expression for the constant G. In 1966 the parameter at of the symmetry energy (11)
has been treated as a constant. In reality it is density dependent (12). Since the surface
oscillations are mainly concentrated on the surface the density is smaller than the saturation density. Therefore the value of at(p) is considerably reduced compared to a value of
a$ from the Bethe-Weiszaecker mass formula. Thus the excitation energies of the isovector
proton-neutron vibrations had been predicted in 1966 to lie too high. The dependence of
the symmetry parameter on the density (12) can be derived in the Fermi gas model, but a
numerical analysis of the energy per nucleon in nuclear matter as a function of the proton
and the neutron density yields also the same dependence.

To find values for the excitations of Hamiltonian (10) we introduce the coordinates

(13)

which should be close to nonnal coordinates and should decouple the proton and neutron
oscillations in phase (d bosons) and out <t phase (z bosons).
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(14)

The E2 transition probabilities can be calculated starting from the transition operator

2,p) =
with:

JPp(r)r2Y2ltdT

,,(r) =

If one uses for pp a homogeneous charge distribution within the proton surface from
equation (8) one obtains expanding the transition operator (15) in powers of ar the expression

(16)

describing one phonon transitions of d and z bosons. The low-lying d boson states allow
to fit of the energy Ei to the low-lying 2 + energy and the restoring force parameter Ct
from the reduced transition probability (17).

2}) =
(17)

If the demixing restoring force parameter G from the Hamiltonian (10) is determined
with the help of the symmetry energy (12), the excitation energy of the isovector vibrations
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(s-bosons) and the transition probability from the ground state into the one boson 2J* state
is completely determined since
(18)
as can be seen from the expressions (14).
The details will depend on the assumption which nudeons participate in the d and z
vibrations to detennine the density and the radial derivative of the participating nudeons.
In figure 20 we give the excitation energy for a small basis (dashed-dotted line) induding
protons in the N=4 and neutrons in the N=5 oscillator shell only and for a large basis
(solid line) induding all protons and neutrons in the nucleus. The density distribution is
calculated using a standard Saxon-Wood potential and including pairing correlations31. A
detailed analysis of the mixing ratio (E2/M1 from the 2+ to the 2} shows that only the
nucleons in the last shell participate in the exdtation (see figure 21).
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Figure 20
Excitation energy of the 2+ isovector states in isotons to li0Bati. The dashed line
gives the data of Hamilton and coworkers19'19. The solid line is calculated in a
large basis including into the mass distribution all the nucleons while the dasheddotted line includes only the protons from the N=4 and the N=5 oscillator shells
for the protons and neutrons, respectively.
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Figure 21
Mixing ratio E2/M1 in eb/ns for some isotones o{\\°BatA. The results indicate
that only the small basis can describe the data. That means that only the nudeons
in the last oscillator shell are participating in these isovector surface vibrations.

2.3 The Generalized Bohr-Mottelson Model and the Isovector 1 + states in
Deformed Nuclei.
The generalized Bohr-Mottelson model22 can easily been applied to the isovector 1 +
states in deformed nuclei32. We start from a Hamiltonian
(19)

with a potential energy for the protons V, and for the neutrons Vn which enforce axially
deformed proton and neutron distributions

Rn(d) =
with:

(20)
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in their respective intrinsic systems. We again use the scalar product defined in equation
(10). We assume that the potential VT(aT) is so deep that the vibrations around the
equilibrium shape are very stiff and can be neglected for the following discussion. We
now transform to the intrinsic system (diagonalizing the moment of inertia tensor) of the
combined mass distribution of the protons and the neutrons.

Neutrons

Prolons

Figure 22
The axially symmetric proton and neutron mass distributions are assumed to
perform scissors type oscillations with an opening angle 2rj. The protons are
rotated in the figure by 17 out of the common intrinsic system and the neutrons
by the angle -17.

l
1
1
« < 2,0|l ± -(J+ - J _ h + g ( h - J-)W
l

(21

>

± • • • |2/i >

for protons:r = 1 and neutrons:r = —1
It is obvious that only </J 0 (T • 77) will contribute to the last term in the Hamiltonian
(19) due to the minus sign (r = ±1) between the proton and the neutron quadrupole
deformations. Since we have
(22)
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the last term of the Hamiltonian (19) can be written as a harmonic oscillator potential for
the 17 vibrations
Ha = G(a, -<*„)• (orp - o B )
= G(ap-an)(a,-an)

«V*- v **' /*•**•• '}

S t n

*l

tM\

_ 1
with:

C = 12G02
-

\hicosV3inV

Since the potential Vr{ar) in the Hamiltonian (19) enforces the axially symmetric
deformation in the respective intrinsic system of the proton and the neutron mass distribution and since we neglect shape vibrations these terms are not contributing to the
final Hamiltonian. We therefore must only transform the kinetic energies into the intrinsic
system. This yields independent axially symmetric rotors for the protons and the neutrons.

"207 + "20
)2

with moment of inertia:

(J,-Jn) 2
20
"*
*" 20
20
0 = 0,, + 0 n for : Qp = Qn

(24)

The total Hamiltonian for the scissors vibrations (with 6 , ss 0 n )

describes now independent rotations with the total angular momentum J and scissors
vibrations of the proton and the neutron distribution with the angle TJ. The excitation
energy is now given by the usual formula which we know from a pendulum with the
moment of inertia 0 and the restoring force C.

(26)

Nucleus

lS4

Sm
***Gd

164

Dy

E(l+,«zp)
[McV]

E(l+,th)

B(Ml,erp)T

B(Ml,ifc)T

[Mel']

bb)

\A)

3.2
3.1
3.2

3.5
35
3.4
3.3
3.7
3.5

0.8±0.2
1.3±0.2
1.4±0.3
1.5±0.3
0.9±0.2
0.8±0.2

7.6; 5.1
7.0; 5.1
7.6; 4.9
8.1; 5.1

3.11; 3.16

i*»Er
174

3.4
3.35; 3.55

Yb

8.2; 5.7
8.2; 5.4

Table 1
Jsovector 1 states in rare earth nuclei. The experimental excitation energy for
the state with the largest Ml strength is listed in column 2. If one finds two
states with comparable strength both excitation energies are listed. Within the
scissors vibrational picture such a splitting could be understood due to an asymmetric 7 deformation of the nucleus. The splitting in 164Dy would correspond to
7 = 0.8 and in l74Yb tof =2 degrees. The theoretical reduced magnetic dipole
transition probability B (Ml,Th) from the groundstate into the 1 + state is calculated including all the protons and the neutrons (first number) and including
only those protons and neutrons which contribute 98% to the moment of inertia
according to the Beliaev moment of inertia formula based on the cranking model
and pairing. The transition probabilities are by a factor of about 5 too large.
+

