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Abstract 

It is commonly assumed that the lognormal diffusion process (the geomet
ric Biownian motion with drift) is a reasonable price process for exhaustible 
resources with various sources of uncertainty. This has been a widespread as
sumption in theoretical work since 1979, see, e.g., Pindyck [1981] and Brennan 
and Schwartz [1985], who both take this process as exogenous. The discussion 
below assumes at the outset that the uncertainty derives from the demand side 
of the market. 

While the assumption may be criticized on empirical grounds, and while 
there may be some reasons to believe that prices may jump, the criticism here 
will be different. Inspired by Herfindahl [1967] one should look for an equilib
rium in which owners of deposits with different cost conditions choose when to 
start extraction from their deposits. Under uncertainty this timing option is 
recognized by some authors as an optimal "stopping" (in this case, starting) 
problem, and by some as analogous to the exercise of an American option. 

Brennan and Schwartz [1965] and others have analyzed this problem without 
recognizing its implication for the total supply of the extracted resource. Given 
the lognormal diffusion the optimal time to start extraction will be when the 
price for the first time exceeds a specified boundary value. (If the option has a 
finite expiration date, the boundary value will depend on time, but that does 
not invalidate the criticism.) Given the lognormal diffusion there are likely to be 
long time intervals during which the price is lower than the recorded historical 
high. The main point is: During these intervals no new deposits will start 
extraction. 

Under reasonable additional assumptions, this lack of supply response is in
compatible with an equilibrium. For many deposits cost conditions are such that 
once operating, the deposit will not respond to price fluctuations unless price 
falU very drastically. This is the case if variable operating costs are low and/or 
maintenance of a closed deposit is expensive. But then there is a fundamental 
asymmetry in the supply response to price fluctuations: Only when price ex
ceeds the historical high, does supply respond. In the remaining time intervals 
the supply is deterministic, given by capacity constraints, pressure conditions 
(for oil), etc. Upward and downward price movements have different effects on 
supply, and the historical high is an important state variable for the supply 
response. 

While an inelastic supply might be compatible with the assumed equilib
rium, this asymmetric supply response is hardly compatible. If the demand 
curve fluctuates according to a lognormal diffusion (as in Pindyck [1980]), the 
equilibrium price will not fluctuate according to the same type of processes. 
The problem will occur for a large class of price processes for which the optimal 
supply response is similarly asymmetric, i.e., for which the optimal extraction 
start occurs when the price exceeds a boundary value. For the given assump
tions of cost conditions, it is difficult to imagine a demand driven uncertainty 
which creates this kind of price process in equilibrium. 
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1 Introduction 
Since 1979 numerous authors have made the assumption that the spot price 
of some exhaustible resource follows a lognormal diffusion process, also called 
a geometric Brownian motion with drift. Some of the references are Tourinho 
[1979], Pindyck [1981], Ball and Bowers [1982], Brennan and Schwartz [1985], 
Ekern [1988], Slade [1988], Olsen and StenaUnd [1988] and [1989], Bjerksund 
and Ekern [1990], MacKie-Mason [1990], Gibson and Schwartz [1990] and [1991], 
and Lund (1992]. The process is exogenoualy given, and the authors focus on its 
implications for the suppliers to the market for extracted units of the resource.1 

The justification for the assumption is seldom explicit, but the analogy be-
tween a unit of the resource and a financial asset has clearly been important. In 
financial theory the lognormal diffusion has been used to describe asset prices 
for a long time. 

Of the references quoted above, only Tourinho [1979] is seriously concerned 
with whether the assumed process can really be an equilibrium. Bis doubts is 
due to his assumption that some investors store extracted units of the resource as 
an investment object. Under his assumptions about spanning and homogeneous 
subjective probabilities, the storage assumption implies that extracted units of 
the resource must earn a satisfactory expected return. This critique was met by 
McDonald and Siegel [1984], who made the alternative assumption that some 
assets do not earn a satisfactory expected return. This is more reasonable for 
extracted units of an exhaustible resource.3 

There is also a brief discussion of making the price process endogenous in 
Pindyck [1991], who in the bulk of the analysis operates with an exogenous 
lognormal diffusion. The discussion is not related directly to spot prices of ex
haustible resources, and concludes (p. 1141) that for some purposes the exoge
nous lognormal diffusion results in a reasonable description of supply behavior. 
For the model in section 3 below, the same conclusion does not apply. 

