
DRFG/CAD EURrCEA-FC-1460.

Wave Chaos and the Temperature Dependence
of LHCD Efficiency

K. KUPFER and D. MOREAU

Juin, 1992 .



WAVE CHAOS AND THE TEMPERATURE DEPENDENCE
OF LHCD EFFICIENCY

K. KUPFER and D. MOREAU
Association EURATOM-CEA sur la Fusion Contrôlée

Centre d'Etudes de Cadarache,
13108 Saint-Paul-lez-Durance, France

Abstract

Weakly damped lower-hybrid wave propagation is shown to be chaotic for parameter
regimes typical of current drive in Tore Supra and JT-60. In these cases, the spectral
gap is filled by wave energy that diffuses to higher fc|| in the stochastic layer. Agreement
between theoretical and experimental scalings for the current drive efficiency is obtained
by including non-resonant losses of wave energy, due to collisions and lossy reflections near
the plasma edge, which reduce the efficiency at low temperatures, when the spectral gap
is large.



1. Introduction

In many present day LHCD experiments, large toroidal currents are driven by waves
launched at high parallel phase velocities, where there are initially far too few electrons
to account for the observed current drive, i.e. there exists a "spectral gap" between the
launched waves and the thermal electron population. Since it is well known that toroidal
effects on the wave propagation can cause sufficient upshifts in fc|| to fill the spectral gap
[1], ray tracing codes are now standard tools for obtaining lower-hybrid deposition profiles.
However, it is not fully appreciated that lower-hybrid ray trajectories in a tokamak can be
chaotic (even in the absence of density fluctuations), as previously shown for the case of
low n(| waves (ny = cfcji/w) that undergo mode conversion between the slow (electrostatic)
and fast (electromagnetic) branches of the cold plasma dispersion relation [2]. In fact, the
chaotic dynamics is not restricted to waves undergoing mode conversion, but can occur
even in the purely electrostatic limit, which is more representative of the wave propagation
in LHCD. This leads to a diffusion of the wave energy from low k\\, where it is launched,
to high Jfc||, where it is absorbed by electron Landau damping [3]. Thus the width of
the diffused wave spectrum and the characteristic diffusion time are both functions of
electron temperature. Indeed, experiments (notably JT-60 [4] and more recently JET [5])
show that the LHCD efficiency has a strong dependence on the volume averaged electron
temperature.

Ia this work, we develop a model for the temperature dependence of LHCD efficiency
which is linked to the filling of the spectral gap in the presence of a parasitic absorption
process that drains RF power during propagation. In Section 2, we consider the issue of
chaotic ray dynamics for LHCD parameters typical of Tore Supra and JT-60. In Section
3, we discuss the results of coupled ray-tracing/Fokker-Planck simulations and formulate
a simple model for the local current drive efficiency. The temperature dependence of the
global LHCD efficiency is discussed in Section 4 and our conclusions are presented in
Section 5.

2. Ray Tracing and Wave Chaos

The ray equations are determined by the local dispersion relation and can be written
in canonical form, where the canonically conjugate variables are (#,TO) and (r, kr). Here r
is the minor radius, 9 is the poloidal angle, fcr is the radial component of the wave vector,
and m is the poloidal mode number. The equilibrium is considered to be axisymmetric, so
the toroidal mode number is conserved. We consider the cold plasma dispersion relation
in the lower-hybrid range of frequencies, as given in [1] (in all of the cases studied, thermal
effects are negligible hi determining the ray trajectories and need only be retained for



calculating the electron Landau damping). Since all ray trajectories are confined inside
the plasma by a cut off layer at low density, the system is periodic in both r and 6 and we
may view the trajectories in an (m,0) surface of section, denned as follows: each time an
inward bound ray pierces a given flux surface, one plots the value of m versus 8 (mod 2jr).
Note, there is some subtlety involved in handling rays propagating on different branches
of the dispersion relation. To avoid the appearance of intersecting ray trajectroies in the
surface of section, a different sheet of the (m, 9) plane is designated for each branch of the
cold plasma dispersion relation (i.e. slow and fast). Futhermore, we may view the surface
of section in the (n||,0) plane, since there is a one to one mapping that relates each sheet
of the (m,0) plane to a corresponding sheet of the (ri|j, 9) plane. Each surface of section is
composed for a given toroidal mode number, representative of the launched spectrum.

