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A B S T R A C T 

In this paper we give a necessary condition in order for a geometrical surface to allow 

for Abelian fractional statistics. In particular, WE show that such statistics is possible 

only for two-dimensional orientable surfaces of genus zero, namely the sphere S 2 , the 

plane R?, the cylindrical surface R' x S 1 , and in general the connected sum of n planes 

R*#R?#R?#...#R2. 

1. INTRODUCTION 

It is known that physical systems whose configuration spaces are multiply connected, 

allow for more than one distinct theories of quantization. In particular, for each uni

tary irreducible representation of the first homotopic (fundamental) group of dimension 

n, there are n such distinct theories *1). Such systems are relevant in the study of the 

two-dimensional non-linear 0 (3 ) a model and the Fractional Quantum Hall Effect, and 

may be of interest in the discussion of high temperature superconductivity <2'. 

It is also known that the configuration space Q of a system of N identical particles 

lying on a physical system M is M -<"»""*"•«« t ^&i ;g i j t j g t j j e ^ Qf unordered ;V-ads 

(9 i . 9a . - , «w) , where qt <= M, i £ j =>• qf / $,-, and ( ? i , « , . . . , fly") = (qpltqp„-,qpK\ 

where P is any element of the permutation group Sfj. 

Therefore for d i m X > 3, we have »i (Q) = Sn and thus N\ distinct theories of 

quantization are possible. Under certain conditions, however, namely that the particles 

carry spin and that pair creation and annihilation processes are permitted, the fundamental 

group is abelian and it thus possesses only one-dimensional irreducible representations <3K 

Under these conditions and for dimM > 3, we have TTJ (Q) = Z2 , and thus only two theories 

of quantization are allowed: one for the representation mapping particle exchange to + 1 
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(Boae-Einstein statistics), and one for the representation mapping particle exchange to —1 

(Fermi-Dirac statistics). 

When dimAf = 2, however, TJ (Q) is not necessarily the permutation group Sn, since 

the square of the exchange is not necessarily trivial. In fact it is known that for M = H2, 

JTI(Q) = BN (the JV-braid group) for spinless particles, while for particles with spin and 

obeying the spin-statistics relation, Tt\(Q) = Z, allowing for fractional statistics. In that 

case, particle exchanges may be mapped to e'*, where 6 may be any real number (due to 

periodicity, we can always chose 8 such that 0 < 9 < 2TT), and thus such particles were 

named anyona *4>. 

This is not the case, however, for all two-dimensional surfaces. Thouless and Wu 

first noticed that since on the two-sphere £ 2 , the generators of the particle exchanges, Oi 

obey the relation o\oi--o\_l...ai<r\ = e in addition to the usual braid relations, the only 

possible values for 6 were integer multiples of j ^ y <8'. 

In addition, Einarsson"', Imbo et a l < 7 ' and Balachandran et al '*> pointed out that 

on other two-dimensional surfaces such as the torus T 2 , the conditions are even more 

restrictive, and when the spin-statistics relation is valid, the exchange can only be mapped 

to ± 1, just as in the case of higher dimensional surface's. When this relation however is not 

valid, the fundamental group of the configuration space of T2 possesses higher dimensional 

representations which are not representations of Spt. The reason is that for T3 the braid 

relations, while forcing the exchange to be mapped to a matrix whose determinant is ±1 , do 

not constrain the eigenvalues of this matrix to be ± 1 , as is the case for higher dimensional 

space; in the latter, the square of the exchange is trivial, while in the former it is not. 

In Section 2 we review and comment on the arguments first outlined by Birman <9' and 

then used in References 6-8 to prove that Abelian fractional statistics is not possible on the 

torus. These arguments are generalized in order to verify that this statement is also true 

for any two-dimensional surface with non-zero genus, and for any non-orientable surface 

of any genus; on the sphere S 2 , the plane R1, the cylindrical surfcxe Rl x S1 = iZ2#fl2 

and in general on any connected sum R2#R2#...#R2, however, the statement above is 

not valid and Abelian fractional statistics is possible. In addition, we will use this method 

to show that higher dimensional surfaces do not allow for such statistics, although it is far 

simpler to arrive to this result just by noticing that the square of the exchange is trivial. 

