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FOREWORD

On October 24-27, 1988, an international workshop was held at Princeton
University, Princeton, New Jersey, on the physics of compressible turbulent mixing. The
idea for the workshop originated with David L. Youngs at Aldermaston, Reading, United
Kingdom, in 1986. Organization of the workshop was begun in late spring, 1987, by
Youngs, his Aldermaston colleagues, and a small group of scientists at the Lawrence
Livermore National Laboratory in California. Immediate and enthusiastic response from
scientists in Europe, the Soviet Union, Canada, and the United States confirmed the
timeliness and appropriateness of the subject matter.

For the workshop content, the organizers sought a balance between experimental and
theoretical investigations of high-speed compressible turbulent mixing in free shear layers,
wakes, jets, and boundary layers. With the exception of a few selected presentations on
flow instabilities at low Mach Number, the organizers purposely sought contributions on
supersonic flow with developing turbulence as opposed to transitional flows. Particular
emphasis was given to the influence of high-speed compressibility, including the influence
of shock waves on turbulence rather than combustion flow situations because the latter
appear to have a substantial forum, whereas the physics of high-speed flow mixing and
transport have a limited forum.

There were over 150 workshop participants. A single daily session of talks was
scheduled, supplemented by scheduled poster sessions. Each day, panel discussions were
summarized by the organizers. A good cross section of current understanding and research
in compressible turbulent mixing was provided by participants from Canada, the United
Kingdom, the Federal Republic of Germany, France, the then Soviet Union, and the
United States.

In addition to the three editors of this volume, all from Lawrence Livermore National
Laboratory, the organizers of this workshop included: C. David Levermore, University of
Arizona; Steven A. Orszag, Princeton University; Raold Z. Sagdeev, Space Research
Institute, Academy of Sciences of the USSR; and David L. Youngs, Atomic Weapons
Establishment, Aidermaston, Reading, United Kingdom.

The editors gratefully acknowledge the sponsorship for this Workshop provided by
the Department of Energy's Lawrence Livermore and Los Alamos National Laboratories,
Princeton University, the National Science Foundation, the U.S. Army Research Office,
the Office of Naval Research, and the Air Force Office of Scientific Research.

W. P. Dannevik, A. C. Buckingham, and C.E. Leith
Editors

Livermore, California
January, 1992
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INTRODUCTION

This volume, Advances in Compressible Turbulent Mixing, includes some

recent additions to original material prepared for the Princeton International Workshop on

the Physics of Compressible Turbulent Mixing, held in 1988. The Princeton Workshop

was organized to exchange views, collect available data, and report on work in progress

and planned research in the topical area of compressible turbulent mixing. Workshop

participants were asked to emphasize the physics of the compressible mixing process rather

than measurement techniques or computational methods. To this end, actual experimental

results and their meaning were given precedence over discussions of new diagnostic

developments. Similarly, theoretical interpretations and understanding were stressed rather

than the exposition of new analytical model developments or advances in numerical

procedures.

By design, compressibility influences on turbulent mixing were discussed—almost

exclusively—from the perspective of supersonic flow field studies. This distinction

unfortunately, but purposely, excludes contributions from the turbulent combustion

community. However, at the characteristically lower combustion flow speeds usually

encountered, the role of acoustic propogation in turbulent field evolution is much less

significant than is is in supersonic flow. In addition, the reactive complexity of turbulent

combustion flows reduces the opportunity for unambiguous isolation and investigation of

fundamental questions in the dynamics of compressible turbulent flow processes. For

example, Workshop emphasis was placed on questions about the interactively coupled

influences of entropy, vorticity, and acoustic field fluctuations on turbulent mixing and

transport development, evolution, and dissipation. An additional consideration is that

combustion necessarily introduces added turbulent production complications associated

with reactive energy release, as well as multicomponent species production/annihilation

influences on density fluctuations. While these added complications are of great

importance in combustion analysis, they are substantially beyond the range of physical

processes chosen for special emphasis in this Workshop. Consequently, in the organizers

view, the inclusion of turbulent combustion contributions would unnecessarily dilute the

primary emphasis and goals established for the Workshop.



The papers are arranged in three topical categories: Foundations, Vortical
Domination, and Strongly Coupled Compressibility.

The Foundations category is a collection of fundamentally seminal studies that may

be considered a bridge connecting what currently is under study in compressible turbulent

mixing with the compressible, high-speed turbulent flow research that, unfortunately,

almost completely vanished about two decades ago in apparent response to a shift in

national programmatic interests. Based on this seminal role, a number of contributions are

included on flow instability initiation, evolution, and transition between the states of

unstable flow onset through those descriptive of fully developed turbulence.

The Vortical Domination category includes theoretical and experimental studies of

coherent structures, vortex pairing, vortex-dynamics-influenced pressure focusing, and

associated studies of the consequences of such focusing: e.g., possible incipient shocklet

formation and the relationship of these flow field structure changes to significant alteration

of basic mixing and transport processes. Also included in this category are experimental,

theoretical, and numerically modeled contributions on both shocked as well as shock-free

compressible and physically illuminating (albeit nearly incompressible) results of studies on

wakes, free shear layers, and boundary layers.

In the Strongly Coupled Compressibility category the organizers included the
high-speed turbulent flow investigations in which the interaction of shock waves could be

considered an important source for production of new turbulence or for the enhancement of

pre-existing turbulence. The words Strongly Coupled have been adopted here to refer to

the shockwave-turbulence interactive states developing at sufficiently high Mach Number

so as to require simultaneous consideration of three inherently compressible fluctuating

energy partition modes: acoustical, vortical, and entropy production.



One of the Workshop's most significant outcomes was the unusual level of

cooperation that began at the workshop and was subsequently pursued by participants

despite their very different perspectives, backgrounds, and work motivations. Typical

cooperative efforts included the informal but well-attended experimental and theoretical

discussion groups that formed during intervals in the Workshop schedule. A prominent

example was the development of an informal planning group that first met at Princeton to

establish a common basis for prescribing a common and consistent set of shock-tube flow

conditions for future investigations and later compressible turbulent mixing workshops.

These plans included the important identification of facilities appropriate for undertaking the

experiments simultaneously at several sites in the United States, the United Kingdom,

France, Germany, and the then Soviet Union.







An Experimental Study of Turbulent
Mixing by Rayleigh-Taylor Instabilities

and a Two-Fluid Model of the
Mixing Phenomena

M J.Andrews

Mechanical and Aerospace Engineering Department

Princeton University

ABSTRACT

A simple experiment has been used to quantitatively investigate tur-
bulent mixing at an unstable interface when the interface is subject to a
large two-dimensional disturbance. The introduction of a small ampli-
tude long wavelength does little to alter the early time development of a
planar mixed region, but at late times causes a large overturning motion
that tends to thin the planar mixed region and accelerate the overall
mixing process. Data have been collected from the experiment by way
of image analysis of experimental photographs. These data serve as a
source of information for the development of a "two-fluid" model of the
mixing process.

A "two-fluid" model has been developed to describe the turbulent mix-
ing by Rayleigh-Taylor instabilities of the two different density fluids
investigated in the experimental study above. A one-dimensional model
was employed for the planar mixing experiments; here attention is
focused on the development of a physically plausible equation to
describe the length-scale development within the mixed region. The
one-dimensional model was then extended to two-dimensions for the
overturning experiments, and terms are added to account for thinning
of the mixing region at late times. Data collected from the experiments
are used to validate the model and to determine several model con-
stants. The two-fluid model successfully simulates the experimental
results and is recommended for further application to turbulent mixing
processes in buoyant environments.



1. INTRODUCTION

1.1. The Rayleigh-Taylor Instability

The Rayleigh-Taylor instability occurs when a heavy fluid is placed above a light
one in a gravitational field. The interface becomes increasingly distorted and small
wavelength disturbances degenerate finally into a turbulent mixing process.

Such mixing is of current interest because of its deleterious effect during the laser
implosion of fusion targets, it is also important in meteorology, oceanography, astron-
omy and elsewhere.

1.2. Objectives of the present investigation

* To devise a simple experiment for the investigation of Rayleigh-Taylor mixing,
and its deformation by large-scale motions.

* To collect data from the experiment for the validation of a new two-fluid model
of the mixing process.

* To perform computer simulations for several experiments to validate the new tur-
bulence model.

1.3. Outline of the poster

The experimental arrangement is described in the next section. This is followed by
the densitometer analysis of photographic records.

Section 4 presents some theoretical considerations for the phenomena of interest.

Section 5 describes the use of the Euler equations for direct simulation of the experi-
ments, and section 6 the new two-fluid model.

Sections 7 and 8 present the results of two experiments, and their simulation on the
computer.

The poster closes with conclusions and references.

2. EXPERIMENTAL ARRANGEMENT

A heavy fluid, brine (p 6 =l . lx 103£g//w3) is situated above a light one, water
(pw=1.0xl03ifcg/m3\ by inverting a slim perspex tank, of dimensions 360x 250x 5JW/M ,
containing the unmixed fluids. Gravity then drives Rayleigh-Taylor mixing.

The tank pivoted on an axle that could be tilted to impose an initial 2-D distur-
bance on the density interface, as may be seen on the video tape that accompanies
this poster.



An experimental run was performed in three steps:

(1) The tank was filled with clear brine to the level of the axle, and then water (dyed
blue to allow densitometer analysis) was added to completely fill the tank. At this
stage there was no mixing.

(2) Rotation springs were attached to the tank. Removing a holding pin then
released the tank which then rotated through 180°, situating the clear brine
above the dyed water.

(3) Once mixing was complete the tank was drained and cleaned by flushing with
water.

3. DENSITOMETER ANALYSIS

A data collection technique has been developed based on densitometer analysis of
photographic records. The technique gives a volume-fraction measurement of brine at
a point, and then forming sub-domain averages a mixing contour may be drawn for
direct comparison with results from two-fluid simulations.

The densitometer scans a photographic negative taking light absorption measure-
ments expressed on a grey scale. Typically 340x500 measurements covered the flow
domain. After subtracting non-uniform lighting from the absorption measurements
well defined bi-mod.al grey level histograms were obtained with an estimated error of
7%. The histogram peak values were used to define the measurement of pure brine as

' a n d P u r e w a t e r a s 'min-

Figure 1 shows that there is a linear relationship between the grey scale measure-
ments, / , and dye concentration. The volume-fraction of brine is determined from:

min

/ —I •
1 max ' mm

Averaging over a sub-domain containing 100 measurements provided a set of
34x50 averaged volume-fractions from which the mixing contours shown in the
figures were obtained.

4. THEORETICAL CONSIDERATIONS

Using a linear analysis G.I.Taylor (1950) predicted the growth of a disturbance of
amplitude, A , and wavelength, X, as:

Pw~Pb

Pw+Pft
(2)



where g is the gravitational acceleration. According to (2) as A.-»0,«;L-»°o. Chan-
drasekhar (1962) demonstrated that viscosity acts as a stabilizing mechanism, giving a
'most unstable' wavelength:

^ = 4 ^ [ - | t ^ T j ] T (3)

for the present case of brine-water Xm= 1.56mm.

Experiments by D.J.Lewis (1950), performed in conjunction with Taylor's theory,
showed that the penetration rate of the disturbance reaches a limiting velocity.

The development of turbulent Rayleigh-Taylor mixing from an initial random dis-
turbance may be expected to occur in three stages:

(1) The appearance of Xm.

(2) The most unstable wavelength reaches its limiting velocity and longer
wavelengths overtake because of their continuing exponential growth.

(3) Non-linear interactions and continued engulfment cause an expanding turbulent
mixing region with loss of memory of the initial conditions.

The depth of the tank (5mm) restricts the larger turbulent motions to two-
dimensions. The height (360mm) and width (250mm) of the tank are >> Xm and so
viscosity may be expected to play a significant roll only in the early stages of the
experiment.

5. DIRECT SIMULATIONS

Several 'direct' (no turbulence model) simulations have been performed for the
overturning motion in the 'tilted' experiments. The simulations solved the 2-D Euler
equations with the initial conditions shown in Figure 2.

The solution procedure used was the fully-implicit, finite-volume scheme embo-
died in the PHOENICS84 computer code, Spalding (1985a). An explicit interface-
tracking procedure was attached to the computer code to both visualize the brine-
water interface, and to provide an accurate determination of fluid density for the solu-
tion algorithm.

10



6. A TWO-FLUID MODEL

6.1. The need for a two-fluid model
The wide range of length-scales, lmm-*lm, associated with Rayleigh-Taylor mix-

ing necessitates the use of a turbulence model, e.g. the k-e model. The use of such a
model involves a 'gradient diffusion' hypothesis. Stafford (1982) demonstrated that
reversing gravity causes partial de-mixing, showing a non-diffusive mixing process.

6.2. The two-fluid concept

These experiments suggest that the Rayleigh-Taylor mixture comprises fragments
from different density fluids. Gravity induces different accelerations in the different
density fragments, causing different velocities. The velocity separation is limited by
drag. This is an example of 'sifting' Spalding (1985b), and suggests the use of the
two-phase flow equations for the motion of the different fluids.

6.3. Mathematical equations of the two-fluid mode!

Continuity: — - + + =0
dt dx dy

dinPiUi) iipi?) tapjjj) dp

u-momentum : — + + =-ri-f-+ripigx+Fi{uw-ub)

( i P i j ) ( i P . i i ) ( t P . V j 2 ) dp „ , ,
v-momentum: r + + =-ri-£

L+ripigy+Fi(vw-vb)

Completeness: rw+rb=l

where i=w or b, for water or brine; r the fluid volume-fraction; u and v fluid
velocities; p pressure. The drag coefficient is given by:

Fw=-Fb=cfrwrb(rwpw+rbpb) I^-M* ML, Cf = 5.75.

(note: if «£=!£„, then the sum of the separate fluid equations gives the Euler equa-
tion s)

dL 3(«LL) d(vLL) 1_
Length-scale: -r— + — + — =n(ub-uw)-—S L

at ox ay 2
IV r I if IV r l> 0 _ U ]j

or ,S= i—SijSji \ , uL = rw
0 otherwise \f- J

Vr/
where n =

vL = rwvb+rbvw> an<* Sij is the mean flow strain tensor.

The value of the drag coefficient, Cj, was determined by matching one-
dimensional two-fluid simulations with plane Rayleigh-Taylor mixing observed in zero

11



tilt experiments, Andrews (1986).

6.4. Two-fluid simulations
Computer simulations have been performed using the two-fluid model given

above for the 'tilted' experiments shown on the video accompanying this poster and
displayed in the figures that follow.

The two-fluid equations were solved using the two-phase flow solver in the
PHOENICS computer code. To reduce numerical diffusion, accurate explicit schemes
were constructed for the calculation of two-phase convective transport. The explicit
schemes use the Van-Leer method to prevent spurious oscillations, and have been
employed in the calculation of volume-fraction, momenta and length-scale.

7. RESULTS FOR A TILT OF 55'

Examination of the photographs shown in Figure 3 reveals two distinct
phenomenon; Rayleigh-Taylor mixing along the brine-water interface; and wall plumes
associated with an overturning motion.

The photographs show the mixing length-scale developing during the experiment.
In the latter stages of the experiment an overturning motion rotates the mixing
region, elongating the mixing interface and slowing the expansion of the mixture.
The appearance of wall plumes may be attributed to the rapid growth of short
wavelength Fourier components that make up the initial tilted (saw-tooth) distur-
bance.

Comparison of the direct simulation in Figure 3 with the photographs shows that
the overturning motion is well represented. Mixing at the density interface does not
appear in the simulation, a turbulence model being necessary to account for the range
of length-scales.

The densitometer mixing contours shown in Figure 4 compare well with the
corresponding photographs in Figure 3. At the early time the contours are smooth,
but later they become irregular. The irregular contours are caused by fluid fragments
of the same scale as the averaged measurement sub-domain. Ensemble averaging over
several experiments would be required for a smooth contour.

Comparison of the two-fluid model simulation shown in Figure 4 with the densi-
tometer contours, shows that the two-fluid calculation simulates well the mixing pro-
cess.

12



8. RESULTS FOR A TILT OF 3°21'

Examination of the photographs in Figure 5 reveals the Rayleigh-Taylor mixing
and wall plume phenomena observed in the photographs of the 55' tilt experiment.

The higher tilt angle gives a greater amplitude to the initial disturbance, and as a
consequence the overturning motion envelops the mixing more quickly. An interest-
ing effect shown in the photographs is the contraction of the width of the Rayleigh-
Taylor mixing region as the overturning motion stretches the mixing interface.

The direct simulations of the 3°21' experiment well represent the overturning
motion, but cannot show the mixing phenomena.

Reduction of the spacing between the densitometer contours shown in Figure 6
reinforces the observed contraction of the mixing region by the deformation mechan-
ism.

Comparison of the two-fluid simulations shown in Figure 6 with the densitometer
contours of the 3° 21'experiment shows that the simulation is in good agreement with
the experiment. Is is particularly satisfying to note that the two-fluid model correctly
simulates the contraction of the mixing region.

9. CONCLUSIONS

* A simp.'e experiment has been devised to investigate the Rayleigh-Taylor instabil-
ity.

* Two experiments have been presented; one for an axle tilt angle of 55' and the
other for 3°21'. Two distinct phenomena have been observed in the experiments;
Rayleigh-Taylor mixing along the brine-water interface; and the growth of an
overturning motion that at the higher tilt angle thins the mixing region.

* Densitometer analysis of photographic records from the experiments has been
successfully used to collect data for comparison with two-fluid simulations.

* Direct simulations ( i.e. no turbulence model ) of the experiments, which used
the 2-D Euler equations, successfully demonstrated the overturning motion
observed in the experiments.

* A new two-fluid model of Rayleigh-Taylor mixing, that incorporates an equation
for fragment size, has been described. The model is based on the mathematical

13



equations that govern two-phase flow. When the separation velocity of the fluids
is zero, the model equations reduce to the Euler equations.

* Two-fluid simulations for the experiments agree well with the densitometer
results, and correctly predict the contraction of the Rayleigh-Taylor mixture
observed at the higher tilt angle.
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Figure 2. Initial conditions in the 'tilted' experiments.
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Figure 3. Photographs and direct simulations
of the 55" tilt experiment.
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Figure 4. Densitometer contours and two-fluid
simulations of the 55' tilt experiment.
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Figure 5. Photographs and direct simulations
of the 3° 21' tilt experiment.
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Densitometer Simulation

Figure 6. Densitometer contours and two-fluid
simulations of the 3o21'tilt experiment.
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Abstract

Paper briefly summarizes the influences of increasing Hach number upon the

various stages of boundary-layer transition including body flow field processing of

incident stream disturbances and normal mode amplification. Other compressibility

unique or altered phenomena discussed include (a) outward movement of the critical

layer and the related "precursor" transition, (b) flow chemistry, (c) shock waves,

and (d) the all pervasive roughness issue. Paper concludes with consideration of

ground simulation and prediction of high-speed transition.

Introduction

In general, transition is an important design consideration for moderate

Reynolds numbers, whether achieved through small bodies, high altitudes or with short

distances at conventional flight conditions. In the absence of large initial

disturbance fields and/or the cross flow and Gortler modes, transition at hypersonic

speeds may occur at Reynolds numbers as large as 80 x 10 (Ref. 1) and therefore the

definition of moderate Reynolds number in the present context can at high speeds

subsume major portions of a vehicle's trajectory. High-speed applications for which

the location and extent of transition is a major issue include: (a) space shuttles;

(b) aerospace planes or transatmospheric vehicles; (c) re-entry vehicles; (d) laminar

flow control for high-speed civil transports; (e) radomes on high-speed fighters and

missiles; (f) inlets and leading edges of all types; (g) supersonic compressor

blades; (h) high angle-of-attack vortex dynamics; and (i) gas dynamic lasers.

Phenomena influenced by transition at high speeds include drag, surface heating and

attendant thermal stresses, surface dynamic loading, control effectiveness,

propulsion efficiency,and vehicle dynamics (Ref. 2).

The canonical transition process consists of six serially occurring stages (Ref.

3), starting with some initial disturbance field (stream particulates, stream

velocity, concentration, temperature or pressure fluctuations, body vibration or, in

the limit, Brownian motion). This disturbance field is modified or "processed"

initially by the body inviscid flow field (e.g. via shock processing and "rapid

distortion" processes) and subsequently by the body viscous flow field, the latter

usually termed the "receptivity" process. The resultant internalized disturbance

field is then amplified by the linear or normal mode processes. For low amplitude

initial background disturbances this linear amplification can entail huge (order of a

thousand-fold) increases in amplitude. The final stages in this concatenation are

the (usually brief) non-linear "end game" and (finally) rapid spectral broadening and
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formation of Emmons spots or at least wall region transport elevated above usual

laminar levels.

In the absence of large background disturbances inferential evidence indicates

that the linear amplification region constitutes the rate-limiting critical

physics. Parametric sensitivities of the linear region include variables which can

influence the mean viscous field including (a) Mach number, (b) pressure gradient,

(c) wall temperature, (d) angle of attack, (e) wall mass transfer, (f) sweep, (g)

flow history, (h) roughness andwaviness, (i) streamline curvature/body geometry, (j)

body rotation/dynamics, (k) flow chemistry and surface catalicity, (1) bluntness, (m)

shock waves, and (n) Reynolds number. The present paper provides a brief summary of

several of the influences of increasing Hach number upon these various stages of the

boundary-layer transition process, along with the attendant issues of ground

simulation and estimation of high-speed transition location. Previous and in some

cases more detailed summaries of the high-speed transition physics include References

4-10.

High-Speed Aspects of Body Flow Field-Incident Disturbance Interactions

The incident disturbances of interest for high-speed atmospheric flight include

particulates and stream fluctuations of velocity, pressure, concentration, and

temperature. For subsonic speeds the influence of the body inviscid flow field upon

these incident disturbance fields is governed primarily by rapid distortion theory.

(Also, incident stream pressure fluctuations are augmented by vehicle-produced

propulsion and airframe noise.) Several aspects combine to compound and alter the

problem at high speeds. The heating problem at high speeds causes (either by design

or inadvertently) a finite bluntness in the vehicle nose region and consequent body

bow shock formation about this blunted nose. The nose shock creates an embedded

subsonic flow region immediately preceeded by the shock (which acts as a disturbance

modifier).

Therefore, the following can occur (for the high-speed case). First, consider

stream particulates of an intermediate size, neither too small so that their Knudsen

number is high and thus non-continuum, nor so large that the particle impacts the

nose region. Such intermediate particles will typically traverse the shock without

immediately slowing down and therefore downstream of the shock but within the body

flow field the particles can be traveling supersonically compared to the local flow

and produce "inverted" or "reversed" embedded dynamic shocks which can strafe the

body boundary layer, creating a strong disturbance. From Reference 11 the distances

required for the particles to attain local gas velocity can be the order of 10 cm.

This uniquely high-speed disturbance production by particle induction can be

particularly worrisome for the flight case because (a) the effective wavelength of

the induced disturbance is a function of particle concentration as well as size and

can easily be the order of the wavelength of linearly unstable waves; (b) the

disturbance can be produced by particles in the nominally inviscid flow field (as
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opposed to the usual low-speed case where the particle must be entrained into the

viscous flow to produce a worrisome disturbance); (c) the amplitude of the

disturbance can be quite large initially so that even if sub-critical decay occurs

resulting initial levels at the start of amplification can be significant; and <d)

the atmosphere is particularly rich in particulate content of various sizes including

cosmic and terrestial dust, rocket exhaust products from previous flights and

volcanic and water-based particles. Large particles can impact the body and rebound,

in some cases retraversing through the bow shock thereby producing extremely large

amplitude flow perturbations of potentially dangerous scale. These high-speed

mechanisms overlay the usual low-speed particle disturbance mechanisms including

particle adhesion/interaction with the surface (various roughness effects) and

particle wake/rotation due to motions within the viscous layer.

Typically, atmospheric perturbation/turbulence scales are large compared to body

viscous flow dimensions, and of such small amplitude that conventional wisdom holds

that, to first order, transition is not influenced by stream disturbance fields in

free flight. However, the aforementioned presence at high speeds of bow shocks and

embedded subsonic regions may possibly alter this conjecture. This problem was

considered by Morkovin (Ref. 12) and exhibits the following essential features. Due

to the intermodal coupling inherent in the Rankine-Hugoniot equations, stream

disturbances which traverse the bow shock will engender downstream acoustic waves

even if the incident field does not initially have an acoustic component. Such post

shock acoustic fields can reflect and re-reflect between the body and the bow shock

(as can acoustic fields produced by nose region body vibration) as well as possibly

interact with waves having other incidence angles, wave numbers, and phase.

For the stream disturbances to couple into the boundary-layer transition problem

to first order, mechanisms must be present for these low-wave number disturbances to

shift energy content to higher wave number. Whether the high-speed nose region

interactions just described can, perhaps through either sums and differences of

(possibly resonating) frequencies, or through wavelength shifts and wave trapping in

the subsonic region (see Ref. 13), yield such wave number shifts is the subject of

current research at ICASE. Another possible mechanism involves the interaction of

shock wave/shock layer oscillations due to long wavelength stream fluctuations with

body roughness/waviness and/or dynamic shock oscillations associated with instability

waves. Such a combination of "flow-field processed" stream perturbations and

roughness may both amplify and wave number shift the incident perturbation. At the

highest speeds (high hypersonic) incident concentration fluctuations may induce

chemical reaction/"flame front" induced oscillations in the nose shock region

(depending upon incident species) possibly providing other wave-number shifting

mechanisms. This area of atmospheric disturbance-body flow-field interactions is

virtually untouched and obviously requires considerable further research.
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Compressibility Influence Upon Linear Amplification

The influence of Mach number upon the linear amplification modes for flat-plate

boundary layers is well known and well documented. The pioneering and still current

work of Mack (Ref. 14) identified the major intrinsically compressible phenomena in

the linear theory area, the second or acoustic mode which becomes dominant (most

unstable) in two-dimensional zero pressure gradient flows above Mach numbers the

order of 4 to 5. This mode was experimentally verified by Kendall (Ref. 22).

Therefore, at high speeds the three low-speed instability modes, Gortler, crossflow,

and Tollmien-Schlichting (T-S), are joined by the Mack second mode at higher Mach

numbers. The influence of compressibility upon these various modes can be

conveniently and simpllstlcally summarized as follows: For the first or viscous (T-

S) mode the amplification rate decreases with Mach number while the most unstable

wave angle increases. The most unstable second mode waves are two-dimensional and at

higher frequency than the first mode case. Also, for the second mode, the critical

layer moves to the outer part of the boundary layer and the amplification rate

decreases with Mach number (after an initial increase above first mode values). See

Reference 14 for detailed discussion of these behaviors. The movement of the

critical layer to the outer part of the boundary is depicted in Figure 1 where the

disturbance eigenfunctions are plotted for M — 0 (first mode) and M - 10 (second

mode), respectively. For the latter case temperature fluctuations are dominant.

Of particular interest when comparing the first and second modes is their

different sensitivity to wall cooling. Cooling stabilizes the first node, but the

second mode is actually destabilized by cooling (Fig. 2). This is because the first

mode amplified disturbances require the existence of a generalized inflection point

(-7- {p -p) - 0) which is present in all insulated wall boundary layers. This

inflection point may be eliminated by sufficient wall cooling, thus stabilizing the

boundary layer to first-mode disturbances. The second mode, on the other hand, does

not require the presence of a generalized inflection point and only the condition

that M > 1 (where M - (u-c)M e/^T) is sufficient for inviscid disturbances to

exist. The boundary-layer region in which this condition is satisfied expands with

cooling, thus enhancing instability of the cold wall flow. The influences of

pressure gradient, wall suction/injection, etc., have been little studied at high

speeds (e.g., Refs. 15 and 16) but the trends are as would be expected from low

speeds, at least up to low-hypersonic conditions. Wall suction and favorable

pressure gradients stabilize both the first- and second-mode disturbances.

The other linear modes, crossflow and Gortler, are usually more unstable than

the conventional (two-dimensional, flat surface) cases just discussed and are

therefore to be avoided for transition delay (as in the low-speed case). The

influence of increasing Mach number upon Gortler vortices is shown in Figure 3. The

effect of compressibility is stabilizing (Refs. 17 and 18), though weak. This

centrifugal instability is hard to control by wall suction or heat transfer (Refs. 17
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and 19). The effect of adverse pressure gradient on Gortler instability in

hypersonic boundary layers is found to be destabilizisng (Ref. 19). Figure A shows

that the computed growth rates are significantly higher in the presence of adverse

pressure gradient. The inflow Hach number for this calculation is 8. For the

adverse pressure gradient case, the Mach number drops from 8 to about 6.5 towards the

end of the computational domain. Since compressibility has been shown to have a

stabilizing effect, part of the increase of the growth rates may be attributed to

decreasing Mach numbers due to adverse pressure gradients.

Crossflow instability in subsonic and low supersonic Mach number flows has also

been studied. The effect of compressibility on this inflectional instability is

rather weak. This instability may be controlled by wall suction but wall cooling

has only a weak stabilizing effect (Refs. 20 and 21). Detailed experimental

verification of the influence of Mach number upon the T-S and Mack modes is

available from Kendall in Reference 22. Disturbance-amplification data for high

speeds are somewhat questionable due primarily to gross facility acoustic

contamination as discussed subsequently (see Refs. 23-29, see also Ref. 30).

Detailed compressible disturbance amplification data for the cross flow and Gortler

modes are not yet available.

Some Additional Compressibility-Related

or Accentuated Transition Physics

Outward Movement of the Critical Layer, Effect on Transition Process

As just noted, with increasing Mach numbers the critical layer moves to the

outer portion of the boundary layer. Visualization on cones indicates that at

high Mach number the disturbance growth in the outer region can become highly

non-linear without grossly affecting the wall transport (Refs. 31-33) and there

is some indication that "turbulence" can set in above the wall in a manner more

analogous to the free shear layer case (spectral broadening) than the

conventional Emmons spot "fully turbulent patch" wall production of turbulence

(Ref. 34). Early attempts at modeling such behavior (Ref. 35 using the results

of Ref. 36) improved the prediction of the transitional phase of the flow.

Flow Chemistry - Essentially nothing is yet known concerning the detailed

physics of the influence of flow chemistry upon the transition process. Plots of

transition Reynolds number against Mach number for cones in free flight do not

exhibit any unusual behavior as the ideal gas-reacting gas boundary is crossed at

high-edge Mach number (Ref. 1). Figure 5 from Reference 37 is one of the first

attempts to include the effects of equilibrium gas chemistry in linear stability

calculations and a slight destabilization is indicated along with a shift in

unstable frequencies. Some changes would be expected, as the mean profiles are

obviously altered. Whether any new, chemistry specific modes will arise can only

be determined from further research. The area is wide open.
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Shock Waves - The presence of shock waves constitutes an obvious and

important difference between low- and high-speed flows. For the boundary-layer

case the disturbance characteristics are such that, at least thus far, dynamic

eddy shocklets do not seem to form/alter the amplification processes, e.g.,

Reference 38. However, quasi-steady shock waves can and do affect high-speed

transition in several ways. The zeroth order effect is due to the curved bow

shock which produces mean vorticity which in turn alters particularly the mean

flow and thus the amplification characteristics of the tender external portion of

the boundary layer and may cause instability of the outer inviscid but rotational

flow in the region preceeding entropy swallowing (Refs. 24 and 39-41). In fact,

at high speeds stability computations should be carried out using inputs from PNS

or full NS rather than separate inviscid and boundary-layer codes to ensure that

this effect is correctly incorporated. A transition reversal is observed in the

experiments in which transition Reynolds number first increases with bluntness

but then begins to decrease beyond a critical bluntness. This may be explained

by considering the effect of bluntness on competing boundary and entropy layer

instability modes (e.g., Ref. 39).

Another possible manifestation of the effect of bluntness is the possibility

of a wave structure between the bow shock and a blunt face (Ref. 13). Such a

wave structure, if linked to an instability mechanism, perhaps through surface-

irregularity interactions, may provide a "receptivity" link for the boundary-

layer disturbances. The shock wave also constitutes an altered external boundary

condition which can affect the instability process (Ref. 42). In addition, the

interaction of disturbances within a boundary layer with a quasi-steady shock

wave, either impinging upon a surface or generated thereon can significantly

amplify the disturbances and also cause intermodal energy transfer (e.g., Refs.

43 and 44). Such a process can be an integral part of the influence of adverse

pressure gradients upon transition at high speeds where adverse pressure

gradients can be accompanied by both concavely curved streamlines (which could

induce a concomitant Gortler instability) and coalescing shock waves.

Roughness - Roughness and/or waviness are obviously not unique to the high-

speed transition problem but unfortunately their importance as well as the

richness of the associated physics is accentuated by increasing Hach number.

This increased importance is due to the increasing aerodynamic heating which

accompanies high-speed flight and induces large thermal stresses. In many cases

these thermal stresses exceed the aerodynamic loading and dictate the design of

the structure, particularly the surface region. Several techniques have

historically been employed to handle this heat load and/or accompanying thermal

stresses, including sublimation/ablation, tiles/expansion joints/shingles and

merely letting the surface deform into "waffles" or corrugations. As an adjunct

to this problem various dissimilar structural and material joints exist,
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including antenna interfaces, handling plugs, field joints and fibers associated

with some surface materials which give rise to additional steps and surface

mismatches and irregularities. All of these approaches to surface survivability

at high speeds produce "non-smooth" surfaces, i.e., roughness and waviness are

endemic to high-speed atmospheric flight and the transition problem in

particular.

The possible influences of roughness/waviness upon transition are manifold

and include (a) altering the mean flow locally and downstream, thereby changing

local amplification rates/eigenvalues, (b) affecting receptivity of external

disturbance fields by providing spatial gradients which can readily couple

certain disturbances into the local viscous flow, (c) introduction of streamv.'ise

vorticity into both mean and fluctuating local fields, (d) direct production of

dynamic vorticity through element "eddy shedding" (at low speeds), and (e) at

high speeds, influences of roughness/waviness induced embedded shock waves.

These latter influences include the aforementioned direct amplification through

the shock as well as the direct production of dynamic voi*ticity via shock

unsteadiness and even possible delay of transition due to shock-induced Reynolds

number diminution (Refs. 45 and 46). As a typical example of the importance of

roughness in high-speed flight the U.S. space shuttle windward surface transition

problem is dominated by tile-induced roughness, with transition Reynolds numbers

in the 2 to 5 x 10 range rather than the 40 x 106 plus values one would normally

expect at shuttle conditions (high angle of attack, edge Mach number of order 2

(first mode disturbances, cold wall). Reference 47 indicates the decreased

sensitivity due to roughness which occurs at higher Mach numbers. This may be

partly due to the shift to the second mode and movement of the critical layer to

the outer region of the boundary layer. It should be noted that the roughness

sensitivity of the cross flow and Gortler modes is evidently not significantly

diminished at high Mach numbers.

Experimental Simulation and Prediction of High-Speed Transition

The influence of free-stream vorticity fluctuations upon transition location

in low-speed facilities is well known. This source of facility stream

disturbance diminishes at M g h Mach number but is replaced by a much more

insidious and tenacious disturbance source - pressure fluctuations radiated from

the turbulent nozzle wall boundary layer (Refs. 48 and 49). Extensive research

at the NASA Langley Research Center over the past IS years has indicated that in

general this noise field alters both the level and magnitude of parametric trends

of the transition location and that the only known approach to the replication of

high-speed flight transition behavior in wind tunnels is the attainment of

laminar flow on the nozzle walls of the facility (Ref. 49). This has been

accomplished at NASA Langley by performing massive suction upstream of the throat

to relaminarize the turbulent boundary layer incoming from the upstream piping
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and stagnation chamber wall. The resultant thin laminar boundary layer which

grows downstream of the suction slot is kept laminar through a combination of

ultra-smooth walls and favorable pressure gradient until it is destabilized by

the Gortler process in the nozzle reflex (concave curvature) region. This

approach has provided a sufficient run of quiet test flow to allow duplication of

flight transition behavior in the Langley pilot facility at a stream Mach number

of 3.5. Suction laminarization on the high speed portion of the nozzle cannot be

used as weak shocks are produced as the flow is turned into suction slots or

holes and these weak shocks can cause greater disturbances than the original

turbulent boundary-layer noise.

Additional pilot quiet facilities at Mach numbers of 6 and 20, to allow

experimental study of second mode physics at high Mach number, are currently

under development at NASA Langley. As an indication of the importance to

transition of the stream asoustic disturbance field present in conventional

tunnels, recent studies in the M - 3.5 pilot quiet tunnel indicate an order of

magnitude difference in transition Reynolds number on flat plates for noisy and

quiet free-stream flows (Ref. 50). It should be noted that successful

duplication of flight transition behavior involves not only the maintenance of

laminar nozzle wall flow but also control of other untoward disturbance fields

such as gross particulates, small scale vorticity fluctuations, model vibration,

and (uncontrolled) roughness. Transition data at high hypersonic cold-wall

conditions in conventional, large facilities tends to approach flight-

observations, perhaps due to a partial decoupling of the disturbance scale

between the thick facility wall boundary layer and the thin model viscous flow

(e.g., Ref. 8).

The current status of the prediction of hypersonic transition is wholly

unsatisfactory, as it rests entirely upon engineering correlations of flight data

taken over a very limited and often ill-defined parameter space. The high-speed

experimental data froa conventional facilities simply cannot be trusted (except

perhaps at high hypersonic, cold wall, large scale conditions), either as to

trend or level, due to the stream acoustic disturbances just discussed.

Therefore, at the present time, at best, the location of high-speed transition

can be estimated to within a factor of 5 to 10. Research at Langley over the

past 12 years in the laminar flow control area indicates that the e method,

which utilizes the linear stability theory to estimate transition location, may

be applicable to the high-speed area (in the absence of roughness/waviness and

Morkovin "bypasses") with an N value of the order of 10 (the usual low-speed

value), Reference 3. Such an approach allows transition prediction within the

order of 20 percent and parameterization for quantities which influence the mean

flow such as (a) Mach number, (b) pressure gradient, (c) wall temperature, (d)

angle of attack, (e) wall mass transfer, (f) sweep, (g) flow history, (h)
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geometry/curvature, (i) body dynamics, (j) flow chemistry, and (k) bluntness.

This extension of the e approach to high-speed flows (Ref. 3) should, except for

roughness, elevated stream disturbances or perhaps shock interaction effects,

allow a more accurate near-term estimation of transition location for design

purposes.

Concluding Remarks

Paper sketches briefly the current state of the art in the understanding of

high-speed boundary-layer transition. Of the 6 stages of the transition process

the weakest links in the long term are the specification of stream-disturbance

fields, including particulates, as a function of latitude, longitude, altitude

and time (as well as body-generated disturbances), and the body processing and

viscous internalization of this disturbance field as an initial condition for

normal mode amplification. The basic normal mode processes are largely

understood for the basic case with cleanup for bluntness, pressure gradient, and

real gas effects currently underway. The non-linear end game is currently being

attacked numerically and this approach, in fact in many cases the same codes,

could also be used to study the receptivity problem. For most flight conditions

with low-background disturbances the initial, internalized disturbance levels

appear to be, to first order, the same order of magnitude. This is inferred from

the fact that the e method, which addresses only the normal aode/linear

amplification (as a ratio) appears thus far to be capable of estimating high-

speed transition location within engineering accuracy (0(20%)).

The major research frontiers in high-speed transition, in the opinion of the

present authors, include: (a) initial disturbance specification and

internalization; (b) transition in other than conventional boundary-layer flows

including two- and three-dimensional free shear layers, vortex boundary-layer

interactions and separated flows; (c) roughness effects; and (d) influences of

shock waves and chemistry.
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Figure 1. - Real and imaginary parts of the disturbance eigenfunctions for
incompressible and Mach 10 (adiabatic wall) boundary layers.
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Figure 3. - Effect of compressibility on neutral curves for Gortler instability.
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QUASISYMMETRY OF FLOWS AND CHAOS OF STREAMLINES

A. A. Chernikov, R. Z. Sagdeev, G. M. Zaslavsky
Space Research Institute, Academy of Sciences

of the USSR, Profsoyuznaya 84/32, Moscow 117810 USSR

1. INTRODUCTION

The onset of turbulence may be preceded by development of
ordered spatial structures. Such structures play a prominent role in
mixing and advection processes. Presence of these structures can
lead to chaotic spatial distribution of streamlines and to random
walk of passive particles along the streamlines. Examples of such
particle mixing are well known, they are the ABC-flow [1], and the
flow between rotating cylinders [2,3]. In connection with these
phenomena some general questions arise concerning the "structural
mixing": (1) which kinds of structures are admissible; (2) which
structures can lead to mixing of streamlines; (3) what are the laws
of transport of passive particles? Here we discuss the first two
questions which are tightly connected with modern problems of
nonlinear dynamics. The part of the paper devoted to symmetry of
the structures is restricted to incompressible flows. This provides
the simplest way to deduce possible types of flow organization. We
further restrict ourselves to the Beltrami-type flows. Special
interest in such flows is associated with instability of large-scale
modes obeying the Beltrami condition in fluids with strongly
developed turbulence [4,5]. It is plausible that extended regions
occupied by Beltrami flows can be present in turbulent flows [6]. It
is possible to say that flows can be "beltramized." We have shown
that stationary hydrodynamic Beltrami flows can possess an
arbitrary symmetry of quasi-crystallic type. Not withstanding the
regular character of the structures, the flow also includes elements
of irregularity, stochasticity. In some regions of space, the
streamlines are distributed chaotically. The second group of our
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results is associated with investigation of this property. The
concluding part of the paper is devoted to chaos of streamlines in
stationary Rayleigh-Benard convection. It is shown that three-
dimensional stationary flow with hexagonal cells produces a spatial
web of finite thickness within which the chaotic streamlines are
concentrated.

2. STATIONARY STRUCTURES AND SYMMETRY OF PLANAR FLOWS

For planar incompressible flows, the Navier-Stokes equation is
reduced to the following scalar equation:

dt d{x,y} ^ j

where y is the stream function, F is the pumping that excites the
medium. In two dimensions the solenoidality of the velocity field x
allows expressing it in terms of the stream function as

vx = - —-; vy = —-
9y 3x (1 2)

Now we specify the pumping in (1.1) by choosing the external force F
in the form

F(x,y,t) = F0(t) cos k(x cos cot + y sin cot) (1.3)

where the pumping wave number is k = 2rc/L and the frequency is
co = 27c/T, and Fo is the amplitude of external force that generally
depends on time.

We have solved Eq. (1.1) numerically on a 128 x 128 grid in a
unit square. At the square boundary Q the boundary conditions are
given by

, r ) = const = v|/0 (1.4)
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Initial conditions are chosen in a similar way, \|/(O,x,y) = const = y 0 .
Figure 1 shows the results for the case when the amplitude F0(t) is a
sequence of short pulses of duration x with period To = 2K/Q. In our
computations, the length of an individual pulse, z, is much shorter
than remaining characteristic times. As was revealed by numerical
integration [7], the flow patterns under the resonance Q = Nco (with
integer N) is qualitatively different from the corresponding patterns
far from the resonance. Under the resonance and for w/vk » 1, the
flow eventually evolves to stationary structures of N-fold quasi-
crystallic symmetry. Figure 1a shows the stationary flow structure
under the resonance Q. = 10 co which possesses the quasi-crystallic
symmetry, while Fig. 1b shows the pattern of streamlines for the
eighth-order resonance.

P^S>«i

Figures 1a and 1b.

The approximate analytical expression for the stationary stream
function y can be obtained as follows. Let us approximate the
amplitude of the pumping F0(t) by a sequence of delta functions

Rx.y.t) = Fc =^-n cosk(xcosc«)tk( incot)sin

(1.5)
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With use of the representation

f ) 4 I axpadmll̂ !
m L J

it can easily be shown [8] that

F = F + F

2 j t m /*rr \l~ = 2 F o y

k=1 m=1 - - ( 1 7 )

xcos-TT^+ysin-^— or ^== kpes with p the radius-vector on
ine piane (x, y) and e j the unit vector that determines a vertex of the
regular N-agon. Since the function Ffx.y} in (1.-7) is the exact solution
of the Helmholtz equation

V 2 F + k2F = 0 (1.8)

for the stream function

_ F N r "*
V = -

vk-Nj=i L " j ( 1 9 )

the nonlinear term on the left-hand side of Eq. (1.1) vanishes.
Therefore, the stream function (1.9) is the exact solution to the
Navier-Stokes equation with stationary pumping F(x, y).
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3. CHAOS OF STREAMLINES IN STATIONARY THREE-DIMENSIONAL
FLOWS

Above we have discussed only two-dimensional quasi-
symmetric flows. Quasi-symmetric structures can be present also
in three-dimensional flows described by the Euler equation

— v + v xrotv = -V(P + v2/2) ; divv = 0

*~ ~ (2.1)

where P is the pressure. If Beltrami condition

v = a rot v (2.2)

with a = const is also imposed, these velocity fields y are the
stationary solutions of the Euler equation. It was shown in [9,10]
that the velocity field

vx = — — + esmz ; vy = —- - ecosz ; vz = y
dy ax (2.3)

with e the perturbation parameter and y = \j/(x, y) obeys two-
dimensional Helmholtz Eq. (1.8). We call such flow quasi-symmetric
when the function y is determined by (1.9) up to a constant factor.
The flow (2.3) is solenoidal and is of Beltrami type, V x v = - v, i.e.,
this flow is a stationary solution of the Euler Eq. (2.1).

Equations

dx _ dy dz
vx vy vz ( 2 4 )

determine the pattern of streamlines of the velocity field v(x,y,z).
For a quasi-symmetric flow (2.3) the system of Eqs. (2.4) reduces to

dx _ _J^aH dy _ 1 dH
dz " v 3 y ' dz ~ v ^ " { 2 5 )
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where

; V = - x cos z - y sin z ;

.... 2*ixcos-rr1 +NN N
(2.6)

= Vo (cos x + cos y)

Reduction of (2.4) to the form (2.5) indicates that we actually deal
with a "nonstationary" problem formulated for a dynamic system in
two-dimensional phase space (x,y). The variable z stands for the
time variable. Since Eqs. (2.5) have Hamiltonian form we can readily
apply some results of the theory of dynamic systems. Let us recall
them briefly. The unperturbed part of the system (2.5) with
Hamiltonian (2.6) for e = 0 has a set of singular trajectories
(separatrices) which pass through singular points of saddle type.
For instance, for N = 4 or N = 3, 6, when the stream function is given
by

( ) (2.7)

-(3 \\
"2~2)/

respectively, all separatrices belong to the same value of the
stream function y and thereby form single square or hexagonal
network. Any arbitrarily weak periodic perturbation in z (i.e.,
arbitrary e) leads to disruption of separatrices and to occurrence in
their vicinity of a finite region of stochastic streamline dynamics.
In the considered case this means development in the space (x,y,z) of
a stochastic web with square or hexagonal cells. Examples of such a
web are given in Fig. 2. Within the web cells, small regions (islands)
are preserved where the streamline dynamics are stable. This
means that streamlines are regularly wound around some invariant
surface. In the case considered, such surfaces are periodically
meandering stream tubes orientated at different angles to the plane,
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z = const. Cross sections of these tubes are actually the windows in
the stochastic web of Fig. 2. The whole remaining region occupied
by the web is filled by only a single trajectory and is essentially a
fractal set occupying a finite volume in the (x,y,z) space.

3.257

8M

Figures 2a and 2b.

The stochastic web with square (a) and hexagonal (b) symmetry
formed by streamlines.

When approaching the spatial rest points (saddles) that lie on
intersections of separatrices, a streamline randomly chooses the
direction of further motion. As a result, a spatial diffusion arises
that is similar to Brownian motion of particles on square or
hexagonal lattice. Two examples of such diffusion for N = 4 and
N = 3 are obtained numerically and shown in Fig. 3. A streamline
sometimes passes a considerable interval along the plane z = const,
then turns and follows the plane x = const which produces a rather
complicated loop and returns to the same plane z = const. This is
why the diffusion alternates with "jumps" of streamlines along the
same plane z = const. This feature is seen particularly clear in the
case of the harmonics obtained by expansion of the solution into
Fourier series and truncation. Any finite sum of harmonics
possesses the quasi-symmetry. In three- dimensional problems the
quasi-symmetry corresponds to streamline equations with 3/2
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degrees of freedom. Therefore, stochasticity of streamlines must
be typical of generic three-dimensional flows.

400 ft

II
i '••'.

-ZOOM

T- -">#":

' L.'. < -305

Figures 3a and 3b.

"Lagrangian turbulence" as contrasted to ordinary "Euler turbulence."
As long as for stationary flows trajectories of Lagrangian particles
coincide with streamlines, the chaos of streamlines implies also an
anomalous diffusion of admixture particles along the channels of the
stochastic web.

Let us make these arguments more specific, using as example
the streamlines of stationary Rayleigh-Benard convection in
horizontal infinite fluid layer. When the Rayleigh number, which is a
dimensionless measure of temperature difference across the layer,
exceeds certain threshold value Rc, the fluid motion is self-
organized into hexagonal Benard cells. Slightly above the threshold,
for e = ( R - R c ) 0 5 « i , the spatial dependence of the velocity field y
is given by

v = e rot rot zv|/ (3-D
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With accuracy up to £2, where

cos x + cos \j+^-yl + cos k-- -^- y ) (sin z + ae sin 2z]

+ be < cos V3~y + cos y~y + 3x + cos \-=-y - 3x I (sin z)
I l ' '/ (3.2)

Explicit expressions for the coefficients a and b as functions of the
problem parameters are obtained in [11].

Introducing parameter, t, we obtain the following equations that
describe dynamics of impurity in the field (3.1) - (3.2):

dx / x V3" w \
— = - sin x +sin —cos -^-yl(cosz + 2e1cos2z)

- 2e2 cos -^- y sin ̂  X cos 2z

= - V3" cos |-sin ̂ - y (cos z +26,003 2z

/ y^ 3
e2jsin V3~y+ sin-^-ycos

\ 2

-^- = cosx + 2cos|-cos ^ -

/ V3~ 3 \
+ e2 cos V3" y + 2 cos ~ y cos w x sin 2z (3-3)

here e^ = ae and e2 = 2be. To the first approximation in e, i.e., for
e-i = 0 and e2 = 0, the streamline pattern forms in a hexagonal so-
called ABC flow (Fig. 3a).

Thus, the streamlines divide the whole coordinate space
occupied by the flow into a system of cells which can have either a
simple crystallic pattern (N = 3,4,6) or be very complicated, as is
the case for five-fold or higher quasi-symmetry. These cells are
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separated by layers of turbulent streamlines whose thickness is of
the order of e [9,10]. This phenomenon is sometimes described also
by the notion of "Lagrangian turbulence" as contrasted to ordinary
"Euler turbulence." As long as, for stationary flows, trajectories of
Lagrangian particles coincide with streamlines, the chaos of
streamlines also implies an anomalous diffusion of admixture
particles along the channels of the stochastic web.

4. STOCHASTICITY OF STREAMLINES IN RAYLEIGH-BENARD
CONVECTION

The picture described previously seems to be of rather universal
character and therefore well-known structures in other stationary
motions of fluid, gas or plasma must also possess similar
properties. This means that the structures that arise in fluids
before transition to turbulence also form a stochastic web of
streamlines. Moreover, spatial orientation of this web naturally
reflects the structure form. This conclusion is motivated by the
following arguments. Let us use any suitable method of analysis of
a hydrodynamic medium in a preturbulent state. Such a state, which
can be described by a finite collection of cells, was obtained in [12].
These streamlines are closed and lie on vertical cylindrical
surfaces.

To the next approximation in e, i.e. for e2 * 0, but small e2 « 1,
the picture changes. The majority of streamlines now become
unclosed and wind around toroidal surfaces. Figure 4a illustrates
the results of numerical integration of the system (3) for e-, = 0 and
e2 = 0.2. Shown is cross section of one of the tori in the plane
z = JC/2. However, near the cell boundary such surfaces turn out to
be destroyed. Figure 4b shows the chaos of streamlines in one of the
sectors of a hexagonal cell. We should note that, to the second
approximation in e, fluid cannot diffuse between the cells because
the normal velocity vanishes at the cell boundaries, even though the
streamlines are chaotic. In contrast to the case of square cells [13],
development of a global stochastic web in this case can be
associated with only higher-order terms in Galerkin's approximation.
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Figures 4a and 4b.

5. CONCLUSIONS

Hydrodynamic structures do not always have the property of
symmetry or quasi-symmetry. The previous discussion refers only
to such structures. Nevertheless, our results underline an urgent
need to clarify connection between Lagrangian and Eulerian
turbulence. The difference between them directly affects the
character of particle mixing in a flow, even though in both cases the
mixing process is of clearly turbulent nature.
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EVOLUTION OF THE LASER ABLATIVELY DRIVEN

RAYLEIGH-TAYLOR MIX LAYER

Mark H. Emery and John H. Gardner
Laboratory for Computational Physics and Fluid Dynamics

U.S. Naval Research Laboratory

Washington, DC 20375-5000

The Rayleigh-Taylor1 (RT) instability occurs whenever a dense fluid is accelerated by a

fluid of lower density. Perturbations on the interface between the two fluids are predicted to

grow exponentially in time with a growth rate 7 = (Akg)1/2, where the Atwood number A

= (ph — pi)/(ph + Pi), ph (pt) is the density of the heavy (light) fluid, the wavenumber k =

2TT/A, A is the wavelength of the perturbation and g is the acceleration. When the amplitude

of the perturbation (77) becomes of order of A/2?r, the sinusoidal surface disturbance mutates

to rounded columns of "light" fluid rising into the "heavy" fluid which, in turn, is funneled

downward.2"4 This is the classical bubble-and-spike structure. It is at about this amplitude

that the RT exponential growth transitions into a nonlinear "free-fair regime.4'5 The evolution

of the bubble (spike) is now well described by rji, = a\,gt2/2 (77, — a,gt2/2), where Jft (r]t) is

the amplitude of the bubble (spike) and at (as) is the free-fall reduction factor for the bubble

(spike). Typically aj < a, < 1. In addition, the velocity4 of the bubble rise is oc (5A)1/2.

Thus for classical, incompressible RT in the presence of many perturbation wavelengths, the

shortest wavelength modes will grow the fastest, saturate the earliest and then the larger

bubbles will subsume the smaller bubbles and larger and larger structures will dominate the

flow.4 This tendency for the bulk of the energy to concentrate in the long wavelength modes

means that fluid elements with like signed vorticity must tend to group together; in no other

way is it possible for the scale of the velocity distribution to increase.5

Classical, incompressible, inviscid turbulence theory predicts that in two-dimensions both

the kinetic energy and the enstrophy, the integrated square of the vorticity, are constants of the

motion.6 As a result, the excitation of a wide spectrum of middle wavenumbers in the presence

of some dissipation results in the "inverse cascade" of energy to lower wavenumbers and a

cascade of enstrophy to higher wavenumbers. Both this process and the process of "selective

decay" of enstrophy with respect to energy in undriven dissipative systems7 leads to the

eventual dominance of the largest spatial scales of the system. This inverse cascade process has

been observed in carefully prepared 2-dimensional numerical simulations of constant density

fluids8, electrostatic guiding-center plasmas9 and magnetohydrodynamic fluids10. There is
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both experimental11 (in 2D and 3D) and numerical12 evidence (in 2D) that this process
occurs during the nonlinear evolution of the classical two-fluid multimode RT instability. We
present here the first evidence of this 2D inverse cascade process in the compressible, ablative
environment of the laser implosion scenerio.

In laser driven ablation, the inward How of thermal energy from the hot laser absorption

region is roughly balanced by the outward flow of plasma kinetic energy and pdV work from

the target, or ablation, surface. As the newly heated material at the target surface expands

outward, the cold, dense shell is accelerated inward as a result of conservation of momentum.

In effect, a cold dense material is being accelerated by a hot, low density plasma and the

ablation surface; i.e., the interface, is subject to the RT instability. The RT instability is a

potential obstacle to inertial confinement fusion in that small perturbations on the ablation

layer may grow large enough to destroy the spherical implosion symmetry of high aspect

ratio pellets. Recent theoretical13, numerical14""17 and experimental18 investigations of the

RT instability in laser ablatively accelerated targets are in general agreement and indicate

that the RT growth rate is about 1/2 of the classically predicted (non-ablative) value. With

the exception of a 5 mode study in Ref. 15 and a 2 mode study in Ref. 14, all of the

above investigations have concentrated on single wavelength perturbations. In reality, RT will

develop from initial perturbations where many different wavelengths are present.

The evolution of the multimode RT instability in laser ablatively accelerated targets is
modeled with our FAST2D Laser Matter Interaction Code. This is a fully two-dimensional,
Cartesian, compressible hydrodynamics code with a sliding Eulerian grid with variable grid
spacing. There are periodic boundary conditions in the direction transverse to the laser. This
model has been extensively compared with experimental results18'19 and is discussed in some
detail in Ref. 16. Although the flux-corrected-transport (FCT) algorithms do not require
artifical viscosity for stability and ensure that the large scale features are treated inviscidly,
the nonlinear properties of the FCT algorithms ensure that energy in wavelengths smaller than
a few computational cells is (numerically) dissipated. The small residual numerical viscosity
of the algorithm mimics the behavior of physical viscosity.20 The laser energy is absorbed
by classical inverse Bremsstrahlung absorption with a 10% dump at critical. For the results
presented here, the code is initially run in a one-dimensional mode with a laser pulse that has
a 2 ns Gaussian rise after which the intensity is held constant at its peak value. The peak laser
intensity is 3 x 1014 W/cm2 with a wavelength of 1/4 firn. These steady-state profiles then
serve as initial conditions in the two-dimensional model. At the start of the RT simulation,
these profiles are perturbed at the ablation front with multiple wavelength perturbations of
equal amplitudes and random phases; this gives rise to an initial mass perturbation of ~ 0.1%.
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The laser intensity is held constant throughout the evolution of the RT instability. The growth

rate of the instability is obtained by Fourier transformation of the summed mass of the foil.

The mass of the target (p X) is integrated from the rear of the foil (the side away from the

laser) to the ablation front for each transverse coordinate.

-2 TTT

8 9 10 11 12 13 14 15

FIG. 1. Log of the Fourier transform coefficient of the areal mass density as a function
of time (ns) for all 20 modes. The areal mass of the target (px) is integrated from
the rear of the target (the side away from the laser) to the ablation front for each
transverse coordinate. Modes 2 - 2 0 ("C" - "U", 75 fim - 7.5 fim) are perturbed
initially. Mode "B" (150 pirn) is not perturbed initially.
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The target is a 200 fim thick planar slab of plastic (CH). After compression, at the time

the target is perturbed, the target thickness is « 40 fim. The transverse dimension is 150/im

and modes 2-20 (7.5 fim < A < 75.0 fim) are perturbed with equal amplitudes and random

phases. The wavelengths range from nearly 4 times the inflight target thickness to 1/5 of

the inflight target thickness. The time evolution of the amplitude of the mass variation of

all 20 modes is shown in Fig. 1. There is much information to be gained from this figure.

The longest wavelength mode in the system ("B", 150 fim), which is not perturbed initially,

undergoes rapid oscillatory growth with a growth rate « 2 ns"1. This wavelength becomes

the dominant mode in the system by about 8 ns, after all the other modes have saturated,

and reaches a saturation level nearly an order of magnitude larger than the other modes.

The growth of this mode stems directly from the nonlinear interaction between the smaller

wavelength modes. The shortest wavelength modes in the system ("Q" - "U", 9.375 fim - 7.5

fim) exhibit very little growth until about 5 ns when they begin to grow at an increased rate.

They are apparently being fed by the longer wavelength modes which are saturating at about

this time. Modes "Q" - "U" saturate at about 6.5 ns. Note that the long wavelength modes

("B" - "J", 75 fim - 15 fim) initially grow at nearly the same growth rate. It is quite clear

that nonlinear mode coupling is occuring very early in the evolution of the instability. The

growth rates of the individual modes (square symbols), measured in the 1.5 - 5 ns time

20.0 40.0 60.0 80.0

A (/xm)

FIG. 2. Plot of the numerical growth rates (squares) as a function of perturbation wave-
length. Also shown are the growth rates when only single modes are perturbed (dashed
line).
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interval, are shown in Fig. 2. Also shown are the growth rates obtained when only single

modes were perturbed (dashed line). During the exponential growth phase of the instability,

the multimode behavior is strikingly different from the single mode behavior. The interme-

diate and long wavelength modes grow at nearly the same rate and, for A < 75/im, at rates

substantially below the single mode behavior. The growth rates for A < I5fim are strongly

suppressed.

The inverse cascade process which results in the eventual dominance of large scale motion

can also be observed by examination of the isodensity contours. Fig. 3 shows the evolution

of the target surface at four different times during the development of the mix layer. The

instability is well developed by 5 ns. At 8 ns five well-developed spikes are evident; the fourth

and fifth modes have just saturated. Note the two large bubbles at the top and bottom of

the density contours. By 9 ns, these bubbles have expanded to cover over half of the target

surface. This rapid spreading of the vortex pairs in each of the two largest bubbles, coupled

with the strong ablative flow, shears off several of the spikes (at the top and bottom), which

are then convected back towards the laser. In addition, this spreading and shearing process

causes the four central spikes to collapse into one spike and by 14 ns, the system has evolved

to a single spike and the bulk of the target is relatively flat. In effect, the evolution to the long

wavelength modes coupled with the strong ablative flow causes the target to be "self-healing";

i.e., the bubbles are not observed to break through the target in this case. This late time

spreading and shearing process has been observed over a wide range of modes (from 6 to 20)

and system lengths (from 42 fim to 150 urn). The rapid bubble spreading begins when the

bubble diameter PS r}/2.

The transition from a many mode structure to a single mode structure occures in two

distinct phases. The initial phase, up to about 7 ns, is qualitatively similar to what is predicted

by the inverse cascade theory and large amplitude RT theory. There is a gradual evolution to

longer wavelength modes as vertex merging, or bubble amalgamation, appears to dominate.

When the amplitude of the perturbation becomes large, O(A/2TT), the spike and bubble enter

a free-fall regime. The time evolution of the mix layer is shown in Figure 4; plotted is the

height of the bubble rise (hi) and the depth of the spike fall (hs) as a function of time. After

w 4 ns, the spike begins to fall much faster than the spike rises. After 7 ns, the rate of bubble

rise rapidly slows and hb approaches a ln{t) dependence by 9 ns. There is reduction in the

free-fall rate in the 5 - 7 ns time interval. With g = 2.0 x 1015 cm/s2, we find aj = 0.08 and

a3 = 0.17. This is 70% of the free-fall reduction factor for the multimode, nonablative RT

case.17 In the nonablative mix layer, as the bubbles grow, the vortices on either side of the

spikes (of unlike magnitude) induce a net rotational flow on one another. The vortices tend
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%..i. /..

FIG. 3. Isodensity contours showing the late time evolution of the unstable mix layer. The
lateral dimension is 150 ixm and the laser is impinging the target from the right. The
times and horizontal dimensions are: (a) 5 ns, 27 //ro, (b) 8 ns, 195 /im, (c) 9 ns, 342

, (d) 14.3 ns, 482/tm.



0.0 20.0 40.0 60.0 80.0 100.
T2 / 2\

T (ns)
FIG. 4. Plot of the height of the bubble rise (squares, hj) and the depth of the spike fall

(triangles, hs) in fim as a function of time2 (ns2). These distances are measured on
the ablation front, the point of steepest density gradient, at the center of the largest
bubble and the longest spike.

4.0 6.0

T(ns)
10.0

FIG. 5. Plot of the bubble diameters (solid symbols) of the two largest bubbles
(squarerupper bubble, triangle-.lower bubble) and the rise velocities (open symbols)
of the same two bubbles as a function of time.
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to rotate about one another, further entraining the heavy and light fluids and extending the
mix layer.17'18 This secondary rotation is not observed in the laser driven case.

The second phase of the transition to the fundamental mode, from 8 ns - 14 ns, is governed
by the evolution of spreading, buoyant vortex pairs. As the largest spikes enter the free-fall

regime, the vortex pairs, in the corresponding bubbles, are convected away from the steep,

unstable density gradient and reside in the nearly constant density fluid making up the bubble.

By 8 ns, isovorticity contours and streamline plots (not shown) indicate that the vortex pairs

comprising the two largest bubbles are centered in the nearly constant density fluid of the

bubble. The isodensity contours at 9 ns, Fig. 3, show the nearly constant density in the
largest bubbles. For a buoyant, vortex pair it has been shown20 that if the circulation remains

constant while the buoyancy force acts to increase the momentum of the pair, then the buoyant
pair spreads linearly in time and rises at a rate ex 1/t. The rate of change of circulation
F = — § dp/p -+ 0 for nearly constant density. The rise velocity of the vortex pair is V =

r/(2nD), where D is the vortex separation distance. The constant buoyancy force (F&) is
equal to the rate of change of upward momentum, F& = d(MV)/dt, where M is the total mass
of the vortex (M oc D2). Then the separation distance D oc t and the rise velocity V oc 1/t.

Figure 5a shows the diameters of the two largest bubbles as a function of time. The bubble

diameters follow a linear time dependence for t > 6.5 ns. The bubble rise velocities, Fig. 5b,
follow a linear time dependence for 4.5ns < t < 6.5 ns, corresponding to the free-fall regime,

but there is a sharp transition into a 1/t dependence for times > 6.5 ns. The bubble diameter
(D oc t) is increasing at a much faster rate than the bubble height (hj oc ln(t)). This rapid
expansion coupled with the strong ablative flow essentially scours the perturbations off the

surface of the target. This causes an enhanced erosion of the target surface; by 14 ns, only

30% of the initial target mass remains.

In summary, the results indicate that nonlinear mode coupling occurs very early in the

evolution of the ablative RT mix layer. The nonlinear process, the inverse cascade of energy

towards the larger spatial scales, drives the RT instability toward progressively longer wave-

lengths and limits the growth of the shorter wavelength perturbations, as evidenced by: (1)

the early appearance of an initially unperturbed long wavelength mode, and (2) the strong

reduction in the wavenumber dependence on the growth rate as compared to the single mode

perturbation case. The rate of development of the vortical mix layer is smaller than that

observed in the nonablative case. Subsequent late time development of the mix layer appears

to be well described by the phenomena of buoyant vortex pairs; the bubbles rise much slower

than the linear time dependence predicted by large amplitude bubble theory. Although the

inverse cascade mechanism may be particular to two dimensions, the nonlinear mode coupling
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which severely reduces the wavenumber dependence of the RT growth in the multimode case

will most likely not depend on the dimensionality of the problem. If buoyant vortex rings are

formed in three dimensions, they are predicted to rise at a rate20 a 1/t1/2, which is less than

the large amplitude steady state prediction (V oc t).

One of the authors (MHE) wishes to thank J. P. Dahlburg for several stimulating conver-

sations during the course of this work. This work was supported by the U. S. Department of

Energy, the Office of Naval Research and by a grant of computer time on the NRL CRAY-XMP

by the Director of Research of the Naval Research Laboratory.
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Similarity Theory of Incompressible Random

Rayleigh-Taylor Instability

N. Freed, D. Ofer, D. Shvarts, Physics Department,

NRCN, P.O. Box 9001, Beer-Sheva, Israel

and

Steven A. Orszag, Applied and Computational Mathematics,

Princeton University, Princeton, NJ 08544-1000

In this Note, we show how a detailed analysis of recent high resolution two-

dimensional numerical simulations1 of low Mach number (incompressible) random Ray-

leigh-Taylor instability allows the formulation and explicit perturbative solution of a

mathematical model that embodies key features of these flows. The results are in good

agreement with both the numerical simulations and with experiment2. Some typical

interfacial contours from the numerical simulations of Rayleigh-Taylor instability at

density ratios a = 2 : 3,1 : 3,1 : 20 [(Atwood ratios A = (1 - a)/(l + a) of | , \, if,

respectively)] are given in Figure 1; the numerical results are obtained using an ALE

(Arbitrary Lagrangian-Eulerian) compressible flow code, supplemented by a novel and

accurate interface tracking scheme, at a spatial resolution of 200x200 cells (run on a

sup er workstation).

Our analytical model is based on the two-fluid model of Youngs3. The dependent

variables of the model equations are horizontally averaged velocity, pressure, volume

fraction, etc. We denote the direction of gravity as +z. The dependent variables are

uT(z,t)ifT(zit),p(z,t)ipr (r = 1,2) where ur is the average velocity in fluid r at z,t, fr
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a.

to

Fig. 1. Two dimensional hydrodynamic simulations of a Rayleigh Taylor mixing layer
obtained using our interface tracking code. The ratio of the densities of the lower fluid
to the upper one is 2:3 in (a)[t=5.0], 1:3 in (b)[t=3.0], and 1:20 in (c)[t=2.0j.



is the average volume fraction, p is the pressure, and pT is the (constant) density. We

assume that at t = 0, the heavy fluid of density p\ occupies z < 0 while the light fluid

of density p2 occupies z > 0.