The magnetic dipole transition probability is by about a factor 5 too large for the
scissors model. This model concentrates all the magnetic dipole strength in one state,
while in reality this strength is distributed over many states. A quantitative description
can therefore only be given in a microscopic approach which treats the nucleon degrees of
freedom individually. An approach which can do that is the Random Phase Approximation
(RPA) based on quasi-particles which take the pairing correlations between the nucleons
into account. An important point in treating the nuclear many-body problem with the
RPA approach is the violation of exact symmetries of the many-body Hamiltonian like
translational and rotational invariance. This violations lead to so-called spurious states
which have to be removed to get the physical solutions. We will therefore devote one
chapter to these symmetries and the removal of the spurious states.
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2.4 The Random Phase Approximation.
In the Random Phase Approximation (RPA) one includes already correlations into the
ground state. Figure 23 shows a self consistent (Hartree-Fock) potential which is filled up
to the Fermi surface and empty for the levels above. But in reality the collisions between
the nucleons are smearing out the Fermi surface by an appreciable amount and induce
ground state correlations. The RPA and especially the quasi-particle RPA takes a large
amount of these correlations into account. It treats the difference between the correlated
ground state and the excited state without having a need to know the exact nature of the
correlated ground state \g >.

\

Oph

x hp
FERMIS

O

Figure 23
Self-consistent potential (e.g. Hartree-Fock potential) with levels filled up to the
Fermi surface and empty above. In real nuclei the residual interaction between
the nucleons which can not be put into a self-consistent Held smear out the Fenni
surface. Thus one can go from the ground state \g > to the excited state \v > not
only by particle-hole (ph) excitations hut also by annihilating a particle above
the Fermi surface and creating one below (hole-particle excitations).

Including ground state correlations we can come to an excited state by bringing a
particle from below into a state above the Fermi surface (particle-hole excitations), but
also by bringing a particle which is due to the ground state correlations above tiie Fermi
surface into an empty state below the Frrnii surface. Naturally the last type of excitations
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are restricted due to the fact that the ground state correlations must have emptied at least
partially a level below the Fermi surface.

*w =W >s Qtto >= D

>

^

/

>"<r

(27)

Qm\g >= 0
We assume that the ground state \g > is the vacuum of the operators Q*. Finally we
want to treat them as harmonic oscillator bosons acting on the nuclear ground state as their
vacuum. In the Ansatz (27) we have neglected two particle-two hole (2p-2h) excitations.
They lie higher in energy and do not appreciably aiFect the lowest states v. But the higher
ones are strongly mixed with 2p-2h states and their strength is spread over many states.
To obtain an equation for the particle-hole and the hole-particles amplitudes ,Y*7 and Y*}
we used the Ititz variational principle.
< 6^\H - £v|tfv >= 0

(28)

The coefficients A' and V* are freely varied. We put now all equal to zero apart from
one specific coefficient A'^,, and in a second equation we put all coefficients zero apart from
one specific coefficient Y£t. The expressions multiplied with these two coefficient» must be
independently zero.
> =

<g\[at,ailH)W> =

(Ey-Eü)<g\a+am\v>

(Ev--E0)<g\alat\u>
(29)

with:

H\g > = E0\g >
Ev-E0

= E*PA

Here we have used the fact that the Hamiltoiiian applied to the ground states yields
the ground state energy EQ. In this way it is possible to introduce on the left side the
commutator and on the right side the difference between the ground state energy Eo and
the energy of th« excited state Ev. Using the fart that the operator Qv yields zero applied
t<< the ground state one can with the help of equation (27) introduce on the left-hand side
the double commutator and obtains:
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(30)

Here as also in equation (27) to (29) m,n are single nucleon states above and 1.7 are
single nucleon states below the Fermi surface. The empty brackets in (30) indicate ground
state \g > expectation values. The aim is to get from (30) an equation for the coefficients
X£j and Y*j defined in equation (27). This can be reached in two ways: Either we calculate
the ground state expectation values in equation (30) with Hartree-Pock detenninants or we
assume boson commutation relations for the operators Qw (quasi-bosons). Both procedures
yield the following result:

with:

B \

(X'\

_

-A)

U*;

~ "

E

(X'\

RPA

Ami,mi

= (« m - ei)6m,itnj+

Bmi,nj

= < mn\Vtff\ij

\y)
< mj\VeJf\in

- ni >

- ji >

e, =< a\£-\a > + ^ < ab\Vtff\ab - ba >

The diagrams corresponding to the matrixes A and B are indicated in figure 24.

Figure 25 shows in the lower part one of the diagrams which are summed up in the
RPA approach to describe the excited states. Above one sees one of the ring diagrams
which are summed up to give the ground state correlations.
Equation (32) shows the iterated RPA equation (31). One sees immediately that the
RPA cq. yields always two solutions of which one has the negative eigenvalue of the other.
Naturally the states with negative eigenvalues are unphysical and have to be disregarded,
since the ground state is the lowest energy state. But equation (32) also shows that the
eigenvalues E^PA arc real, although the matrix (31) is not hrrmitian
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Figure 24
Diagrams of the effective interaction describing the particle-hole forces in the RPA
equation (31). The second line of equation (31) contains the hermitian conjugate
of these expressions.

Figure 25
The lower part shows one of the RPA diagrams summed up to give the excited
states. The upper part shows one of the ring diagrams summed up to describe
the ground state correlations.

AB-BA
AB-BA

X

_

(

nPA)2

\Y")

(32)
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The dimension of eq. (32) can be halved by adding and subtracting the lower from the
upper part. The normalization of the states is given by:
{X^-Y^)

(33)

m>F,i<F

In the formulation of the RPA equations we have always assumed that the phases are
chosen so that the matrix elements are real. Thus we have omitted signs of complex
conjugation.
In spherical nuclei the RPA quasi-bosons have a good angular momentum. That must be
ensured by coupling the single nucleon angular momenta of the particles and the holes in
equation (27) to the given angular momentum and parity.
iana)fnJM ~ * n;

{<*> <*n Jir./A#J

(34)

In deformed nuclei the RPA solution is calculated in the intrinsic system which performs
a rotation relative to the laboratory frame.