The motive for this paper is to examine whether the lognormal diffusion is 
a reasonable assumption from a theoretical point of view. This is interesting 
if one wishes to extend the established economic theory of exhaustible resource 
markets to include uncertainty. The discussion is of a partial equilibrium na
ture. A discussion of empirical results on spot prices of exhaustible resources is 
deliberately not included. Whatever those results are, a reasonable theoretical 
model should be of interest. 

There will remain many unrealistic features in the models to be presented. In 
most markets f e exhaustible resources, the assumption of price taking behavior 
will not hold strictly. For many purposes it is nevertheless useful to establish 
theories of how a competitive market would operate. 

This paper shows that under some sets of assumptions, a competitive spot 
market cannot generate the lognormal diffusion as an equilibrium spot price pro
cess. The main message is thus negative. It cannot be ruled out, however, that 
there may exist other sets of assumptions under which the lognormal diffusion 
is a possible process. 

The most important assumption is that different resource deposits have dif
ferent extraction costs. This is combined with the assumption that each resource 

'Lund [1987] also takes the lognormal diffusion as exogenous, and contains a discussion of 
why it is more reasonable than a ipecinc alternative. At that time 1 did not pay attention to 
the problems that are discussed in the present paper. 

3See Brennan and Schwartz [1985], Brennan [1991], and Lund (1991]. Only agents who 
have some additional benefit from Koring the resource, will actually store it- This benefit is 
called the convenience yield. Only for precious metals should this be assumed away. 
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owner chooses the optimal time to start extraction. The analysis is thus an ex
tension of Herfindahl [1967] to an uncertain world. 

In order to spell out the assumptions and their implications clearly, section 2 
presents a simple equilibrium model of the spot market for an exhaustible re
source under certainty. This model has some features that are of interest in 
themselves, showing the strict assumptions under which an exponentially grow
ing price is possible, and making clearer what it may mean that costs are an 
increasing function of cumulative production. It has the feature that resource 
owners are always at corner solutions in their choices of when to extract. 

Section 3 introduces uncertainty into this simple model, and demonstrates 
the basic problem that results. The problem has to do with asymmetric supply 
responses to price increases versus price decreases. Section 4 considers some 
alternative, more realistic assumptions, and show that they do not alleviate the 
basic problem, and even reintroduce some other problems that were avoided in 
the simple model. Section 5 summarizes the conclusions. 

2 The Simple Model under Certainty 
In order to analyze whether the lognormal diffusion process is a reasonable price 
process under uncertainty, it is convenient first to set up an analogous model 
under full certainty.3 The lognormal diffusion reduces to an exponentially grow
ing price, and the question to be analyzed is whether this can be a competitive 
equilibrium. 

Since the lognormal diffusion assumption generally is made without any 
restrictions, it will be interpreted as an assumption for an infinite horizon. Thus 
the same will be assumed for the exponential growth under certainty, and the 
model will be constructed to allow for this. There can be no "choke-oJF* price 
or fixed-cost backstop technology, but the resource is finite. Extraction goes 
asymptotically to zero as time goes to infinity. The assumptions are: 

( A l ) There is a perfectly competitive spot market for extracted units of the 
resource. All extracted units are immediately supplied to this market. There are 
no transaction costs or taxes, and all assets and goods are perfectly divisible. 
Borrowing and lending are possible in any amount at a given risk-free and 
constant interest rate, r > 0. If there is general inflation, it is known with 
certainty, and all variables are in real terms. 

(A2) There exists an aggregate demand function, with quantity demanded 
at time t being 

q? = h(t)D(P,). (1) 
P t is the spot price at t. The function D is continuously differentiable and 
everywhere decreasing, it is defined and strictly positive for all finite P, > 0, 
but as Pt —* oo, D approaches zero. 

(A3) The function h[t) is some continuously differentiable function. The 
functions h and D allow the existence of positive constants a and PQ such that 

r h(t)D(p0tot)<tt (2) 
JO 

is finite. 
3 This doa not mean that if something » unreaaonable under full certainty, it* analogue 

under uncertainty ja abo unreaaonable. A well-known counterexample k that in perfect aa-
•et market! there cannot exist auets with different (expected) return» in equilibrium under 
certainty, while nich difference» may exiat under uncertainty. 