Following that, in Section 3 we will discuss the proof provided by Iengo and Lechner 
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"°> for statistics on the torus. While these authors use the Chern-Simons theory to prove 

that fractional statistics on T 2 ore necessarily non-Abelian, we show that there are simi

larities between their proof and the one based on the braid group theory; when these two 

methods, indeed, are applied to any two-dimensional surface, they always yield the same 

results. 

2. BRAID GROUPS ON TWO-DIMENSIONAL SURFACES 

The braid group of N points on a plane, BN, is defined as the group having N - 1 

generators, o\, oi,..., <TAT-I, satisfying the following relations: 

l>) "« d + 1 °i = <T;+1 "i " i + l (2 .1) 

This group has been shown to be the fundamental group of the configuration space of N 

identical particles on R1 ( n ) . If we replace F? by any other two-dimensional surface, the 

fundamental group will be different. While both relations (2.1) are always valid, there 

may be additional relations satisfied among the generators, or, if we are dealing with 

multiply connected surfaces, new generators will appear, corresponding to the motions of 

the particles along non-trivial loops of the physical space. 

On 5 s , for example, there are no new generators since T I ( 5 3 ) = e. Since, however, 

the loop shown in Figure 1 is now trivial, due to the fact that the points on the boundary 

are identified, one must add to the relations (2.1) the following: 

(<Ti<7s...<TJV_i)((TN_,<7jv_2...<T, ) = e (2 .2) 

It is this relation, which we already mentioned in Section 1, that led Thouless and Wu to 

the conclusion that the only possible values for the statistical angle 8 are integer multiples 

On T2 one has both new generators, since sr^T2) = Z x Z , and new relations, calcu

lated by Birman. One might be tempted to think that the number of the new generators 

is 2N, that is 2 for each of the N particles; it turns out, however, that only two of them 

are actually new generators, corresponding to the motion of any two particles along the 

two generators of the fundamental group of the torus, while the others can be written as 

products of these two loops and suitable exchanges. 
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Among the new relations satisfied by the jV — 1 + 2 = JV + l generators, the most 

interesting with respect to statistics is 

a\ = p - ' r p r - 1 (2.3) 

where p and T are the two new generators, as shown in Figure 2. In particular, r is the 

motion of particle 1 along the big circle of the torus, and p is the motion of particle 2 along 

the small circle. It is this relation that led first Eiuarssor. and then Balachandran et al to 

the conclusion that no Abelian statistics is allowed on a torus other thtui Bose-Einstein or 

Fermi-Dirac, since for Abelian statistics equation (2.3) gives a\ — 1 => G\ = ± 1 . 

While Birman outlined a pictorial proof of (2.3) in Figure 3 of Reference 9, we are 

now going to show this relation explicitly, and in the process it will be made clear why it 

is valid for T 2 but not for R% or 5 s , and in general, once we are given any two-dimensional 

surface, how can we know if this relation is valid or not. 

Let D be a disc that is a part of a two-dimensional surface, such that two at least of 

the N particles are located on D, and let <r\ be the exchange between these two particles 

as shown in Figure 3a. One can easily see that the square of this exchange is the process 

shown in Figure 3b, and may be written as follows. 

0<t< 7 

4 

U-<-\ 
J*«! 
!<-•<-> 

0<t < 1 

( * i . » i ) 

( * i . y i ) 

( * l i » i ) 

( * i > y i ) 
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= 

= 
= 

= 
= 

<.i0>+«(,?>-*!•>),,{•>) 

(-*<-» + 2x<°\3 ! /r - 2y<<" + 8r(y<0) - yi°>)) 
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One may check that the loop described by (2.4) is nomotopic to the following. 