Surfaces of section for parameters typical of Tore Supra and JT-60 are shown in
Figures l(a) and l(b). Initial conditions with various poloidal mode numbers were taken
on the slow wave branch near O = O. The toroidal mode number was chosen so that
the initial condition at m = O was launched with n\\ = Uy0, where n\\0 is near the peak
of the actual (experimental) injected spectrum. A thick stochastic layer surrounding n||0

(extending mostly in the direction n\\ ~ n\\0) is readily visible in both Figures l(a) and
l(b). The parameters for the Tore-Supra case are [6]: nco = 4 x 1013 cm"3, Ip = 1.6 MA,
B0 = 3.9 T, R0 = 240 cm, a = SO cm, /r/ = 3.7 GHz, and nllo = 1.8. The parameters for
the JT-60 case are [4,7]: neo = 3 x 1013 cm"3, Ip = 1.5 MA, B0 = 4.5 T, R0 = 310 cm,
a = 70 cm, /r/ = 2 GHz, and n^0 = 1.5. In each case, the ratio of the peak to volume
averaged electron density is 2 and the q profile is parabolic, with q = 1 on axis. The ray
tracing is done using the Bonoli-Englade code [I].

For a given toroidal mode number, the stochastic layer on any given flux surface
r extends over the interval na(r) < njj < MS(T-), where TU(F) denotes the position of a
limiting KAM surface and na(r) denotes a propagation limit, i.e. the dispersion relation
prohibits propagation for n\\ < na(r). It is worthwhile mentioning that the propagation
limit need not be established by mode conversion to the fast wave. This can easily be seen
from the electrostatic dispersion relation, fc^ = (e||/ej.)fcjj, where k^ KS k* + (m/r)2 and
fcjj SB [n + m/q(r)]/R0. Here q(r) is the safety factor, n is the toroidal mode number, and
for simplicity one may consider ÊH/ÊJ. « Wpe(r)/w

2. As m is decreased through negative
values, fc2 eventually becomes negative across the entire plasma cross-section and the wave
cannot propagate. Thus, for a given toroidal mode number, there is a limit to the poloidal
angular momentum the wave may carry; for negative m this imposes a lower limit on
rid. For fully electromagnetic propagation, both poloidal angular momentum and mode
conversion can play a role in establishing na(r). For the above Tore-Supra parameters, the
propagation limit is almost entirely due to poloidal angular momentum, whereas for the
JT-60 parameters, mode conversion to the fast wave plays an important role in limiting



the spectrum. Mode converted rays appear on a second sheet of the surface of section (not
shown in Figure 1), where they propagate in a narrow stochastic layer with n\\ fa na(r).

Rays launched at rc(|0 (with m KS O) can access higher n(| in the stochastic layer, but
cannot exceed the KAM surface at nt,(r). Since electron Landau damping on the tail
of a Maxwellian distribution becomes strong when the wave phase velocity is less than
(approximately) 4ue, the spectral gap on a given flux surface can be filled, as long as

rifc(r) ~ c/4ve(r), where ve = N/Te(r)/me. For the Tore Supra case in Figure l(a), we
see that nj « 8 at mid-radius, so that the spectral gap can be filled, even at low electron

temperatures (Te ~ 0.5 keV). By contrast, for the JT-60 case in Figure l(b), n& ss 4 and

the spectral gap can only be filled for T4 ~ 2 keV. Note that our ray tracing calculations
assume 'ircular flux surfaces; non-circularity in the case of JT-60 is likely to increase the
value of ni and needs to be considered.

The important property of a chaotic system is the divergence of initially neighboring
trajectories in phase space. This divergence has a characteristic time scale, which, in the
case of lower-hybrid wave propagation, must be compared to the time scale for absorption
by electron Landau damping. If the damping is weak enough, the chaotic dynamics has
a strong effect on the spectral distribution of wave energy. For both the Tore Supra case
with T80 ,< 3 keV and the JT-60 case with Teo ,< 6 keV, we find that an ensemble of rays
launched near the peak of the injected spectrum (at low n\\0) can fill a large portion of the
stochastic layer before being absorbed. In this case, the rays make many passes through
the plasma, but do not establish a regular mode pattern, as they would in separable
geometry. Instead, wave energy fills the plasma, diffusing among a broad spectrum of
randomly phased poloidal harmonics [3]. Although there are many questions about the
validity of geometric optics in the multi-pass situation, it is plausible that rough features
of the wave energy transport and spectral broadening can be modeled by considering a
large ensemble of rays launched in the stochastic layer. However, there has never been
any comparison with full wave codes to substantiate this conjecture. In the opposite limit,
when the damping is strong, rays remain in coherent bundles during the entire course of
propagation.