Conservation of mass requires that

gjfrPr + Q-JrPrUr = 0 (r = 1,2) (l)

Ql + g^frprU? = ~fr^ + K(u3-r - Ur) + fTpTg (r = 1, 2) (2)

where g is the (constant) gravitational acceleration and K is an interphase drag co-

efficient. These two equations should be viewed as defining relations for the effective

pressure p and drag coefficient K. Furthermore, the fluid is space filling so

/iOM) + /a(*,*) = l (3)

for all z,t. Eqs. (l)-(3) are closed by a relation for the friction coefficient K. Following

Youngs we assume that K depends only on the local properties (/r,/>rj^r) of the flow,

that it vanishes if either f\ = 0 or fa = 0; dimensional analysis then gives the relation

V - /T/ I /2( / IP2 + /2P2) 1.. ,
K = C \u2 - ui|

where L(z, t) is a new length scale, an effective mixing length for the Rayleigh-Taylor

instability.

Finally, we assume that the scale length L is independent of space and grows

with time according to the velocity jump at the original interface location (say z = 0),

— = |ua-tii|«=o (4)

so L qualitatively measures the average bubble-spike separation.

We solve the model (l)-(4) using the following additional approximations. First,

we assume that the statistical behavior of the random Rayleigh-Taylor unstable interface
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is independent of the details of the (random) initial conditions; this suggests a self-similar

solution to (l)-(4) in which the non-dimensional dependent variables fr,vr = uT/gt,q —

vl(Pi + P2)g2t2it = L/gt2 depend only on the non-dimensional variable

s = z/gt2

and on the density ratio a = p2/pi • This assumption may be checked from the numerical

simulations; in Fig. 2, we plot /x as a function of s at various times as well as a smooth

second-order polynomial fit. The results plotted in Fig. 2 suggest that self-similarity is

a good approximation at the level of 5-10% errors4.

Transforming (1), (2) to the non-dimensional similarity variables gives the ordi-

nary differential equations

-2s f' + (frvry = 0 (1')

Q
P r { f r V T - f ' r { 2 s - V T f ) = - f T ( + ) ' + f +

(2')

where the prime indicates differentiation with respect to the scaling variable s.

From (1') and (3), we obtain

fivl + f2v2 = 0 (5)

for all s. Then, eliminating q from (2') for r = 1,2 gives

(vi — v[(2s - vi)) - a(v2 - v'2(2s — v2)) = 1 — a — —(/i + a/aX^i — v2)
2 (6)

I

Another critical test of the model is gotten by using Eq. (6), together with the

polynomial fits to fT(s),vr{s) (see Fig. 2) to evaluate I as a function of s; the result is
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-0.05 -0.04 -0.03 -0.02 -0.01 0.01 0.02 0.03 0.04 0.05

Fig. 2. Check of the self-similarity of the profiles of the heavy fluid volume fraction
/ i vs. the reduced coordinate s = z/gt2 obtained from the simulation of Fig. l(a) at
the times t = 1.5, 2, 2.5 and 3. Also shown is a polynomial approximation to the curve
(dashed line) used for eliminating numerical noise.
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plotted in Fig. 3, which shows (with an error of order 20%) that I is nearly independent

of s (as it must be if L depends only on t). In this case, (4) becomes

/ = - | « a - t » 1 | , = 0 (4')

The results plotted in Fig. 3 also show that l(C = 0(5xl0~3) so the interphase drag

coefficient C may be expected to be a large parameter.

We could now proceed by solving the ordinary differential equations (4'), (5), (6)

numerically. However, we believe that it is more instructive to solve these equations

analytically by expanding in powers of 1/C. Guided by the numerical simulation results

and the form of (4'), (5), (6), we assume that I and vT are first-order in 1/C while fT

is zeroth-order in 1/C. Then the left-side of (6) may be neglected to leading order so,

noting (5),

This result for v\ as a function of f\ together with (3) and (5) may be inserted into (1;)

with the result

which shows that s is also of order 1/C over the region of significant mixing.

To determine £ from (4'), we first find f\ at s = 0 by solving (8)

l - 5 a + (a + 14a-H)l
h \s=o g^j (9)

where the sign of the square root is chosen so that /i|j=o —* | when a —* 1—. Eqs. (3),

(4'), (5) give I = | w , / ( l - /!)!,=„ so (7) and (9) imply that

t- fc^ r (10)
2 C [ l + a + (a2-f 14 + l)*]

Eqs. (3), (5), (7)-(10) give the analytic model.
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-0.03 -0.02 -0.01 0.01 0.02 0.03 0.04 0.05

Fig. 3. The effective scale length as obtained from tl-* simulation vs. the (reduced)
spatial coordinate. The two-phase flow model (l)-(4) assumes the scale length is inde-
pendent of space as shown here to be approximately true.
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We now compare the predictions of this analytically solvable model with the

results of our numerical simulations of the two-dimensional random Rayleigh-Taylor

flow. The only adjustable parameter of the similarity flow model is the dimensionless

friction coefficient C. The volume fraction /i(s) for Atwood ratio A = | is fit well by

the analytic result (8) with C = 7.5 [see Fig. 4]; for the other Atwood ratio runs plotted

in Fig. 1, the best choice of C is between 7 and 8. The results plotted in Fig. 4 show

the modelling error in f\ and v\ is only about 10%, except where the numerical noise is

large (near the rarely occurring far-reaching spikes).

Let us now consider a few global parameters of the mixing layer, since this fa-

cilitates both comparison with experiments and a clear view of the dependence of the

results on the Atwood ratio A. The maximum excursion of the bubbles in the model is

1/2

while for the spikes it is

In Fig. 5, we plot the dependence of the bubble excursion on A. The fit to the simulation

data is good and is very near to the straight line 0.057Agt2 for the whole parameter range.

The ratio of spike to bubble excursion equals the inverse square root of the density

ratio a and does not depend on the drag parameter G. This is impossible for very small

density ratios (high Atwood numbers) since it gives a spike excursion which might exceed

hgt2. Inspection of Eq. (6) shows that when both a arid f\ are small (of the order of

1/C or less), the neglect of all terms on the left hand side is not justified. Luckily, it

can be shown that only the first term, t»i, on the left side is important in this case.

Retaining v\ on the left side of (6) complicates the analytic expressions but poses no

new difficulties. We shall give here only the maximum excursion results for the corrected
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1.4

1.2 -

-0.03 -0.02 -0.01 0.01 0.02 0.03 0.04 0.05

Fig. 4. Comparison of profiles of the volume fraction (decreasing to the right) and
velocity (increasing to the right) of the heavy fluid, from the model and the simulation
(with density ratio 1:3). Both the simple analytic approximation (continuous lines) and
the numerical solution of the model differential equations (dashed lines) are given, and
all agree within the accuracy of the direct simulation (continuous lines with numerical
noise). The plots are done at t = 2.5.
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0.1 0.2 0.3 0.4 0.5 0.(

Atirood Ratio

0.7 0.8 0.0

Fig. 5. The maximum penetration of the heavy fluid by bubbles of the light fluid
(scaled by gt2), as a function of the Atwood ratio (or density ratio). The analytic
model results (continuous line) roughly agree with a straight line (dashed), which is
the familiar expression 'yAgt2 with 7 = 0.057. Abo shown are the results from the
simulations [indicated by x's].
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model which, for the spikes, is

and (11) unchanged for the bubbles. This expression is close to the previous result (12)

for large density ratios, and tends to s = | (z = ^gt2 in dimensional units) for very small

a.

Further results can be obtained from this analytic model, for example, the global

energetics of the flow. Only global energy results can be easily obtained since differential

energy conservation equations would necessitate the introduction of a new inter-fluid

interaction term, thereby complicating the model. Computing the change in potential

energy relative to the initial state, and normalizing it by (p\ +^2)<73*4, the simple version

of our model gives

while for the kinetic energy of the average flow (calculated from the mean velocities

within each fluid) we obtain

M L 2 3 / V y / 2M±^L
2(1 + a) dS-1

(15)

The ratio of the kinetic energy to the absolute potential energy can be regarded as an

energy conversion efficiency factor (with the "wasted" energy going to turbulence and

possibly heat); this quantity is plotted in Fig. 6. It is seen that the efficiency factor

is low for moderate density ratios, and only rises when the density ratio becomes very

small (A>0.9). In fact, it is also clear from this result that the simple model cannot hold

for extremely small a because it implies negative turbulent kinetic energy. We already

know that for small a we must use the corrected model, which necessitates numerical
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integration; these results are also given in Fig. 6. The sudden change of slope for

suggests that the analytic model has limited validity for Atwood ratios higher than about

0.9, since the behavior there is a different flow regime with relatively organized spikes

and bubbles. For example, it is possible that the scale length is not absolutely constant

and decreases for low a in the far reaching spikes (which would lead to better agreement

with experiments).

A more complete summary of this work will be published elsewhere1.

One of us (SAO) would like to acknowledge support under DARPA contract

number N00014-86-K-0759, by the US Air Force under contract number F08635-89-C-

0383, by the Office of Naval Research under contract number N00014-82-C-0451.

a,
w

0.1 0.2 0.3 0.4 0.5 0.0

Atwood Ratio

0.7 0.8 0.9

Fig. 6. Ratio of mean kinetic energy to available potential energy gained from the
gravitational field for the simple analytic approximation (dashed line) and the corrected
analytic results (continuous line). Also shown are the results from the simulations [in-
dicated by x's]. The sharp changes at Atwood ratios above 0.9 indicate that these flows
may be in a different regime.
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4. A word of caution about using the self-similarity argument is in order: usually,

when a nearly self-similar situation occurs with scale length L and initial noise of

the order of d, corrections to the self-similar description are of the order of a power

of d/L. In our case, the interface is unstable, and if the initial perturbations are at

amplitude d in a wavelength X which is of the order of the scale length L = £gt2,

it may grow exponentially and reach an appreciable amplitude at times of the

order of (\/g)?Iog(L/d), which may be near t. This may lead to logarithmic

corrections, or at least to high coefficients for power law corrections. Indeed,

indications of appreciable deviations from self-similarity at df\ w 1% do exist

(see Ref. 3). In fact, there have even been claims that all experimental results

could be explained as arising from single modes in the initial conditions, without

any self-similar growth at all [S. W. Haan, UCRL-98206 (1988)].
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PSEUDO-SPECTRAL NUMERICAL SIMULATIONS

OF SUB AND SUPERSONIC COMPRESSIBLE VISCOUS FLOWS

Serge Gauthier

Centre d*Etudes de Limeil-Valenton, BP 27

94190 ViUeneuve-St-George,FRANCE.

I-INTRODUCTION:

Stability and transition to turbulence have been the object of a considerable interest in the past

fifteen years. However, the mechanism by which a flow becomes chaotic has been studied,

essentially, for thermal convection of incompressible fluids. Numerical simulations of such flows are

usually carried out with the spectral methods owing to their high accuracy [1-2]. The Boussinesq

approximation, used in these studies, holds for a compressible fluid provided that the vertical extent

of the fluid is small enough. In some situations, for example in stellar convection or in laser driven

fusion, the stratification of the fluid can no longer be ignored and we have to use the full

Navier-Stokes equations. Since the pioneering work of Graham [3], some papers have been devoted

to the simulation of compressible convection [4-5]. In the special case of fixed heat flux Yamaguchi

[6] found supersonic solutions even at low Rayleigh numbers. From a numerical point of view,

viscous compressible flows involve very different time scales which lead to long time runs. It is then

necessary to use numerical schemes more implicit than those used in incompressible flow

simulations, in order to overcome, as far as possible, time step restriction due to convective terms.

In view of this, we have developed a 2D pseudo-spectral code for the full Navier-Stokes

equations [7], which has been used so far to numerically simulate the compressible Rayleigh-Be'nard

convection. A Fourier expansion is used in the horizontal direction. The expansion in the Chebyshev

polynomials used in the inhomogeneous direction leads to severe time step constraints due to the high

resolution on the boundaries. However, in compressible flows, viscous and thermal diffusion terms

are nonlinear. This nonlinearity leads to use iterative methods such as suggested by Orszag [8]. In

the first version of the code, only vertical diffusion terms were solved implicitly by an iterative

method preconditioned by the time independent Chebyshev approximation of the diffusion operator.

In this paper we present a more implicit version where convective terms are treated

semi-implicitly and all diffusion terms are handled with an iterative method preconditioned by the

finite difference approximation of the diffusion operator. We used both numerical schemes to

compute sub and supersonic steady state solutions obtained with radiative boundary conditions.

The next section n poses the physical problem, section III is devoted to detail the numerical

scheme and numerical applications are described in section IV.
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II-THE PHYSICAL PROBLEM:

The motion takes place in a two-dimensional rectangular cavity of width L^ and height d.

The z-axis is directed downward so that the gravity, represented by the vector g=(0,0,g), is positive
along this direction.

The equations of motion for a compressible, viscous, thermally conducting gas are as follows:

^ , (2.1)

3puj/3t + 3 puiuj/9xj=-8P / 3XJ-K) Tjj/ 3 Xj - gjp, (2.2)

and

3pE#t + 9 (pE+Pr)uj/3xj= 3 x^ UJ/ 9 XJ +3 19 xj K 3T / 3 Xj, (2.3)

where E is the total energy

E = l / 2 ( U l
2 + u 2

2 ) + e - g x 2 , (2.4)

and Tj.- the viscous stress tensor given by

-2/3 5y 3uj/3 Xf), (2.5)

where ij,l=l,2. The Stokes' relation between the first and the second viscosity

coefficients has been used. The coordinates xj and x2 stand for the x and z coordinates respectively.

This set of equations is closed by the equation of state for the perfect gas,

P = R*pT and e^T. (2.6)

P, p, T and e are pressure, density, temperature and internal energy respectively; the uj are the

components of the velocity. The thermal conductivity and the dynamic viscosity are taken as

constants. R* is the gas constant and Cy the specific heat at constant volume.

We use slippery boundary conditions for the velocity and radiative boundary conditions for the
temperature. This set of boundary conditions is a reasonable approximation for stellar convection
zones. The boundary conditions for the velocity read

U2 = 0 and 3uj/3z = 0 at z = zo, zo + d. (2.7)

We impose the heat flux at the upper boundary to be fixed by the radiative energy of a black
body

KdT/dz = o s b T 4 (2.8)

where as is the Stefan Boltzmann's constant. Taking into account the fluctuations of the

thermal conductivity up to the first order with respect to the density and the temperature and

linearizing the equation (2.8) gives the following relation at the upper boundary:
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1/Sf de/dz + l/Ko(5K/5p)p + 1/KO(8K/S9)9 = 4 9

where 5 /8p is the derivative with respect to p and the Stefan number Sf= a s^ T^d/Ko has

been used. If the thermal conductivity K is of the form T^/p, the temperature fluctuations satisfie an

inhomogeneous time-dependent Robin type boundary condition at the top of the layer.

1/Sf de(x,zo,t) /dz - 6(x,zot) = p (x,zo,t) (2.9)

and T(zo+d) = Tj at the bottom of the layer. (2.10)

Periodic boundary conditions are used in the horizontal direction for all variables. With these
boundary conditions, the static state reads

T(z) = S f z + 1 - SfZ'1, (2.1 la)

p(z) = [Sf z + 1 - SfZ"1 ] m , (2.1 lb)

P(z) = [Sf z + 1 - SfZ-1 ] m + 1 . (2.11c)

The coordinate z goes from Z'^ to Z"*+l, where Z=d/zQ. The index of the polytrope is

m=g/R*P0-l where p 0 = T (zg+d) - T (ZQ).

In Eqs.(2.11), we have used the following units: d, d2p( ZQ)/\I, H(ZQ) and T{zg>for length,

time, density and temperature respectively. The two-dimensional compressible convection problem is

characterized by seven dimensionless parameters which are the aspect ratio A, the Prandtl number a,

the ratio of specific heats y, the normalized layer thickness Z, the polytropic index m, the Stefan

number Sf and the Rayleigh number R. The parameters a and y are given by the thermodynamical

properties of the fluid. Z characterizes the stratification of the configuration while the Stefan number
measures the magnitude of the radiative diffusion with respect to the thermal conductivity and the
Rayleigh number measures the degree of the instability. Their expressions are

A=Lx/d, c=Cpfi/K, Z=d/zo, r^Cy,

and

R=(g/Tu )d4 [Oi - Tu yd-g/Cp ]/(K/puCp)( n/pu),

where the subscripts 1 and u refer to the lower and upper layer boundaries.
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Ill - DESCRIPTION OF THE PSEUDO-SPECTRAL CODE :
Density, velocity and total energy are expanded in a Fourier-Chebyshev basis as

u(x,z,t)= Z i = _ N / 2
1 = W 2 £ m=0 M u l m « e2 i r t bc /L* Tm(2z), (3.1)

where T m is the Chebyshev polynomial of degree m, and L% is the horizontal periodicity.

We use a collocation method where spatial derivatives are computed in the spectral space and
nonlinear products are performed in the physical space. Time marching is performed in the physical
space by means of a finite difference technique. As already stated, a simple numerical scheme
consists of the Adams-Bashforth predictor of order two and the third order Adams-Moulton corrector
for all terms but the vertical diffusion terms. Such terms are handled by an iterative procedure
preconditioned by the time independent Chebyshev approximation of the diffusion operator. This
spectral preconditioning appears to be very efficient both in term of the number of iterations needed
to achieve a given accuracy and in term of CPU time. However, in this approach, the time step
obeys the CFL condition and then it is of interest to test more implicit numerical method in order to

overcome this constraint. Hamed and Kemer [9] have investigated a possible way within the finite

difference framework by stabilizing convective terms with a diffusive term handled semi-implicitly.

More precisely, they first notice that fast modes are described by the following equation

(3.2)

obtained by linearizing the Euler's equation and the energy equation written for the pressure.

Consequently, they add the term Ao
2At2 V (V.V) in the velocity equations and handle it implicitly.

Coupled with the second order Runge-Kutta numerical scheme, they show that unconditional
stability is ensured provided that

A o
2 > l / 4 T P ^ (3.3)

In other words the constant A o is of the order of the sound velocity.

Second order Runge-Kutta numerical scheme with Chebyshev approximation are known to be

weakly stable. So we turned to the third order Runge-Kutta such as used by Hussaini and coworkers

[2, lOJ.This scheme reads

3u/3t = F(u)+G(u) (3.4a)

where the terms in F are treated by the third order Runge-Kutta and those in G by Crank Nicholson.

n (3.4b)

[ 1 - At2A0
2V V.] u1 = un + H ^ + At /6( Gn + Gj) - A t 2 A o

2 V V.u11 (3.4c)
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H2= At FOi1) - 5/9 H! (3.4d)

[ 1 - At AO
2VV. ] u2 = u1 + 15/16 H 2 + 5/24 At ( Gn + G2) - At 2 AO

2V V.u1 (3.4e)

H3= At F(u2) - 153/128 H2 (3.4f)

(1 - At A0
2VV.] u n + 1 - u2 + 8/15 H3 + 1/8 At (G2 + Gn + 1) - At 2 A O

2 V V.u2 (3.4g)

In this approach, diffusion terms are iteratively solved with the Chebyshev method in the
Fourier space. The two velocity components are coupled by the second viscosity term. Then we have
to solve

L u k = Fk ,

where the right hand side F k is given by the convection and pressure terms of the Navier-Stokes

equations. The operator L is given by

l + ( D t + l ) k 2 p ( z ) - p"1(z)82 /3z2 - p - 1 ( z )Dt ik3 /3z

Lu =

V p"X(z) Dt i k 3 /3z 1 + k2 p -1(z) - p^(z) ( Dt + 1) 3 2 / 3z2

with Dt = At2Ao
2 + l/3

We use the Chebyshev iterative method preconditioned by the diagonal part of L.

IV-NUMERICAL APPLICATIONS:

We have computed convection solutions for different Stefan number values. The aspect ratio is

fixed to 4 and the Rayleigh number to 11500 for all studied case. The Prandtl number is fixed to the

value CT=0. 1 and the ratio of specific heats is chosen to the value of a monoatomic gaz y=l .67. The

polytopic index is equal to the value m=l.
In Table I we give the final steady values of characteristic quantities such as the maximum of

the velocity, the Mach number and the relative thermodynamical fluctuation quantities. They are
defined by

Pmax = M a x <
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where the maximum is taken over the two dimensional domain.

Table I

Stefan number

Velocity maxi.

Mach max.

Nusselt number

Pmax

Txmax

^max

1.

487.

0.37

1.82

0.217

0.174

0.324

1.5

478.

0.53

2.42

0.536

0.269

0.656

2.

461.

1.02

3.06

1.05

0.365

1.08

2.5

439.

1.23

3.69

1.91

0.457

1.53

2.73

428.

1.31

3.99

2.70

0.496

1.76

On Fig.l we have plotted the velocity field when the Stefan number is equal to 1. The

asymmetry between the rising and sinking flows is clearly revealed by the iso-vorticity contour on

Fig.lb. This asymmetry is a feature of compressible convection in comparison with the Boussinesq

case where there is a symmetry with respect to the center of the cell. On Figl .c the divergence of the

velocity field shows positive values where the flow is ascending and negative ones in the

downward-directed plume. In this solution, the ratio of densities between the top and the bottom is

equal to 2 while the same ratio for the pressures is equal to 4.

In a steady state the total energy flux becomes independent of depth and is written as

where F c is the convective heat flux, Fj^ is the kinetic flux, F R is the radiative flux and F y is the

viscous flux defined by the following relations.

= -1/2 p uj Uj w

= K3f/3z

In the latter the overbar denotes the horizontal average and the prime denotes the fluctuation

about the mean.
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We also define the pressure flux by Fp = w P' and the rates of working done by buoancy,

pressure and viscous forces. They are given by

On Fig.l-c, we have displayed these five fluxes. The dominant ones are the convective and the

radiative fluxes. Kinetic and pressure fluxes are always less than 10% when all fluxes are normalized

to the total flux. Viscous flux is negligible throughout the layer. Fig.l-d shows the rates of working

done by buoancy, pressure and viscous forces. The work done by pressure fluctuations are clearly

dominant at the bottom of the fluid layer where both pressure fluctuations and velocity gradients are

large.

For a Stefan value parameter equal or larger than 2 we obtain supersonic regions at the top of

the fluid layer. The size of this domain is increasing with the stratification parameter value. On Fig.2

we displayed the velocity field for a Stefan number equal to 2.73. As expected, the cell centers are

shifted to the bottom and to the sinking flow. The maximum of the relative thermodynamical

quantities also increases with the Stefan number. For the largest parameter stratification value used

the density and pressure fluctuations respectively reach 2.7 and 1.76 times the density and pressure

of the static state. Both convective heat flux and radiative flux reach larger values while the viscous

flux and the corresponding rate of working remain very small.

V- CONCLUSION:

We have developed a numerical algorithm to simulate the thermal convection of a

two-dimensional fully compressible fluid; the third order Runge-Kutta numerical scheme and a

semi-implicit treatment of the convective terms have been used. All diffusion terms were handled by

the Chebyshev iterative method in the Fourier space. Fourier functions in the horizontal direction and

Chebyshev polynomials in the inhomogencous direction have been used. The fluid is a perfect gas

with constant dynamic viscosity and thermal conductivity. Both sub and supersonic steady state

solutions have been reached with radiative boundary conditions for the temperature, they reveal the

features of compressible convection even in the case of a weak value of the stratification parameter.
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Fig.l-a-b-c: Velocity field, isovorticity contour and iso-velocity divergence contour for a Stefan

number value equal to 1.

Fig.l-c: Convective heat, kinetic, radiative, viscous

and pressure fluxes for a Stefan number value equal to 1.

Fig.l-d: Rates of working by buoyancy,

pressure and viscous forces.

83



Fig.2a-b-c: Velocity field, isovorticity contour and iso-Mach number -1 contour for a Stefan

number value equal to 2.73.

Fig.2-c: Convective heat, kinetic, radiative, viscous

and pressure fluxes for a Stefan number value equal to 2.73.

Fig.2-d: Rates of working by buoyancy,

pressure and viscous forces.
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ABSTRACT

Statistical theories for the outer envelope of the Raylcigh-Taylor mixing layer refer to

a simplified dynamics of fundamental modes and their interactions. These modes are bub-

bles of light fluid entrained in the mixing layer between the undisturbed light and heavy

fluids. The dynamics can be understood in terms of the motion of a single mode and the

interactions between modes. The single mode dynamics has to be solved self-consistently

in a background field of random bubbles. The dominant interaction is bubble merger, i.

e. the spreading of larger bubbles at the bubble envelope. Merger leads to dynamically

increasing length scales, and thus to a dynamic renonnalization of scaling dimensions. The

mechanism for bubble merger is the differential motion of physically adjacent single bub-

ble modes.

mis paper is focused on the above topics: single bubble motion, bubble interactions

and statistical models.

1. Introduction

Density gradients at an accelerated interface result in Rayleigh-Taylor instability. At late times, the

interface evolves into a chaotic regime characterized by a mixing layer and the entrainment of one fluid in

the other. Sensitivity to the initial conditions and to random heterogeneities *$ well as the complexity of the

mixing process call for statistical descriptions. Here we focus on statistical theories for the outer envelope

1. Supported in put by the U. S. Department of Energy, contract DE-ACO2-76ER03O77.
2. Supported in part by the National Science Fundation, grant DMS-83-1229.
3. Address: Department of Mathematics, New Jersey Institute of Technology, Newark, NX 07102.
4. Supported by the U. S. Department of Energy.
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for the penetration of the light fluid into the heavy, i.e. the boundary of the mixing layer.

As with mixing theories in general, the issues discussed here fall within the area of nonequilibrium sta-
tistical mechanics. The essential issue is to determine transport behavior in the nonlaminar, chaotic regime.
In this chaotic regime, macroscopic continuum events (i.e. interactions between coherent structures) rather
than molecular collisions are the driving mechanisms. Pursuing this analogy, our current investigation could
be viewed as an effort to characterize the two body potential of this process.

The elementary modes for the description of the outer envelope of the Rayleigh-Taylor mixing layer
are bubbles of light fluid penetrating into undisturbed heavy fluid. §2 describes a recent refinement [8] of
the single mode (bubble) theory developed previously [1]. An extension of this theory, based on superposi-
tion, describes the interaction of a single bubble with a random background field in the limit of small
compressibility. §3 reviews current statistical theories and develops ingredients which may be needed in a
new generation of statistical theories. Extending earlier work [1] using the Sharp-Wheeler model, we find a
greater variability in a than was observed in the Read experiments [4]. This variability may be due to the
smaller sample size in our computation as well as the ability to vary initial condition systematically.
2. Single Babble Theory
2.1. The Periodic Array

The periodic array of bubbles, or equivalently the single bubble with periodic boundary conditions
allows a detailed study of the long time behavior of a single mode. In this regime, the bubble goes through
three successive time periods of exponential growth, bounded acceleration and approach to a constant (termi-
nal) velocity. There are four parameters which effectively describe the entire motion, and in [8], the four
parameter ODE for the velocity v

"*"

is proposed as a model for the single bubble dynamics. Here a, gK, vx and b are the linear growth rate, the
renormalized gravity, the terminal velocity and the decay constant to terminal velocity respectively. The rea-
son for generalizing our previous three parameter ODE for single bubble motion was the realization that it
contained an ansatz or prediction concerning the decay rate to terminal velocity which seemed to be lacking a
physical basis. The solution for Eq. (2.1) is

Extensive computations with the compressible two fluid Euler equations show a good fit for a range of
Atwood numbers A and compressibilities M2=\g/c2 [8] for the equation (2.2). Here we give an intuitive, or
physical interpretation for these parameters. We also note that two of the four parameters have been effec-
tively determined and the remaining two must be obtained as a function of A and M2 through explicit numer-
ical solution of the single bubble problem to complete this theory. This determination has been made for a
limited range of these variables only.

The two parameters which are known govern the initial period of bubble growth. The exponential

growth rate a is a solution of a transcendental equation, and its dependence on A and M2 has been partially

explored [1,8]. The constant which gives the maximum acceleration is gR - -A-A$ on the basis of the exami-

nation of a large number of numerical solutions to the two fluid Euler equations [1]. The final two parame-

ters specify the terminal velocity vx and the rate b of approach tc vx.
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2.2. The Superposition Hypothesis

The bubble velocity for the periodic case does not agree with the experimentally observed values for

chaotic flow [2]. The essential idea we propose is to consider the bubble as a short wave length mode. Then

an envelope is constructed through the tips of adjacent bubbles. This envelope defines a long wave length

mode in the interface motion. We consider a bubble which is further advanced than its neighbors. Then its

location can be regarded as a bubble on the long wave length envelope. In other words the long and short

wavelengths are in phase in this case. Similarly, a bubble which is less advanced than its neighbors is a spike

on the long wave length envelope, or in other words, the long and short wave lengths are phase reversed.

The superposition hypothesis states that the bubble velocity is the sum of the single bubble velocity plus

the single bubble (or spike) velocity of the envelope. These two velocities are determined from the single

bubble model of S2.1, using only the bubble radius and amplitude as geometrical parameters and so finally

the bubble in a chaotic flow also has a velocity depending only on long and short wavelength radii and ampli-

tudes (and dimensionless physical parameters A and M2).

Experiment

r(ms)

vnp

AV/V

34A = 1

23.6

117

106

9%

29.2

145

142

2%

34.8

170

168

1.2%

36 A = 0.5

60.8

161

152

5.9%

104 A = 0.946

46.6

76.1

84.1

9.5%

57.6

95.5

106

9.8%

68.6

110

127

13.5%

Table 1. Verification of the superposition hypothesis from experiments of Read [4]. The hypothesis is

satisfactory for those experiments in which envelopes can be clearly identified. In all these cases,

A a 0.5.

The superposition hypothesis has been confirmed for the incompressible c u e by analysis of Read's

experiments. Only cases with clearly formed bubbles and envelopes were analyzed. In the remaining cases

(presumably with small surface tension) the interface was too irregular to define a long wave length

envelope. The results are shown in Table 1.

Numerical solution of the two fluid Euler equation by the front tracking method shows agreement with

the superposition hypothesis for M2 ~ 0 in cases with clearly formed bubbles (no bubble splitting secondary

instability). We find disagreement as M2 is increased, see Table 2. We observe three cases of disagreement,

all outside the range of experiments. Our proposed explanation in this case concerns the density stratification

of the fluids in the gravitational field. In hydrostatic isothermal equilibrium, the density of the heavy fluid

decreases exponentially with height. The density profile is more strongly stratified as M1 increases. As a

result, when the light fluid penetrates the stratified heavy fluid, the effective density ratio will be less than it

was initially, thereby decreasing the velocities. We also observe disagreement with superposition in cases

where bubble splitting occured presumably due omission of high frequency bubble splitting modes in the

envelope description. Finally we observe disagreement with superposition for small Atwood number, for

reasons not presently understood.
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= 0 f = 12 = 15

Figure 1. Successive times in a two bubble merger process. The compressibility and density ratio for
this case are M2 = 0.1 and D = 5 respectively. It can be seen that the large bubble overtakes the
smaller one at f = 12. The velocity of the large bubble is accelerated during the merger while the velo-
city of the small bubble is reversed, see Figure 2.

Case

Experiment

Simulation

Simulation

D

3-600

5-10

2-10

Af2

0.001-0.005

.1

0.5

Error

1.2-13.5%

1-19%

72-105%

Table 2. The deviation of experimental and numerical results from the superposition hypothesis.
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2.3. Mode Mode Interaction

The bubble merger process appears to have two stages. As illustrated in $2.2 with the superposition

hypothesis, smaller bubbles develop a negative envelope velocity (contributions out of phase with their single

bubble velocity), and at sufficient envelope amplitude, their total velocity becomes negative. At this point,

they move rapidly away from the bubble envelope, and the position they previously occupied can be

regarded as an oversized spike between the remaining larger bubbles. The second stage of the merger pro-

cess involves an equilibration of radii, whereby the remaining (large) bubbles increase in size, while the

spike region between them reduces to its equilibrium value. Fig. 1 shows the interface evolution of the two

bubble interface during merger and Fig. 2 is the plot of the velocities of the two bubbles.

0.05

0.00 -

-0.05

-0.10

0.0 0.5 1.0

gt/c,

Figure 2. The plots of bubble velocities vs. time for the two bubble merger simulation. The result
shows that the small bubble is accelerated at the beginning and is then decelerated after about / = 5.
The small bubble is washed out downstream after its velocity is reversed. The large bubble is under
constant acceleration. The smooth curves represent the bubble motion as predicted by the superposition
hypothesis.
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3. Statistical Theories

Let h(t) be the distance from the initial bubble interface to the outer bubble envelope. Then

*(/) = aAgfi (3.1)

and in two dimensions, o = .06 (experiment) [4].

Computations of the acceleration constant a have been given by several authors, based on the full two

fluid Euler equations with a random interface. Youngs [7] used an incompressible MAC code with van Leer

advcction. Special interface enhancements (e.g. the method of LeBlanc) which minimize diffusive mixing

were not used, and the computation presents considerable diffusive mixing of the two fluids. His computa-

tions used small amounts of viscosity. He considered initial configurations of 12 bubbles with 200 horizontal

mesh blocks, or about 16 blocks per bubble. He used a variety of initial conditions and Atwood numbers,

and obtained values for a in the range .04 to .05.

Zufiria [9] used a vortex-in-cell code for the incompressible case. He considered only A = 1, with

small surface tension. His initial conditions were various 4 bubble configurations, and he used a range of

mesh sizes, the coarcst of which was 16 grid cells per bubble. His result was a = .05 to .06.

We report here on recent compressible front tracking computations. A wide range of physical parame-

ters have been varied in our simulation. Those include the Atwood number A, the compressibility M and a

variation in the number and size of bubbles on the initial front. For these simulations, we have traced the

height of the largest bubble during the run. We have two methods for analyzing the acceleration coefficient

a, namely from plots of h vs. t1 and from plots of v vs. t. The first type of analysis is similar to Read's

analysis and is close to the experimental data. This first method gives integrated time averaged acceleration,

ah, relative to the instanteous acceleration, <xv, in the second method and is consequently more regular. We

find that ah in most cases is nearly time independent, and varies in the range 0.05 to 0.065 in agreement with

Read [4]. However, some initial conditions give rise to significantly smaller values of a; namely extreme

values ah = 0.038 were recorded. av shows even larger fluctuations, both between different runs and also at

different times within a single run. In Figs. 3 and 4 we examine a case for which a* = .066. The bubble

motion can be observed to have three stages, as recorded in Fig. 3b. The sharp increase in o v in the time

period 7.5 s t s 10 is associated with the collision of two spikes which lie above the bubbie interface and

are falling into the larger bubble. Upon collision, they create a jet, which accelerates the bubble. The sign

reversal for 10 s t s 14 appears to be due to the formation of a secondary bubble splitting instability. This

detail of structure is missing in the plots of Fig. 3a, which are once integrated from Fig. 3b. The more regu-

lar quantities plotted in Fig. 3a are the same as measure 1 and plotted by Read, wl'ch provides a partial

explanation of the regularity of his results in comparison to ours. A further explanation is that Read has

about 10 times the number of initial bubbles in his experiments; if 10 of our runs were combined into an

ensemble of 50 bubbles, we would obtain the same leading bubble behavior for a* as Read.

None of the above computations or experiments have examined many generations of bubble merger.

Computations have been limited to one or two generations of bubble merger. The experiments contain one

observable generation sf merger. According to the theory of the most unstable wavelength, the experiments

have an additional one to two generations of bubble merger which is not directly observable from the experi-

mental pictures. The fact that initial conditions can play an important role after one or two generations is

not surprising.

The number of generations of bubble merger in the laser fusion application can be bounded as follows.

The theory of the most dangerous wave length [3,6] gives an estimate of the final bubble size in terms of the

aspect ratio of the spherical shell of the container; the initial bubble size could be fixed by (a) photon wave

length, (b) surface tension, (c) surface finish, and (d) asymmetries of the driving source. An order of
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magnitude estimate of the number of bubble merger generations from the initial bubbles set by these sources

would be (a) 5 generations, (b) unknown but presumed very large, (c) at most 5 generations, (d) 0 to 1 gen-

eration. From this analysis we conclude that, aside from the driving source asymmetries, there is a potential

for more generations of bubble merger in the laser fusion application than in present computations or exper-

iments. We turn next to statistical models, and the possibility of universal behavior independent of initial

conditions.

100 200 0.0 10 15

Figure 3. The left plot displays bubble heights vs. fl in a simulation with 5 initial bubbles. The Atwood
number in this case is A = 0.818, and the compressibility M2 = 0.1. The right picture shows the velo-
city vs. t in the same cue .

Two statistical models for the bubble envelope have been proposed [5,10]. These models are coupled

systems of differential or difference equations for the bubble growth and merger. The essential differences

between these models are: The Zufiria model has no free parameters and is limited to the case A = 1,

M2 - 0. It allows continuous relaxation of bubble width, as an aspect of bubble merger. The Sharp-Wheeler

model uas two emiprical parameters and appears to be applicable to a range of values of A and M2. Merger

in this model is discrete in all in aspects. They both result in a constant acceleration, with an acceleration

constant a in reasonable agreement with experiment.
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, = 5 t = 7.5

1 C

, = 10 / = 15

Figure 4. The interface positions at successive times in a computation with five initial bubbles. The phy-
sical parameters of this run are the same as in Figure 3.

Two phenomena have been observed in our random interface computations which are not contained in

the above statistical models. One is the role of stratified initial conditions, which implies "that for times large

in proportion to the compressibility, the light fluid bubbles rise into a rarefied portion of the heavy fluid, to

an extent that the effective Atwood number is diminished or even becomes zero. This observation raises the

question of initial conditions which are not density stratified. It appears to be related to the breakdown of

superposition for small Atwood numbers and moderate or large compressibilities. Also note that the increase

in wave number due to bubble merger leads to an increase in the effective compressibility. A second

phenomena is a change of flow regime to a bubbly, frothy or slug flow regime in the mixing layer, in which

the light fluid spatially disconnected. This multiphase regime also reduces the effective Atwood number at

the interface. The occurence of a slug flow regime is dependent on initial conditions, in particular on the

relative size of adjacent bubbles. It could also depend on the distinction between exactly two-dimensional

computations as opposed to approximately two-dimensional experiments.
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MOLECULAR MIXING IN RAYLEIGH-TAYLOR INSTABILITY

P.F.Linden, J.M.Redondo & C.P.Caulfleld
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Abstract
The amount ol mixing at the molecular level at various stages during the growth ofRayleigh-

Taylor instability is investigated in a series of laboratory experiments. Instability is produced
at an interface between two miscible liquids, brine and fresh water, with zero surface tension.
The brine, density p + Ap with Ap > 0, is placed on top of a layer of fresh water, density p,
and separated from it by a horizontal barrier. Both liquid layers are initially at rest, and the
instability is initiated by removing the barrier horizontally.

Measurements consist of visual observations of the Sow using fluorescent dye and shadow-
graphs. Quantitative measurements of the amount of mixing are obtained from analysis of dye
intensities profiles during the growth of the instability. These measurements give an integrated
value (across the width of the mixing region) of the amount of mixing. A conductivity probe has
been used to make point measurements of the salinity. These have been correlated with visual
observations of relate changes in salinity with specific mixing processes.

1. Introduction
Rayleigh-Taylor (RT) instability is the name given to the motion that develops when light

fluid is accelerated into a heavy fluid. This can occur, for example, during laser implosion of
deuterium-tritium fusion targets, or as a result of local density inversions of a stratified fluid.
Linear stability theory dates back to Taylor(1950), Chandrasekhar(1961) and a recent review of
the development to finite amplitude is given by Sharp(1984). The characteristic of the insta-
bilities observed at high density ratios is the production of 'bubbles' and 'spikes'. Secondary
phenomena include the development of Kelvin-Helmholtz instability on the side of the 'spikes',
amalgamation of bubbles and the production of small turbulent scales. The motion is essentially
three-dimensional in character, with the interface having a fractal quality as the instability devel-
ops. For lower density ratios, the difference between bubbles and spikes disappears leaving two
symmetric turbulent fronts marking the mixed region.

Much of the previous work ( see e.g. Read(1984)) has considered the RT instability of
immiscible liquids. Surface tension affects the production of small scales, and no mixing at the
molecular scale is possible. In this paper we report some results of laboratory studies of RT
instability between miscible fluids (brine and water) at low density differences. The aim of the
work is to determine how the two fluids mix.

In section 2 the experimental method is outlined and the results are presented in section 3.
The conclusions are given in section 4.

2. The experiments
The experiments were carried out in a perspex tank 500 mm deep, 400 mm long and 200 mm

wide. The tank had a removable aluminium sheet 1.5 mm in thickness which separated a layer
of brine from a layer of fresh water below (see figure 1). The two layers of fluid were initially
at rest and the experiment was initiated by sliding the aluminium sheet horizontally through a
slit in one end wall of the tank. Flow visualization was either by shadowgraph or by adding dye
to one of the layers. Laser induced fluorescence was also used, with illumination provided by a
thin (2mm) sheet of light from a 2W argon laser. Records of the flow were made using video
and still photography. The video images were digitised to obtain quantitative estimates of dye
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concentration. Measurements were also made of the salt concentration with a conductivity probe
placed in the tank.

All the experiments were conducted with two layers of equal depth, with a range of initial
density differences ^ from 0.0005 to 0.098 . Only the experiments with ^ between 0.005 and
0.065 are considered fully representative of the RT instability since for lower values of the density
difference the initial disturbance caused by the plate removal caused considerable uncertainties
(see setion 3.2.1) and at high values the growth rate of the instability was comparable with the
velocity of the plate. There also remain regions near the side walls which exhibit some anomalous
behaviour and are excluded from the subsequent analysis.

box

plafe

Figure 1: Schematic diagram of the apparatus

3. Experimental results

S.I Qualitative results

The structure of the mixing region at two times after the removal of the plate is shown in
figure 2. These shadowgraph images show that the front grows symmetrically about the original
interface position, and that motion develops over a range of lengthscales. There is some variation
in the thickness of the mixing region during the early stages which results from removing the
plate through one end of the tank (see figure 2a) and there are strong flows generated in the
immediate vicinity of the end walls of the tank. In the central region of the tank the mixing
region is of approximately uniform thickness. Views from the end of the tank confirm that there
are no significant mean variations in the thickness of the mixing region in the direction normal
to the plane of these photographs.

The lengthscales which appear initially are those produced by vortices shed from the trailing
edge of the plate. These are typically 100mm in length. Superimposed on these vortices are
small scale instabilities, associated with RT instability (see section 3.2.2.). At later times the
lengthscales of the dominant motions increase by vortex pairing. Eventually the whole system
overturns on the scale of the tank. Denser fluid reaches the bottom and a stable stratification
develops. This stratification supports internal gravity waves(see section 3.2.3.)

3.2. Quantitative results

3.2.1 Growth of the mixing region
The thickness 6 of the mixing region was determined from flow visualization. If we assume

that the rate of advance of the mixing front depends only on

a = a
P

and the instantaneous thickness, dimensional analysis gives
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Figure 2: Visualisation of the flow , a),b) Shadowgraph of a low density difference experiment.
c),d),e),f) Laser induced fluorescence , KH billows can be seen in the sides of the bubbles.
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Integration and application of the boundary condition 6 = 60 at t = 0 shows

Thus 6Q represents a 'virtual origin' corresponding to the initial displacement produced by
withdrawal of the plate. At large times, when 6 ~^> So ,the above formula is equivalent to the
result given by Youngs(1984)

S = cg't2

A typical plot of S1^2 against gn^2t for one experiment is shown in figure 3. The straight line
is a least squares fit of the form given above. We see that it represents the data well, and from
fits to all the experiments the values of So and c are determined.
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Figure 3: Plot of the advance of the front with time, g' is 0.186 TO*"2.
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Figure 4 shows the values of c plotted against the density differene £&. Although the data are
somewhat scattered, particularly at low values of —-£, they are consistent with a constant value
of c = 0.035 ± 0.005. This value is in agreement with those obtained at large density differences
(Ap/p) by Read and Youngs(1984), Smeeton and Youngs(1988). The virtual origin So is plotted
against —e- on figure 5. As expected there is an increase in <5o at low density differences with
values as high as 40mm being observed. At these large values we expect the effect of the initial
disturbance caused by the plate to be significant throughout the measurement period and this
may account for the increased scatter and larger values of c at low ^ .
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Figure 5: Plot of the virtual origin, SQ, with the initial non- dimensionalised density difference.

S.S.2 Lengthscales

A range of lengthscales occurred during the RT process ranging from 5mm to the scale of
the tank. The behaviour was similar for all of the densities analysed. Initially small disturbances
could be seen which corresponded with the most unstable lengthscale Am between 3mm and
1.5mm (see figure 2c) . Superimposed on this scale 4 to 6 wavelengths of the order of 50 to 100
mm developed due to the removal of the barrier. As the RT instability front advanced new small
scales could be seen developing (figures 2d, 2e). Some could be identified as KH billows and some
as small vortex pairs (figure 2f). The large disturbances merged as the RT front advanced leaving
one or two larger protuberances by the time the RT front reached the bottom of the tank. After
that time a rotational overturning motion of the size of the box took over.

S.2.S. Conductivity measurements

Measurements made with a conductivity probe placed centrally within the tank and just
above the plate for three initial =^ are shown on figure 6 . These figures show the density
p measured by the probe normalized by the initial density difference so that the upper layer
corresponds to p = 1 and the lower layer to p = 0, as a function of time. Since the probe is in
the upper layer, p = 1 before the plate is released and then p decreases as lower layer fluid mixes
upward.
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The overall behaviour is the same at all values of ^ ,with a rapid decrease in the density
being observed followed by oscillations which eventually decay, when the probe records a density
intermediate between the upper and lower values. All records show fine scale fluctuations super-
imposed on longer timescale oscillations . There are significant differences between the way in
which this final state is reached, depending on the initial density difference.
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Figure 6: Point density fluctuations with time for three different experiments , ^ va/ues are : a.)
0.0078 ,b) 0.0251 ,c) 0.0647.

As &£ increases the oscillations on both timescales decrease more rapidly. This is associated
with the formation of stable stratification as the two layers overturn causing a rapid damping of
the turbulent motion.

Timescales for the decay of these fluctuations are shown in figures 7 and 8 . Figure 7 shows the
e-folding time obtained by fitting an exponential decay to the peaks of the slow time oscillations
plotted against ^ . These peak values provide a measure of the mixing into the large scale
structures observed in the mixing region.

The timescale for the decay of these oscillations decreases with increasing initial density
difference. The decay of the short timescale fluctuations is shown in figure 8. These values were
obtained by visual inspection of the traces, such as shown in figure 6. These values also decrease
with increasing ^ , and the values are, in general, larger than those in figure 7.
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Figure 7 (left): Decay e-folding time for the large scales associated with internal waves.

Figure 8 (right): Decay time for the small scale fluctuations recorded with a conductivity probe.

3.2-4- Light intensity measurements

Figure 9 shows profiles of dye concentration in the lower half of the tank determined by
digitisation of video images. These profiles give integrated values across the width of the tank,
and are normalized so that initially the upper layer corresponds to unit concentration and the
lower layer to zero concentration. The advance of the mixing region is clearly shown with a mean
decrease in dye concentration. There are also considerable fluctuations about the mean, and there
is clear evidence of regions of dense fluid falling as coherent entities.

C.-JO 0 -"0 C.S3

concentration
0X0 0 2C O.'O 0 60 0 60 1.00

concentrat'on

Figure 9 (left): Averaged light intensity profiles .normalized with the concetration of the upper layer.
Volume fraction of dense fluid across the whole tank -The profiles were taken at times t= 0.5 , 0.8 ,2.3 and
3.7 sec.

Figure 10 (right): Same as figure 9 for the volume fraction of dense fluid near a single bubble in the
same experiment with ^f = 0.02

These measurements show that the front of the advancing disturbances is mantained sharp
throughout the mixing process. This means that most of the mixing occurs through the sides of
the falling bubbles. Figure 10 shows a similar averaged light intensity profiles as in figure 9, or
the same experiment.but here the averaging has been done only over a single protuberance. It is
seen that the averaged concentration gets sharper as the disturbance advances.
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3.2.5. Final state

Vertical profiles made with the conductivity probe after all motion has ceased (see figure 11)
show that there is a stable density stratification in the tank. If no molecular mixing had taken
place, all of the upper layer fluid would ultimately lie beneath the original lower layer fluid and
a two-layer stable stratification with the initial density difference would result.

Figure 11: Stable density profile after mixing has taken place for an initial density difference of
0.023scm~3.

On the other hand, if complete molecular mixing occurred the tank would be uniform with
no density variations. The observed density stratification lies between these two extremes and
may be interpreted as a mixing efficiency.

A numerical estimate of mixing efficency is given by the final potential energy of the mixed
fluid

H

PEfinal = g zp(z)final dz -
8

associated with raising the centre of mass above the zero-mixing case. This is plotted on figure
12 normalized by the available potential energy that can be used for mixing. This is the initial
potential energy

PEinitial =

minus the zero-mixing case potential energy ,

8

This curve increases from zero with increasing

decreases again at high ^ .
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Figure 12: Mixing efficiency versus

This curve is characteristic of mixing processes in stratified fluids (Linden(1979,1980)). The
maximum mixing efficiency, when the final profile is totally mixed is | , and if the profile were
linearly stratified with slope ^ then the mixing efficiency is | .

4. Conclusions
The experiments show that RT instability involves a number of interacting scales and pro-

cesses. Small scale instabilities (consistent in scale and growth rate to those predited by linear
theory) occur and are superimposed on a larger scale instability of the interface. This larger
instability leads to the formation of blobs of fluid which penetrate into the layers on either side.
Secondary instabilities in the form of Kelvin-Helmholtz billows form on the sides of the blobs.
There appears to be little mixing across the leading edge of the blob, but fluid is entrained around
the sides in a manner reminiscent of a falling plume or thermal, described in Turner(1973). The
volume fraction profiles of dense fluid as it falls and mixes within the lower layer are similar to the
ones obtained in the numerical calculations of Youngs(1984). The stepwise structure seen in the
plan averaged volume fraction is due to the reduced mixing at the leading edge of the instabilities.
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IS A LAMINAR FLAME FRONT A PASSIVE SCALAR SURFACE
OF THE TURBULENT FIELD?
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ABSTRACT

The three-dimensional structure of the turbulent flame in premixed propane/air charges was
examined by visualizing simultaneously four parallel planar sections through the flame with a time
resolution of 10 ns and a spatial resolution as low as 200 fim. The ratio of the turbulent intensity
u' to the laminar flame speed S* ranged from 0.5 to 25 and the ratio of the Kolmogorov length
scale to the laminar flame thickness from 0.2 to 5.

The interface between reactants and products is: highly wrinkled; continuous; without islands
of reactants and products; with only few cusps; with some "fingers" of products; and of fractal
geometry. The fractal dimension increases with u'/S«but seems to tend to a maximum value of
about 2.38. This is also the value measured in non—reacting turbulent flows, thus suggesting that
the interface between reactants and products may act as a constant property passive scalar surface
under certain conditions. If the local and instantaneous turbulent flame speed is related to the
fractal dimension, then signifr^it inhomogeneities in this speed are found even though the
turbulent field is rather homogeneous and isotropic.

INTRODUCTION

The structure of the turbulent premixed flame is of fundamental importance. Since turbulent
combustion is an interplay of turbulence, chemistry, and thermodynamics, the parameters of the
turbulence influence the structure of the flame front and, consequently, the regime of turbulent
combustion. Thus measurements of turbulent intensities with and without combustion [1,2] and
of length scales without combustion [3,4] were also made in our apparatus, that happens to be a
ported reciprocating engine, and in [5] an assessment of the regimes of turbulent combustion in
engines is given. In [1—4] it was established that the turbulence field away from walls is roughly
homogeneous and isotropic when the chamber volume is around its minimum and that is when the
visualization measurements of this paper, most of which are three-dimensional, were made.
Earlier two-dimensional visualization results [6-8] had given direct information on the flame
structure and helped identify the regime of turbulent combustion in premixed—charge engines.

The quantification of the two—dimensional flame structure information, and its relation to
fundamental turbulence and combustion quantities, was just initiated in [8]. A main obstacle to

this quantification is that the flame front can be highly fragmented and therefore difficult to
measure using classical geometrical concepts. But theories based on fractals have begun to emerge
for the characterization of turbulent flame fronts [S], and in [10] the fractal nature of premixed
engine flames was established. Very recently the first three—dimensional images of turbulent
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engine flames were also obtained [11]. In this paper we summarize our conclusions from our two
and three-dimensional imaging work and present some new data that explore the maximum value
of the fractal dimension of the interface between reactants and products. Obviously such an
interface is an extreme example of density change in a turbulent field.

The paper is organized as follows. The regimes of turbulent combustion are reviewed and
fractal concepts are listed that will be used later for the fractal analysis of the data. Then, the
results are considered. First we position our specific conditions within the regimes of turbulent
combustion, next we examine the fundamental issue, that can be addressed only with
three—dimensional measurements, of the presence of islands of reactants and products. Fractal
dimensions are then considered initiating a discussion of whether the flame front acts as a passive
scalar surface of the turbulent field and of homogeneity of the geometrical properties of the
wrinkles as may be assessed by analyzing changes in fractal dimensions. Our main conclusions are
summarized at the end.

THEORY

Turbulent Combustion Regimes

The regimes of turbulent combustion are discussed with the help of Fig. 1 [5] which is a plot of
the Damkohler number Da,, versus the turbulence Reynolds number R, [12]. The Danikohler
number is the ratio of the characteristic turnover time, r., of an eddy of the size of the integral
length scale, A, to the characteristic transit time through the laminar flame, 7y

T. t A I (i\

where 6» is the laminar flame thickne- u' the turbulent intensity and Ŝ  the laminar flame speed.
The turbulence Reynolds number is:

A ^
with v the kinematic viscosity. Relevant parameters appearing in this plot are the ratio of the
Kolmogorov scale, ?/, to the laminar flame thickness, and the ratios A/fy and u'/S« . Some
understanding of the structure of turbulent flames exists in two regimes; the regimes of reaction
sheets and of distributed reactions. In the regime of reaction sheets, turbulence does not affect
chemistry and the residence time in the laminar flame is much smaller than the characteristic
turnover time of the smallest eddies. In this regime, the propagating laminar flame fronts are
wrinkled and convoluted by the turbulence. In the distributed reaction regime, chemical reactions
proceed together with, or after, turbulent mixing and the concept of a laminar flame does not
apply. The lower bound of the reaction sheet regime can be set at f\jb^ = 1 (the quantity rp/E^
is a measure of the stretch to which the laminar flame is subjected in a turbulent flow [13]) and
A/fy = 1 is the upper bound of the distributed reaction regime. In the intermediate regions,
t) < 6p < A, the structure of the turbulent flame has not yet been identified. The reaction sheet
regime is divided in two subregimes. For u'/S,, << I, turbulence is weak and a single continuous
reaction sheet can be identified; at higher turbulence intensities it had been thought that adjacent
sheets could collide and cut off pockets of reactants, forming multiply-connected reaction sheets.
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The line u'/S/> =1 may be taken as the boundary between these subregimes. The rectangle in Fig.
1 indicates the combustion regimes for various engine operating conditions as estimated in [5]. It
is seen that a survey of important regimes of turbulent combustion can be made by changing the
operating conditions of an engine.

Fractals

The analysis of rough surfaces or curves has followed an independent mathematical route which
is known as fractal analysis, largely advanced by Mandelbrot [14,15]. Fractals are objects that
display self-similarity (in the statistical sense) over a wide range of scales. For a fractal curve, its
measured length L will have a power law dependence on the measuring yardstick e:

L a 11"E>2 (3)
The exponent D2 is called the fractal dimension of the curve (1 < D2 < 2) and is a measure of the
roughness and fragmentation of the curve. An expression similar to Eq. 3 applies for fractal
surfaces: the measured area A of the fractal three-dimensional object depends on the size, e2, of
the square used to resolve it:

A a f2~D3 (4)

The exponent D3 is the fractal dimension of the surface (2 < D3 < 3). For a fractal object with an
isotropic surface (a surface with a degree of wrinkling independent of orientation), a plane cut
intersecting this object defines a curve with fractal dimension D2 such that D3 = D2 + 1.

The main thrust for the application of fractals in the field of turbulence and combustion came
when Mandlebrot [16] suggested that constant property surfaces of passive scalars in homogeneous
and isotropic turbulent flows possess fractal character within a certain range of scales, the lower
being the Kolmogorov scale and the upper being of the order of the integral scale. Fractal
dimensions in turbulent flows have been measured; in [17] the fractal dimension D3 of the interface
between turbulent and laminar parts of an incompressible jet was found to be between 2.3 and 2.4
and in [18] the fractal dimension of clouds was found to be 2.37.

In [9] Gouldin proposes that turbulent flame surfaces are fractals. He suggests that when
n'/Sf» 1 and Tj/Sp > 1 (the second condition is necessary to define a thin flame front
unambiguous!-') the flame front behaves as a constant property passive scalar surface where the
theory of [16] is applicable; in this case the same fractal dimension of the turbulent field is
assumed to be obtained, with the only difference that the range of fractal behavior may start at a
scale higher than the Kolmogorov scale due to the smoothening effect of the flame propagation.
For lower values of u'/S^ the effects of flame propagation are significant and the fractal dimension
may differ from that of the non-reacting turbulent flow [9]. In [9] a theory based on fractals was
also developed for the prediction of the turbulent flame speed.

The fractal analysis was applied to the flame fronts in engines in [10,11]. It was found that
they exhibit fractal character between scales as small as 200 fan (the highest resolution of the
measurements in [10]) and as large as 4.5 mm. The values of D3 obtained in [10,11] are shown in
Fig. 2. The turbulence intensity was increased by increasing the engine speed and the laminar
flame speed was changed by varying the equivalence ratio $ i.e. the mass of propane for mass of
air. Note the tendency for D3 to increase with u'/S^ and that the maximum value of D3 is around
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2.38, i.e. in the range observed in non-reacting turbulent flows [17,18]. However the trend of the
data leave open the possibility that for 1.0 > (J) > 0.59 the maximum value of O3 may exceed 2.3S.
Thus for this paper additional two-dimensional measurements were made for <{> = 0.7, 0.8, 0.9.

RESULTS AND DISCUSSION

Table 1 shows the parameters of the six three—dimensional cases and the three
two—dimensional ones. The experimental arrangement and the data processing are described in
detail in [11]. Figure 3 shows typical three-dimensional flame images for cases 1 to 6; each set
consists of four images corresponding to four planes. The top plane is in the upper-left side of the
image and the direction from top to bottom is counterclockwise; the field of view in each plane is
16x16 mm and the total separation between top and bottom planes is 3.4 mm. Figure 4 shows
typical two-dimensional flame images for cases 7—9, with field of view 20x20 mm. For each of the
nine cases 100 flames were analyzed. In the discussion of our results, we shall first identify the
regimes of premixed-charge turbulent combustion that correspond to our nine cases, and then we
will consider the question of the presence or absence of islands of reactants and products, the
values of D3 and of the turbulent flame speed, the existence and significance of the asymptotic
value of D3, and the subject of homogeneity.

Turbulent-Combustion Regimes of Our Data

To identify the regimes of premixed-charge turbulent combustion of our data we refer again to
Fig. 1. This figure is obtained using the definitions of Eqs 1, 2 as well as the following:

Ŝ  6t = DT = v (5)

V = A/R°A-75 (6)
where in Eq. 5 the thermal diffusivity D™ was taken to be equal to the kinematic viscosity v. The

four definitions can be combined to give Da 1 versus R, at constant Ŝ  /u':

Da» versus R. at constant (A/d*):

and DaA versus RA at constant

which are the three functions plotted in Fig. 1.
In the application of Eqs 1, 2, 5, and 6 there are two types of problems: one must estimate the

values of A, u', S , , 6,, and v that appear in Eqs 1 and 2; such quantities, in reality, are not
necessarily related to each other exactly as postulated by the equalities of Eqs 5 and 6. In other
words, Fig. 1 and all of its information pertain to order-of-magnitude estimates, not to
uniquely-defined, precise quantities. Tl.us in order to position within it our nine cases, we have
taken the same qualitative approach of [5]: we have estimated the maximum and minimum values
of A, u', S«, 6,, and v and combined them to give the maximum and minimum values of of DaA ,
RA using Eqs 1 and 2. The estimated quantities are given in Table 1. They were obtained as
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follows.

The values of the turbulence intensity u' at the time at which the flame images were taken
were measured in [1]. For the <j) = 1.0, 0.9 and 0.8 cases the values of the laminar flame speed S»
was estimated from the high-pressure high-temperature correlations of [19]. For the <j) = 0.7 and
0.59 cases, Sf were estimated from the high pressure correlations oi [20] and using the high
temperature corrections of [19]. It should be pointed out that thereis significant scatter in the
measurements of the laminar flame speeds, particularly at very lean conditions, as illustrated for

example in Fig. 5. For all cases, a lower bound for the laminar flame thickness 6p was estimated
from the relation 6f — D T /S» where DT is the thermal diffusivity in the reactants. For the <|>
= 0.59 case the upper bound for 6* was set by the measurements of [8], whereas for each of the
other cases the upper bound for 6* was estimated from laminar flame structure computations [5]
and using the distance between the 5% and the 95% temperature rise across the flame. The
integral length scale A was measured in [4] to be 2.1 mm (lateral ensemble integral length scale)
at 600 rpm and was assumed to be independent of engine speed. A range of values for the
kinematic viscosity v was obtained for each case by calculating v in the reactants and the
products. The ranges of R. and Da» are shown in Fig. 6 which is an enlarged portion of Fig. 1;
foi cases 7-9 only the average position is shown, to avoid crowding of the figure.

Figure 6 shows that we estimate our stoichiometric flames to be mostly in the reaction sheet
regime and our lean flames in the more difficult, less understood intermediate regime but close to
the reaction sheet regime. Thus the structure of at least the lean laminar flames can be expected
to be perturbed by the turbulence [22].

Flame Structure and Islands of Reactants and Products

Figure 3 shows that flame fronts with larger values of u'/S« are more convoluted than the ones
with lower values of u'/S». In case 1 with the lowest u'/S^ (= 0.5), cusps are often found pointing
towards the product side (white); no such cusps occur at higher u'/S/,. This is in agreement with
the theory of [23] that predicts cusps for u'/S^ < 1 and no cusps for u'/S^ > 1; it should be
mentioned however that the theory of [23] was developed for flames with v/6t > 1 and this
condition is met only by some of our cases (see Table 1).

We can now consider one of the fundamental questions of premixed—charge turbulent
combustion: the existence of islands of reactants and of products. It was expected that islands of
reactants exist in the reaction sheet regime (due to collision of the laminar flame fronts and
subsequent cutoff of pockets of reactants) and islands of products (due to flame stretching and
extinction) exist in the intermediate regime in which, presumably, there would still be islands of
reactants also [24-26]. All 600 sets of three-dimensional flames were examined for islands. In
addition, more than a thousand sets of flames were viewed in cases 5 and 6, which are the best
candidates for the occurrence of islands; No instance was found in which one could unambiguously
recognize a disruption of the flame contiguity. In addition to the experiments with 3.4 mm total
vertical separation, case 6 was examined with a total separation of 5.2 mm. The increased
separation should increase the chance of finding islands if they existed. No island was found in
this case either indicating that the flame surface is composed of a continuous flame sheet.

However it is interesting that several instances of "fingers" of products were found especially in
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the lean cases; it would appear that thin fingers are responsible for the connectedness of the flame
whenever the intercepts of the four planes with the flame define small islands in some of the
planes.

Fractal Dimension and Turbulent Flame Speed

The fractal dimension D2 was calculated for each of the four images of a set; 100 sets were used
for each of the six three-dimensional cases and the results were analyzed in several ways. The
ensemble average and the standard deviation of D2 in each plane was computed. There is a 2% to
3% difference in D2 between the various planes for a given case. This systematic difference
appears to be small and may be due to systematic differences in the measuring technique. Thus
one may be justified in neglecting the systematic differences and in considering an average value of
D2 over the four planes. The six values of D3 (= D2 + 1) are shown in Fig. 7 together with those
of cases 7—9. In addition Fig. 7 shows results at low values of u'/S* obtained from burner studies
[27]. The vertical error bars represent a two-standard deviation error on the mean (2<rD /N0-5

where N is the statistical population). Note that the difference in the horizontal scale between
Figs 2 and 7 is due to the more accurate estimate of the laminar burning velocity at (b = 0.59 in
the current study. The results of Fig. 7 suggest that the fractal dimension reaches an asymptotic
limit of 2.38 and that this limit is reached monotonically.

Theories are beginning to emerge that attempt to connect fractal data to turbulent flame speed.
For 77/fy > 1 and u'/S^, >> 1, Gouldin [9] extrapolating from Mandelbrot [16], has suggested

S t /S, = ( A / , ) 0 ' " 2 ~ R / W r - 2 ) ( 7 )

where A = ijR^ for isotropic turbulence. Peters [28] has argued in favor of

As can be seen from Fig. 6, cases 2 and 3 come closer to satisfying the conditions i)/6g > 1 and
u'/S, » 1. The turbulent flame speeds obtained with Eq. 8 for cases 2 and 3 are shown in Fig. 8
together with correlations proposed by various authors [29,30], and data from [31]. Also shown in
Fig. 8 are the values of S./S. obtained in [8] after correcting them [11] for the now-established
fractal geometry of our wrinkled laminar flames. It is to be pointed out that in determining the
four solid symbols of Fig. 8 from Eq. 8 and references [8,11], the turbulence intensity was obtained
after filtering out the low frequency components of the measured velocity fluctuations to reduce
the effect of systematic trends [3]. If the standard ensemble averaging technique without filtering
is used, the four solid symbols may move as far as indicated by the arrows. Conversely the data of
[31] could move to the left if a trend analysis of the results were to show systematic trends.

Constant Property Passive Scalar Surface

We can now address the question as to whether the wrinkled flame fronts act as a constant
property scalar surface of the turbulent field. The limit value of D3 is 2.38 ± 0.5% and is
approached for flame fronts with values of u'/S-, > 4. This value of D3 happens to coincide with
those measured in non—reacting turbulent fields. Thus, as far as the fractal dimension is
concerned, the flame surfaces of our lean turbulent flames act as if they were constant property
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scalar surfaces of the turbulent field. If confirmed, this behavior must result from a rather special
balance of events since for our lean flames we have estimated T)/6/ < 1 and hence we expect the
structure of the laminar flame itself to be altered by turbulence. In [32] it is proposed that the
value of the fractal dimension of the flame front is irrelevant to that of the turbulent field.

Homogeneity

In general, if two curves have the same fractal dimension and in addition the inner and outer
cutoffs of the fractal region are the same, they both have (statistically) the same degree of
wrinkling. Homogeneity of a random field implies translational invariance of all its statistical
quantities. D2 is one characteristic parameter of the "long-space average" of the flame front. For
homogeneity of the flame front structure the values of D2 in all planes should be the same at each
time. This is equivalent to the homogeneity of turbulence, where a long—time average of the
velocity is taken at different spatial locations to yield the turbulence intensity u'. Then for the
turbulence to be homogeneous the turbulence intensity u' at the various spatial locations should
be the same. It is important to note that D2 is an average quantity, like u\ and neglecting all
errors of the fractal analysis (finite spatial domain, etc.) for homogeneity of the flame front
wrinkling, D2 should be the same in all planes at each time.

Then a measure of the inhomogeneity of the fractal dimension for each of cases 1-6 may be
derived from the distribution of the instantaneous differences in D2 between any two of the four
planes over the 100 realizations. Each difference distribution will have a mean and a standard
deviation, the mean representing a systematic difference between the ensemble '"stributions of the
fractal dimension in each plane, which ip between 2% and 3%, and the standard deviation
representing the stochastic differences in fractal dimension between the two planes.

The wrinkles of the flame surfaces do show inhomogeneity and the magnitude of the random
difference between D2 in any two planes has a standard deviation of less than 9.1% in all cases (in
[33] the turbulence intensity was found homogeneous within 15%). In [11] the detailed statistical
analysis is presented. The next question is how significant this inhomogeneity is. Eq. 8 is
sufficiently descriptive of the enhancement of the turbulent flame speed by wrinkling and that the
flame surface is isotropic, a 10% change in D2 would result in a 50% change in S t/S». But the
effective turbulent flame speed would be some spatial and temporal average and the effects of local
and instantaneous variations would be smoothed out. Nonetheless, it seems likely that significant
instantaneous variation in the flame propagation rate exists over the surface of the flame,
particularly for small flames.

The cross correlation of D2 between various planes was also examined and found to decrease
with increasing distance; the correlation distance is of the order of the measured integral length
scale.

CONCLUSIONS

1) No island of reactants or products was observed in any of the flames. However, in about
10% of the lean flames "fingers" of products were found; it would appear that thin fingers of
products are responsible for the connectedness of the flame surface in flames that would seem to
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be highly fragmented in previous two-dimensional imaging studies. Such fingers were also
observed in stoichiometric flames at higher engine speeds but were less frequent.