J l<

-

The low-lying isovector 1 + states in deformed nuclei should be described by equation eq.
(35) with J = l , K=l and *=1.
In addition to the ground state correlations described by the diagram on the right-hand side
in figure 25 we have also the more "short-ranged" pairing correlations. The nucleon-nucleon
interaction is of short range and thus the particle-particle interaction is especially strong
between nucleons which have the same position probability. This is the case for nucleons
which are in the same orbits but have opposite angular momentum projection. Their
position probability is identical, they are running around the same orbits but in opposite
directions. Classically speaking they are colliding head-on after half a circulation. This
head-on collision is a S-wave interaction and therefore especially strong. These correlations
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smear out also the ground state and are not yet contained in the RPA approach, since
this includes only particle-hole interactions. The particle-particle pairing interactions are
included by using quasi-particles

which are linear combinations over particles and holes. They take into account the smearing
of the Fermi surface. v\ is the probability that a state "a" is occupied, u\ is the probability
that the state "a" is unoccupied. The hole has to be in the time reversed state, since a
missing particle yields for the many-particle state just the opposite angular momentum of
the particle state in which a nucleon is missing.
The Ansatz for the RPA state with quasi particles corresponding to eq. (27) is:

(37)
~ ab

Here we have immediately written the RPA state for axiaJly symmetric deformed nuclei as
needed to study the low-lying isovector 1 + states. For spherical nuclei the two quasi-particle
creation operators at the coefficient X and the two quasi-particle annihilation operators at
the coefficient Y have to be coupled to a definite angular momentum by Clebsch-Gordan
coefficients. The quasi-particle RPA state (37) has not a definite proton and neutron
number. One introduces therefore Lagrange multipliers A,, and An with which we subtract
from the many-body Hamiltonian the operators for proton and neutron numbers. The
Langrange multipliers are then chosen to have in average the correct number of protons
and neutrons.
tt

= H - Ap 2 ^ aa aa - An ^
a=p

aa aa

a=n

(38)

The RPA equations for the quasi-particle RPA (QRPA) are of the same structure as
equation (31) but the matrix elements A and B are multiplied with coefficients which
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depend on the u. and v« of the quasi-particle transformation (36). They are e.g. given in
the book of Ring and Schuck on page 334 and 34433.

2.5 The Spurious States
The Hamiltonian of the nuclear many-body problem

[H, Pt] = 0

[H,Nr}=0

(39)

for r=p.n

has several exact symmetries. It is translational invariant and therefore commutes which
each component of the total momentum as indicated for the z component in equation eq.
(39). It also is rotational invariant and therefore commutes which each component of the
total angular momentum J. It conserves the number of protons and neutrons and therefore
commutes with the proton and neutron particle number operator Xr.
Now we want to show that if we apply one of these symmetry operators to the correlated
ground state of the nucleus \g > in the spirit of the RPA approximation one obtains an RPA
eigenstate with the excitation energy zero. We show this explicitly for the z component of
the centre of mass momentum P but the operator P, could be replaced by any operator
which commutes with the many-body Hamiltonian H)

j\Pt\n

> af]
(40)

FVom the fact that Pt commutes with the total many-body HaniiJtunian we get immediately
that the following ground state expectation values are identically zero.
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<[atam,[H,Pz]]>

=O
(41)

<[a+«í,[JÍ,PI]]> = O
We want now to show that these equa ions are identical with the RPA equations (30) with
the eigenvalue E*PA= 0. To do this we use the Jacobi identity for double commutators

lA,[B,C)] + [B,[CtA)] + ICIAB)) = 0
H > H H \g > «

E0\g>

(42)

and the fact that the many-body Hamiltonian H applied to the ground state \g > has the
eigenvalue EQ.

<l[atam,H],Pt]> = 0
(43)

U.ffl.A] > = 0
Equation (43) is now identical with the RPA equation (30) with the eigenvalue zero. So
we have proved: There exists always RPA solutions corresponding to each exact symmetry
of the many-body Hamiltonian with eigenvalues zero which are unphysical (a translated
or a rotated nucleus) and which have to be disregarded. Since these solutions are exactly
degenerate with the ground state and since they are automatically orthogonal to all the
other solutions it is no problem to separate these solutions out. This is naturally only the
case if the many-body Hamiltonian used commutes with the symmetry operations which
implies e.g. also that self-consistent single particle energies as defined in eq. (31) are used,
but in practically all calculations one is starting from a potential. We use e.g. a deformed
Saxon-Wood potential. That means that the total momentum operator is not anymore
rommuting with the many-body Hamiltonian since an explicit potential is not translational
invariant. The same is true for a deformed potential for rotational invariance. But even
if one uses a self-consistent potential but shifts the Hartree-Fock single particle energies
slightly to improve the agreement with experimental single particle energies the spurious
sta.es are not anymore eigenstates and do not have the energy eigenvalue zero. They are
spread over several RPA eigenstates and therefore hard to remove.
In the past a usual procedure to "remove" the spurious state was to use a free strength
pai iineter of the residual particle-hole interaction and to determine this parameter so that
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one of the RPA solutions has the energy zero. This solution was then identified with the
spurious state and the rest of the RPA states where assumed not to be contaminated. This
is an extremely dangerous recipe to remove spurious states. For the rotational symmetry
the state found in this way at energy zero starting with a deformed Saxon-Woods potential
has only an overlap of about 20 % with the exact spurious state created by acting with the
total angular momentum operator on the ground state. The remaining 80 % of the spurious
state is contaminating the physical states which one wants to compare with the data. This
procedure has for example been used by Bes and Broglia34 by Hammamoto et al

3S

and

by Hilton, Ring and Mang 3S . Hammamoto 35 improved on that by requesting the Pyatov
condition, hat means that the commutator of the total many body Hamiltonian with
the total angular momentum is zero as a ground state expectation value with RPA wave
functions. This does not ensure that the spurious state is separated out as an eigenstate
of the RPA equations at energy zero, but it enlarges the overlap of the spurious state
with the eigenstate at energy zero to about 80 %. But still 20 % of the spurious state
are distributed over the different physical states. Mainly the lowest lying RPA states are
contaminated with this 20 % of the spurious rotational state. To obtain reliable results
a different approach is therefore needed to remove exactly the spurious rotational state,
which has the same quantum numbers as the low-lying 1 + isovector state. (The spurious
state from the total momentum has the quantum numbers 1~ and does therefore not mix
with the 1 + state.)
To ensure the orthogonality of the physical states with the spurious rotational state we
introduce a Lagrange multiplier which allows to enforce this orthogonality.

H' =
<S\v>

H-

= N < g\J.(T^)+\g > = 0

\S> = N J+\g>
The added term contains therefore an interaction between the rotation and the microscopic
vibrations. Therefore w^ sometimes call it the rotation-vibration interaction term. This
term introduces a self-consistency into tne solution. The Hamiltonian depends on the
solution and therefore the solution has to be iterated. Since the Hamiltonian depends on
the Langrange multipliers \v of all the solutions the RPA states \i> > are still orthogonal
to each other and they are also orthogonal to the spurious state \S >. The proof for the
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orthogonality of the RPA states is not modified by introducing this rotation-vibration term.
A test of the orthogonality of the numerical RPA solutions indicate that this orthogonality
is fulfilled to better than 10~ s that means within the accuracy of the computer calculation.

2.6 RPA in the Schematic Model
It is obvious that the particle-hole matrix elements in expressions A and B in the RPA
equation (31) can be written in a separable way if one neglects the exchange terms indicated
in figure 24.
Amitnj

— €mi

4"

OHM,*;

ItlsmiUnj

(45)
Bmi.nj =

KDmiDnj

Here tmi is the difference between the particle em and the hole energy €,. If one puts the
expression (45) into the RPA equation (31) one obtains a system of equations which can
be solved analytically.