3. A Simple LHCD Model

The wave driven current density on a given flux surface can be calculated from the
integral expression:

Jrf(r) = J dv^G(v^r)S(v]br) , (1)

where S(u|t,r) is the RF power density absorbed by electron Landau damping at a given
resonance ujj = w/fc|j and G(UJJ, r) is the current drive response function. For LHCD, the



appropriate response function [S] (ignoring the effect of trapped electrons and taking the

limit u » UjJ is
ZO , (2)

where T(r) = vavl — /iee
4 In A/(4jre*m*) and va is the thermal electron collision frequency.

We consider the RF quasilinear diffusion coefficient £)(v||,r) to be finite in some range of
resonant velocities, i'i < v\\ < V2, where U1 and U2

 can be functions of r. Roughly speaking,
Uj is determined by electron Landau damping, which limits the diffusion of wave energy
filling the spectral gap, and U2 is determined by the cold plasma dispersion relation, which

limits the minimum «][. Defining D — D/v0vl and assuming D ~ 1, quasilinear diffusion
flattens the electron distribution in the resonance region, so that S oc meUui/, where v is the
appropriate collisional momentum loss rate for fast electrons. Since v oc ujj" , combining
the above equations leads to the following expression for the current:

T i A = 4ir€°m« W'J 4 «2 -Pi - (ft
rf{ ' C3InA ne (5 + Zi

where Wrf is the RF power density absorbed by resonant electrons on a given flux surface.
Note, for a given absorbed power, we have found that the current calculated from (3) is
in good agreement with previously published results based on numerical solutions of the
two-dimensional Fokker-Planck equation [9]. (In general, the two-dimensional numerical
efficiency is found to be larger by a factor of 1.3 to 1.4, independent of Zi and

To calculate U1 and U2 and to check the assumption that D ~ 1, we have per-
formed a coupled ray-tracing/Fokker-Planck analysis. Using the simple (radially local)
one-dimensional Fokker-Planck model [8] (ignoring both fast electron transport and en-
hanced perpendicular electron temperature), the electron Landau damping of a large en-
semble of rays is calculated iteratively, until D(v\\, r) and the electron distribution function
are determined self-consistently. Simulations were performed for Tore Supra and JT-60
parameters, as given in Section 2, at various central electron temperatures from 2 to
9 keV. In the case of Tore-Supra, we considered waves launched with n|j in the range
1-6 < «HO < 2.0, while for JT-60 we considered 1.25 < n^0 < 1.75. Various temperature
profiles were assumed with Teo/{Te) in the range 2 to 4, where (Te) is the volume averaged
electron temperature. The results of our analysis show the following:

(i) »i(r) = aue(r), where a is between 3.5 and 4.0 on flux surfaces where there is
significant power deposition;

(ii) U2(
1O = c/na(r), where na(r) is the low HU limit for the minimum toroidal mode

number in the launched spectrum (as discussed in Section 2);
(iii) D is of order unity or larger throughout the resonant region.

Results (i) and (iii) can be seen in Figure 2, which shows level contours of D with respect
to the normalized coordinates U||/t7e(r) and r/a, for both Tore-Supra and JT-60 cases. The



radial deposition profile for each case in Figure 2, is shown as a dashed curve, so one can
see that the D = O contour indeed dips below v\\/ve = 4 on flux surfaces where most of
the RF power is absorbed. Also, D increases from 2ero to one quite rapidly (as shown by
the proximity of the D = O and .0 = 1 contours) and then remains large throughout the
resonant region, until U|| exceeds t'2(r) (not shown in Figure 2).