2 



(A4) There is a given total quantity of the resource, Q, at time zero. All 
unextracted units of the resource are owned by suppliers who maximize the 
market value of their operations. 

(A5) The cost of extracting unit i of the resource is Q. This is independent 
of when this or any other unit of the resource is extracted. At time 0 there 
is a continuum of unextracted units of the resource, with the lowest unit cost 
being Co > 0, and with a density function / ( C ) . 4 The amount of the resource 
available at a unit extraction cost between C and C + dC is f{C)dC, and 

<?= rncfdc. (3) 
JCa 

In this section the maximization of market value will Bimply mean the max
imization of discounted profitB. 

The assumption of a continuous density is found in Solow and Wan [1976] 
and in Livernois and Uhler [1987]. It is convenient here in order to obtain a 
differentiable price path. It is well-known from Herfindahl [1967] that when each 
deposit has a finite size, there will be kinks in the price path. The assumption 
will be discussed at the end of this section, and will be relaxed in section 4. 

The two questions to be analyzed are: Under what additional restrictions 
can the equilibrium price path be of the form 

Pt = Poea\ (4) 

and how will PQ and a be determined? The method is to assume equation (4), 
derive demand and supply behavior, and then investigate how there can be an 
equilibrium for each *. 

The decision problem of the owner of an unextracted unit with extraction 
cost Ci is to maximize 

x« = (Pt-Ci)e-ri (5) 

by choosing t £ [0,oo), except if ir« is negative for all t. 
Substituting Pt from (4) gives the first-order condition for a maximum, 

Po(r - a)eat * rQ. (6) 

Under the additional assumption that r > a, this gives the optimal time for 
extraction of this unit, 

t=-\n1-^L-=ti. (7) 
a (r-Qf)Po v ' 

Observe that this implies that 

dCi _ P0a(r - a) 
•• aQ. (8) 

The additional assumption that a > 0 ensures that all units are extracted in 
the time interval [0,co). The second-order condition for an interior maximum is 
then easily shown to be fulfilled, as is also the non-negativity of profits. Solving 
for P t from (6) gives the price at which the unit with unit cost d will be 
extracted, 

where the parenthesized subscript refers to unit cost i, not to time i. 

* Ai in Solow and Wan [1976] the deniity (unction i» not normalized to integrate to one. 
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For any unit cost C,-, equation (9) gives the price at which it will be optimal 
to extract the unit which has that cost. If (hypothetically) C, = 0 there could 
not be an interior optimum: When r > a, such a unit would be extracted when 
the model opens at time zero. 

At this point consider the possibility of an equilibrium for each t. Under (4) 
with a € (0, r) , all units will be supplied at some t, so that the time integral of 
demand must equal Q. 

Since (7) gives t,- as a one-to-one function of C ( 1 and (9) does similarly 
for P(j), these can be substituted into the demand function to establish the 
equilibrium relationship between the supply and the demand side: 

h = W W * , ) = * ( i In 1 - ^ F m ^ L ) . (10) 

For an equlibrium to hold, the demand for the resource during the time 
interval (ti,U + dti) must be equal to supply given by the exogenously given 
density of the resource: 

/ ( G r ø ^ I b - ^ - r ø j S ; ) * , (11) 

where ddfdti is given by (8). 
If the price path is going to be exponential, there are only two parameters 

left to be determined, namely a € (0,r) and P0 > 0. These two are determined 
by the density of the resource. Two properties of the density are sufficient for 
the determination. These are Q and CQ. In order for all of the resource to be 
extracted, which is a necessary condition for an equilibrium, the integral (2) 
must be equal to Q. 

And in order for extraction to start at time zero, equation (6) gives: 

For a given Q and Co, the rest of the density function is now determined 
by the requirement of an exponential price path. An obvious conclusion is: It 
is highly unrealistic that such a relationship between the cost density and the 
demand function should exist. 

An Example 

In order to proceed it will be convenient to assume a particular functional form 
of the demand function. This allows for analytical solutions and illustrates a 
few additional features of the model more clearly. 