(E-emi)Xmi

=
•i

(E + emi)Ymi =
Xmi

-

= N -=-=i•^

Y

with:

• -

-N

(46)

'mi
Dfni

N =

Here again m,n indicate particle states above the Fermi surface and i,j hole states below
the Fermi surface. TV is a normalization constant which is determined by the norm (33).
To get the secular equation which determines the RPA energy E we divide the first two
equations of (46) by the energy brackets on the left-hand side, multiply with Dm% wd sum
over all particle m and hole i states. Adding up both equations yields also on the left-hand
«ide the expression for "JV" defined in the last equation of (46). Dividing both sides by N
yields the secular equation for the RPA energy E.
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I=

*•

<47)

The secular equation (47) can be solved graphically (see figure 26). The particle-hole
interaction is attractive (« < 0) for isoscalar states. The spurious states corresponding
to a rotation of the whole nucleus around some specific angle is such an isoscalar state.
The usual recipe to "remove" the spurious states \S > denned in eq. (44) is to adjust the
strength of the particle-hole force K SO that the energy E lies at zero. As explained above
this is no guarantee that the RPA state obtained in this way at energy zero is identical
with the spurious state (44). In figure 26 the poles of equation (47) are indicated by
vertical dashed lines. They are separated in Qhu> and 2hu> particle-hole excitations within
an oscillator shell and across two oscillator shells. The low-lying isovector 1 + state is then
the one indicated by the intersection with the positive 1/K line above the highest Ohu
particle-hole pole.

2.7 Numerical Results
As a model Hamiltonian we use a deformed Saxon-Woods potential with the parametrisation of Soloviev and coworkers37. The phase of the non-diagonal matrix element of the
spin-orbit coupling is correct
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. The pairing force strength Gp/n are taken from the odd-

even mass differences of the nuclei which yield gap parameters A of the order of 1 MeV.
The deformation parameter 0 is taken from the electric quadrupole transition probabilities
between the first excited 2 + state and the ground state.

H' = H-Y,K.ataa

= £ ( e . - Ar>a+aa

(48)

The effective particle-hole force V*,. for the particle-hole interaction must include contributions where the particles and the holes couple to the angular momentum projection K=l
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Figure 26
Graphical solution of the RPA secular equation (47) in the schematic model for
an attractive (l/*c < 0) and a repulsive (1/K > 0) force. Along the ordinate we
plot the right- and the left-hand side of equation (47) as a function of the energy
E. The p. -tide-hole poles are indicated by dashed lines. They are separated into
particle-hc'j excitations within an oscillator shell (Ohu) and across two oscillator
shells (2hu). The lowest energy solution \S > would be identical with the rotational spurious state if the many-body Hamiltonian of the nucleus would exactly
commute with the total angular momentum. In this case the line with 1/K < 0
would intersect the solid line (right-hand side of the secular equation (47)) at energy E=0. If one uses a Hamiltonian with a deformed potential the total angulnr
momentum does not commute with the many-body Hamiltonian of the nucleus
and thus even by adjusting K SO that the lowest energy RPA solution lies at E=O
this state is not identical with the spurious state \S > defined in equation (44).

in the intrinsic system with positive parity. These are isoscalar and isovector quadrupolequadrupole, spin-spin and spin-quadrupolc forces.
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with:

i,(t) = r?K2<l(r,)
S(0 =

|*i)

The isoscalar and isovector pieces of the spin-spin force (co and c 1 ) are taken from the
work of Dickhoff, Faessler, Muether and Wu " who extracted this strength from a reaction
matrix calculated from the Rod soft core potential. The strength of the spin-quadrupole
is taken from the work of Soloviev and coworkers40. It turns out that the spin-quadrupole
force is not very essential for describing the data.
The quadrupole force constants K9 and «i are determined by trying to restore at least
partially the rotational symmetry by requesting that the Hamiltonian (48) commutes with
the total angular momentum.

[Ho,J+] = -[/i/, J + l
We call this the Pyatov condition " since this was first requested by Pyatov. Naturally
the condition (50) can not be fulfilled exactly. The unperturbed Hamiltonian Ho contains
the deformed Saxon-Woods potential and Hj all the particle-hole interactions. For Hi
we make now an Ansatz which is for a deformed harmonic oscillator potential identical
with a quadrupole-quadrupole force. For a deformed Saxon-Woods potential this is only
approximately fulfilled. But since we are using the Pytov condition only to determine the
quantity K this approximate equality should not matter.

J+] *«(?•<?

(51)

If we now introduce expression (51) into the Pyatov condition we obtain on the right-hand
side & anti-commutator bracket.
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=

K{[H0,J+],[J+,[H0,J+]]\
+

One realizes that the first equation (52) which is identical with the Pyatov condition is
solved exactly if the second equation is fulfilled. Since the second equation can not be
exactly fulfilled we determine #c fror-i the ground state expectation value of the second
equation (52). This ground state expectation value

= ^

(53)

can be written down for the proton, the neutron and the proton-neutron part yielding
three different coupling constants KP, #cn and npn as explained in reference 42 und 43. The
reason that the proton and the neutron quadrupole force constant is different is connected
with the fact that the Saxon-Woods potential for the protons and the neutrons is not
identical. Thu"= the corresponding expectation values (53) yield different results.
The Saxon-Woods potential is not always optimally reproducing the experimental single
particle states **. We have therefore taken the liberty to adjust a few of the single particle
levels of the Saxon-Woods potential to single particle energies derived from neighbouring
odd mass nuclei.
Figure 27 gives the results for **Gd. The excitation energy (3.1 MeV) of the strongest
1 + state agrees very favourably with the data measured by the Darmstadt group 20 . The
reduced magnetic dipole transition probability B(Ml;Q -» I o ) [/i^r] agrees also nicely with
the data. The low-lying states between 2 and 5 MeV are mostly of orbital nature. The
ratio of the matrix elements squared of the orbital contribution to the spin contribution
varies between 5 and 100. The repulsive spin-spin force helps to push the spin-flip degrees
of freedom to higher energies. They are concentrated between 9 and 12 MeV excitation
energy.
The upper part of figure 27 shows the overlap squared of the scissors state

\R> = [a,Jyf - anj,n)\g >
< R\R > = 1 ;

< R\S > = 0

(54)
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with the different RPA solutions. The most collective 1+ which has been called the scissors mode by the experimentalists has only an overlap of 14% with the microscopically
constructed scissors state of equation (54). The two parameters of the scissors mode a,
and an are determined by the normalization and the orthogonality to the spurious state
(44).
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Figure 27
Spectrum of magnetic dipole exdtations in litGd plotted as the reduced magnetic
dipole transition probabilities B(Ml; 0 - 1+) [fi2N] as a function of the excitation
energy. The lower part shows the ratio of the orbit-to-spin of the Ml transition
matrix element4*. The upper part gives the overlaps squared45 with the scissors
state R defined in equation (54/