2) The flame wrinkles exhibit fractal behavior The fractal dimension of the flame fronts
averaged over all planes at each condition was found to have a minimum value of 2.15 and to
approach the value of 2.38.

3) As far as the fractal dimension is concerned, it would appear that the laminar flame surfaces
act as if they were constant property scalar surfaces of the turbulent field, under appropriate
conditions.

4) Turbulent flame speed models based on fractals were examined and compared with
correlations of turbulent-to-laminar flame speed ratios (St/Sp) of various researchers. Even
though the comparison shows general agreement in trends, the simple fractal models for St/S^ we
have considered are not totally satisfactory.

5) The question of homogeneity in the geometry of the flame wrinkles was then addressed by
examining the instantaneous differences between any two of the four planes for the 100
realizations of each condition. The degree of inhomogeneity is less than 9% for all pairs of planes.
Such degrees of inhomogeneity in fractal dimension were assessed to be significant in that a 10%
change in fractal dimension could possibly produce a 50% change in St/S^ . The wrinkling
however could change with time, which may smooth out the effect of the instantaneous differences
between planes, and would have to be averaged over some space as well.

6) The correlation of the fractal dimension in various planes was found to decrease with

increasing separation of the planes; the correlation distance is of the order of the measured integral

length scale.
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Fig. 1 Regimes of turbulent combustion.
The rectangle is an estimate of the
regimes applicable to internal combustion
engines [5j.

Fig. 2 Fractal dimension D3 versus u'

Filled symbols are from [10] and open
symbols are from [11]. The vertical
bars extend plus and minus a standard
deviation of the distribution of D3 [11].
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Fig. 3 Sets of three—dimensional flame images: 3 sets are shown for each of the
cases 1-6 of Table 1.
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Fig. 4 Two-dimensional flame images at 2400 rpm; 4 flame images are shown for
each of the cases 7—9 of Table 1.
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Fig. 6 Estimated regimes of turbulent
combustion for cases 1-9 of Table 1. The larger
rectangle is the range estimated in [5] for
premixed-charge engine combustion.

Fig. 5 Laminar flame speed for propane
air mixtures at standard conditions by
various authors [19-21].

2.5

2.4

2.3

D3

2.2

2.1

2.0

•

•
V

cases 1 to
cases 7 to
data from
data from

t

6
9
[101
[26]

$
I

10
- 1

Eq. 8
Ref. [8,10]
8.5% CHi-air [31
9.5%CH4-air]31
7% CH4-air [31
5.6% C2H6-air[31

10

0
I 10 30 0 5 10

U'/S, "'/Si

Fig. 7 Fractal dimension D3 versus u'/S^,. Fig. 8 Turbulent flame speeds for cases 2 and 3
of Table 1 estimated from Eq. 8 and from [8,10],
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THE STABILITY OF VORTEX ARRAYS

P.G. Saffman
217-50 Applied Mathematics

California Institute of Technology
Pasadena California 91125

1. Laminar Models of the Mixing Layer

The seminal observations by Brown & Roshko (1974) of large scale coherent structures in the
turbulent mixing layer have stimulated large amounts of work on the question of the extent to
which turbulent flows can be modelled by inviscid laminar dynamics. We wish to know if such
modelling can lead to quantitative predictions as well as provide qualitative insights into the
mechanisms of the evolution of the turbulent flows. The jury is still out on this question, and
more problems have been raised than have been solved, but whatever the final conclusions, there
is no doubt that a significant increase in the understanding of vortex dynamics has resulted from
the effort. As an aside, it is said that the eye of the artist can see deeper into nature than the
trained scientist. The drawings by Leonardo da Vinci of coherent structures and van Gogh's
painting "Starry Night", which resembles closely the pairing process of coherent structures in the
mixing layer, illustrate this adage.

The simplest laminar model of the turbulent mixing layer consists of an infinite array of uniform,
identical, finite area vortex patches in an unbounded incompressible, inviscid fluid. The existence,
uniqueness and stability of such an array was first addressed by Pierrehumbert & Widnall (1981)
and Saffman & Szeto (1981). Using the 'water bag method' of plasma physics (introduced into
uniform vortex patch calculations by Deem & Zabusky 1978), the determination of the steady
states can be reduced to the solution of an integro-differential equation. An alternative method
due to J. Jimenez (private communication) employs the method of Schwarz functions and has
been utilised by Kamm (1987). The latter method offers some distinct advantages for study of
the two-dimensional linear stability properties of the array. An approximate method to calculate
shapes (Moore & Saffman 1975a) is to approximate the shapes by ellipses, and use the exact
solution of Moore & Saffman (1971) for a vortex in a uniform strain to determine the ellipticity
and orientation of the ellipse. This method can be extended to unsteady flow (Saffman 1979),
and has been developed more extensively, systematically and comprehensively by Melander et al
(1986), who have obtained the Hamiltonian for the equations. (See also, Kamm 1987). The use
of a cloud of point vortices to model the uniform vortex patches is a quick and easy way to obtain
approximations, but it fails if the steady states are unstable (Moore & Saffman 1975a).

The calculations show that there is a one parameter family of solutions, the parameter being
a = All2/L, where A is the area of each vortex and L is the longitudinal distance between the
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centers of the patches. For small a, the vortices are nearly circular as is intuitively obvious. As
a increases, the vortices become more deformed, and remarkably there is a maximum value of
a. This is a limit point or fold of the family, which actually continues through more deformed
shapes (of smaller area) until a limit is reached at which the vortices touch. The family then
continues into a continuous varicosely deformed vortex sheet of finite thickness and finally ends
at a uniform vortex sheet, whose bifurcation into a deformed sheet was studied by Rayleigh.

We mention in passing two alternative models for which steady states can be found in closed
forn Baker, Saffman & Sheffield (1976) solved for the case of hollow or stagnant vortices. The
behavior is very similar to that of the uniform cored vortices, except that the family does not
change into a deformed connected vortex sheet of finite thickness but continues smoothly into a
vortex sheet of zero thickness. The other model is the Stuart (1967) vortices which is a continuous
family with a smooth vorticity distribution going from a tanh profile to a vortex sheet of zero
thickness. This model seems less relevant as a model of the evolution of a mixing layer, as it does
not possess limit point behavior. On the other hand it appears to offer the possibility of applying
methods of global analysis to study two-dimensional finite amplitude stability, and is convenient
for 'brute force' numerical investigations of three-dimensional linear stability (Pierrehumbert &
Widnall 1982).

The existence of families of solutions means that application to the irixing layer requires a selection
principle, in order to determine which members of a family are appropriate models. Stability is
a criterion which is often tried, either to determine possible states or to model by the unstable
modes the evolution of the flow. There are at least three approaches to the stability problem.

The first method, which we call spectral, finds the eigenvalues of infinitesimal disturbances to a
steady state, and associates instability with existence of eigenvalues with non-zero real part. Since
the system is inviscid, the eigenvalues come in pairs or quartets, so the existence of a non-zero real
part implies an eigenvalue with positive real part. (We adopt the convention that the disturbance
is proportional to e"'.) If all the eigenvalues are pure imaginary, the state is linearly stable, but
can of course be non-linearly unstable. The spectral method gives little information about this
matter. On the other hand, it is straightforward in principle and can be applied to both two
and three dimensional disturbances. The main drawback is the need for large scale computing
resources, as the eigenvalue problem can be multidimensional. Also for flows evolving in space
there can be open questions about the boundary conditions.

The second method is initial value evolution. A disturbance is followed numerically to see if it
grows or decays. Growth implies instability, provided one can distinguish between physical and
numerical instability. Non-linear instability can be detected if the appropriate initial condition is
given. The drawbacks are that the computing needs are greater than those for method 1, and that
demonstrations of stability are not conclusive as the wrong class of disturbance may be chosen.
(An example is the Karman vortex street, where initial value evolution calculations showed that
finite core area stabilized the street because only disturbances of wavelength twice the separation
distance were considered, and the unstable disturbances have a different wavelength as was found
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by spectral calculations.)

The third method is global and gives general criteria for stability. The ideas are modern devel-
opments and extensions of Kelvin's observation that the equilibrium states are characterised by
maxima or minima of energy. So far, the method is limited to two-dimensional disturbances and
there is usually a restriction to a space which lacks physical significance. For example, the circular
vortex can be shown to be L1 stable, but appears to be L°° unstable (see the discussion below
on filamentation).

There are two distinct classes of instability, which it is convenient to label as superharmonic and
subharmonic. Superharmonic disturbances are those where the wavelength is the longitudinal
spacing between the vortices, and every vortex behaves in the same way. Subharmonic distur-
bances have wavelength greater than the spacing and neighboring vortices behave differently.
The major case is the pairing instability in which neighboring vortices interact. The vortex array
is superharmonically stable when a is small, and becomes unstable when a reaches the critical
value. This is the change of stability associated with the fold in the family of solutions. If a su-
perharmonic disturbance is applied to the array at a state beyond the fold, the individual vortices
break up; i.e. fission takes place (Moore & Saifman 1971). The subharmonic instability is always
present for an array. It is easily calculated in the point vortex approximation (Lamb 1932), and
the most unstable disturbance is the pairing one. When the vortices are of finite size, initial value
evolution calculations show that the vortices rotate around each other and fusion takes place.

The superharmonic class can have a subharmonic component, and effects of finite size on the
subharmonic disturbances can be worked out. Kamm (1987) has studied these questions, and
finds that the modifications are generally slight. (See also SafFman 1988).

These considerations have led to a model of the mixing layer evolution proposed by SaiFman
(1981). The excess energy E of the array relative to that of a zero thickness vortex sheet is
calculated. The mixing layer is represented at some station by one of the steady exact solutions
of the Euler equations. Then the actual effects of turbulence can be modelled by an increase in
the area of the vortices, the separation between them staying constant. The state of the mixing
layer can be represented by points on the E vs a curve. There are two possibilities, which can
be categorized as pairing or tearing. In the pairing mode, we assume that the energy of the layer
is conserved during the entire evolution, which case it is necessary that E = 0 and the state is
described by the array with this property. Prom details of the solution, it is found that in this
case

a/b = 1.45, 6JL = 0.28 (1.1)

where a/b is the axis ratio of the vortex, and 8^ is the vorticity width of the layer. In this case,
the vortices would not grow between pairings, i.e. there is no turbulent entrainment or 'nibbling'
and in the pairing process the vortices would have to ingest or 'gulp' a volume of fluid fluid equal
to themselves in order to maintain the similarity with A oc L2. The time scale of the evolution
would be the pairing time, which could be estimated from the exact solution for point vortices if
there were a reliable way of estimating the stage at which coalescence takes place.
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The second possibility is the tearing process, according to which the system moves from some
state X by nibbling until the maximum area is attained at M. The steady state can no longer exist
and something catastrophic occurs; presumably the vortices disintegrate and reform into a new
array with double the spacing. The state X can be estimated by the assumption that energy is
conserved during the rearrangement. It follows from the details that there is then a 35% increase
in volume during the evolution from state X to state M, and the remaining 65% is gulped during
the reformation. The dimensions are

( i ) - " " - 2 >

These values are not inconsistent with the experimental data, and seem to agree with the idea
that both pairing and tearing take place. It is possible that pairing is dominant wihen the layer is
young, and tearing becomes more important as the layer ages, because once a significant amount
of energy is lost, the pairing process would have to dissipate energy suddenly in order to preserve
the similarity as the negative excess energy is doubled. Of course, the analysis does not explain
why the vortices form in the first place or survive the numerous interactions rather than forming
an amorphous cloud. Deeper understanding of the physics is called for to answer these questions.

So far the discussion only concerns two-dimensional disturbances. Three-dimensional disturbances
are clearly also of interest and possible importance, but are more difficult to analyse. However, the
various results for three-dimensional behavior suggest that only superharmonic instabilities are
physically relevant for the mixing layer (this is not so for the wake and boundary layer), and they
can be modelled satisfactorily by considering a single vortex in a uniform straining field (which
is in the real situation produced by the other vortices in the array). There appear to be three
instabilty mechanisms, which can be identified as (i) Biot-Savart (see Robinson & Saffman 1982),
(ii) WBT (Widnall, Bliss & Tsai 1974), and (iii) Pierrehumbert (1986), and are distinguished by
different axial length scales.

The Biot-Savart is the three-dimensional perturbation of the pairing instability with an axial scale
long compared to the core radius. The three-dimensionality reduces the growth rate in general,
so this instability does not appear to be too significant. The WBT is a parametric instability
caused by interactions between Kelvin waves in the presence of strain (Moore & Saffman 1975b).
Robinson & Saffman (1984) studied the effect of finite strain on this instability. The axial length
scale is now comparable to the core radius. Finally, the Pierrehumbert (19S6) instability, with
a length scale small compared with the core radius, is an instability of elliptical streamlines
in an almost two-dimensional flow. Bayly (1986) produced an analytical treatment based on
exact solutions of Kelvin, and Landman & Saffman (1987) included the effects of viscosity. AD
three mechanisms have the same time scale A/F, where F is the strength of the vortices in the
array,and it is not possible at present to decide what determines the actual axial scale of observed
disturbances.
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2. Filamentation

According to the ideas so far discussed, the mechanisms of mixing in the turbulent layer will
be associated with the ingestion of fluid by the vortices in the pairing and/or tearing processes.
Recent work has shown that there is another mechanism related to non-linear instability of a
vortex which may play an important role in the mixing of fluid between the two streams, and
this is the phenomenon of filamentation. Actually this was seen in the numerical calculations
of Roberts & Christiansen (1972) of the fusion of two vortices. Deem Sc Zabusky (1978) saw it
in the evolution of a circular vortex patch, and Melander, Me Williams & Zabusky (1987) have
carried out a detailed study for the evolution of an elliptical vortex. Pullin (1981) observed
filamentation in the evolution of a constant vorticity layer at a wall. Dritschel (1988) has done
extensive calculations demonstrating repeated filamentation at the rim of a circular vortex patch.

Filamentation is not unexpected when the vortices are linearly unstable (Polvani et al 1988).
The interesting phenomenon is that the process occurs for vortices that are linearly stable and
provides a mechanism for the ingestion of fluid into a stable vortex. We would like to understand
its basic cause, and determine if it always occurs. Numerical calculations by Shelley & Baker
(1988) of the evolution of a vortex sheet of finite thickness show the formation of elliptical cores
but no filamentation (which could be suppressed in this case by the sheet outside the cores which
can be thought of as backwardly evolving filaments.) Further, it appears that filamentation can
be either extrusive (e.g. Melander et al 1987) with filaments of vorticity entering the irrotational
fluid, or intrusive (Pullin 1981) with filaments of irrotational fluid entering the vortex. Pullin,
Jacobs, Grimshaw & Saffman (1988) have proposed a theory which attempts to explain these
properties, it is based on the idea that filamentation is due to non-linear instability. When the
vortex is stable, waves of finite amplitude exist on the interface. These waves can, however, be
unstable and this instability will cause the generation of hyperbolic stagnation points in a frame
of reference moving with the disturbance to the finite amplitude wave. Filamentation then occurs
as the edge of the vortex is swept past the stagnation point. According to the details of the
calculation, the time for filamentation to occur can be estimated as

if w - w " 1 A~2 log A (2.1)

where w is the magnitude of the vorticity in the layer, and A is the amplitude of the non-linear
wave.

The approach by Pullin et al provides some insight into uncertainaties concerning aspects of
the filamentation phenomenon. One is the requirement for a minimum steepness. The results
suggest that a minimum steepness is required in the sense that the amplitude of the total interface
perturbation must be sufficient to reach the critical layer, where stagnation points are present
in the appropriate frame of reference. Pullin (1981) used disturbances of initially sufficient large
amplitude to produce filamentation. On the other hand, an initial minimum steepness may not
be required, provided a dynamical mechanism exists for the amplification of disturbances from
arbitrarily small values. Such a mechanism is identified and shown by Pullin et al to be capable
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of producing growths in interfacial amplitude sufficient to cause filamentation.

The real issue of filamentation of uniform vortex equilibria appears to focus on the question of
the growth mechanism. This may be quite different for different classes of first disturbance to
the same equilibrium state and also for similar disturbances to geometrically differing vortex
equilibria. For example, the growth mechanism for waves on a circular vortex may differ from
that found for plane interfaces. Also, external length scales may play a crucial role.

With regard to the phenomenon of different types of filamentation, consider filamentation of a
uniform circular vortex of radius r0 and vorticity w. When subject to perimeter shape disturbances
of the form

r = ro+6exp [i(M8 - <rMt)] (2.2)

where 6 4C VQ and M is integral, then to 0(6), the wave crests move with angular velocity

MJW . ( 2 .3)
In a frame of reference moving with this angular velocity, the tangential velocity distribution for
the mean flow is

LJT

r > r0. (2.5)

In this reference frame the flow is rotational in r > TQ. There is thus an effective critical layer,
where vg = 0, at r = rc, where from (2.5)

/ 1 \

(2.6)

In the rotating frame of reference in which to 0(6)) the wave crests are stationary, stagnation
points would be expected at at r ~ rc, 6 = m6d, m = 1 • • • M on the true irrotational side of
the interface. It is then expected that filamentation would be extrusive in r > r0. If w > 0, the
filaments would be expected to grow in an anticlockwise direction, and at a radial displacement
from r = rQ given from (2.6) by

This formula gives reasonable quantitative agreement with Dritschel's calculations.

Finally, note that if the vorticity were of opposite sign on either side of a plane interface, there
would be two critical layers and double filamentation would then be expected.
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VORTEX FORMATION IN THE WAKE OF A FLAT PLATE

FOR SUBSONIC AND SUPERSONIC FREESTREAM HACH NUMBERS

W. Althaus, W. Limberg, E. Krause

Aerodynamisches Institut RWTH Aachen, W. Germany

I. Introduction

The interaction of a straight oblique shock with a supersonic

turbulent wake of a flat plate was studied experimentally by means of

Laser-Doppler-Anemometry and Mach-Zehnder interferometry.

Investigated were the changes of the time-averaged velocity, the

Reynolds stresses, the turbulence intensity across the shock and

instantaneous density profiles. After completion of the experiments

with a smooth plate, the investigation was extended to flows about

flat plates with rough surfaces. The roughening of the surfaces was

achieved by pasting sandpaper on to both sides of the plate. It was

found that a detectable vortex street was formed in the wake in

subsonic and supersonic flow, if the following three conditions are

met: First, the relative roughness had to exceed a certain critical

value, second, the trailing edge had to be sharp, i.e. no rounded

corners, and third, the sandpaper should not extend to the trailing

edge, but should end at a certain distance upstream from it.

In a second series of experiments the shedding frequency was measured

with Laser-Schlieren optics and the density drop in the vortex cores

was evaluated with holographic interferometry in two wind tunnels.

In addition, the time averaged velocity profiles were measured as

before for undisturbed and shock-disturbed flow.

The comparison of the results is discussed in this paper.

Finally, an attempt was made to explain the formation of the vortex

street in terms of absolute and convective instability. In order to do

so, the Raleigh-equation was solved on the basis of time-averaged

velocity profiler, measured in the near wake. First results indicate

that the predicted Strouhal number is in rather close agreement with

the one observed in the corresponding experiment.
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II. Experimental setup and instrumentation

The experimental setup for the investigation of the interaction

between a shock wave and a wake is shown in Fig.l. The flat plate was

pastenend with smooth paper or sandpaper. In the following figures the

distance between the trailing edge and the beginning of the paper is

expressed by the symbol PHK followed by a number between O and 9

indicating the distance in mm.

The densitiy distribution was measured by Mach-Zehnder interferometry,

holographic interferometry and differrential interferometry, whereas

the time-averaged flow quantities, as the velocity, the turbulence

intensity and the Reynolds stresses were measured by a two component

Laser-Doppler-Anemoraeter.

The vortex shedding frequency was determined by Laser-Schlieren optic.

The experiments were carried out in the 15x15 cm2 and the 40x40 cm2

windtunnel of the Institute for subsonic and supersonic Mach numbers.

III. Interaction between a turbulent wake and a shock wave

The experiments were carried out for a freestream Mach number of

Ma=2.2 and a Reynols number of Re<j=7-104 based on the thickness of the

plate. The turbulent wake was generated with a smooth flat plate

{Fig.2). The time-averaged profiles of the velocity, the turbulence

intensity and the Reynolds stress component of the undisturbed

turbulent wake are similar to those in incompressible wakes behind a

circular cylinder. When the flow is disturbed by a shock, the wake

broadens, the minimum velocity decreases and the turbulence intensity

increases with the shock intensity. Also the Reynolds stress grows

strongly due to the shock wave (Fig.3 and /3/)
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IV. Comparison between a turbulent and a vortical wake

In order to study the influence fo the boundary layer characteristics

on the wake the surface of the plate was roughenend. With the

appropriate combination of the distance between the trailing edge and

the beginning of the sandpaper, the relative roughness of the

sandpaper and the shape of the trailing edge a vortex street develops

in the wake. Otherwise a turbulent wake develops.

First the existence of the vortex street for subsonic and supersonic

freestream Mach numbers up to Ma=2.8 was confirmed by means of

differential interferometry. The density distribution of the vortex

street was measured by holographic interferometry. An example for the

density profile is given in Fig.5 for Ma=1.9 for a rough plate with

the beginning of the sandpaper 8 mm upstream from the trailing edge.

The alternating form of a regular vortex street can be seen clearly.

Fig-6 indicates a decrease of the minimum density of the vortex street

as a function of the Mach number.

The most important parameters which influence the formation of the

vortex street are the distance between the beginning of the sandpaper

and the trailing edge and the roughness of the sandpaper. Holographic

interferograms were taken for a flat plate with smooth paper pasted on

to it (GP), with sandpaper of an average roughness of 0.18 mm (S80)

and sandpaper of an average roughness of 0.43 mm (S40). The evaluation

of these interferograms reveals that no vortex street develops in the

wake of the smooth plate. For the flat plate with sandpaper S80 there

was no vortex street for trailing edge distances of 0 and 1 mm. For a

distance of 3, 5, 7, and 9 mm a vortex street had developed. The wake

of the plate with sandpaper S4O shows a vortex street for every

investigated distance except for zero. The location where the vortex

street appears to be fully developed was shifted upstream when the

distance of the paper from the trailing edge was enlarged up to 5 mm.

For greater distances the location remains constant. Fig.7 shows the

dependence of the minimum density on this distance. It is evident that

the wake of the plate with sandpaper S4O and a distance of the paper

from the trailing edge of 5 mm contains the strongest vortices. A

similar but attenuated effect is found with sandpaper S80. Extending

or shortening the distance of the paper from the trailing edge reduces

the strenght of the vortices until the vortex street dimishes. This

means that there are optimum conditions for the formation of a vortex

street in the wake of a plate and indicates a simple possibility of
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controlling the strenght of the vortices.

The effect of the formation of a vortex street on the defect velocity

is seen in Fig.8. It shows a histogram of the minimum velocities in

the wake at 47 and 1O7 sun downstream from the trailing edge. When the

roughness is increased, the minimum velocity decreases for every

distance of the paper from the trailing edge. This means that the loss

of kinetic energy increases with the roughness of the paper.

If the roughness is held constant and the distance of the paper from

the trailing edge is increased, the defect of velocity decreases in

the wakes of the rough plates. This is explained by the stronger

lateral exchange of momentum of a wake with a vortex street compared

to a turbulent wake. Another result is a broadening of the wake which

can be seen clearly in Fig.9. As a conclusion it can be said, that the

stronger the vortices are, the greater becomes the half-width of the

wake.

A decent comparison of the profiles of the mean velocity, the

turbulence intensity and the Reynolds stress between the turbulent and

the vortical wake is shown in Fig.10. As expected, the wake is

broadened and the turbulence intensity as well as the Reynolds stress

are increased by the vortex street.

V. Interaction between a wake containing a vortex street and a shock

wake

As in the case of the turbulent wake, the defect of velocity and the

half-width of the vortical wake disturbed by shock waves of various

strenght is increased with the shock intensity. The same is true for

the turbulence intensity and the Reynolds stress {Fig.11). The

increase of the latter flow quantities is not as strong as the

increase in a turbulent wake disturbed by shocks of variable

intensities (see also /I/ and /2/).
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VI. Calculation of the vortex shedding frequency

With a Laser-Schlieren optic the vortex shedding frequency was

measured as a function of the Mach number. For subsonic Mach numbers

the Strouhal number is nearly constant while for supersonic Mach

numbers the Strouhal number seems to approach the value of an

incompressible cylinder wake (Fig.12). In order to calculate the

vortex shedding frequency, a linear stability analysis of the near

wake profiles at Mach number Ma=0.4 was carried out on the basis of

measured velocity profiles. The basic equations are the two-

dimensional instationary Euler equations. They are simplified by the

parallel flow approximation, linearisation and a plane wave as a

disturbance function. This results in the following disturbance

diffential equation (/3/):

d2p 2 dM(y) dp
[CJ+ M(y)a] [ + p ( [ l d + M{y)a]* - a^l] - a = 0

dy 2 dy dy

where p is the complex disturbance pressure and M(y) is the measured

Mach number profile.

With the boundary conditions-r^-=0 for y at the boundary of the wake

and p(y=O)=O this differential equation defines an eigenvalue problem

for the complex values of L) and a.

Applying the resonance criterion as suggested by W. Koch (/3/), a

bifurcation point of the dispersion relation with the imaginary part

of LJ equal to zero has to be searched. At this bifurcation point which

is associated with a specific frequency, the group velocity of

disturbance wave packets is zero. Physically, the existence of such a

bifurcation point means that there is a transition point between an

absolute and a convective instability. This point acts as a partial

reflector for waves with that specific frequency. The trailing edge of

the plate acts as a second broad-band reflector, so that a strong

self-sustained feedback loop is possible. Fig.13 shows the complex

eigenvalues a, where each a is associated with a real frequency u.

The bifurcation point can be identified as the saddle point in Fig.13

and results in a Strouhal number of Sr=0.112. The corresponding

measured Strouhal number is Sr=0.12, which is only about 6.7 % higher.

If the curve fitting of the measured velocity profiles could be made

more accurate, the difference between the measured and the calculated

Strouhal number might be less.
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As a conclusion it can be said, that the concept of absolute and

convective instability can describe some aspects of the formation of

the vortex street in the wake of a flat plate sufficiently well.

VII. Outlook

The calculations of the Strouhal number will be continued for other

Mach numbers in the subsonic and supersonic range.

Admitting nonlinear terms for the derivation of the disturbance

differential equation would allow to calculate the disturbance

pressure p more realistically and to compare it with measurements.

Further investigation will be conducted to clarify the important role

of the distance of the paper from the trailing edge.
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Fig.2. Interferogram of the turbulent wake
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Fig.4. Xnterferograa of the vortical wake
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COMPRESSIBILITY IN TURBULENCE GENERATION AND MIXING

Jay P. Boris
Laboratory for Computational Physics and Fluid Dynamics
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Washington, D.C. 20375

Abstract

This paper considers some of the physical mechanisms by which fluid compressibility causes the
generation of turbulence and affects turbulent mixing. All fluid velocity fields are composed of
a rotational component, the curl of the velocity, a compressional component, the divergence of
the velocity, and a potential component which is both curl and divergence free. In studying the
physics of compressibility in turbulent mixing, different situations are distinguished by catego-
rizing not only the curl and divergence currently in the flow but also by the existence of other
properties induced by the prior effects of both rotation and compression. In this paper I will use
the term "passive" to describe the integrated effects of prior compressibility which is currently in-
fluencing the flow from "active" compressibility effects stemming from compression or expansion
accelerations occurring dynamically in the system.

These active and passive compressional interactions with rotational flow feed on each other in
a dynamic three-stage cycle where fluid dynamic instabilities cascade through spatial and spectral
scales to create a very complex flow field. These complex flows then distort and stretch physically
meaningful surfaces in the flow such as fuel-oxidizer interfaces or vorticity layers. These convoluted
surfaces in turn enhance molecular diffusion and transport between the separate materials, thus
changing the overall energy balance in the system. This changed energy balance, in turn feeds
back into the fluid dynamic channels of instability, closing the cycle.

In our earlier work involving compressible systems, which is reviewed elsewhere (eg. [1-4]),
these passive and active roles of compressibility were encountered primarily in the context of
reactive flows with turbulence. Combustion, reactive shocks and detonation, as sources of strong
and rapid compressibility effects, naturally are associated with compressible turbulence, empow-
ering such relatively passive expansion-driven phenomena as bouyancy and vortex bursting as well
as the more active, shock-driven situations. This paper considers a somewhat broader class of
compressible mixing and turbulence generation mechanisms including shock-vortex interactions,
expansion generated turbulence and aspects of Rayleigh-Taylor instability.

Keynote Address & Proceedings, International Workshop on Physics of Compressible Turbulent
Mixing, Princeton, NJ, 24-27 October 1988.
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Introduction

Three broad (and loose) classes of flow mechanisms couple together in an interactive cycle to give
a simple conceptual way to view compressible turbulent mixing. The first class of mechanisms
in this dynamic mixing cycle involve the rearrangement of the available energy in the system by
mechanisms other than pure fluid dynamic convection. The mechanisms of interest here depend
on the interaction of a compressible phenomenon with convoluted density or material interfaces
in the fluid or with the rotational flows that bring them about. These mechanisms include shock
and acoustic wave propagation through density and vorticity structures in the flow, the local
introduction of energy into the system by chemical reactions or external deposition. This energy
rearrangement promotes expansion (compression), giving rise to short term accelerations and
long term motions in the flow. The available energy, via the accelerations and their associated
pressure gradients, feeds into a number of possible channels of fluid dynamic instability leading
to turbulence.

The second class of mechanisms concerns these dynamic channels for instability and turbu-
lence. It is useful to view turbulence as beginning in a fluid instability of a laminar macroscopic
flow. The vorticity generated or released in this instability then cascades through additional fluid
dynamic channels, spreading convectively over a broader spatial and spectral range. Thus tur-
bulent mixing can be viewed as a cascade of systems of distinct instabilities [5]. The third class
of mechanisms concerns mixing directly and relate to the contortion of interfacial surfaces in the
flow which originally separate identifiably different phases or components of the fluid. We must
follow and then predict the behavior of these surfaces as they move and stretch. It is here that the
currently popular fractal notions have their greatest applicability. Figure 9, for example, shows
the highly convoluted interface separating two gas species of different mass when the mixing due
to a Rayleigh-Taylor instability has reached a very late stage.

Steady increase of the interfacial surface area enhances molecular mixing and in the case of
reactive flow, speeds reactions. With density gradients at these interfaces in the presence of gravity
or pressure gradients, vorticity will actually be generated as well as rearranged convectively. Since
energy generation and/or rearrangement results from these contorted interfaces, the three-stage
compressible mixing cycle is closed.

This cycle is shown in Figure 1 as specialized to the case of reactive flow turbulence where
the energy feedback into the mixing cycle is particularly immediate. This view of the mixing cycle
is two-dimensional. Using this framework, however, an additional way to characterize the roles
of fluid compressibility is needed. Any fluid velocity field is composed of a rotational component,
expressed mathematically through the curl of the velocity, a compressional component, expressed
as the divergence, and a potential component which is both curl and divergence free. Different
situations should be distinguished by categorizing not only the curl and divergence currently in
the flow but also by the rates of change of these quantities induced by the current presence of or
by prior effects of both rotation and compression on the fluid.

In this paper I will use the term "passive" to differentiate prior flow field compressions or
expansions which are having current effects from "active" compressibility phenomena which are
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occurring dynamically in the system. Figure 2 shows two important examples schematically in
which an existing density gradient interacts with accelerations in the fluid. The first case is
an active compressibility effect in since the density gradient is driven unstable by the adverse
accelerations associated with an expanding region of gas. The second case shown is passive
because the driving acceleration field arises from sources other than the fluid compressibility.

In this taxonomy the phenonemon is highly active when the accelerations associated with
the compressiblity are the mechanism of vorticity generation or energy rearrangement. Such is
the case in the upper panel of Figure 2. When velocities resulting from the integrated effect
of compressibility-related accelerations play a major role, the mechanism is moderately active.
When the main effect of compressibility arises from density gradients in the flow attributable to
time-integrated displacements of the compression- or expansion-induced velocities, the mechanism
will be characterized as passive as in the lower panel of Figure 2.

The characterization of compressibility effects using this active-to-passive scale determines
a third dimension for the turbulent mixing cycle illustrated in Figure 1. This composite char-
acterization of compressibility mechanisms in turbulence generation and mixing is illustrated
schematically as the surface of a cylinder in Figure 3. On this figure a number of mechanisms of
each class are indicated with successive 120 degree rotations in the top, middle and bottom pan-
els. These mechanisms will be discussed further in the paragraphs below. In this taxonomy shock
generation of turbulence is an active role for compression whether it occurs in a beam-heated
channel [6,7] where geometric asymmetries in the heating induce a residual turbulent flow or in
a supersonic shear layer where existing vorticity is moved about [8-10] by shocks.

Existing density gradients, which drive Rayleigh-Taylorand Richmyer-Meshkov modes, exem-
plify passive roles in the sense that the gradients were generated in the past by local compressible
effects such as heating whose related flows have since decayed away. In vorticity generation by
the Raylor-Taylor mechanism, the pressure gradients which drive the baroclinic source term often
arise from pre-existing vortices in the the flow on a larger scale than the passive density gradients
as indicated in Figure 2. In the classical Richtmyer-Meshkov scenario, the role of compression
through the incident shock is highly active, causing the generation of turbulence through the
shock associated accelerations of the fluid. At the same time compression is playing a passive role
through the pre-existing density gradients.

The fact that aspects of both passive and active mechanisms can be present at the same time
in some situations complicates and confuses the taxonomy somewhat. This isn't surprising since
turbulence is a complex and often confusing subject. There are no hard and fast rules for this
categorization but the approach is nevertheless instructive. It is also noteworthy that the passive
mechanisms can often be stronger and more important than the active ones. In Figure 2, for
example, the accelerations associated with a pocket of fuel-ozidizer mixture burning are relatively
weak and short lived though they are classed as active. The persistence of passive accelerations
due to large scale vortices in the flow, even though they may be weaker instantaneously, can often
lead to much larger long-term effects.

In all of these compressible turbulent mixing cases, vorticity can actually be produced away
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from boundaries and boundary layers in flows that are initially irrotational through the inviscid

equation for the evolution of vorticity u:

Du _ ,_, Vp X VP
— - + w V - v = w Vv + — ~ . (1)
Dt pJ

Here v is the fluid velocity, P is the pressure, and p is the mass density. When the pressure

and density gradients are misaligned, the source term on the right hand side of Eq.(l) is nonzero

and generation of vorticity occurs. Direct integration of Eq.(l) in two dimensions with some

simplifying assumptions has yielded useful expressions for the circulation or vortex strength for

each of the phenomena that have been studied [see 7].

Since we are considering a cycle, any of the three classes of compressibility mechanisms could

be used as a starting point for the discussion. Because I plan to finish with a discussion of an

idealized type of Rayleigh-Taylor mixing problem, we will start by considering specific mechanisms

which involve energy transport and rearrangement.

Compressibility, Energy Transport and Rearrangement

Energy can be transported fluid dynamically in two ways, convectively and through waves, both

acoustic and gravitational. It also can be deposited externally or rearranged from internal degrees

of freedom as in combustion or in temperature-controlled phase changes. In deposition of energy

from external sources, the deposition is often determined by the local density and temperature of

the fluid or by other properties which are influenced by the compressibility. Since the subsequent

heating changes then feed back into the density via the compressibility runaway situations are

possible. Cooling or condensation modes are also possible in which the radiated energy from a

region depends on the square of the local density, a slight local reduction in the temperature

causes an increased density in pressure balance situations. This increased density accelerates ra-

diative cooling when the temperature dependence of the radiation efficiency has the proper slope.

Phenomena of this sort are seen in several circumstances on the Sun and in other astrophysical

situations.

Reactive flows such as flames, reactive shocks and detonations, major systems involving

highly active compressiblity effects in turbulence, are reviewed in this volume by Elaine Oran

[8]. In many reactive flow systems the mixing of fuel and oxidizer is a turbulent process. The

subsequent fluid dynamic motions in reactive flows are then energized by the accelerations of

active expansion resulting from chemical energy release. Detonations are complex reacting flows

in which a leading shock is driven through a combustible material by local chemical energy

released by the temperature rise associated with the shock. In the gas phase, detonations leave

behind product gases that are often turbulent and noisy. In detonations compressibility plays a

very active role because the pressures, accelerations, and velocities, more so than the resulting

displacements, are the dominant effect.

A supersonic shear layer is a case where compressibility effects play a very active role in

energy transfer and rearrangement [9-13]. The stability in compressible shear flows is affected by a

number of parameters including the stream densities, their temperatures and their Mach numbers.
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The experimentally determined growth rates seem to correlate well with the convective Mach
number, determined by measuring the speed of the individual streams relative to the convecting
coherent vortex structures.

There are intrinsically nonlinear phenomena as well which dominate the collective behavior
of supersonic shear layers. As a shear layer separating high Mach number flows begins to deform,
for example, growing spannwise vortices begin to stick out of the layer into the supersonic streams
above or below. The embryonic roll generates a bow shock by partially blocking the supersonic
fluid. The increased pressures in this bow shock iron the shear layer flat again, thus interfering
substantially with the shear mixing [13].

The flow physics of vortex bursting is show in Figure 4. This mechanism, identified by
Chomiak in 1977, and discussed recently [14,15], magnifies the already large rotational velocity of
stretched vortex cores substantially. A small radial displacement of the relatively dense rotating
vortex material creates room for a very rapid axial filling of the core by any hot, low density gas
which comes into contact with the core somewhere along its length. A flame ignited at one point of
a combustible vortex ring, for example, will engulf the entire ring one to two orders of magnitude
faster by vortex bursting than by simple laminar propagation of the flame. Thus in vortex
bursting, compressibility effects generate velocities which are greatly magnified by interaction
with vortices, leading to rather rapid flows compared to what either the divergence or the curl
component of the flow would cause by itself.

Bouyant convection in a highly stratified medium such as the Sun, where the density of a
rising plume drops by about six orders of magnitude, is a passive ramification of compressibility.
The density changes resulting from integrated expansion-based displacements are the major con-
tributor to the changing energy situation. The entire temperature structure of the Sun, however,
is controlled by this convection which transports orders of magnitude more heat out of the core
than could be accomplished by thermal conduction or radiation transport [16,17]. The strongly
time-dependent compressible flows are found to be highly asymmetric. There appear to be con-
centrated plumes and sheets of downflow with broader, weaker upflowing regions. Furthermore,
coherence is seen in simulations over a number of scale heights. This situation is another prime
example of the great importance "passive" compressibility effects can have.

Finally, shock-vortex interactions are an example where the passage of a shock can actually
be considered a passive phenomenon. Here compression of the vortex coupled with conservation
of angular momentum determines the configuration after the shock has passed. Though most
previous attention has been focussed on perturbations of the passing shock, the vorticity pattern
left in fact undergoes a larger transformation as discussed elsewhere in this volume, see eg.
[18]. This resulting vorticity distortion depends on the resulting shock displacements and overall
compression more than on the accelerations or velocities as long as the passage of the shock is
fast compared to the velocities in the vortex.

Compressiblity, Fluid Dynamic Channels and Instabilities

Compressibility mechanisms affect a number of fluid dynamic instabilities in the linear regime
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as well as the nonlinear and these effects range from destabilization of otherwise stable flows
through partial or complete stabilization of otherwise highly unstable flows [19-20]. An appeal-
ing argument, often used, is that the incompressible limit is maximally unstable because the
energy available to the instability goes entirely into the unstable modes without any fraction
be sidetracked into compressing the fluid [22]. This argument is not entirely correct because
compressibility also allows fluid perturbations which are mathematically prohibited in the rather
singular incompressible limit. Thus, for example, the usual incompressible modes will actually be
slightly stabilized while the acoustic modes, essentially absent in any incompressible treatment,
may be unstable.

In boundary layers of high speed flows the presence of acoustic waves actually destabilizes the
boundary layer faster than would otherwise occur [23]. Compressibility in these circumstances
is usually thought of in terms of acoustics. An acoustic boundary layer, as well as a viscous
boundary layer exists. In addition, new flow phenomena [24,25 and references therein] appear in
the bulk of the fluid when acoustic phenomena and convective flow occur simultaneously. These
include refraction phenomena of the sound waves and flow turning phenomena. There is, for
example, a mechanism called Richardson's annular effect which describes an interaction between
the mean and acoustic flow fields inside the acoustic boundary layer and which results in a mean
flow velocity at the edge of the acoustic boundary layer.

In Rayleigh-Taylor instability driven by laser ablation [26,27] thermal energy deposited in
the plasma by the laser conducts thermally through a low density plasma to the material surface
where it heats cold target material very rapidly. The result is a high pressure region accelerating
the cold dense material in one direction and accelerating the hot, ablated, "blowoff" material in
the other direction. In the accelerating frame of reference of the solid or near solid target, the
acceleration appears as an external gravity and the low density blowoff plasma appears to be
supporting the heavier material in a Rayliegh-Taylor unstable configuration.

This situation is shown in Figure 5 where the laser beam enters the fluid region from below
and the effective gravity is downward. The two solid wavy lines across the figure mark the 0.1
times solid and the 0.8 times solid contours of the dense target material. The upper part of the
figure is essentially solid target material in which essentially no vorticity has been generated. The
positive and negative regions of vorticity are shown as solid and dashed contours in the ablation
region between the two wavy lines and in the blowoff plasma being driven out of the system to
the bottom of the figure toward the incident laser beam.

This laser-driven configuration deviates from the classical Rayleigh-Taylor situation because
of the rapid fluid expansion in the ablation layer where vorticity is being generated by misaligned
pressure and density gradients. The velocity of the expanding gas drags the instability-generated
vorticity away from the unstable solid-gas interface, as can be seen in Figure 5. This flow
reduces the growth rates of the modes appreciably and thus the tendency of a thin shell of target
material to fragment. The multimode and late-time nonlinear evolution of this dynamic system
are considered in some detail by Emery and Gardner elsewhere in this volume [27].

The last example of continuum fluid instability interactions involving compressibility and
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rotational flow to be considered in this section are the acoustic-vortex interactions. Small acous-
tically-driven displacements of a thin vortex layer provide seed perturbations on which the usual
Kelvin-Hehnholtz instability and its compressible counterparts [19-21] can build. These mecha-
nisms are generally passive in the sense that compressiblity acts principally through the integrated
positional displacements of the thin shear layer arising at a corner or splitter plate. They can
be important both for the initial linear growth and rollup of a shear layer and for the regular
nonlinear reinitiation of coherent vortex structures in open systems. These mechanisms appear
even stronger in driven systems where a particular frequency acoustic mode is imposed [30,31].

Kailasanath et al. [32] discuss these acoustic-vortex interaction mechanisms elsewhere in this
volume. A choked dump combustor configuration with a rearward facing step and cold flow
is used for a number of these studies [31,33] because it closely resembles a reasonable ramjet
configuration and yet is simple enough for careful numerical and experimental analysis. Complex
but quite regular vortex shedding and merging patterns often appear at a subharmonic frequency
near the center of the range of basic shedding frequencies of the rearward facing step which is
present in a ramjet to hold the flame. The complicated subharmonic patterns are controlled by
quarter wave modes of the relatively narrow inlet pipe.

The acoustic frequencies of the chamber appear to be most important in low Mach number
flow, probably because the chamber acoustic modes do not match the vortex shedding frequencies
well when the flow velocities are high. However, even in the higher Mach number flows, acoustic
effects become important once several mergings of the basic vortex shedding bring the characteris-
tic frequencies closer together. It is significant and interesting that acoustic compressibility effects
can be most important at low Mach number when a superficial look at the problem suggests that
the importance of compressibility should diminish.

Compressibility Effects in Interface Dynamics

In the previous section instability mechanisms occuring in the bulk of the flow and in constant
entropy regions were considered. The existence of interfaces in the fluid between different types
or phases of material or simply regions of different temperature and density provide another class
of mechanisms where compressibility and turbulence can interact. Figure 6 shows schematically
why interfaces are so important to reacting flows. The turbulent interpenetration of two materials
greatly increases the area of the interface and it stretches the flow, steepening gradients of species
concentrations in many regions. Both of these effects tend to increase the rate of molecular
diffusion of the two materials into each other. This increases the rate of chemical reactions and
feeds back into the energy transport and rearrangement portion of the three-stage compressible
turbulent mixing cycle.

The generation of vorticity at convoluted interfaces is of particular interest because it provides
a way that strong turbulence can feed on previous mixing in the flow actually generating additional
turbulence in place. In incompressible constant-density turbulence, the vorticity arises only at
boundaries and in boundary layers and has to be convected into the bulk of the flow. It can be
rearranged in these incompressible cases but new vorticity is not as easily generated.
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Several categories of compressible vorticity-generation by shocks and compressibility-related
expansions can be identified:
(1) irregular reflections of shock waves from surfaces or nonlinear interactions among shocks,
(2) gas expansion into or shock wave propagation through a region of nonuniform mass density,
e.g. shock-bubble interactions and Richtmyer-Meshkov modes, and
(3) expansion of an irregular volume of gas, produced for example by asymmetric energy deposition
in a gas.

Mechanisms in category 1 and the highly active shock generation of turbulence via Richtmyer-
Meshkov planar interfaces in category 2 are considered elsewhere in this volume and will not be
considered in detail here. The Richtmyer-Meshkov generation of turbulence occurs in a very short
interval as the driving shock passes through the nearly planar interface. It is hardly compressible
during most of its subsequent evolution but the presence of strong density gradients means that
the remnants of compressibility are always present. In this sense these three categories of vorticity
generation must be viewed as simultaneously active and passive in our taxonomy.

An important example of vorticity (turbulence) generation which has received much attention
lately is the propagation of shocks through a slow laminar flame [36] or through light and heavy
bubbles in an ambient gas. The passage of the external diffracted shock and the internal refracted
shock over and through the bubble produces residual vorticity at the interface of the bubble. The
vorticity then rolls into a vortex ring, inducing a jet of ambient gas along the bubble axis. The
simulations and theory [38] have agreed closely with recent experiments by Haas and Sturtevant
[37].

Expansion-driven turbulence generation mechanisms of the third type are classed as mod-
erately active because the strength of the coherent vortex structures which result depend on
characteristic expansion velocities. As shown by Picone and Boris [6,7 and references therein],
the vorticity evolution equation specialized to two dimensions can be integrated in a Lagrangian
frame of reference. It is usually found that the velocities and hence displacements associated with
the vorticity being generated are quite small compared to the shock- or expansion-related veloc-
ities driving the system. Thus the calculation of the strength of vortex pairs generated by the
baroclinic source term on the right side of Eq. (1) can proceed with reasonable accuracy ignoring
the accumulating rotation during the vortici'.y generation process. This means that the path of
fluid particles, their acceleration from rest, their deceleration back to rest, and their asymptotic
displacement (in the absence of the rotational component of the flow) can be approximated quite
accurately.

Integration of Eq. (1) under these assumptions gives the following expression for the strength
of the vortices generated (usually in pairs):

K = U\R(T) - R(0)} \n[Poo/Po) f. (2)

Here U is a characteristic velocity of expansion to pressure equilibrium, R(T) and J?(0) are the
final and initial characteristic scale sizes of the expanding region, />«, is the ambient unexpanded
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density, po is the relatively low density left at the center of the expanded channel, and the form
factor f, between zero and unity, is related to the asymmetry of the energy deposition.

Problems to which this theory applies include turbulent cooling of lightning, laser, and lab-
oratory discharge channels in a gas, shock-flame interactions, and shock propagation through
inhomogeneous, compressible fluids. Reference 7 shows examples of experiments and numeri-
cal simulations of this mechanism. Subsequent experiments confirm the predictions of Eq. (2)
in a wide variety of circumstances when numerical experiments are performed to evaluate the
geometric form factor and characteristic velocity appearing.

A Rayleigh-Taylor Problem and the Numerical Model

Strong bouyancy driven convection, as described above and the nonlinear evolution of the Ray-
leigh-Taylor instability are examples of turbulent mixing involving passive compressibility effects
if we assume that the driving density variations arise as the integrated result of compression
or expansion effects. The existing density gradients "originally" embedded in the flow interact
baroclinicaliy with pressure gradients, whatever their source, to generate and rearrange vorticity.
The very late time interpenetration of two compressible fluids of different density is the last
example we will consider, discussing some new calculations incorporating a rather novel approach
to the late-time Rayleigh-Taylor problem. Since the nonlinear stage of the R-T problem is
usually viewed as an intrinsically unsteady situation, the study of an R-T problem, no matter
how idealized, which has a dynamical steady state, " extremely interesting.

To limit the computational scope of the problei doubly periodic geometry is attractive but
the problem definition requires some manipulation to remove the secular pressure gradient which
characterizes the equilibrium configuration of a heavy fluid unstably supported by a light fluid.
This average pressure gradient can be removed by studying a problem which has no net force. The
two fluids are accelerated in opposite directions with two different "gravitational" forces which
are inversely proportional to the mass density. This could be be viewed as two oppositely charged
fluids in an electrostatic field or as the usual Rayleigh-Taylor problem in an accelerated frame
of reference. By ensuring that the total force on the system is zero, she net momentum of the
system is constant for all time and can be taken as zero though the two fluids are being pulled
through each other and will have a nonzero net interpenetration drift.

The fluids can be expected to reach this terminal interpenetration velocity when their average
rate of extraction of energy from the opposed "gravities" equals the dissipation of flow kinetic
energy into heat due to viscous heating at small scales.

Four scalar ideal gasdynamic equations are solved for conservation of mass, two components
of momentum and energy. Two additional fluid equations,

0 (3)

0, ,4)
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axe solved for the advective transport of the two distinct species number density fractions,
/i(x, y, t) = TII/(ri2 + ni) and f2(x, y. t) = »2/(«z + ^i )• /i and /2 clearly sum to unity and are
advected without the compression term. The overall mass density, p(x, y, t), is denned by

(5)

where

n(x, y, t) = m (x, y, t) + n2(x, y, t). (6)

A series of simulations of this problem have been performed using Flux-Corrected Transport
algorithms [39] on the LCP&Fd's parallel processing Graphical and Array Processing System in a
doubly periodic square domain. FCT algorithms are conservative and monotone with fourth-order
phase accuracy. During a convective transport timestep, FCT first modifies the linear properties
of a high-order algorithm by adding diffusion. This prevents dispersive ripples from arising, and
it ensures that all conserved quantities remain monotonic and positive. Then FCT subtracts out
the added diffusion unless nonphysical oscillations in the computed solution would reappear. This
antidiffusive step is necessary to maintaining the sharp gradients between the two fluids in the
calculations shown below and it maintains a high order of accuracy while enforcing positivity and
monotonicity.

Results of the Simulations

Several cases have been run varying the density ratio between the two fluids, the strength of the
opposed accelerations acting on the two fluids, and the system size. Figure 7 shows the spatially
averaged upward velocity of the light fluid, Vy

avg - the solid line, and the root mean square
vertical velocity, Vy

rn" - the dashed line, as a function of time. In fchis case the light density
averages 1 kg/m3 with the heavier density averaging 10 kg/m3. The lighter fluid feels an upward
acceleration of G\ = 105m/s2; the heavier fluid is accelerated downward with Gi = 104m/s2.
The system size for this calculation was 100 x 100 cells of size 1 cm by 1 cm.

The horizontal solid line marks the light fluid vertical drift of 20.0 m/s averaged over the
30,000 timesteps of this simulation. Significant fluctuations in the system averaged vertical drift
are observed with short periods when the lighter fluid actually moves downward on average
throughout the system. The accelerations are ten thousand and one thousand times the normal
acceleration of gravity, enough to accelerate the heavier fluid to a velocity of three or four times the
speed of sound and the light fluid much faster. Nevertheless, the Kelvin-Helmholtz interactions
between the oppositely moving fluids keeps the interpenetration drift velocity orders of magnitude
smaller.

The light fluid velocity does show large excursions about the average drift, typically with an
rms speed of 100 to 150 m/s. Thus transient local flows with Mach number over 0.3-0.5 are not
uncommon. This means that the average interpenetration drift of the two fluids is much smaller
than the speed at which most of the fluid is mo-ing. Strong vortices and shear flows occur on all
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scales in this problem but the mixing of the two fluids is correspondingly fine grained so almost
as much light fluid is moving downward as upward at any time. Shear of the two fluids at an
interface tends to mix the two fluids in a coarse-grained way, as shown in Figure 8 for three
different system sizes. This tendency to mix on finer and finer scales is counterbalanced by a
tendency for like fluids to coagulate under the influence of the opposed accelerations. One forcing
factor in this coagulation is the radial pressure and density gradients in a strong vortex which
tend to spin the heavier fluid out. Thus coherent vortex structures tend to drift in the direction
of the lighter fluid.

When the gravity and the density ratio are varied, the resulting situation is very similar.
The mass ratio was varied in three runs using values 2:1, 10:1 and 50:1 with the lower density
held fixed at 1.0 kg/m3. The system size was taken as 100 x 100 cells and d = 104 m/s2. The
corresponding interpenetration drifts, averaged over 30,000 timesteps, are 5.2 m/s, 7.8 m/s, and
10.7 m/s. A set of three 100 x 100 runs were performed using a species mass ratio of 10 : 1
with the acceleration of the light fluid taking the values 104 m/s2, 3 x 104 m/s, and 105 m/s2.
The corresponding light fluid drift velocities, 11 m/s, 14 m/s, and 20 m/s, roughly support a
square root scaling of the interpenetration drift with gravitational acceleration. Another series
of three runs, with the species mass ratio of 1 : 2 and with corresponding accelerations fixed at
104 m/s2 and - 5 x 103 m/s2, were performed with system sizes of 100 x 100 cells, 200 x 200
cells, and 400 x 400 cells. The corresponding drift velocities were 5.2 m/s, 8 m/s and 12 m/s,
also supporting a square root scaling of interpenetration drift speed with system size.

This approximate square root scaling cannot be viewed as surprizing since the only charac-
teristic velocity which can be constructed out of the one spatial scale in the problem, the system
size, and the acceleration is

Vcfc.r = (GiI. l r . )
1 / 2 (7)

What is surprizing is that the velocity actually calculated from this expression for the 400 x
400 cell case mentioned above, Vchar = (104 x 4)1/2 = 200 m/s, is a factor of twenty larger than
actually measured from the simulations.

This disparity can only be explained by the near uniform coarse-grained mixing indicated
above and is well illustrated in the heavy species number density plots of Figure 8. The overall
macroscopic interaction seems to involve slightlv denser mixtures moving in one direction with
slightly less dense mixtures drifting the other way. The density imbalance results in a much
smaller effective differential acceleration which reduces the interpenetration drift appreciably.
The Atwood number, A = (p2 — p\ )/{p2 — Pi), is the wrong non-dimensional number to describe
this effect. Since the two fluids are accelerated separately, the effect still exists even when the
Atwood number is zero.

Figure 9 shows vertical fluid velocity color encoded with green-yellow-orange hues indicating
downward velocities and the blue—magenta-red hues indicating upward velocities on the figure.
The saturated green (and blue) regions show a velocity in excess of 80 m/s. This flow field cor-
responds to the density distribution of Figure S. In these figures, the direction of the opposed
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accelerations are such that the denser fluid 2 is actually pulled upward. As can be seen, there are
relatively extensive regions of up and down flowing fluid within which very detailed density struc-
ture is evident. Further, the characteristic scales lengths and general character of the structures
is similar in the three cases even though the system size varies greatly in the three cases shown.

Further work on this problem will be aimed at developing a model to explain these slow
relative drifts quantitatively.

Summary

A number of mechanisms involving the interaction of compressibility and rotational flows includ-
ing turbulence have been discussed. A framework for organizing this discussion was built out of
the obvious cycle of energization, fluid dynamic instability, and evolution of convoluted material
interfaces. This cycle characterizes each stage of the cascade of energy which occurs in turbulence
and in turbulent mixing. The effects of compressibility on the three stages of the cycle were cat-
egorized on a more or less continuous scale ranging from "active" effects where the accelerations
associated with the compression or expansion of the fluid are of paramount importance to "pas-
sive" effects which depend primarily on the integrated compression or expansion displacements
and resulting density gradients in the fluid.

While useful, this taxonomy is hardly rigorous. Some problems of how to categorize a given
phenomenon clearly arose above. Since the velocity is an integral of the acceleration and the
displacement is an integral of the velocity, where on the scale from passive to active a given
mechanism lies sometimes depends on what timescale is used to measure the process. In other
cases, for example when both active shock accelerations and passive density gradients interact as
in the Richtmyer-Meshkov instability, the characterization again depends on the point of view.

What is most interesting is the diversity of phenomena involved. In some cases the predom-
inant compressibility mechanisms are destabilizing, again as in the Richtmyer-Meshkov instabil-
ity or in a supersonic boundary layer. In others, i.e. the free supersonic shear layer or in laser
ablation, compressibility can significantly reduce the growth of otherwise highly unstable fluid
dynamic modes. It becomes clear, however, that compressibility, even in rather low Mach number
flows usually plays a surprizing important role. Extremely low amplitude acoustics can dominate
vortex shedding in important simple cases. In flames the pressure is also essentially constant and
yet multidimensional propagation and extinction of flames depends critically on compressibility.
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THREE INTERACTIVE ASPECTS OF
REACTIVE FLOW MIXING

HYDRODYNAMIC
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Figure 1. The three cyclic aspects of reactive flow turbulence, the classic model for compressibility
effects in turbulence and mixing.
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ROLES OF COMPRESSIBILITY IN MIXING

& GENERATION OF TURBULENCE

Active

reactions and heat release

circulating flow from vorticity

Passive

graditnt

Figure 2. The active and passive roles of compressibility in mixing and in the generation of turbulence.
A passive density gradient interacts unstably with expansion driven (active) accelerations
and with rotationally-induced (passive) accelerations.

152
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GENERATION OF TURBULENCE
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Figure 3. A schematic characterization of compressibility in mixing and the generation of turbulence
is shown as a combination of the information in Figs. 2 and 3.
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Figure 4. A schematic diagram of vortex bursting as enabled by compressibility in the flow. The
azimuthal flow kinetic energy in the tight vortex core is converted to a rapid axial flow of
low density material when expansion occurs near the vortex core.
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Figure 5. In the ablative Rayleigh-Taylor instability, here driven by a laser beam from below, the
convection of vorticity away from the ablation layer by the strong expansion significantly
reduces the Rayleigh-Taylor growth rate.
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ABSTRACT

Effects of density and velocity variations between two streams of an unconfined, spatially-develop-
ing shear layer are studied by numerical solutions of the time-dependent Euler equations using
a second-order Godunov scheme. The inviscid calculations duplicate quite well the major flow
features that have been observed in the experiments of Brown and Roshko and of Oster and
Wygnanski. These include the visual spreading rates and the mean-flow velocity and density
profiles. This study suggests then that the mean-flow evolution is dominated by two-dimensional,
inviscid effects.

INTRODUCTION

This paper presents results of numerical simulations of unconfined, unsteady, spatially developing,
two-dimensional shear layer with large density variations between the two streams. This work is
motivated by the experimental studies of Brown and Roshko [1] who showed clearly the effects
of density on the rate of growth of large-scale vortex structures which are the intrinsic features
of a turbulent shear layer. There have been many recent numerical studies of turbulent shear
layers [2-4]. However, these efforts were mainly devoted to the computation of the development
and evolution of those vortex structures in a constant-ambient-density environment. The present
paper is an extension of our previous work [5,6] to study specifically the effects of large density
variations between the two streams and to provide quantitative comparisons with the experimental
data.

FORMULATION

The governing equations used are the unsteady, inviscid conservation laws of gasdynamics.
In contrast with the vortex methods [2,3], there is no large-Mach-number limit with this approach
and the baroclinic generation of vorticity is automatically included. Numerical results were
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obtained by means of an explicit second-order Godunov scheme [7] that gives nondiffusive solu-
tions for gasdynamics. Hence, this approach represents a large-Reynolds-number approximation
to the flow. This numerical scheme has produced accurate solutions to a variety of blast wave
reflection problems [8] and constant-ambient-density shear layer problems [5,6].

The computational grid consisted of 500 fine cells in the streamwise (x) direction and 80 fine cells
in the transverse (y) direction across the shear layer (Ax = Ay = 1); a few coarse zones were
used above, below and to the right (downstream) of the fine mesh to cover a large computational
domain of 8800 by 3000. Typically, 10,000 to 20,000 time steps were run in one calculation so
that reliable quantitative statistics can be obtained from the computed unsteady results. Tracer
particles introduced into the flow field from the origin were tracked to follow the distortion of the
interface. A typical calculation was run for about 10 hours on the LANL CRAY XMP computer.
The initial shear layer was represented on the computational grid by Tanh(y) velocity and density
profiles:

[1 + ATanh(y)](U] + Ua)/2

P(y) = [1 + XPTanh(y)](Pl + p2)/2

where the shear layer parameters are:

A = ( U , - U a ) / ( U i + U 2 ) (3)

r = U2/Ui (4)

+ Pi) (5)

Note that these profiles have the proper asymptotes (Ui,/>i at y = oo and U2, P2 at y = —00).

The left-hand boundary of the grid was then driven by these same profiles with sinusoidal per-
turbations on the streamwise velocity only (and no pressure perturbations). Their frequencies
corresponded to the frequency of maximum amplification rate (according to linear stability the-
ory) and its first nine subharmonics. The maximum perturbation amplitude was one percent. A
more complete description of this calculational approach may be found in [9].

RESULTS AND DISCUSSION

The shear layer parameters for the three cases presented in this study are listed in Table 1.
Case 1 corresponds to the high velocity helium flow over a low velocity nitrogen flow as studied
by Brown and Roshko [l], where the dynamic pressures of the two streams are equal; case 2 uses
the same velocity profile but inverts the density profile. Case 3 corresponds to a constant density
shear layer studied by Oster and Wygnanski [10].
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TABLE 1. Calculational Matrix

CASE

1 — Brown & Roshko (1)

2 — Brown & Roshko [11

3 — Oster & Wygnanski [10]

X

0.451

0.451

0.250

r

0.378

0.378

0.600

xp

-0.75

0.75

0

The calculated material interface plots are shown in Figures l(a), (c) and (e). For comparison, the
shadowgraphs of the helium-nitrogen interface recorded during the experiment [1] are presented
in Figures l(b) and l(d). Similarities between the calculated and experimental interface are
remarkable. The shape and wavelength of these large-scale vortex structures are quite similar.
Comparing Figures l(a), (c) and (e), we see graphically the effect of density on the rate of growth
of large-scale vortex structures.

In Figure 2, the calculated visual spreading rates 6'vis are compared with the experimental data
given in Figure 7 of Brown and Roshko [1]. We have also included in Figure 2 the results based
on our earlier calculations [5] at A = 1 for Xp = 0. The bars over the calculated results represent
the variation in the visual spreading rate over time. The calculated results and the experimental
data are seen to be in good agreement.

Monitoring stations located at three constant x locations were used to store the flow field time
histories. These were then integrated in time to establish the mean shear layer profiles. The mean
velocity and density profiles are depicted in Figures 3, 4 and 5. The three stations for each case
are compared by means of the scaling variable

VSL = - x0)

where xo denotes the effective origin of the breakdown of the shear layer (xo = 25, -42, 25 for
cases 1, 2 and 3, respectively). As can be seen from these figures, the profiles seem to collapse
reasonably well with this scaling.

The shaded regions in these figures denote the mean profiles as measured by Brown and Roshko
(Figures 13(b) and (c) of [1]) and Oster and Wygnanski (Figure 6(d) of [10]). The calculated
density and velocity profiles are seen to agree well with the measured profiles.

We have also computed r.m.s. time averages about the mean values. The peak values of the
fluctuating quantities are given in Table 2. The present peak u'and shear stress values for case 3
are quite close to the experimental data of Oster and Wygnanski [10], but the peak v' value is
about two times larger than the data because of our two-dimensional flow approximation. A
detailed discussion of the r.m.s. profiles will be given in a forthcoming paper [11].
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TABLE 2. Comparison of Peak Fluctuating Quantities
(10-2) at x = 400.

CASE

1

2

3

data (10]

u'/U-i

14.5

14.3

8.6

7.2

v'/U-i

18.8

17.1

11.2

6.1

w' /U 1

5.8

-u'v'/Ui2

0.69

0.57

0.24

0.21

P'">mnx

35

32

0.2

CONCLUSIONS

The present inviscid calculations seem to capture the major How features that have been observed
in experiments. These include the formation and growth of vortex structures, the visual spreading
rates and the mean-flow velocity find density profiles. Therefore, this study suggests that the
mean-flow evolution of unstable shear layers is dominated by inviscid effects. The principal
limitation of the present calculations is the two-dimensional flow approximation.
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of rotational structures: (a) and (b) Case 1;
(c) and (d) Case 2; (e) Case 3. Photographs
(b) and (d) courtesy of Brown and Roshko (1974).
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APPLICATION OF A TWO-EQUATION TURBULENCE MIX MODELt
W.P. Crowley

Lawrence Livermore National Laboratory

Introduction

A mass averaged k-epsilon model was derived by Leith[l,2J
using a moment expansion and appropriate closure models.
Moving the mesh with the mass averaged velocity results in a
Lagrangian model with constant mass in each zone. In this
paper Leith's model is transformed into an "Almost
Lagrangian"[3] model by taking the mesh velocity to be the
ensemble averaged fluid velocity. Here the mass in each
zone may change with time. The resulting 1-D model is used
to simulate the Smits and Muck[4] supersonic wind tunnel
experiment in which pre-existing turbulence is amplified by
a shock wave. From the model results we deduce a simplified
k-E model that is applicable to the Smits and Muck (S&M)
experiment. In the analytic solution for the simplified
model we find the shock thickness to be increased by a
factor of 105; behind the shock the turbulent energy decays
as f l .

Leith introduces an ensemble average <f> and a mass average
{f} where the mass average is defined by

<pf> =

Each average has its own associated fluctuations defined by
f = <f> + f" = {f} + f

For velocity, the component averages are related by
{uj.} = <ui> + <p"ui">/<p>

and the eddy mass flux is defined to be
mi = <p"ui">

He derives the following equations in an Eulerian coordinate
system:

iWork performed under the auspices of the U.S. Department of Energy by the
Lawrence Liver-more National Laboratory under Contract No. W-7405-ENG-48.
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vT 3p
mk = -—

CTmdxk

(iT=pvT=CMpk It

Here p is mass density, p is fluid pressure, e is specific
internal energy, h is specific enthalpy, k is specific
turbulent energy, and e is the dissipation rate of specific
turbulent energy. In one dimension the Reynolds stress
tensor becomes

Consider a conservation law in an Eulerian coordinate system
where e represents some intensive quantity, say internal
energy [ergs/gm]:

3pe 3peuk _

3t
We transform to a coordinate system moving with velocity
and the conservation law becomes

8pe [ 9pe(uk-Sk)

St

or
^ ( u k k ) ^
8t 3xk

where
8 x _ s

—— — ^
St

sk is arbitrary and, if we choose sk to be {uk}, then the
mass in a zone is constant and the eddy mass flux, mk, must
be chosen accordingly. To eliminate the constraint on mk we
let

sk = <uk>
and then

uk - sk = {uk} ~ <uk> = mk/p = nk

Under this choice of mesh velocity the mass in a zone can
change with time, and in ID, the preferred equations are
then:

Mass flux due to turbulent diffusion

diffusion velocity

momentum
5{uj} 3(uil>

5t 9xk 9xi
mesh velocity = fluid velocity - diffusion velocity
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<uk> = [ujcj - n i
mesh kinematics

^ = <uk>
6t

1SV _ d<ui>
V8 t ~^~

mass
Sp .
5t dxk 3xk

specific internal energy

turbulent kinetic energy

turbulent dissipation rate

The epsilon equation is "derived" from the k-equation by
multiplying the k-equation by e/k, forgetting the rules of
algebra and introducing three constants that may be adjusted
to fit experimental data. We also have introduced an
artificial viscosity[5].

^ M ) 2 ifAu<0

In this section we compare results from the model with
results from the wind tunnel experiments. The "2-D"
experimental, setup is rotated into a 1-D configuration
normal to the shock as suggested in Appendix A. The
simulations are done with this k-e model embedded in a 1-D
Lagrangian hydrodynamics code which is based on the
artificial viscosity method of Richtmyer and von Neumann[5]
To compare with the laboratory data we trade laboratory
distance for {shock speed)x(time).

Figure 1 shows S&M data for three wedges. Figure 2 shows
the turbulent energy, k, in a "zone" of the fluid as a
function of time for different initial conditions for the
test problem based on the 16° wedge (Appendix A). Figure 1
shows only the streamwise component of turbulent energy and
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the model calculates the total turbulent energy so there is
some ambiguity here on comparing the increase of k across
the shock. We can, however, compare the full-width, half-
max (FWHM) value of each curve and compare these values.
For S&M, FWHM -12.5 cm, and this translates into 4xlCT4

seconds.