Assume that demand is isoelastic for each t, with an exponential growth over 
time, 

fc(0Wi)=i4e,lJ,f*. ( " J 

with A,b > 0 a n d j / 6 < r. 
The reason for the last inequality will be made clear shortly. It is not required 

that g > 0, however. 
Combining (13) and (4) gives: 

qt = APo *&-"**. (14) 

It will be shown shortly that this is strictly decreasing in f. 
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The cumulative extraction up until time t will be: 

«'--l^Tvéw^-'^')' (15) 

which is positive whether aft — g is positive or not. 
The requirement that all deposits should be extracted implies that 

Q o o = < ? = , / . • ! , (16) 

which requires ab - g > 0, so that (14) is in fact decreasing. One needs the 
additional requirement that r > g/b, so that there exists a non-empty interval 
fora, a 6 (g/b,r).s 

Since (14) gives qt as a monotone function of t, and (15) gives (J, as a 
monotone function of t, there exists a one-to-one relationship between qt and 
<2„ 

«1 = i U ' 0 - , - ( i . » - j ) C , . (17) 
The relationship between the demand and the supply side can now be ex

ploited to obtain the following necessary condition for the assumed equilibrium 
price path: Combine (4), (9), and (14) to obtain 

P0eat = - ^ - = / i V " ,(*/*)«. (18) 
T-a \qtJ 

Substituting for t from (7) gives a relationship between qt and d, which may 
be solved for g t l : 

tl,=APr'"(j=±y~''°. os) 
This gives qt, as a decreasing function of C*. 

Equation (19) is now the requirement on the density function which was 
stated in (11) for the general demand function. For the specific demand function 
(13), the density must have the form / (C, ) = g^dti/dCt, where gt, is given by 
(19), and dUfdCt is given by (8). 

With the relations (17) and (19), the following relationship can be derived 
between extraction costs and cumulative extraction in equilibrium: 

c = ^ M-P.- ' )""*"" M V - «.(- - f j ] " " " " , (20) 

which is increasing in Qt. 
This Bhows that there exists an increasing relationship between unit ex

traction costs and cumulative extraction in this model, given by (20) in the 
isoelastic case. But this is an equilibrium relation, which depends on r,A,g,b, 
and through PQ and a on Q and CQ. It cannot be taken as exogenous to the 
model. A similar point was made by Livernois and Uhler [1987], who find that 
the relationship may not even be increasing when the assumptions are different 
from here. (End of example.) 

The fundamental result in a standard Hotelling [1931] model, that in equilib
rium resource owners should be indifferent between extracting now and extract
ing later, has no place in a model with a continuum of deposits and heteroge
neous extraction costs. In the present model the owners are always at a corner 

5 The two equation* which determine a and Pa are (12) and (16). When b it an integer leu 
than 5, the reaulting polynomial equation hai an explicit solution. 
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solution, extraction or no extraction. This removes an important explanation 
why prices (and under uncertainty, expected prices) should always have a spe
cific growth rate, namely in order for resource owners to be indifferent between 
extracting now or later. 

The main conclusion of this section is: For an exponential price path to be 
an equilibrium, very strong restrictions must be imposed on the relationship 
between the demand function and the cost density function. When the density 
function does not fulfill the restrictions, the equilibrium wilt be different. Its 
properties is beyond the scope of the present paper. The problem is analyzed 
by Herfindahl and Kneese [1974], section 4.5. 6 

3 The Simple Model under Uncertainty 
Uncertainty will in this paper originate from the demand side. There is supposed 
to be a stochastic process that multiplies the demand equation, as in the first 
model in Pindyck [I960], but in contrast to that model, this is the only Bource 
of uncertainty. The reason for this choice is to keep the model as simple as 
possible without removing the main result. The assumptions in this section will 
be (Al), (A2), (A4), (A5), and the following two: 

(A 6) The function h(t) is a Markov process. All agents agree on the stochas
tic properties of h(t), 

(A7) There exist futures markets for the resource with all maturities being 
traded, or other asset markets in which it is possible to construct dynamic, self-
financing portfolio strategies that replicate the cash-flows of futures contracts 
of all maturities. At time t the futures price for time t' is Ft,t'- The ratio 
hx(Ftit>/Pt)/t is a constant, the same for all ((,(')• 

Assumptions (A2) and (A6) are closely related to Pindyck's [1980] assump
tion on the demand side uncertainty.7 In this partial equilibrium framework, 
the process h(t) is the exogenous source of uncertainty. 

One might want to include a condition like (2) being Unite. Under uncer
tainty this is complicated, and in this paper unnecessary for the derivation of 
the negative result below. 