Figure 28 shows the transverse Ml form factors for inelastic electron scattering calculated
from the transition density. The left-hand side gives the form factor squared in the 1* at
3.1 MeV, while the right-hand side gives the form factor for the scissors state.
Figure 29 shows the distribution of the Ml strength for xuDy. There are three very close
lying states between 3.1 and 3.22 MeV. This range is blown up on the right-hand side of
the figure. The lower part of figure 29 shows the orbit-to-spin ratio of the matrix elements
indicating that the measured three states are essentially orbital type excitations.
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Figure 28
Transverse Ml form factors for inelastic electron scattering obtained from transition densities and compared with experiment 20 . The dashed line is the plane
wave Born approximation (PWBA). The solid line represents the DWBA form
factor. The dashed-dotted line snows the orbital part only of the distorted wave
Born approximation (DWBA). The right-hand side gives the same results for the
scissors mode (54). The excitation energy given is not an eigenvalue but the
expectation value (Et = 7.107MeV).
Figure 30 shows the transversal form factors squared calculated with the destorted wave
Born approximation using as in figure 28 the DWBA code of J. Heisenberg

50

-

Figure 31 shows the transition density for the Ml transition from the ground state into
the 1 + in 164£>y at 3.1 MeV 43 . It must be compared with the transition density extracted
with the help of a Fourier-Bessel analysis 5I from Darmstadt data.
Figure 33, 34 and 35 show the transition density, the form-factors squared and the transition density calculated with the hole states in *he interacting boson approximation
(IBA2) 39 ' 2 * for luDy.

To perform this calculation one has to calculate microscopic S

and D bosons of two fermion creation operators coupled to angular momentum 0 + and 2 + .
The approach is described in detail in reference 51. The tranr'Uo't density of figure 33 of
IBA2 agrees quite well51 with the data shown in figure 32. The differential cross section
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figure 29
B(Ml; 0+ -»1+) [fi%] distribution as a function of the excitation energy in MeV.
On the right hand side the energy range between 3 and 3.4 MeV is blown op to
sfaow tile three experimentally measured states and to compare them with the
RPA calculation. The experimental data are from the Darmstadt group w - 47 and
iron resonance fluorescence work from Giessen and Koeln **•**. The theoretical
RPA results are from luebmgen **.
shown in figure 34 comes out a little bit too large compared to the data. Here we did
not use the usual renonnalization applied normally for all the IBA2 cross sections which
multiply the theoretical cross section by a factor to adjust theory to the experiment at the
maximum. The number of bosons is counted relative to the proton shell Z=50 and to the
neutron shell N=82.
At least in theory it should not matter if we use 16 protons above the Z=50 shell or
16 proton holes relative to the 2=82 shell. The transition distribution calculated with
16 proton holes (8 proton bosons) relative to the Z=81 shell is very different from the
transition density calculated with 16 proton particles relative to Z=50. The transition
density shown in figure 35 does also not agree with the data of figure 32.

2.8 Summary of Chapter 2
First we were discussing excitation within one oscillator shell isovector states in spherical

48

10

Figure 30
Transversal form factor of the 3.1 MeV 1+ state in 164Dy calculated in the DWBA
approach 50 (solid line) compared with data from Darmstadt 20. The dasheddotted line gives the pure orbital contribution, arising from the convection current
of the protons, as a function of the effective momentum transfer q.
and deformed nuclei in the generalized Bohr-Mottelson model treating the quadrupole
deformation degrees of freedom of the protons and the neutrons separately M . In spherical
nuclei one can show 3 0 that this leads to two independent five dimensional quadrupole
harmonic oscillators of d and z bosons.
All the parameters of the z isovector boson excitations in spherical nuclei can be determined
from the excitation energy of the isoscalar low-lying 2 + state and the B(E2,0+

-» 2d)

transition probability. An additional parameter can be determined from the symmetry
energy of the Bethe-Weizsaecker mass formula. The agreement with the available isovector
data in spherical nuclei is satisfactory.
In deformed nuclei the collective generalized Bohr-Mottelson model yields good results for
the excitation energies of the 1 + states found at Darmstadt and by resonance fluorescence
measurments from Giessen and Koeln. But the transition probabilities are by about a
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Figure 31
Transition density for the transition from the ground state into the isovector 1 +
state at 3.1 MeVin units [l9~ J /i/v/m~ 4 ] as a function of the isdial distance from
the centre of the nucleus in fin. The solid line is the total transition density the
long dashed - short dashed tine is the transition density arising from the proton
convection current. This transition density could arise from a scissors mode.
The long dashed curve is the magnetization current arising from the spin of the
protons and the short dashed represents the magnetization current due to the
spin of the neutrons. At low momentum transfer only the orbital current (long
dashed - short dashed) contributes, while at higher momentum transfer (shorter
wave length) the spin contributions get dominant *3.

factor five too large compared with the data. This is due to the fact that a generalized
Bohr-Mottelson model n concentrates all the Ml strength in one state. To have a reliable
description of the Ml transition strength one needs a microscopic description. Therefore
we introduce the Quasi-particle Random Phase Approximation (QRPA). We put special
emphasis on removing the spurious state of rotations which has the same quantum numbers
as the 1 + state. It is not enough to determine the quadrupole force strength K SO that
one RPA solution is degenerate with the ground state. This state is only identical with
the spurious state if the nuclear many-body Hamiltonian commutes with the total angular
momentum and if the single particle energies are determined self-consistently. Since one
starts from a deformed Saxon-Woods potential both conditions are not fulfilled. The
state obtained by the above procedure can have an overlap as low as 20 % with the
spurious state (44). We therefore introduce a constraint which enforces the orthogonality
of all physical states with the spurious state \S >. By requesting that the ground state
expectation value of the commutator of the many-body Hamiltonian and the total angular
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Figure 32
Transition density in units [lO~ 3 /iN/ m ~ 4 ] ** a function of the radiaJ distance
from the centre of the nucleus extracted by a Fourier-Bessel analysis from Darmstadt data at an excitation energy of 3.0 MeV 51 . Comparing the experimental
data of this figure with the transition density in figure 31 one should keep in mind
that the sign of the transition density can not be extracted from the differential
cross section. One should multiply these data with a factor (-1) to compare with
the theory of figure 31.

momentum is zero we get equations to determine the quadrupole force strength for the
protons, for the neutrons and for the proton-neutron interaction. Deriving the repulsive
spin-spin force from Brueckner reaction matrix elements of the Reid soft core potential and
taking the parameters of the Saxon-Woods potential and for the spin-quadrupole force from
Soloviev and collaborators
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one has practically a parameter free Hamiltonian which

gives surprisingly good agreement with the experimental data.

Finally we can also answer the question: Are the isovector 1 + states scissors modes? Our
results indicate that the states found in Darmstadt and Giessen have about an overlap
squared of 10 % to 20 % with the scissors mode (54) constructed by rotating the protons
opposite to the neutrons and by requiring orthogonality to the spurious state (44). The
reason for this small overlap with the scissors mode is that only a few two-quasi- particle
states (2-3 if one requests a contribution of more than 10%) do contribute to the 1 +
isovector states found experimentally43.