Having performed simulations over a range of injected powers (from 0.5 to 5 MW),
we were able to conclude that the efficiency indeed scales linearly with the RF power as
given by (3), even though the electron distribution function is in the saturated (large D)
quasilinear state. This is due to the fact that only small changes in ui(r) are required
to adjust the height of the quasilinear plateau (and absorbed power) in réponse to the
injected power level. It is important to mention that our simulations were performed in
the absence of an ohmic electric field, as would be the case in steady state, when all of the
plasma current is driven by the RF,

4. The Global LHCD Efficiency

The global current drive efficiency is defined as rj = nfR0Irf/Pin, where P1n is the
total injected power and ne is the line averaged density. From (3) we obtain

where x(r) = (^/U2)2 = u2n|Te(r)/mec
2 and Tj0 = [n-2(5-t-Zi)-

1125/lnA] l020A/Wm2.
In obtaining (4), we have taken n0(r) xt constant, as justified by direct calculations of na(r)
based on the electromagnetic dispersion relation. The angular brackets in (4) indicate a
volume average weighted by the RF deposition profile Wrf(r). Also, we have introduced
Piosa as the amount of injected power that does not contribute to current drive. From
(4) it is evident that the efficiency depends on electron temperature in several important
ways. First, there is an explicit Te dependence involving the upshifted spectrum, i.e. terms
involving x(r) in (4). Secondly, there can be an implicit dependence of the RF deposition
profile on Te. If the deposition profile broadens, or moves radially outward, then the volume
average appearing in (4) is weighted more heavily in regions of lower density. Finally, Pi033

may exhibit a strong temperature dependence.
Consider the ideal scenario, where all of the injected power is coupled to the edge of

the plasma at low HJJ. In the case of a spectral gap, when electron Landau damping is
weak, other (parasitic) absorption mechanisms can drain RF power during propagation.
We may write

-P/05,(«i|0) = Pin(nilo)[l - exp (~N*ynr)] , (5)

where N is the average number of passes made by an ensemble of rays initially launched
at n||0 and -fnr is the parasitic non-resonant damping per pass. [Note, the total injected



power is obtained by summing P;n(n||0) over all ?r||0 in the launched spectrum.] We now
assume that the spectral power density flows diffusively in n\\ until it is absorbed by
strong electron Landau damping in the plasma core [3]. Clearly (5) is only valid while
electron Landau damping is small, i.e. so long as nj|,< c/4i>eo. If (Anjj) is the diffusion
per pass, then the number of passes needed to fill the spectral gap can be estimated as
JV ~ (c/4ueo - "U0)V(AnJj) to obtain

Pj0«(n||o)/P,n(«!|o) ~ 1 ~ exp[-7*(c/4ueo - n,,,,)2] , (6)

where 7* = 7nr/(An2,). From (6), a strong enhancement of Pi03, is evident at low electron
temperatures, when c/4i>eo » n|)o so that (1 - Pioa3/Pin} ~ exp(-327*/Teo), where Teo is
expressed in keV. Thus the LHCD efficiency is significantly reduced when 7* ~ 0.05 and
TCO < 1.5 keV. In the opposite limit, as the electron temperature increases, then c/4ueo

approaches n||0 and Pi03, becomes small. [Note, when n||0 ~ c/4t>eo, the electron Landau
damping is initially strong and both (5) and (6) are no longer valid.]

To estimate 7*, we consider non-resonant damping due to electron-ion collisions in
the edge plasma. Collisional damping of the power flow along lower-hybrid ray trajectories
is included as in Reference [1], except that we assume a radial profile for the effective
ion charge state Zeff. In particular, we take Ze// = 2 throughout most of the plasma,
except near the edge and in the scrape off layer, where we take Ze/f = 6. (The scrape
off layer thickness is taken to be roughly 10 percent of the minor radius.) The collisional
damping is strongest in the edge region because 7«r oc [neTe~ ^e//]r=o- Here we take the
edge plasma parameters to be nea = 5 x 1012 cm~3 and Tea/Teo = 10~2. The RF driven
current density is calculated according to (1), where the local power density absorbed by
electron Landau damping S(Uy, r) is computed by the coupled ray-tracing/Fokker-Planck
code described in Section 3. The results are shown in Figure 3, where we have plotted
the global efficiency versus volume averaged electron temperature. The three curves are
determined from (4) with a = 3-75 and na = 1.25; the solid curve is for Pi033 = O, while the
two dashed curves include finite non-resonant losses as given by (6), with 7* = 0.05 and
0.10. (Note, for the JT-60 parameters chosen, the calculated value of na turns out to be
very close to the minimum n\\ in the launched spectrum.) For the purpose of calculating the
weighted volume average in (4), the radial RF deposition profile is crudely approximated
as a step function, finite for r/a < 0.4. [The calculated deposition profiles are actually
peaked off axis, as shown in Figure 2(b), and broaden as the temperature increases.] We
see in Figure 3 that the results of the ray tracing calculations are in good agreement with
(4) for the case of Pi033 — O. Furthermore, the collisional non-resonant losses are modeled
reasonably well by (6), although there is some discrepancy at low temperatures, where the
ray tracing results give a larger decrease in the efficiency than can be obtained from (6)
at constant 7*. This is because we assumed Tea oc Tf0 in the ray tracing calculations, so



