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Abstract 
This paper will give an overview of the some of the methods which are used to simulate the ideal 

MHD properties of tokamak plasmas. A great deal of the research in this field is necessarily numerical 
and the substantial progress made during the past several years has roughly paralleled the continuing 
availability of more advanced supercomputers. These have become essential to accurately model the 
complex configurations necessary for achieving MHD stable reactor grade conditions. Appropriate 
tokam, k MHD equilibria will be described. Then the stability properties is discussed in some detail, 
emphasizing the difficulties of obtaining stable high /? discharges in plasmas in which the current 
is mainly ohmically driven and thus demonstrating the need for tailoring the current and pressure 
profiles of the plasma away from the ohmic state. The outline of this paper will roughly follow the 
physics development to attain the second region of stability in the PBX-M device at The Princeton 
Plasma Physics Laboratory. 

I. Introduction 

The viability of the tokamak device as a fusion reactor depends crucially on achieving parameters 
such that the discharge is MHD stable at a high enough value of /?. Here 0 is the ratio of the 
averaged plasma pressure to the averaged value of the toroidal magnetic field energy which is used 
to contain the plasma, i.e., /? = 2 (P)/BQ where the average is taken over the plasma volume and 
Bo is the toroidal field at the magnetic axis of the device. The high value of 0 is required in part 
because of economic constraints but on the other hand it represents a major driving mechanism for 
MHD instabilities. Similarly, the plasma toroidal current density, J,, which is required to contain the 
plasma by providing more confining poloidal magnetic field and magnetic shear, can drive dangerous 
MHD instabilities. The actual shape of the radial profiles of the pressure and current are important 
considerations. In addition, the geometry of the device plays an important role in determining 
stability. This is usually specified by the aspect ratio, R/a(= e - 1 ) , where R is the major radius of 
the torus and a is its minor radius in the equatorial plane, and the cross-sectional shape of the outer 
boundary of the plasma. This shape could be circular for a simple configuration or shaped such as 
parametrized by the equations in a cylindrical coordinate system (X,<f>,Z), 

X = R + acos(6 + 6sin8) 
(1) Z = Easing 

where E is the vertical elongation of the minor cross section of the plasma, i is a measure of its 
triangularity and 8 is a polar angle in the cross sectional plane. Such configurations are shown in 
Figs. (la,b). Extreme shaping of the cross section is also beneficial for MHD stability. This could be 
such that the plasma is actually indented on its inner major radius side with an indentation defined 
by i = d/la as shown in Fig. (lc). This configuration is being investigated by the Princeton Beta 
Experiment (PBX-M) at Princeton. 

MHD instabilities can be roughly divided into two classes: internal (or fixed boundary) modes 
in which the plasma boundary is hardly perturbed. These include the internal kinks, interchange 
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Figure I: Plasma configurations showing a shifted circle (a), a DEE (b), and a bean shape(c). 

modes and ballooning modes. Then there are the external modes which depend on motion of the 
boundary for growth. These are mainly the external kinks. Because of the nature of these mod ;, one 
can see that it may be possible to influence the external modes by controlling the plasma bou. dary 
by external means, whereas the internal ones, being unaffected by the boundary must be cont: jlled 
internally such as by somehow tailoring the plasma profiles. Plasma cross sectional shaping a cts 
both types of modes, and because of the coupling between modes, especially in shaped cross sec on, 
the stability of these modes can affect each other. Of the modes listed here the most difficult to 
control are considered to be the ballooning and the external kinks, and consequently, MHD high /? 
efforts are directed towards stabilizing these modes. They usually occur to a good approximation 
at a critical value of /? given by the Troyon-Syku formula,1'2 /3T = Crl/aBo, where J is the 
toroidal plasma current, and the coefficient CT is about 3.5. This scaling was derived empirically 
from numerical simulations and experimental results under rather conventional operating conditions. 
Modern tokamaks have achieved CT factors of about 5, but it is genreally conceded that values of 
about 7 or more is needed. 