51

Figure 33
Transition density calculated in IBA2. The solid tine is the total transition
density which has to be compared with the experimental transition density given
in figure 32. The orbitai contribution arising from the convection current of the
protons is given as the long dashed - short dashed curve. The magnetisation
current of the proton spins it indicated by the long dashed curve, while the short
dashed curve shows the magnetisation current of the neutron spins.
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3. Grand Unification and the Double Beta-Decay
3.1 Introduction
The most important particle of this talk is the neutrino. It has always been very interesting
since it was predicted by Wolfgang Pauli on December 4th, 1930 in a letter to a conference
in Tubingen.
Still today the neutrino is the only fermion from which we do not know if it is different
from its antipartide (v £ v) and therefore a Dirac particle or if it is identical with its
antiparticle (v = v) and therefore a Majorana particle.
In 1955 the physicists did believe that this question was solved in favour of a Dirac neutrino
by an experiment of Davis 8r . He was using antineutrinos from the beta-decay in a reactor
to induce the inverse beta-decay in 37Cl for which one needs in the standard model a
neutrino:
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Figure 34
Transversal Ml form factor squared as a function of the effective momentum
transfer in fm~l for luDy calculated in IBA2 51 using Z=50 and N=82 as closed
shells. The solid line is the total transversal form factor squared while the long
dashed • short dashed curve is the orbital contribution arising from the proton
convection current. Both curves are calculated in the DWBA approach using a
program of Heisenberg so.
n

+v

(55)

Since he did not observe the formation of 37Ar by the inverse beta decay he assumed
that the antineutrino v is different from the neutrino v and thus the neutrino is a Dirac
particle. But this conclusion was outdated already two years later. In 1956 Lee and Yang58
proposed to test if in the weak interaction parity is conserved, and in 1957 Wu et al.59 did
find that indeed parity is violated in the beta-decay and soon it turned out that indeed
parity is violated maximally and the weak interaction is purely left-handed. Therefore,
the neutrino created in the beta-decay of the neutron in eq. (1) has a positive helicity (is
right-handed), while the neutrino needed for the inverse beta-decay must have a negative
helicity and therefore needs to be left-handed. Thus, even if the neutrino is a Majorana
particle, reaction (55) would be forbidden due to helicity mismatch of the two reactions.
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Figure 35
Transition density calculated 51 in IBA2 relative to the closed shell Z=82 for the
protons (16 proton hole states) and the neutron shell N=82. The notation is
the same as in figure 33. Although in theory this transition density should be
the same if one considers 16 proton particles relative to Z=50 or 16 proton holes
relative to Z=82, one finds a very different transition density which does not agree
with the experimental result shown in figure 32.
Thus, we know already since about 30 years that the problem, if the neutrino is a Dirac or if
it is a Majorana particle, is not solved. But why are we just today discussing this question
so intensively? The reason is that the grand unified theories from which we think that
they are most successful predict that the neutrino is a Majorana particle60. Measurements
of the lower limit of the proton lifetime seem to exclude SU5 and thus one concentrated
on SO10, which is also a subgroup of dynamical groups discussed in superstring theories.
SO10 which has first been proposed by Fritzsch and Minkowski61 predicts in improved
versions60 not only, that the neutrino is a Majorana particle, but automatically predicts
also that the neutrino has a mass and a weak right-handed interaction. The basic idea
behind grand unified models is an extension of the local gauge invariance from quantum
chromodynamics (SU3) involving only the coloured quarks also to electrons and neutrinos.
The presently favoured models are left-right symmetric models. They contain left- and
right-handed vector bosons Wf and Wt

Uf = -sinC-U± + c o

S

C^

The left- and light-handed vector bosons are nux(?d if the mass eigenstat.es are not identical
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with the weak eigenstates, which have a definite handedness. The left-right symmetry is
broken «nee the vector bosons W * and W* obtain different masses by the Higgs mechanism. Since we have not seen a right-handed weak interaction the mass of the heavy,
mainly right-handed vector boson must be much larger than the mass of the light (91
GeV) vector boson, which is mainly left-handed.
The weak interaction Hamiltonian must now be generalized.

Hw « Ã I (I • /) + tg«R • I) + tgC(L • r) + (j£j (R- r)
L/R =i>p(gvi? T 9AWs)*n
9v-h

(57)

o;*» 1.25
l/r = é(7#, T 7M7s)u

The capital L and R indicate the hadronic right- and left-handed currents changing a
neutron into a proton. The lower case I and r are the leptonic currents which annihilate a
neutrino (or create an antineutrino) and create an electron (or annihilate a positron). ( is
the mixing angle of the vector bosons (56) and A/j and A/2 are the light and heavy vector
boson masses. The weak interaction Hamiltonian is given for Ç < < 1 and M 2 > > Afi.
Most of the left-right symmetric models predict that the neutrino is a Majorana particle
that means that they are loosely speaking identical with their antiparticles (u = v). A
Majorana neutrino must have automatically a mass and due to construction it has also a
slight right-handed interaction (57).
As we will see below these facts allow the double beta-decay without neutrinos. Or inversely: The existence of the double neutrinoless beta-decay would establish that the
neutrino is a Majorana particle. Figure 36 shows the diagram for the neutrinoless double
beta-decay. This is naturally only possible if the neutrino is identical with its antiparticle since at the first vertex, one must emit an antineutrino and at the second vertex one
needs to absorb a neutrino in the standard model. Since we have only two particles in the
continuum in the process in Figure 36, the phase space is bigger by a factor 106 compared
to the double beta-decay with two neutrinos. Thus, even if the* matrix element squared
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Fig.36 Diagrams for the neutrinoless double beta-decay with a Majorana neutrino.
By having only two particles in the final states in the continuum, the phase space
is increased by a factor of about 10' compared to the 2i//?/? decay. Even with a
Majorana neutrino this process is only possible if the neutrino has a Snite mass
and/or also a right-handed weak interaction.
is reduced by a factor 10~*, one has the same transition probability for the neutri«oless
double beta decay as for the double beta-decay with two neutrinos.
But even if the neutrino is a Majorana particle, the process in Figure 36 can not happen
since for a pure left-handed weak interaction theory, the emitted neutrino must be righthanded (positive helicity), while the absorbed neutrino must be left-handed (negative
helicity). But grand unified theories predict also that the neutrino has a mass and a slight
right-handed weak interaction. With a finite mass the neutrino has not any more a good
helicity and the interference term between the leading helicity and the small admixtures
allows a neutrinoless double beta-decay. The same happens if we have also right-handed
vector bosons which allow a right-handed weak .interaction. If the first vertex is a left
handed V-A interaction and the second vertex is a right-handed V+A interaction, the
process in Figure 36 ib also allowed. (But a detailed analysis shows that also in this case
one has to request a finite neutrino mass to allow the neutrinoless double beta-decay.)
Thus, the neutrinoless double beta-decay can only happen due to the finite mass of the
neutrino and can be additionally supported due to a small admixture of right-handed
leptonic currents. The matrix element for the double neutrinoless beta-decay consists
of three parts: One proportional to the neutrino mass Meu and the other to the small
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right-handedness tg£ or (M\/M?)7 of the weak interaction.