0 < t < j (xliyi) = (xr.!/i0)) 

(*3,OT) = (4° )+8'(* (,0,-40>U , ' )) 
\ < t < \ ( x 1 > y i ) = (*<«»,3y<0> -2y<<» +8%<«" - y < 0 ) ) ) 

( x s , y J ) = (-x<0> + 2x(0>,y<»») 

|<*<f (x1,y,) = ( ir.-yr+2yD 
(2.5) 

( « . , * ) = ( - 5 4 ° ' + 6xi0> + 8«(s<0) - *<0))) 

l<t<l ( x 1 , y I ) = (*<°\-7y<0>+8J,<°> + 8r(y<0> - ,{ •>) ) 

( x , . * , ) = (x<0),y<,,)) 

The latter can be written as a product aba~1b~1, where a and 6 are the paths shown in 

Figure 3c. Were they loops instead of paths, one could arrive to a relation like (2.3), and 

thus prove that fractional Abelian statistics is impossible. 

On a torus, it is possible to extend the paths a and 6, until they become the loops 

p - 1 and T shown in Figure 2. This may also be done on any surface of non-zero genus, as 

shown in Figure 4. This possibility, however, is not so obvious as it may seem; it is only 

possible to extend a and b while making sure that loop (2.4) is always equal to aba-1^1, 

if a and 4 intersect only at the point shown at Figure 3c. In other words, in order for 

equation (2.3) to be true, the intersection number of the loops p and r must be 1. 

On the contrary, neither of the statements made above is valid for R2 or S2 and the 

reason is the following. According to the Jordan curve t h e o r e m ( 1 2 ) , any loop on R2 or 

5 J which does not intersect itself, splits these surfaces into two disjoint segments. If the 

loop does intersect itself at N distinct points, it splits these surfaces into JV + 1 disjoint 

segments. Now let Ci , #2, ..., be the segments into which one of the loops splits R2 or 

S2, and let the basis point of the second loop belong to U\. If these two loops intersected 

at just one point, the end of the second path would definitely not belong to U\, and thus 

this path would not be a loop (Figure 5). In fact, using this argument one may show 

that any two loops on R2 or S2 must intersect at an even number of points, half of them 

contributing + 1 and the other half —1 to the intersection number, and thus the total 

intersection number would be 0. 
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It is possible, of course, to draw two loops on R2 or S 2 having just one point in 

common, as shown in Figure 6. In this case, however, the two loops would be tangent to 

each other at their common point, whose contribution to the intersection number would 

thus be 0. 

One may also check that the Jordan curve theorem, and thus all subsequent arguments, 

are valid not only for R2 and S 2 , but also for R> x S 1 = R2#R? (the cylindrical surface) 

and in general for all connected sums R2#R2#...#R2, but not for the torus T2 = S* xS1, 

or in general any surface of non-zero genus. 

All we said until now applies only to orientable surfaces. Non-orientable ones present 

the additional difficulty that intersection numbers cannot be defined on them. Fortunately, 

however, one may check that on any non-orientable surface one can find loops which do 

not split the surface into two disjoint segments. In Figure 7 we show such a loop for 

RP2\ contrary to what one may think at first sight, due to the identification of opposite 

points of the circumference, the complement of the loop drawn in Figure 7 is connected. 

A similar argument applies for the Moebius strip shown in Figure 8, and in general for all 

non-orientable surfaces, whether of genus 0 or higher (for the special case of the projective 

plane, there is a proof in Reference 13). 

Sorkin has shown that all two-dimensional surfaces may be written as a connected 

sum of the sphere 5 2 , planes R2, torii T2 = S1 X 5 1 and projective spheres RP2, that is 

M = S2#R2#...#R2#T2#...#T2#RP2#...#RP2 <">. Therefore, according to what we 

showed in this Section, a surface At may admit Abelian fractional statistics if only the 

sphere S2 and possibly one or more planes R2 appear in this connected sum; the mere 

presence of just one T2 or just one RP2 is enough to make such statistics impossible. 