The spanning assumption (A7) is sufficient to establish the supply strategy 
of the value-maximizing resource owners under the assumption that the spot 
price follows a lognormal diffusion. 

The analysis below is similar to that of the previous section. It is tentatively 
assumed that the price follows a lognormal diffusion process, 

dPt = aPtdt + trPtdZt, (21) 

where dZ is the increment to a standard Wiener process, and a is the instanta
neous standard deviation of the price growth rate.1* The question is now whether 
this can result in a competitive equilibrium in the spot markets. This will be 
answered by first considering the supply response to the process. 

"Since Herfindahl and Kneese give veasonable condition* for an equilibrium price path, the 
negative conclusion about the certainty model in the present paper may seem to rely on a too 
literal interpretation of the exponential price path. One may object that for many purposes 
the exponential path U * reasonable approximation. The main purpose of the certainty model 
in the present paper was not the negative conclusion, but the model's role as an introduction 
to the uncertainty model. 

7Pindydc has the multiplicative uncertainty in the inverse demand function, and specifies 
that the stochastic process is a lognormal diffusion, his eqns. (1) and (2). 

'The constant or is now the txftctei growth rate of the price, Ba(Pt) = fte<". 

6 



It should be made clear what is meant by an equilibrium. An equilibrium 
price process should be such that when each supplier «akes this process as ex
ogenous and determines his or her supply strategy, then at each point in time, 
total supply should add up to the quantity demanded, given by (1), at each t 
for all possible price pathB. 

When (Al), (A4), (A5), (A7), and equation (21) hold, the optimal supply 
strategy for the owner of a resource unit with extraction cost Q is equivalent 
to the optimal exercise strategy for an infinitely lived American call option on 
an asset which earns a below-equilibrium rate of return. This is analyzed under 
somewhat varying assumptions by Samuelson [1965] and its appendix, McKean 
[1965], by McDonald and Sieget [1986], by Bjerksund and Ekern [1990], and by 
Pindyck [1991]. The result below is reproduced from the latter three. 

Because of the infinite horizon the optimal "stopping" strategy, i.e., the rule 
for when to extract, takes a particularly Bimple form. Extraction should occur 
at the first time when the price exceeds a constant boundary, 

with 
Ifr-S TV 77" 1 r-6 

and 

«--MW (24) 

a positive constant. Bjerksund and Ekern [1990] show that £ > 1. 
The constant 6 is referred to as the rate-of-return shortfall of the resource 

price. It is equal to the difference d — a, where d is the expected rate of return 
on the futures contracts. This is by assumption the required expected rate of 
return on any asset with a return which is perfectly correlated with, and has the 
same instantaneous standard deviation as, the rate of change in resource price. 

Recall that the spot price of the extracted resource had to increase by a rate 
less than r in the certainty model, in order for the optimization problem to have 
an interior solution. An analogous result follows from (22): US approaches zero, 
i.e., the spot price earns close to an equilibrium expected rate of return, then e 
goes to one, and the optimal boundary price goes to infinity for all Cj. 

Returning to the main point of this paper: What are the implications for 
aggregate supply? With the assumed price process there is obviously a positive 
probability for long time intervals during which Pt is lower than its previous 
historical high. Such an interval is shown in figure 1, between time it and time 
[3. But during these intervals nothing will be supplied. This cannot possibly be 
an equilibrium. The intuitive explanation is that there is no similar mechanism 
on the demand side that ensures that demand will go to zero. 9 

To be more specific, the price may return to a level which it has had before, 
having been higher in the meantime. If demand were a deterministic function 
of price alone, then demand would be at the same level at both these points in 
time. But supply may be positive the first time and zero the second time. 

Since demand is not a deterministic function of price, another argument is 
required. This argument wilt rely on the Markov nature of demand. Under 
(A2) and (A6), when both (1) and (21) hold, demand, qf, is the product of a 

•Observe that this problem would not be noticed if the analysis concentrated on the be
havior of expected price* and expected est net ion. It occur* became of the requirement that 
supply and demand ihould be equal for all possible price pat hi. 
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Figure 1: Prices follow a lognormal diffusion. Between *i and h, prices are 
lower than at ti. 

Markov process, h(t), and a function of another Markov process, Pt, and thus 
the vector (qp,h(t),Pt) is a Markov process. 