The baseline problem has an initial turbulent energy of
1.82e7 ergs/gm (about 1% of the initial internal energy) and
an initial value for e of 4.55elO ergs/gm/sec. Ueing an
experimental setup similar to that used by S&M, Settles,
Fitzpatrick and Bogdonoff[6] estimate the incoming boundary
layer to be 2.3 cm thick. Using this value for a length
scale, and the above value for k, we compute e to be 3.4elO
ergs/gm/sec.

Figure 2 shows the evolution of k for different initial
values of k and e. We conclude that there are values of ko
and eo within a factor of four that allow us to match model
results with experimental results.

Figure 3 shows the relative importance of the different
components of energy in zone 109. The matter energy is
greater than the mean kinetic energy which is greater than
the turbulent energy. The turbulent pressure is always an
order of magnitude less than the matter pressure.

In Figure 4 we plot the time integral of various terms in
the k-equation vs time in zone 109. We see that the dominant
terms are the work term (curve E) and the dissipation term
(curve C). This.reduces the complexity of the model and
suggests that an analytic solution may be possible in this
situation. It also leads to questions about the sensitivity
of the model to the coefficient of the work term, C16, in
the e-equation

Rapid Distortion Theory suggests that C16 = 2. Figure 5
shows k and e vs time in zone 109 for C16 = 1, 2 and 4.
From k and e are derived a time scale, k/e and a length
scale, kl-5/e and these quantities are plotted vs time in
Figs. 6 and 7.

Figure 6 shows the time-scale vs time. If we think-of k/e
as the age of the turbulence, then we expect the passage of
a shock to create new (young) turbulence. Figure 6 thus
suggests that a value for C16 greater than 1 is called for.

Figure 7 shows the turbulent length-scale. The rapid
passage of a shock cannot create new, large-scale turbulence
immediately. In fact, the shock probably creates new,
small-scale turbulence and compresses the existing
turbulence by the compression ratio of the shock. For the
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16° wedge, the normal compression is 2.1, and Figure 7
suggests that a choice of 2 for C16 is not unreasonable.

Figure 8 shows k and e vs time in zone 109 for the 16° wedge
(dashed line) and for the 8° wedge (solid line) . For these
model parameters, we see no growth in the 8° wedge case
which seems to agree with experiment.
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Figure 9 shows k, P T and Q T VS time in zone 109 for the 16
wedge (PT and QT have both been multiplied by 100). We see
that the process of turbulent energy generation is initiated
by an almost delta-function QT-

From the numerical solutions we see that the dominant terms
are turbulent work, dissipation, and the time derivative.
Ignoring other terms, the equations become

%

and the ratio produces an homogeneous equation of degree 3.
We change variables, k = tE and obtain

de =
e -a)t2-(B-p)x3

This equation is integrated to give

e(x)
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where

For coiranonly used model constants (Ci = 0.125, C5 = 1.833,
C13 =0.7, C16 = 2) the three exponents evaluate to
E2 = -2.2, E3 = -0.1, E4 = -1.6 and for large x, we thus
expect to find e ~ T~2 and k ~ T"1

The equation for de/e is singular and we examine the
behavior in this region. Setting the denominator to zero
and substituting, we have

4CiCi3«nc= 1 ±

For the above model constants, this results in

1 ± 1.369
Xc~ 0.35oo

In a shock, co (=du/dr )< 0 and so (OTc ~1 and xc thus
corresponds to the time scale of the shock. Estimating ©
from the experiment, fo.: the 16 wedge,

(3.14 - 1.49)xlO» ; f f l r A u . (3-14-
O.lxlO2 ~ AT O.SxlO"2

which gives a time scale between 6.6xlO~6 and 33xlO~6 sec,
which is less than the FWHM of 4xlO~4 sec observed by S&M
but it is much greater than the time scale associated with a
classical nonturbulent shock. The collisional mean-free-
path in air is about 10"^ m and if the shock speed is 300
m/s, the characteristic classical shock time is about 3xlO~
10 sec. Thus the simplified model predicts a broadening of
the shock wave due to turbulence by a factor of 10$ or more.

Thanks, and happy anniversary, Chuck.

For the 16° we take y = 1.22 and a shock angle, o = 33.0°.
From these we have a normal Mach number Min = 1.55, p2 =
2.107pi, p2 = 2.539pi. S&M provide upstream conditions of
stagnation pressure = 6.9xlO^N/m2 = 6.9atm, Mach number =
2.85, reference velocity - Vi = 576m/s. These conditions
and gamma provide pi = 1.174atm, pi = 3.45e-3 and
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314m/s.For the shocked gas, p2 = 2.9808atm, p2 = 7.269e-
3g/cc and V2n = 149m/s.

To simulate this situation on a Lagrangian code, we subtract
Vin from all velocities so that the shock is moving into
quiet turbulent gas. With u = V - Vin / we have ui = 0, U2
= -165, and the shock speed is S = p2U2/(P2~Pl) = 314.

The 8° wedge has a somewhat ambiguous shock angle. We
somewhat arbitrarily choose Min =1.1 which then gives a
shock angle of 22.7°'. For EOS purposes, we choose 7 = 1.22.
The upstream conditions are: pi = 1.174atm, pi = 3.45e-
3g/cc and Vin = 222m/s. The jump conditions are: p2 =
1.185pi, p2 = 1.231pi. For the shocked gas, p2 = 1.445atm,
p2 = 4.088e-3 and V2n = 187. Subtracting, U2 = V2n - Vin =
-34.6, and we have a shock velocity'of 222m/s.

[1] Leith, C. E.,1988: personal notes.
[2] Leith, C. E.,1986: "Two-Equation Turbulent Mix
Model", .UCRL 96036.
[3] Crowley, B.K.,1967: "An 'Almost-Lagrangian1 gasdynamic
calculation for pipe flows with mass entrainment", J. Comp.
Physics. 7, 61-86
[4] Smits, A.J., and K.-C. Muck, 1987: "Experimental study
of three shock wave/turbulent boundary layer interactions",
J. Fluid Mech.f 182, 291-314.
[5] Von Neumann, J. and R. D. Richtmyer, 1957: "A Method
for the Numerical Calculation of Hydrodynamic Shocks", i_
Appl. Phys.. 21, 232
[6] Settles, G.S., T.J. Fitzpatrick and S.M. Bogdonoff,
1979: "Detailed Study of Attached and Separated Compression
Corner Flowfields in High Reynolds Number Supersonic Flow",
AIAA J., 17, 579-585.
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A Numerical Study of Inviscid, Supersonic Mixing Layers"

Scott Eberhordt,1 James J. Riley,' Moeyo Soetrisno,* and Jeffrey A. Greenough*
University of Washington, Seattle, Washington

Abstract

The purpose of this research is to understand the physical processes associated with turbulent mixing in supersonic

shear layers. Specifically, the evolution of instabilities in two and three-dimensional, confined and unconfined,

temporal shear layers are studied. Both linear stability theory and direct numerical simulation are used. For

the two-dimensional, supersonic, confined layer, two distinct modes of instability are found, a symmetric and an

asymmetric mode. In both cases the instability grows nonlinearly with large amplitude disturbances that never roll

up like the classical Kelvin-Helmholt* instability. Another mode of instability is found for the confined, transonic

layer where a higher mode is excited from a nonlinear interaction of the walls with the fundamental mode. The most

unstable modes for the three-dimensional layer at supersonic relative Mach numbers is purely three-dimensional, i.e.

oblique to the flow direction.

Introduction

Efficient supersonic mixing is a key requirement in the development of supersonic combustion r.-.mjets (Scramjets).

To date, very little is understood about supersonic mixing except that supersonic flows are more stable than their

subsonic counterparts. Only by understanding these flows can we expect to devise techniques to enhance the mixing in

a supersonic mixing layer. In this study, an attempt is made to understand the behavior of two and three-dimensional

supersonic shear layers.

Subsonic shear layers have been the focus of attention for many years. In 1974 a fundamental break-through was

made when Brown and Roshko[l] discovered that the layer is partially composed of discrete, quasi-two-dimensional,

i.rganized structures. These structures are large and roll up in a coherent manner. Winant and Browand[2], also in

1974, showed that the growth of the layer is governed by the pairing mechanism of these structures.

What little that is known about supersonic shear layers has been learned in the last few years, particularly

regarding the relationship of Mach number to growth. Brown and Roshko[l] showed that slower growth of supersonic

mixing layers is not due to density effects alone, a departure from previous theories. Papamoschou and Roshko[3]

introduced a "convective" Mach number, obtained by treating braids as stagnation points in the transverse flow,

and found that compressibility effects dominate only above convective Mach numbers of about one. This result is

at first startling since it implies that only the relative Mach number of the two layers determines the growth rate.

However, if one does a Galilean transformation to follow the vortex structures at their average speed the relationship

to convective Mach number makes more sense.

In the case of the confined mixing layer no experimental studies have been performed to correlate confinement

with shear-layer growth. On the theoretical side, Tam and Wu[4] recently reported on the linear stability of confined,

'This research » supported by the Office of Naval Research under Contract No. N00014-87-K-0174
'Assistant Professor, Department of Aeronautics and Astronautics.
'Professor, Department of Mechanical Engineering.
'Graduate Research Assistant, Department of Aeronautics and Astronautics.
^Graduate Research Assistant, Department of Applied Mathematics
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three-dimensional, spatially developing shear layers. His conclusions are that in a confined layer reflected Mach waves

can interact such that perturbation growth is reinforced. An interpretation of this is that pressure fluctuations can

be brought out of phase with the disturbance, as is natural in subsonic flows, if the reflected pressure waves are out

of phase. This interesting result is also found in this study and is reported in Greenough, et al.[5].

The Galilean transformation into a moving frame of reference can be a convenient tool. Then, the time history

of a single structure can be traced from its creation (see fig. 1). If one simplifies further and assumes the structure

is periodic, i.e. it exists in equal magnitude ahead and behind, then the problem reverts to that of a temporally

growing shear layer. The temporal shear layer is much simpler to study since boundary conditions are simplified and

computational requirements are reduced significantly. In this study the two and three-dimensional temporal shear

layers are studied in both subsonic and supersonic flows.

Linear stability analysis for the two-dimensional, unbounded in viscid, compressible, vortex sheet has been studied

by Landau[6], Hatanaka[7], and Pai[8]. All three arrived at the important result that, for identical streams of fluid,

the layer would remain stable above a relative Mach number of %/s. Note that this Mach number is the Mach number

difference across the layer, which implies that the streams have a Mach number of ±\/2- This is in contrast to the

convective Mach number which, for identical gases in both streams, is one-half of the relative Mach number. Miles[9]

confirmed the result and, by solving the eigenvalue problem, found that below M = \ / f there is at most one unstable

mode. Extensions to continuous velocity profiles have been made by Bluir>en[10], Blumen et al.[ll], and Drazin et

al.[12]. The three papers introduce three modes of instability, the first corresponding to Miies result. A second

instability appears which is actually a pair of modes with equal and opposite signed phase speeds. This instability,

however, is an order-of-magnitude smaller than the first. The paper by Drazin et al. identifies yet a third instability

which provides a complicated picture of stability of the unbounded mixing layer. The important result, however, is

that for any Mach number there exists unstable modes, although their growth rates may be extremely small.

Linear stability analysis and direct simulations of the Euler equations are both used to investigate compressibility

effects on shear layers. The stability analysis is used as a guide to the types of instabilities possible, their initial

characteristics, etc., to provide comparisons for initial linear growth rates and to provide appropriate eigenfunctions

for starting the nonlinear, numerical simulations of the confined layers. The direct numerical simulations give the

nonlinear development after the initial linear growth. The simulations are performed for both the bounded and the

unbounded case.

Discussion

The numerical simulations make use of the two or three-dimensional, non-steady Euler equations governing the

motion of inviscid, non heat-conducting gases. The two-dimensional Euler equations in cartesian coordinates are

written

~dt + ~§x + ~dy ~ °

where,
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where, e is the internal energy per unit mass, t 'a the total energy per unit volume and the pressure p is determined

from the Equation of State

In three-dimensions a 2-component is added to the fluxes and a fifth, z-momentum, equation is added.

The equations are normalised, as in Soetrisno et al.[13], for simplification and lead to new variables defined by

u = — v = — p =

Coo c oo

where M is the Mach number difference between the two stream, c is the sonic velocity and $ is here taken to be

the momentum thickness of the initial mixing layer, u is the averaged streamwise velocity. Since the two streams

are identical gases, the ( ) a o values can be taken from either stream. Hereafter the superscript (*) is dropped, and

all variables used are assumed to be nondimensionalized variables.

Numerical Method

Studies of the large scale structure evolution in free-shear flows require a robust scheme with minimal diffusion. The

Euler equations are cast in conservation taw form so that any shock waves and contact surfaces are captured as part

of the solution without special treatment. This work follows that of Scetrisno et al.[13] where the Yee, Warming

and Harten[14] second-order, total variation diminishing (TVD) algorithm is used. The scheme is total variation

diminishing in the nonlinear scalar and constant coefficient system cases, consistent with entropy inequality, and

consistent with conservation laws. Since it is TVD, the algorithm guarantees not to generate spurious oscillations.

The only difference between this work and Soetrisno et. al.[13] is that a Cartesian form of the algorithm is used

in this study. An explicit scheme is chosen to resolve the time evolution of the large scales in turbulent flow fields.

A CFL number of 0.2 is used to insure numerical stability and to resolve the time evolution. The Yee, Warming

and Harten scheme is second-order accurate in space and second-order accuracy for the time integration is obtained

using a second-order Runge-Kutta method.

Note that during the course of the study comparisons have been made with spectral numerical calculations for

shock-free Rows and the results were nearly identical. Also, grid refinement studies for the temporal shear layer

showed consistent results for grid resolutions 64 x 64 or greater. Comparisons of linear growth rates predicted from

the simulations agree within a few percent to the linear stability analysis also adding to our confidence. Higher-order

schemes are being studied to ensure that diffusion and dispersion are minimized, although we do not think that these

factors have significant bearing on this particular study.

One reason for retaining the second-order TVD algorithm over the others we have tried is its efficiency. By solving

the two-dimensional Euler equations in cartesian coordinates, rather than generalised coordinates, the memoty

requirement is reduced to 8 pieces of data and 297 calculations per grid point. Larger simulations are possible on

our limited computational resources by using this efficient algorithm.
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The mean flow for the two-dimensional simulations is initialised with the following properties,

p = l ; p = - i « = 0

where 8 is the initial momentum thickness. The stagnation energy per unit volume, e, is calculated from p, p and u.

No three-dimensional simulations have been completed to date.

The initial perturbation functions used for the confined layer are obtained from the linear stability solutions. The

following section outlines the linear stability theory which is used to predict initial growth rates and to determine

the correct, unstable, perturbation function. In general, the most unstable eigenfunction solution of the Rayleigh

equation, together with the first subharmonic of this mode, are superimposed on the mean velocity profiL.

Linear Stability Analysis

The linear stability analysis applied to the bounded, temporal layer is discussed in a paper by Greenough et at.[5].

Briefly, the continuous profile problem is solved for flow in a channel. The fluid is assumed to be inviscid, non heat-

conducting, and adiabatic. The equations solved are thus the Euler equations given above except that the equation

of state and energy are replaced by the isentropic relation

p
— = constant.

The uniform flow conditions are perturbed and substituted into the governing equations. Linearizing these equations

and assuming a normal mode formulation gives a system representing a nonlinear eigenvalue problem. The eigenvalue

is the complex phase speed, ck = cT + tc;. The problem is solved with a fourth-order Runge-Kutta shooting method

coupled with a Newton-Raphson iteration. This procedure gives the flow field perturbations for both the two and

three-dimensional simulations.

Perturbations for the two-dimensional, unbounded layer are of the form

t£ = AlUf (y)cos[k(x+0)] + A2u. (y)cos (jkxj (1)

where 2ir/k is the wavelength of the fundamental mode, 6 is is the phase shift between the fundamental and subhar-

monic modes, u/ and u, are chosen as the most unstable eigenfnnctions for the given wavenumber and normalited to

a maximum value of 1. A2 and A3 are the amplitudes of oscillation of the harmonics. These are chosen so Vttat the

disurbance is 1% of the mean flow energy for the numerical simulations when used to compare with the linear analysis

and is 10% when the simulations are used to explore the nonlinear behavior. The fundamental mode wavelength, the

wavenumber, k, and the amplitudes are given as solutions to the eigenvalue problem for the stability theory. The

wave number chosen can be the one found by the eigenvalue problem for fastest intial growth, or any other wave

number (e.g. 1) of interest.

2D Results - Unbounded

Numerous numerical simulations of the unbounded shear layer have been performed. Much of this work was recently

presented in a paper by Soetrisno et al.[13]. Figure 2 shows the predicted growth rate of the unbounded shear layer

as a function of relative Mach number for a fixed wavelength. As predicted by Miles[9] the layer is stable above a

relative Mach number of Vs. Figure 3 is a contour plot of ipanwise vorticity after pairing for a M = 0.5 layer. The

behavior of the vortices is essentially the same as for the incompressible, unbounded layer.

186



The higher Mach number cases, however, show quite different results. Soetrisno performed calculations for many

relative Mach numbers and found that, as the relative Mach number increases, the vortices become more elongated

along the streamwi&e axis. Figure 4 shows the vorticity contours for a simulation at a relative Mach number of 2.25.

The layer evenually rolls up but at a much slower rate than the lower Mach numbers. In Soetrisno's calculations the

growth stops for layers with relative Mach numbers of about \/8 and above.

2D Results - Bounded

The two-dimensional, bounded shear layer has introduced several interesting features not found in the unbounded

case. In particular, additional unstable modes appear with relative Mach numbers above about 2. We call these

modes "wall modes" and they have also been identified in a paper by Tarn and Wu[4] for the three-dimensional

spatially developing shear layer.

AH the calculations presented in this paper on the two-dimensional, confined shear layer ha.* a channel half-width

20 times the initial momentum thickness, i.e. 2d/6 = 40. Only symmetric channels, where the channel half-width

above and below are equal, are presented here. (Results for asymmetric channels can be found in Greenough et al.[S])

The growth rates as a function of relative Mach number, with streamwise wavenumber k = 1, are shown in fig.

5. The most striking result is the additional peaks above a relative Mach number of 2. The series of peaks represent

a reinforcing Mach wave system created by the initial perturbation. These Mach waves reflect off the walls and then

interact with the perturbation to produce an instability.

Each of the peaks can be characterized as being either symmetric or asymmetric disturbances, where symmetry

pertains to the magnitude of the pressure eigenfuction about the flow centerline. Also it should be noted that

symmetry implies a zero real phase speed, i.e. there is no oscillation in time associated with the exponential linear

growth. The asymmetric modes, therefore, travel in time since they have non zero real phase speed. With k = 1

fixed, both symmetric and asymmetric modes exist as alternating peaks beginning with the symmetric modes at the

lowest Mach number. For symmetric channels, if only the most unstable disturbances for each Mach number are

considered, the symmetric perturbations are the important ones. But, for a fixed wavenumber, k, there are some

Mach numbers where the Mach wave system travels in order to give instability.

The direct numerical simulations have been performed on a variety of cases. However only three Mach numbers

are considered here. Each case is for k = 1 and the predicted growth rates are shown on fig. 5. The first simulation

is for a relative Mach number 1.5. We call this a transonic convective Mach number cue. The transonic convective

Mach number occurs whea each stream is subsonic but is acccierated to supersonic speeds as the layer rolls up.

Figure 6 shows the calculation daring the nonlinear growth period. The layer is excited with only the fundamental

mode, k = 1, yet a triplet of vortices begins to grow quickly. Spectral analysis shows thai the three mode (k = 3)

has been highly excited. This is a nonlinear self-excitation of the three mode and may provide interesting avenues

of further study. These vortices ultimately aglomerate and the fundamental mode dominates. Clearly, there is an

atypical energy cascade, with respect to incompressible temporal mixing layers, in that energy is seen to flow to

small scales and then back to large scales. Note that since each stream is initially subsonic we believe the roll up is

Kelvin-Helmholtz in nature instead of a wall-mode that relies on a system of Mach waves.

The cases for supersonic conrective Mach numbers illustrate the physical significance of both symmetric and

asymmetric disturbance wall modes. Figure 7 is a Mach 2.9 numerical simulation of an asymmeltic mode and fig. 8

is a Mach 4.975 simulation of a symmetric mode. The basic evolution of the two types of modes is the same except

that the asymmetric mode has a standing wave character in addition to the growth. The initial layer is seen to

develop into a sawtooth-like pattern which ultimately fills the channel. There is no roll up behavior that we can
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detect. Since the streams are supersonic shock waves form due to the flow deviation. In the Mach 4.975 case, these

shock waves start obliquely and then become stronger as the layer grows. Eventually they become normal shocks at

which time they dramatically pinch the layer which then proceeds to grow quickly 180° out or phase. At this time

we are still unsure of why this unusual situation occurs.

3D Results

Linear stability analysis and direct simulations have also been performed for three-dimensional shear layers. There is

significant doubt in the community that the large scale structures in a three-dimensional compressible •shear layer are

two-dimensional as in the incompressible counterpart. However, a Squire's theorem analogy for compressible flows

can be made which says that any three-dimensional instability can be obtained from a two-dimensional problem at

a reduced Mach number. The details of this analogy and its consequences are given in Greenough et al.(5j. The

theorem says that an instability in three-dimensional flow oriented at angle 9 in wave space from the streamwise,

k, direction can be solved as a corresponding two-dimensional problem at Mach number Mcosd. Or, conversely,

the two-dimensional problem can be solved and applied to any three-dimensional lield by computing 8 and using an

inverse transformation. This result can be conveniently used when solving the three-dimensional eigenvalue problem.

The results that illustrate and justify this approach will now be discussed.

Figure 9 is a contour plot of growth rates in k, I wavenumber space at Mach 0.5 for a bounded shear layer, where

k is the sireamwise wave number and I is the spanwise wave number. In this figure it is clear that the maximum

growth rate occurs on the k axis which signifies that the primary instability is two-dimensional in nature. Thus we

find that the compressible, but subsonic, case is similar to the incompressible case in how it transitions to turbulence.

Figure 10 is a contour plot for the Mach 1.5 confined, temporal layer. The peak has moved off of the k axis.

This means that the primary instability leading to growth in a three-dimensional, supersonic shear layer is truely

three-dimensional in nature. The peak, in (act, moves off of the k axis when the relative Mach number first becomes

supersonic. This instability has the characteristics of a Kelvin-Helmholts instability.

Lastly, fig. 11 shows yet a higher Mach number, well above the unbounded, two-dimensional limit of \/E. This

result at M = 2.975 shows that the maximum growth rate has moved significantly off the k axis. The fastest growing

disturbance is now very oblique to the main, streamwise direction. The interesting feature to note in this plot are

the regions of xero growth and the additional, local maximum* at higher wave numbers in k. These correspond

to the wall modes shown in the two-dimensional analysis. These wall modes have growth rates that are smaller in

magnitude yet still of the same order as the fastest growing disturbances, which ate Kelvin-Helmholti at oblique

angles. Therefore, in the three-dimensional layei wall modes should be explored since they might have interesting

consequences.

Conclusions

Many new ideas and new presentations of old ideas have been presented in this papei. First, in the two-dimensional

mixing layer some interesting, unexpected results are found. The trar.sonic simulation shows self-excitation of the

third harmonic and atypical energy tranfer. The "wall-mode*," also found by Tarn and Wu[4], have tome fascinating

features when they become nonlinear. The instabilities grow to fill the channel width but never give any indication

that they will roll up. The "wall-modes" are either asymmetric, which give* c snq iero phase speed, or symmetric,

which gives sero phase speed for certain modes (e.g. k = 1) but are always symmetric wh«n k = kmax, i.e. the wave

number for maximum growth is used. In all cases the nonlinear simulations reproduce the linear tesults exactly but
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develop the more inteiesting featuies during the nonlinear growth petiod.

The three-dimensional, linear stability analysis demonstrates that the primary instabilities are indeed three-

dimensional for supersonic shear layers. These primary instabilities are of the Kelvin-Helmholtz type. In addition,

the "wall-modes" appear as both two and three-dimensional instabilities.

The results shown in this paper are only a few of the cases run at the University of Washington. These specific

cases are the most interesting and/or show the most typical characteristic: ~f the problems tested. Numerical

solutions of three-dimensional shear layers are important for studying the non. r growth of a layer after its initial

linear growth.
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Fig. 1. Relationship of spatial and temporal shear layers.

Mach Number

Fig. 2. Growth rate verses Mach number for
unbounded vortex sheet.

Fig. 3. Vorticity contours for relative Mach num-
ber 0.5 at T = 22.5 for the unbounded tem-
poral shear layer.

Fig. 4. Vorticity contours for relative Mach num-
ber 2.25 at T = 22.5 for the unbounded tem-
poral shear layer.

Mich Number

Fig. 5. Growth rate verses Mach number for a.
symmetric channel with j = 40.
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Fig. 6. Vorticity contours of bounded layer at M = 1.5 showing "three-mode" instability.

Fig. 7. Vorticity contours of bounded iayer at M = 2.9 showing the growth of an asymmetric wall mode.

Fig. 8. Vorticity contoars of bounded layer at M = 4.975 showing the growth of a symmetric wall mode
just as the shock waves pinch the layer.
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Fig. 9. Growth rate contours in it - I space at
relative Mach number 0.5.

Fig. 10. Growth rate contours in k - I space at
relative Mach number 1.5.

Fig. 11. Growth rate contours in k — / space at
relative Mach number 2.975.
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SIMULATION OF SHOCK AND VORTEX INTERACTIONS

Janet L. Ellzey* and Elaine S. Oran
Laboratory for Computational Physics and Fluid Dynamics

Naval Research Laboratory
Washington, D.C. 20375

I. Introduction

Previous experimental and theoretical studies have shown that unstable subsonic shear
layers evolve into a pattern of large-scale vortices which engulf fluid as they rotate in the flow
field. In many cases, these large vortices break down even further due to conditions in the
flow that allow new instabilities to develop. This convective mixing process is particularly
important in combustors in which ignition of the premixed gases depends upon adequate
mixing of the hot and cold fluids. In supersonic mixing layers, the structure of the shear layer
can resemble what we see in subsonic mixing layers if the relative Mach number between the
two layers is subsonic. However, the presence of shock waves may have a significant effect on
the vortices and on the large-scale mixing process.

Both experimental and numerical studies on the effect of a shock on the mixing process
have been conducted previously. Andronov et al. (1,2) measured the turbulent mixing zone
between two gases of different density and showed that the width of the mixing zone increases
rapidly after the passage of a shock. Numerical simulations of a shock passing over a single
low-density bubble (3) show that vorticity is generated at the boundary of the bubble and
rolls up into a vortex filament pair. This agrees with experimental observations of a shock
wave interacting with a flame (4) and with a gas inhomogeneity (5). Passot and Pouquet
simulated a shock passing through a turbulent field and suggest that the individual vortices
may be flattened by the shocks, vortices may be formed behind the shock, or vortices may be
formed in strong colliding shocks (6).

In this paper, we present numerical simulations of a single element of the mixing process:
the interactions between a shock and a single vortex representative of those found in mixing
layers. The effects on two vortices of different strengths will be examined.

II. Numerical Model and Method

M. + V.(pVV) = -VP (2)

* Berkeley Research Associates, Springfield, VA
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= -VPV (3)

These equations are solved assuming that the gases obey the thermal equation of state,

P = nkT (5)

and that the relation between internal energy, e, and pressure, P, is given by

This set of equations is rewritten in terms of finite-difference approximations on an Eu-

lerian mesh. The solution to the convection of conserved quantities is obtained with the

Flux-Corrected Transport (FCT) algorithm which is an explicit, finite-difference algorithm

with fourth-order phase accuracy. FCT has been used extensively in supersonic flows, and has

shown excellent agreement with theory and experiment (7).

The geometry for the simulations is shown at the top of Figure 1. The inflow conditions

on the left are determined from the normal shock relations. The top, bottom, and right

boundaries are reflecting. In each simulation, the shock propagates from the left boundary to

the right and then reflects off the wall. The shock Mach number is 1.5 and the pressure ratio

across the shock is 2.45. The fluid velocity behind the shock is 236 m/s.

A vortex is initialized on the left side of the computational domain. The velocity field

consists of two regions: an inner region where the velocity is described by solid body rotation

of the form

and an outer region where the velocity decays to zero according to

v(r) = Ar + j . (8)

where vmax is the maximum velocity, occuring at r = r j , and equals 10 m/s or 236 m/s for

the two cases presented in this paper. Constants A and B are chosen such that the velocity

matches that determined by equation 7 at r = r\ and decays to zero at r = r%. The inner

radius, ri, equals 0.75 cm and the outer radius, r2, equals 1.75 cm. Test runs with different

inner and outer radii did not reveal qualitatively different behavior.

III. Results

Weak Vortex

Figure 1 shows a sequence of pressure and vorticity distributions for a shock with a

pressure ratio of 2.45 passing over a vortex with vmax = 10 m/s. The shock is not visibly

deformed by the interaction at * = 0.06 ms, but the vorticity is significantly redistributed.
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The maximum vorticity has increased by a factor about 2.5 from its initial value at t = 0 to
its value immediately after the shock interaction at t = 0.06 The vortex is compressed into an
ellipse and is convecfced with the flow behind the shock until t — 0.26 m/s. The shock reflects
off the right wall and passes over the vortex again at t = 0.29 ms, bringing the background
flow velocity to zero and increasing the maximum vorticity by about 30%. The vortex then
continues to rotate by stopes moving across the system.

Figure 2a shows vv along the centerline of the domain. Initially, at the centerline vx = 0
and vy = vmax. At i = 0.06 ms the shock is passing over the vortex and increases the
maximum velocity to approximately 1.5 times vmax. The line connecting vmax with — vmax

remains straight during and after the shock passes indicating that the core is behaving as a
rotating solid body with v proportional to r, but the inner radius has been decreased due
to the compression of the vortex. The maximum velocity decays after the shock has passed
and is approximately 1.2 times its original value. Figure 2b is the same as Figure 3a except
that more time steps have been plotted. This clearly shows the initial amplification of the
maximum velocity at t = 0.06 ms. Between 0.09 ms and 0.26 ms, the vortex is convected with
the flow but the maximum velocity and the shape of the profile does not change. At t = 0.29
ms, the reflected shock passes over the vortex a second time and the maximum (negative)
velocity increases by a factor of 1.3 but rapidly decays.

Very Strong Vortex

The final simulation shows the interaction of a shock with a very strong vortex. In this
case, the maximum rotational velocity of the vortex is equal to the velocity behind the shock.
The pressure contours in Figure 3 show that the shock front is extremely distorted as it
passes over the vortex at t = 0.06 ms. The vortex is rotating in a counter-clockwise direction,
and the local velocity is decreased which retards the shock propagation on the upper half of
the vortex. The pressure difference across the shock increases in this region; and the shock
velocity increases due to the change in local conditions, returning the shock to a nearly planar
front at t = 0.15 ms. The reverse process occurs on the lower half of the vortex, where the
shock is initially accelerated. Comparison with the first simulation indicates that the shock
velocity has not been significantly affected by the interaction. The reflected shock is distorted
somewhat when it passes over the vortex.

The maximum vorticity increases again by a factor of approximately 2.5 after the shock
passes the vortex at t = 0.09 ms. The vortex is compressed into an ellipse and rotates about
its axis until the shock passes it again at t = 0.26 ms where there is another 60% increase in
maximum vorticity.

Figure 4 shows vy along the centerline of the domain for several timesteps during the
simulation. At t = 0.06 ms, the maximum velocity has increased by a factor of 1.2 which
is less than that observed for the weak vortex. The maximum velocity decays rapidly and
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then starts increasing again at t = 0.15 ms, but this is due to the rotation of the "elliptical"
vortex. The velocity through the central core is linear with r, as for solid body rotation, but
the velocity does not decrease as rapidly at t = 0.15 n?.s because the major axis of the ellipse
is now aligned with the centerline and the fluid further from the center is moving faster.

IV. Conclusions

Our major conclusions are:

1. A shock passing through a vortex increases the rotation rate of the vortex and affects the
weaker vortex more than the stronger vortex.

2. Either a strong or a weak vortex is compressed into an ellipse which then rotates about
its central axis.

3. The shock front itself is not distorted by a weak vortex and is only temporarily distorted
by a very strong vortex.
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Figure 1. Contours of pressure difference, (p — patm)/Patm, and vorticity (1/s) for several
time steps with vmax = lOm/s (continued on next page).
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time = .21 ms

Figure 1. (continued)
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Figure 2a. vy/vmax along centerline of domain for vmax = 10 m/s at t = 0.0, 0.06, 0.15
ms.
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Figure 2b. vy/vmax along centerline of domain for vmax = 10 m/s at several time steps.
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Figure 3. Contours of pressure difference, (p-patm)/Patm, and vorticity (1/s) for several
time steps with vmax = 236 m/s (continued on next page).
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Figure 4. vyjvmax along centerline of domain for vmax = 236 m/s at several time steps.
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ABSTRACT

Numerical solutions of the unsteady inviscid, two-dimensional vorticity and
mass conservation equations for an incompressible density-stratified flow in a
Lagrangian, grid-free form are used to investigate the effects of vorticity
generation due to baroclinicity on the development of the Kelvin-Helmholtz {K-H)
instability beyond the linear range. Continuous, although sharply-decaying, density
stratification is considered, and large overall density ratios are assumed.
Solutions are also obtained for the corresponding linear stability problem and are
used to complement the numerical solution within the initial stages of the
instability.

Results show that the generation of baroclinic vorticity due to the
acceleration of fluid elements in a non-uniform density field imparts certain
asymmetry on the structures that develop due to the K-H instability. This asymmetry
is associated with the convective motion of the structure in the direction of the
heavy fluid but towards the light fluid, and causes a bias in the composition of the
fluid within the structure towards the light fluid.

; I. INTRODUCTION

Density-stratified flows are of utmost importance fundamentally and in
practical applications. Fundamentally, the presence of a density gradient in an
otherwise incompressible flow is the first deviation from the incompressible,
uniform-density limit. In this paper, we study the effect of density stratification
on the growth of the Kelvin-Helmholtz instability in which the vorticity layer and
the density gradient layer initially coincide and are of the same thickness. This
flow is a good, while not perfect, model of a mixing layer, defined as a shear layer
which exists between two streams of different fluids. For the purpose of studying
these flows, we have developed a numerical scheme based on vortex methods to compute
the generation and transport of vorticity and of a scalar, in this case the density,
in the inviscid limit. The algorithm used to compute the transport of scalars is a
grid-free Lagrangian method constructed on the basis of the relationship between the
distortion of the flow map and the gradients of a passive scalar.
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We also present comparisons with the corresponding linear stability theory for
small amplitude perturbations to: (1) provide preliminary information on the
possible effects of baroclinic vorticity generation on the flows of interest; and,
(2) obtain a rigorous check on the accuracy of the numerical methods by comparing
their results on the growth of the perturbations to those obtained analytically.
The accuracy of the results during the non-linear stages can only be ascertained by
using numerical convergence criteria, i.e., refining the numerical parameters until
the results are shown to be independent of the choice of these parameters.
Experimental results are also used to validate the results of the numerical
computations.

II. FORMULATION AND NUMERICAL SCHEMES

II.I. GOVERNING EQUATIONS
The appropriate form of the governing equations when vortex methods are

considered is the vorticity transport form. For an incompressible, inviscid,
density-stratified flow in two dimensions, the governing equations can be written in
the following form:

uw(x) - / K(x-x') w(x') dx' (3)

where a - du/dt is the material acceleration, u - (u,v) is the velocity, u and v are
defined in the x and y directions, respectively, x « (x,y) is the space coordinate,
x and y are the streamwise and cross-stream directions, respectively, d/dt • 8/3t +
u • V is the material, or Lagrangian derivative, V - (8/8x,3/3y)» t is time, to k » V

x u is the vorticity, p is the density, k is the unit vector in the direction normal
2

to the x-y plane, areL K - -l/2nr (-y,x), is the kernel of the Poisson equation,
where r * x + y" .

Equation (1) is derived from the momentum equation: p a - -Vp. This allows the

computation of the source term in the vorticity transport equation without

explicitly computing the pressure. The velocity u is solenoidal, V • u « 0, and

is due to the vorticity distribution within the computational domain. To obtain the

total velocity, u is complemented with another velocity component to satisfy the

boundary condition if the domain is not the free space, i.e., u - u + u , and V • u

- 0 from incompressibility. This model implicitly assumes that the Mach number of

the flow is very small and thus spatial pressure variations and density variations

are uncoupled (see Rehm and Baum [1]).

For the shear layer, the reference velocity is: U «(U.-U,)/2 where U, and U 2

are the free-stream velocity in the high-speed and low-speed sides, and the
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reference length is L « AS/2 where AS is the vorticity thickness. We assume an
infinite domain in the y-direction and apply periodic conditions in the x-direction.
The potential component of the velocity, u , due to these periodic boundaries is
obtained by summing over the sister vortices outside the computational domain.
II.2. THE VORTEX ELEMENT METHOD

In the vortex method for an incompressible, uniform density flow, dô /at « 0,
the vorticity field is discretized into a number of vortex elements of finite and
overlapping cores:

N
<o(x,t) - T I\ fjU-jqfX^t)) (4)

where F. - w.h is the total circulation of an element, N is the total number of
vortex elements, h is the average distance between the centers of neighboring
elements in two principal directions, h • h h , S is the core radius of a vortex
element, and f. « 1/6 f(r/6) is the core function. The importance of the core
function in stabilizing vortex computations was realized, among others, by Chorin
and Bernard [2] and was shown to be necessary for the convergence of the method by
Hald [3] and Beale and Hajda [4].

The accuracy of the discretization depends on: (1) the choice of the core
function f; (2) the initial distribution of the particles that will be used to
transport the vorticity; (3) the method of determining the initial values of values
of «£ or I\, i - 1, 2, ... , N; and, (4) the ratio of S/h. For details on the four
points, see Ghoniem, Heidarinejad and Krishnan [5].

The velocity field of a distribution of vortex elements is given by:

N
u(x,t) - t T. Kx(x-X,(X.,t)) (5)

i = 1 l 6 i .

where
dXi ' u(Jt(X.,t),t) (6)

where K§(x) - K(x) K(r/&), and K(r) - 2n Qf
r f(r') r' dr'.

The generation of strong strain with the growth of perturbations into the non-
linear stages increases the distance between neighboring elements, Sx, beyond the
"target" value of h. To avoid this problem, more elements are introduced in areas
where 6x > |3h where 0 - 1.5, and the circulation of the original elements is locally
redistributed among the newly introduced elements. The redistribution of circulation
is accomplished by dividing the value of h of the original element equally among
the newly generated elements and the original element.

For consistency* arid to satisfy the condition of conservation of vorticity,
dw/dt = 0, the value of 8 should also be adjusted so that the ratio of S/h is
maintained constant in Equation (4). This helps minimize the numerical diffusion
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which may accumulate to unacceptable levels if the area on which the vorticity
exists is allowed to grow beyond its original size.

The numerical scheme is extended to the incompressible, density-stratified flow
by allowing the strength of the vortex elements to change with time according to the
source term in Equation (1). At each time step, and after vortex elements have been
transported by the local velocity field, their strength, r.(t), is updated according
to the following equation:

dr. Vp. .2 ,du. ,.,1

at PA

The material acceleration of an element is computed by numerically differentiating
its velocity between two time steps, and the local value of the density gradient is
computed using the transport element method.
II.3. THE TRANSPORT ELEMENT METHOD

Given that p is a conserved scalar described by Equation (2), the equation
governing the transport of its gradient g « Vp is:

9 = - g • Vu - g x w (8)

showing g changes due to the straining and rotation of the material lines by the
local strain field and vorticity. If the material is exposed to a strong strain in
the direction normal to the gradient, ths value of g must increase by the same
amount as the stretch in the material element. This can be seen by deriving an
equation that governs g - |g|- To do this, Eq. (8) is expanded in terms of g n,
implementing kinematical relations that describe the variations of n - g/g, the unit
normal vector to the iso-scalar line. After some lengthy manipulations (see Ghoniem
et al [6] for details), we get:

5P, 51.(t)
n.(t) (9)^ n .

hi

where h. • 61..fin., and 6p. is the initial density variation across the line 61..
61^ the length of the material element is given by 61j(t) - ^^i+i'Xi-iJ/2 anc* n4*l-
- 0. These relations can be used to construct a scheme which is compatible with the
vortex method to compute the evolution of the density field. The density gradient
field is discretized among a number of elements which are transported along particle
paths while the gradients vary according to equation (9). Thus;

N 2g(x,t) - t g.(t) \T f.(x - Xj(X.,t)) (10)
i-1 x 6 ^ 1

Given the location and strength of the transport elements, the scalar concentration

is computed by direct integration over the fields of the transport elements:
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N 2s(x,t) = I g.(t) h z • VGs(x-x.(X-,t)) (11)
i m l i 6 1 1

2
where VG.(x) « (x,y)/2nr K(r/5). Note that this formulation is fully compatible
with the vortex method since all the information needed to compute the scalar
transport are already a part of the vortex computations, including all the
expressions for the Green functions. For extended derivations, discussions and
validations, see Ghoniem et al. [5,6].

III. NUMERICAL SIMULATION OF THE KELVIN-HELMHOLTZ INSTABILITY

We have run computations for density ratio r » PI/P2 " i' 2, 3, and 4. In all
cases, the high-density fluid is on top, in the fast stream, and the low density
stream is on the bottom, the slow stream. All results were obtained with the shear
layer initially perturbed at a wavelength X- 6.6 AS using a sinewave displacement of
the vortex elements with an amplitude e - 0.01 X. This wavenumber is very close to
the most unstable wavenumbers for all the density ratios considered. The initial
vorticity and density distributions are Gaussians with standard deviation a - AS/2.

The results of the linear analysis for this problem are shown in Figures 1 and
2. The linear growth rate of the shear layer as a function of the wavenumber is
plotted in Figure 1 for different values of r . Figure 2 shows the phase velocity
as a function of wavenumber for the corresponding cases. The symbols shown in the
two figures represent the results of numerical simulations. It is seen that the
maximum growth rate in all the cases is almost independent of the density ratio.
There is a small increase in the wavenumber of the most unstable node with
increasing density ratio. Moreover, perturbations with longer/shorter wavenumbers
than that of the most unstable mode behave differently; they grow faster/slower as
the density ratio increases. In Figure 2, we see that the phase velocity of the
waves increases with density ratio. Thus, Kelvin-Helmholtz waves in a density
stratified flow are dispersive, with longer waves propagating at higher phase
speeds.

Figures 3(a) and 4(a) show the location and velocity of all the transport
elements used in the computations for r - 1 and 3 respectively and figures 3(b) and
4(b) show the corresponding streamlines. The non-dimensional times are t« 5.5, 16.5
and 24.0. The growth of the initial vorticity perturbation leads to the roll-up of
the vorticity layer into a coherent elliptical structure that entrains all the
initial vorticity within the layer and, for r > 1, engulfs the newly generated
vorticity. Contrary to the case of r = 1, the vorticity generated by baroclinicity,
the only extra dynamic process in the density stratified flow, causes a definite
asymmetry in the developing structures, and advances the structure at a finite
velocity in the direction of the high-density stream.

Now we turn our attention to the streamline plots shown in Figures 3(b) and
4(b). A structure resembling a "cat's eye" forms due to the roll-up of the
vorticity into a single coherent structure. The maximum volume of fluid entrained
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into the structure is reached with the maximum growth of the instability, around
time t = 20 for the r » 1 case. Beyond this stage, fluid start to leak out of the
structure ard join the original free streams. The total volume of fluid within the
structure can be estimated by the value of the stream function at the core. The
bounding streamline of the structure is set to zero in all the cases. At t»24, the

values of the streamfunction at the core are 2.96 and 3.26 for r - 1 and 3
p

respectively. This clearly indicates the increase in total volumetric entrainment
into the eddy with increasing density ratio. Also, the beginning of the collapse
stage is delayed for the density stratified eddies. Onus, the vorticity generated
due to acceleration, or inertia effects, results in the formation of a stronger eddy
that can entrain more fluid and survive longer before it collapses and fluid starts
to leak out in the flow direction.

The distribution of vortex elements indicate that more light fluid is being
entrained into the structure than heavy fluid, which is shown by the presence of a
deeper tongue of lighter fluid than that of the heavy fluid. This asymmetric
entrainment has been observed in experiments [7J. We note that all these effects
are dynamic consequences of the generation of vorticity by the baroclinic torque due
to the interaction between the pressure field and the density gradient. Thus, we
plot the contours for the light fluid concentration and the vorticity for the two
cases in Figures 5 and 6 respectively. A clear picture of the asymmetric
entrainment is depicted in the plots of the concentration contours showing how the
motion of the eddy in the direction of the heavy fluid promotes the entrainment of
more light fluid into the core of the eddy.

The vorticity contours reveal that as the eddy grows, a layer of intense
negative vorticity forms on the right side of the X(V2,y,t) point while positive
vorticity is forming on the left side of the same point. The negative vorticity is
constantly being entrained into the core of the eddy while the positive vorticity
forms a "wing" on the top side of the eddy. The positive vorticity concentrated on
the top side of the eddy leads to a net positive velocity component at the center of
the eddy. Notice that the vorticity intensity is increasing in the eddy core and
this helps its coherence beyond the maximum entrainment stage.

In summary, all representations of the flow indicate that: (1) the structure
moves horizontally in the direction of the high density fluid attaining a constant
velocity beyond the linear range. Meanwhile, it moves vertically towards the light
fluid. By inspecting experimental data on a spatially-growing mixing layer,
Dimotakis [7] suggested the following formula for determining the structure
velocity:

Uc - (1 + ru s
1/2 ) / ( 1 + s1/2) (12)

where r and s» 1/r are the velocity ratio and density ratio across the layer,

respectively. This formula can be used to predict the structure velocity in a

temporal frame of reference and the resulting expression is:

Ucfc - 1 - 2 s
1 / 2 / ( 1 + s1/2) (13)
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The convective velocity of the structure in the temporal frame of reference is
plotted as a function of s«l/r in Figure 7 using expression (13). The results of
the numerical simulations are represented by symbols. Dimotakis [7] also obtained
an empirical expression for the volumetric entrainment ratio as a function of the
density ratio and the velocity ratio in a spatial shear layer. This expression is
given as:

E y - s 1 / 2 (1.0 + 0.68 (1 - ru)/(l + ru)) ) (14)

'Ey' is defined as the ratio of volume of fluid entrained from the heavier top
stream to that entrained from the lighter bottom stream. For a temporal shear layer
the velocity ratio, r is close to unity and the above expression is simplified as:

E v - s 1 / 2 (15)
This expression is plotted as a function of s-l/r .in Figure 8. The symbols

represent the entrainment ratio estimated from the numerical simulations at a non-
dimensional time of 24.0. It is observed that the results of the numerical
simulations compare very well with the empirical results of Dimotakis.

The temporal picture of a mixing layer has been shown to be a good
representation of the forced spatially-growing mixing layer, except for the fact
that the latter exhibit one more mechanism of growth asymmetry. This mechanism is
associated with the difference in velocity across the layer which again biases the
growth towards the high speed stream.

IV. CONCLUSIONS

The Vortex-Transport element method has been used to study the development of
the K-H instabiliity in a density stratified shear flow. The results obtained are
validated using the linear theory in the initial stage of the growth of the
perturbation and comparisons with experimental and theoretical work are used to
support the results in the non-linear regime. The generation of vorticity due to
baroclinicity in a density stratified temporal shear layer leads to the asymmetric
development of the large scale structure and simultaneously imparts an extra
convective velocity to the eddy in the direction of the heavier stream. The
entrainment ratio and the convection velocity of the eddy calculated from the
numerical simulations compare well with experimental results. Since the entrainment
ratio is found to be a strong function of the density ratio, the effect of
baroclinicity becomes very important in studying and understanding chemical
reactions occuring in flows dominated by large scale structures. These structures
serve to entrain the reactants and bring them into contact with each other thus
promoting mixing and hence the reaction. Therefore the relative entrainment of the
respective fluids will have an important effect on the reaction.
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GROWTH RflTE VS. WOVE NUMBER

Figure 1. Plot of linear growth rate versus the wavenumber for the K-H instability.
Curves 1, 2, 3 and 4 represent values of r - 1, 2, 3 and 4 respectively- the
symbols represent results of numerical simulation.

PHflSE VELOCITY VS. WflVE NUMBER

Figure 2. Plot of real part of the phas* velocity versus the wavenumber for the K-H
instability. Curves 1, 2 and 3 represent values of r - 2, 3 and 4 respectively. Ihe
symbols are the results of numerical simulation. p
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Figure 3- (a) Transport element location and velocity vectors for the K-H
instability for r - 1 at t-5.5, 16.5 and 24.0 respectively, (b) the streamline
plots correspondifig to the case in (a).

212



LJ ™
O

j- o

I

0.0 6.6

X-OISTflNCE
13.2

(b)

Figure 4. (a) Transport element location and velocity vectors for r - 3 at t- 5
16.5 and 24.0 respectively, (b) the streamlines corresponding to the Case in (a).
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Figure 5. (a) The light fluid concentration (or normalised temperature) contours for
r « 1 at t- 5.5, 16.5 and 24.0. (b) the corresponding vorticity contours.
P
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Figure 6. (a) Hie light fluid concentration contours for r - 3 at t- 5.5, 16.5 and
24.0 (b) the corresponding vorticity contours (the d&shed contours represent
positive vorticity and the continuous contours the negative vorticity).
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EDDY VELOCITY VS. DENSITY RflTIO

o.o 0.2 0.4 0.6
DENSITY RflTIO

Figure 7. Plot of eddy convective velocity versus s- 1/r . The symbols represent
results of numerical simulation. p

ENTRflJNMENT RflTIO VS. DENSITY RRTIO

o.o 0.2 0.4 0.6 0.8

DENSITY RflTIO Is)

Figure 8. Plot of entrainment ratio versus s- 1/r . Ihe symbols represent results
of numerical simulation. p
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VORTEX SHEDDING AND MERGING
IN HIGH-SPEED CONFINED SHEAR FLOWS

K. Kailasanath, J.H. Gardner, E.S. Oran, and J.P. Boris
Laboratory for Computational Physics and Fluid Dynamics

Naval Research Laboratory, Code 4410
Washington, D.C. 20375

Abstract

We describe a series of numerical simulations of a confined axisymmetric jet in which the inflow
Mach number is varied, but the geometry and properties of the gas are held fixed. Of particular
interest is how the acoustic-vortex interactions change as the inflow velocity varies from 50 to 300 m/s,
corresponding to Mach numbers from 0.15 to close to one. When the velocity is increased, the natural
instability frequency of the shear layer increases. If the gas properties and the geometry of the system
are fixed, the acoustic frequencies remain essentially the same. Thus by varying the inflow velocity,
we can examine the coupling between the acoustics and the flow instabilities. We find that when a
dominant acoustic frequency is near the natural instability frequency, the shear layer first rolls up at
the acoustic frequency. However, when these frequencies are very different, the shear layer rolls up at
the natural instability frequency. In all cases, the acoustic frequencies strongly affect the downstream
vortex mergings.

Introduction

A characteristic feature of the geometric configuration of many propulsion systems is an abrupt
increase in cross-sectional area. The flow separates at this location and the separated shear layer is
usually turbulent. Such transitional shear layers are characterized by large-scale coherent vortical struc-
tures. Interactions among these structures can generate acoustic waves, and the interactions themselves
can be affected by the acoustic waves imposed on the system by, for example, the geometry or outside
driving.

The geometry we are considering is shown in Figure 1. A premixed gas flows through a cylindrical
inlet into a chamber of larger diameter, and then exits through a choked nozzle at which the the flow
becomes sonic. For this system, the quarter-wave mode of the inlet is 150 Hz, the first longitudinal
acoustic frequency is 450 Hz, and the transverse acoustic frequency is 2960 Hz.

Earlier studies of the effects of acoustic forcing in this particular geometry [1-3} showed that
forcing at the first longitudinal acoustic mode of the chamber induces vortex rollup near the entrance
to the chamber at the forcing frequency. However, in these simulations, the frequency of the first
longitudinal mode of the chamber was close to the initial vortex-rollup frequency observed in the
unforced calculations. Comparisons of calculations with and without forcing [3] also showed that
the predicted vortex-rollup frequencies were in good agreement with experimental observations [4].
There was also an overall low-frequency at which the entire confined flow was periodic, and this
low frequency is determined by the acoustics of the inlet [5]. The effects of independently changing
the acoustics of the inlet and the chamber have also been studied [5]. In all of the cases simulated,
vortex rollup near the inlet-chamber junction occurs at the first longitudinal mode of the chamber.
The merging pattern of the vortices in the chamber is, however, significantly different in the different
cases. These merging patterns result from an interaction of phenomena occurring at the vortex-rollup
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frequency and the frequency of the quarter-wave mode of the inlet. In all of these studies, the inflow
velocity was kept constant at Mach number 0.153.

In this paper, we discuss the effects of increasing the Mach number of the incoming gas. We
have effected this by increasing the inflow velocity while maintaining the same pressure and density,
thus varying the natural shedding frequency of the shear layer. This approach was taken so that the
acoustic frequencies of the system are essentially held fixed, but we can vary the shear-layer instability
frequency through changes in the velocity. Hence this study provides a way to probe the interaction
between the acoustic frequencies and the natural instability frequencies of the system.

The Numerical Model

The numerical model solves the compressible, time-dependent, conservation equations for mass,
momentum and energy in a two-dimensional axisymmetric geometry. The algorithm used for fluid
dynamic convection is Flux-Corrected Transport (FCT) [6], a conservative, monotonic algorithm with
fourth-order phase accuracy. FCT algorithms can be constructed as a weighted average of a low-order
and a high-order finite-difference scheme. During a convective transport timestep, FCT first modifies
the linear properties of the high-order algorithm by adding diffusion. This prevents dispersive ripples
from arising, and it ensures that all conserved quantities remain monotonic and positive. Then FCT
subtracts out the added diffusion in regions away from discontinuities. Thus it maintains a high order
of accuracy while enforcing positivity and monotonicity. With various initial and boundary conditions,
this algorithm has been used to solve a wide variety of problems in both supersonic reacting flows
[7-9] and subsonic turbulent shear flows [1,3,5,10,11].

The calculations presented below are inviscid, that is, no explicit term representing physical vis-
cosity has been included in the model. Also, no artificial viscosity is needed to stabilize the algorithm.
There is a residual numerical diffusion present which effectively behaves like a viscosity term for
short-wavelength modes on the order of the zone size. Unlike most numerical methods, however, the
damping of the short-wavelength modes is nonlinear. Thus the effects of this residual viscosity dimin-
ish very quickly for the long wavelength modes, which result in a high effective Reynolds number.
In the problem considered in this paper, we are primarily interested in the interaction of the acoustic
modes with large-scale vortex structures, which is essentially an inviscid interaction.

The calculations reported here are essentially large-eddy simulations which model the fluid insta-
bilities leading to a transition to turbulent flow. Although a subgrid turbulence model is not explicitly
included in these calculations, the nonlinear cutoff of high-frequency modes by the FCT algorithm acts
as a subgrid model. The question of exactly how this high frequency filter acts is currently a topic of
research.

The choked outflow conditions force the flow to become sonic at the throat of the exit nozzle. At
the solid walls, the normal flux is set to zero and the pressure is extrapolated to the normal stagnation
condition. At the inflow, the pressure is allowed to fluctuate, but the mass flow rate and the inflow
velocity are specified. These conditions allow the acoustic waves to reflect without amplification or
damping at the inflow. These inflow boundary conditions could be modified to damp the acoustic
waves originating downstream. More detailed discussions and tests of the boundary conditions have
been presented in earlier papers [1,3,12].

The computational cell spacing was set up at the beginning of the calculation and then held fixed
in time. Fine zones were used near the entrance to the step in the larger chamber in both the radial
and axial directions. In both directions the cell sizes gradually increased away from the dump plane.
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The effects of numerical resolution were checked by comparing calculations with different grids and
these results have been reported elsewhere [13/12]. In the calculations described in this paper, a 60 x
120 grid is used.

Results and Discussion

The numerical simulations predict values of the density, momentum, and energy for each of the
computational cells as a function of time. From this information, we can selectively generate the various
physical diagnostics. In this presentation, we use the Fourier analysis of local, time-dependent velocity
fluctuations at various locations in the flow and instantaneous velocity streamlines to provide flow
visualization. Streamlines are a useful visual diagnostic of the structure of the flow and they also allow
us to correlate and track the coherent structures and their mergin patterns.

Inflow Mack Number 0.31, An Intermediate Value

The series of instantaneous velocity streamlines shown at intervals of 1000 timesteps in Figure 2
show that vortex shedding occurs at approximately every 2000 timesteps, corresponding to a frequency
of about 1330 Hz, and two of these merge at about every 4000 timesteps, corresponding to a frequency
of about 665 Hz. Figure 2 also shows vortices growing by entraining the surrounding fluid and merging
with other vortices. For example, the vortex shed at step 123,000 grows by entraining the surrounding
fluid before it merges with another vortex.

Because it is difficult to determine the vortex shedding and merging frequencies from streamlines
shown at every 1000 timestep intervals, it is useful to look at fluctuations of the physical variables
such as pressure or velocity to determine the more global features of the flow more precisely. Figure 3
shows Fourier analyses of velocity fluctuations at two locations close to the step. At the distance
0.57 D downstream, there is one dominant line, 1380 Hz, which is the passage frequency of vortices
at this location and also corresponds to the vortex-shedding frequency of the shear layer at the step.
At the distance 1.63 D, the strongest line is at 690 Hz, the first subharmonic of the vortex-shedding
frequency and the passage frequency of the larger vortex formed by the first merging of vortices that
occurs upstream. Therefore, based on these Fourier analyses and on the instantaneous streamlines,
we conclude that vortex shedding occurs with a frequency of about 1380 Hz and these vortices merge
within 2 D at a frequency of about 690 Hz.

In these simulations, the momentum thickness is 0.106 cm. Using this thickness and a frequency
of 1380 Hz, the Strouhal number is 0.015. In laboratory experiments [13], an initially laminar shear
layer rolls up at St« = 0.012 when the theoretical value is 0.017 [14], From this analysis, we estimate
that the natural instability frequency of the shear layer in the simulations is 1380 Hz.

Vortex mergings further downstream become highly erratic. Occasionally a merging is seen at
450 Hz, but mergings are also seen at 442,295,884, 662, and 531 Hz. The frequency of 884 Hz is close
to the passage frequency following the first vortex-merging, 690 Hz, and the 662 and 531 Hz lines are
beat frequencies between this and the quarter wave mode frequency of the inlet, 150 Hz. The 442 and
295 Hz lines are close to the first longitudinal frequency of the chamber and a beat frequency between
the inlet and chamber frequencies.

In summary, the first vortex roll-up and merging behaves as if the jet is free and rolling up at
the natural instability frequency of the shear layer. Vortex mergings in most of the chamber occur at
frequencies resulting from the interaction between the vortex shedding frequency and its subharmonics
and the dominant acoustic frequencies of the system.
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Inflow Mach Number 0.15, A Low-Speed Case

In this case, the natural instability frequency is 700 Hz and because this is considerably closer to
the acoustic frequency of 450 Hz, we expect some coupling between the two. The Fourier analyses of
velocity fluctuations shown in Figure 4a at 0.98 D from the step shows that 450 Hz is the dominant fre-
quency but that there are also weaker lines at 550 Hz and at 150 Hz. Streamlines of this system confirm
that vortex shedding no longer occurs at one frequency. In contrast to the case higher Mach-number
case discussed above, here the acoustics influence the vortex shedding process: there is shedding at
three frequencies, two acoustic frequencies, 450 and 150 Hz, and at a beat frequency, 550 Hz. It appears
that the acoustic mode has suppressed the natural mode.

The Fourier analyses of velocity fluctuations shown in Figures 4b and c are at two locations further
downstream in the chamber between which frequent vortex mergings are observed. Two dominant
frequencies in the spectra are 150 and 300 Hz, frequencies close to either acoustic frequencies of the
system or beat frequencies of acoustic modes. At 1.97 D, there is no distinguishable line at 450 Hz but
the 300 and 400 Hz beat frequencies appear and the inlet frequency, 150 Hz, is still strong. The 400 Hz
line is a beat between one of the shedding frequencies, 550 Hz, and the 150 Hz mode. Even further
downstream at 3.04 D, only the 150 and 300 Hz lines remain strong.

Note that in a slightly different calculation that was made for a case in which the natural instability
frequency was equal to the first longitudinal mode, the 450, 300, and 150 Hz lines dominate end the
beat frequencies are not seen. These conditions were created in the calculation by changing the natural
shedding frequency by adjusting the shear-layer thickness.

In contrast to the previous case with a higher Mach number and larger separation between the
acoustic and natural frequencies, now vortex shedding takes place primarily at the first longitudinal
mode of the chamber. The trend illustrated by this case is consistent with the conclusions of a paper
describing a case for which the two frequencies essentially equal [3]. In both that and the case de-
scribed here, the acoustics played an important part in determining the frequency of the first vortex
rollup. When the frequencies were very close, the effect was even stronger and beat frequencies were
suppressed.

Mach Numbers above 0.60

Figure 5 shows the Fourier of velocity fluctuations for the case of Mach number 0.61, corresponding
to an inflow velocity of 200 m/s. Close to the step, at 0.57 D, the dominant frequency is 2960 Hz, which
is close to the transverse acoustic frequency and natural vortex-shedding frequency of 2760 Hz. At 1.3 D,
the dominant frequency is 1360 Hz, the passage frequency of the first vortex merging. Thus, near the
step, the flow is qualitatively similar to that seen in the first case when Mach number was 0.31. In both
cases, vortex shedding occurs at the natural shedding frequency and an initial vortex merging occurs
within 1.5 D from the dump plane. However, the spectra are noisier and there are other frequencies
almost equally as strong that appear as the flow becomes more and more compressible.

Figures 5b and c, velocity-fluctuation spectra at two and three diameters downstream, show three
dominant frequencies: 430,580 and 730 Hz. These are close to either acoustic frequencies of the system
or beat frequencies of acoustic modes at 150 Hz and 450 Hz. There are also fluctuations at 1360 Hz
corresponding to the passage frequency of the first merged vortex.

As in the first case considered, the downstream spectra are very noisy and there are many frequen-
cies that usually correspond to beat frequencies between the acoustic and natural instabilitity modes.
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The vortex shedding and the first vortex merging are not affected by the acoustics of the system for
these high-speed flows. In simulations for even higher Mach numbers, for example, 0.90, the same
trend appears, and there is even less order in the spectra far from the step.

Summary and Conclusions

In this paper, we have presented numerical simulations of vortex shedding and merging in an
chamber whose flow is fed by a relatively long channel and choked at the exit. The purpose of the
paper was to examine the effects on the structure and merging patterns in the flow by varying the
inflow Mach numbers, while keeping fixed the acoustics of the system, the thennodynamic properties
of the gas, and the momentum thickness of the shear layer. The effect then was to vary the natural
instability frequency of the shear layer by varying the velocity of the flow. Flow velocities ranging
from 50 to 300 m/s were considered, which corresponded to Mach numbers ranging from 0.15 to 0.90.

The calculations show complex interactions among the natural instability frequency of the shear
layer at the inlet of the chamber arid the acoustic frequencies of both the inlet and the chamber. For the
highest Mach number cases, vortex shedding occurs at the natural instability frequency of the shear
layer and the first vortex merging occurs at the first subharmonic of the shedding frequency. That is,
the shear layer near the inlet to the chamber (within about 1.5 D) is not affected significantly by the
acoustics of the system. This is perhaps because the dominant acoustic frequencies of the system are
significantly lower than the shear-layer instability frequency and its first subharmonic. However, even
for these two cases, the acoustic frequencies of the system do affect the vortex dynamics downstream
from the step. The dominant low-frequency oscillation observed in earlier simulations [1,3,5] did not
appear at high Mach number, probably because the chamber is not long enough to accomodate the
mergings which are required to attain low frequencies from the high vortex-shedding frequencies.

At low Mach number, the acoustic frequencies are more important. For Mach number 0.15, vortex
shedding occurred primarily at the first longitudinal frequency of the chamber, which is similar to
previous numerical simulations [1,3,5]. For this case and for the earlier simulations, the first longitudinal
mode frequency is close to ihe natural instability frequency of the shear layer, and the acoustic mode
of the inlet remains important.

From this series of calculations, we conclude that the shear layer in a confined chamber rolls up
at either its natural instability frequency or at a dominant acoustic frequency of the system, if that
frequency is nearly equal to or greater than the natural instability frequency. In all the simulations, the
acoustic frequencies strongly affect the vortex mergings occurring within the chamber.
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Figure 1. Schematic of the axisymmetric configuration described in the simulations. Flow through a
long inlet cylinder exits into an axisymmetric, confined chamber. The flow exit is a choked, annular
region. The initial chamber pressure is 188 kPa.
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Figure 2. Sequence of instantaneous velocity streamlines for inflow Mach number 0.31, showing vortex
shedding and merging near the step in the chamber.
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Figure 4. Frequency spectra of velocity fluctuations in the shear layer at three locations in the chamber
for Mach 0.15 flow.
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EXTENSION OF SECOND-MOMENT TURBULENCE MODELS

IN CASES WITH LARGE DENSITY NON-UNIFORMITY

Jordan M. Maclnnes

M.A.E. Dept., Princeton University
Princeton, NJ 08544

ABSTRACT

The paper provides an assessment of the turbulence modeling of incompressible non-

reacting flows and focuses on the main physical processes associated with the density

non-uniformity in such cases. Experimental evidence from plane mixing layers under

various conditions is used to deduce some controlling mechanisms and to arrive at a

proposed modeling to represent those mechanisms.

Introduction

Maclnnes [1985] made an extensive examination of the modeling of each term in the

exact transport equations for the second moments. The performance of the models was

judged in comparison with data from self-preserving non-reacting and incompressible flows

with sustained density gradients resulting from either a variation in molecular weight or a

large temperature variation in gas flow. Each of the cases considered showed behavior which

the standard models failed to capture even qualitatively. After assessing the possible

influence of each of the terms in the moment equations associated with density non-

uniformity, it could be firmly concluded that none of these terms could help to explain the

experiments.

A more promising prospect for bringing agreement with the experiments was found to

lie in the modeling of the dissipation rates of both the turbulence kinetic energy and the

scalar property variance. New terms may reasonably be introduced into the modeled dissipa-

tion rate equations to represent the effects of density non-uniformity. The focus of the

paper is on the new terms in the dissipation equations. Before discussing the dissipation

modeling, a brief overview of the key experimental evidence is given, followed by a sum-

mary of how density non-uniformity enters into the second-moment modeling generally.
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Guiding experiments

There are few reports of measurements in flows with large density non-uniformity that

are at the same time sufficiently simple to provide solid guidance in the modeling. Obtaining

good measurements in flow with variations in both velocity and density is extremely difficult.

It is perhaps not surprising, therefore, that only three experimental studies are directly help-

ful in developing models and that each has settled on measuring just the mean field quanti-

ties. The first two, Brown and Roshko [1974] and Rebollo [1973], employ the same

apparatus at Caltech to study the plane turbulent mixing between helium and nitrogen gas

streams. The density ratio between the two gas streams is 1:7 and various velocity ratios are

tested.

Two cases are representative of the basic phenomena observed throughout the various

data sets. The case measured by Rebollo in which the low-density helium flows at about

three times the speed of the nitrogen shows two striking features: the rate of spreading of

the mean velocity profile is about 25% greater than for the uniform-density mixing layer (in

this case the value used for the uniform-density limit is that measured in the same rig for

nitrogen mixing with air) and the turbulent Schmidt number drops from around 0.6 to 0.7 in

the uniform density mixing layer to around 0.2. These observations are reinforced by the

other case reported in Brown and Roshko in which the helium stream is the slowest moving

of the two, having only about one third the speed of the nitrogen stream. Here, the spread-

ing rate drops by about 30% relative to the uniform density case and the Schmidt number

increases to around 0.8. These results are summarized in Table 1 for reference since they

are the central guiding facts in the present study.

A third and much different flow case is considered in Maclnnes [1985]. Mean tempera-

ture distributions in a highly heated plane thermal mixing layer were measured with a fine-

wire thermocouple probe. The flow is formed by passing a hot and an ambient air stream

through a turbulence grid and allowing mixing to proceed beyond the grid. The mean velo-

city is uniform and hence no important augmentation of the turbulence energy created in the

vicinity of the grid can occur.