3.2 Description of the Two-Neutrino Double Beta-Decay
Since there are measurements available for the two neutrino double beta-decay with the
geochemical method ea » 63 , and for two nuclei even by laboratory measurements*4'65, one
could try to calculate for a test of the theory the double beta-decay with two neutrinos and
compare them with the data. If one performs this calculation, one finds that the calculated
transition probability for the double beta-decay with two neutrinos (2v03) is by a factor
50 to 100 too large73. This discrepancy which is typical for the 2f/?/? decay naturally casts
doubt on the reliability of the calculations of the 0c/?/? transition probabilities.
The nuclear many-body methods for calculating the double beta-decay are either shell
model calculations66 or extended shell model calculations based on tiie Hartree-FockBogoliubov approach called MONSTER

6(

or they are based on the Random Phase Ap-

proach (RPA). Let's try to analyse the 2r//?/? decay in the RPA approximation.

Figure 37 explains why the 2i//?/3 decay amplitude is so drastically reduced. Therefore
the small effects which normally do not play a major role can affect the 2i//?/? transition
probability. If one looks to the second leg of the double beta-decay which is calculated
backwards as a 0+(p —* n) decay from the final nucleus to the intermediate nucleus one
finds that the matrix elements involved in these diagrams arc Pauli suppressed by a factor
(t'nt'/i)2

=

(small)4.

The second diagram shown in Figure 3 shows the quasiparticle-

qunsiparticle excitations leading due to particle number non-conservation also to the intermediate nucleus 7iAs.

They are proportional to (u n ti p ) 2 = (small)7( large)2. The

neutron-particle proton-hole force in the isovector channel is repulsive w lile the particleparticle force is attractive. Therefore both excitations tend to cancel each other and
therefore the amplitude /?"*" is drastically reduced. In this way one can obtain agreement
with the experimental data.

We calculated the 2i'/?/? decay half-lives for the following 0,+ -» 0} transitions:
76
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Fig. 37 The upper part shows the way how in the Random Phase Approximation
(RPA) the 2v00 decay is calculated. For the Fermi transitions the 0~(n -> p)
amplitude moves just a neutron into the same proton level and the 0+(p —» n)
amplitude moves a proton into the same neutron level. For the Gamow-Teller
transitions it can also involve a spin Sip, but the orbital part remains the same.
One immediately realizes that the occupation and non-occupation amplitudes
favour the 0~ amplitude, but disfavour the 0+ amplitude. There one has a
transition from an unoccupied to an occupied single particle state, which is twofold small (s2) first by the fact that the occupation amplitude for the proton vf
and secondly that the unoccupation amplitude for the neutron state un are both
small. Therefore the 2vf}0 is drastically reduced.
Ahu major oscillator shells for the description of the nuclei with A=76, 82 and a model
space consisting of lp3/2,i/2, the full 4hu> shell, O/ij 1/2,9/2. and 1/7/3,3/2 sub-shells for A =
128, 130, The single particle energies are calculated with the Coulomb-corrected Woods»
Saxon potential. As a realistic two-body interaction we use the nuclear matter G-matrix
calculated from the Bonn one boson-exchange potential. In order to take into account the
renormalizatíon for the finite basis, we multiply the pairing matrix elements of this force
by factors gppatr and g^ttir. These factors lie close to unity and deviate at most less than
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Fig. 38 The left-hand side shows the isovector neutron-particle proton-hole excitations leading from 7*Se to nAs. The particle-hole matrix elements are proportional to the unoccupation amplitude for the neutrons and the occupation amplitude for the proton squared (unvp)2 — {small)4. The ground state correlations
and the collectivity due to these excitations are therefore extremely weak. The
right-hand side shows particle-particle excitations where the matrix elements have
the Pauli factors (unuf)2 = (small)2(large)2. Normally thi* particle-particle
ground state correlation and excitation are neglected, but due to the weakness
of the neutron-particle proton-hole excitations they play a major role in this
case. Since the isovector particle-hole force is repulsive and the particle-particle
(and the hole-hole) force is attractive the inclusion of the particle-particle (and
hole-hole) correlations tend to quench the 2i/03 transition probability.
20 % from the value obtained fiom tin- reaction matrix of the Bonn potential. These
factors are adjusted to the odd-even mass differences. We also multiply the particle hole
matrix elements by a factor gpi, which we fix to the pnergy of the Gamou Teller giant
resonance (GTGR) in the intermediate odd-nucleus. This factor is also normally close
to unity. The biggest deviation found is 30 %. To show the influence of the particleparticle correlations, we multiply also the particle-particle matrix elements by a factor gpp
• 9pp

==

0 switches off the particle-particle correlations while gpp = 1 gives the values

predicted by the theory including these correlations.
Although one can obtain agreement with the mcasuivd 2v$3 data in a range of 0.8 <
Upp < 1-2 around gpf = 1, one observes a tendency for the unrenormali/rd Bruckner
reaction matrix elements gfp = 1 of the different realistic forces, that the particle-hole
and the particle-particle contributions to the 2u0fi transition cancel each other to zero.
The physical reason for this cancellation is not clear. The Gamow-Teller (GT) operator
53»si ''•'••i ""* generators of the Winner suprnnultiplet symmetry SU4. If this would
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be a dynamical symmetry of the nuclear many body Hamiltonian the 2i//?/J GT transition
would lead only to the double GT resonance and not to the ground state. But it is wellknown that the spin-'" bit splitting destroys the SU4 symmetry in the wave functions of
medium heavy and heavy udei.
Figure 39 shows the half life of nSe to t2Kr as a function of the particle-particle strength
gff.

At grf « 1 the particle-hole and the particle-particle contributions cancel and the

half life goes to infinity. Thus one sees that one is in principle able to understand the data
by slightly changing grf around unity (0.8 < grr < 1.2), but the predictive power is very
small 80 .
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Fig. 39 Half life of 2v00 Se to Kr as a function of the particle-particle
strength gpp. The data are from geochemkal measurements in rets. 6 2 i M and
from the first laboratory measurements of Moe et al6*.
The cancellation of the particle-particle and the particle-hole matrix elements for the Ivfifi
at around gpp — 1 means that the QRPA in its present form is not accurate enough. We
have therefore improved it in two ways:
First we included particle number projertion on the correct proton and neutron number
before the DCS and the RPA variation

M

. This stabilizes the results around gpp as 1.
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Figure 40 shows the 2p/9/9-Gamow-TeUer matrix element as a function of grr for QTDA
(no ground state correlations) and for QRPA with (PQTDA and PQRPA) and without
(QTDA and QRPA) particle number projection for 130Te to I30 A'e.
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Fig. 40 Dependence of the 2v0fl Gamow-Teller matrix element "' in QTDA
(Quasi particle Tamm-Dancov) and QRPA with (PQTDA) and without (QRPA)
particle number projection before variation

Table 1 shows a comparison of PQRPA half lives with experimental data. Thr agreement
between theory aii.J experiment normally is very satisfactory. Due to the fast variation
of the GT matrix elements with gpr(^ 1) for

I00

A/o the predictive power of the theory is

verv low for this nucleus.