An interesting high /? aspect for ballooning modes is the occurrence of a second region of stability 
as the P of the plasma is increased beyond the first instability threshold at the Troyon limit, through 
an unstable region and then into another stable region. This occurs through a self healing process 
where the plasma internal magnetic geometry undergoes a moderate but sufficient rearrangement as 
the plasma is heated to effect a beneficial influence on the plasma. 3 ' 4 Since the stabilizing mechanisms 
responsible for this effect carry over into the other modes as well it has been theoretically observed 
in the internal kinks and the external kinks under certain conditions. It is naturally desirable to 
operate in the second stable region provided that this regime can be shown to be stably accessible 
from the low /? region. 

The methodology then is to find the optimum plasma geometrical shape and plasma pressure 
and current profile shapes for high 0 MHD stability which are also consistent with what is actually 
experimentally achievable. The latter caveat is emphasized since the theoretically derived configu
rations based upon ideal MHD alone are sometimes outside the bounds of given technological and 
physics constraints. PBX-M is actually investigating most of the MHD aspects discussed here. Its 
cross section can be strongly indented and there are provisions to tailor the pressure and the current 
profiles. There are also means to study the effect of passively controlling the external kinks by means 
of the eddy currents generated by the external instabilities themselves in a conducting shell which 
partially surrounds the plasma. Since a great deal of MHD analysis was developed to simulate and 
guide the development of this experiment the outline of this paper follows the progress of this device. 
A major goal of PBX-M is to achieve second stability conditions against ballooning modes so that a 
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major effort is being spent to stabilize these modes. 
The next sections will describe the equilibrium configuration of a tokamak, the various MHD 

modes that are usually studied and the means that we have to attempt Jto help stabilize them. 
There we will dwell in some detail on the treatment of individual modes, emphasizing first the 
external kinks and then the ballooning modes. We shall present results of the wall stabilization 
calculation for the external kinks, and the profile modification control of the ballooning modes. 

II. Tokamak Equilibrium Configuration 

The plasma MHD equilibrium is desct ibed by the equations, 

J x B = V P (2) 

V x B = J, (3) 

and the magnetic field is represented in an toroidally symmetric system as 

B = V < i x V l ( ' + s(V')V^ (4) 

where 27n/> is the poloidal flux through a toroidal ribbon bounded by the magnetic axis and a flux 
surface labeled by i>. The pressure and toroidal field functions, P and g. are functions of the radial 
coordinate, yj), only. The non-orthoginal flux coordinate system used in these calculations is (ifi, 0, f), 
with the Jacobian, J = Vij> x VflVf. The generalized ignorable toroidal angle, {, and the poloidal 
angle, 0, can be conveniently chosen so that the equilibrium field lines are straight in the 9-C, plane, 
i.e., 

B - W 

where the safety factor, or the inverse rotational transform, ?(V>)> is a function ijr only- The magnetic 
field can then be written as 

B = V a x V i > , (6) 
where 

Combining the radial (VSxVfl component of Eq.(2) and the toroidal (V^) component of Eq.(3), 
we obtain the Grad-Shafranov equation which describes general axisymmetric tokamak equilibria: 

V ~ V t f > = J-VcS = - ( P ' + j^gg'). (7) 

This equation for 0 is usually solved numerically5 by specifying the boundary (either by parametriz
ing a fixed shape at constant ^ as in Eq.(l), or by actually including the external coils in the 
calculations), and the functional form of the current density through P(<l>) and ff(^). Alternatively, 
it may be more useful to specify g($) instead of s(^): 

«(*) 

This is so because it is sometimes possible to infer the stability of the plasma in terms of the value 
of q and the shape of the profile itself, the global averager! shear of the magnetic field being given 
by dqfdifr. In addition, the so called rational surfaces are defined in terms of q(il>), the knowledge of 
which are important because of their effect on the plasma stability. If the mode perturbation of the 
plasma displacement is assumed to have the form 

{ = £*„,«pi(»n«-na (9) 
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then the derivative of its components along a magnetic field line is given by 

B-Vf = ^ £ ( m - nq)U exp i{mB - n<). (10) 
J m 

Thus, the perturbations are constant in the vicinity of those surfaces where q takes on rational 
values (= m/n). Field lines are thus more amenable to interchange among themselves there and 
can lead to instabilities. A high enough value of shear can prevent these interchange modes. 6 , 7 Also, 
at the rational surfaces, the magnetic topology can be easily altered such that magnetic islands 
with accompanying stochastic regions can form. Such regions have destroyed magnetic surfaces with 
ensuing loss of plasma containment. 