that 7* actually increases as (Te) is reduced. In addition, we found that for Teo ,< 2 keV
(corresponding to (Te) ,< 0.67 kfV in Figure 3) nearly all the wave energy is absorbed by
noa-resonant damping, since for these parameters a KAM barrier prevents the spectral

gap from being filled (as discussed in Section 2).

Figure 4 shows the efficiency [from (4) and (6)] versus volume averaged electron tem-
perature, for both central and non-central power deposition profiles. We see that by
including non-resonant losses, the results can be in reasonable agreement with the exper-
imental scaling from JT-60 [4]. (Note, the linear experimental scaling is based on data
points below 1.5 keV; at higher temperatures the experimental efficiency tends to satu-
rate, in agreement with our results). In Figure 4 we have taken 7* = 0.05, based on the
above numerical calculations for non-resonant collisional damping in the edge plasma. If
collisional damping is indeed the dominant parasitic absorption mechanism, then consider-
able variations in •'* should be expected, depending on the conditions in the edge plasma.
Other loss processes during edge reflections may enhance 7*, but are difficult to estimate.

Consider now a limiting case, when there is no spectral broadening, or toroidal upshift
in RH . For simplicity, we assume that the launched spectrum is accessible to the center and
that Pi033 = O- To obtain the appropriate current drive efficiency in this limit, equation
(4) may still be used if we make the replacements x —* (Ti1In2)

2 and n0 —> Ti1, where
H1 and Ti2 denote the extent of the launched spectrum (HI < n^0 < 03). This limit is
representative of current drive at high temperatures, when there is no spectral gap and
the single pass absorption is strong. With the parameters, na = 1.25, HZ = 1-75, Z^ = 2,
and hi A = 16, one finds that r; = (ne/ne)r/ 5.2 x l019A/Wm2, which should be compared
to the case of a spectral gap with multi-pass absorption, as plotted in Figure 4. Although
the global efficiency has no explicit temperature dependence in the high temperature limit,
the effect of increasing (Te) will tend to push the RF deposition profile outward to regions
of lower density and higher local efficiency.

5. Conclusions

We have considered a model for LHCD where the spectral gap is filled by the diffusion
of wave energy due to the chaotic nature of lower-hybrid wave propagation in toroidal
geometry. Wave energy launched in the spectral gap (at low n^) diffuses throughout the
phase velocity interval i/i(r) < v\\ < v2(r), where vi(r) is determined by electron Landau
damping and u2(

r) is a propagation limit determined by the cold plasma dispersion relation.
Oa flux surfaces where there is significant RF power deposition, VI(T) = ave(r), where a is
found to be between 3.5 and 4.0. We find that the quasilinear diffusion coefficient is large
throughout the resonant region (including the gap), so that the spectrum of absorbed power
is smoothly distributed between U1 and V2, with a characteristic u.71 scaling. This gives



rise to a slow increase of the LHCD efficiency with volume averaged electron temperature,
as shown in Figure 4, which is in contrast to the linear experimental scaling in the low
temperature regime ((Te) ,< 1.5 keV). However, we have shown that the presence of a
parasitic non-resonant absorption process can give rise to a strong decay of the LHCD
efficiency at low (Te), because the wave energy diffusion time for filling the spectral gap
is longer (i.e. the number of passes increases as (Te) is reduced). Agreement between our
model and the experimental temperature scaling of the LHCD efficiency can be obtained
by adjusting the parameter 7*, defined as the ratio of the non-resonant damping rate to
the HU diffusion rate. Using conventional ray-tracing/Fokker-Planck methods combined
with collisional wave absorption in the scrape off layer, an effective value for 7* has been
calculated, giving reasonable agreement with the experimental scaling (see Figure 4).