Second we allowed for the higher order random phase approach (HQRPA) to describe the
states in the intermediate nucleus *2. We mixed to the one phonon 1+ states also two
(|1+ > |2f ^ ] , + and three phonon [|1+ > |2? > \2+ > ] ) + states. We included excitations
of the first 2 + state in the initial and the final nucleus in the description of the intermediate
1 + states. Figure 41 shows the GT matrix eleinen»[A/f l*~'j of the 2uflfi transition in
to "AY. Again HQRPA stabilizes thr values around gpp v 1 to be different from zero.
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Table 1. 2vi30 theoretical"97 and experimental "fi**3 ****** half lives. The
theoretical results are obtained with the particle number Projected Random
Phase Approximation (PQRPA) 9l*7
3.3 Particle-Particle correlations and the single j)* decay

The same i eduction which one finds for the 0+-branch of the 2v00 decay one should also
find for the # + decay from neutron deficient nuclei. Indeed it is well known 7I-72 that
the ft* decay in neutron deficient nuclei are quenched by factors 5 to 10 compared to the
theoretical results.

Figure 42 shows the reduced 0+ decay probability as a function of the particle-particle
strength g?p for the 0+ decay of l**Dy -*

i4t

Tb. The same effect which yields agreement

for the 2u00 decay can also explain the quenching in the j3+ decay of neutron deficit-;,:
nuclei.
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3-4 The Neutrinoless Double Beta-Decay
For the neutrinoless double beta-decay we have only lower limits for the lifetimes68-69-70.
The theoretical transition probability for the zero neutrino double beta-decay can be written as
= const

< mv > Mm + < tgÇ > M c + < M\lM\ >ft \2

(58)

with positive nuclear matrix elements Mm,M< and MM, which include also the phase
space factors. The experiment yields an upper limit for P*m.

Thus in the parameter

space of the effective elect.on-neutrino mass < mv > and the right-left (lepton and baryon
venices) handedness < tg(Q > and right-right (lepton and baryon vertices) handednet*
< M\iM\

> of the weak interaction relative to the left-handed one, one finds an ellipsoid,

in which all aUowed values for the neutrino mass < m M > and the right-handedness

63

1

1

v—
~

sBohr- Mottelson

o

-

Bertsch ^

\
o

65' ^83

3

1

\

Experiment = 0.69

CQ

1

\

V--;
i.o

as
FACTOR

N

go

OF M.E.

Fig. 42 Reduced 0+ decay probability B(GT) as a function of the particle-particle
strength gpp with which the particle-particle reaction matrix elements of the Bonn
potential are multiplied. The solid line is calculated with single particle wave
functions of a Saxon-Woods potential with parameters of Bohr and Mottelson 7*
and the dashed line with Saxon-Woods parameters of Bertsch 7i. One finds a
drastic reduction for the physical value of the particle-particle strength gpp ~ 1.
Around this value the theory agrees with the experimental data B(GT) = 0.69.
The single-particle basis used in the RPA calculation is the full N=4 and 5 and
the :'i3/2 &nd tn/2 shells

< tg(, > and < M\jM\

> must lie. Here Mi and M2 are the left and right-handed vector

boson masses, respectively. C '« the mixing angle W, =cos(WL+

sin Ç WR of the left

and right-handed vector bosons. Stringent limits for < mvt > and < tgC, > are obtained
from the lower limit of the
Figure 43.

I28

Te lifetime r 1/2 > 5 • 1024 years. The results are given in
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Righthandedness <if|>*10
Fig. 43 The allowed regions (inside the ellipsis) deduced from the experimental
bounds (Caldweil, Berkeley Conference 70 and refs. 62-64 and 71 ) for the neutrinoless double p-decay m T e -> 128A'e nith T1/2 > 5 • 1024 years. The upper
limit for the effective neutrino mass is < mv >< 1.9eV and for the effective
right-handedness < TJ >=< tgÇ >< 1.8 • IO"8 and < Aff/M$ >< 6 • 10~6
3.5 Conclusions
The neutrinoless double beta-decay (Qvfifi) can distinguish if the neutrino is a Dirac particle, that means if the neutrino is different from the antineutrino, or if it is a Majorana
particle and therefore identical with its antiparticle. Only in the case of a Majorana
particle, the (Ot//30) is possible. Grand unified theories predict that the neutrino is a
Majorana particle, especially the ones which are built on the SO(10) group and thus are
left-right symmetric. But being a Majorana particle the neutrino has to have a finite mass
and for a left-right symmetric model also a slight right-handed weak interaction. Since
the Ovfifi decay needs always a finite mass of the neutrino and is further increased by a
right-handedness of the weak interaction.
If one tries to test the calculation by the known 2u00 decays one finds that the theory is
by a factor 10 to 100 larger than the experimental data. But if one includes the particleparticle correlations of protons with neutrons, which are attractive, they cancel by a large
part the neutron-particle and proton-hole correlations. Including these additional ground
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state correlations one finds 76 ~ 79 a strong quenching of the 2vfif} transi'ions in agreement
with the experimental data.
The quenching of the /? + branch in the 2i//?/? decay can also be tested in the single fi+
decay of the neutrino deficient nuclei. Including the particle-particle correlations one finds
also agreement for these transitions which could not be understood before.
For the Ot/0/3 transition amplitude this quenching is for the leading recoil term only about
a factor 0.7 or 30 %. This difference between the 2i//9/9 and Ot/0/9 decay stems from the fact
that in the 0i//?/3 one has for the transition operator a dependence on the distance between
the two vertices and thus, by a multipole expansion one gets a transition operator which
excites also higher multipoles in the intermediate nucleus76. These higher multipoles are
not strongly quenched and thus the Of/?/? transitions are not so drastically affected by the
particle-particle correlations. The lower experimental limit of the 0»//?/? half life allows
to extract upper limits for the effective neutrino mass < mtv >ss mev < 1.9eV and the
effective right-handedness < tg( >< 1.8 • 10"8 and < U\IM\

>< 6 • 1O~6. To extract

an upper limit for the bare neutrino mass mtv the bare mixing angle Ç of the left- and
right-handed vector bosons and a lower limit for the mass of the heavy mainly right-handed
vector boson Mj, one has to know a specific model of Grand Unification. The upper limit
of the effective neutrino mass is probably close to the bare one, while the bare values Ç
and Mf/Mf

of the two other quantities can be appreciably larger
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