Measurements in three cases of density ratio between the two streams are reported:

1.03, or approximately uniform density, 1.26, and in the case of greatest heating 1.95. The

results for the thermal layer growth are shown in Figure 1. The data are plotted so that the

virtual origins coincide (theoretical considerations dictate that the layer width increase as the

one-half power of the downstream distance). The striking feature displayed by the data is an

increase in the growth rate of the layer width with density differential. In the case with

medium heating the layer width is 23% greater than with passive heating, in the case of max-

imum heating it is 43% greater. From the latter increase one can infer an approximate dou-

bling of the turbulent diffusivity level.
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Modeling

A turbulence model intended for application in combusting and compressible flow must

be capable of simulating the gross effects outlined above. This section presents a brief over-

view of second-moment level modeling highlighting the possible roles that density non-

uniformity could play.

In variable density flows the most common method of decomposing the instantaneous

variables is to use density-weigh ted means for all variables except pressure and the density

itself. As is widely known, this approach leads to equations which are nearly identical in

form to the uniform-density ones, but written in terms of the density-weighted quantities.

The simplicity of the equations is often construed as a sign that density-weighting is the

"natural" way to form averages and models developed in uniform-density flows are com-

monly translated into a variable-density form by simply replacing the standard un-weighted

mean quantities with the weighted ones. However, no solid justification has been given for

such a scheme.

The other approach of using standard mean values is adopted here, as it was in

Maclnnes [1985]. Of course, the two decompositions are equivalent expressions of the con-

servation laws and modeling developed under one decomposition scheme can in principle be

converted to the other scheme.

In the following, attention is restricted to flows which are steady in the mean as this

allows simplification in presentation and is applicable to all experimental cases considered.

The mean equations for momentum, scalar, and mass conservation are

d(pUj+p'Uj)C _ dpujc+p'c Uj+p'cuj

Bxj

C is the mean value of the scalar quantity and c denotes its fluctuation about the mean.
Generally, upper case letters designate the mean while lower case letters designate the
fluctuation. An exception is made for Greek letters in which case the fluctuation is desig-
nated by a prime, eg p is mean density, p' is the fluctuation about the mean. As a result of
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density fluctuations an additional four correlations enter the set of mean equations joining

the two, UfUj and UjC, found in uniform density.

Maclnnes [1985] reports the influence of including the triple moments which occur in

equations (1) and finds only minor alterations to the calculated mean profiles and turbulence

quantities in the shear flows examined. Note that the mass flux p'w, appearing in the con-

vection terms is important in the direction transverse to the main flow direction since then

the mean velocity is small. (In the thin flows considered here p'u, does not need to be

explicitly introduced into the calculations, as it can be eliminated using mass continuity.)

The models for «,«, and ujc employed are at what is termed second-moment level.

This means that the second moments are found by solving modeled versions of their exact

transport equations. Higher moments are modeled with at most algebraic formulas. To

sketch briefly what is involved in modeling the second moments the exact form of the u-tUj

equation will be considered.

DU

where the terms on the right-hand side represent the terms providing production, dissipa-

tion, pressure smearing, and diffusion of the «,«,- components, respectively. These are

OUi OU:

dtt:

= " a]T(pW|:UjUk +pUi * * + P U J 8 * "^ V ' " "/*

-•gj—(P WjUk-P UtUiUj
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There are a number of new terms relating to interactions with the mean flow incorporated in

Py. These turn out to be less than about 10% compared with the main terms and do not

play an important role. The pressure correlation may be analyzed using the quasi-isotropic

model (QIM) of Naot et al [1973] and developed in Launder et al [1975]. The pressure

fluctuation is represented in terms of mean and fluctuating velocity (and density) using the

solution to its Poisson equation formed from the fluctuating part of the momentum equa-

tion. Substitution for p in <)>,•,• leads to an integral expression involving two-point correla-

tions. The QIM amounts to assuming the two-point correlations to have properties strictly

true only in isotropic turbulence but allowing the one-point limit to be anisotropic.

Maclnnes [1985] has examined ihc QIM path with regard for density fluctuation and has

derived the series of new terms which are implied. Test calculations show that, much as the

non-uniform density Ptj terms make little impact on the calculations, the refinements in <j>,y

modeling are not very important in the flows considered. One indication of that study, how-

ever, seems to be that the practice of translating the pressure models by just rewriting them

in terms of density-weighted variables, Jones [1980], is probably acceptable. The extra QIM

terms are incorported into the density-weighted averages.

The diffusion terms, D^, are unlikely to hold much sway over the calculated UjUj. Even

in uniform density flows of the thin, unidirectional sort examined here these terms are of lit-

tle importance. It is interesting, however, to note the appearance of a quadruple moment.

Vandromme and Kollmann [1982] introduced modeling for the quadruple moments to

account for the quite steep gradients in second moments in calculations of the Caltech mix-

ing layers.

None of the effects due to density non-uniformity mentioned up to this stage proves to

have much effect on either the calculated rate of spread or the Schmidt number level in a

mixing layer. The values calculated will be essentially those which are calculated with uni-

form density. One must evidently turn to modeling the dissipation rates of u{Uj and cl in

order to capture the observed behavior. It is reasonable to expect £,-,- to be isotropic since

the eddy sizes in which this term is important are far removed from the small wave number

spectra where the mean flow gives the turbulence an orientation. Thus, Ey=2/3e5,y may be

used, leaving only e together with ec, the dissipation rate of c2, to be found.

Dissipation rate modeling

Rather than model the actual dissipation process one models the process by which the
large scale motions are converted, by stretching, into smaller and smaller scales, to the point
where molecular dissipation becomes important. It is the spectral transfer which must be
described by the model and not the actual dissipation associated with sharp velocity gradients
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or scalar gradients.
Model transport equations for e and ec are constructed by using invariant parameters

depending on the mean field variables and the turbulence correlations. For e

i J = PT-VE + D (e) (4)
aXj k

where D(e) represents the rate of change of £ due to diffusion processes and is usually

modeled using a gradient diffusion hypothesis. The crucial element of the model is the

dimensionless source/sink function yE. This term should naturally act to increase the dissi-

pation rate (spectral transfer rate) when turbulence generation increases but to decrease it as

the dissipation rate grows. The form commonly used to represent these effects is

The '0* superscript on \y£ emphasizes that this is a model for uniform density flow. The

same sort of approach can be used to develop an equation for ec. More terms enter into the

VEC function since the spectral transfer of scalar fluctuation depends not just on the scalar

fluctuation processes of generation and dissipation but also on the same parameters that

make up y e since scalar fluctuations depend on the state of the turbulent motions. Such an

equation has been developed by Newman et al [1981] and is being used in this study.

In order to extend the model to include density effects one must consider the possible

ways in which the density non-uniformity might affect the way turbulent eddies are

stretched. There appear to be two main influences. The first is associated with the presence

of density fluctuation, even when mean gradients of density are locally absent. The idealized

picture is in Figure 2. Solid and open circles represent heavy and light elements of fluid

respectively. In Figure 2a the elements are shown evenly distributed in a region of the fluid.

Imagining now that the fluid in this region is in rotational motion, caught up in an eddy

motion, the heavy elements will be forced through centrifugal action to the outer regions of

the eddy, the light ones to the center, as illustrated in Figure 2b. With the mass concen-

trated on the outer rim of the eddy the angular speed must decrease in order for angular

momentum to be conserved. The slower eddy rotation causes a reduction in induced lift and

the consequent stretching of the eddy, which in effect means the eddy will be stabilized. The

result is reduced transfer of energy to smaller-scale eddies. This process can be used to

explain the observed higher levels of turbulent transport in the thermal mixing layer experi-

ments, the density non-uniformity acting to reinforce the turbulent motions against erosion
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into smaller scale motions.

The second effect is more global in nature, having to do with mean spatial variation in

density. When a large eddy is aligned with its rotation axis perpendicular to the mean den-

sity gradient, the eddy is influenced by centrifugal forces in a rather more complicated way.

Again, an idealized picture is useful to understand what results. Figure 3 shows an eddy

region in which high density fluid and low density fluid mutually entrain (the density gra-

dient, which is downwards, is perpendicular to the axis of the eddy motion which is out-

ward). At the interfaces between the two fluids there will be either a stable or an unstable

balance depending on the curvature. In the illustration, sections of the interface subject to

destabilization are indicated by an irregularly drawn line while stabilized interface is desig-

nated with a smooth line. Since the largest eddies will be most prone to this effect, the indi-

cation is that the eddy will be destabilized and broken down into small scale motions in the

low density region, while the break-down will be suppressed on the high-density side.

Correspondingly, turbulence energy should be more rapidly transferred spectrally and, hence,

dissipated in the low density region and less rapidly on the high density side. While the first

effect described would always tend to increase the level of turbulence regardless of the orien-

tation of the mean density and the mean velocity gradients, the second may be expected to

lead to an overall increase or decrease in the turbulence level depending on the mean flow

conditions. Hence, the second effect may be able to account for the opposite result found in

the Caltech mixing layers when the density gradient is reversed.

Many possible terms can be imagined with which to represent the above effects in the

y e and the y£e functions. All terms appear to be of two main types as far as their behavior

in boundary layer type flows is concerned. One type of term maintains the same sign across

the entire layer and corresponds to the first effect. The other type reverses sign and could be

used to represent the second effect. For the purposes of initial explorations, a model com-

posed of two terms which are the most convenient from a computational point of view are

chosen to represent the two effects in the y e functions. The new terms

are added to y f to represent the two processes.This additive function has been used with the

same coefficient values Cpj and Cp2 in both the e and ec equations in calculations of the

Caltech mixing layers. It was found that the coefficients could, indeed, be selected to bring

perfect agreement with the observed layer growth rates in the two cases. The second term

produced a greater spreading rate in one case than in the other, though as the gap widened

the spreading rates of both cases were underpredicted. The first term was needed to increase

233



the growth rate in both cases in order to bring agreement with the experiments. The
Schmidt number, on the other hand, is predicted as before — nearly equal to the uniform-
density value in both cases. This indicates that the coefficients need to be selected indepen-
dently for the e and the ec equations. This step has yet to be taken.

Summary

An overview of the second-moment modeling of non-uniform density but incompressi-

ble turbulent flows has been made, giving strong support for modifying the dissipation rate

equations. Two mechanisms whereby the density non-uniformity influences the spectral

transfer rates have been described and corresponding addition terms in the dissipation rate

equations representing these mechanisms have been presented. The limited amount of test-

ing which has at present been completed indicates the model can bring agreement with the

observed spreading rates of mixing layers. However, it cannot be determined whether the

observed variation of the turbulent Schmidt number can be accounted for by the model until

tests are carried out in which the model coefficients in the scalar and kinetic energy dissipa-

tion equations are adjusted independently.
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Table 1. Experimental findings in variable density mixing layers.

(Subscript '0* indicates uniform density value.)

Case pA/ps UAIUB

dS
19 SctISct,

I

II
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Figure 1. Thermal layer growth for three density ratios. M is the distance between grid wires

and acj0 is the virtual origin of the thermal layer.
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(a) (b)

Figure 2. Centrifuge mechanism operating in non-uniform density turbulence. Uneven dis-

tribution of density in fluid caught up in an eddy motion leads to heavy elements of fluid (t)

concentrating at the rim of the eddy leaving light elements of fluid (0) in the center.

Light Fluid

Heavy Fluid

Figure 3. An idealized eddy that has its rotation axis perpendicular to the direction of mean

density gradient. Light and heavy fluid mutually entrain, as shown, producing stabilization

or destabilization at the interface.
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ABSTRACT

A new method of nonintrusive diagnostics in air based on vibrational excitation of

oxygen, laser-induced fluorescence and Rayleigh scattering, is applied to a

supersonic axisymmetric free jet and a supersonic Mach 3 boundary layer to generate

instantaneous velocity profiles and density cross sections. The velocity profiles

give a quantitative measure of the velocity across the jet at any location

downstream of the nozzle exit. Numerous such images are taken at several

locations to generate average velocity profiles as well as turbulence intensity and

axial velocity correlations across the turbulent free shear layer. Simultaneous

Rayleigh scattering gives a two-dimensional cross section of the density. In the

boundary layer, Rayleigh scattering is used to generate instantaneous density cross

sections, two-dimensional density correlations, and probability density

distribution functions of the density. This new measurement technique introduces a

promising method to make quantitative comparisons with computational models.

DISCUSSION

Our newly developed capability of writing lines into air flows (1) gives us a

unique tool for measuring instantaneous velocity profiles and determining the

statistics of the turbulent flow in shear layers. Lines are tagged and

interrogated by Raman Excitation and Laser-Induced Electronic Fluorescence

(RELIEF). Vibrational tagging occurs during a 10 nsec interval by simultaneously

passing two high-power pulsed laser beams colinearly through the flow region.

These beams are separated in frequency by the vibrational frequency of oxygen and,

consequently, write a line of vibrationally excited oxygen by stimulated Raman

excitation. Since the oxygen molecules are excited to the same rotational state

from which they came, there is virtually no heating associated with this tagging

mechanism.

The vibrational lifetime of oxygen is in excess of 100 /isec in air, so the line

persists in the flow until it is interrogated by laser-induced electronic

fluorescence using a far UV argon-fluoride laser. The interrogation also occurs

over approximately 10 nsec, and the fluorescence is imaged with a high-sensitivity

video camera. The displacement of the line between tagging and interrogation
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gives a quantitative measure of the velocity profile. If the interrogating laser

is expanded into a thin sheet of light passing through the flow field, the Rayleigh

scattering can be simultaneously imaged to give a two-dimensional cross section of

the density.

Two experiments are reported in this paper. The first is the measurement of

velocity profiles, turbulence intensities, and correlations in the free shear layer

of an underexpanded sonic jet. The second experiment shows preliminary

measurements of density cross sections in a Mach 3 supersonic boundary layer. Work

on velocity tagging in the boundary layer is currently underway, and is not

included in this paper.

Free Jet Experiment

A diagram of the underexpanded supersonic jet is shown in Fig. 1. This jet was run

with a pressure ratio of 10.2 to 1 into a one atmosphere chamber, leading to a

maximum Mach number of 4.06 at the Mach disk, and a maximum flow velocity of 621

meters/sec. Table I shows the computed velocity, pressure, temperature, Mach

number, and density as a function of distance from the orifice (2). The orifice

was 6.35 mm in diameter (.25"), and the Mach disk was located approximately two

orifice diameters downstream of the exit. Figure 2 shows the image of a single

line which was written across the supersonic expansion 2 /isec before the picture

was taken. The line was written approximately 2 on upstream of the Mach disk,

which can be seen in the figure due to the large difference in Rayleigh scattering

associated with the change in density. Other features including the reflected

shock, the barrel shock, and the turbulent free shear layer are also apparent in

this figure.

By placing a far UV-blocking filter over the camera, only the fluorescence from the

marked line is visible. Figure 3 is a close-up view of four separate images

showing four examples of the instantaneous turbulent structure. By observing

hundreds of such images, the average velocity profile and the turbulence intensity

across the free shear layer can be determined. Furthermore, since each individual

image contains the instantaneous profile of the axial velocity component, these

images may be used to find the correlation of the axial velocities across the free

shear layer. Figure 4 shows the computed velocity profile, turbulence intensity,

and the correlation with the axial velocity at the center of the free shear layer.

Figure 5 is a composite indicating the growth of the free shear layer as a function

of the distance from the nozzle exit to the Mach disk. Each inset shows the

turbulence intensity and the transverse correlation of the axial component of the

velocity. Figure 6 shows a plot of the width of the shear layer versus distance
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from the exit, and Fig. 7 shows the normalized integral length scale taken from the

correlations as a function of distance from the exit. The velocity along the

centerline of the jet was also measured, and Fig. 8 shows a plot of the measured

center velocities compared with the computed values (2). The velocity uncertainty

in this figure is caused by inaccuracies in the measurement of the line position

due, largely, to the finite resolution of the camera. The position uncertainty

reflects the distance the line moved between tagging and interrogation.

Supersonic Boundary Layer Experiment

Preliminary measurements were also made in a the boundary layer of a small Mach 3

wind tunnel facility. A time-frozen Rayleigh scattering cross section of that

boundary layer is shown in Fig. 9. The brightness is a direct measurement of the

density. The density is lowest near the wall where the temperature is high, and

highest in the free stream where the temperature is low. The flow is from right to

left, the Reynold's number is 15,000 based on the boundary layer momentum

thickness, and the boundary layer is 5 mm thick. Many such images can be combined

to generate the average density variation, and the spatial fluctuations of the

density can be correlated to generate a two-dimensional density correlation

function which shows the shape and extent of the turbulent structure. Figure 10

shows three correlations in the boundary layer where the correlation points have

been chosen at a y/S of 0.4, 0.6, and 0.8. High brightness indicates strong

correlations and the dark lines indicate constant correlation contours. Note that

the angle of the correlation at y/S - 0.4 agrees with the structure angles neasur <d

by hot wire probes (3).

By changing the wind tunnel orientation, a plan form view of the boundary layer can

also be taken at selected heights above the wall. Figure 11 shows the picture of a

plan form view at a y/S of 0.6. Since the brightness is a measure of the density,

a probability density distribution function of the density can be created from each

plan form image. The variation of that probability density distribution function

with distance from the wall is shown in Fig. 12. An expanded view at y/S — 0.6 is

shown in Fig. 13. These curves are similar to the probability density distribution

of mass-flux fluctuations measured by Hayakawa et al. (4) in a similar flow, giving

indirect support to the Strong Reynolds Analogy. In Fig. 14 a 16° angle wedge has

been placed in the flow to show the dynamics of Shockwave boundary layer

interactions.

Work is currently underway to better quantify the probability density functions of

the density as well as the density correlations. By marking lines in the boundary

layer we also expect to be able to see the correlation between velocity and density
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fluctuations. By crossing the tagging laser beams, small football-shaped volume

elements can be written into the flow and tracked to give three-dimensional

velocity and vorticity vectors. We expect that the development of this new

technique will open the door to volumetric measurements of both low-speed and high-

speed flows.
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Figure 1. Structure of an underexpanded
sonic j e t .

Figure 2. Density cross sections of an
underexpanded sonic je t with
a line tagged before the Mach
disk. Flow is from bottom to
top.
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Figure 3. Composite picture of
four separate recorded images of
lines across the free shear layer
2.2 mm before the Mach disk.

Figure 5. Turbulence intensity and
velocity correlation across
the free shear layer.
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Figure 4. Measured velocity, turbulence
intensity, and correlation
function 2.2 iron upstream of
the Mach disk.
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Figure 9. Instantaneous density cross
section of a Mach 3 turbulent boundary
layer. Flow is from right to left.

10 (a) 10 (b) 10 (c)

Figure 10. Density correlation at y/6=0.4,
0.6, and 0.8 in a Mach 3 turbulent boundary
layer. Flow is from right to left.
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Figure 11. Instantaneous
density cross section in
a Mach 3 turbulent boundary
layer. Plan form view at
y/<5 = 0.6.
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Figure 13. Probability density
di'stribution function of the
density at y/6 -0.6 (expanded
view),

Figure 12. Probability density
distribution functions of the
density at y/6-0.3, 0.4, 0.5, 0.6,
0.7, 0.8, 0.9, and 1.0.
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Figure 14. Shock wave/boundary layer interaction
in a Mach 3 flow with a 16° angle
wedge.
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Introduction

The mechanism of the formation of vortex streets in the wake of a bluff body can be studied by
considering the interaction of two infinite vortex sheets which are initially a fixed distance apart. This
idea was conceived by Abernathy and Kronauer [1] who, by this consideration, succeeded in explaining
essential features of the mechanism in an invisdd incompressible fluid. In this paper, we take up this
idea in order to study the formation of vortex streets in a compressible fluid at different Mach
numbers. This is done by direct numerical simulations based on the two-dimensional compressible
Navier-Stokes equations. To follow the development of the vortex sheets we combined the numerical
simulation of the flow field with a marker particle algorithm. At the beginning of our calculations the
vortex sheets are marked by a set of particles. They are adverted during the calculation in a
Lagrangean fashion according to the calculated flow field. The formation of the vortex street is then
visualized by graphically displaying these marker particles, similar to streaklines in experiments. While
in practice flows usually develop streamwise, in our numerical calculations we assume two infinite
vortex sheets which are periodically disturbed in space and the results show the development of vortex
streets in time. This flow model enables us to perform large-scale computations with good resolution,
and the solution does not leave the computational domain.

It is obvious that the numerical approximation of nonlinear instabilities is a very difficult problem. Any
disturbance introduced may rapidly increase and it is a hard task to determine the meaning of
small-scale details revealed by the simulations. The main limitation of the direct simulation of
instabilities and the transition to turbulence is given by the grid. Structures which are smaller than a few
grid zones cannot be captured. Hence, either physical viscosity must be large enough to suppress
"subgrid-scale structures" or a statistical treatment of these structures must be incorporated The second
way implies a difficult problem because numerical dissipation or dispersion acts on these scales.
Furthermore, each statistical treatment reduces the possibility of finding coherent structures. We
decided to adopt the first way. To obtain a dear physical meaning we required in our calculations the
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following features. The numerical scheme should be stable for all inviscid problem1; which admit a
stable solution. This guarantees that calculations with high Reynolds numbers can be performed without
introducing numerical instabilities and no physical viscosity is consumed to stabilize the numerical
scheme. Nevertheless, the inherent numerical dissipation should be one order of magnitude smaller than
the real viscous terms. Increasing the Reynolds number this requires a drastic mesh-refinement and
large-scale computations can be performed only on super-computers. If these requirements had been
satisfied, the calculations of stable problems produced quite similar results for different mesh sizes.

Governing Equations and Numerical Method

We consider the two-dimensional compressible Navier-Stokes equations, written in conservation form

(1) Ut + F(U)X + G(U)y = R(U)X + S(U)y, U = 0>,/JU,pv,e)T

where U is the vector of the conserved variables, pis the density, u and v are the velocity components in
x- and y-direction and e is the total energy per unit volume. The functions F(U), G(U) are the Euler
fluxes, while the functions R(U), S(U) stand for the dissipative terms:

(2) F(U) =

with

pu2+p
puv

()
G(U) =

pv
puv
p\2+p
v(e+p)J

, R(U) =
0

, S(U) =
0

T3

A)ux + Av y , = /i(Uy+Vx) , r3 = (2ft + A)vy + Aux ,

Here, p denotes the pressure, /i and A are the coefficients of shear viscosity and bulk viscosity,
respectively, e is the specific internal energy, 7 denotes the adiabatic exponent and Pr the Prandtl
number. We assume a polytropic equation of state p = (T-1)/?(. Furthermore, we assume that the
viscosity coefficients are constant and we use Stokes' hypothesis A = -2/J/3.

For fluid flow at high Reynolds and Mach numbers strong gradients or shock waves may occur and the
Euler terms dominate the dissipative terms. In numerical calculations it is important to approximate the
Euler terms very accurately. The equations (1) should be considered as an inviscid hyperbolic system
with a small parabolic perturbation. Our numerical method for the compressible Navier-Stokes
equations is a difference scheme based on a "High Resolution Scheme" for the Euler equations and the
usual central differencing of the dissipative terms. The high resolution schemes which have been
developed recently are shock-capturing schemes with the following properties: They are at least
second-order accurate on smooth parts of the flow, but they sharply resolve discontinuities without
generating spurious oscillations. The main building block is an upwind scheme which incorporates into
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the numerical solution the direction of nonlinear wave propagation as given by the direction of the
characteristics. This upwind differencing establishes the shock-capturing property of the scheme. The
high resolution scheme used in the calculations below is a MUSCL-type scheme with upwind
differencing based on the flux-vector splitting of van Leer; a detailed description is given in [4].

For high resolution schemes the discretization error is reduced to a level such that any numerically
introduced dissipative terms are very small. In a range where the vortex streets are laminar and stable
we obtained in calculations with different mesh sizes quite similar results and the results seemed to
converge, when the mesh sizes tend to zero. For higher Reynolds numbers the development of the
interfadal instabilitites and the formation of the vortex street tend to a chaotic system. In the invisdd
limit convergence cannot be achieved On a finer grid smaller structures are captured, the number of
small vortices increases and due to the different interactions of these vortices the solutions disagree
after a short time. In this chaotic state, noise which is always introduced from roundoff or truncation
errors will rapidly grow, no matter what computational method is applied Small disturbances in the
initial data produce quite different solutions. The large-scale solutions may be similar again. Hence, for
a practical problem the solution should be given in terms of statistical probabilities rather than in a
deterministic way. But what can we learn from deterministic calculations? These calculations provide
insight into the interaction of vortices and the mechanism of the transition to turbulence.
Two-dimensional direct simulation can resolve very small structures which may be impossible with
three-dimensional calculations even with the next generation of supercomputers. On the other hand, if
turbulence starts in a two-dimensional vortex street, then three-dimensionality may evolve and become
important.

Numerical Results

In the low Reynolds number regime a laminar and stable Karman vortex street develops in the wake of
a bluff body. The vortices decay slowly due to viscous dissipation and no turbulent motion will exist. If
the Reynolds number is increased, transition from the laminar vortex street to a turbulent wake will
start (see, e.g. [S], [6]). Abernathy and Kronauer [1] explained the formation of a vortex street in an
incompressible fluid by the interaction of two anusoidally disturbed parallel shear layers. It is
considered that the bluff body has the role only to generate the shear layers. In our numerical
calculations the shear layers are idealized as vortex sheets. A diagram of the initial values and the
computational region is given in Fig. 1. A fluid flow to the right is separated by a jet flowing to the left
Density and pressure are unity in the whole domain. The velocity into y-direcu'on is sinusoidally
disturbed inside the whole jet

(3) vo = vo(x) = 0.1 sin(4*x) in B.

At the right-hand and left-hand side of the computational domain we prescribed periodic boundary
conditions, at the upper and lower boundary outflow conditions. The disturbance of mode 2 as given by
(3) needs finer grids than a mode 1 disturbance, but has the advantage that a breakdown of periodicity
may be recognized
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The Mach and Reynolds numbers of the jet
are defined by

i R - 2uo A

where 2uo is the initial relative velocity of
the shear flow and Co the sound velocity

/ 7 Po/Po • The characteristic length A is
chosen to be the wavelength of the
perturbation : A = 05. All calculations were
performed with f = 1.4 and Pr = 0.712. We
will show numerical results for Reynolds
numbers R = 1475, 5900,11800, 59000. With
increasing Reynolds number we refined the
grid from 200 x 200 to 500 x 500 grid zones.
Each vortex sheet is marked by 20000
Lagrange points, which are restricted to a

purely passive tracer role. These Lagrange points are advected in each time step according to the flow
field. The advection velocities are determined by bilinear area weighting interpolation (see [4]).

-0.5

Eg. 1: Computational domain and initial values

L. = 0.4 L. = 0.8 L.

t = 1.6

1 wsmmmse.

Fig. 2: Mach number M = 1, Reynolds number R = 1475
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At first we will present results for Mach number M = 1. Fig. 2 shows the temporal development of the
vortex sheets at Reynolds number R = 1475, graphically visualized by the marker particles. Initially, the
disturbance of the velocity inside the jet leads to a sinusoidal geometric disturbance of the jet Then a
laminar roll-up of the shear layers starts and two parallel rows of staggered vortices develop. At this
Reynolds number the Karman vortex street is stable for large time spans. If the Reynolds number is
increased to 5900, aditional secondary vortices occur during ro!!-up (Fig. 3). But they are rapidly
entrained and merge with the primary large eddies. The overall structure of the flow is quite similar to
that at R - 1475. At Reynolds number R = 11800 eight small vortices occur in addition to the four big
ones. The first plot at t = 0.4 indicates that, besides the growth of the sinusoidal disturbance, small
wavelength disturbances arise and grow more rapidly than the long wavelength disturbance. The small
disturbances are initiated by approximation errors. Due to the Kelvin-Helmholtz instability of the shear
layer, small-scale errors introduced will rapidly grow. The classical linearized stability analysis for the
invisrid equation predicts exponentially exploding modes. Because viscosity has a stabilizing effect,
disturbances of a certain magnitude grow, while stability for disturbances of smaller wavelength is
established.

The influence of the Kelvin-Helmholtz instability becomes much more obvious at R = 59000. Fig. 5
shows that small-scale disturbances arise. These disturbances rapidly grow and besides the four large
eddies introduced by the long sntisoidal wavelength perturbation 12 smaller vortices are created. Figs. 4
and 5 show the development of an asymmetric street of cloudy vortex lumps each of which consisting of
a number of smaller vortices. The vortices inside these clouds interact and rotate round each other. Due
to damping by viscosity, the smaller vortices may decrease and, finally, merge with the big ones. This
situation occurs at Reynolds number 11800 where the large-scale solution is a stable vortex street
similar to those obtained at lower Reynolds numbers. At R = 59000 the interaction of the different
vortices leads to a breakdown of the calculations, because vortices are swept outside the computational
domain. The wake seems to become completely turbulent

The results at Mach number M = 1 are quite similar to experimental results for an incompressible
fluid. The streaklines and the geometry of the vortex street correspond well to results of water flowing
past a cylinder (see, e. g. [3], [5], [6]). In this case the Reynolds number is usually defined by choosing
the diameter of the cylinder as characteristic length and the freestream velocity as characterstic velocity.
They determine the wavelength of the disturbance of the shear layers. We observed that the so-defined
cylinder Reynolds number Rd is about 20 times smaller than the Reynolds number used within this
context Hence, the numerical results may be compared with incompressibJe experimental results for the
range of cylinder Reynolds numbers from 80 up to 4000. The experimental results show that at Rd = 40
to 150 a regular vortex street is formed. After a transition stage the irregular range begins at about 300
in which turbulent fluctuations accompany the periodic formation of vortices. At Reynolds numbers up
to the critical one Rd = 2- 10s periodic arrangements of vortices are observed experimentally in a
turbulent ground flow. In our results the spacing ratio of the vortex street is in the range 034 „. 038
which exceeds the classical Karman ratio of 028 for an invisidd potential flow. This is in accordance
with experimental observations and may be explained by the finite-size viscous core of the eddies.
Compressibility effects become visible by the plots of the flow field of the laminar vortex street in
Fig. 6. A 20 per cent density drop in the vortex centers is observed. T?«e pressure drop is of the same
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L. t = 0.8 t = 1.2

Fig. 3: Mach number M = 1, Reynolds number R = 5900'
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Rg. 4: Mach number M = 1, Reynolds number R = 11800
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Fig 5: Mach number M = 1, Reynolds number R = 59000
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magnitude and the turning point of the pressure profiles indicates the size of the vortex core. TTie

vortices have a circumferential velocity distribution which is aptly modelled by a Hamel-Qseen vortex.

Trie expansion in the centers caused by the roll-up is an irrevessible process which can also be

recognized at the entropy distribution. The contourlines of the entropy have the same shape as the

streaklines. Besides the wavelength of the disturbance another length-scale is the initial width of the jet

We observed that a change of the width does not affect the spacing ratio of the vortex street

Futhermore, defining a Strouhal number as the product of the shedding frequency of the large vortices

and the characteristic time to (to = do/2uo, do initial jet width), the numerical results indicate that this

number is also largely not affected by changes of do. A decrease in jet width is accompanied by an

inversely proportional increase of the vortex propagation velocity and shedding frequency of the

evolving Karman vortex street

Eg. 6: Mach number M = 1, Reynolds number R = 1475

The classical linearized stability analysis for the single vortex sheet predicts stability for Mach numbers

M > 2 PI. However, Artola and Majda [2] - induced by numerical results obtained by Woodward -

showed that nonlinear instabilities arise. Via asymptotic analysis by a high frequency perturbation

expansion they found nonlinear kinks appearing on the slipstream surface. These kink modes grow in

time, collide and interact; ultimately, enough vortidty ist generated through nonlinear interaction of the

kink modes so that the compressible vortex sheet rolls up. Our calculations bear out that supersonic

vortex sheets are unstable and that the mechanism of vortex sheet roll-up and vortex street formation

changes for higher Mach numbers. They clearly demonstrate that a Karman vortex street may also arise

at high Mach numbers by nonlinear interaction of two vortex sheets. The vortex street is more stable in

253



L. = 0.4 L. f = 0.8 1_ t = 1.2

Eg. 7: Mach number M = 3, Reynolds number Re = 4425

L. t = 0.8
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T
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L. t = 1.6 L, = 2.0 t = 3.2

Fig. 8: Madi number M = 5, Reyndds number Re = 7375

L. = 0.4

Eg 9: Mach number M = 5, Reynolds number Re = 59000
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the sense that secondary disturbances are more strongly damped. It seems that the wave patterns
stabilize the vortex street. Steaklines of the flow at M = 3 and R = 4425 are shown in Fig. 7. The
sinusoidal disturbance of the jet increases much slower than at M = 1. The spreading rate of the wake

increases monotonously to a smaller value. That the instability of the vortex sheets must have another

origin becomes more obvious at higher Mach numbers. Figs. 8 and 9 show results for Mach number

M = 5. At R = 7375 no clear sinusoidal displacement of the vortex sheets appears, and only the width

of the wake increases. At t = 03 small disturbances of the vortex sheets appear as kinks which do not

roll up to small vortices at once. Two different kinds of kink modes seem to emerge. At t = 0.8 they

are visible as a clear kink and as a thickening, respectively. Both move to the right and left At time

t = 12 they collide and then a roll-up inside the wake takes place. A Karman vortex street ist formed

consisting of vortices with a triangular shape, moving to the right At higher Reynolds numbers the

instability increases more rapidly. At R = 59000 a number of kinks in the streaklines appear at t = 02.

At this time a sinusoidal displacement of the vortex sheets occurs. Fig. 9 shows the streaklines at time

t = 0.4 where a chaotic roll-up of the shear layers starts. Shortly afterwards four big and for small

vortices appear. Later on the flow becomes more regular and a stable vortex street is formed. At

t = 3.2 the small vortices besides the big ones are still visible. They merge with the big eddies and

disappear.

fVettur* MM - 1M-I0* (Vauur* * * - 134'K>* FYMUtf* « • . . Ut-W*

Eg. 10: Pressure distribution f or M = 5, R = 7375, t = 0.8,1.4,32

Fig. 10 shows the contour lines and 3-D plots of the wake at M = 5, R = 7375 for three different

times. Due to the disturbance waves are initially created inside and outside the wake travelling parallel

to the vortex sheets. The outside waves leave the computational region at about t = 0.4, and are

followed by an asymmetric regular pattern of Machwaves. These form an angle of inclination of about
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20°. This angle increases up to 60° when the roll-up process begins and the vortices have evolved further

to the right. This is due to the decrease of relative velocity between wake boundary and outer flow. At

about t = 5.6 the Machwaves leave the computational region. When the vortices are formed at about

t = 20 the inside wake structure shows shocklets orthogonal to the vortex contours. They disappear at

about t = 4.0

Conclusions

We considered the mechanism of the formation of a vortex street in a compressible fluid by interaction

of two infinite vortex sheets. The numerical results were obtained by direct numerical simulations. At

relatively low Mach numbers they correspond well to experimental observations for incompressible fluid

flow. The calculations were performed for the range of Reynolds numbers where systematic

arrangements of vortices have been experimentally observed in the wakes of bluff bodies. For

increasing Reynolds number the numerical results show laminar-turbulent transition and interaction of

the asymmetric long wavelength disturbance with fine-grained turbulence. The results at high Macb

numbers indicate that the mechanism of the instability of shear layers changes and kink modes appear

as predicted by Artola and Majda [2]. Our results demonstrate that at high Mach numbers a stable

Karman vortex street is formed as well. The shock wave patterns support the formation of the vortex

street All calculations have been performed on a Fujitsu VP 50 vector processor. The computational

effort varied between about IS minutes and 5 hours depending on grid size, Mach and Reynolds

number.
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Outstanding Issues In the Area of Compressible Mixing

By Dimitri Papamoschou
Graduate Aeronautical Laboratories, California Institute of Technology, Pasadena, CA 91125

Issues that arose from the experimental investigation of the turbulent compressible shear layer in a variable-gas,

variable-Mach number facility are explored. In that investigation, the growth rates were correlated with the con-

vective Mach number Mc, i.e., the Mach number in the frame of reference of the large-scale structure. Initially,

Mc was obtained theoretically, using arguments which give it approximately the same value on the two sides of

the layer. The growth rate, normalized by its incompressible value, versus Mc falls on a universal curve that

decreases with Mc. Implications of that curve, as well as possible intuitive scenarios for the growth-reduction

mechanism, are discussed. Recent double-exposure photos of the flow reveal that, at high compressibility, Mc has

substantially different values on the two sides of the layer. Reasons for this difference between experiment and

theory are suggested. The effect of the walls and the possible three-dimensionality of the flow are identified as

open questions whose resolution is very important.

Introduction

The mixing layer between two parallel compressible streams (Fig.l) represents an interesting and

challenging area of fluid mechanics. The unique nature of compressibility renders it a very different

problem from that of its incompressible counterpart. Lately, it has attracted a lot of attention because of

applications such as supersonic-combustion (scramjet) engines and chemical lasers.

Fig. 1 Shear-layer geometry.

Recent experimental studies of plane turbulent shear layers 1>2 indicate that compressibility has a

strong stabilizing effect on the flow, the growth rate at high compressibility being one-fifth of the

incompressible one. These studies have advanced the concept of the convective Mach number as a

compressibility-effect parameter. It is the Mach number in a coordinate system in which the large-scale

structure is stationary. Its use for the turbulent case was first proposed by Bogdanoff 3. The shear-layer
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growth rate, normalized by its incompressible value, versus convective Mach number collapses on a

nearly-universal curve, as shown on Fig. 2. Similar universal trends are apparent in recent inviscid

linear instability analyses 4i5, where normalized 1 0

amplification rates were correlated with the

convective Mach number based on the phase speed

of the disturbance, hi fact, long before these °

analyses were performed, Mack 6 had shown that >

the linear instability problem can be formulated in

terms of a single parameter, the convective Mach

number based on the local mean values of velocity

and speed of sound and the complex phase speed. o .5 1.0 1.5 2.0

Although the above correlations are very useful
- . . . . . . - . . Fig. 2 Normalized growth rate versus convective
for engineering applications and for describing the Mach number. From Ref. 2.

gross features of the flow, more light needs to be

shed on the mechanism by which compressibility inhibits mixing. Knowledge of that mechanism will

not only give us a much better perspective on the problem, it may also enable us to control mixing, via

passive or active methods, and perhaps to enhance it in ways that do not introduce large losses in lhe

system. The exploration of this subject, however, must be done simultaneously with the exploration of

fundamental and intertwined issues that are largely unanswered: is the flow basically two- or three-

dimensional? Does the presence of solid boundaries significantly alter the flow field from the

unconfined case? Is the existing theoretical model for computing convective Mach numbers accurate

for all ranges of compressibility? The last question stems from recent exeriments where the conveetive

Mach number was measured experimentally 7.

Open Questions

The purpose of this report is to suggest some of the framework in which the above issues may be

addressed. The effects of compressibility may be divided into two basic categories. First,

compressibility is associated with density gradients in the mean flow. This is not an exclusive property

of compressibility, as density gradients can be produced by incompressible mixing of gases with

different densities and/or temperatures. In the laminar case, the problem of a shear flow with density

gradients can be reduced to one with uniform density by coordinate stretching such as the Howarth 8

transformation. In the turbulent case, the effect of density ratio on shear-layer growth rate has been

measured by experiments, such as those of Brown & Roshko 9, and is relatively-well established.

Second, compressibility may cause hindrance of communication among parts of the flow. This is a

unique property that can drastically ch?uige the character of the flow. To illustrate this effect, consider a

shear flow where, at a given streamwise location, fluid element A moves supersonically with respect to

another fluid element B. Element B does not "know" what element A is doing, and vice-versa, in the
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same manner that an observer on the ground cannot hear a supersonic airplane approaching him. It is

this impeded and sometimes absent interaction between parts of the flow that is largely responsible for

the low mixing rate. This abstract notion, although intuitively useful, needs to be supplemented by a

more detailed description of the flow interactions in order to have a well-defined picture of the physics

of the problem.

Finally, density and pressure gradients, stemming from the above two basic effects, produce a

source of voracity not commonly present in incompressible flows. It is represented by the VpX Vp term

on the right-hand side of the compressible vorticity equation, often called the "baroclinic torque" term.

Its effect is largest in flows with strong shock waves and large density ratios.

These two basic effects of compressibility are reflected in the plot of growth rate versus convective

Mach number shown on Fig. 2. The experimentally-determined growth rate, 8', is normalized by the

incompressible growth rate, 6o\ at the same density and velocity ratios. This normalization removes, at

least to first order, the effects of density and velocity ratios and gives a quantity that is primarily a

function of compressibility. Now, it is assumed that the mixing process is governed by a dominant

instability wave, taken to be the large-scale structure with a constant velocity of propagation, Uc (Fig.

1). The Mach numbers in the frame of reference of this wave are

U\-Ue
AfCl « - 7 — (1)

for the high-speed side, and

Uc-U2MC2 = - £ ^ - 1 (2)

for the low-speed side, where U\, a\ and U2, a2 are the freestream velocities and speeds of sound for

the high-speed and low- speed sides, respectively.

In the works of Papamoschou & Roshko 1>2, Mc,

and MCl were calculated using a conjecture that the

total pressures of the two streams in the convective

frame be equal. It was assumed that, in that frame,

a stagnation point exists between any two

structures, at which fluid from the two freestreams

comes to rest isentropically (Fig. 3). The suitability

of this assumption for flows with high convective F'g- 3 Model of large-scale structure.

Mach numbers will be examined later in this paper.

This model gives that MCi and MCj are equal for streams with same specific-heat ratio and only slightly

different otherwise. The fact that MCl and Afc, are, in theory, very close or equal, suggested to the above
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authors that either of them could be used for expressing compressibility associated with the large-scale

structure. In their work, MCi was chosen for correlating the growth rate. In the discussion that follows,

however, it is not necessary to assume any relation between MCl and MC2 except that arising from their

definitions, (1) and (2). The symbol Mc will be used to denote the convective Mach number for

unspecified side of the shear layer.

It is important to underline the differences between flow fields with Mc<\ and those with Afc>l.

For MC<1, a disturbance that originates in the main flow decays exponentially with distance away from

the layer. Such disturbance is classified as "subsonic". For Mc>\, a disturbance propagates largely

unattenuated along Mach lines originating at the structure, therefore it penetrates a long distance into

the surrounding flow field. Such disturbance is classified as "supersonic". When a disturbance is

supersonic, energy is radiated away from the main flow that could otherwise have been used for

amplification of that disturbance. This can be stated more precisely by writing the conservation

equation for the disturbance kinetic energy

k = 4-

For highly-turbulent flows with large Reynolds numbers, such as those usually dealt with, the viscous

terms in the equation for k are very small. Thus, its inviscid version should be a good approximation:

Dk — du
Dt K dy 3JC dy dz (3)

Depending on whether the right-hand side of (3) is negative, zero, or positive, a disturbance is

decaying, neutral, or amplifying. The first term of the right-hand side is commonly referred to as

"turbulent production" and represents the transfer of energy from the mean flow to the disturbance via

the Reynolds stress %R - -pu'v' . Since %R is generally positive, so is this term, thus energy is supplied

from the mean flow to the disturbance. Note that, since dufdy vanishes at the edges of the shear layer,

this term is confined to the mean flow. The second term of the right-hand side, although negligible for

incompressible flow, becomes important for compressible flow. For MC>1, the quantities involved in

the correlations propagate unattenuated away from the layer. In that case, this term is not confined to

the mean flow and represents the radiation of disturbance energy from the shear layer. The growth-rate

versus Mc correlation of Fig. 2 suggests that the magnitude of this term (without the minus sign)

increases with Mc, thus decreasing the magnitude of the entire right-hand side of (3). It also suggests

that, at high Mc, the right-hand side reaches some limit value, small but positive, corresponding to the

plateau of the curve in Fig. 2. It is worth noting that the Reynolds-stress distribution may also be very

different from that in subsonic flows. For Afc>l, it will also exhibit radiative behavior and will be finite

at large distances away from the layer. Lees & Lin 10 and Gropengiesser n discuss (3) in more detail.
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Obviously, it would be very beneficial to know the distribution of the terms of (3) and how it

changes with increasing compressibility. Experimentally, the velocity-pressure gradient correlations

would be extremely-difficult to obtain. However, analytical and computational methods should be in a

position to provide valuable information on these correlations.

In most of the experimental and theoretical works in the literature, it is assumed that the disturbance

is spanwise coherent. Departures from two-dimensionality may significantly alter the effect of

compressibility on the flow. The instability of a disturbance propagating at an angle 8 to the mean flow

is governed by MccosQ, rather than by Mc. For large 8, a disturbance that would have been supersonic

if it were two-dimensional, may now be effectively subsonic. Morkovin 12 suggests that, at high

compressibility, the flow would prefer such oblique disturbances rather than two-dimensional ones. It is

therefore imperative to ascertain experimentally whether and to what extent the compressible shear

layer is three-dimensional.

Given the unique nature of a supersonic disturbance, i.e. that it radiates away from the layer, the

presence of walls within which the flow is confined could be of non-trivial consequences. Waves

emanating from such a disturbance would reflect from the solid boundary and impinge back on the

shear layer. How that would affect mixing is not currently known. Recent theoretical studies by Tarn

& Hu 13 suggest that the confined compressible shear layer exhibits several additional instability modes

to those of the unconfined case. It is very difficult to conceive of an experiment where a supersonic

shear layer is formed without any surrounding walls. If such apparatus were devised, however, it would

be very valuable for researching the differences between confined and unconfined flows.

The convective velocity of the large-scale structure (Ue) has recently been investigated

experimentally using a double-exposure schlieren system 7. Results indicate that when Mc exceeds a

value of about 0.7, Uc tends to be very

close to one of the freestream velocities.

Fig. 4 shows a double-exposure photo of a

shear layer formed by helium at M=1.7 Mc@M '~ l-7
>

and nitrogen at M=2.8. The time interval Ni @ M,=2.8

between the two exposures is 25.4 \xs.

Arrows indicate features of the large-scale

structure and their displaced position in u,=i240m/s

that time interval. Notice the difference

between the theoretical value of Uc (770

m/s) and the experimental one (640 m/s).

This trend of Uc to be close to either U\

or U2, depending on the test case, makes

H17N28 ^=0.50 -̂=9.2
Pi

Theory: I W

Al=25.4 \isee

U2=610 m/s

16.4 mm 164 mm

IJC=*4« m/s Uc=«40tn/s

the convective Mach numbers MCx and MCi

very different from each other. This is in
Fig. 4: Double-exposure photo of turbulent

turbulent shear layer. From Ref. 7.
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contrast to the theoretical model, outlined above, that predicts them to be very close or equal.

It must be emphasized that the theoretical model does not take into account the existence of shock

waves formed on the structure when Mc becomes supersonic. This omission could be responsible for

the difference between theoretical and experimental Mc, because the shock waves generate total-

pressure losses not accounted for in the existing model. The presence of solid boundaries in the flow

could also affect the determination of Uc: unless completely canceled by surrounding expansion waves,

shock waves originating from the structure will reflect back on the shear layer, possibly altering the

"boundary condition" by which Mc and Uc were computed. Resolution of this issue is very important

because Uc determines the entrainment ratio, which in turn controls the mixing and combustion

processes.

Note that the deviation of experiment from theory starts where the plot of growth rate versus Mc

reaches the plateau of about 0.2. Thus, the growth rate still collapses on a universal curve when

correlated with the highest of the two experimentally-determined Mc 's
 7.

Conclusion

Several issues related to compressible mixing are identified whose resolution is crucial for making

worthwhile progress in this field. There is a need for a great amount of experimental work directed

toward answering fundamental questions that remain open, such as three-dimensionality of the flow

field, effect of the walls, and dynamics of the large-scale structure. Not all questions can, however, be

addressed by experiment only. There is also a need for theoretical and computational studies, which

should focus in providing physical explanations of the processes involved in compressible mixing. The

turbulent correlations that govern instability and mixing would be great candidates for such studies.
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EFFECT OF PARTICULATE ADDITIVES ON HEAT TRANSFER FROM A SHOCK-INDUCED

TURBULENT BOUNDARY LAYER

G.T. Roberts, R.A. East, N.H. Pratt
Department of Aeronautics and Astronautics

University of Southampton

Introduction

Evidence exists that significant reductions in gun barrel wall heat flux (and hence extension

of the barrrel life) can be effected by adding particulate matter to the non-steady,

turbulent boundary layer which develops behind the moving projectile. The mechanisms

causing the heat transfer reduction are uncertain but may be related to the phenomenon,

noted in incompressible turbulent boundary layer flows, where additives (either in the

form of long chain molecules of length comparable to the Kolmogorov scale of turbulence

in the case of water flows, or solid particulates in the case of gaseous flows) reduce the wall

skin friction.

in order to investigate further the heat flux reduction phenomenon, the present work was

undertaken to measure the wall heat flux from a non-steady, turbulent boundary layer in a

shock tube, where the freestream Mach number was supersonic and the wall was initially

coated with a thin layer of talc particles of mean diameter D = 4.5pm.

Experimental Conditions

The shock tube experiments were performed at Southampton University (AASU) and at the

Australian National University (ANU) under conditions of similar freestream speeds and

temperatures, but the experiments at ANU were made at higher pressures and densities.

The data shown here were obtained using an inert gas (argon) and the particle Reynolds

numbers.based on the estimated mean wall shear velocity, were in the range 60 to 600.

Apart from varying pressure (and hence density), the main variable in the experiments was

the initial loading (mass per unit area) of the particles deposited on the wall prior to the

run. A summary of the main experimental conditions for the two sets of experiments are

given in Table 1.

Results

In Figure 1, which was obtained from experiments performed at AASU, the rate of heat

transfer (qw) is shown as a function of time for the clean flow and for two cases of dusty

flow in which the initial particle loading (mp) was 2.2 and 8.3 gm-2 respectively.

In the case of the clean flow, the rise in heat transfer at about 20ps following the passage

of the shock indicates transition from laminar to turbulent boundary layer flow,
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corresponding to a transition Reynolds number of about 106. The rate of heat transfer

then fell with time in accordance with the expected turbulent boundary layer growth.

In the case of the dusty flows, large reductions in heat transfer are shown to occur with the

experimental records showing large intermittency. The greatest reductions in heat transfer

occurred with the larger particle loading. However, beyond about 160ps following shock

transit the dusty results tend to approach the clean flow data. The heat flux signals have

been frequency analysed (not shown here) and indicate marked changes in spectrum with

changes in the initial loading of the particles. However because of the limited dynamic

response of the thin f i lm heat transfer gauges and associated circuitry

(102Hz < f< 106Hz), it is not possible to arrive at any firm conclusions regarding the

significance of the observed change in spectrum.

Figure 2 shows the variation in total heat flux (Q), found by integrating q w over the run

time of 200 ps, with changes in initial particle loading. For the experiments performed at

AASU, the heat flux reduces as the initial loading increases and appears also to be

dependent on the freestream (and hence wall) gas density: for a given loading of

particulate the reduction in heat flux decreases as the gas density increases [Ref 1].

Also shown in Figure 2 are data obtained from experiments at ANU which, although

exhibiting much greater scatter, confirm that the heat flux reduces with increasing loading

of particulate. However, unlike the AASU data, the ANU data do not indicate any strong

dependence on gas density. In fact the heat flux reductions observed in the ANU

experiments were much greater than anticipated from extrapolation of the trends shown

by the AASU data, leading to the tentative hypothesis that the mechanisms of heat transfer

reduction may be stronger at the higher gas densities [Ref 2].

Discussion and Conclusions

These results indicate that the large changes in the rate of wall heat transfer, which occur

when the boundary layer wall is coated with a uniform distribution of particulate, can only

satisfactorily be explained in terms of a strong interaction between the particulate and the

turbulence structure in the boundary layer, with consequent changes in the mean velcotity

profile. The information gained from the changes in the frequency spectrum of the

fluctuations in wall heat transfer rate in the AASU experiments are not regarded as

sufficiently reliable to confirm that a shift in turbulence spectrum to lower frequencies

occurred between the 'clean' flow and the 'dusty' flow experiments, which would have

been interpreted as indicative of a change in the dissipation process.

Laser beam attenuation measurements confirmed that particulate was rapidly lifted from

the walls and some particles even jumped outside the boundary layer. The greatest

concentration of particulate was, however, seen closer to the wall. It may be conjectured

that the particles performed certain random trajectories, in which they were initially lofted
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from the surface by the action of shear, but subsequently impacted and rebounded from

the surface, displacing further particulate material from the surface layer as they did so.

The process described here is similar to that of saltation [Ref 3] and although the details of

the interaction of these lifting particles from the 'wall' with the turbulence structure in the

boundary layer are still not clearly understood, nevertheless the resulting changes in the

wall shear stress, the effective roughness height, and the mean velocity profile have close

analogies with what we estimate are the overall physical processes present in our

experiments, even though the combination of shear velocities and gas densities were far in

excess of the range normally considered necessary for saltation of particles, of the given

size and density, to occur.

Although many attempts have been made to model the results obtained in these

experiments both analytically, following the work on dusty gas flows by Saffman [Ref 4]

and Lumley [Ref 5], and numerically [Refs 6 and 7], we believe that further work is needed

to model correctly this flow field interaction where the particulate size, D, is typically many

times larger than the scale of the near wall turbulent structures present in the 'clean' wall

case and is, in particular, much greater than the microscales of the turbulence.
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Freestream pressure (bar)

Freestream temperature (K)

freestream density (kgm-3)

Freestream velocity (ms-1)
(shock fixed)

Freestream velocity (ms-1)
(Laboratory coordinates)

Wall shear velocity (ms-1)

Particle Reynolds number
Re = uxD/vw

Heatflux(Wm-2)
(clean flow)

AASU

3-15

2700-3000

0.6-2.4

450

1350

50

60

0(107)

ANU

40-120

2600-3000

8-20

450

1350

40

600

0(108)

Table 1: Experimental Conditions.
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PERIODIC SLOT BLOWING OF A
SUPERSONIC TURBULENT BOUNDARY LAYER

Michael S. Sellg, Alexander J. Smits and Emerick M. Fernando

Department of Mechanical and Aerospace Engineering
Princeton University

Princeton, NJ 08544 U.S.A.

1. INTRODUCTION

The present investigation was initiated to help improve our understanding of

unsteady shock-wave/boundary layer interactions, with the specific ain of

determining the effect of the unsteady shock movement on the boundary layer

turbulence. An unsteady shock-wave/boundary-layer interaction was produced on a

flat plate by introducing periodic blowing through a spanwise slot in the wall at

frequencies up to 5kHz. The incoming flow conditions were Ma, - 2.84, Kea/t - 6.5 x

10', and So - 26 am. Measurements of the fluctuating mass flux and wall pressure

were made, and the unsteady flowfield was visualized through stroboscopic schlieren

videography. Since the blowing was periodic, phase-averaging could be used to

identify the downstream effect of the shock oscillation. The results suggest that

the main effect of the unsteady shock motion is to displace the incoming boundary

layer flow without affecting the turbulence levels significantly. More

interestingly, the speed of the upstream and downstream shock movement was found to

be only a small fraction of the freest ream velocity, and it was not strongly

affected by the amount of blowing, or by the frequency of blowing.

2. EXPERIMENTAL FACILITY. APPARATUS. AND TEST COHDITIONS

The experiments were performed in the Princeton University 203 x 203 an (8 x 8

in.), Mach 3, blowdown wind tunnel. For all tests, the nozzle-wall boundary layer

was used. At the position of the injection slot, 1.95 m downstream of the throat,

the layer was typical of a zero-pressure gradient fully turbulent boundary layer,

and it obeyed both the law of the wall and law of the wake (Taylor 1984; and Settles

et al., 1976). Its characteristics are summarized in Table I.

The freestream Mach number was fixed by the nozzle geometry at 2.84 • 1%, and the

stagnation pressure was held fixed at 0.69 x 10^ Pa ± 1% (100 psia). The stagnation

temperature remained fairly constant over the test period at 270 K ± 2%. The

freestream turbulence level was about 1 to 1.5% (Spina & Smits 1987).

The periodic blowing apparatus operates somewhat like a siren in that a stream of

air is clipped periodically to produce a high-frequency, pulsed jet of air issuing

through a spanwise slot in the floor of the test section (see figure 1). The slot

is opened and closed by a hollow slotted drum, spinning within a pressurized plenum

chamber. The frequency of the blowing was controlled by the speed of the drum and
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could be safely set as high as 5 kHz. The amount of air injected through the

injection slot into the boundary layer was controlled by varying the supply pressure

in the plenum chamber and by varying the width of the slot. Since the flow mostly

responded to the net amount blowing rather than how it was achieved, the slot width

was fixed at 3.2 mm (1/8 inch), and only the plenum chamber pressure was varied to

control the blowing flow rate.

The static pressure variations were measured using miniature differential pressure

transducers manufactured by Kulite Semiconductor Inc., Model XCQ-062-25-D. In this

study the transducers were used primarily to reveal the dynamic character of the

low-frequency shock motion (500 Hz to 10 kHz) and the limited frequency response of

the pressure transducers was of no great concern. The transducers were positioned

along the centerline of the tunnel floor, with a minimum spacing of 4.2 mm. No

wall-pressure measurements were made downstream of the slot.

The fluctuations in the boundary layer mass flux were measured using a DISA 55M10

constant-temperature hot-wire anemometer, according to the technique described by

Smits et al. (1983). To reduce the temperature sensitivity of the anemometer, so

that the output was sensitive only to variations in mass flux, the probe was

operated at an overheat ratio of 0.8, yielding an uncertainty in the measured

<(.pu)'>/(pU) of -5% to 9% (Smits & Dussauge 1988). The frequency response was

always in excess of 100 kHz.

In digitizing, the anemometer output signal was split into two components, a

fluctuating and a mean. The nean was obtained by low-passing the signal at 10 Hz

and sampling at a relatively low rate. The fluctuating part of the signal was

obtained by high-passing the signal at 10 Hz. This fluctuating signal was aaplified

to fill the range of the A/D converter, filtered at a cut-off point of 250 kHz, then

sampled at 500 kHz or 1 MHz. The signal from the drum encoder was also recorded so

that the data could be phase-averaged using the blowing cycle phase.

Every run was visualized using a schlieren videography system. The spark source

of the schlieren system was strobed slightly out of phase with the periodic blowing

frequency to reveal the flow response in stroboscopio "slow motion." In this way,

the conventional video camera was converted into a psuedo-high-speed camera to

provide 'movies' of the flow (see Selig 1988 for further details).

3. RESULTS

With L'he amount of blowing fixed at 9% of the freestream mass flux, that is,

(pV)siot/(.pV)aj — 0.09, the flow was examined for blowing frequencies of 1,2,3, and 4

kHz. Wall-pressure data were taken upstream of the slot for each case, and mass-

flux data were taken downstream for the 2 kHz case only. Flow visualization using

the schlieren videography system demonstrated that the flow structure depends on the

frequency of blowing. At low frequencies an oblique shock forms as the incoming
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flow is deflected by the blowing. As the blowing continues, this shock travels

upstream at a speed of the order of 50 m/s to reach a maximum position upstream of

the slot. When the blowing stops, the shock dissipates as it is convected

downstream at a speed of the order of 120 m/s. The sequence is repeated with the

start of the next blowing cycle. As the blowing frequency increases, a critical

frequency is reached (between 2 and 3 kHz) at which the downstream-moving shock just

reaches the slot as a new blowing cycle begins. At still higher frequencies the

shock does not reach the slot before the new blowing cycle starts. As a result, the

blowing triggers the formation of a second shock which itself travels upstream and

intersects the first shock. The two shocks merge into one, move upstream to a

maximum position, and on returning downstream encounter another shock produced by

the next blowing cycle, and so on. At the higher frequencies, disturbances

travelling along the shock are observed. These disturbances deform the shock into a

wave-like shape (see figure 2).

Wall-pressure time histories for the 1 kHz and 4 kHz cases are shown in figure 3.

At the lower frequency, a relatively steep rise in the mean wall pressure is seen

with the passage of the shock upstream, followed by a more gradual reduction of the

wall pressure as the shock passes back downstream. Behind the shock at x — -12.7 mm

(x is measured positive downstream from the back edge of the slot), the normalized

pressure rise for this 1 kHz case is roughly 1.75, which at this Mach number cor-

responds to an 8° turning of the flow with a shock angle of 27°. This estimated

shock angle is in good agreement with that measured from the flow visualization. At

the higher frequency, the pressure at x — -12.7 mm never returns to its upstream

value, indicating that a shock wave is always located upstream of that point.

The mean wall-pressure data, given in figure 4, shows that the nean pressure

distribution is virtually independent of the blowing frequency. The rms wall-

pressure levels (figure 5) begin to rise further downstream as the blowing frequency

increases; at lower frequencies there is more time for the shock to penetrate

upstream before the blowing stops. As the blowing frequency increases, the blowing

period approaches the time constant of the shock motion, and as a result the maximum

fluctuation level decreases at higher frequencies.

The mass-flux turbulence intensity profiles for the 2 kHz case are given in figure

6, and the spectra for two locations are given in figure 7. The peak in the

turbulence intensity profile at x - 12.7 mm is in the region of the shock

oscillation and should not be considered as 'true' turbulence. Discounting this

shock-induced peak, the turbulence intensities in the outer part of the boundary

layer downstream of the slot are very similar to the upstream levels, except for an

outward displacement of about 5 mm, probably due to the intermitent presence of the

thin separated zone near the wall.

The mass-flux spectra show a spike at the blowing frequency throughout the
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boundary layer, indicating that the periodic motion of the shock makes a small

contribution to the turbulence. The phase-averaged results indicated that for

stations downstream of x - 12.7 mm the periodic component contributes less than 25%

to the mean square intensity (see figure 8).

4. CONCLUSIONS

Periodic blowing was found to have relatively little effect on the flat plate

boundary layer except for a small displacement away from the wall. The speed of the

shock motion in both the upstream and downstream directions was only a small

fraction of the freestrean velocity, and it was not strongly affected by the level

of blowing. Andreopoulos & Muck (1987) in their study of compression ramp flows

found that the mean frequency of the shock oscillation was constant for corner

angles from 16* to 24*. However, since the zone of shock oscillation increases with

corner angle, and the results from periodic blowing showed there were limits on the

shock speed, the frequency should not be constant but vary inversely with an

amplitude or the range of shock oscillation, that is, the frequency should be higher

for smaller turning angles. Indeed Dolling (1987), using a sophisticated

conditional-sampling method developed by Narlo (1986), found that the aean frequency

of the oscillation increased with decreasing ramp angle.
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Fig. 1 Periodic blowing apparatus.
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Fig. 2 Videograph of 5khz case showing disturbances travelling along shock.
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Fig. 6 Mass-flux turbulence intensity
prof i les , 9% blowing at 2 kHz: 0, x «
12.7 mm; A, x - 25.4 mm; +, x - 38.1
mm; X ' " - 50.8 mm.

Fig. 8 (a) Phase-averaged mass-flux
turbulence i n t e n s i t y p r o f i l e , 9%
blowing at 2kHz: 0, x - 12.7 mm; A, x -
25 .4 mm; +, x - 38 .1 mm; X . x - 5 0 - 8

mm.

I I I I I I

Fig. 8(b) Time traces of instantaneous
mass-flux showing broad-band (pu)' and
phase-averaged component (̂ u)'at x - 51
mm, y - 23 mm (9% blowing at 2kHz).

Fig. 7 Energy spectra of the mass
flux. Blowing at 2 kHz: (a) x - 12.7
mm; (b) x - 50.8 mm.
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Compressible, Fully De-aliased, Two-dimensional Spectral
Method Simulations of Fluid and Magneto-Fluid Turbulence

John V. Shebalin
NASA Langley Research Center, MS 490, Hampton VA 23665

David Montgomery
Department of Physics & Astronomy, Dartmouth College, Hanover, NH 03755

Abstract
A fully de-aliased, two-dimensional Fourier spectral method
simulation is described. This numerical method is used to study the
spectral distribution of relative compressible and magnetic energy
versus initial rms Mach number for decaying turbulence. Results
from fluid (Navier-Stokes) simulations are compared with magneto-
fluid (MHD) simulations. Future applications of the numerical
procedure are also discussed.

Introduction
As is well known, compressible turbulence and mixing plays an
important role in many different phenomena: atmospheric reentry,
scram-jet engines, aerosol dispersal, explosion dynamics and in the
enhancement of chemical kinetics, to name a few. In all these highly
compressible processes, several generic features occur and interact
with one another: shocks, turbulence, boundary influences, multiple
reaction species, ionization, magnetism and complex thermodynamic
effects. These highly non-linear processes are directly susceptible to
few analytic approaches, but instead must be understood through
observation in either physical or numerical experiments.

Here, we would like to describe a fairly general two-dimensional
numerical experimental apparatus which can handle both fluid and
magneto-fluid problems. Initially, we consider only density, velocity
and magnetic field dynamics, the pressure being determined by a
polytropic equation of state; the capability to handle other generic
processes will be added incrementally, as will an extension of the
codes to three-dimensionality. Following a brief description of the
fluid and magneto-fluid codes, we will examine, in a magneto-fluid
context, a phenomenon uncovered by Passot and Pouquet [1] in
Navier-Stokes fluids: the qualitative difference between flows at low
and high Mach numbers, with respect to the relative amount of
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compressible energy and its spectral distribution. Then, we will
examine the spectral distribution of magnetic energy and its relation
to compressibility. Finally, we will conclude with possible future
extensions and uses of the codes.

Computational Procedure
As we have mentioned, a polytropic equation of state is used,
obviating the need for an energy (temperature) equation; in its place
we have added a magnetic field evolution equation to the basic
Navier-Stokes equations. The basic, non-dimensional equations are:

s

ZZ- +v-VX=-V-v (la)

pj— + vVv = -pVp + jx(B0+b) + V [n(Vv +11V• v)] (lb)

^ = vx(Bo+b) + TiVa, b=Vxa, j=Vxb (lc)
dt

where motion takes place in the x-y plane, and all variables are
functions of x, y and the time t only. The velocity u and magnetic
field B are measured in terms of reference values Uo and Bo,
respectively, while the reference values for length and time are Lo

and TOf respectively. The magnetic field consists of two parts,
B==Bo + b>/.e., an externally produced mean part Bo and the internal,
turbulent part b . Furthermore, other quantities and their (units) are:

: mass density (po)
p=pf: pressure (po), ̂ constant

u.=pv : viscosity, vsconstant (L£/To)
11: electrical resistivity (Lo/T0)

= ^° : a measure of compressibility
poUg

a=aez : magnetic potential (B<>Lo)
ei : unit 2nd rank tensor

In those situations when the magnetic energy is comparatively small,
Uo may be an rms fluid velocity U0=V[u2], while in the case where the
magnetic energy is comparatively large, Uo=VA=Bo/V47tpo (cgs units);

280



Bo is either the mean field strength, or the rms value of b and YA is
the Alfven velocity. If the magnetic and kinetic energies are
comparable, VA-VIU2], and Uo can represent either one.

The numerical procedure we use is a de-aliased spectral transform
method of the Orszag-Patterson type [2,3]. Also, note that we use the
natural logarithm of the density rather than the density iself as the
computational variable; this insures that any numerical rime-
integration scheme will not produce negative values of density.

In the numerical procedure, the dynamical fields are expanded in
Fourier series:

v(k,t)e ikx, a(x,t) =
|k|<K |k|<K |k|<K

Here, the position vector is x=(x,y), the wave vector is k=(kx>ky) and K
is the maximum modulus of k. This yields a set of many hundred or
thousand ordinary, coupled differential equations. Time integration
is performed by a second order Runge-Kutta method with the
dissipative terms being evaluated implicitly.

Aliasing is avoided in the formation of high-order products in

P. P7> P 1

through the use of the expansion

p« = eax = i + ax + {aM&} + {{al,S& ^

The nth term in the series is a fully de-aliased quadratic product
formed from the the preceding term and aX/n, and summation
continues until machine accuracy is reached. The curly brackets {a,b}
signify that a single, de-aliased quantity has been formed from a and
b by the Patterson-Orszag transform method [3].

Finally, the arrays which contain dynamic variables, their derivatives
and products are minimal arrays, rather than full FFT arrays (of
which there are only two in the code). In a Patterson-Orszag de-
aliasing method [3], the FFT arrays are somewhat sparse, a 2-D array
containing 30% zeros and a 3-D array containing 56% zeros. The
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minimal array consists of only the non-zero FFT array elements;
mapping to and from the FFT arrays is accomplished by a bit-vector
or order array. Mapping into the minimal array also serves the
purpose of isotropic truncation, as required by the Patterson-Orszag
method [3].

It should also be noted that the viscosity H we use here, in equation
(lb), is linearly related to the density. This form is a great
simplification of theory [4] and is chosen since the scalar viscosity of
a fully ionized plasma (i.e., magneto-fluid) is believed to vary as T5/2

[4]; with a poiytropic equation of state, T=Pr*\ so that using 7=7/5 (as
would be the case for a diatomic gas), we have H=pv, where v is
constant. If this form of the viscosity is heuristically adopted in the
Navier-Stokes case also, it removes the constraint imposed by
density fluctuations which limited the time-step of Passot and
Pouquet [1]. In the MHD case, however, the presence of the Lorentz
force term requires that this constraint be retained.