As long as the quasilinear diffusion coefficient is large throughout the spectral gap, the
LHCD efficiency is not sensitive to the details of the mechanism involved in the broadening
of the lower-hybrid spectrum. (For example, one might also consider the scattering of lower-
hybrid waves by density fluctuations, MHD modes, or the toroidal field ripple.) Indeed,
only the ratio of the non-resonant damping rate to the n\\ diffusion rate appears as an
essential parameter. On the other hand, if the quasilinear diffusion coefficient is too small
to form a plateau in the electron distribution function, then the spectrum of the absorbed
power will be more concentrated at lower phase velocities (near 4ue) and the efficiency
[from (I)] will increase more strongly with (Te). Therefore, the experimental data can
also be fit by a model which takes Pi033 ~ O and assumes that the quasilinear diffusion
coefficient is small in the spectral gap, as in Reference [4], although this is inconsistent with
the results of conventional ray-tracing/Fokker-Planck codes. From an experimental point
of view, it may be possible to independently check the validity of either model by analysis of
the hard X-ray emission, which depends on the slope of the electron distribution function,
although it should be noted that radial electron diffusion can significantly complicate
this analysis, since the relation between the RF deposition profile and the distribution
of fast electrons becomes non-local [1O]. Finally, it is worthwhile mentioning that poor
electron confinement can degrade the LHCD efficiency when the confinement time of the
fast electrons is shorter than their slowing down time [10-12]. However, such an effect
cannot account for the experimental scaling of the efficiency with respect to (T6) on a
given machine, since the confinement does not improve as (Te) increases.
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Figure Captions

Figure 1: Surface of section (n\\ versus 9/2ir) taken at mid-radius for rays propagating on the
slow wave branch of the dispersion relation: the parameters are typical of (a) Tore
Supra and (b) JT-60. Rays were launched near O = Q with various initial poloidal
mode numbers. The toroidal mode number was chosen so that m = O corresponds to
RIJ = n||0, where n^ = 1.8 for Tore-Supra and n\\0 — 1.5 for JT-60.

Figure 2: Level contours of Î) with respect to the normalized parallel velocity U||/ye(r) and the
radial position r/a: (a) is for Tore Supra parameters with T60 = 3 keV and (Te) = 0.89
keV; (b) is for JT-60 parameters with T60 = 4 keV and (Te) = 1.33 keV. The D = 0
contour is marked by "o", the D = I contour is unmarked, and the D = 10 contour is
marked by "x". The radial RF deposition profile is shown as a dashed curve. In both
cases 4 MW of RF power was launched.

Figure 3: LHCD efficiency (1019A/Wm2) versus volume averaged electron temperature (keV).
The three curves are from equation (4) with Zi = 2, a = 3.75, na = 1.25, parabolic
plasma profiles (with neo/{ne) = 2 and reo/(Te) = 3), and a central RF deposition
profile (r/a < 0.4). The solid curve is for Pi033 = O, while the dashed curves include
Pi03S from equation (6) with 7* = 0.05 (upper curve) and 7* = 0.10 (lower curve); in
both cases n§0 = 1.5. The results of ray tracing simulations (with JT-60 parameters)
are shown: "o" is the result for Pi033 = O and "x" is the result including non-resonant
collisional damping.

Figure 4: LHCD efficiency (1019A/Wm2) versus volume averaged electron temperature (keV).
The solid curves are from equation (4) with Pi033 = O; the upper curve is for central
RF deposition (r/a < 0.4) and the lower curve is for non-central deposition (0.3 <
r/a < 0.7). The dashed curves are also for the above two deposition profiles, but
include Pi033 from equation (6) with 7* = 0.05. The solid line is JT-60 scaling,
!? = 12(Te}/(5 -f Zeff), determined from data points with (Te) < 1.5 keV [4]. Other
parameters are the same as in Figure 3.
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