Aggregate supply, however, is not & function of P, only, but at each time t 
also a function of the previously10 recorded high price, 

A = max PT. (25) 

Since the supply process has a state variable that the demand process does not 
have, the two must be different. That ia, equation (21) cannot be an equilibrium 
price path. 

4 More Realistic Models under Uncertainty 
The main feature which distinguishes the aimple model from previous equilib
rium models, notably the first one in Findyck [1980], is the timing options. 
Resource owners are not assumed at all points in time to be at an interior so
lution with respect to their rates of extraction from deposits with continuously 
evolving extraction. In fact, in the simple model they are never at Buch interior 
optima. However, the main idea carries over to more complicated cases. 

In order to try to reestablish the lognormal diffusion process as an equilib
rium, one may think of modifying the assumptions in section 3. 

The first modification will be on the supply side: Although there are large 
numbers of deposits of most exhaustible natural resources, there is not literally 
a continuum. More importantly, within e*ch deposit the costs of extracting 
the different units of the resource are not independent of each other. In most 
cases there are investment costs to be incurred before extraction starts, often 
described as installation of extraction capacity. Once installed this capacity 

1 0 B y mmumption the problem start» at time zero, if not, price* before thai time would abo 
be of internt. 
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may allow extraction at relatively low operating costs for a long period: This is 
true in particular for oil and gas. 

As noted in section 2, it is known from Herfindahl [1967] that there will be 
kinks in the price path under certainty when extraction from each deposit takes 
time. Although this may be enough to rule out the lognormal diffusion process, 
the main purpose of this section is to investigate whether the problem pointed 
out in the previous section carries over. 1 1 

Two related models in the literature derive the optimal investment and op
erating strategies under such circumstances, both with an exogenously given 
lognormal diffusion price process. Both models show that supply will depend 
on when price exceeds specific boundary values, and thus that the problem from 
the previous Bection remains. 

Brennan and Schwartz [1985] has three possible decisions, to open the mine, 
to close the mine temporarily, and to abandon the mine. There are specific 
costs related to each decision, and when open, extraction will be chosen within 
an interval [q,q\. There are operating costB and maintenance costs. There is no 
explicit distinction between the cost of opening anew mine and that of opening 
one which has been temporarily closed. 

In section IV of Pindyck [1991] there is the investment decision, to be taken 
(at most) once, and then at each point in time, the operating option. A fixed 
quantity may be produced at a given cost, or not. The model does not explicitly 
take into account costs of opening and closing the project. It does not explicitly 
consider exhaustible resources, which means that the operating decision has no 
element of irreversibility, and can be made on the basis of comparing price with 
the given operating cost. 

Both models have the property that the starting (opening, investing) strat
egy is to wait for a critical value of the price, which depends on costs and other 
parameters. 1 2 This means that the fundamental problem which was pointed 
out in the previous section remains: Aggregate supply does not only depend on 
the current price, but also on the historical high. If prices fall after extraction 
has started, extraction will not immediately be interrupted. This depends, of 
course, on the relationship between the various costs that are mentioned in the 
Brennan and Schwartz [1985] model. 

Some closing and opening costs are sufficient to create the dependence on Pt 

that was derived in the previous section. There is then an interval between the 
price at which it is optimal to open, and the lower price at which it is optimal to 
interrupt extraction. This interval is wider if maintenance costs are not much 
lower than operating costs of an open mine. If the cost of investment exceeds 
that of reopening, the price at which it is optimal to invest will exceed that at 
which it is optimal to reopen. 1 3 

Even if only a minority of deposits had the kind of technology (and thus, 
supply behavior) described by these two models or by section 3, the supply from 

"One may even be able to avoid HerfindahTs ldnlu if the model avoids the requirement 
that each owner ahotild be at an interior solution with respect to timing of extraction within 
the time interval when hit or her extraction takes place. This requirement is not necessary if 
extraction will be kept at a maximal rate during that interval. 

1 3 When the horizon is infinite, the critical value does not depend on time. 
1 3High maintenance, closing, and opening costs are likely to be more important for many 

exhaustible resources over time, as extraction must move to higher>co*t deposits. In practice 
the option to close down may then not be so valuable, and extraction may be seen as deter
ministic after investment has taken place. Campbell [1980] introduced the assumption that 
once capacity had been installed, the extraction would take place at full capacity as long as 
the deposit allows. When oil and gas extraction depends on natural pressure, there will then 
be a decline period. 
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these deposits would be patt of aggregate supply. Aggregate supply would not 
depend on current price only. 