We have used this algorithm to study numerically [5] theoretical
predictions made earlier by Montgomery, et al., [6] to explain the
observed spectral structure of small amplitude turbulent density
fluctuations in the interstellar medium [7]. The theoretical
predictions made by Montgomery, et al., [6] followed from the
assumption that interstellar density fluctuations were inherently
related to the magnetohydrodynamics rather than just the
hydrodynamics of the interstellar medium. The prediction was, in
effect, that the total pressure (magnetic plus thermodynamic) was
essentially constant at the smaller spatial scales. Assuming (among
other things) that the statistical behavior of both kinetic and
magnetic energy spectra was described by k"5/3 led to the conclusion
that the omnidirectional density fluctuation spectrum behaved as
k"5/3, which agreed quite well with experimental observations [7]
(which spanned 12 spatial orders of magnitude); in contrast, a long-
standing, purely hydrodynamic argument [8] lead to a predicted k"7/3

behavior. The numerical work [5] verified, in turn, that the theory
also matched data generated by direct numerical simulation, even
when the Reynolds numbers are not large enough to expect inertial
range power laws.

In the next section we use our algorithm to explore the evolution of
the relative compressible energy spectra in homogeneous fluids and
magneto-fluids with respect to initial rms Mach number. We also
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report on the effects of compressibility on the evolution of turbulent
magnetic energy spectra.

Numerical Results
The numerical results we present here are broken into two sets:
First, we allowed the Navier-Stokes (N-S) and MHD versions of our
code to run for relatively long times on a 64x64 grid with Bo=0 and
7=1.4, for many values of B; here, we show results for 13=12.5 and 8.
In all runs, the time step size satisfied the usual CFL criteria (in the
MHD code this value was divided at each iteration by the maximum
grid value of P'1, the previously mentioned constraint of Passot and
Pouquet [1].) The initial condition of all the 64x64 N-S runs was to
have the same purely solenoidal {i.e., Vv=0 at /=0) velocity field;
initially, Zlv(k)!2 was normalized to an rms value of unity and lv(k)p
varied as e-<k-5)2/2 with the v(k) having random phase. In the MHD
runs, an initial magnetic field b(k) of the same spectral
characteristics as this initial v(k) (but independently random phase)
was also used. In these 64x64 runs, v=n=0.005 and the maximum
computed dissipation wave number was around 50, while the
microscale Reynolds #'s typically started around 40 but fell to about
15.

Since the initial rms velocity field was unity, the initial rms Mach #,
Ma, was Afa=(PY) ; thus, the rms initial Mach #'s corresponding to
3=12.5 and 8 are Ma =0.239 and 0.299, respectively. These values
are representative of a larger range we used to bracket Ma=Q3, the
threshold value that Passot and Pouquet [1] had observed, above
which the relative compressible energy in the smaller scales of N-S
flow became markedly larger. In Figure 1, we give a graphical
comparison between the N-S and MHD cases. Here, we add up
various energies within three equi-arcal, concentric and contiguous
annuli in k -space in order to get a measure of their relative
proportions in the large, medium and small scales of flow. We define
the large, medium and small scales as those for which 0<k<K/3,
K/3<k<2K/3 and 2K/3<k<K, respectively.

(The energies we are concerned with here are
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Es=[psUs/2] : soienoidal part of kinetic energy

Ec=[pcUc/2] -.compressible part of kinetic energy

Ei=(Pp(pYl-l)/(y-l)] : internal energy EB=[b-b/2J :magnetic energy

ER = Es + Ec : total kinetic energy Ecom = Ei + Ec : total compressible energy

E = EK + Ei + EB = Ecom + Es + EB : total energy

while two other important quantities are

£=.[(Vxu) J : enstrophy J= [(Vxb) J : Mean square current

The square brackets signify a volume average over the
computational box:

tin

dy Q(x,y)
/o Jo

and the solenoidal and compressible parts of the momentum are,
Ps={pus) andpcs{puc},respectively.)

The second set of computations we wish to present were done on a
256x256 grid and consisted of two N-S runs (Y=l-4, 3=25 and 3=1) and
two MHD runs (7=1.4, 3=25 and 3=1). The initial conditions for all these
runs were the same: at t=0, all the energy was in the solenoidal part
of the velocity field, which had random phase and an energy
spectrum which varied as e-**10)2'64; furthermore, [v2]=l at t=0, so the
initial Ma corresponding to 3=25 and 3=1 were 0.169 and 0.845,
respectively. In the two MHD runs, there was no initial turbulent
magnetic field energy, but there was a mean magnetic field Bo=0.05ex

present. The interaction of the velocity with the mean field resulted
in the generation of a turbulent magnetic field b, as seen in Figure 2,
which shows the time behavior of the total energies, enstrophy and
mean square current for these four runs. In these 256x256 runs,
v=n=0.002 and the maximum computed dissipation wave number was
around 75, while the microscale Reynolds #'s typically started
around 44 and fell to about 32.

In Figure 2, we also compare the energy spectra for these four runs
at similar times in their evolution. There are two time scales
inherent in these simulations; one is set by dissipation and the the
other by compressibility. Variation of the 'solenoidal' energy
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ESOI = ES + EB occurs on a 'dissipation time scale' while Ecom varies on a
'compression time scale*. We choose to standardize in terms of the
time it takes a sound wave to cross a unit distance; thus, To = Csl,
where CS=V3Y is the sound speed. (If the EB and J curves were
removed from the plots in Figure 2, . hat remains is essentially the
N-S results.) Finally, in Figure 3, we .how physical space contour
plots for the 256x256, MHD, P=l run.

Discussion
Compressibility has some interesting effects on MHD turbulence.
First, as shown in Figure 1, the effect observered by Passot and
Poquet [1] is mitigated in the case of MHD: there is both more
compressible energy at small scales for low Ma and less at high Ma
than in the corresponding N-S flows. Second, as seen in Figure 2,
magnetic energy appears predominant at small scales, although
predominance decreases with increasing compressibility (Ma). This
small scale magnetic predominance manifests itself in the many
intense current filaments seen in Figure 3c. These observations
reinforce earlier results [5,6], in that they underscore the
importance of magnetic field fluctuations in the dynamics of a
compressible, turbulent and conducting fluid.

As a final point, we note that if Bo * 0? magnetic dynamo processes
appear possible, as indicated by the behavior of EB and J in Figure
2(a,b), even in two dimensions. (No 'anti-dynamo' theorem can be
proved in the presence of even a small dc mean field Bo.) This is a
point we plan to explore numerically by introducing mechanical
forcing into our MHD code. In addition, we plan to add a
temperature equation, using x = ln(T) as our primary variable, rather
than directly using the temperature T.
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Figure 1. 64x64 runs: Ecom/fEeom + E,) vs time for large (*), medium
(D) and small (O) scales, for N-S with initial Ma : a) 0.239, b) 0.299;
for MHD with initial Ma : c) 0.239, d) 0.299.
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Figure 2. Energies, enstrophy (£2) and mean square current (J) for
256x256 MHD runs with initial Ma : a) 0.169, b) 0.845; energy
spectra shortly after J=«£2 for these same runs: c) initial Ma =0.169,
d) initial Ma =0.845.
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EULER EQUATION OF ONE-DIMENSIONAL COMPRESSIBLE GAS AND
LOCALLY-EQUILIBRIUM MOLECULAR DYNAMICS

Ya. G. Sinai
Landau Institute of Theoretical Physics

Academy of Sciences, USSR
ul. Kosygina, dom 2, Moscow 117334 USSR

1. FORMULATION OF THE PROBLEM

The problem which we intend to consider in this talk can be described
as the study of relations between microscopical properties of matter and
their macroscopical manifestation. One of the final goals, which is still
unfortunately very far from us, is to understand whether turbulent
motions may be thought as collective motions of some modes having a
thermodynamic origin. We shall make several speculations about this at
the end of this talk.

The matter which we shall deal with here is classical. It means that
we neglect quantum effects. This seems to be reasonable for normal
thermodynamic conditions. Another restriction which we impose is more
serious. We intend to consider only one-dimensional gases but we shall
take into account their properties of compression and heat conductivity.
The advantage or disadvantage of the one-dimensional systems is due to
the fact that the local changes of form of the infinitesimal volumes are
also one-dimensional, i.e., they are reduced only to the change of the scale
but not to the change of form which does not even exist in the one-
dimensional situation.

We assume that the motion of the one-dimensional gas takes place on
the circle S1. It will be most convenient for us to take as an independent
variable the Lagrangian variable % where % is the mass of the gas counted
starting with some fixed point, O, at the initial moment of time. Its
connection with the usual coordinate % follows from the equality
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X
p(y;O)dy

where p(y; t) is the density at the point y e S1 at a time, t. The whole
mass, / p(y;O)dy= 1 , which is certainly nothing other than some
normalizing condition. Introduce the hydrodynamical variables £(4,t),
v(£,t), r(u,t), where e(£,t) d£ is the total internal energy of particles which
initially were in the interval (£, £ + d£). v(ij,t) is the hydrodynamical
velocity of the same particles, and r(£,t) is the mean distance between
particles, i.e., r*1(£,t) is the density. The system of Euler equations takes
now a divergence-like form (see [1])

at d% at as at as <-,)

Here T(1>, T(2), T(3) are the components of the energy-momentum tensor. In
particular, T(2)(£,t) - - p ( U ) where p is the pressure, T(3)(£,t) -
T(1)(£,t) has a more complicated form.

We also shall need conjugate variables P(S,t), y{£,,\), |i(^,t) wher©

ap 3y 3|x (2)

Here h is the Gibbs free energy. In the one-dimensional case h is always a
strictly convex function of its variables and therefore the usual
difficulties related to the Legendre transformation do not appear.
Certainly the system of Euler equations can be written in terms of
variables 6, q, m but we do not need their exact form. We use only the
Duham-Gibbs equality (see [1])
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The system of Euler Eq. (1) determines the one-parameter group of
transformations {e1} acting in the space of 3-tup!es [£{%), v(£), r{%)].
Namely z^efe), v(£), r(£)} = {e(£,t), n(U), r(^,t)}. We shall not concern
ourselves here with various problems related to the existence and
uniqueness of solutions of (1). Locally these properties are satisfied and,
at this point, this is enough for us. To be more precise we shall assume
that initial data and all £*{£(§), v(£), r(£)}( |t|st0 are well-defined and
belong to a bounded domain of the space C2(S1).

The microscopical description of the non-uniform but locally-
equilibrium distribution of parameters e, v, r is well-known (see [2], [3]).
Consider the system of N particles of mass 1 on the line having the
coordinates and velocities qj, v,-, 1 <.i<.N, qj£.qj+1. The interaction is
pairwise with the potential U(r). The usual assumption is that it has a
hardcore, i.e., U(r) = <» for r <. r0, and a short range, i.e., U(r) = 0 for r >. r^
Between r0 and r-, U is twice-differentiable. Let p (£), y(%), u.(£) be three
C2-functions on S1. Take the Hamiltonian of the system in the form

i-1

Here

H = CM - qi, ei = 1 [vf + \j(qM - qj + u(qi - qM)]

and the periodic boundary conditions are imposed, qN+. = q. + N. Introduce
the locally-equilibrating Gibbs distribution PpiYi|X having the density

where Zp y M is the partition function

N
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It is not difficult to show that

lim 1
Kf i n

Here h is the Gibbs free energy which was mentioned previously. The last
formula also shows the usefulness of the Lagrangian variable %.

The equations of motion for the whole array of particles have the
form

Denote by EJ(T), VJ(T), T\(X) the solution of these equations and {ST} is the
corresponding group of transformations of the phase space. The Ux PpiY#

is the probability distribution in the phase space having the density

The partition function Z f t is not changed due to Liouville theorem,

The hydrodynamical time and the microscopical time are related to
each other through the formula tN = x. We can consider the probability
distribution (4) as some distribution which can be prepared in advance in a
laboratory. The main problem which we intend to discuss here concerns
the question in what sense the probability distribution (5) is locally-
equilibrating for hydrodynamical times T. Certainly it does not have the

292



form of (4) with changed (3 , y, \i. But local equilibrium can be defined in a
more mild form. To do this take a test function $x,y,z}eCo(R) and
consider the average

, t] = 1 i <p(ei (tN), Vi (tN), rj (tN))
i 1

If (5) is, in a sense, locally equilibrating then i[(q,vi),t] should be close to
J(t) = f \{e^,t), vfet). rfet)} d^ where (efet), vfet), rfct)} = E^efe), vfe), rfe)}.
We shall say that (5) is locally-equilibrating in a weak sense if for 8 > 0

Now our main question can be formulated as follows: Given the
probability distribution (4), what is the interval of hydrodynamical time
during which we can guarantee (6). There are some partial results for
several degenerate models which are discussed in particular in [3]. The
importance of our problem increased recently in connection with the
famous work of Frisch, Hasslacher and Pomeau [4] where the authors
constructed the system of cellular automata modeling the Navier- Stokes
equations. However, as far as I know at this time, there were no general
results related to the whole problem. In the next section we develop a
new approach which might lead to some progress in the case which we
consider.

2. THE MAIN INEQUALITY AND ITS COROLLARIES

Take a microscopical time x0 and for any p(£), y(£), n(£) put

The form of Fp y 4 l will be written below.
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Assume that (p, y, |i) is an arbitrary 3-tuple of functions on the circle

belonging to a bounded domain of C2(S1).
The main inequality. For t 0 > 0 one can find B = B(x0) > 0 such that for

all A > 0

>A]<exp(-NA2B"1

-2

and B(x0) t0 -» 0 as T0 -> oo.
A weaker form of this inequality appeared in [5]. Now we can

formulate our main result.
Theorem. If the main inequality is valid then there exists a

hydrodynamical time t0 = to(xo, B) such that for all t, l t l< . t 0 > the local
equilibrium (6) holds.

The proof of the theorem is given in the Appendix. Here we shall
write down the exact expression for F:

-Mrr.Wrr }ds
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We denoted . rf'(s> = u'jr.ls)). i f w - »,W.

It is worth mentioning that the main inequality takes into account
only the dynamics during a fixed interval of the microscopic time. It
means that we do not need any information concerning ergodic or mixing
properties of the system with the fixed N. This seems to be quite natural
because the local equilibrium is a quite common phenomenon which should
not be connected with such refined properties. From another side, the
estimation which enters the main inequality is of the type of large
deviation estimations in probability theory. Sometimes the main
contributions to the corresponding probabilities comes from or nontypical
configurations or nontypical dynamics involving some collective motions.
The form of these collective motions is unclear. It cannot be excluded
that they are somehow connected with turbulence. In our opinion, an
analysis of the main inequality deserves a very thorough study.
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APPENDIX. PROOF OF THE MAIN THEOREM

We reproduce here with minor modifications and corrections the proof
given in [5]. We start with the following lemma well-known from
probability theory.

Lemma. For any 8 > 0 there exists f(8) > 0 such that for all considered
p, y, ^ and t

v); 0} - f Vfefo), vfet), fot)} >8 ;exp{-Ni(8)}

Its proof is omitted. But

Then

exp
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i.e.,

Further, put for any A > 0

then

I d P p > w = rck + I e-HP.T# I I dqf
J LK<kA / U<kA =1

() (

l/k+1)ToU<kA
\ / \

I U+ Fk

exp(kA} I exp{x}dG(x)

where G is the probability distribution function of the random variable
FE-

kt'(N(M*) found with the help of P E ^ * 1 ^ ^ ) . The integration by parts and
the main inequality of § 2 give

f"exp{x}dG(x)< f exp{x}dxf dG(u)

<
A V " I V B
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Thus 7tk + 1<jtk+expuk+1)A—— j . Assuming that t is Nt x0
 i s a n integer

we getwe get

Take any 6 > 0 and find f(8) >0 in view of the lemma. It is easy to see that
f(8) -» 0 as 8 -> 0. Choose firstly large A so that A2 B'1 2. f(8) and then
large tQ so that t0AT0 £p-i(8). Then

for sufficiently large N and

Pp,Y,n({(qi.Vi);t}-J(t)l>8!

i. Vi); t} - J(t) | I > 8 n CNt ̂  1

• /

exp|- UNTl1
 H|},V,M) ndqidvj<expjlffs)N

• A

+ exp JNt To1 A) PEfp,w) (|l ((qi, Vj); 0) - J(0)| > 5)

<2expJ-li(8)N[-*0, asN-*co.
t 3
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THE STRUCTURE OF SUPERSONIC
TURBULENT BOUNDARY LAYERS:

WHAT WE KNOW AND WHAT WE THINK WE KNOW

A. J. Sraits
Dept. Mechanical & Aerospace Engineering

Princeton University

INTRODUCTION

A considerable amount of turbulence data has been obtained in supersonic boundary

layer flows. Virtually all data up to 1980 which could be considered "functionally

complete" that is, well-documented, were compiled by Fernholz and Finley (1980), and

this listing was recently brought up to date by Fernholz et al. (1988). Measurements

of <u'>, <(pu)'> and <T'> are widely available, but unfortunately measurements of

<v'> and -u'v' are not. Even more unfortunately, few measurements of higher order

moments have been made, and spectral data, probability density distributions, and

correlations have only been obtained in very few cases. In this respect, the most

complete data sets for zero pressure gradient flat plate boundary layers are those

by Owen and Horstman (1972), Owen, Horstman and Kussoy (1975), Robinson (1986),

Fernando (1988), Spina (1988) and Smits et al. (1988). In the present contribution,

we present a review of this work to assess the significance of variable density on

the structure of high speed turbulent boundary layers. For tide purpose of

comparison with the subsonic case we use the results from Alving (1988) because of

the wide variety of data obtained in that flow. The flo»? conditions for all cases

are summarized in Table I. Not all quantities were measured by every investigator,

and therefore it is not always possible to make a clear distinction between Hach and

Reynolds number effects.

Before considering the results, it is useful to summarize the type of data measured

by these investigators and how they were obtained. In all four cases, the data were

obtained using hot-wire anemometry. In the study of Flow 3 by Owen and Horstman

(1972), autocorrelations, spectra and space-time correlations in the streanwise and

transverse directions were obtained using the fluctuating component of the hot wire

voltage. Since they used a constant-temperature system, operated presumably at a

high overheat ratio, the fluctuating voltage is proportional to (pu)' if the

fluctuations are small (Smits et al. 1983). In their later work, Owen et al. (1975)

used constant-current anemonety to obtain the integral scales and microscales, the

probability density distributions, the skewness and flatness, and estimates for the

turbulence lifetimes for both the fluctuating mass-flux and total temperature . In

Flow 2, Robinson (1986) used a constant-temperature anemoneter operated at high

overheat ratio to obtain (pu)', and he measured the flatness profile, the

correlations in the direction normal to the wall, and did some preliminary
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conditional sampling using the VITA technique. All the work done in Flow 1 was done

using constant temperature anemomety, and the primary data were time histories of

(pu)' and v' . The vertical velocity fluctuations v' can be measured directly in

supersonic flow (Fernando et al. 1987) but fluctuations in mass-flux and total

temperature cannot be decomposed into density, pressure, temperature and u'

velocity fluctuations without additional measurements or assumptions (for a more

extensive discussion of this problem see Owen et al. 1975, or Smits et al. 1988). In

contrast, the data in subsonic flows are always in terms of u' and v'.

Subsonic flow

He

"ref

Cf

R#
S

0.1

31 m/s

.00283

5000

19.3 mm

Supersonic flow 1

2.9

565 m/s

.00114

80,000

28 mm

Supersonic flow 2

2.97

594 m/s

.00166

15000

12 mm

Supersonic flow 3

6.7

1110 m/s

.00080

8500

33 mm

Table 1. Experimental conditions for the supersonic boundary layers investigated by

Spina (1988) and Fernando (1988) (Flow 1), Robinson (1986) (Flow 2), and Owen et al.

(1975) (Flow 3), and the subsonic boundary layer investigated by Alving (1988).

In supersonic Flows 1 and 2, the freestream Mach number is in the range where

Morkovin's hypothesis should apply over most of the boundary layer thickness. The

Mach number gradient near the wall, however, is very high (for example, in Flow 1

the sonic line is located at approximately y - 0.0055 - 0.13am - 75 uv/uT), and it

may be expected that the fluctuating Mach number can exceed unity in the region of

maximum turbulence production, and Morkovin's hypothesis nay break down in the

near-wall region.

2. Statistical Evidence

The simplest comparison between the turbulence behavior in subsonic and supersonic

boundary layers is to compare the distributions of <u'>. When normalized by u r (—

Jr w/^ w), the distributions appear to show a strong Mach number effect (see, for

example, Schlichting 1968, p. 659). However, if the results for Mach numbers less

than 5 are normalized by a velocity scale derived using the wall stress and the

local density (- JTV/P), as suggested by Morkovin, the Mach number dependence is no

longer evident. At a Mach number of 6.7, however, Owen et al. found that this

transformation did not seem to collapse the data, indicating that hypersonic flow

may display strong compressibility effects. It is also known that the flatness

profile in supersonic flows is more constant than in the corresponding subsonic case
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(see figure 1). One definition of intermittency is I - (3/Flatness), where

Flatness - u /(u ) , and the results imply that the intermittency profile is

fuller in supersonic flows. In contrast, the flow visualization of density cross

sections by Smith at Princeton (private communication) reveals that the boundary

layer has a very similar appearance to that seen in subsonic flows (see figure 2),

and it may be possible that the flatness profiles of (pu)' do not give an accurate

picture of the intermittency. Recent measurements of the intermittency function

from the (/>u)' signal by Selig (1988) seem to support this idea.

What is even more interesting is that the shear correlation coefficient

(- -u'v'/<vi'Xv'>) is different (figure 3). The subsonic data reveal a higher

correlation across the boundary layer with a nearly constant value of 0.45 for 0 <

y/5 < 0.8, while the supersonic correlation decreases steadily as y/S increases.

Differences were also observed in the distribution of the structure parameter a^ --

u'v'/<3 (not shown). In these same studies, however, Fernando and Alving found

similar anisotropy ratios, suggesting that the difference in character of the Ruv

distribution is caused by a change in the shear stress, that is, the organized

motions, not by a change in u' or v' alone. These changes are clearly evident in

the joint probability density distributions of u' (or (pu)') and v', shown in figure

4. The contributions to -u'v' are organized differently; as a basis for comparison,

it may be seen that the major axes of these approximately elliptical distributions

are aligned more closely with the horizontal axis when the flow is supersonic.

A wide variety of two-point space-time correlation data is available, including

mass-flux (pu)' (or velocity u') correlations in the streamwise, normal, and

spanwise directions (x,y, and z, respectively). To begin the discussion of the

results, consider the time records of (pu)' obtained in the zero pressure gradient

boundary layer from three hot wires (figure 5). The signals exhibit a very siailar

character, indicating the passage of organized motions of a scale larger than the

separation distance between the top and bottom wires. The space-time correlations

for one supersonic and one subsonic flow are shown in figure 6. For both cases, the

peak values of the correlations are quite high, reaching a maximum of 0.65 near the

middle of the boundary layer. The correlation frictions for the supersonic boundary

layer are considerably narrower than for subsonic layer. Furthermore, the

dimensionless delay time corresponding to the peak of the space-time correlation,
Tmax> decreases from 0.4 ( - 20 + 0.5/is) at the floor to nearly zero at the edge

of the boundary layer.

The high peak level of the correlation and the non-zero value of the time delay

imply that both wires are detecting the same "disturbance", and that one wire is

detecting it before the other. Since the time shift was applied to the upper wire,
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the peak at negative time delay means that the upper wire detects the disturbance

first, that is, the disturbance leans downstream. Accordingly, an angle 6 can be

defined for this "front" by using the value of Tj,jax along with the wire separation

distance, £, and the local convection velocity. That is,

ucTmax

The angle 8 may be called an "average structure angle," in that it is associated

with an average large-scale motion. Figures 10 and 11 show that the structure angle

depends on the distance between the two measurement points, and that the

distribution for supersonic flow is different from that in subsonic flow. In the

supersonic case for small values of £ (£/S - 0.09 ,say), the structure angle is

approximately constant at a value between 45° and 50° for 0.2 < y/6 < 0.8. For i/6

> 0.2, the structure angle becomes insensitive to variation in the separation

distance, and it varies from about 40° at y/6 - 0.2 to about 60° at y/6 - 0.8. In

the subsonic case, however, small values of £ give larger values of 8, and large

values of £ gives smaller values of 8 than those observed in the supersonic case.

For example, Alving found that for £/6 - 0.1, the structure angle was approximately

at a value of 60° for 0.2 < y/6 < 0.8, whereas for £/6 > 0.2, 8 varied from about

20-30° to about 50° over the same interval in y. Note that the uncertainty in the

convection velocity will not affect these results significantly: when 8 — 45°, 0%

error in Uc leads to an error in 9 of only 2-3°. These results help to explain the

differences seen in the correlation functions (figure 6). Since the average large-

scale structure is sore upright in a supersonic boundary layer, the space-time

correlation is apt to fall off at shorter time delays since the axtent of the

structures in the mean flow direction will be smaller.

Using the same upstream flow conditions used by Spina and Smits for the zero

pressure gradient layer discussed above, Donovan and Smits (1987) investigated the

mean structure angle distribution following a short region of concave surface curva-

ture using two different flow models: one which turns the flow through 8° with a

radius of curvature of 1270 ma (6/R - .022), and the other turns the flow 16° with

6/R - .08. Fernando and Smits (1987) made similar measurements on a flat plate

following a short region of adverse pressure gradient. In that case, the pressure

gradient was generated by a contoured plate, designed so that the pressure

distribution matched that of the 8° model using by Donovan and Smits. The general

shape of the distribution remained the same as in the zero pressure gradient case.

However, there appeared to be a small increase in the structure angle after each of

the three perturbations. Furthermore, the structure angle after the stronger

curvature was slightly higher than after the weaker curvature. Donovan and Salts

suggested that the perturbation rate was too rapid in the stronger curvature model
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to allow readjustment of the large-scale motions, and thus the angle of inclination

is affected. It appears that the same preliminary conclusion can be drawn for all

three of the flow perturbations, since they all exhibit the same trend.

While the present study traverses two "detection probes" through the boundary layer

at a fixed separation distance (small compared to S), most other measurements of

this kind have used one detection probe fixed at the wall (a hot wire, a shear

stress gauge, or some similar device) and another probe which was traversed through

the boundary layer, thereby varying the separation distance. The fixed separation

method used here results in a typical mean structure angle of 45° in supersonic flow

and about 30° in subsonic flow. While the variable separation method seems to give

a lower characteristic value; in supersonic flow Robinson (1986) found 30° and in

incompressible flows Brown and Thomas (1977) found 18°, whereas Rajagopalan and

Antonia (1979) found 12.5°, and Robinson (1985) found 16°. The advantage of the

present method is that the slope of the structure is determined locally, instead of

being inferred from a large-scale measurement.

A superposition of peak time delays on the "mean structure shape" was used to

produce iso-correlation contours for the supersonic case using £ - 0.095 and 0.306

(figure 9). The "mean structure shape", the solid curve drawn through the center of

the contours, was constructed from an extrapolation of the mean structure angle from

one measurement location to the next (with the first location supplying the

appropriate inclination from the origin). The peak of the cross-correlation at

each mean wire position was then shifted so that it was coincident with the curve

delineating the mean structure shape. The contours give a good indication of the

extent of the field around the identified structure. The same mean structural

characteristics are evident in all of the contours, as well as those determined by

Robinson. Similar contour plots were derived for the subsonic boundary layer

studied by Alving and they are given in figure 10. The differences in mean

structure angle that exist between supersonic and subsonic flows (figures 7 and 8)

are readily apparent in figures 9 and 10, as are the much greater streamwise extent

of the large-scale structures in the subsonic boundary layer.

In addition to the measurements made at two points separated in the direction

normal to the wall, measurements were taken at a variety of spanwise spacings in

both the supersonic and subsonic cases. The space-time correlation for a spanwise

spacing of 0.09S is shown in figure 11 for several locations across the supersonic

boundary layer. The corresponding results for the subsonic boundary layer are given

in figure 12. The peak values are somewhat lower than in the supersonic case,

although the correlations are much broader. In both cases, however, the character

and strength of the correlations is similar to those found for the vertical separ-
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ations, except that the peak occurs at zero time delay in this case. Since the

correlation between wires spaced 0.095 apart is similar for both the spanwise and

vertical alignments, a similarity of the structures is suggested in the y- and z-

directions for small distances in both cases. As determined from the peak values of

the correlation functions, it appears that the spanwise scales are slightly smaller

than the vertical scales.

A comparison of the length scales based entirely upon the peak values of the

correlations is not conclusive, however. Therefore, the transverse scales were

further explored with the aid of iso-correlation contours which give the behavior of

the entire correlation curve, not just the peak value. The space-time correlations

were reflected about £ - 0 for each y-position (this is valid since the spanwise

correlations are symmetric), and iso-correlation contours were drawn from the

resulting surfaces (figures 13 and 14). As with the vertical correlations, the time

delay was normalized by outer-layer variables, and by Taylor's hypothesis can be

interpreted as a streamwise distance. The plots then give (pseudo) x-z cross-

sections of the boundary layer at three different y-locations. What is very

striking is that the spanwise extent of the large-scale motions in subsonic and

supersonic flows are almost identical (and in good agreement with the results of

Kovasznay et al. 1970), whereas the streamwise scale differs by a factor of about

two. In addition, the spanwise scale of the detected structures increases away from

the wall. Since the overall size of the structures increases with y/S this behavior

is not surprising. The spanwise scale of the detected organized structures should

therefore increase as we move farther from the wall.

4. Summary and Conclusions

All the measurements presented here indicate that despite broad similarities, the

turbulence structure of supersonic and subsonic boundary layers display significant

differences. Some of these differences, such as the change in the flatness profile,

have been observed in previous studies, and are now relatively well known.

Structure parameters have not been widely studied in supersonic flows, however, and

the new measurements presented here indicate that strong differences exist. For

example, the length scales derived from space-tine correlations indicate that the

spanwise scales are almost identical but that the streamwise scales in the subsonic

flow are about half the size of those in supersonic flow. The large-scale

structures in the subsonic boundary layer also appear to move slightly slower, and

lean more towards the wall, than those observed in supersonic flows, and their shear

stress content is distributed differently among the four quadrants. All these

observations suggest that there may be fundamental differences between the

structure of subsonic and supersonic boundary layers. It is possible that the

density gradients in a supersonic shear layer affect the large scale structure, and
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that there exists a damping effect of Mach number on the turbulent motions which may

be important even for turbulence away from the wall. In some sense it would not be

surprising to find differences between compressible and incompressible boundary

layers since the vorticity transport equation describes the transport of vorticity

per unit mass, rather than the absolute vorticity. Density gradients must therefore

affect the vorticity dynamics to some extent, and the extent of this influence will

vary with Mach number.
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Fig. 1. Comparison of Che flatness profiles
for different Mach numbers (from Robinson
1986).

Fig. 2 Cross-section of density field in turbulent boundary layer with
Rfl - 15,000 and free stream Mach number of 3. Visualization is by M.
W. Smith [private communication] using UV Rayleigh scattering from an
Ar-Fl laser sheet (see Miles et al. 1988 in Proceedings of this
Conference). Flow is from right to left. Exposure time is 10 nanosec.
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Fig- 7. Large-scale structure angle in the
supersonic boundary layer for different wire
separation distances (from Spina 1988).
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Fig. 8. Large-scale structure angle in the
subsonic boundary layer for different wire
separation distances (from Alving 1988).
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Fig. 9 Equi-value space-tiae correlation
contours from vertically separated aass-flux
signals in a supersonic boundary layer:
a) i - 0.096, b) ( - 0.3CS (fron Spina 1988).
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Fig. 10 Equi-value space-tiae correlation
contours from vertically separated velocity
signals in the subsonic boundary layer studied by
Alving (a) { - 0.10, (b) f - 0.21, (c) £ - 0.29.

-2.0 -1.0 0.0 1.0 2.0

Fig. 11. Space-tine correlation between
spanwise separated •ass-flux signals for several
locations in a supersonic boundary layer;
£ - 0.095 (Spina 1988).
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Fig. 12. Space-tine correlation between spanwise
separated velocity signals for several locations
in the subsonic boundary layer studied by Alving;
( - 0.09S.
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Fig. 13 Equi-value space-tine correlation
contours from spanwise separated mass-flux
signals in the supersonic boundary layer
a) y/S - 0.20, b) y/S - 0.51, c) y/S - 0.82
(Spina 1988).
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ABSTRACT

The behavior of supersonic free shear layers has been analyzed through
numerical solution of the 2-D compressible Navier-Stokes equations. A modified
McCormack scheme that is fourth order accurate in space and second order
accurate in time was used. It was found that small amplitude normal velocity
disturbances introduced into the flow field grew as they were convected
downstream and eventually led to organized vortical structures. The growth rate
of these disturbances was found to depend on the convective Mach number. It
was also found that streamwise and spanwise velocity disturbances introduced
into the shear layer did not grow as rapidly as the normal velocity disturbances
did.

INTRODUCTION

During the past several years, within the aerospace community there has
been an increased interest in a class of propulsion systems called SCRAMJET
engines. In these systems, the high speed supersonic air stream captured by the
inlet is slowed down through a series of shock waves to low supersonic speeds
before entering the combustion chamber. For efficient and reliable performance,
and to keep the overall length and weight of the system small, it is imperative
that this high speed air stream mixes well with fuel and reacts rapidly. Because
normal injection of the fuel stream into the air stream produces good mixing at
the expense of significant total pressure loss, researchers have begun to consider
configurations where the mixing of parallel or oblique streams of fuel and air
will occur.

Unfortunately, the shear layer which forms at the juncture of the
supersonic air and fuel streams tends to grow at a much slower rate than its
subsonic counterpart. Spark Schlieren photographs taken by Papamoschou [Ref.
1, 2] show the growth rate of supersonic shear layers to be less than 1/3 that of
an incompressible shear layer, for a wide range of combinations of fuel-air ratio,
specific heats, Mach numbers, temperatures and densities. Similar experimental
results were also observed by Chinzei et al. [Ref. 3]. Therefore there is some
interest in the use of passive and active control techniques which will promote
mixing.
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The passive and active control techniques are based upon the following
principle. If vorticity is introduced into the shear layer, it will interact with the
shear layer, grow as it is convected downstream, increase the turbulence level
within the shear layer, and lead to an overall improvement in mixing. Guirguis
[Ref. 4] and Drummond et al. [Ref. 5] considered the effect of a bluff body placed
in the middle of the shear layer. Kumar et al. [Ref. 6] considered the effects of
vorticity produced by a pulsating shock wave on the growth characteristics of
shear layers.

In the present work, we investigate active control techniques for the
promotion of mixing between supersonic fuel and air streams. Sinusoidally
varying velocity disturbances are introduced at the initial, laminar mixing region
of the shear layer. These disturbances grow with time as they are convected
downstream and eventually lead to well organized vortical structures. These
vortical structures are responsible for increase in the mixing between the fuel
and air streams, in a manner similar to that in subsonic shear layers.

Streamwise, normal and spanwise disturbances are considered as suitable
candidates for promoting mixing in this work. The 2-D and quasi 3-D
compressible Navier-Stokes equations in a strong conservation form are
numerically solved, using a modified MacCormack scheme that is second order
accurate in time, and fourth order accurate in space. This scheme is suitable for
studying phenomena such as propagation of acoustic waves, boundary layer
instability, and shear layer instability and has been previously used by several
authors [Ref. 7-9]. It is our experience that higher order schemes such as these
are more suitable for the present application than conventional second order
schemes based on an ADI formulation [Ref. 10].

NUMERICAL FORMULATION

The behavior of 2-D supersonic free shear layers, and that of 3-D
supersonic free shear layers subject to the infinite sweep assumption, are both
governed by a system of partial differential equations of the following form:

q t + F x + Gy = Rx + S y

Here F and G are the inviscid flux terms and account for the transport of
mass moment and energy, and for the influence of pressure. The terms R and S
are the viscous stress terms. The above set of equations are parabolic with
respect to time, and may be solved using a variety of stable time marching
schemes. For 2-D flows there are four equations. In the case of 3-D flows subject
to infinite-sweep assumption, there are five equations, the additional equation
corresponding to the conservation of spanwise momentum.
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In this work the above equation was solved using a splitting approach.
That is, the solution was advanced from one time level 'n' to the next fn+2*
through the following sequence of operations:

q n + 2 = ( L x L y L x y L y y L y v L x y L y L x ) qn

where, for example, the Lx operator involves solution of the following 1-D
equation:

q t + F x = 0

This 1-D equation was solved through the following predictor-corrector
sequence, recommended by Bayliss et al. [Ref. 7]:

Predictor Step:

«.J ifJ 6Ax L «,J i - l , J I - 2 , J J

Corrector Step:

n+1 i
q. . =-^

At f 7 F - 8 F + F T
12Ax L Ui i + l , j i + 2 , j J

When the above equations are applied at nodes close to the left and right
side boundary, a fourth order accurate extrapolation procedure was used to
extrapolate the flux vectors F and F needed at nodes outside the computational
domain.

The Ly operator requires solution of the equation

q t • G y = 0

using a similar approach.

The operators Lxv and Lyv correspond to numerical solution of 1-D
equations such as

q t - Rx = 0

The above equation was solved through the following two-step sequence:
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[ »+ 2,

n + 1 =i-fq n
R , 1 *

The viscous terms are thus updated only to second order accuracy in space.
It may be shown that the above scheme has very little artificial dissipation
inherent in it, and is fourth order accurate in space, as far as the inviscid part is
concerned.

BOUNDARY CONDITIONS

The computational domain is shown in Figure 1, along with some of the
relevant flow properties. For the numerical simulations performed, the boundary
conditions are as follows. At the upstream boundary, the flow is supersonic for
both the air and fuel stream. Thus, all the flow properties may be prescribed at
this boundary, and may include any velocity and pressure disturbances
externally imposed on the shear layer. At the downstream boundary, for the
small amplitude velocity disturbances encountered in this work, the flow
remains supersonic, and may be extrapolated from the interior. Alternatively,
the governing equations themselves may be applied if the streamwise diffusion
terms Rx are suppressed at the downstream nodes.

At the lateral boundaries, it was assumed that the flow is confined by
smooth, flat walls. In order to avoid resolving the boundary layers that grow on
these plates, and to avoid any influence of these boundary layers over the shear
layer, slip boundary conditions are used at these side walls. These walls are
considered adiabatic, and the normal derivatives of density and pressure are
also set to zero.

In the present work, all the calculations have been performed for cold
flows. Furthermore, it was assumed that the species above and below the shear
layer have the same ratio of specific heats, and moleculer weight.

RESULTS AND DISCUSSION

A 221x61 uniform grid, with grid spacing equal to 0.01 millimeter in both
directions was used. The Reynolds number of the flow ( using the speed of sound
of the upper stream as the reference velocity ) was 1000 per millimeter. The
calculations were carried out, starting with step velocity, density and
temperature profiles everywhere in the computational domain, and marching in
time until an asymptotic steady state shear layer evolved. Next, streamwise,
normal, or spanwise velocity disturbances varying sinusoidally with time were
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imposed at the upstream boundary. Calculations were carried out for several
cycles of imposed oscillations to ensure that these disturbances introduced at the
upstream boundary had enough time to travel through the length of the
computational domain and leave through the downstream boundary. Four
typical cases calculated with normal velocity disturbances are shown in Table 1.

Because the supersonic shear flow problem involves at least 10 flow
parameters ( 5 flow properties on each side of the shear layer ), it is desirable
that these parameters be combined to give one or two nondimensional
parameters of importance. Papamoschou [Ref. 1] has used the convective Mach
number as the single parameter that ties all his experimental observations
together. This parameter is simply the Mach number of dominant vortical
structures within the shear layer with respect to, say, the upper stream. If the
upper and lower stream both have the same ratio of specific heat then the
velocity of convected disturbances will be given by:

a l + a 2

and the convective Mach number is

U, - U

c ~ a.

Note that the subscript 1 and 2 correspond to conditions on either side of the
shear layer. In Table 1, the convective Mach numbers are tabulated according to
Papamoschou's formula, and also based on our own numerical simulations. To
compute the convective Mach number from our numerical simulation, the
vorticity contours were plotted at adjacent time levels and the distance travelled
by vortical disturbances during that interval were computed, in a manner shown
in Figure 2. It was found that the convective Mach number from our simulation
was always equal to or lower than that from Papamoschou's formula. Thus, the
present calculations show the convected vortices to travel at speeds closer to the
faster stream.

In Figures 3 through 6, the calculated vorticity contours are shown for the
mean flow, as well as for the cases with imposed normal velocity disturbances.
The inflow Mach number combinations are shown in Table 1. And the
amplitudes of disturbance velocity were 2% of the corresponding streamwise
component. The following conclusions may be drawn from an examination of
these contours:

(a) Small amplitude normal disturbances introduced upstream grow rapidly, and
eventually lead to well organized vortical structures.
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(b) As the convective Mach number computed according to Papamoschou's
formula increases, the growth rate of the shear layer decreases. It should be
noted that this observation is in agreement with Papamoschou's experimental
observations, and with linear stability theory.

(c) A comparison of vorticity contours of the steady shear layer ( without
disturbances ) and excited shear layer indicates that the small amplitude normal
velocity disturbances introduced lead to a pronounced increase in the shear
layer growth rate.

In Figure 7 and 8, the vorticity contours are shown for shear layers with
imposed streamwise or spanwise velocity disturbance, both with the same
amplitude as those in the normal direction. The inflow boundary conditions were
the same as in case-1. It is seen that these disturbances are not as effective in
increasing the growth rate of the shear layer as exciting the normal velocity
component by the same amount.

CONCLUDING REMARKS

A technique for enhancing the growth rate, and hence the mixing
characteristics of supersonic shear layers has been described. A numerical
procedure was used to study the spatial and temporal growth of sinusoidal
disturbances introduced into the shear layer. It was found that a near linear
growth with respect to x in the amplitude of these disturbances results. Highly
organized vortical structures could be found in the shear layer, which are
expected to improve mixing between the air and fuel streams.
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Figure 1. Boundary conditions for supersonic free shear layer
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Figure 2. Vorticity contours at different time levels for case-2.
M! = 4.0, M2 = 2.0, Me = 0.38.
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Figure 3. Vorticity contours for case-1, Mi = 4.0, M2= 2.3, Me = 0.2.
(a) without disturbance, (b) with disturbance in the normal direction.
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Figure 4. Vorticity contours for case-2, Ml = 4.0, M2 = 2.0, Me = 0.38.
(a) without disturbance, (b) with disturbance in the normal direction.
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Figure 5. Vorticity contours for case-3, Ml = 4.0, M2= 1.3, Mc= 0.8.
(a) without disturbance, (b) with disturbance in the normal direction.
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Figure 6. Vorticity contours for case-4, Mi = 5.0, M2= 1.3, Me = 1.2.
(a) without disturbance, (b) with disturbance in the normal direction.
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Figure 7. Vorticity contours for case-1, Ml = 4.0, M2= 2.3, Me = 0.2, with
disturbance in the streamwise direction.
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Figure 8. Vorticity contours for case-1, Mi = 4.0, M2= 2.3, Me = 0.2, with
disturbance in the spanwise direction.
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NUMERICAL SIMULATION OF ENHANCED MIXING A N D TURBULENCE
IN SUPERSONIC FLOWS

Thomas A. Zang, J. Philip Drummond, and Ajay Kumar

Computational Methods Branch
NASA Langley Research Center

Hampton, Virginia 23665

Introduction

The fundamental issues involved in compressible turbulence are of great technological impor-
tance and present severe challenges for analytical, numerical, and empirical predictive methodolo-
gies. One pressing application is to hypersonic flight, especially for the internal flow in combustors.
A principal objective is to optimize the efficiency of the fuel-air mixing occurring in the engine. In
the very high speed vehicle configurations currently being considered, achieving a high combustor
efficiency is particularly difficult. This is a consequence of the fact that with increasing vehicle
Mach number, the average Mach number in the combustor also increases. As the combustor Mach
number increases the degree of fuel-air mixing that can be achieved through natural convective
and diffusive processes is reduced, leading to an overall decrease in combustion efficiency and
thrust.

Numerical methods for supersonic (and reacting) flow have matured to the point at which
they are playing a key role in exploring machanisms for enhancing mixing and turbulence in
compressible flow. In this paper some representative illustrations of recent work directed towards
mixing enhancement in supersonic combustors will be presented.

Methods

This decade has witnessed rapid progress in numerical methods for supersonic and hypersonic
flow. Upwind-biased schemes of increasing sophistication and accuracy have passed rapidly from
academic circles to large production codes at national laboratories and in industry. Most practi-
tioners have their own pet suite of test problem. In this section we provide a brief discussion of
the progress made on two of our favorites.

The ideal shock-capturing numerical method would capture shock-waves and slip lines in 2 grid
points with no smearing or spurious oscillations while at the same time retaining high accuracy
on small-scale flow field features. A problem which is ideally suited for putting schemes to this
particular test is the interaction of turbulence with a shock. A schematic is provided in Fig. 1.
At time t = 0 an infinite, normal shock at x = 0 separates a rapidly moving, uniform fluid on the
left from the fluid on the right, which is in a quiescent state except for some specified fluctuation.
The initial conditions are chosen so that, in the absence of any fluctuation, the shock moves
uniformly in the positive x direction with a specified Mach number (relative to the fluid on the
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right). In the presence of the fluctuations, the shock front will develop ripples and waves will be
established behind the shock. The particular case illustrated in the figure pertains to a Mach 8
shock encountering a plane shear wave inclined at an angle of 30° to the undisturbed shock front.

Linear theory predictions for the wave amplitudes behind the shock have been available since
the 1950's ([1,2]). Zang, Hussaini, and Bushnell [3] have tested these in the nonlinear regime using
shock-fitting methods. Figure 2 is a typical result of that work. The amplitude of a vorticity
wave generated behind the shock by a downstream shear wave is plotted as a function of the
angle of inclination of the wave. (Results for both finite-difference and spectral shock fitting
calculations are shown.) For small angles the agreement with linear theory is very good, whereas
near the critical angle (beyond which the waves behind the shock decay), the linear prediction
is unreliable. At small angles of inclination, however, the linear result is a very good measure of
the actual solution. Thus linear theory can be used to calibrate numerical methods for this test
problem.

Since in the shock-fitting method the shock front is a boundary of the computational domain,
the difficulties associated with differencing across the shock are not present. Although shock-
fitting methods have produced impressive results on simple flows they are not a practical tool for
the complicated flows that must be analyzed in many engineering problems.

A wide variety of upwind-biased difference schemes are currently available. Shu and Osher
[4] have applied a particular upwind scheme, known as the ENO method, to this problem. The
simplest relevant example of theirs involves a pure density fluctuation at zero angle of inclination.
This reduces to a one-dimensional problem. Figure 3 displays the result of sixth-order ENO
with 300 grid points for an incoming wave with a 20% fluctuation in the density. The solution
to this problem involves both an acoustic wave and an entropy wave behind the shock. Both
contribute density fluctuations, with the acoustic contributions having longer wavelength and
faster propagation speed. The solid line comes from a highly-resolved ENO calculation. The high-
order scheme does a very impressive job of capturing the shock and resolving both the acoustic
and entropy waves. The result of a shock-fitted calculation are shown in Fig. 4. A second-order
MacCormack method was employed. There are two features in the shock-fitted results which are
not reflected in the ENO results. One is the oscillations near the upstream peaks of the acoustic
wave and the other is the small-scale fluctuations near the the two upstream peaks due to the
entropy wave. Results from a spectral domain decomposition shock-fitted code (Kopriva, 1988,
private communication) suggest that these are real elements of the solution; the former arises
from transients generated when the shock suddenly encounters the incoming wave and the latter
occurs because of the superposition of the acoustic and entropy responses. Evidently, the ENO
scheme does eliminate these real features from the flow. Nevertheless, this particular upwind
scheme does an impressive job of replicating the large- and medium-scale flow features of this
simple one-dimensional test problem.

A second simple test problem involves the interaction of a shock with a vortex. This problem,
too, has been computed by shock-fitting ([5]). The problem is most challenging when the vortex
is sufficiently strong to create a secondary shock along with a triple point. Figure 5, taken from
[6], shows a typical experimental result. Here, the shock is moving from right to left and has just
passed over the vortex. Note the two triple points in the figure.

Figure 6 shows the numerical results [7] obtained from a second-order upwind method. The
calculation used a 132 X 122 grid. The close agreement between the primary shock, the secondary
shock and the triple points is encouraging.
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Mixing Enhancement From Oscillating Shocks

One technique for mixing enhancement that has been explored recently is based on utilizing
either natural or forced shock oscillations to enhance turbulence. Kumar, Bushneli, and Hussaini
[8] devised a simple two-dimensional model problem for this study. It consists of Mach 3 inviscid
flow past a 10° compression ramp. The shock oscillations are forced by utilizing an oscillatory
inflow boundary condition on the Mach number M of the form

M = M^l + A{rj) sin[2nct)\ (1)

where
/ y/Utty 0<y<0.05 ,„,

'{Mf**-** y>0.05. (2)

The Mach number oscillations are concentrated near the lower wall, with a maximum amplitude
of 5% of the free stream Mach number at y = 0.05 . The frequency c was the free parameter in
this study. Kumar, et al examined frequencies between 1 and 10. This covers the relevant range
of turbulence frequencies.

The numerical simulations of this problem were performed with a second-order upwind method.
Results over one period for c = 5 are shown in Figure 7. The disturbance introduced at the foot
of the shock propagates along the shock into the free stream flow. The induced free stream oscil-
lations should enhance mixing. The Reynolds stress created by the shock oscillation are displayed
in Figure 8. Note that the amplitude of the Reynolds stresses decreases as the frequency of the
shock oscillation increases. Hence, low frequency shock oscillations should be the most effective
ones.

In a real combustor shock oscillations can arise from unstable flow fields. Potential sources
are from fuel injection, unsteady boundary-layer separation regions, boundary-layer turbulence,
and from in-stream bodies.

Mixing Enhancement From Temperature Control

A useful idealization of the fuel-air mixing problem is sketched in Fig. 9. A splitter plate on
tiie left separates the initial fuel (top) and air (bottom) streams. The air stream is presumed
at rest, whereas the fuel stream has a specified Mach number M^. The ratio of the air to fuel
temperatures is denoted by /3y. A free shear layer develops downstream of the splitter plate. This,
of course, is unstable and linear stability theory can describe the initial stages of the instability.

Macaraeg & Street [9] have performed a parametric study of the temporal stability of the
self-similar, non-reacting mixing layer. The compressible linear stability equations were solved
with a spectral method using on the order of 100 points. Figure 10 displays typical dependicies
of the growth rates, denoted by w,-, upon Mach number, temperature ratio, and Reynolds number
Re. The decrease in growth rate with increasing Mach number is familiar and underlies the
necessity of increasing the mixing at higher speeds. The modest dependence of the growth rate
upon Reynolds number reflects the essentially inviscid character of the instability. The strong
dependence of the growth rate upon the temperature ratio suggests that mixing can be enhanced
by proper tuning of the fuel temperature. Fortunately, the greater instability of the shear layer
with decreasing fuel temperature is favorable to hypersonic combustors: the air entering the
combustor will be very hot and the fuel can be relatively cold.
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Mixing Enhancement From Obstacles

Of course, most of the flow in combustors is in the strongly nonlinear regime. Numerical
investigations of all but the initial stages require full simulations. Drummond and co-workers
have developed a comprehensive capability for simulating spatially-developing, reacting, viscous
shear layers. A recent description of this capability is provided in [10]. Second- and fourth-order
central difference methods are used for the numerical solution of the Navier-Stokes, energy, and
species continuity equations. Finite-rate chemical reactions are included.

A number of numerical simulations of such shear layers have been conducted. Drummond
and Mukunda [10] have studied the effect of curved shocks upon the mixing efficiency. Figure 11
illustrates the conditions of a simple comparison. The left part of the figure shows the benchmark
case, which is the shear layer which develops from a fuel and air stream initially separated by
an infinitely thin splitter plate. The physical domain was 0.1 m long and 0.1 m high. The
computational grid was 201 x 51, with a strong concentration of grid-points within the shear
layer. The simulation of this case was begun with static conditions in the flow domain and it was
conducted for 0.1 ms. This time represented 14 computational sweeps of the flow field and was
sufficient for a temporally periodic solution to develop. The right part of Figure 11 shows the
conditions for the companion simulation which included a square cylinder (0.0012 m high and
0.002 m long) a distance 0.02 m behind the trailing edge of the splitter plate. This body induces
a bow shock, which has strong curvature in the immediate neighborhood of the body.

The numerical results for both cases are shown in Figure 12. The water mass fraction is
displayed because it is a useful tracer of the mixing. The benchmark case exhibits slow mixing,
with the flow remaining laminar for the first 0.08 m downstream of the splitter plate. The familiar
Kelvin-Helmholtz instability develops, but there is an insufficient length in the region of interest
for the instability to evolve significantly. The effect of the obstacle is quite dramatic. When
the high velocity gradient region of the mixing layer is processed by the curved shock hi front
of the square cylinder, vorticity is produced. The vorticity is then convected downstream where
it produces enhanced macromixing of fuel and air. The velocity field becomes unstable near the
trailing edge of the interference body and the thickness of the shear layer grows rapidly with
increasing streamwise coordinate. The shear layer thickness defined by water mass fraction is
significantly greater downstream of the obstacle than it is in the benchmark case.

Figure 13 provides a quantitative measure of the mixing efficiency hi the two cases. The
mixing efficiency (a number between 0 and 1) denotes the amount of fuel that could react at any
x station if chemical reaction was taking place. The efficiency values for the two cases should
be viewed in a relative sense because there are significant regions of fuel and ah* that can never
mix since they are located at large transverse distances from the mixing layer. After the 0.02
m station (where the obstacle is located), there is a significant growth in mixing efficiency due
to the obstacle. Near the outflow station, the mixing efficiency is roughly four tunes that of
the benchmark case. This figure also contains results for a shear layer interacting with a pair
of straight, oblique, intersecting shocks. They produce relatively little mixing enhancement for
a shear layer which is still laminar. Thus, it is the curvature of the shock that is crucial for
increasing the mixing.

This comparison demonstrates that the introduction of curved shocks into a mixing layer is
beneficial. In a real engine the use an obstacle introduced solely for the purpose of producing
a curved shock is not practical. The total pressure loss caused by the extra bow shock is a
disadvantage. Moreover, aerodynamic heating would also pose a problem. Ideally, one should
take advantage of a shock that is already present.

326



Drummond and Mukunda [10] next examined a configuration closer to an actual combustor.
The top part of Figure 14 shows a conventional strut in a scramjet engine. Fuel can be injected
both parallel to and transverse to the air stream. Transverse injection predominates over parallel
injection when the engine is operating in the high Mach number regime to hasten fuel-air mix-
ing. At lower Mach numbers, more parallel injection is used in order to produce slower mixing.
Transverse injection takes place following a rearward-facing step that provides improved flame-
holding, and parallel injection occurs at the strut base. The transverse jet induces a bow shock.
In the conventional design the flow from the parallel jet does not interact with this bow shock.
The results of the comparison above suggested that a relocation of the transverse injection might
improve the mixing. The bottom part of Figure 14 shows a strut which has been modified to take
advantage of this mixing enhancement mechanism. Here the parallel injector is re-located so that
it interacts with the the transverse jet (and its resulting bow shock). The same amount of fuel is
introduced by each injector.

Figure 15 shows the numerical results for both the old strut and the modified strut. The old
strut was operated with only parallel injection, whereas the modified strut produced both parallel
and transverse injection. The effect of the interaction of the parallel jet with the bow shock is
apparent in the water mass fraction contours. The unenhanced parallel jet behaves much like
the unenhanced mixing layer described earlier. The growth of the jet was quite modest. For the
modified strut, however, the interaction of the parallel jet with the curved bow shock ahead of
the transverse jet indeed produced significant vorticity and results in increased mixing. Figure 16
shows the mixing efficiencies of the two cases. Efficiencies of over 90% are achieved after 0.04 m
for the modified strut, whereas 0.075 m are required to achieve this level for the old strut.

Conclusions

Modern numerical methods have produced a significant improvement in the capability to
simulate mixing in compressible flows. Upwind schemes provide sharp shocks and high-order
schemes permit many small-scale flow features to be computed reliably.

Several examples of two-dimensional computations of mixing enhancement have been pre-
sented. They suggest that combustor designs can take advantage of oscillating and curved shocks
as well as of enhanced instability due to temperature gradients across a shear layer. The natural
extension of these investigations is to three-dimensional flows.
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Figure 1. Typical shock-fitted tune-dependent both spectral (SP) and finite-difference (FD)
flow model for shock/turbulence interaction. shock-fitting codes.
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Figure 3. ENO solution for a fluctuating den-
sity incident upon a Mach 3 shock.
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Figure 4. Shock-fitted solution for a fluctuat-
ing density incident upon a Mach 3 shock.

Figure 5. Mach-Zehnder interferogram for a
strong vortex interacting with a shock.

Figure 6. Density contours from a second-
order upwind method for the shock/vortex
interaction.

Figure 7. Pressure contours showing shock motion over one period for c = 5.
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Figure 11. Schematic of the benchmark supersonic reacting mixing layer (left) and the mixing
layer containing a square obstacle (right).
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Figure 12. Water mass fraction contours for the benchmark mixing layer (top) and the mixing
layer containing a square obstacle (bottom).

.25

o-20

LU

g.15

2.10
X
2 .05

CflSE 1
CflSE 2
CflSE 3

^m- a

•V1

.02 .04- .06 .03
AXIAL LOCATION, M

Figure 13. Mixing efficiencies for the benchmark
mixing layer (Case 1), the mixing layer contain-
ing two oblique shocks (Case 2), and the mixing
layer containing a square obstacle (Case 3).

OLD

AIR H2 +

MODIFIED STRUT

.10
/IIP,

Figure 14. Schematic of conventional and
modified fuel injector strut configurations.

331



Figure 15. Water mass fraction contours for the conventional strut (top) and the modified strut
(bottom).
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Figure 16. Mixing efficiencies for the conventional strut (Case 4) and the modified strut (Case
5).
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MEASUREMENTS OF TURBULENT, ANISOTROPIC DENSITY FLUCTUATIONS IN A ROCKET
EXHAUST PLUME BY A CROSS BEAM THREE-AXIS CORRELATION TECHNIQUE

G.J. BALL
Department of Aeronautics and Astronautics

University of Southampton

Introduction

Theoretical predictions of chemically reacting flows are sensitive to the assumptions made
concerning the level of fluctuations of scalar variables such as density and temperature.
There is need for experimental data to test modelling assumptions. The measurement of
fluctuating density and temperature in the high temperature exhaust plume of a rocket
motor poses several daunting technical problems.

The use of optical non-intrusive techniques is one means of obtaining such data and this
paper describes the use of the Crossed Beam Correlation method (CBC) to obtain localised
measurements of the mean square density fluctuations within a rocket exhaust plume. The
method uses robust, low cost optical components and is relatively insensitive to vibration
and chemical contamination and requires no flow seeding.

Theory and Development of CBC

A narrow beam of light traversing a flow is refracted at each refractive index gradient it
encounters and the emerging ray therefore diverges from its original path. The deflection
of the beam is a measure of the refractive index gradients, within the flowfield, integrated
along the beam path. Wilson and Damkevala (1970) made use of a pair of orthogonal
intersecting beams in order to obtain localised information. They demonstrated that the
covariance of the time varying deflections of the two beams can be used to obtain the
mean square density fluctuations at the intersection point, under the assumption of
isotropy of the turbulent density field. Kalghatgi (1980) showed that, in the presence of an
anisotropic density field, additional information is required concerning the ratio of the
anisotropic length scales of the turbulence, and that this information can be derived with
the aid of a third orthogonal beam. The three-beam CBC therefore provides a diagnostic
tool for the measurement of density fluctuations in anisotropic turbulent flows, and it is
this system that was used in obtaining the present measurements.

Instrumentation

Measurements reported here were made using a crossed beam correlator (see Wilson and
Damkevala 1970) as modified by Kalghatgi (1980). The three beams are provided by three
4mW HeNe lasers which intersect at the measurement point (see figure 1). Each
transmitted beam is directed onto a position sensitive photodiode which measures the
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angular deflection induced by density gradients in the flow (bandwidth 0-20kHz). The
deflections are cross-correlated in order to obtain localised information from the beam
intersection. The mean square density fluctuation is obtained, together with the ratios of
three orthogonal length scales of the density field.

photodfode

FIGURE 1: Optical configuration forCBC measurements in the rocket plume.

Rocket Plume measurements

Measurements were made of the density fluctuations in the near-field exhaust plume of a
stationary liquid fuelled rocket motor. The plume gases were exhausted from a 72.65 mm
nozzle, having a throat of 40 mm, at approximately 2200 m/s at an exit temperature of 2000
K. The chamber pressure was 60 atmosphere. The plume was under expanded with an exit
plane pressure of 4 atmospheres. This resulted in the formation of barrel shock cells as
shown in Figure 2. Noise levels close to the plume exceeded 140dB. The oxidant employed
was red fuming nitric acid, quantities of which were expelled as a fine mist at the end of
each firing. These factors served to create in the plume vicinity a hostile environment for
the measuring optics. Nevertheless the apparatus survived approximately 200 firings each
of 10 seconds duration without serious failures.
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Figure 2. The rocket plume.

Results

A large number of measurements of the density fluctuations at various
stations along the length of the plume were made. (For reference to all
the measurements see Ball (1984)).
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FIGURE 3: Predicted time mean profiles of temperature and density 1.0 metres from the
nozzle exit.

Computer predictions of the mean density and temperature at 1.0 m from the nozzle exit
are shown in Figure 3, while Figure 4 shows measured values of the root mean square
density fluctuations at this same station.
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FIGURE 4: Predicted and measured profiles of density fluctuation 1.0 metres from the
nozzle exit.
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Discussions and Conclusions

The estimated errors for each deflection covariance are of the order of ± 10%.

Although the 3 beam CBC technique proposed by Kalghatgi has been shown to yield

plausible results in a field of gross anisotropic turbulence, the density variance obtained

relies heavily on the assumed model of the spatial correlation function for density

fluctuations used by Kalghatgi. Ball (1984) showed that only one orientation of the 3

beams can give complete correction for the effects of anisotropy, when the beams are not

so aligned some loss in accuracy is expected. Ball (1984) and Ball and Bray (1985) include

proposals for modifications to the 3-beam CBC to overcome this problem. In its present

form the CBC technique is shown to be a relatively simple and inexpensive method for the

determination of the density fluctuations in hostile flow fields.
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EXPERIMENTAL OBSERVATIONS OF SHOCK STABILITY AND
SHOCK-INDUCED TURBULENCE
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Abstract

We observe the Richtmyer-Meshkov (RM) instability of a perturbed,
shock-accelerated interface between different gases. Instability growth
of a singly shocked interface is observed to be consistent with previous
experimental data. Late-time growth visually appears nonlinear but the
growth rate remains the same as during linear growth. Re-shocking
the interface produces additional RM growth and substantial profile
broadening, which does not show the effect of local vorticity
generation.

Introduction

Shock acceleration of an interface between fluids of different density produces
a hydrodynamic instability similar to the well-known Rayleigh- Taylor instability of
an accelerated interface. Perturbations at the shocked interface grow and eventually
produce mixing of the fluids. Re-shocking the interface enhances the rate of
mixing, and may be viewed as promoting a transition from instability to
turbulence. We examine the physics of this transition experimentally by taking
shadowgraphs of the flow pattern during the re-shocking of the perturbed interface.
We also report measurements of the amplitude growth of a singly-shocked,
perturbed interface.

Growth of the shock-induced instability in gases when the initial amplitude of
the perturbation is small was first studied theoretically by Richtmyer1 and
experimentally by Meshkov.2 Hence, the shock-induced instability is often called
the "Richtmyer-Meshkov" (RM) instability. The RM unstable interface is a
perturbed contact discontinuity subjected to normal shock acceleration. Using a
shock tube and optical diagnostics to study the shocked interface between different
gases, Meshkov measured the growth rate for the amplitude of a single-wavelength
perturbation to be considerably smaller than predicted by Richtmyer's analytical
approximation. Our measurements for amplitude growth rates are slightly higher
than Meshkov's results, but significantly less than those given by Richtmyer's
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formula. Measurements of instability growth in gases at much higher Mach number
were recently reported.3

By contrast with these experiments with gases in which the measured values
are lower than analytic estimates, experimental results with liquids4 are higher
than the analytic expression derived from Taylor's and Richtmyer's analyses.

Several investigators59 have studied the growth of a planar interface
evolving into a mixing zone as a consequence of multiple shocks and rarefactions.
Although these interfaces are nominally planar, they have uncharacterized
perturbations that lead to instability and mixing. Recent results9 suggest that
earlier measurements may have been dominated by boundary layer effects that
obscured the interfacial region of bulk mixing. All of these experiments measured
the mixing (or perhaps boundary layer effects) induced by shocking a nominally
flat interface between the fluids, but they did not carefully examine the details of
the first re-shock to the interface, which is when the growth rate changes most
abruptly. Our goal is to investigate this transition experimentally and to develop a
database that describes this transition and related phenomena.

Instability growth from a single shock

Richtmyer considered the case of a shock wave moving from a lower- density
fluid, having density pL , into a higher-density fluid, pH . He derived the
following analytic expression for the growth rate of a small- amplitude,. single-
mode (i.e., single wavelength) perturbation:

kiy0Uj { ( P H - P L ) / ( P H + P L ) ) 0)

where: r\ = amplitude of the perturbation (TI0 is the initial amplitude.)
T\'o = the initial, shock-compressed amplitude
k = wavevector of the perturbation = 2 7C / X
Ui = interface velocity
(PH - PL) / ( PH + PL ) = Atwood number

Richtmyer also performed a numerical calculation for this light-to-heavy case and
found that Eq. (1) is a good approximation to the numerical computation provided
one uses shock-compressed values for the Atwood number and initial amplitude.
However, Sturtevant8 pointed out that there is ambiguity about the value of the
amplitude compression of the perturbation. Meshkov estimates the compression
with an expression involving velocities, whereas Sturtevant suggests alternative
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expressions using density compressions. For purposes of comparing Meshkov's
results and the present work, we use Meshkov's expression.

Experimental details

Both the single-shock and re-shock experiments were performed in a
horizontal shock tube having inside square cross section with dimensions 75 x 75
mm. The sinusoidal perturbation of the interface between the test gases was
produced by a 0.5-(im-thick cellulose nitrate membrane clamped in a sinusoidal
shape characterized by wavelength X=37.5 mm and initial amplitude TJO = 2.4 mm.
These dimensions give an initial (uncompressed) value of kT|0 = 0.40.

We diagnose the interfacial instability by side-viewing the interfacial region
with either of two shadowgraph systems. One system is used to take a flash
shadowgraph that gives one high-resolution frame per event. The frame duration,
determined by the light source, is about 2 \is. This shadowgraph gives a detailed
view of the flow patterns. The other system uses a multi-frame camera10 to
measure growth rates. The camera produces 12 frames equally spaced in time,
but having less spatial resolution. The interframe time set by the camera is 18.5 \is,
and a long-pulse (i.e., several ms) light source is used.

Observations for a singly-shocked interface

Our measurements of the singly shocked, corrugated interface are
qualitatively in agreement with Meshkov's results, but slightly different
quantitatively. We examined two systems in which the shock wave moved from:

air into SF6 (light-to-heavy);
air into helium (heavy-to-light).

In the light-to-heavy experiment, the shock wave moves from the lower-density
gas into the higher-density gas, and vice versa for the heavy-to-light. The
qualitative agreement with Meshkov's results is seen in Fig. 1. The perturbed
interface is observed to be unstable in both the light-to-heavy and the heavy-to-light
cases, since large growth of the amplitude occurs when the interface is subjected to
a single shock in either direction. The amplitude grows immediately in the light-to-
heavy case, whereas in the heavy-to-light case, one observes a phase inversion at
early time and growth at later time. During the phase inversion the amplitude
appears to be stabilizing, but its later growth shows that the velocity field in the
flow is characteristic of the instability. These qualitative features were observed by
Meshkov2 and are confirmed by our present results.
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Figure 1. These three flash shadowgraphs show the effects of different
density gradients across the interface. In all three cases the interface is
accelerated by a shock wave moving from air on the left into the
downstream gas on the right side of the sinusoidal membrane. A: The
downstream gas is air, so the perturbed interface is stable, although
the amplitude is shock-compressed. The transmitted shock front
(moving left to right) is seen to the right of the perturbed interface. B,
light-to-heavy case: The downstream gas is SF6, which is about five
times more dense than air. The perturbation's amplitude is observed to
grow without inverting phase. C, heavy-to-light case: The
downstream gas is helium, and the amplitude is observed to invert
phase and grow. Note that the transmitted shock wave is out of the
viewing area in B and C.

Our multi-frame shadowgraphs provide time-resolved data from which we
measure the growth rate drj/dt. We find that the amplitude TJ grows linearly in
time, even at later times when the visual appearance of the interface takes on the
spike-and-bubble configuration associated with nonlinear growth.