I I I . S t a b i l i t y C o n s i d e r a t i o n s 

The linear MHD stability cf tokamaks is described by the energy principle of Bernstein, et. al. 8 

It is given by, 

6W = 6Wr + SWv + 6W„ (11) 

where, for interest's sake, we write several popular forms of the plasma contribution: 

SW, =\ J drp{\d\2 - j Q x C + 7 P | V - « | 2 + (V.«r«-VP) (12a) 

= 5 / <MIQi|2 + JolQ-3 "£-VP? + *B x CQ 
- 2 { V P r « + T ^ | V { | 2 } (12b) 

=\ j *>{|Q + W * n l 2 + iP\ *<? ~ K&) ("0 
and the vacuum and plasma surface contributions are respectively, 

SW" = \ J d r » l V x A l 2 ( 1 3 ) 
SW, = \ J dTjp.tf*(fJ{P 4 i|B|2)^ (H) 

Here, Q = V x (£ x B) is the perturbed magnetic field written in terms of the plasma displace
ment obtained from combining Faraday's law, V x B + dQ/dt = 0 with the fro..*n-in condition, 
E + v x B = 0; j is the perturbed current density, a = j - B / B 2 , n = Vf/\Vil>\, £„ = £-n, and A is 
the vacuum magnetic potential. The quantity K in Eq. (12c) is given by 

/C = 2 j x n ( B - V n ) (15) 

= ™ 2 ( < T S + ^ + 2P'K*) ( 1 6 ) 

where 
B x V ^ / B x V ^ \ 

is the local magnetic shear. 
The force partitions of the terms which comprise SW are conveniently seen in Eq. (12b) and 

are respectively, field tension, compressional, current drive, pressure-curvature, and compressibility. 
Those terms which are not positive definite (i.e., the current and the curvature terms) are potentially 
destabilizing. Eq. (12c) is useful because it reduces the destabilizing drive to a single term and has 
been used to determine stability of certain configurations such as the hard core pinch. 

The numerical extremization of SW for £ has been carried out by several institutions, (e.g. 
the PEST code9 at PPPL). These codes have been routine'.-/ used fot simulating low w modes fot 
experimental comparisons and in designing new devices. 
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A. Global Modes. Kinks 
The kinks are driven usually by the plasma current trying to twist into helical shapes because of 

the self generated magnetic forces. The difficulty in controlling these instabilities is one of the major 
reasons that stellarators are still considered a contender for a viable fusion device. The internal 
(m = 1) kink occurs when qa falls below unity, so that operation with q > 1 is usually sufficient to 
avoid this. This is not easy since in ohmically heated devices the plasma current tends to peak at 
the magnetic axis and thus prevent operation at high current. It is hoped that with non-inductive 
heating and current drive, such self-pinching adn pinching of the current can be avoided. Fig. 2 
shows a result from the PEST cede of the plasma displacement for an m = 3 mode. Since q0 is less 
than unity it has a strong internal m = 1 component. The Fourier components are shown on the 
right. Note that the displacement is large at the plasma boundary, typical of an external kink, the 
dominant component being m = 3 since ? e d g e is 2.9. 

Figure 2: The plasma displacement (left) for a m = 3 external kink. Since q0 is less than 1 a strong 
internal kink contribution is present. The Fourier components of fy are shown on the right. 

The external kinks are more difficult to stabilize by means of such internal profile control. Instead, 
we can rely on the presence of a conducting shell near the plasma to suppress the growth through 
the eddy currents in the shell induced by the motion of the plasma boundary. In reality, the shell is 
resistive and so the mode only slows down to the appropriate time constant of the shell, although 
strong rotation of the plasma has been shown to produce a stabilizing effect. A combination of these 
together with some active feedback mechanism may be needed for total stability. The PBX-M device 
is studying these techniques. Such a calculation is shown in Fig. 3. A depiction of the machine is on 
the left showing the segments of the surrounding shell and the pusher coil at the inner major radius 
side which is needed to indent the plasma. The plates are quite close. On the right we see that the 
wall distance for a perfectly conducting segmented shell must be ~ .3a for stability. If the wall were 
without the gap this distance would be ~ .4a, but the toroidally symmetric gap is required for the 
diagnostics, neutral beams and wave guides access, etc. 