Next one may want to introduce exploration and discoveries into the model, 
and possibly technological development. This is beyond the scope of the present 
paper. Discoveries of new deposits affect the price via the terminal condition 
that the whole deposit should be extracted, which was not made precise in the 
uncertainty model above. In order to preserve a price path with zero probability 
of discrete jumps, one would probably have to model exploration as a continu
ous change in the probability distribution of reserves. Although exploration is 
discussed by Pindyck [1980] and others, to incorporate this into a model with 
timing options and demand uncertainty is a topic for future research. 

The next step may be to relax the assumption on spanning. Pindyck [1991] 
shows that even without the spanning condition, dynamic programming may be 
used to solve for an optimal investment strategy, given some discount rate. The 
strategy will be of the same form as discussed above, with investment taking 
place when price exceeds a boundary value for the first time. 

Finally one may want to relax the assumption that the demand uncertainty, 
h(t), is a Markov process. Could it be that demand responded to the price 
process in the same way as supply? This seems very far-fetched. It may certainly 
be the case that some actions on the demand side are triggered by the price 
hitting a specific value, but this is more likely to happen when the price hits 
Borne value from above for the first time: If the extracted exhaustible resource 
is used as an input in production, i.his production will have an uncertain factor 
price. It may be modelled along the lines of McDonald and Siegel [1986], who 
show that an investment should be undertaken when the ratio of the gross 
project value to the investment cost exceeds a boundary value. If the resource 
price is part of the investment cost, the implication is that the price must get 
below some level for this demand to be triggered. 

In any case it is highly unlikely that one should be able to construct an 
aggregate demand behavior that followed the behavior of aggregate supply under 
the lognormal diffusion. Just as in the certainty model, aggregate supply is very 
closely linked to the cost distribution and the technology. 

In a stochastic dynamic framework the derivation of an equilibrium is a lot 
more complicated than in a static framework. Because of the strong restrictions 
that are required to equalize the aggregate supply and demand behavior, the 
most promising Btarting point for construction of an alternative model Beems 
to be to hypothesize some other price process. If one does not 6tart with some 
assumption on the price process, no characteristic of the optimal supply behavior 
can be derived. It seems unlikely that one should be able to derive an equilibrium 
without this. 

The general property of the supply behavior that creates the problem for 
equilibrium is that each supplier follows what is generally known as an optimal 
stopping rule, in this case an optimal starting rule for extraction. In looking for 
alternative models one may want to avoid such strategies altogether. 

One assumption which may allow the construction of a consistent model 
is that supply is a deterministic function of time. This would be optimal if 
investment takes time, and the autocorrelation in prices dies out during the 
period of investment. In response to stochastic demand, price would exhibit 
short-term fluctuations around a given path, which would grow in order to 
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encourage the investment in more costly deposits as time goes by. Supply would 
be completely inelastic with respect to these short-term fluctuations.14 

It should finally be mentioned that the negative main result may also have 
applications to other investments projects, and the markets for their outputs, 
not involving exhaustible resources. 

5 Conclusion 
The possibility that the lognormal diffusion process should be an equilibrium 
spot price process for an exhaustible resource has been analyzed in a partial 
equilibrium model under the assumption that resource deposits have different 
extraction costs. 

Two sepaiate problems have been pointed out. Under full certainty, when 
the process reduces to an exponentially growing price, the equilibrium places a 
very strong restriction on a relationship between the demand function and the 
cost density function. Under uncertainty there is an additional problem that 
during periods in which the price is lower than its previously recorded high, no 
new deposits will start extraction. 

The first of these problems can be solved by assuming a slightly different 
development of prices, and is only a serious problem if the exponential growth 
is taken very literally. The Becond problem, however, is generic for all price 
processes under which optimal extraction from (a significant number of) deposits 
follows a trigger strategy, "start extraction when price for the first time exceeds 
a specific boundary." In such models aggregate supply does not only depend 
on current price, i.e., the vector of supply, price, and the exogenous uncertainty 
does not constitute a Markov process. It is difficult to imagine that demand 
should be equal to supply in all states of the world. 

1 4 The alternative mean-re verting price procea* that ia often used in the finance and option* 
literature, tee, e.g., Merton [1971] and Pindyck [1991], doea not let the autocorrelation die 
within » fixed time period. 
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