We make quantitative measurements of dr|/dt by time-resolving the
shadowgraphs with an electronic framing camera that takes a series of twelve
frames per event, having an interframe time = 18.5 p.s. For an incident shock
wave of Mach 1.24 in air, the measured growth rates of the amplitude are:

Air --> SF6 (light-to-heavy)
Air --> He (beavy-to-light)

dri/dt = 7.9 m/s (1^=81 m/s)
dii/dt = 19 m/s ( U, = 185 m/s)

Using Meshkov's method to estimate the compression of the initial amplitude, we
compare the air/SF6 growth rate with Eq. 1:

(dr|/dt)LANL / (dn/dt)Eq. l = 0.46.
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By contrast, Meshkov's inteipolated result for the Atwood Number corresponding
to air/SF6 (pH/pL=5.1) gives a growth rate:

(dn/dt)Meskov /(dTi/dt)Eq. i =0.35 .

Thus, the present results are somewhat higher than Meshkov's experiments, but
substantially lower than the growth rate given by Eq. 1 using Meshkov's estimate
for the initial compression.

Observations for a re-shocked interface

When an air/SF6 interface is re-shocked after its amplitude has grown into the
nonlinear regime, the profile of the interface appears to broaden substantially and
the mean profile of the interface undergoes RM growth. The broadened interfacial
region, denoted "mixing zone," contains a mixture of air, SF6 and membrane
debris. These features are seen in Fig. 2. The shock wave reflected from the
endwall is moving from the higher- density SF6 into the lower-density air, which is
the "heavy-to-light" case of RM, so the interface's amplitude inverts phase before
growing. Thus, the re-shocked interface momentarily appears to be stabilizing as
it passes through the inversion phase, but later growth of its profile is clearly
observed.

We observe in Figs. 2B and 2C that there appears to be no enhancement of the
width of the mixing zone in the two regions where the vorticity production is
greatest. These regions are where the pressure gradient of the shock, Vp, and the
density gradient of the interface, Vp, have the greatest included angle; i.e.,
where Vp x Vp is greatest. These regions occur where the interface profile is
nearly perpendicular to the shock front. The growth of the mixing zone appears to
be independent of the local angle between the shock front and the interface.

The wave reflected back into the SF6 appears to be a rarefaction fan, and the
wave transmitted into the air appears to be a sharp discontinuity characteristic of a
shock wave. The rarefaction has a mottled appearance.

The visual appearance of the interface profile shows many well-resolved
features, as seen in Fig. 2, but we observe blurring of a substantial amount of this
region. The blurring is distinct from the broadening of the mixing zone; i.e., part
of the broadening is well-resolved and part is blurred. The blurring suggests that
the refractive index gradients are so steep that ray-crossing occurs before the
shadowgraphic system's probe beam reaches the film, which is only a few mm
from the window.
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Figure 2. These four flash shadowgraphs, recorded on different
events, show the evolution of a re-shocked interface. The interface was
initially accelerated by a shock wave moving from air on the left
toward SF$ on the right side of the corrugated interface. A: The
shock wave reflected from the endwall is beginning to compress the
interfacial region, which had grown into nonlinear (i.e., spike-and-
bubble) appearance. The reflected shock is moving right to left. The
reflected rarefaction wave (moving back into the SFs ) has begun at the
two regions of contact between the shock front and the interface. Ii:
Later, part of the reflected shock wave is transmitted into the air where
it accelerates, but the portion of the shock (at the center) that is still in
the SF6 is undergoing a complex interaction with the shock wave
refracted into the SF6 and the rarefaction. C: Later, the interface
appears to have stabilized, but it is really inverting. At this moment
the amplitude is quite small. D: Still later, the mean profile of the
interface inverts phase and grows in amplitude, as expected by the
Richtmyer-Meshkov instability. The profile appears much broader
because of mixing of gases and wall effects (i.e., the interaction between
the boundary layer and the reflected shock). The shock wave
transmitted into the air is out of view on the left.

Interpretations

The results of the singly shocked interface are consistent with Meshkov's
previous experiment. The measured growth rates stated above are within
experimental uncertainties of each other. However, both sets of data are
significantly less than the growth rate predicted from Eq. 1. The source of this
difference between experiment and theory is unknown, although strength effects of
the membrane are suspected.

We interpret the qualitative features of the re-shock experiments in terms of
two superposed velocity fields, the mean-flow field and the fluctuations. If we
assume that the mean position of the interface is determined by the mean-flow field,
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then this field appears to undergo the "heavy-to-light" RM instability, as expected.
The fluctuating field is manifest as broadening the interfacial region. The
broadening is observed to increase following the re-shock, as seen clearly in Figs.
2C and 2D. However, in those regions where we expect the vorticity generation to
be greatest, i.e., where the angle between density gradient and pressure gradient is
greatest, we fail to observe substantially greater broadening. Since the broadening
appears to be independent of the local angle between shock front and interface, the
vorticity generated by the re-shock does not seem to be manifest locally as
increased broadening. It appears that such vorticity is either associated primarily
with the mean-flow field or it diffuses rapidly in the broadened profile.

The observed mixing zone consists of: (1) the bulk mixing of gases, (2) the
boundary layer (i.e., "wall effect"), and (3) membrane fragments. Related
experiments9 suggest that the boundary layer's signature may dominate, so
interpretation of mixing-zone growth cannot be made until further experiments
distinguish between bulk and wall effects. If further experiments determine that we
are indeed observing the mixing zone, then the re-shock data, such as growth of
the mixing width, can be interpreted as a measure of the effects of shock-wave
interaction with pre-existing turbulence and/or with membrane fragments.

The presence of the rarefaction wave reflected back into the SF6 demonstrates
that the shock impedance of the membrane is not influencing the mean-flow field.
However, membrane fragments may be influencing the mixing. The mottling of
the rarefaction may be a signature of the length scales present in the mix region.

Conclusions

Our observations of singly shocked interfaces between different gases are
consistent with the previous work of Meshkov, but the difference between
experimental data and Eq. 1 persists. Also, the persistence of the linear growth
rate into the regime of visual nonlinearity is unexplained. The phenomena of a re-
shocked interface show simultaneous RM growth and broadening. Strength effects
of the membrane on the mean-flow velocity field are negligible, although inertial
effects on the broadening may persist. Structure in the mixing region and on the
reflected rarefaction may be useful in characterizing the onset of turbulent mixing
if further experiments determine that the observed broadening is not a wall effect.
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ABSTRACT:

We present three methods of analyzing shock-interface and shock-

turbulence interaction: direct simulation, turbulence transport with a

full Reynolds tensor, variable density transport model, and a newly

developed "k-e-pl2" model. Using direct simulations performed with the

2D FCT code EAD, we discuss here the structure of the flow produced by a

shock-interface interaction as well as shock-mixed region interaction,

as obtained in shock-tube experiments. Boundary layer effects, a

prominent feature of such experiments, are examined using the 2D ALE

CAVEAT code, in which the simplified model mentioned above was

implemented.

I-INTRODUCTION

Turbulence modeling has long been an indispensible tool for

examining complex flows. More recently their applications have been

extended to circumstances involving several compressible materials. As a

result, Reynolds-stress transport closure models have evolved /I,2/.

Quantitative assessment of these models in general flows is still quite

limited, primarily due to their complexity and the questionable

improvement in performance over that of standard "k-e" models and their

derivatives. This paper is an attempt to look at shock-interface and

shock-turbulence interaction by combining the two approaches of

turbulence modeling and highly resolved direct simulations.
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Originally, this effort was directed at comparisons between our

turbulence model, called BHR, and some direct simulations using EAD, a

2D Eulerian code /3,4/ of shocks interacting with a random, multimode

interface between air and helium. BHR is derived, as most turbulence

transport models, from the mean and fluctuating Euler equations for a

variable density flow. Closures of higher-order correlations are

accomplished in either the standard, "diffusive" modeling popularized in

the 1970's, or by means of "two-field-like" closures that retain the

description of directed interpenetration /4/. This latter feature is

crucial to the proper treatment of the current problem of shock

interface interactions since turbulence is initially absent from the

problem. BHR initializes the turbulence in the flow by describing

interactions of the density inhomogeneities, characterized by levels of

p'2 , and the mean flow presure gradient. This term, which is not

modeled but emerges directly from the derivation, drives the turbulent

interpenetration from a quiescent start. We propose here a new

derivation, starting from BHR, of a hybrid "k-e-p'2" model that contains

some of its essential features. This model is more tractable than BHR

for multidimensional engineering flows. This model has been implemented

in CAVEAT /5/, a 2D ALE code, and has computed shock-interface and

shock-turbulence interactions generated in a prototype shock-tube

experiment similar to some experiments performed at Marseille /6/. They

show the crucial importance of the boundary layers developing in the

shock-tube. Future calculations will be directed at precise comparisons

between calculations and experimental data.

Some general concepts concerning comparison of direct simulation

results, such as those from EAD, and predictions from turbulence

transport modeling are discussed. These are exemplified in the analysis

of a simulation of a generic shock-tube experiment /7/. We also extend

our view of the EAD results presented earlier /4/ by discussing

spanwise spectra of the velocity field, and their relationship to the

initial definition of the interface.

II-DERIVATION OF A "k-e-pl2" MODEL

BHR furnishes a rather complete framework for studying unsteady,

anisotropic turbulence. It also allows for circumstances such as

instability-induced turbulence {Rayleigh-Taylor, Richtmyer-Meshkov,

Kelvin-Helmholtz, referred later respectively as RT, RM, and KH) .
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However, its rather complex formulation makes it hard to use to

simulate real flows for which the mean flow is multidimensional. For

such engineering flows, we use a simplified model, that can be derived

from BHR, and retains some of its most important features. In the case

of constant density, this model reduces to the well-known "k-e" model.

The derivation also shows that the "k-e" model is, in principle, only

valid for "small" mean gradients, in a sense that will be detailed below

(see also Besnard et Bonnefille /8/ for details) . The full BHR model

equations have been reported elsewhere, and we start here only with the

necessary ones, which are the equations for the Reynolds stress tensor

K^J and its dissipation D*3, the turbulent mass flux a^, and its

dissipation Da^.

We then consider idealized circumstances for which a steady-state

turbulent flow has been achieved, for which the turbulence is isotropic.

There is therefore a balance between production and dissipation of

turbulence. In the equations, we lump together all the terms balancing

the dissipation term into a "source" term F^J that evolves on the time

scale of the turbulence s/\k, in which s is tha turbulence length

scale. We now introduce small perturbations in the flow, due to a mean

velocity gradient, and an acceleration. The length scales associated

with these perturbations are assumed to be much larger than s and the

initial flow length scale. For sake of simplicity, we take the

perturbations length scales to be both of order L, with L much larger

than s. We consider these equations in a non-dimensional form, which

involve the variables

t = t0 t*,

Xk = L xk*,

Kik = K Kik*,

Dik = K/S2 Dik*,

a1 = a^ic a1*,
VP = Po 9 V*P*,

P = PO 9*'
B = a2 Po B*,
U£ = V U£* ,

DB = B D/K , (1)

D̂-3 and K^o contracting respectively into D and K.

In Eq.(l), V is a measure of the intensity of the velocity jump

which pertubates the initial flow, L is its gradient length, and g is a
i

measure of the acceleration superimposed on the flow on the length scale
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L; a measures the density fluctuations intensity. The time scale t0 is

chosen to be L/V, which is assumed to be much larger than the turbulence

time scale. The resulting equations are

= Ckl V5" (~K - Kii) + a ̂  J- (ai Vk

+ ̂  jl Vk f ak ̂ | Vk Kijj - Ck KiJ

U k VKDiJ + J ^ i ( D i k V k U J + D J k V k U i )

D - D«) + a » 1 (Dai

~ Vk (aD ^ V k D i j I "

L + ̂  ak^A - { I J- Vk (a. p ^

+ a ^ B - ^ V k P i k - Ca V5" a 1 ' (2c)

(2a)

2 T k I **D fTT" *"**—* | — I , U I U U - J T c — JJJ, ( 2 b )

Vs da* , Vs n v ' s „,•], 1 r / s T7 < vJ T + — p uk V^a^ + — K*k - Vkp - a - Vkaia*
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- CDa Dai VF , <2d)+ CDa2 ̂  j§JT VkPi
k - CDa

where we have dropped the *'s for convenience.

In these equations, three main non-dimensional parameters appear:

the first one is the ratio of the turbulence length scale s to the

hydrodynamic length scale L associated with the mean velocity gradient

perturbing the flow; it can be clearly identified as the Knudsen number

of the turbulence Kns, s describing a mean-free-path for the colliding

eddies. The second one is Vs/tyK, that describes the relative strength

of the perturbative shear and the internal shear due to eddies rubbing

against each other (it could be rewritten as the product of Kns
2 by a

Reynolds number based on the perturbation scales L and V, and the

turbulent viscosity s\K) . The third one is sg/K, which can be

interpreted as the Richardson number Ris of the turbulence, that

compares the relative intensities of the velocity created by the

acceleration g and the shear velocity in the direction of this

acceleration (here, it is the shear created at scale s).

We want to obtain an approximation for Eqs.(2a-d) that accounts

for both shear and acceleration effect. To do so, we assume that Kns is

small. The relative intensity of the perturbative acceleration, R.is is

assumed to be comparable to Kna, in order to simplify the expansion in

terms of the small parameter Kns; we also assume that Vs/JAJK is

comparable to Kns, which implies that W V K is not greater than 1, and

that the parameter a is of order 0 with respect to Kns.

We now expand K1^, D*3, ai, and Da1 in terms of Kns, and denote, for each

of the four variables, the two first terms in the expansion by using the

subscripts 0 and 1.

To the lowest order, both K^-JQ and D ^ Q are not affected by the

perturbations, as expected. The same result is true for aAo and Daio,

which stay at their zero initial value.

To the next highest order, we can solve directly for a*i, Da^j, and

^ and obtain

B

P

Dai = L ^ (_ S&d. Di* V p + c „ 2L BD y ik^

C P W D { a « PK )

ai = ! _ (_ L Kik y p + a 2k B v ik>j
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Inserting the expression ontained for D^i in the first order equation

for K^i, we obtain that

(3d,

Keeping now the lowest order terms for respectively the isotropic

and anisotropic parts of the Reynolds tensor K^j, we obtain the well-

known Boussinesq approximation, when the resu l t i s r e s t r i c t e d to

divergence free flows.

Next, using the approximations (3a-d), together with the

definitions

k = K/2 ,
E = CkKVD/2, (4)

we obtain a "k-£" model. However, the above approximations were derived

under the assumption that the mean gradients perturbing the flow were

small. When applying the model to more demanding circumstances, we must

introduce some additional safeguards. To do so, we recognize that any

diagonal component of the Reynolds stress, and the corresponding

dissipation stress must remain positive and smaller than the trace of

the tensor itself. This results in a constraint on the ratio k/£, which

reads

, 0<2/3+(X-l/3)Sk
ii/S]c33<l) , i=l ,2 ,3 ,

, 0<2/3+(X-l/3)Se
i:L/S£33<l) , i= l ,2 ,3 ,

(5)

where (-) indicates that the terms are now expressed in terms of the
dimensional variables (we use now k and e instead of K and D) .
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Considering now the case of Rayleigh-Taylor instability induced

turbulence, we must enforce the fact that no turbulence is ever created

in the stable case, whenever the initial interface is nearly in the

linear regime (i.e. small amplitude to wavelength ratio). To show this,

we consider circumstances when the turbulence is RTI driven, and keep

only the driving terms in K1} and a1 equations. Differentiating Eq.{2a)

with respect to time , and using Eq. (2b), we obtain that K"1™ shows no

growth in the stable case. We therefore truncate the density gradient

terms to zero in Eqs.(3a) and (3b), whenever stability is achieved. In

the unstable case we retain only part of the exact solution, neglecting

its exponentially vanishing part. This should not be to worrisome, as

long as we consider circumstances that do not depend strongly on initial

conditions, such as self-similar, fully developed turbulence regimes.

The resulting equations read

- e + v / 2 <xkcK p ̂-

akCK p f

with

(6)

where < indicates that the bracketed expression is truncated to zero if

V1pVfcP
lk is positive.

III-2D DIRECT SIMULATIONS OF SHOCK-INTERFACE INTERACTION

1-Description of the numerical experiments

By performing high resolution calculations, we are able to extract

very useful information usually not attainable by experiments, such as
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statistical correlations predicted by turbulence transport models. To do

so in the RMIM and RTIM cases, as an example, the interface between two

materials is defined by a sum of cosines waves which amplitudes are

sampled from a gaussian probability distribution function. The mesh is

chosen such that the smallest wavelength and the interface rms are

described by a large enough number of cells (typically 25 and 10,

respectively), and the largest mode is contained in the calculation box.

The analysis of the results relies heavily on a number of diagnostics

generated by a post-processor code to EAD. It includes maps of pressure,

density, velocity in the interface reference frame, as well as vorticity

and compression. In addition, Schlieren and shadowgraphs are generated,

that can be compared directly with experiments. A detailed study of the

flow structure is provided by the pseudo-spectral decomposition of the

flow, allowing for the description of mode coupling in the mixing

region. The other diagnostics include all the statistical correlations

involved in the transport model BHR. From these ID profiles, we obtain a

time evolution of integral quantities such as the interpenetration

length (MZT), and the total fluctuating energy contained in the mixing

zone (ZFKE) and across the computation grid (TFKE) . All the results

presented here are for the same two materials, respectively air (shocked

first), and helium (shocked second); the shock Mach number in air is

1.3, with one exception at 1.2.

2-Averaging procedure

A number of comments must be made concerning the relationship of

the ID diagnostics to the correlations obtained through the BHR model.

First, the interfaces that are chosen here are not fully random. Because

we want to resolve each initial mode in the interface, we consider

wavelengths that are harmonics of 2h, where h is the vertical size of

the box. We impose mirror conditions at the top and the bottom of the

computation box. The largest wave length described here is .4h, about

20 percent of the total box height. This means that, at late times in

the calculation, one should notice the effect of this particular

wavelength that grows more slowly than the other ones (convergence of

mushrooms at that scale). Eventually through nonlinear coupling, even

larger ones appear.

Second, there are several possible averaging techniques. For our

problem, the simplest possible is to take a spanwise strip average

across the mesh. This corresponds to an ensemble average over all
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possible phase shifts for a given set of cosine functions defining one

interface, if the interface were to be infinitely long. Its length is

finite, but the hope is that its main statistical features are present

in this particular segment. All the transverse fluctuations are removed

by this procedure. If we now want to obtain results that do not depend

upon the detailed structure of the interface but rather upon a

statistical quantity such as the interface variance, we would, in

principle, average our results on all possible interfaces of a given

variance. Translated in terms of spatial average, this means we would

average streamwise on a thickness nearly equal the interface variance.

Therefore, any diagnostic obtained from horizontal integration across

the mixing zone, such as the jump of the fluctuating kinetic energy due

to a shock-interface interaction, or the mixing zone thickness (MZT),

(both in RT and RM cases) gives information that is somewhat independent

of the detailed shape of the interface. However, such an average (which

would be here on about 10 cells streamwise) smooths out all details on

any scale smaller that the interface variance. No structure smaller than

the interface rms can be studied in terms of statistics related to the

rms. As an example, outside the interface region, the shock is only a

fex cells wide (3 or 4 for this FCT code) . However, we can restrict

ourselves to the sub-ensemble consisting of, for a given set of

wavelengths and amplitudes, the realizations produced by vertical phase

shifts. This is consistent with a 1-cell vertical strip averaging

procedure. The ID statistical model we use here is based on averages

over an ensemble of realizations having the same initial ID profiles

obtained by strip averaging. This ensemble is much richer than the

phase-shift invariant ensemble used in the 2D code. We still compare

here our model in its ID version with the averaged 2D results obtained

with EAD, but we make sure that its initialization uses the actual 2D

interface to get the ID initial profiles through the same average than

for extracting diagnostics from the 2D results. The additional

constraint is that both the 2D code and the ID model must use the same

horizontal mesh.

3-Convergence of the calculations and numerical diagnostics:

To have any confidence into our numerical results, we must check

that all the large scale features of the flow are well resolved. To do

so, we ran three different calculations, with the same initial interface

(referred to as case K), but with respectively a mesh size of 0.01,

357



0.0125, and 0.02 cm. Notice that, if the initial interface is rather

well resolved for all three cases, this is not the case for its rms,

physically 1/4 of the initial thickness. In the RM case, because the

shock is going here from heavy to light, all the modes on the interface

undergo a phase reversal leading at peak contraction to a thickness (of

about five cells in the coarsest case) that may not be well resolved.

Therefore, we cannot expect a good result in the third case for large

times.

Figure 1 shows the interface region in each of these cases, at

60̂ is and 180n.s, well beyond the shock passage (the curved line just to

the left of the interface is an artifact).

60ns

18O|IS

0.02 cm
I'2

0.0125 cm 0.01 cm

Figure 1: Interface at 60jls and 180JIS, for three cell sizes.

At 60ns, the large scale structures are similar on the two finer

grids. They are still rather well indicated on the coarse mesh, but one

can notice significant differences with the two other interfaces at this

early time. The mixing zone thicknesses are respectively .66, .64, and

.57 cm as measured from the interface plots. These measures have an
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error bar of about one cell. If we now calculate the thickness

associated to a departure of 0.5% of the mass concentration from 0 or 1

(MZT), we get the values .66, .62, and .54 cm respectively. Notice here

that ,due to a ratio of 1 to 7.3 between the shocked densities of the

two gases, MZT starts when 9 (respectively 7 and 4) helium filled cells

(on the average) are encountered in the strip average on the air side.

In contrast, well before an amount corresponding to a single cell of air

is detected on the helium side, the concentration threshold is reached.

Taking now into account the highly different morphologies of the bubbles

and spikes, these numbers indicate that the uncertainty on the location

of the mixing zone is about 1-2 cells on the air (bubble) side and 1

cell on the helium (spike) side. As we currently use MZT for

estimating integrated quantities across the mixing layer, this shows

there can be an uncertainty on the results such as the fluctuating

kinetic energy at minimum MZT.

There are also inherent uncertainties due the numerical scheme

itself. First, the smoothing of the shock on 3-4 cells induces

uncertainty in its position and the timing of its interaction with the

different modes in the interface, which do not have the same amplitude.

Secondly, the interface treatment introduces another uncertainty of the

order of 1-2 cells (SLIC prevents excessive diffusion by retaining a

given material until it has filled the entire cell). If we estimate the

absolute error to be 4 cells, we can then put error bars on the MZT (as

an example), to get respectively .66±.O4, .62±.O5, and .54±.O8 cm . If

we test now the minimum value of MZT (in time, coresponding to peak

contraction of the layer), we obtain respectively .14±.O4, .13±.O5, and

.l±.O8 cm, which shows that the results obtained from that last case

must be considered with the greatest caution. These numerical errors

affect such sensitive results as the quantity of fluctuating kinetic

energy created by the shock-interface interaction. A linear argument

probably does not hold here because of the nonlinear interactions

between the different modes in the interface and the shock. When we plot

the values of TFKEmax (this peak value is attained at about the time the

shock leaves the interface) and TFKEgo^ as a function of the mesh size,

and take a linear extrapolation from the three points given by the

calculation, we obtain an extrapolated value roughly 20% larger than the

one obtained with the finest mesh we used. This is connected to the

uncertainty of the minimum value of MZT; this is expected, because this

smallest value is attained during the actual shock-interface

interaction, when the shock deformation is the most closely related to
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the interface shape.

At 180fis (Figure 1), the three results are quite different:the

amount of energy created by the shock in the interface region decrases

with the number of cells, inducing less additional mixing through

nonlinear turbulent diffusion and stronger numerical dissipation of

vorticity. This may lead to significant errors: the three bottom spikes,

do not seem to converge for the coarsest mesh, which they do in the two

other runs.

4-Estimate of shock-induced fluctuating kinetic energy creation

Our simulations furnish the amount of FKE created during the

shock-interface interaction, both in the mixing zone and in the entire

computation box. These results can be used to normalize a theoretical

estimate /9/, that is based on a statistical average, over all modes

contained in the interface, of the single-mode/ linear result of

Richtmyer. The comparison between theory and simulation was performed

previously /4/, and we give here only an update that takes into account

our above comments.

The theoretical estimate reads

FKE - P <t\2>l/2 0 2 A t <po +-po_)/4, (7)

where <n2>1^2 is the interface variance, P the factor introduced by the

cut-off for high wavenumbers, U the jump in velocity, At the Atwood

number, and po+, po- the densities of the two materials after the shock

passage.

• TFKEM.2
• ZFKEM.2
••— Wth\4

<T,2>l/2

"" 0.00 0.02 0.04 0.06 0.08 0.10 0.12 c m

Figure 2: Fluctuating k ine t i c energy at peak value vs <TJ2>1/2.
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The choice of the cut-off (i.e. P) is difficult from theoretical

arguments, and we use here the extrapolated EAD results (for a mesh size

going to zero) for guidance. Figure 2 indicates (following /9/) that the

cut-off wavelength appears to be around 1.25<H2>1/2 or .5<H2>1/2 (P being

respectively .4 and .18), depending of the choice of TFKE or ZFKE as the

proper value to be compared with the estimate /9/.

5-Time evolution of TFKE, ZFKE, and MZT

We analyze here two different runs. The first one (case K) was

already considered above; the second one (case L) is a simulation of a

Rayleigh-Taylor instability induced mixing shock tube experiment, that

can be said to describe a generic numerical experiment representative of

current experiments /!/.
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Figure 3: MZT vs time (log scale). Figure 4: TFKE vs time (log scale)

In run K, we plotted, for the three different meshes, MZT, TFKE, ZFKE,

and the ratio of ZFKE to the directed energy contained in the mixing

zone. They are displayed respectively on Figures 3, 4, 5 and 6. Three

main phases show on these figures. The first one, lasting until the

shock leaves the interface, corresponds to the inversion of the

interface, as shown by a decrease of MZT on Figure 3, and the appearance

of jets, evolving into vortices, corresponding to the rapid increase of
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TFKE shown on Figure 4.
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Figure 5: ZFKE vs time (log scale). Figure 6: ZFKE/DKE vs time (log).

A rapid decrease of ZFKE follows, as shown on Figure 5, that lasts until

the rarefaction wave leaves the interface /A/. The last phase shows a

more gentle decrease of the fluctuating kinetic energy, as shown on

Figures 4 and 6. The two first phases have been somewhat examined

previously /4/, and in the above section. Regarding the third phase, one

is most interested to know if the behavior displayed on Figures 3-6 is

universal, in terms of rate of decay of fluctuating energy, and rate of

thickening of the mixing zone. This question is related to the possible

existence of a self-similar regime for the spanwise averaged variables.

Unfortunately, at this stage of our study, no definite answer can be

given. There is first a linear contraction and expansion up to 40}ls,

typical of the RM process in the early phase. From Figure 3, a time
power-law fit of the mixing zone thickness (after 50|is) gives an

exponent that varies linearly with the cell size: .43, .6, and .7 for

the coarse, medium and fine mesh respectively (linearly extrapolated for

zero cell size, one gets a growth rate of about 1) . The MZT time

evolution may depend upon the two length scales that can be associated

to the problem. The first one, Dt, is built out of the shock velocity

jump U , and the second one, E1/^2''3 /9/, out of the total fluctuating

kinetic energy FKEmax(=E) created by the shock interface interaction,

neglecting dissipation. At this point, it is not possible to decide

which trend MZT follows.
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In our calculations, we are certainly relatively far from a regime

independent of the initial conditions. In this low Mach number regime

(behind the shock), incompressible theory can be safely applied and

shows that the linear development of any mode leads to a flowfield whose

spatial extension is of the order of the wavelength of the perturbation.

At the end of the calculation, the mixing zone thickness is of the order

of 2cm (extrapolated), which is only twice the largest wavelength

initially present in the interface. This largest mode is therefore still

marginally in the nonlinear regime. We can then safely conclude that we

are still far from a regime independant of initial conditions.
The time rates of evolution (after 5OJ4.S) of TFKE for the three

cases K (Figure 4), and L are -1.07 (coarse), -.86 (medium), -.71

(fine), and -.76 respectively. Simulations K (medium) and L were

performed with the same cell size, the same modes being initially

present in the interface, but having different amplitudes (the initial

thickness is .37 cm for case K, and .2 cm for case L).

Figure 5 gives the rate of decay of the fluctuating energy in the

mixing zone, ZFKE. The rates are -1.03, -.88, -.7, and -.61 (case L). At

late times, the fluctuating Reynolds tensor is not too far from isotropy

in the mid-part of the mixing region, as shown on Figure 7.

-3erg cm

.40E+07

.30E+07

•20E+07

.10E+07

-.10E+07-

9 Td 8 9' 10 cm

Figure 7: Diagonal components of the Reynolds stress tensor at 180jls vs

space; streamwise, left; spanwise, center. Off-diagonal, right.
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Assuming homogeneity, which is a rough approximation, one can try to

compare the obtained results with theoretical ones on homogeneous

isotropic turbulence.

Dimensional arguments in modeling show that the rate of growth m

of MZT, and the rate of decay n of ZFKE, are related by m=l-n/2. This is

not satisfied here; this due in part to the fact that the simulations

are not in a fully self-similar regime, as noticed above, and that the

fluctuating energy is not really homogeneous across the mixing zone.

6-Spectra

A full quasi-spectral decomposition is currently planned, but, at

this stage of this study, we only have performed spanwise spectral

decomposition of the flow (i.e. streamwise and spanwise velocities, as

well as density). Much improvement is needed in term of smoothing of the

results through averaging on a few subsequent time steps, or

neighbouring cells. However, a flavor of the results obtained from case

K, fine mesh, is given on Figures 8 to 10. We chose two characteristic

times in the calculation. The first one is during the shock-interface

interaction (at about 50us), and the other one is at late times, close

to the end of the calculation (at about 180us) . Figure 8 shows

streamwise and spanwise velocity signals, the associated spectra, at

5Op.s. It indicates that the modes initially present in the interface are

all excited, as expected.

0.00

-0.50
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Figure 8: Streamwise (a), and spanwise (b) velocity signals vs vertical

distance; corresponding spectra (c,d); t=50n.s; center of the zone.
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Figure 9: same as Figure 8; t=180jls.
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Following the spectra with time (see for example Figure 9, showing

velocity signals and spectra at 180|ls, about in the middle of the mixing

region), one notices a transfer of energy toward smaller wavenumbers,

demonstrating what could be visually seen on pressure and density maps

/4/, namely the occurrence of bubble coalescence. Further work is needed

to evaluate numerically the time rate of change of each mode.

Near the edge of the mixing region, the flowfield is smoother, as

shown by Figure 10. Although clearer than the other spectra, no analysis

has been done yet.
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Figure 10: Streamwise velocity spectrum and signal; t=180jls; edge of the

mixing zone.

7-Multiple shock-mixing zone interactions simulations

As mentioned above, run L simulates a generic shock-tube

experiment of mixing zone formation between air and helium, due to the

multiple reflections of a shock on the endwall of the tube /2,7/. Plates

1 and 2 display density and pressure maps from the simulation. The

computation box is 2.5 cm (200 cells) high and 15 cm {1250 cells) long

with a length of helium of 8.3 cm to the right of the interface.

Photograph la shows the initial shock position about 1 cm to the left of

the interface. Photograph lb exhibits the result of RMI shape reversal

with emerging spikes and bubbles at 52 Jls i.e. 25 |is after the

interaction. Note the density variations between the interface and the
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rarefaction to the left. The spikes and bubbles are well developed on

photograph lc at 134 us (110 |i.s after interaction) . Their shapes appear

distorted at 200 [is, i.e. 40 |ls after the first reflected shock (moving

to the left on photograph Id) decelerates the interface translation.

This shock, and all subsequent ones, propagate now from light to heavy

and should increase interface perturbations. This appears as a

stretching of the pre-existing air spikes to the right, into pure helium

and the development of new spikes to the left in the bubbles. The first

ones eventually pinch off, while the second ones collide on the left

boundary of the bubbles. This process is illustrated on photographs le,f

and g recorded at 300, 400 and 500 Ji.s, respectively 30 Us after the

second reflected shock and during the passage of the third and fourth

reflected waves, which by now must be weak compression waves. Photograph

2a (25 us after interaction) displays the regular pattern of the

pressure field between the transmitted shock (right), and the reflected

rarefaction (left) which still reflects the initial shape of the

interface (indicated here by the corrugated white line) . At 200 p.s

(photograph 2b), we observe the more random pressure field between the

first reflected shock in air (left) and a wide compression wave in

helium (right). Finally one distinguishes on photograph 2c the pattern

of reflected wavelets during the passage of the third reflected shock

through the mixing region at 400 Us.

Z.I

.00010 .00020 .00030 .00040 "" ' .00010 ' .00020 .00030 .00040

F i g u r e 1 1 : FKE vs t i m e (EAD and BHR). F i g u r e 1 2 : MZT vs t i m e .
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We will now examine the time evolution of FKE and MZT, and their

comparison with the results obtained from transport models (Figures 11

and 12). In Figure 11, the FKE value presented for BHR must be divided

by two for consistency. ZFKE and TFKE approach each other at late times

because all the fluctuations reside in the mixing zone. Figure 12 shows

that the growth obtained with BHR is smaller than with EAD. There are

two possible explanations for this: first, there is some uncertainty in

the way the initial length scale is initialized in BHR. Some of EAD

calculations of single shock-interface were used to define a procedure

for this initialization, but there is still some concern about the

universality of the rule that was obtained, especially for late time

simulations. Second, BHR, is intended to model 3D situations, and EAD is

only a 2D code. This may not be crucial for early times /A/, but

certainly for late times, for which we expect the inverse cascade to

dominate in the 2D calculation, and therefore the growth of the mixing

zone thickness to be larger for EAD than for BHR. Inversely, TURGAU

overestimates the growth of the mixing zone. Because this 1-equation

model intends to describe fully developed turbulent flows, its

formulation does not allow for the simulation of the interface

inversion, and it has to be initialized after the shock has crossed the

interface. This procedure is described elsewhere /10/. The explanation

for its behavior is not clear at this time, but may be due to a too

strong coefficient in the RT source term appearing in the evolution

equation for the fluctuating energy, and to the underdeveloped nature of

the flowfield. Despite these differences, it is reassuring to notice

that, between the shocks, the behaviors obtained from the calculation

and the two models are quite similar. The same rate of change can

certainly be obtained through an optimization of the coefficients in the

models, but one must keep in mind that the models have been fitted on

experimental data, and that the EAD simulations are only generic

experiments, because the initialization used here does not reflect the

physics of the membrane break-up (which has not been documented

experimentally).

IV-CAVEAT SIMULATIONS OF SHOCK-TUBE EXPERIMENTS

The k-e- p'2 model described earlier has been implemented in

CAVEAT, a 2-D Godunov-based ALE code used extensively at Los Alamos

National Laboratory. CAVEAT also contains a second-order advection
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algorithm and a mixed cell scheme. For these calculations, however, the

mixedness of a cell was tracked by a concentration variable. This

comparison was motivated by the recent experiments conducted by Houas et

al. /6/ at Marseille, examining the effect of passing a strong shock

(M = 3.7 - 4.2) in CO2 over an interface into helium or argon (which

fills initially a 1.27 meters long section of the tube). Interfacial

mixing and development of boundary layers ensues along the shock tube

walls, which remain at approximately constant temperature. However, the

initially low pressures in the shock tube permit significant boundary

layer growth to occur by the time of shock reflection from the end wall.

This experiment serves as a reasonable test of the turbulence

model because it addresses inhomogeneity-induced mixing along an

initially quiescent interface, de/elopment of nonequilibrium boundary

layers in shocked material, and multimaterial and compressibility

effects. Furthermore, extensive development of temperature and

concentration diagnostics using CO2 temperature-dependent infrared

emission and absorption for these experiments have produced time- and

space-resolved data for comparison purposes. As a basis for assessing

the accuracy of the calculations, we expect to find qualitative

agreement with the boundary layer growth rates quoted by Houas et al.

Rather than use the complete model outlined above, we have chosen

to approximate p'2 by its two-field value /4/ throughout the mesh:

1.2 = a1a2(p1 - p 2 )
2

Because turbulence is generated by the nonhomogeneity source term in

Eq.(6), the values of k and E are initially zero in these calculations.

Now, the levels of turbulence produced depend on the densities of the

two materials but also to some extent on mesh resolution.

As a preliminary test of the model, a Mach 3.68 shock in argon was

established in a frame of reference where the shock is at rest. Since

the walls of the shock tube are moving with the initial shock velocity

(Us = 1180 m/s, initial pressure = 2000 Pa), a turbulent boundary layer

develops above the shock (Figure 13, horizontal velocity contours),

induced by initializing p'2 along the tube wall to simulate effects of

wall roughness.
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Fig. 13. Horizontal velocity contours for approximately steady-state
shock in argon (M = 3.68). x's denote boundary layer thickness according
to theory of Mirels /ll/. Note that wall is moving with original shock
speed (Us = 1180 m/s).

The growth of the boundary layer for known freestream conditions

has been reported by Mirels /ll/, assuming that the boundary layer

thickness is much less than the tube half-width. In the region above

the shock, the boundary layer growth compares well with the x's marking

the theoretical estimate (Figure 13) . As a consequence of the boundary

layer growth, the shock moves upward from its initial position at y =

10 cm. Thus, the shock speed in the laboratory frame would be slower

than expected from one-dimensional arguments, in qualitative agreement

with previous experimental observations. However, a quantitative

expression for shock deceleration is not provided by Mirels /ll/.

Turbulence calculations for a M = 3.7 shock in CO2 interacting with

an argon interface in a shock tube with constant temperature walls are

presented next. The computational diagnostics shown are contours of

mass concentration of CO2, velocity vector plots and trajectories of the

shocks and contact surface on an x-t diagram. The x-t diagram given by

Ramdani /12/ from the Marseille experiments this calculation is modeled

after is repeated in Figure 14a and shows two fairly straight line

trajectories for the shock and the CO2~Ar contact surface.

The x-t diagram in argon from our run exhibits some distinct

differences with the experimental results (Figure 14b) and from the

behavior expected in the shock tube configuration analyzed by Mirels. In

the latter, it was the primary contact surface between the driver gas

(here He or H2) and the test gas that was considered.
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Fig. 14. x-t diagrams from Marseille shock tube experiments and
simulation. Experimental contact surface (dashed line) and shock (solid
line trajectories are shown on the left, and simulated shock and contact
surface lines have been added on the right. Note that the experimental
shock and contact surface interact earlier than predicted.

In this case, that contact surface originates about 5 meters upstream

from the test section of interest. Thus, in order to replicate the

Marseille experiments faithfully, we would account for the actual flow

in CO2 produced by the rupture of the primary diaphragm containing the

driver gas and the ensuing boundary layer development during the 5 meter

run of the shock in CO2 • Here we have chosen to ignore the departures

from one-dimensionality in the CO2 and concentrate on the behavior in

argon. We initially placed the contact surface at y = 10 cm from the

inlet and specified constant inflow conditions corresponding to a 3.7

Mach number shock in CO2 •

The calculated contact surface velocity maintains the value

expected from simple 1-D analysis, whereas the experimentally observed

contact surface immediately departs from the classical results and

continues on a straight path. Conversely, the reported shock path

displays no departure; from its normally expected behavior, whereas the

calculated shock line begins to decelerate due to the effect described

above and by Mirels at about 500 to 600 fls after meeting the argon

contact surface. Given that the observed compression of argon exceeds a

factor of four, on average, the leakage of argon to the boundary layer

must have been more substantial than we are predicting. Furthermore, the
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apparently ideal shock line in the experimental data does not conform

with Mirels' observations for nonideal shock tubes. Evidently, this

situation is complicated by the presence of two contact surfaces and the

development of a boundary layer in the CO2 before the shock meets the

second contact surface.

Since the observed shock seems to perform nearly ideally and the

contact surface is traveling faster than expected right from the start,

the inflow conditions used must be called into question For this case,

maintaining constant inflow at the bottom of the mesh for all time is

not accurate. If exact corespondence with experiments were desired, we

would replicate the entire experiment, commencing with the rupture of

the primary diaphragm. However, one of the major features of interest

concerns the interaction of the shock and the contact surface after

shock reflection from the endwall.

125.

<a ac o
01+J
•H -H
u w0 S
6°*
O CO
M O

< O

O 3
c w
n>
•P 4J
W O
•H (0

§
o

115,

105.
4.25

1ZZ
. m

• — — -

• I I

H M M M M H M M

4.25
x (cm) x (cm)

Fig. 15. Concentration contours and velocity vector plots near the end
of the shock tube at 1400M.S (left) and 1600^3 (right) after shock-
contact surface interaction. The rapid expansion of the mixing region
noticed in the experiment is likely due to the swirl developing below
the contact surface.
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In the experiment, the contact surface thickness grows quickly and

appears to fill the end of the tube. Here again, the two-dimensional

nature of the flow plays a major role. As the shock returns, the

calculation shows that a vortex develops along the rigid wall (Figure

15) and enhances the mixing rate over that expected in an experiment

without significant boundary layer effects. The vortex induced just

below the contact surface in the CO2 causes the argon originally trapped

in the boundary layer to swirl toward the centerline and enhance the

mixing process greatly. Because the emission diagnostic is focused near

the center of the tube, this swirl of mixed material would appear as a

growth of the mixing layer. The generation of vorticity can be

qualitatively explained by the interaction of the density gradient in

the boundary layer and the reflected shock (the corresponding source

tarm appears in the vorticity equation). This process is analogous to

the shock-bubble interactions described by Haas and Sturtevant /13/, and

discussed and simulated by Picone and Boris /14/.

Notice that the interface never reaches the end of the shock tube

in the calculations, probably because we are underpredicting its speed

throughout the entire simulation. In fact, the nominal interface

actually is somewhat compressed by the return shock and never re-expands

within the simulation time. One would not expect the interface to grow

rapidly, since the post-shock Atwood number is only about -.26.

Therefore, the mixing that was actually observed in the experiment is

likely primarily due to two-dimensional effects and not to shock-induced

interfacial mixing at the contact surface.

V-CONCLUSION

This paper presents the current state of our study of shock-

interface and shock-turbulence interaction. The analysis of our direct

simulation leads to a good hold of the physical processes occurring in

this interaction, at least for the early phases. The late phase of fully

developed mixing will require some additional calculation and modeling

to further settle the question of the universality of the MZT growth,

and FKE decay. Full shock tube experiments can clearly be simulated

through direct simulations, as long as boundary layer effects are not

crucial. In that case, one must turn to modeling, and CAVEAT

calculations show, in the case of high Mach number experiments, the
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crucial importance of the boundary layer treatment. Some precise

comparisons of the numerical and experimental results will be presented

in the near future.
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1a Oms 1b .052 ms 1c .134 ms

Plate 1. Density plots for the multiple interaction problem (case L).
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2a .052 ms

2b .2 ms

Plate 2. Pressure plots for the multiple interaction problem (case L).
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Numerical Simulation of Compressible Homogeneous Turbulence
G. A. Blaisdell*, N. N. Mansourt, W. C. Reynolds**

'Stanford University
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Direct numerical simulations of compressible decaying isotropic turbulence have been performed
on a 643 grid. The simulations include a passive scalar with and without a mean scalar gradient.
The balances for the equations of second order statistics are used to evaluate the effect of
compressiblility on the turbulence. We find that the development of the fluctuations of density
and of the dilatational portion of the velocity field are dependent on the initial conditions, and
that the compressible terms in the balances vanish rapidly at the Reynolds numbers considered.

INTRODUCTION

Our goal is to aid the development of turbulence models for highly compressible flows by
using direct numerical simulations. Much of the data required for modeling is not available
experimentally. However, some of this needed data can be generated numerically by solving the
time dependent compressible Navier-Stokes equations. Because such simulations can only be
performed for simple flows we have chosen to study the case of homogeneous turbulence. This
is an idealized case, but it is useful in developing turbulence models for two reasons. First, the
statistical quantities needed in the averaged Navier-Stokes equations can be obtained directly
by averaging over the computational domain. Second, homogeneous flows such as shear flow and
strained flow can be thought of as basic building blocks of more complicated flows. Numerical
simulation of homogenous turbulence has been useful in the development of turbulence models
for incompressible flows and we believe this will be a useful approach for improving compressible
turbulence models as well.

In order for the turbulence to be homogeneous the mean fields must satisfy certain restrictions.
The mean density and pressure must be uniform; the mean velocity field must be linear, 5,- =
Aij[t)zj, with Atf evolving in time according to A\j + AikA^j = 0; and the mean passive
scalar must be linear, 0 = Mj(t)xj, with Mj obeying Mj + M^Afj = 0. Some specific solutions
for Aij(t) are given by Dang and Morchoisne [1] who studied isotropic turbulence. The case
of shear flow was studied by Feiereisen [2]. In the current paper, only the case of decaying
isotropic turbulence, in which Aij(t) = 0, is considered. The scalar field, however, is solved with
and without a mean gradient. The numerical procedure used to simulate the isotropic case is
described next.

NUMERICAL METHOD

The Navier-Stokes equations are solved in strong conservation form using p, prij, and pE as
the dependent variables where E = e + jttju,- is the totai energy per unit mass. An ideal gas
with constant specific heats is assumed and the ratio of the specific heats, 7, is taken to be 1.4.
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Viscosity is allowed to be temperature dependent and follows a power law,
The Prandtl number and Lewis number are assumed constant and are taken to be 0.7 and
1.0 respectively. The equations are nondimensionalized using a length scale LQ equal to the
computational box size divided by 2n and a velocity scale co = -JIRTQ where TQ is the mean
temperature of the initial field. Density is nondimensionalized by po equal to the mean density
of the initial field and the viscosity is nondimensionalized by no = M?b).

Two scalars are solved for simultaneously — one with a mean gradient and one without.
Since the turbulence is isotropic only one scalar with a mean gradient is needed. The scalar 9\
has a mean gradient dOi/dxi = M\ and is nondimensionalized by M\LQ. The second scalar
$2 does not have a mean gradient and is nondimensionalized by the standard deviation of the
initial $2 field.

The equations of motion are solved using a pseudo-spectral Fourier method. Time advance-
ment is done in physical space using a compact storage third order Runge-Kutta scheme (Wray
[3]) while fast Fourier transforms are used to evaluate the spatial derivatives.

Initial conditions are specified by using random Fourier coefficients with a specified power
spectrum for the fields of density, velocity, temperature and scalar $2- The scalar 9\ has no initial
fluctuations. The magnitude of the velocity fluctuations are fixed by specifying Afo2 = t^uj.
Since the velocities are scaled by CQ, MQ is an approximation to the initial fluctuating Mach
number. The velocity field is further parameterized by the ratio of energy in the dilatational
part of the field to that in the solenoidal part given by Ed/Ea similar to Passot and Pouquet

For the simulations done to date a square pulse spectrum which has energy for 8 < k < 16
as shown in Fiqure la has been used to generate the initial fields. The simulations use 64s grid
points while a simulation with 1283 grid points has been used to assess the numerical errors.

SIMULATION RESULTS

Two simulations of decaying isotropic turbulence will be discussed. The parameters describing
the initial conditions are given in Table 1. Results from simulation II are described in detail
below and differences with simulation I are noted.

Simulation

I
II

0.0
0.1

Mo
0.3
0.3

Ed/E*
0.0
0.1

(T'T')h
0.0
0.1

R e A n

20
20

Reo
365
395

Table 1. Initial condition parameters for simulations I and II.

Figure la shows the initial velocity spectrum E(k) from simulation II. It has been decom-
posed into a solenoidal velocity spectrum, Es(k), and a dilatational velocity spectrum, Ed{k).
Figure lb shows the decomposed velocity spectrum at t = 3.0. (For reference, the initial con-
ditions have a time scale r — ̂ pv."u"/e = 1.3.) The spectrum E(k) has smoothed out and is
proportional to A2 at lower wave numbers. No inertial subrange exists because the energy con-
taining scales and the dissipation scales are not separated at these low Reynolds numbers. It is
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interesting that the pulse structure persists in Ed(k). In general the energy cascade to low and
high wavenumbers removes any discontinuities in the spectrum. The reason for the persistance
of the discontinuity in Ed{k) is not known. Simulation I builds a smooth Ed{k) spectrum that
lies at a low level.

The history of the rms and maximum Mach numbers is given in Figure 2. The simulation
decays toward low Mach numbers so that any strong effects due to compressibility can be
expected to be limited to early times during the simulation. Unfortunately the simulation takes
time to develop away from the artificial initial conditions into true turbulence. In order to
determine when the simulation has developed sufficiently some standard measures of validity
have been examined. The velocity derivative skewness goes from 0.0 to —0.4 by t = 0.2 and
then decays as the Reynolds number drops. The Taylor microscales decrease slightly and then
start growing linearly after t = 1.5. Thus the simulation takes about one initial turbulence time
scale r to develop.

;: The symbols shown in Figure 2 show the points where flow fields were stored on tape so that
detailed statistics could be calculated. In order to provide some information that may be useful
to turbulence modeling the balances for second order statistics were calculated. In the equations
below the variables are split into mean and fluctuating components either as 4> = <j> + 4>" where
<ji = p<j>/p is a mass weighted average or as ij> = 4> + 4"' where 4> is a normal Reynolds averaged
quantity.

The equation for the turbulent kinetic energy in homogeneous turbulence can be written as

d
d"t V2*"** "*J~ rjjxi Re0 ljxk \dx\t ~ Ih^J ~ ZR1Q3X^

n "

Compared to the incompressible case, this equation has three additional terms. The viscous
dissipation, £, has been broken into three parts and can be rewritten as

Re0 « * 3Re0 dx{ dXj Re0 dxj \dXj dXi Zdxk
t3J

The first term is proportional to the enstrophy and is the only term for a constant viscosity,
incompressible flow. The second term is proportional to the mean squared fluctuating dilatation.
The last term is a correlation involving fluctuating viscosity.

Figure 3a shows the balance for the turbulent kinetic energy equation. Symbols corresponding
to Term 1, Term 2, etc. represent the terms as they appear left to right on the right hand side
of the equation. The symbols marked RHS give the sum of the terms on the right hand side
of the equation and D()/Dt corresponds to the time derivative on the left h&nd side of the
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equation. The discrepancy between D()/Dt and RHS is a measure of the numerical error.
We find the balance is still dominated by dissipation rate. Term 4, the correlation involving
fluctuating viscosity, is negligible even with temperature fluctuations of ten percent. It may,
however, play a role for more highly compressible flows. The relative size of Term 3 compared to
Term 2 is dependent on the initial condition parameter Ed/Ea. Term 1, the pressure-dilatation
correlation, is small compared to the other terms. It is seen to exhibit erratic behavior early in
the simulation after which it becomes positive, acting as a gain term.

Writing an equation for the exact dissipation would be difficult because of the temperature
dependent viscosity. However equations can be written for the enstrophy and the mean squared
fluctuating dilatation. The enstrophy equation for homogeneous turbulence can be written as

f f / / I £ • J I 1 f /
% % % J \ /)/f. nf* \ fit* • % X

\l3kdx3) pdxt

Figure 3b shows that the dominant terms are the viscous dissipation term and the vorticity-
vorticity-strain correlation, which acts to produce enstrophy by vortex stretching. The enstro-
phy-dilatation correlation is erratic at early times and then becomes negligible. The term
corresponding to the baroclinic torque in the vorticity equation is negligible throughout the
simulation.

The large discrepancy between D()/Dt and RHS at early times in Figure 3b caused some
concern. It was found that the error was due to poor spatial resolution during the early portion
of the simulation. A 1283 simulation with the same initial condition parameters as simulation
II was carried out to t = 0.6. Balances for the 1283 simulation evaluated at t — 0.2, 0.4, 0.6
showed a discrepancy of less than 1 percent of the largest term. The qualitative results from
the 643 simulation were unchanged. The lack of spatial resolution in the 64s simulations can
be clearly seen by examining the spectra of the enstrophy for the two simulations. Figure -4a
shows the poor resolution of the small scales for the 64s simulation while Figure 4b shows that
the high wave numbers are well resolved for the 1283 simulation. From this we have found two
diagnostic tools for judging the resolution of a simulation. The enstrophy spectrum should fall
off sufficiently at high wave numbers and the equations for higher order statistics of interest
should balance.
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The other part of the dissipation consists of the mean squared fluctuating dissipation. The
equation for this quantity in homogeneous turbulence is

© © (D

d fdu'f du". \ du» du". du'i du" du". du» du" d f\dp\
— I S L I = 1 1 £. _ 2 — — 2 I — I
dt \ dxj dxj J dxi dxj dxk dxj dx{ dxk dxk dx^ \ dJ

Figure 3c shows the balance for this equation. The obvious point here is that each term is
significant so that no term can be neglected in the model.

We thought it might be possible to model the fraction of the dissipation due to the mean
squared fluctuating dilatation if one had a knowledge of EdJE*. Figure 5 shows the history
of Ed/Es and the ratio of the mean squared fluctuating dilatation to the enstrophy. The two
curves start together but then develop differently so that E jE* could not be used to model the
dissipation due to the mean squared fluctuating dilatation. We see that after the initial period
the dissipation due to dilatation increases so that at the end of the simulation 21 percent of the
dissipation is directly due to a compressible term. This is surprising since the rms Mach number
at this time is so low.

The passive scalars were included in the simulation in order to study mixing. Because the
scalar 0\ has a mean gradient it develops a flux, pu"0'v shown in Figure 6a. The equation for
this flux in homogeneous turbulence can be written

1W ~~'

The balance for this equation is shown in Figure 6b. Term 4 is the production term from the
mean scalar gradient. All the other terms act to reduce the flux. The only noticable difference
in this balance between simulations I and II is that the pressure-scalar gradient term is larger
in simulation II.

CONCLUSIONS

Direct numerical simulations of compressible decaying isotropic turbulence have been per-
formed on a 643 grid. Rapid changes are seen to take place during the early portion of the
simulation when the flow is developing away from the initial conditions. During this time the
643 grid does not adequately capture all the scales of motion, but it gives correct qualitative
results (as seen by comparison with a 1283 simulation) and is accurate after this initial period.
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In order to perform full simulations at higher Reynolds numbers or under conditions that show
more of a compressibility effect it will be necessary to use larger grids.

Our results show that the magnitude of the density fluctuations and of the dilatational ve-

locity field are dependent on initial conditions. Simulation I, which had no initial density or

temperature fluctuations and no energy in the dilatational part of the velocity field, did develop

density and dilatational velocity fluctuations; however, they were an order of magnitude smaller

than those of simulation II which had initial fluctuations of th quantities. Similarly, the

compressible terms in the equations for the turbulent statistics were present to a much greater

degree in simulation II than in simulation I. However, in neither case did they have a large

influence.

One problem with decaying turbulence is that the compressible terms in. the equations are

large only at early times when the turbulence is developing away from the initial conditions. In

order to overcome this problem and to study flows more closely related to those of engineering

interest our future plans include inserting a mean shear that will produce turbulence. We hope

these simulations will provide information useful in developing compressible turbulence models.
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Figure 4. Enstrophy spectra at t = 0.6 for simulations with (a) 64s grid points, and {b) 128s

grid points.
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ABSTRACT

When a shock wave crosses a turbulent region, it can be assumed that there

exists an equivalent average shock front, through which average flow variables,

turbulent transport fluxes and source terms undergo jumps that satisfy modified

turbulent Hugoniot conditions, independently of the closure model. These relations are

presented and additional kinematic jump relations are also derived, so that the

Richtmyer-Meshkov turbulent source effect can be described quantitatively.With the

help of the K- e turbulent mixing model presented in the companion paper / I / , the

results of numerical tests of these relations performed on a classical Air-Helium shock

tube computer experiment are presented and discussed.

I - INTRODUCTION

When a shock front enters a region of fully developed compressible

turbulence and propagates through it, it undergoes strong local distortions due to

refraction by flow field random inhomogeneities of all scales, and also by the creation

and multiple reflection of shocklets in the case of heterogeneous turbulent mixing.

Therefore, instead of being a single, abrupt transition governed by molecular transport

and established over a distance of a few particle mean free paths, the overall shock

process is spread over a much larger distance such that average dissipation can take

place, that is, a few Kolmogorov scalelengths.

But, if the incident shock is strong enough, namely if its characteristic propagation

time is much less than the time scale of the smallest eddies (quasi-frozen turbulence),

one can postulate that its effect on the turbulent flow is equivalent to that of a single,

randomly perturbed shock. In particular, the flow variables, including turbulent fluxes,

undergo jumps that, in view of the classical conservation properties, must satisfy a set

of relations that should generalize the usual Rankine-Hugoniot jump relations.

Our purpose in this study is to determine the general form of these relations and the

role of the average turbulent variables (kinetic energy, transport fluxes, source terms).
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Of particular interest is the quantitative description of the expected amplification(or

creation) of anisotropy through the average frcnt, following the intuitive view that, in a

first approximation, transverse velocity components should not be strongly affected,

while the axial (normal to the average front) average and fluctuating velocity

components should be compressed in order to conserve the flow rate.

Besides their physical interest, turbulent jump relations can be simulated numerically

with a hydrodynamic code using any turbulent closure model. One can thus explore the

physical conditions under which these relations are relevant and, in a correlated way,

test the adequacy of a given model for the treatment of strong discontinuities with the

attendant turbulent production, to be modeled by "turbulent Richtmyer-Meshkov"

source terms.We establish in sections II and III the general average jump relations

derived from the usual conservation laws, as well as two additional ones for the axial

and transverse turbulent kinetic energy. We then use a K- e turbulent model / I / to

compute the development of the turbulent mixing zone in a classical Air-Helium shock

tube problem and to perform numerical tests on the associated set of jump relations.

II - GENERAL INSTANTANEOUS AND AVERAGE CONSERVATION LAWS

For a mixture of two (say) non heat-conducting species, the conservation laws can

be expressed under the usual conservative form, using standard notations:

, o , <« \,i ,

oC

where, denoting by pa , ca, u<x, ea, respectively, the a-species mass density,

concentration poc/p, velocity and internal energy, one has:
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and p is the total static pressure, given by some constitutive law for the mixture,

assuming an arbitrary equation of state for each species.

Now, introducing the decomposition of every flow quantity Q into its mass-

averaged and fluctuating parts:

e
one can obtain the turbulent flow general equations, again under conservative form:

C2-2-)

u

•[

where k=l/2|uj2 is the turbulent kinetic energy, and E s e V 1/2JW + k* is the

average total energy per unit mass.

m - JUMP RELATIONS FROM CONSERVATTON LAWS

III. 1-Instantaneous jump relations.

Consider a general conservation law, in a scalar or vector form:

+ 7 . ? -- 0 or l2L.*V. 7 * 0

assumed to be valid in the weak sense (i.e. for distributions). One can show in a rather
simple way that, at any propagating discontinuous front £(t), with
unit normal n and celerity D along n,
denoting the jump through £ as:
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one has the associated jump relation:

o r

Now, straightforward application of formulas (4) to flow equations (1) gives relations

which are valid at any instant and for any shock distortion and reflection, provided that

shock transition is strong enough:

III.2 - Averape turbulent Rankine-Hugoniot jump relations

The next step now consists in introducing the mean plus fluctuating variable

decomposition into relations (5) and taking their ensemble average. But this procedure

induces the appearance of second or third-order correlation products that are usually not

modeled, since they involve front fluctuation terms D' and n', and are certainly difficult

to take into account. To make the analysis more tractable, we then assume that the
overall flow field transition is set up by a single, randomly distorted shock with celerity

and unit normal:

D(t)=D(t)

Since this relation already incorporates strong local perturbations, it also does

not seem unreasonable to assume that shock fluctuations (D',n') about its average (D,

n) are weak. Then, neglecting first-order and higher-order perturbation terms in (5)

after averaging leads to the following set of relations ( the ?verage flow through the

front is along the normal n, with average and fluctuating velocity components U and

u1).
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The first remark to be made is that these relations can also be obtained by

application of jump formulas (4) to average flow equations (2): this shows the

consistency of the approximations made above. First-order terms, not shown here, all

give the incidence of shock velocity fluctuations on transverse momentum terms and

fluxes. Unfortunately, these terms are usually not modeled, and are not considered in

the present work.

If one introduces the average mass flow rate through the front:

relations (6.2) to (6.4) can also be written:

where: V* ~ and < Q > = 1/2 ( Q +̂ Q) . The close analogy to the classical Ranldnc-

Hugoniot relations PJ and the role of additional turbulent jumps are quite clean

-to the static pressurep is added a dynamic pressure term pu'2 created by axial

velocity fluctuation u' only.

- to the internal energy e'is added the kinetic energy of fluctuations k, which

therefore plays the role of an equivalent additional internal energy.

- the generalized internal energy relation (7.3) includes further modifications

due to the additional jumps of:

«the internal energy flux term p e u ,

«the turbulent kinetic energy flux term p k u ' ,

< the pressure-velocity correlation term p u .
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(note that the sum of the first and third contribution is just equal to the enthalpy flux

term p h u) .

It is important to remark that these relations are perfectly independent of

turbulent closure models, so that any model can be implemented for numerical tests.

Now, these relations are not complete, in the sense that they give no separate

information on the jump of kinetic energy terms. Such an information can actually be

obtained from instantaneous dynamic relations (S.3).

OT.3 - Turbulent kinetic energy jump relations

Introducing the transverse velocity component u^through the relation:

u = ( U + u ) n + uAin (5.3), and neglecting the first-order and higher-order

perturbation terms, one readily obtains instantaneous jump relations for axial and

transverse momentum:

5

In (8.1), the axial viscous stress can be neglected with respect to the axial

Reynolds stress. (8.2) shows that the transverse velocity discontinuity [ uWis generated

by the discontinuity of the transverse component of the axial viscous stress Ian } .

Multiplying the above two relations respectively by < U + u* > and < uA>, one gets,

after some algebra, separate jump relations for the axial and transverse kinetic energy

Adding up the two equations, one gets the jump relation for the turbulent kinetic
/v *\* *>-»

energy k = k + k. where the viscous contribution is indeed negligible:

(10)
These three relations give the general form of the production terms for k Jc and

k through a shock front. Subtracting Eq.(lO) from the energy relation (7.3), one

obtains the internal energy jump relation:

392



> o o
which is the strict generalization of the classical shock adiabatic modified essentially by

the discontinuity of the turbulent thermal flux and of the pressure-velocity correlations.

It also appears that, within our approximation concerning the fluctuations of the front,

the dominant production terms across the shock ("turbulent Richtmyer-Meshkov"

source terms) create axial kinetic energy only.

IV - NUMERICAL TESTS ON TURBULENT JUMP RELATIONS.

All the discontinuity relations established above can be tested with any

hydrodynamic code including a more or less sophisticated turbulent model, provided

that the right average transport and production terms are accounted for and computed.

We therefore choose the compressible k-e two-species model and code

developed at CEA/CEL-V HI, which includes a production term accounting for

turbulence induced by Rayleigh-Taylor instability, and we consider the associated set of

jump relations (6.1-3), (10) and (11), to be analyzed numerically.

We have taken as a first test problem a high Mach number shock tube

simulation, where a shock at a pressure of 20 bars is impinging upon an immaterial

interface between air and helium at standard temperature and pressure, with an Atwood

number equal to 0.758. The interface is then subject to the Richtmyer-Meshkov

instability and, as is well-known experimentally, multiple shock reflections between the

tube end and the interface induce the development of a turbulent mixing zone (TMZ)

between air and helium. As seen in Fig.l, the initial TMZ superimposed at time t=0.27

10~3s is made fairly wide, in order to facilitate numerical measurements of the flow

discontinuity through the shock reflected from the tube end. The analysis is done at

time t=0.315 10~3 s when the shock is approximately in the middle of the TMZ. Spatial

profiles of the average density and pressure are shown on Fig.2 and 3, and clearly

indicate the position of the front. The p profile serves for the identification of the mesh

zones defining the upstream (-) and downstream (+) boundaries of the shock wave

structure, between which the jumps are to be computed. Relation (6.2), which does not

depend explicitly on turbulent fluxes, is used to compute shock celerity from the mass

flow rate and density jumps: D= 77.8 cm s'1. This value is then used to check the other

jump relations. For instance, (6.3) is written down as an equality between an upstream

and downstream quantity:
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Taking the ratio of the numerical value of the the left hand side to the right one

and comparing it to 1 therefore gives the accuracy of the momentum jump relation,

which is found to be true within 3.6% in the present case. Similarly, the accuracy of the

concentration jump relation (6.1) is found to be 14%. The first figure is fairly

satisfactory, thanks to the fact that the jump of the turbulent axial momentum flux

pu'2 is fairly well defined, as can be seen on Fig.4. This is less so for the jump of the

turbulent concentration flux (Fig.S) and accordingly for relation (6.1). Although other

turbulent fluxes and source terms also experience measurable jumps (see for instance

the profile of the enthalpy flux on Fig. 6), these are not as steep as would be required to

obtain an accurate check of relations (10) and (11). Therefore, further simulations with

higher shock strengths will be necessary to obtain stronger flow discontinuities that will

allow more precise numerical tests.

V - CONCLUSION

We have obtained, under reasonable assumptions, a generalization of the

Rankine-Hugoniot jump relations through a shock front, including the effect of

turbulent flux and production terms, independently of any turbulence modelling.

Therefore, with high shock strength numerical experiments, one can perform

tests of both the adequacy of our underlying assumptions and the ability of any given

closure model to treat strong discontinuities.
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Fig. 1 - R-T diagram of shock propagation and

turbulent mixing zone initialization and

development

Fig. 2 - Space profile of average density

at time 0.315 10"3 s

£ A

Fig. 3 - Space profile of average pressure p

at time 0.315 10"3 s
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Fig. 6 - Space profile of turbulent enthalpy
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NUMERICAL SIMULATIONS WITH A 'k-e' MIXING MODEL IN THE PRESENCE OF
SHOCK WAVES

Michel Bonnet, Serge Gauthier & Patrick Spitz

Centre d'Etudes de Limeil-Valenton BP 27

94190 Villeneuve-St-Georges France

I-INTRODUCTION:

Rayleigh-Taylor and Richtmeyer-Meshkov instabilities occuring in the context of inertial

confinement fusion have been the object of a growing interest in the recent years. While the linear

growth of small perturbations on the interface between layers of different densities is relatively well

understood, the non-linear stage and the subsequent turbulent phase are poorly understood. Some

insights in the non-linear growth can be done by numerical simulations as opposed to die fully

developed turbulent phase where models are needed. In the context of interest, the challenge was to

build a ID mixing model which had to be imbedded in a ID production hydrocode. As in the

Andronov et al's pioneering work [1], we used closure models which are probably the only way to

work out, despite the weaknesses of such an approach. Later on, these authors also published a more

sophisticated model [2] with evolution equations for every second order quantities. In the same

time, turbulent mixing models became fashionable on the West and simple models [2-4] and then

more elaborated models were built up [1]. Nevertheless, it is not clear yet what informations are

brought by n-equation models.

However, when using closure models in unsteady situations, we are faced up to some major

difficulties. The first one is the need of giving an initial turbulent state. This necessity comes from the

basic assumptions where variables are splitted into a mean part and a fluctuating one. In other words,

statistical models are unable to describe transition mechanisms. As a result, the final state is slightly

sensitive to the initialization procedure. A second difficulty arises when simulating the interacdon of

turbulence with a shock wave. The numerical treatment of strong discontinuities requires a numerical

dissipation in order to smear out shock waves and smooth gradients, which makes them artificially

less efficient in producing turbulent kinetic energy. It follows some dependence on the spatial

resolution. A third difficulty is encountered when setting up the closure assumptions. They often

assume a weak dependence of the n"1 correlation versus the (n-1)"1 one. Under shock wave influence,

such an hypothesis is no longer valid and closure assumptions have to be supplemented by some

relationships to produce meaningfull results. Last but not least, closure assumptions are not

accounting for inhomogeneity.

In view of this application, a one-equation turbulent model has been developed at Limeil and

sucessfully used to numerically simulate turbulent mixing at an interface [3]. In this model the

characteristic length was assumed to be the mixing length which is a global quantity. In order to

remove these unsatisfactory global quantities we added an equation for the dissipation rate e.

In section II we present the model, numerical applications are given in the third section.
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II - THE k-e MIXING MODEL:

n.l MODEL EQUATIONS

Our model is based on the assumptions that the two fluids are miscible, the thermal equilibrium

is reached and the turbulence in the plane normal to the shock propagation direction is statistically

homogeneous.