B . I n t e r c h a n g e M o d e s 

It is generally very difficult to analytically solve Eq. 12 for realistic configurations, but as men
tioned in Sec. II, unstable localized perturbations can arise at the rational surfaces. This local nature 
of the modes enables a reduction of Eq. (12) to a relatively simple but useful stability criterion on 
any rational surface. 
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Figure 3: The PBX-M device showing the position of the partial wall and the pusher coil needed 
for the indentation. The numerically simulated effect on the conducting shell of the square of the 
growth rate in units of the poloidal Alfven time is shown on the right. 

The interchange criterion, 6' 7 which gives a necesary condition for stability is given by Dj < 0, 
where 

D'-j-?{r<'7'>-«'{i4) 
(18) 

where 

and 
• do. 

One can see the competing effects of shear and pressure in the first and second terms on the 
right. In the limit of a large aspect ratio, circular cross section torus, 1 0 this is seen more explicitly: 

[rq'(r)\< 
\ «00 J + 5#>d •? 2 )>o . (19) 

The factor (1 — q2) tends to stabilize the pressure force if q > 1. This effect arises from the property 
of the tokamak to form a natural magnetic well because the magnetic axis tends to shift outwards 
due to the hoop forces of the plasma current, and the plasma pressure.[cf Fig. 1 It is stabilizing since 
the shift places more of the plasma into the region of good magnetic curvature. It is a direct cause 
of the self-stabilization efTect alluded to in the Sec. I. 

The interchange criterion describes modes which are roughly constant on a magnetic surface, and 
can be stabilized by shear and the presence of a strong magnetic well, but it natural to ask whether 
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there are modes which feed on the same mechanism as the interchanges but may be poloidally 
localized in the region of bad curvature, and small in the good region, so that the stabilization is 
reduced. This has to be a compromise since the pressure drive must overcome the strong field bending 
due to poloidal localization. If, however, this occurs the plasma becomes ballooning unstable. These 
modes are described in the next section. 

C. Ballooning Modes 
When n is large, numerical difficulties prevents accurate computation of Eq. (12) because of 

the increased complex spatial structure of the modes. However, in the limit of very large n the 
stability equations simplify to an ordinary differential equation in 9 which is decoupled in V" and so 
can be solved locally on each surface. This is the approximation which is mitable for describing the 
ballooning modes, 1 1 ' 1 2 and can be shown to also encompass the interchange criterion. It gives, 

(20) 
\ °~ / D~ 

where we can write 
1V7~|2 1 IT7./.I2 

(21) 

& —a-vii 1 | -t- *r KW<B + pu - B3 

|Vap _ 
B 2 |Vtfp ' B2 ' 1 

1 = 

B x V a 
= K. 

with 
(22) 

| V ^ | 

and 

^-s < 2 3 > 

$ is related to the plasma displacement and the curvature, K(= b-Vb), of the magnetic field lines 
is decomposed as 

Kw = K+- IK,, (24) 
where 

ivv-j 
and 

B 2 (26) 

are respectively the normal and geodesic component of the magnetic field curvature. The first term 
of Eq. (20) contains the effect of field tension, the second contains the potentially destabilizing 
pressure-curvature combination, and the third term stems from fluid inertia. Both the connection 
length and the local magnetic shear, S, play important roles in ballooning stability theory.'1 The 
dependence on 5 occurs through the integrated local shear, / ; we have 

5 = B-V7 (27) 

Using Eq. (8) we find (\/2x) § SJd9 = q'ty), so that 5 is comprised of the averaged global shear 
plus a residual oscillating part. In a conventional tokamak, because of the outward shift, the residual 
contribution to S can be so negative on the outer side of the major radius, where the poloidal field is 
usually the strongest, as to make S vanish there [cf. Fig. 4a]. This cultivates ballooning modes, but 
increased outward push of the magnetic axis due to higher 0, or indentation, can enhance this effect 

7 



Figure 4: (a)-(c): Contours of constant local shear S at and near 5 = 0 showing its variation with 
0 and indentation, (d) Contours of constant normal magnetic curvature, K^. 