One should notice however, that while Abelian fractional statistics is not allowed 

in these cases, one may very well have non-Abelian fractional statistics for a system of 

particles that do not obey the spin-statistics relation. Einarsson, for example, has shown 

in Reference 6 that the statistical angle $ on a torus may be any integer multiple of g , where 

G is the greatest common divisor of the number of particles N, and the dimensionality of 

the unitary irreducible representation of the fundamental group, M. 

Before leaving this Section we are now going to give a brief comment about surfaces 

of dimension 3 or higher, and show that our analysis gives consistent results when applied 

to such surfaces. 
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When dimM > 3, the complement of any loop is always connected. Therefore one 

may always find two loops whose intersection number is 1, as shown in Figure 9, and 

thus according to what we said before no Abelian fractional statistics is allowed. Indeed, 

no fractional statistics is allowed at all, Abelian or non-Abelian, since the square of the 

exchange is always trivial; we only used here the criterion given before, in order to show 

its validity for surfaces of any dimension. 

3. CHERN-SIMONS THEORY FOR TWO-DIMENSIONAL SURFACES 

In a recent paper Iengo and Lechner ( l a | showed that the wave function of a system 

of anyons on a torus whose coupling constant is k = J, where r and a are coprime positive 

integers, has r components. Since the topological phase & = j = £?, one concludes that 

for Abelian statistics, where r = 1, 0 can only be an integer multiple of -n and thus only 

Bose or Fermi statistics is possible. Their line of arguments runs as follows. 

First, one begins with the Chern-Simons action 

= -^[d3x(A2A1-AlA1+2A0F,1) (3.1) 

= ijc 

where 

a; = / Ai(x)dxi (3.2) 
Jo 

Therefore canonical quantization gives 

K«j] = -J (3-3) 

and thus the Wilson loops W\(p) = e~'r" and W2(o;) — e1'"1 satisfy the relation 

W,(p)W2li) = cz^aW2(q)wl(p) (3.4) 

By working on a basis where W\ is diagonal, one gets 

W, (p) |m> = e
2**»<**'-?>|m > 

W2(q)\m> = t '"' ,*"|m + ? > 
(35) 
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where ^i and fa are real numbers characterizing the representation. One may easily check 

that \m + rg > = \m > Vg € Z, and thus the Hilbert space is r-dimensional. 

While the authors point out that this result is consistent with the results of the general 

braid group analysis on the torus, it is possible to show that these two methods should 

yield the same results for any orientable surface. This is done as follows. 

Abelian statistics according to the Chern-Simons method, means that the Hilbert 

space is one-dimensional, or that |m + g > = \m > for any q € Z. This can only be possible 

if W\(p) and Wj(?) commuted for any integers p and q. Prom equations (3.3) and (3.4), 

as well as from the definition of V/\ and Wi one gets 

[WI(W,] = 0 =* I 2 ^ 1 e Z (3.6) 

Now the relation 

K dxxdx2{A2Ai - A\A2 + 2AaFi2) = 2a2ai (3.7) 
/ / • 

which eventually yields equations (3.1) and (3.3), is valid only if the intersection number 

of the loops along which Ai are integrated to give a*, is + 1 . Had that intersection number 

been n instead, the right hand side of (3.7) would have given n times the left hand side, 

and thus instead of (3.3) we would have gotten 

K a . J = ^™ (3.3') 

Therefore for n = 0, [«i, a2] = 0 V k, and thus [Wi, Wi] = 0 and thus Abelian statistics 

is allowed for any k and thus for any topological phase 6. 

If, one the other side, there exists at least one pair of loops whose intersection number 

is 1, then there is a term proportional to <i2<ii in the Chern-Simons Lagrangian, where 

a, would be the integrals of At along these two loops. Therefore one would get equation 

(3.2) and following the arguments of Iengo and Lechner, one could show that no Abelian 

fractional statistics is possible. 

One can thus see that it is not a mere coincidence the fact that the Chern-Simons 

theory and the braid group analysis yield the same results, so far at least as we are dealing 

with orientable surfaces. Unfortunately non-orientable surfaces cannot be treated this way, 

since it is not possible to integrate over them and thus the Chern-Simons theory may not 

be applied. 
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