Figure 5: Stability plot of f} vs indentation showing the first and second regions of stability at low 
indentation. At sufficiently high indentation the second region becomes accessible. 

to make the local shear actually strong and negative in the bad curvature region, and hence make 
the plasma less unstable, as shown in Fig. 4 b,c. In fact, indenting the plasma first at low pressure 
can immunize the plasma against ballooning instability. This makes the plasma accessible to the 
second region of stability. 1 3 ' 1 4 Note the reduced area of bad curvature in Fig. 4d. The benefits of 
indention is shown in Fig. 5, where we see that the unstable region is reduced as the indentation is 
reduced and actually disappears beyond » ~ .32. The second region is thus accessible from the low 
0 region. 

In this calculation ?o was 1.03 and j«jg< was 4.2. Both the pressure and the current density 
profiles used for the figure are quite unlike the present day experimentally obtained ones. They are 
both substantially broader and the current density may have an unrealistically large contribution at 
the plasma edge. The:•••. profiles are difficult to obtain using conventional means so that advanced 
techniques must be used. This is also a major thrust of the PBX-M device. We have carried out a 
systematic numerical study to determine the necessary supplementary distribution of current density 
and pressure from Lower Hybrid Current Drive (LHCD) and Ion Bernstein wave heating respectively. 
It is found that for the available LHCD on PBX-M the current must be located quite near the edge 
of the plasma with a broadened pressure profile. As expected, larger values of 30 "P t o a point, are 
more favorable. Such calculations are summarized in Fig. 6. In (a), we compare the accessibility 
in a plot of ef3r vs. qa for DEE shapes and an indented configuration, all for profiles which are 
not unlike those from inductively driven plasmas. The lowest qo for accessibility, obtained the in 
indented configuration, is still quite large. On the other hand with judicious tailoring of the profile 
as indicated in (b) a critical value of 1.5 for 70 is obtained for the bean shape. There we assume a 
deposition of a skewed Lorentzian distribution of LHCD at the locations in the plasma indicated by 
the arrows. The unstable surfaces are denoted by the darkened regions and the amount of LHCD is 
indicated. We remark that with further fine tuning, a critical value of 90 of 1.1 has been obtained. 
The experiment is currently underway to achieve this. 
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Figure 6: Left: The effect of shaping on the ballooning stability of a plasma whose profiles are 
ohmic-like. For 20% indentation, g0 for accessibility is still 2.0. On the right the addition of LHCD 
in the bean lowers $o to ~ 1.5. The shaded regions denote the plasma unstable regions, and the 
arrows points to the radius where the additional current is centered. 

IV. Conclusions 

We have given an overview of the important MHD modes which ate of importance in optimiz
ing the high /? performance of present day tokamaks as exemplified by PBX-M. This device has a 
number of unique features, such as the ability for strong shaping, a passive stabilizing shell, and 
a concentrated research effort in current and pressure profile control, all of which are intended for 
exploring the high /3 tegime. Other tokamaks, notably BIII-D at General Atomics, and TFTR, JET, 
and JT-60 are also investigating the j3 limits- We have concentrated on the helical modes only. The 
axisymmetric, n = 0, modes are also of concern but, fortunately, the physical mechanisms for these 
are well understood so that as long as the plasma is not too elongated they can be controlled by 
external poloidal field coils, together with the help of passive feedback from conducting plates near 
the plasma. These modes, together with the overall axisymmetric control of the plasma (shaping, 
positioning, startup, etc.) are simulated by the the TSC code. 1 5 We summarize in Table 1 some 
of the properties of the MHD modes discussed in this paper and describe the techniques commonly 
used to suppress their growth. As mentioned before, the external kink and the ballooning modes 
are considered the most restricting and are the focus of present MHD efforts. 

DISCLAIMER 

This report was prepared as an account of work sponsored by an agency of the United Sutes 
Government. Neither the United States Government nor any agency thereof, nor any of their 
employees, makes any warranty, express or implied, or assumes any legal liability or responsi
bility for the accuracy, completeness, or usefulness of any information, apparatus, product, or 
process disclosed, or represents that its use would not infringe privately owned rights. Refer
ence herein to any specific commercial product, process, or service by trade name, trademark, 
manufacturer, or otherwise does not necessarily constitute or imply its endorsement, recom
mendation, or favoring by the United States Government or any agency thereof. The views 
and opinions of authors expressed herein do not necessarily state or reflect those of the 
United States Government or any agency thereof. 
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Table 1: Summary of MHD modes. Important stability properties. 
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