It follows that the mixing flow can be described only by the mean quantities p, T, P, u and

c=Pi/p, where these symbols have their usual meaning. By means of the classical Favre's average, it

is straigthforward to derive evolution equations for the mean quantities p, c, u, e and k. The equation

for e is usually built by comparison with the k-equation. Following Launder and Spalding [5], we

assume that source terms are equal to the k-equation source terms up to a dimensional factor of the

form Cs t k/e. Adding a diffusion term and a production one due to the compressibility effect, we

finally obtain an evolution equation for 8. The set of equations reads

Continuity equation

Concentration equation

Turbulent kinetic energy equation

Dissipation rate equation

As assumed in the standard 'k-e' turbulent fluxes are computed from first gradient law where

diffusion coefficients are built from the two basic local quantities k and £. However, on the shock
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wave these formulae have to be supplemented by algebraic relations in order to satisfy realizability

conditions. For example, the radial turbulent kinetic energy has to satisfy the obvious inequalities

0< pur '
2 < 2 pk. (2.1)

Therefore, on strong discontinuities, we use the classic invariant closure

l ^ with X m p k < pu'2 < XMp*k (2.2)

where \JJJ and X^ have been respectively chosen equal to 0.10 and 1.25 and |i^ = c^ p k^ /e

In the same way approximating the turbulent mass flux p'u1 by the density gradient may lead to very

high unphysical values under a shock wave. On the other hand, this flux has to satisfy the Scharwz

inequality

*jj£ < *^2 1/2 "̂ 2 1/2 (2.3) -

The momentum mass flux being bounded by the total turbulent kinetic energy and the variance of

density fluctuations is assumed to be bounded by the mean density itself, we finally write the turbulent

mass flux as

1/2p'u' = Dpgrad'p with the realizability condition p'u1 <<x

where a is equal to 0.67.

The closure relations for f= c, e and k are now simply written as

p f u ' = Dfgradf with

n.2 MODEL CONSTANTS

We consider the following set of key experiments connecting experimental data to model

constants, for calibration purposes:

- turbulence decays according to a power law in time with the exponent n . Consistency requires:

C&^il+rii/n with n = 1.1
-in self induced diffusion of turbulence from a steady source of turbulence at a plane in a fluid

[6], experiments show that the turbulent intensity decays exponentially away from an effective source

plane. Assuming:

k(x)« x"m and e(x) °= x"n , we have:

aK = ( 3 c d p 2 m 2 ) / 2 and o e = (c d p
2 (2+3m) (l+2m)) / 2 c ^

with p = 0.846 and m = 3 [6]

-experiments on nearly homogeneous turbulent shear flow. In such a stationary flow [7], the k-e

model reduces to:
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with du/dy=constant. An exact solution may be exhibited. More interesting is its asymptotic

behavior leading to the relation: cd = V ( c £ | -1)/ (c £ £-1) linked to the experimental value t=0.34

with c£2=(l+P)/p where p is an asymptotic exponent for decaying turbulence.

-boundary layer flows yield the well-known relation:
cel= ce2-5C2 /CT ecd

1 / 2 with x = 0.41

-rapid isotropic compression of homogeneous turbulence. There is little experimental evidence to

test the compressible aspects of a k-e model. Nevertheless, ignoring the Reynolds turbulent stress

and dissipation the model equations become:

or
f t 1C£? + 1>C£A x

V £ /

Assuming an invariant eddy viscosity coefficient c^ k^ / e /3/, we have: ce3 = 2 ( 2 - Cgj ) .

The set of above relations gives a consistency equation on c^ which writes:

The classic value cd=0.09 given by numerical optimisation for years can be obtained from this

equation by setting p=1.652. In that particular case, we must mention an another solution cd=0.115

is associated with cd=0.09.

Now, an attempt is made in order to connect CgQ with Op by regarding turbulence decaying in a

stratified stationary incompressible fluid .The k-e model reduces to:
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setting N= \z 41] .assuming (T- i <* V and defining <|>=£/k, the set of equations becomes :

The asymptotic behavior of the solution is :

c£0 = 1 + ((ce2 - l ) °p e 2 2p cd k H
Using the experimental data from Ref.[8], an estimate can be made that yields : ceo=O.2ap+l with

ce2=1.9 and cd=0.09.

Conventional choices are made for <rc and o e .

oc=0.7 passive scalar mixing

O"e=0.9 heat transfer experiments

Finally, the set of model constants used for numerical applications is:

^0
1.065

Cel
1.47

ce2
1.90

ce3
0.35 0.87

CTe
1.30

°c
0.70

<*e
0.90

cd
0.09

°P
0.325

m - NUMERICAL APPLICATIONS:

The model is numerically solved by the Richtmeyer scheme. K and e diffusion terms are handled

in a coupled implicit manner while Rayleigh-Taylor source terms are discretized in an explicit way.

The canonical Andronov et al's experiment has been simulated with our k-e model. The 1.3

Mach number shock wave was produced by a constant pressure at one boundary. We used the perfect

gas equation of state. The initialization was done by using the Mikaelian's model [9] and the mix

model was turned on at t=800 \is. We have displayed on Fig. 1-2 the interface velocity profile and its

spatial derivative. It is clear that the velocity gradient is applied for a short time - 10|i.s - compared to

the characteristic time of diffusion which is of the order of 700|is, in other words, shock waves act as

a rapid distorsion which is essentially governed by linear effects [10]. This conclusion is enforced by

looking at Fig. 11 where the return time to isotropy is of the order of lOfis and the turbulence decaying

time is of the order of 200ns (Fig.3). It follows that the dominant behavior is essentially a diffusion

one, and model responses are weakly non-linear.

The time evolution of the total turbulent kinetic energy is displayed on Fig.3. It is easy to notice

the effect of shock wave on turbulence: it increases the turbulent kinetic energy by one order of

magnitude, for the first shock. As shock waves become more and more attenuated after some

reflections on the wall, the enhancement of turbulent kinetic energy is smaller and smaller. By looking

at any typical quantity such as the turbulent kinetic energy, the dissipation rate or turbulent fluxes, we

observe the same kind of behavior: the quantity is strongly enhanced by shock waves and decays over

a large characteristic time. We notice that the Mach number of the two first shocks Mâ . are greater than

one. But the Mach number of the flow, computed by Maf=u/cs, is never greater than 0.60 (Fig.5),

and the maximum decreases as time goes on. The Mach number of the fluctuating velocity, computed

by Ma^k^ /C j (Fig.6), is largely less than the unity: velocity fluctuations are strongly subsonic.

Fig.7 shows the evolution of both experimental and calculated mixing zone boundaries.The mixing

thickness is displayed on Fig.8 and is in good agreement with the experimental data. It clearly appears
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that the mixing penetrates more rapidly in the light fluid than in the heavy one.

On Fig.8 we have plotted the evolution of the characteristic length k™ / e at different locations

of the mixing zone together with the mixing zone width. It appears that they are not proportional as

assumed in a one equation model. In other words, the size of largest eddies saturates as shock waves

attenuate.

In the experiment described in [11] a shock wave in CO2 accelerates a CC>2/he3ium or argon

contact surface thus creating a turbulent mixing zone which is then decelerated by a reflected shock.

The initial pressure of gases is 2000 Pa or 1500 Pa. So, three experimental combinations are carried

out. The comparison between calculated and experimental turbulent mixing zone thicknesses are

presented on Figures 13-15. Using the same initialization procedure as for the Andronov et al's

experiment, a value of dp of about 0.32-0.33, yields satisfying simulations of the turbulent

thickening. This result emphasizes the turbulent model ability to simulate different Atwood and Mach

number experiments.

Finally, we must mention and recall that a part of the discrepancy between experimental and

calculated values is probably due to non negligible boundary layer effects. The Marseilles k-e

simulations are now under way and a detailed analysis will be published later on.

IV - CONLUSION:

We have developed a k-e model for handling situations characterized by high values of the

turbulent flux Richardson number. Closure relations have been supplemented in order to be valid

under strong discontinuities. Calibration has been done by classic experimental available data and by

studying the k-e model in some special cases. Simulations on several shock tube experiments agree

fairly well with available experimental data.
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Fig. 5 - Flow Mach numbers. Fig. 6 - Turbulent Mach number of the

interface.
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Fig. 8 - Thickness of the turbulent mixing zone.
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Fig. 9 - Evolution of the characteristic length k^2/e

at three different locations (same as in Fig.3) with

the turbulent zone thickness
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A SECOND-ORDER CLOSURE FOR SUPERSONIC TURBULENT FLOWS
APPLICATION TO THE SUPERSONIC MIXING

J.V. VUSSAUGE & C. QU1UE

INSTITUT VE MECANIQUE STATISTIQUE VE LA TURBULENCE
UrUti Mxti Uni\)Va>i£t-CUKS N" 380033

12 Avenue, da Qintnal LtdieAc., 13003 MaMeMlz (France)

INTRODUCTION
The classical second-order closures are generally well adapted to

the computation of supersonic flows in which non-linear effects due to compres-
sibility are weak for moderate supersonic Mach numbers (Dussauge, Gaviglio,1987).

For higher Mach numbers, the structure of turbulence in boundary-
layers seems altered (Laderman, Demetriades, 1979). The measurements involved
are difficult, but some conclusions of this analysis are in agreement with the
recent work of Smits et al. 1988. A good example of the effects of compressibi-
lity is given by supersonic free shear flows, which cannot be computed with
low-speed turbulence models. This is probably due to the large density fluctua-
tions produced by the high speeds. For example, a classical k-e model does
not reproduce the spreading rate of the supersonic free shear layer. An analy-
sis is proposed in the present paper to take in account small departures from
incompressibility caused by density fluctuations. An algebraic stress model is
deduced and is used to compute free shear layers. The results are compared to
measurements of mean and fluctuating quantities.

ANALYSIS
It is known from experiment that the spreading angle of supersonic

free shear layers is a decreasing function of the Mach number. The reasons of
the reduction of the turbulent mixing are not clearly identified, but some
salient features of supersonic shear layers can be recalled, and used as gui-
delines to find the compressibility effects involved.

Firstly, as the flow is nearly parallel, the mean divergence can
be neglected: the mean flow reduces practically to a pure shear, and the obser-
ved phenomena cannot be understood as an effect of mean compressibility or
mean velocity divergence. Secondly, the density fluctuations can be very large.
For flows without heat sources, their order of magnitude is given by the
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"Strong Reynolds Analogy" (SRA) re la t ion :

p ' / p e ( Y - 1 ) M2 ( u ' / U ) = ( Y - 1 ) Mm ( 0

~u is the longitudinal mean velocity, p the density, M the mean Mach number,

m = u'/a is the Mach number of the fluctuations, y = C /Cy. Formula (1) essen-

tially assumes that the total temperature fluctuations are smaller that the

temperature fluctuations (Debieve, Gouin, Gaviglio, 1983), and that the density

(or temperature) fluctuations are isobaric, as in zero pressure gradient tur-

bulent boundary-layers (Laufer, 1968).

This relation shows that even at M = 1 , density and velocity

fluctuations have comparable intensities. High density fluctuations may change

the properties of turbulence. For example for subsonic flows, some closures can

be derived from the incompressibility of the fluctuating motion. It is then

useful to have some hint about the generality of this hypothesis. For small

fluctuations, the divergence of the fluctuating velocity is given by :

divu' = -± ( — £ - ) - (u! - 2 - £ - - - £ - 5 2_«_ (2)
Y Vdt p ; V ^ 3X. p 7 C ¥ ¥ y^" 8

9 is the temperature and e« the rate of dissipation of temperature variance.

Dussauge, Debieve and Smits (1988) noticed that the pressure terms in eq.(2)

can be neglected of the level of p'/p is small compared to 9'/? and if the

characteristic time scale of pressure fluctuations is not too small, compared

to the time scale of the other quantities. With these assumptions they found

that the ratio divu'/(3ul / 3x-) is proportional to m3M( 1 + CM2) , where

C is a constant. This result is valid only in cases where divu' is caused by

heating through viscous dissipation and heat conduction. It suggests that in

many supersonic (but not hypersonic) flows, divu' is probably small, and the

fluctuating field is nearly solenofdal. Such a situation occurs probably only

when m is much less than 1. If m ~ 1, the turbulent motion may produce a

significant number of shocklets. In this case, the pressure term of eq.(2)

cannot be neglected and the previous result does not hold. In many flows

without heat sources at moderate supersonic Mach numbers (M~2, say), it seems

that m is much less than 1, but the density fluctuations are not small.

Then, for such flows, it may be assumed that the velocity field is solenoTdal

but the turbulent diffusion of momentum, kinetic energy, etc... and the return

to isotropy can be modified by the density fluctuations. Brown and Roshko (1974)
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pointed out, from dimensional reasoning and from order of magnitude estimates, that
the pressure fluctuations should depend on the Mach number. They supposed that es-
sentially the "pressure transport" terms were affected by this effect. In the pre-
sent work it is supposed that the pressure-strain terms in the Reynolds stress equa-
tion should be modified as well. Indeed, the decrease of the spreading rate indica-
tes that the turbulent diffusion {and the Reynolds stress u'v1) becomes smaller
with increasing Mach number. Then, the influence of density fluctuations on the
pressure-strain terms has to be examined, as previously suggested by Bonnet (1981).
The present paper underlines this aspect of the problem, but we must have in mind that

the effect of pressure-transport is to be also considered in a more complete model.
»

A temptative illustration of the modification of the return-to-iso-
tropy process by density fluctuations can be proposed by reconsidering the
scheme used by Rotta (1951), for constant enthalpy evolutions : a lump of incom-
pressible fluid is pinched in the longitudinal direction by a fluctuation of
velocity u'a . Because of incompressibility, it is stretched in the other direc-
tions, producing u'2 and u'3 fluctuations.

If now the fluid is compressible with a constant total enthalpy
the pinching in direction 1 produces u\ and p' fluctuations ; u'2 and
u'3 are then not the same as in the incompressible case. Moreover the S.R.A.
indicates that u'2 and u'3 are not linearly associated with density fluc-
tuations. From this point of view, u'i and u'2 or u'a do not play symme-
trical roles.

The order of magnitude analysis shows (Quine, 1986) that for an
incompressible field with non constant density and zero mean pressure gradient,
the simplified equation for pressure reads :

3u,
= 2 p ^

3x.

3ul 3ui 3p' /au'. 3ul 3u.\

3 X j 3Xi 3x. \ 3 t J 3 X j
 J a x j /

+ higher order terms.

The quadratic terms involving density fluctuations are :

ax- \ at J ax.
• \ J

If the three terms in brackets are of the same order, their magnitude can

3p' _ aui
be obtained by considering the second one -r— u, ——

cX- J oX•

(3)
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_ 3U^ 3u'.
It is of the order of ( Y - 1 ) M2 p — - — ± if relation (1) holds and if the

space scales for density and velocity fluctuations are of the same order.
Therefore, these terms cannot be neglected in supersonic flows. Their contri-
bution to the pressure-strain terms is modeled in the following way :

dvol

By analogy with Rotta's model for the return-to-isotropy, II... is supposed of
the form :

1
where T.. is a function of the arguments p'u". , p'u'-ui , etc... Only the

Ij 1 1 J

argument of lowest order p'u'. is retained here. As the isotropic value of
p'u; is zero an expansion to the first order with respect to p'u^ is made.
As the turbulent field is nearly incompressiblei the condition II-. = 0

II JP

can be used. Applying the conditions of symmetry and incompressibility, theexpression of T|- is found

where a is a constant to be determined from experiment.
For flows with constant total enthalpy, the turbulent mass flux

can be related to the Reynolds stress through relations similar to (1). For
example, Debieve et al. (1983) and Dussauge and Gaviglio (1987) use

p'ui u'xul
= k(i) ( Y - D M* 1 (5)

with k(i) are functions of the correlation coefficients between velocity
components or between velocity and density, k(1) = 0.8 and k(2) = 1.5 .

Relations (3), (4) and (5) are used together with the A.S.M.
proposed by Rodi (1976). Modified algebraic expressions are deduced :
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1 - 2 P k(1) M2

u'au'z /u'2u

k I k

U'iU'2 /

1 -
1-23

1

k(1) M2 /u'iu' x\

B k(1) Mz I u'2u'z /c

fo 1 - (3/2) 3 k(2) M2

(6)

with

3 =
a (Y-D

(Ci-1) + P/e

The subscript o indicates the value for incompressible (zero Mach number)

flows.
Y = C /C =1,4 ; Ci =1.5 is the constant in Rotta's model for the

return-to-isotropy; P is the production per unit mass of turbulent kinetic

energy k and e its dissipation rate.

In particular the ratio C = { | used in eddy viscosity

formulations can be determined :

C = C
f M

"° (1 - (3/2) 3 k{2) M 2 ) 2

with
= C

(7)

(8)

A simplified model was also tested, by replacing in (6) the Mach number by its

external value M :

= C., / (1 - (3/2) p1 k(2) M 2 ) 2

M u
(9)

is a constant
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Calculations of mixing layers were performed with different models.
Firstly the high Reynolds number part of the model of Jones and Launder (1971)
was used; this model uses relation (5) with C = 0.09 (model I). Secondly,
formula (4) was used to determine C ; the value of a had to be determined
(model II). Thirdly, (model III), the simplified formulation (6) was tested.
The parabolic set of equations was solved by the numerical procedure of
Patankar and Spalding (1970).

RESULTS
The rate of spread s = dS/dx was calculated to determine the

constants a and g1. The recommendations of the Stanford Conference (1980) were
followed to define the thickness of the layer 6 : 6 was determined between
the points where the velocity is VDTT U and VDT9" U .

For subsonic flows (Me<0.1) it was found that the three models
give a satisfactory spreading rate , s = 0.13. For higher speeds, model I
keeps s unchanged and does not follow the experimental data. Model II with
- 1.35 £ a £ -0.8 and model III with B1 = -0.05 give satisfactory predic-
tions of s (Fig. 1). A better agreement for high Mach numbers is obtained for
large values of -a , but the evolution at low Mach number is too rapid. As
the model is not expected to be adequate in the hypersonic regime, the value
a = -0.8 seems to be a better compromise.

Figure 1:
Computed rate of spread of
the supersonic mixing layer

experiments
model I ;
model II a = -0.8 ;...

a = 1.35
model III

Figure 2 presents the evolution of the maximum value of the shear
stress - u'iu'2/U2^ . The experimental data are very scattered; it seems
however that - u'iu'2 decreases with increasing Mach number. Model I is not
able to reproduce this trend while model II and III find results qualitatively
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Figure 2 :

Maximum value of the shear stress
in supersonic mixing layers
Model I ;
Model III ; 31 =- 0.05
Model II: a = -0.8

a = -t.35

4*Liepmann, Laufer 1947;
A Wygnanski, Fiedler 1970;
+ Bradshaw, 1966;
X Ikawa Kubota 1975 ;
o Lau et al. 1979;
A Samimy et al. 1986.

similar. The same comments can be made for the maximum value of u'ia/U2

(Figure 3).

Figure 3 :

Evolution of the maximum value of u'i2

in supersonic mixing layers.

a Champagne, Pao, Wygnanski, 1976 ;
0 Wagner, 1975
Other symbols as in Figure 2

Figure 4 shows the results about the maximum value of the variance
of transversal velocity fluctuations u'2

2/Ua •
The computations indicate that u*2

2/U2
00 increases, but no clear

trend can be deduced from measurements which are particularly difficult for
this component. Then the computation finds that the anisotropy of the turbulent
stresses is strongly changed, while the ratio k/U2 remains nearly constant:
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the effect of the model is to transfer energy from

nents. Moreover it was found that the ratio -

of the Mach number.

to the other compo-

is a weak function

Figure 4 :

Maximum values of u'2
z/^zoa

in supersonic mixing layers.

Symbols as in Figure 3

Computations using Model II and III predict that the correlation

coefficient - Ri2 between the longitudinal and transversal velocity fluc-

tuations is a decreasing function of the Mach number. Although the complete

calculation of a boundary layer was not performed with the present models, it

was tempting to compare them with some recent measurements of correlation

coefficient in a boundary layer at Mach 3 (Fernando 1988, Smits et al. 1988).

Figure 5 :

Velocity correlation coefficient

in subsonic and supersonic boundary

layers

Subsonic boundary layer

(Alving 1988)

/// Supersonic (M = 3) boundary

layer (Fernando 1988 and Smits,

private communication, 1988)

Model II

Model II was applied with P/e = 1. The comparison with the experiments is

given in Figure 5. The results of Model II are lower than the experimental

value, but it is striking that the right trend was obtained i.e. values signi-

ficantly smaller than the subsonic ones, although the ratio P/e = 1 is a

good choice only in the inner part of the layer.
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CONCLUSIONS

It has been proposed to explain the anomalous rate of spread of the

supersonic mixing layer by the influence of density fluctuations on the tur-

bulent fluxes. The turbulent motion was supposed incompressible with a constant

total enthalpy. A modification to the modeling of the return-to-isotropy is

proposed. Correct values of the spreading rate of the mixing layer have been

obtained, but the present models can probably be improved by taking in account

the influence of compressibility on turbulence diffusion and pressure trans-

port, without changing the qualitative trends found in the present version.

The more striking result is a drastic change in the structure of turbulence

and in the anisotropy of the Reynolds stresses. A first evidence is that the

small number of measurements of u*2z and their limited accuracy preclude

any firm conclusion on the ability of the model to calculate this component.

The particular evolution of the anisotropy implies a reduction of u'j2

and an increase of u'2z and u*23

If the proposed mechanism gives a correct description of turbulence

in supersonic flows, an important conclusion is that the motions with longitu-

dinal vorticity can be reinforced by compressibility.
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EVIDENCE OF RAYLEIGH-TAYLOR INSTABILITIES IN TRI-LAYER TARGETS

D. Galmiche, P. A. Holstcin, B. Meyer, M. Rostaing, N. Wilke

Centre dEtudes de Limeil-Valenton

BP 27,94190 Villeneuve S l Georges, France

INTRODUCTION

In laser fusion, the Rayleigh-Taylor (RT) instability represents a major obstacle by destroying the

spherical symmetry of the imploding shell, thus leading to a degradation of target performance [1,2,3,4].

During implosion process, this instability may occur at the ablation layer on the outer surface, at an internal

interface, or at the fuel-pusher interface during the deceleration phase. If the instability grows enough, it

will buckle or break the shell and will cause fuel mix.

Experiments have been carried out at Limeil on PI 02 laser system in order to investigate the problem

of target stability under ablative acceleration and to get direct evidence of RT instability [5]. Main

experimental results are reported here.

Numerical simulation have been performed with the 1-D hydrocode FCI1 coupled with a simple

mixing model. We present, in the following text, part of our numerical investigations which support the

occurrence of a mixed layer.

I-EXPERIMENTS

I.I - Experimental set-up

Tri-layer targets Au/Al/Au are accelerated by a main laser beam. The RT instability is thought to occur

at the rear interface Al/Au where the pressure and density gradients are opposed. The front Au layer

function is to smooth the energy deposition and to avoid a straight heating of the Al layer by the laser.

To evidence an Al-Au mixing, the rear surface composition of the target is diagnosed by using a

probe laser beam being delayed with respect to the main beam. If the Al-Au mixing is quite developed.this

probe beam heats up the rear mixing boundary; Al X-ray lines are excited and are observed with a

spectrograph [6].
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FIGURE 1
Schematic of experiment principle : Al emission is observed
when the mixing region is well developed.

The main laser beam is at 0.3S urn and is focused from 1013 to 1014 W/cm2 on target in a 180 urn

diameter spot (its energy ranges from 1 to 11 J). The pulse is a sum of two gaussians with a 0.8-1 ns

FWHM (full width at half maximum).

The probe beam is at 1.06 fim and is focused to 3 1013 W/cm2 in a 180 Jim diameter spot (its energy

is 11 J); it is delayed by 1 ns relative to the main beam, and has a similar pulse shape with a 900 ps

FWHM.

The X-ray spectrum from the rear target surface is measured in the range 1.4-2.7 keV with two

spectrometers : the first one (TIS) temporally integrates the Al-lines, and the second one (TRS) gives the

temporal resolution.

Typically the thickness is 0.3 Jim for Au foils and 1 or 2 um for Al foil.

1.2 - Benefit of nine-resolved spectrometer (TRS)

The TRS supplies us with the intensity of lines emissions in the range 1.5-1.7 keV for Al ions and in

the range 2.3-2.S keV for Au ions; in addition, it gives us the durations and the shift between both

emissions. Only the intensities higher than the detection threshold are experimentally observed.
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Intensity

Detection
threshold

Time

( 8t > 0, if Au emission occurs before Al emission )

FIGURE 2
Schematic illustration of experimental data obtained
with the time-resolved spectrograph (TRS).

The temporal shift 5t gives informations about the depth of the mixing zone: St is all the higher as the

non-polluted Au thickness is large. For a small unmixed Au layer, the Al line emission may start before the

Au emission, so that ot is negative.

X-rav lines emissions should enable us to get an evaluation of the mixing zone composition. To this

end, it has been necessary to calibrate the intensity of emission for mixed Al and Au samples of which ions

ratios were kncwn. This step was followed by an other set of samples covered with Au, in order to point

out the effect of a non-polluted Au layer.

Emission durations may drive numerical simulations. Comparisons between experiments and

computations require the knowledge of emission threshold, and are proving hard to deal with.

Au emission in the Al lines range has to be subtracted. As signals are noisy, this systematic correction

is approximate and we have to be very cautious in temporal shifts and lines intensities interpretation.
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The advantage we should reap from TRS is illustrated at Figure 3 where results obtained with three
samples are presented:

* two mixed Al-Au samples with different ions ratios are well characterized by emission levels

and by temporal shift

* two identical mixed Al-Au samples, one of which is covered with a Au layer, yield very

different results.

* in spite of similar emissions, the temporal shift let us differentiate the (20%Al, 80%Au)

sample to the (50% AI, 50% Au)-tO.O4 fan Au sample.

Probe beam

E -11J

TARGETS

Mixing 50% Al
(in atoms) 50% ^ u

0.04 Au

Mixing 50% Al
(in «toms) 50% Au

no Au

INTENSITIES ( a.u. )

I (Au) - 75
I (Al) = 77
£ I =455

TEMPORAL SHIFTS

5t = 40ps

I (Au) = 51
I (Al) = 179
Zl = 475

8t = -200ps

Mixing 20% Al
(in atoms) 60% Au

no Au

Tim*. (»«)

I (Au) = 82
I (Al) = 97
£ l = 524

St = -40pS

FIGURE 3
Experimental spectra obtained with the TRS. The intensities of Au emission,
Al emission and the whole emission, and the temporal shift between Au and
Al emissions are given for three different targets.
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1.3 - Experimental results

The front gold layer prevents the Al layer from a direct heating and smooths the energy deposition by

radiation. Former experiments carried out at Limeil have shown that for a 0.3 Jim gold layer the pressure

asymmetries at the ablation surface are reduced by a factor 3-4 [7], which may ensure the absence of large-

scale instabilities due to irradiation non-uniformity. In the present experiment, optical smoothing with the

"Random Phase Plates" technique (RPP) has been realized during last shots; as results obtained with and

without RPP are similar, it has confirmed that large-scale illumination non-uniformities are not responsible

for the apparent mixing.

Preliminary experiments have been realized to determine the ablation depth in order to make sure that,
in the initial configuration, the Al layer cannot be heated by the probe laser beam. Two-layer targets have
been irradiated with the probe beam: over 0.1 nm gold thickness, the Al He a line emission is below the

experimental threshold. A 0.3 \im rear gold thickness assures us that there will be no emission in the

absence of mixing.

Figure 4 gives the Al line energy versus the main laser energy with a 2 Jim Al foil tri-laycr target.

Despite the 0.3 \im gold thickness, the Al line appears, therefore some mixing occurs. Dispersion of the

data is due to the very small signals receive on the spectrograph. Al line emission, which is our mixing

signature, appears between 2 and 4 J, and increases with the main beam energy.

40

E 30

I 20
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< 0

(a)TK

(m without RPP'

[• with RPP _

m

• :

•

•
• •

• •

•

2 4 6 8 tO

Main beam energy (J)
2 4 6 1

Main beam energy (J)

FIGURE 4
Al line energy versus main laser energy : experimental results obtained
from the TIS (a) and the TRS (b) (for the TRS, Au emission has not be
subtracted so that emission is not zero at small energy).

Temporal shifts between Au and Al emissions obtained with the TRS scatter close to 5t = 0, which

means that both emissions occur quite simultaneously whatever is the main beam energy.

In order to assess quantitatively the mixing composition, we measured the Al line emission by

irradiating samples with pre-made mixing layers of variable Al-Au ions densities. As the rear Au layer may
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be non-totally polluted, we made measurements again with these samples coated with Au. With the help of

TRS signals, for a main beam energy in the region of 10 J, the composition of the probed zone seems to

corresp jnd to a 20 % Al ions density mixing zone with a Au layer in the range 0-40 nm.

We made another set of experiments with 1 \ua Al foils instead of 2 pm. Data obtained with these tri-

laycr targets exhibit an opposite behavior: the mixing becomes smaller as the main energy increases from 5

to 10 J. In the same time, the temporal shift grows: Al emission starts before Au emission at low energy, in

a less and less marked way as the energy increases, till the Au emission occurs first at high energy.

The distinct behaviors of 1 pm and 2 ujn are analysed in the next section.

n - NUMERICAL RESULTS

Numerical simulations have been performed with the monodimensional hydrocode FCI1 coupled with

a mixing code which is a rough modeling of ordered energy conversion into disordered energy. This mixing

code is a static model and evaluates masses of mixed Al and Au as a postprocessor at each step of the

calculation.

FQ1 is run with the ionization model MM (Mixed Model lif) to obtain relevant Au emission.

The temporal shape of the interface velocity depends strongly on the energy and on the shape of both

laser pulses, and on the delay of the probe beam. Typical interface velocity and acceleration plots are shown

in Figures 5 and 6. In this case, the Al layer thickness is 2 \im and main and probe beam energies are

respectively 6.7 J and 10.7 J.

,16

6 I06 -

i

0 1 2

TIME (ns)

FIGURE S
Al/rear Au interface velocity
versus lime.

3 to'

2 10'

TIME (ns)

FIGURE ft
Al/rear Au acceleration
versus time.
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The probe beam is responsible for the deceleration; this slowing down of the interface is followed by

another positive acceleration phase due to the decompression of target material related to the deposition of

rear Au X-ray energy. The Richtmyer-Meshkov (RM) stage (when the shock goes across the interface) is

short, and the RT stage plays a prominent part. As long as the velocity increases, we may consider that the

acceleration process is RT unstable. We recall that we do not use grooved targets, but the instability growth

originates from the interface roughness. As the probe beam is delayed, perturbations have time to develop

and induce turbulent mixing.

The evolution of mixed materials masses is shown in Figure 7. The unstable phase starts as soon as

the first strong shock goes across the interface. The rear Au pollution expands very quickly and is almost

entire. The Al pollution develops more slowly and affects half of the whole Al layer.

en 600 rear Au layer lotil mass
Al layer total mass

FIGURE 7
Temporal evolution of masses of mixed Au and Al.

The X-rays coming from the front Au layer induces a more or less important preheating, so the matter

expands and the mixing is reduced as material density is decreased, although Atwood number has not much

changed. Simulations pointed out that this radiation preheating, which is very sensitive to the pulse rise

time, can become large enough v/hen the beam energy is increased so that the rear Au expands very much

and the mixing mass is reduced. Main beam energy and radiative preheating are strongly correlated but have

opposite influence on the growth of the mixing, as the first one increases the acceleration of the target and

the other lessens the material densities.

Our numerical investigations lead us to the following remarks:

• the mixing process is not much sensible to the main beam pulse shape as long as we consider

gaussian (or sum of gaussians) pulses (i.e. smooth pulses)

• the delay of the probe beam is a major factor; it is all the more determinant as the main beam

energy is small, because the unstable phase starts later and develops more slowly

• Al and Au emission levels are very sensitive to the value of the probe energy.
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For 2^im Al tri-layer targets, the rear Au layer is nearly wholly polluted in the range of energy 2 J to

12 J : entire mixing for 12 J, and some nanometers of the initial Au layer unmixed for 2 J. The

disappearance of this unmixed layer could validate the experimental growth of Al emission as the energy is

increased.

The weak scattering in temporal shift 5t data is relevant too as pollution of rear Au layer is quite

complete in most cases : for low energies, a small non-polluted Au layer may induce a little delay of Al

emission; for high energies, front Au radiative preheating may set before the Au emission. Both behaviors

could explain a non-modified shift between emissions.

Numerical results for various main beam energies gives a remarkably stable mixing composition.

Assuming an homogeneous mixing layer, the composition is close to 25 % Au ions and 75 % Al ions

densities. It is quite the reverse of the experimental proportion, but in the experiment only a small region of

the mixing layer is probed. The existence of a concentration gradient is a possible explanation.

Experiments with 1 [im Al layer, performed without the probe beam, displayed that front Au X-rays

can go through the target. Simulations assert the major role of front Au preheating with these structures.

With both laser beams, numerical spectra obtained at the rear side of the tri-layer targets exhibit precursory

signals connected to front Au radiation. This supports the experimental increase of the temporal shift 5c

From the mixing code, according to the growing reduction of Al layer density, polluted Al mass is

shown to lessen when the main beam energy is increased; in the same time, Au layer mixing is not much

disturbed and remains total. Therefore the experimental decrease of Al emission is coherent.

The competition between radiative preheating and target acceleration drive the opposite behavior
observed with 2 \ua and 1 |im Al foil tri-layer targets.

ffl - CONCLUSIONS

Tri-layer experiments assert the validity of X-ray spectroscopy measurements as experimental method

to investigate the problem of target stability under ablative acceleration. A mixing zone is evidenced and

general trends of mixing development versus target acceleration are coherent with numerical simulations

(emission level, shift between emissions).

Results obtained with optical smoothing demonstrate that the apparent mixing is not due to large-scale

illumination non-uniformities. As numerical simulations have confirmed, the Rayleigh-Taylor instability

seems to be the dominant process responsible for the mixing.

Benefit of time-resolved spectroscopy appears very attractive and should supply us with a real

knowledge of the mixing layer (span and composition). Its ability to discriminate between distinct mixing

compositions with or without remaining Au layer is most valuable. Yet, under our present experimental

conditions, especially dispersion of the data, it remains difficult to make full use of this diagnostic. We got
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an estimate of the probed zone composition which is consistent with our numerical results. More numencal

runs are necessary, and we intend to realize an additive set of simulations with other turbulence models.

Improving this experiment needs more beam energy in order to get higher emission intensities.

Acquisition of repetitivity should enable us to get real quantitative results : with reproductive shots, by

varying the probe energy, we could probe the mixing zone at different depths, and display (perhaps!) a

concentration gradient
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SHOCK-WAVE/SHEAR LAYER INTERACTION IN CIRCULAR SUPERSONIC JETS

E. Gutmark, S. Koshigoe, and K. C. Scbadow
Research Department

Naval Weapons Center
China Lake, CA 93555-6001

Abstract

The interaction between shock-waves and large coherent structures in a turbulent compressible jet

flow, is studied experimentally. The results are compared qualitatively with trends predicted by the linear

stability theory. The techniques developed for analyzing the stability of circular jets are extended to

include the shock-cell interaction with the instability waves. The controlling effect on the shear layer

evolution, of the turbulent initial conditions, the shape of initial mean velocity profile, and Reynolds and

Mach numbers are investigated. The shock wave strength is varied as well as the shear layer parameters,

i.e., mean and turbulent velocity distribution, thickness, etc. These parameters determine the extent of

penetration of the shock into the shear layer, the compression/expansion pattern, the diffusion rate of the

shocks, and the shear layer instability characteristics. A possible feedback which is generated by the

sound emitted from the shock/vortices interaction locations and subsequently excites the roll-up of vortices

in the shear-layer, is discussed.

Introduction

The present study is concerned with understanding the behavior of a supersonic jet shear layer in the

presence of shocks. This is related to the understanding of the mixing process in the supersonic jets which

become more stable with increasing Mach number [1]. Similar to the subsonic, incompressible flows, the

supersonic shear flow dynamics are governed by large-scale coherent structures. Their development,

stans from selective amplification of initial disturbances into vortices and continues with subsequent vortex

interaction. The role of large-scale structures and their generation by flow instabilities were studied

extensively in subsonic shear flow both experimentally [2] and theoretically 11 ]. Similar studies in sonic

and supersonic flows were done mainly in low Reynolds number flow (up to 105) [3J and some in high

Reynolds number (>10<>) [4]. Evidence on the existence of large-scale structures in supersonic flows of

both low and high Reynolds numbers was presented in these works. Efforts to increase the mixing by

acoustic excitation, similar to the mixing enhancement method used for subsonic flows, encountered

problems due to (he difficulty to produce sufficient acoustic energy in the high frequency range required

for supersonic jets |5J. When the flow contains shock waves, as in over or underexpanded jets, the shear
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layer interaction with the shock can produce enough acoustic energy to excite the shear layer. This

mechanism was shown to have the potential to significantly enhance mixing [6]. The objective of this

work is to study the mechanism of the interaction between the shock cells and the shear layer in a circular

configuration.

Experimental Arrangement

The jet system consisted of a cylindrical settling chamber, 24.1 cm long and 10.8 cm in diameter.

The nozzle section was attached to the converging section of the settling chamber with an area ratio of 32.

Two different nozzles were used to obtain jets with different initial momentum thickness. One jet was

discharged through a pipe, with a thicker momentum thickness of 8 = 0.6 mm. The second nozzle was

an orifice plate with sharp edges, yielding a thin momentum thickness of 8 = 0.16 mm. Experiments

were done in underexpanded conditions. The initial turbulence level at the exit was 2% in the circular jet.

The stagnation pressures, p0, for the underexpanried jet were 29 to 40 psia. These pressures correspond

jet Mach numbers of Mj = 1.09 to 1.33, for a fully expanded isentropic flow. The Reynolds number for

the largest Mj was Re = U0De/v = 5.7 • 105. The flow field measurements were done using a hot-wire

anemometer, with frequency response of 50 kHz. The hot-wire scanned the flow field using a computer

controlled three-axes traverse mechanism. Each scan consisted of 250 measurement points. Calibration,

data acquisition, and analysis were performed using a VAX 750 computer. Spark Schlieren photography

was used to visualize the shock structures of the jets.

Results and Discussion

Shock Cell Structures

The effect of the initial shear layer thickness on the shock cell structure is studied by comparing the jet

issued from a pipe nozzle to the orifice jet which has a very thin initial momentum thickness. The two jets

are visualized using spark Schlieren photography in Figure 1, for Mj = 1.3 and in Figure 2 for

Mj = 1.6. The photograph in Figure 1 covers the first lOdiamelers of the jeJs. The differences in the

near flow field of x/D < 3 are especially in the shock cell structures which are larger for the orifice jets.

The far field difference is related to the jet's shear layer structure. Large, helical coherent structures

develop in the pipe flow at x/D > 3, while the orifice jet retains a predominantly symmetric behavior.

Consequently, the pipe jet is spreading more than the orifice jet at these conditions. For a slightly higher

Mj = 1.6, the differences in the initial shock-cell structure are more pronounced (Figure 2). The initial
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shock cell is larger for the orifice j'et relative to the pipe j'et, resulting in a different size of the normal shock

and the angles of the oblique shocks. The pipe jet has a section of a normal shock, with slip lines

downstream of the intersection of the oblique and normal shocks. The orifice jet does not have any normal

shock and the intersection occurs between two oblique shocks, with a very weak slip line. Subsequently,

the slip-line shear layer has different velocity ratio across it and the mean velocity characteristics will vary.

Figure 1. Schlieren photograph of jets discharging with a circular pipe profile
(hick momentum thickness (©) (a); and a top-hat profile thin 6 (b). Mj = 1.3.

Figure 2. Same as 1, Mj = 1.6.

For increasing Mach numbers, Mj, the shock-cell length (Ls.c.) was shown to be growing as

apb = a(Mj2 -1) , where a and b are experimental coefficients. Figure 3 shows this behavior for the

two jets. The jet with the larger initial shear layer thickness has shorter shock cell length up to Mj < 2.2

The difference between them is reduced with increasing Mj, until they become equal forMj > 2.2. The

curves deviate slightly from the above linear logarithmic dependence of the shock length on p for the

nearly sonic Mj which correspond to p = 0.46. The slope (b) is larger for the pipe jet.

Linear stability theory is used to calculate the shock-cell and spatial instability modes for supersonic

round jets with finite momentum thickness. The shock-cell eigenmodes are determined from the zero-

frequency limit of the regular instability equations. The experimenial results (Figure 3) are in good

qualitative agreement with the instability analysis calculations. Figure 4 shows the effect of the momentum

thickness on ihe real pan, nr, of the shock cell eigenvalues when Mach number is taken as parameter for

429



the fundamental eigenmode of the shock cells. a r is inversely proportional to the shock-cell wavelength

As evident from the figure, increasing momentum leads to reduction of the shock cell spacing for all

eigenmodes in a wide range of Mach numbers. This effect is more eminent in the low Macl' numbers

range.
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Figure 3. Shock cell spacing versus Mach number. Pipe jet ( ), orifice jet {—-).
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mode. M = 1.1, 0; 1.2, A; 1.3, +; 1.5, X; 2.0, 0; 2.5, V.

430



Mean and Turbulent Flow Field

The pipe and orifice jets flow fields were measured using hot-wire probes for three exit Mach

numbers, Mj = 1.09,1.21, and 1.33. The initial shear layer surrounding the jet's potential core was

mapped. For these fully expanded jet conditions, the jet behavior is similar to subsonic flow with linear

spreading rate. The maximum turbulence intensity is not reached at the center of the shear layer, where the

velocity drops to 50% of the centerline value as in subsonic jets, but in the inner section closer to the jet

centerline (Figure Sa). This location corresponds to a shift of the velocity profile inflection point into the

jet, to smaller radial positions relative to the subsonic jets due to the effect of the shock cells. Similar

behavior was measured for the other turbulence intensity components v' and w \ (not shown here) which

had about half the intensity of the axial component. The orifice jet at the same conditions had an initial thin

momentum thickness, but further downstream a similar mean velocity field, with a similar pattern of

turbulence intensity distribution (Figure 5b).

Figure 5. Contours of axial turbulence intensity of the pipe jet (a), and in the orifice jet (b), at Mj = 1.09.

The flow structure was substantially altered when the shock waves became stronger as the pressure

ratio increased. For Mj = 1.33 (Figure 6a), die contours in the outer part of the shear layer are deflected

into the flow with a subsequent reduction in the jet's spreading nue. The velocity profile gets distorted

with multiple inflection points, which leads, according to stability theory, to additional instability in the

flow field. Consequently, the intensity of the axial turbulence component is increased more than twice

(Figure 6b) relative to the lower Mj. Similar trends were measured for the other components of the

turbulence intensity. An indicator of the presence of shock-cells in the shear layer are the Reynolds

stresses u V shown in Figure 7. Four maxima in the contour plot correspond to the location of the shock

cells. The peak values of these maxima are reduced in the downstream location with the decreased

strength of the shock waves.
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Figure 6. Contours of mean axial velocity and turbulence intensity of the pipe jet, at Mj = 1.33.
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Figure 7. Contours of Reynolds stresses, u V ,of the pipe jet, at Mj = 1.33.

The effect of Mj on the spreading rate of the two jets is summarized in Figure 8, where Ro.05 is

plotted as a function of the axial distance. Ro.05 is the radial distance from the centerline where the mean

velocity drops to 5% of the center line value. This is a measure of the total radial extent of the jet This

specific criterion is chosen because the effect of the shocks on the mean velocity field of the shear layer is

most prominent in the outer sections of the shear layer. For Mj = 1.09, both the pipe and orifice jets

exhibit similar linear spread. As Mj is increased, the jet width is reduced, and several steps are measured

in the spread curve, especially at Mj = 1.33. These steps correspond to the deflection of the streamlines

by the compression/expansion waves. The variation of the momentum thickness in the downstream
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direction was measured for the two jets. In spite of Ihe initially thicker momentum thickness of the pipe jet

(R/8 = 16 relative to 60 for the orifice jet), the two curves, for the pipe and orifice jets, nearly overlap

further downstream. There is no significant change as the jet Mach number is increased.
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Figure 8. Spreading rate of the pipe and orifice jets for various Mj.

Instability Considerations and Turbulence Amplification

Instability analysis of circular jets [1J shows that as the Mach number increases the jet becomes more

stable. This behavior is shown in Figure 9, for thin (e/R = 0.02, solid line) and thick (9/R = 0.08,

dashed line) initial momentum thickness. The lines without circles show the maximum amplification rate

of the shear layer instability waves as a function of Mj.The thinner shear layer is less stable than the thicker

one. Both cases become more stable with increased Mj, with very weak dependency on this variable.

This analysis is valid for fully expanded jet flows without the presence of shock cells in the flow. When

the jet operates at off-design conditions, shock cells are interacting with the large-scale structures in the

jet's core. The interaction results in a modification of the instability characteristics. As shown in Figure 9

(circle symbols), an increase of the pressure ratio, or increased difference between Mj and Mj (design

Mach number) results in an increase of the amplification rate related to the shock cells interaction with the

shear layer structures. This increase rate is highly dependent on Mj. Similar to the fully expanded jet, the
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amplification rate of the thin shear layer is higher than for the thick one. For the off-design conditions the

difference is much more significant In both cases, the shock cell-shear layer interaction destabilizes the

flow and contributes to larger amplification of disturbances.

1.1 1.2 1.3 1.4 1.9 10 1.7 I.I

Figure 9. Dependence of the maximum amplification n • r,l ;/ie shear layer instability waves in a fully-
expanded jet and in an underexpanded jet (circles), corre... ending to the shock-cell shear layer
interaction. Solid lines correspond to e/R = 0.08, dashed lines to e/R = 0.02.

The stability analysis can explain the experimental observation shown along the shear layer center

(Figure 10). In this figure the maximum values of the axial turbulence intensity are plotted as a function of

X. The turbulence intensity for Mj = 1.33 is more than double relative to Mj = 1.09. Similar results

were obtained along the centerline of the jet.

The variation of the peak value of the Reynolds stresses, u ' v ' , along the axial direction is given in

Figure 11 for Mj = 1.09 and 1.33. For the lower Mach number the variation is relatively smooth with

few undulations, which could correspond to the appearance of weak shock cells. At Mj = 1.33 sharp

periodic peaks in the u'v' curve, suggest that the shock waves produce high shearing stresses in the shear

layer, which can be related to the generation of strong acoustic waves from the underexpanded jet.

434



0.0

Figure 10. Axial turbulence intensity along the jet's shear-layer for the pipe and orifice jets at different M;.
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Conclusions

The interaction between shock waves and shear layer structure was studied in a supersonic

underexpanded circular jet. It is shown that the shock behavior and the shear layer flow field are mutually

affected in this flow configuration. The gas dynamics equations for compression/expansion wave

behavior are not sufficient to describe the shock-cell structure. The flow initial conditions, i.e.,

momentum thickness and initial turbulence level determine the shock orientation and strength. In the low

Mach numbers range, when the shock strength is not overcoming the shear flow dynamics, the thicker

shear layer is reducing the shock cell length which is equivalent to reducing the effective Mach number,

since the shock cell spacing grows proportionally to the jet's exit Mach number. The thicker shear layer

causes faster dissipation of the shock waves. The flow field in the shear layer is altered by the

compression/expansion waves. At the intersection with these waves the mean flow field is deflected inside

or outside the flow depending on the wave type. This deflection modifies the mean velocity profile, and

generates new inflection points, resulting in additional flow instability. Thus, the turbulence production is

enhanced. Of specific interest are the Reynolds shear stresses, which reach a high sharp peak at the

locations where the shocks are intersecting the shear layer. The time dependent change in these stresses

are sources for acoustic radiation of the supersonic jets. It is possible, as was previously shown, that this

sound is exciting the initial shear layer and modified its structure and evolution, to enhance its spreading

rate.
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CREATION AND ENHANCEMENT OF TURBULENT MIXING ZONES DUE TO
HIGH MACH NUMBER SHOCK-INTERFACE INTERACTION

L. Houas, A. Ramdani and J. Fortes

U.A. CNRS 1168, SETT, Departement des milieux hors d'equilibre, Universite de
Provence, Avenue Escadrilie Normandie Niemen, 13397 Marseille cedex 13, FRANCE.

The birth and growth of turbulent mixing of two gases having different densities
after acceleration and deceleration by high Mach number shock waves are
investigated in a double diaphragm shock tube. The gases are initially separated by an
interface materialized by a thin plastic membrane. When a high Mach number shock
wave accelerates the interface, this one is subjected to the Richtmyer-Meshkov
instability. Different measurement techniques have been used and adapted to observe
the created turbulent mixing zone: heat transfer gauges for the study of the incident
mixing zone front, infrared absorption of a C02 vibrational-rotationai laser line
which provides temperature and density profiles in the mixing zone and infrared
emission of CO2 which gives the evolution of the mixing zone thickness.

I. INTRODUCTION

In the context of nuclear fusion by inertial confinement, a fundamental problem
apears : the creation and development of a turbulent mixing zone between the shell
material and the thermonuclear combustible. This mixing zone, initially due to the
Rayleigh-Taylor instability, contributes to reduce the efficiency of the nuclear
reaction by an early break-up of the shell and a cooling of the combustible. The aim of
the present work is to study in the simpler shock tube environment the evolution of
the mixing zone created by the interaction of a high Mach number shock wave and a
gaseous interface (initially at rest).

Experiments are conducted in a double diaphragm shock tube. It has a square
cross section (8.5 x 8.5 cm) and its total length is about 9 m. The test section (the
third one) is about 1.5 m long. The gases, carbon dioxyde upstream and helium or
argon downstream, are initially separated by a thin plastic fi lm (0.5 - 1.5 - 19jxm)
which corresponds to the second diaphragm. When a shock wave accelerates the
interface, this one is subjected to the impulsive Rayleigh-Taylor instability also
called Richtmyer-Meshkov instability. When the membrane is initially planar, only
the random small spatial scales created by the membrane break-up are excited and
the turbulent mixing occurs soon. With an initial bulge of the membrane set by
pressure difference between the gases, this turbulent mixing .arising from the small
scales, is superposed to a large scale Richtmyer-Meshkov instability (in its non
linear phase) which can also be described as a baroclinic gradient of the shock and
density gradient of the non planar interface.

The three dimensional turbulent mixing zone is later decelerated by one or
several shock waves reflected from the end wall of the shock tube. Using two gas
pairs, C02/He and C02/Ar, allows to analyse the more precise influence of the
At wood number (I At lcO2/He ~ 0-8 and I A t I C02/Ar * 0.3) on the instability and
subsequent turbulent mixing zone.
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The CO2 is used for its spectroscopic properties and He and Ar because they present
no infrared emission or absorption in the domain of our experiments, and also
because their densities are respectively very different and close to the CO2 one.

Measurements are based on infrared emission or absorption of shock heated
CO2 and enable us to obtain the trajectory and the thickness of the mixing zone as
well as average temperature, CO2 density and concentration profiles within.

These techniques require strong shocks (Mach 3.5 - 6.5 in CO2 and Ar, 1.5-3
in He) and therefore the velocities behind the shock (1000-2000 m/s) are well into
the compressible range (see Table 1). Thus i t is expected that mixing should be
different from that obtained in the experiment of ref. 1 where a Mach number 1.3
shock interacts with an air/He interface, and more similar to recent experiments of
ref. 2 where, for example, a Mach number 3^shock interacts, with He/Ar or Ar/He
interfaces.

However, high Mach number shocks and low initial pressures lead to thicker
boundary layers on the shock tube side walls and thus viscosity effects are always
combined with the development of the instability.

II. EVOLUTION OF THE TURBULENT MIXING ZONE FRONT

Large scale deformation of the turbulent mixing zone front have been measured
using an array of five platinum heat transfer gauges located at the same abscissa and
at different ordinates perpendicular to the flow3.

For each gas pair, three kinds of experiments have been done. Two when the
interface is initially bulged and one when i t is plane. The interface is said to be
positively or negatively bulged when the initial pressure of the CO2 filling the second
chamber is greater or smaller, respectively, than that of the gas in the third
chamber (He or Ar). When the pressure difference is equal to zero the interface is
initially plane.

The aim of these experiments is to evaluate the shape of the incident front of
the mixing zone in the presence of a boundary layer and to compare i t with the linear
theory predictions3. The growth of a sinusoidal deformation of the mixing zone front
is (assuming (2TTaA) « 1)

dt X
where ao is the amplitude of the initial deformation, ko its wavelength. At the

Atwood number and U| and Us the absolute velocities of the mixing zone and shock
wave respectively.

The amplitude evolution of the mixing zone front deformation appears on figure
1 for the two gas pairs (ref. 3), where "Linear theory" means the linear evolution of
the Richtmyer-Meshkov instability, and numerical simulation corresponds to
calculations made with EAD, a 2D Eulerian non viscous code from the Centre d'Etudes
de Limeil Valenton (C.E.A.).

In the case when the shock wave propagates from the heavy gas to the light
one, the linear theory predicts that the interface front must reverse (crossing of
the time axis fig.1). The results presented in ref. 3 show that when the interface is
initially negatively bulged (ao = -13 mm) its reversal is observed but with a delay
which is more important in the C02/He case. Viscosity effects act, in this case, at
later time but in the same sense as the vorticity effects and both cause the
reversal. When the interface is initially positively bulged (ao = + 11 mm), vorticity
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effects tend to decrease the bulge in the beginning as predicted by the linear theory,
but later, boundary layer effects completely prevent the interface reversal.

With an initially plane interface, large scale deformation of the mixing zone will
be only due to the boundary layer effects. These are the conditions of the
experiments described hereafter for the determination of the thickness of the
mixing zone and the temperature and density profiles within.

I I I . EVOLUTION OF THE MIXING ZONE THICKNESS

A. Present measurements

Measurements of the infrared emission (centered at 4.3. nm) of shock heated
CO2 provide the time evolution of the quantity p( CO2) EV3CO where EV3O") is the
average specific energy corresponding to the third mode of vibration of the CO2
molecule and p( CO2) the density of CO2. The optical set up is such that the infrared
detector records the emission of a small volume of fluid at the center of the shock
tube^. A typical signal from 2 detectors looking at positions on the shock tube 15 cm
apart is shown on figure 2. The rise indicates the passage of the mixing zone C02/Ar
in front of the detector. The plateau corresponds to the emission from pure CO2 with
pertubations due to boundary layer effects and rarefaction waves. The final decay is
caused by the arrival of the driver gas (H2). Platinum heat transfer gauges mounted
flush at the walls are used to record the propagation of the shock waves. Using
several wall gauges and infrared detectors (two or three) per shock tube run and
combining the measurements from several runs at the same conditions enable us to
construct (x, t) diagrams of the shock waves and mixing zone trajectories such as
the ones shown in figures 3 and 4. The rise time of the signals from the infrared
detectors provides the thickness history of the mixing zone. Figures 5 and 6 show
the evolution of the mixing zone thickness L for the 2 pairs of gases and different
initial pressures and for different incident shock Mach numbers. Error bars on the
thickness have been estimated to ± 2 mm. The (x, t) diagrams (figures 3 and 4)
show the transmitted shock in the rare gas, the reflected shock from the end wall
and the waves resulting from its interaction with the mixing zone, x = 0 corresponds
to the initial position of the Mylar membrane.

The mixing zone trajectory is plotted from a distance of 20 cm from the initial
position of the separating membrane (here 1.5 urn Mylar). We can notice that the
lines connect only data points from different runs and do not represent corresponding
variations of velocity during the same test.

Beyond 30-50 cm, the mixing zone velocity is fairly constant and higher than
predicted by the Rankine-Hugoniot relations based on the measured shock velocity.
This is a well known boundary layer effect in high Mach number shock tube
experiments and we found it more pronounced for the C02/He case. The behavior of
the C02/Ar mixing zone after its deceleration by the reflected wave reveals the
complex 3-dimensional shock wave interaction whith a mixing zone in the presence of
boundary layers as indicated in figure 7, where the passage of the two feet of the
shock is clearly visible as well as the separated zone inducing a decrease of the heat
transfer. The mixing zone is accelerating after the interaction, which is contrary to
the behavior observed for low Mach number experiments and non viscous numerical
simulations.
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Figure 5 shows that the C02/Ar mixing zone is thin and thickens very slowly
after 400ns (i.e. beyond 40 cm from the initial position), but the unmeasured initial
thickening rate must have been larger. The reflected shock causes f i rst a
compression and after a very rapid thickening. The C02/He mixing zone (figure 6)
thickens at an important rate up to the compression by the reflected wave and
thickens again very quickly afterwards.

B. Comparison with Zaitsev's experiments

Zaitsev's experiments were made with similar incident shock Mach numbers (3
vs 3.7 and 4 in our experiments) and shock tube cross section (7 vs 8.5 cm). Their
separating membrane : 2 |xm Lausan or Dacron might have mechanical properties
close to those of our 1.5 urn Mylar film. We have found that thicker (and stronger)
membranes lead to thicker mixing zones (figure 8) and we expect that our
membranes have a larger influence on the mixing zone compared to the experiments
of Andronov et al l and of Caltech5 where films were used. Our measurement
technique also differs from the schlieren photographs of the other experiments. As
stated above and confirmed by our own preliminary photographs taken close to the
initial membrane position, the thickness obtained from 1R emission from the center
of the channel is 305? smaller than the thickness photographically obtained. Another
important difference between Zaitsev's experiments and ours is the length of the test
section : 37 vs 127 and 152 cm in our case.
Zaitsev's results are summarized in two formulas for the thickening rate (dL / dt) of
the mixing zone before and after the reflected shock as a function of the velocity
jump and the Atwood number At (calculated after shock compression).

- before reflected shock :

U i dt
for At 1 < 0 and when U| is the measured mixing zone velocity.
- after reflected shock :

1 d L 2 = 0.05 + 0.85 IA to!
AUR dt

for At2 > 0 and when AUR is the calculated velocity jump due to the reflected wave.
Table 1 gives the relevant data for our experiments. In this table, Ato is the

init ial Atwood number, M| and Mj are respectively the incident (in CO2) and
transmitted (in He or Ar) shock Mach numbers, U is the contact surface velocity
obtained from the Rankine-Hugoniot relations. Note that the experiments performed
at lower M| (3.7) have about 10* of air by volume mixed with the rare gas which
significantly altered the density and speed of sound of "helium". Non dimensional
thickening rates (1 / U|) (dLi / dt) in the initial phase (up to 200 u.s on figures 5 and
6) and (1 / U|) (dLi / dt) are compared with Zaitsev's estimate : 0.02 + 0.07 lAti l
and (1 / AUR) (dl-2 / dt) with the other estimate : 0.05 + 0.85 |At2|.

The comparison shows that the thickening rate (dLi / dt) is lower than
predicted by Zaitsev's formula but the poorly measured initial rate (dLi I dt) is
close.The thickening rate after reflected wave interaction (dl-2 / dt) is also close to
Zaitsev's formula in 3 cases. However the value obtained for helium at 2000 Pa being
too high.
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IV. AVERAGE TEMPERATURE AND DENSITY PROFILES IN THE
MIXING ZONE.

We present in this paper results obtained with a CO2 laser absorption technique
which have already been presented in ref. 4, but we use here a new data reduction
process.

The most important differences between the present results and those given on
the paper of ref. 4. are the following : Now, we do not assume that the profile of the
line is Lorentzian and calculations are made with a Voigt profile which corresponds
better to the physical reality ; also we take into account the hot bands of C02- Thus,
a more rigourous method has been developed, and wi l l be presented in detail in a
future paper.

Without rewriting all the equations, we remind here the principle of the
measurements. The absorption by the test gas CO2 in the mixing zone of two
continuous CO2 laser lines, corresponding to transition beween the vibrationai levels
00° 1 --> 10°0 (about 10.6 nm wavelenght) yields average profiles of density
temperature and CO2 mass concentration in the mixing zone. Typical profiles
obtained at a distance of 940 mm from the init ial position of the interface,
approximately 770 JJ.S after shock acceleration of the C02/He interface (36 mm
thick) and 1020p.s for the C02/Ar one (26 mm thick), and just before the arrival of
the reflected shock, are shown in figures 9 to 14. Initial conditions are those
indicated in Table 1 column 2 for C02/Ar and column 4 for C02/He. Calculated
values i " pure gases are presented in Table 2.

Experimental values, outside the mixing zone, are in fairly good agreement
with calculations obtained with a Rankine-Hugoniot one dimensional model. The
asymmetry of the C02/He density profile (compared to the C02/Ar. one) might be
due to the spike and bubble p*.". jm typical of the interpenetration of gases with large
density differences. These results can be compared with numerical simulations. We
can note, for example, that the fact that the C02/He mixing zone is more turbulent
than the C02/Ar one, shown by local emission measurements in ref. 6, does not
appear clearly with absorption measurements probably because these last ones are
averaged across the tube section.

Error bars have been estimated to + 6X and the fiability of our results appear
clearly on each concentration profile since this quantity must be included between 0
and 100*.

V. CONCLUSION

High Mach number shock-interface interaction experiments lead to three
dimensional flows which are difficult to describe in the framework of the simple
Rayleigh-Tayior instabilities. The results do not agree also with simulations using
non viscous hydrodynamic codes. However they are in rough agreement with
previous high Mach number experiments.

We wi l l use the same methods to investigate the turbulent mixing zone
behaviour for other values of the Atwocd and Mach numbers, and we wil l complete
the present data with Schlieren flow visualisations, which wi l l provide more
information on the three-dimensional nature of this turbulent mixing in high Mach
number shock tube flows.
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Table 2 : Theoretical values corresponding to results of figures 9
to 14.

Gtsei

Condition*
(Table:!)

TCO2 «>

DC0Z(k(/m3

TH« «>

DHt (ks/m3)

TAr «>

DAr (ki/rn3)

C02/Ar

2

765

0.17

1230

0.01

COj/He

•4
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548

0.0072

a (mm) a (mm)

Us) 0
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Figure 1 : Evolution of the amplitude a of
the mixing zone front deformation.

Figure 2 : Example of oscillcgraphic
emission records for CO2/Ar mixing zone

thickness determination.

• Experiments

_L Linear Iheory
• Numerical simulation:

443



1800

1 6 0 0

1400

1200

1000

800

600

400

200

0

1

• /

/

/

— mlvt

sho

A
/

ngzom

0 200 400 600 800 1000 1200 x(mm)
0 200 400 600 800 1000 1200 x(mm)

Figure 3 : Experimental (x. t) diagram tor Figure 4 : Experimental (x. t) diagram for
CO2/He mixing zone ( conditions 4). CO2/Ar mixing zone (conditions 2).

140

E

420

100

80

60

40

20

•

I

ton
NM

MM

A

T

1

• 1 • a 11 •

1

•

C

c

<?

D
D

140

100

80

60

40

20

0 200 400 600 800 1000 12001400

•

1

rQII

ten

41

IIS

IN

f
M

HU
HU

TT

3

•

•

•

1

I

c

0 200 400 600 800 1000 12001400 t(|is)

Figure 5 : CO2/Ar mixing zone thickness. Figure 6 : C02/He mixing zone thickness.

444



I reflected ihock C*" »«"><:* in irgon)

'incident shock (in argon) with el»»»ic»l *ign««

14U -

120

lUU *

OU "

9fl -

o -

•

0.5

1.5

19

an

m

>

|

•

•

•

•

•
i

Figure 7 : Example of "X" shock detected by
vail heat transfer gauges.

0,0 0,2 0,4 0,6 0t8 1,0

Figure 8 : Evolution of the mixing zone
thickness for different membranes.

700

600

500

11

A+E

hA)

0 10 20 30 40 50

0,06 -

0,04 •

0,02 -

0,00 -

t

\

(A+

I) WE]

1I - ^ • » •
^ * • ^

t(n«) 0 10 20 30 40 50

Figure 9 : Average Temperature profile in
the CO2/He mixing tone.

Figure 10 : Average Density profile in the
CO2/He mixing zone.

445



1300

1200

1100

1000

900

600

- - ( A +E)

11
/y/<*

f
+A

/
/

{

0 10 20 30 40 SO 60 70 IJW

Figure 11 : Average Temperature profile in
the CO2/Ar mixing zone.

0 10 20 30 40 50 60 70

Figure 12 : Average Dentity profile in the
CO2/Ar mixing zone.

100

60

40

20

(A+i

x\\
i

V

V

mo -

* • -

60 •

40 •

20 -

0 -

«<

(

i

sS I**

w
\

w
0 10 20 30 40 50 0 10 20 30 40 50 60 70

Figure 13 : CO2 Mast Concentration profile
in the CO2/He mixing zone.

Figure 1A : CO2 Maw Concentration profile
in the CO2/Ar mixing zone.

446



PRELIMINARY DATA ON THE DYNAMICS OF TURBULENT SHOCKLETS

J. A. Johnson III, L. E. Johnson, J. Zhang, Y. Zhang
Department of Physics, The City College, CUNY

New York, NY 10031 USA

Substantial interest exists in the coherent structures produced

by supersonic free shear layers. Coherent structures play an

important role when nonequilibrium and nonlinear behavior is dominated

by mass and momentum transfer effects. Some have argued that the mass

and momentum transfer is produced by merging coherent structures.

Hence, if one knows how to manipulate the structures, the entrainment

can be controlled. Our work focuses on the formation and evolution

of coherent structures in the supersonic free shear layer using

non-obtrusive optical diagnostics. We are specifically interested

here in the turbulent shocklets which are thought to be associated

with these structures. We present our first preliminary data on the

shocklet profile, velocity, and production frequency; we also suggest

some properties of the turbulence associated with these entities.

The tube wind tunnel used is an elaboration of the configuration

originally proposed by Ludwieg. A conventional shock tube is

modified by inserting a layer-spilling asymmetric supersonic nozzle

into the section upstream from the diaphragm (the high pressure

section). When the diaphragm breaks, an expansion wave moves upstream

into the high pressure section through the nozzle causing the local

pressure, density and gas velocity to change with time and as a

function of distance from the diaphragm's location. At a time

determined by the ratio of the nozzle's throat area to its exit area,

the nozzle is choked, i.e., the mass flow rate is frozen, and stable

supersonic flow is established in the exit region. The steady period's

duration is determined by the round-trip time for the head of the

expansion wave to travel from the nozzle's throat to the high pressure

section's upstream end. In the literature, one can find derivations

of the formulas relating the nozzle's parameters to the initial

conditions of the tube. 4 With this kind of device, high Reynolds

numbers (resulting from high stagnation pressures) can be maintained

in the exit region under conditions of steady supersonic flow for more

than 10 ms.

The low pressure section of our Ludwieg tube has two parts: a 6

in. diameter 5 ft. long cylindrical end piece and a 3 ft. long
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transition piece that changes from a 6 in. diameter circular cross

section to a 3.6x3.6 in. square at the diaphragm. The transition

piece has a hand operated plunger for rupturing the diaphragm. The

high pressure section has five parts: a 6 ft. long 3.6x3.6 in. square

test section with five optical ports on each face and corresponding

pressure ports; a 3 ft. long transition piece for the change from a

3.6x3.6 in. cross section to the 6 in. diameter cylindrical piece; and

two pieces that are each quarter circle arcs of 2 ft. radius with 6

in. diameter cross sections. The curved sections conveniently extend

the overall length of the high pressure section and thereby increase

the duration of the period of steady supersonic flow. The overall

thickness is roughly 0.3 in. throughout.

The starting processes are conventional. The integrity of the

boundary layer which produces the free shear layer was confirmed by

exhaustive pitot gauge studies. The nozzle's flow Mach number is

calibrated by using wedges inserted in the flow and measuring the

angles of the shock waves produced by the wedges. A 5 ft. long, 6 in.

diameter cylindrical piece was added upstream of the circular arcs in

order to increase the steady flow time. For each desired value of p4

(the initial pressure in the high pressure section), we determined the

value of p 1 (the initial pressure in the low pressure section) for

which smooth (i.e., free of either expansion waves or shock waves)

flow is achieved at the edge of the nozzle; this procedure defines the

the operating ratio P4/P1 for the given value of p, (and therefore the

Reynolds number) at which measurements will be made. By thereby

avoiding back pressure effects, we have created flow environments

which can be generalizable.

The optical systems are suggested in Fig. M a ) . An argon ion

laser and a mecury-arc lamp are used as our light sources. We used

three different diagnostic techniques.

In line absorption measurements, the light from the mecury lamp

is split into four parallel small beams; each is 1 mm in diameter,

separated from its nearest neighbor by 1 mm along the downstream

direction. This is defined as the x-direction, with the direction

perpendicular to the flow and to the surface of the nozzle being

defined as the y-direction. The absorbed light signals are collected

by photomultiplier tubes. This line-averaged measurement gives us

line-averaged density history.
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We also use crossed beam measurements. The same light source is

employed; the four split beams are arranged so that they cross, two

each, at right angles as indicated in Fig. l(a). That is, two beams

are separated by 1 mm along x and parallel to the y-direction; the

other two beams are parallel to the z-direction. The points of

intersection are inside the free shear layer and a little bit off the

x-axis. This technique can give us the point density fluctuation

signals.

The third optical diagnostic is the fluorescence measurement.

The 2 W 488.0 nm blue light from the argon ion laser is expanded and

then split into three small beams with the same size and separation

used in the first and second techniques just described. The beams are

sent through the free shear layer along the y direction and separated

in the x direction. A small admixture of NO2 (roughly 3% in N~)

provides a target for the laser light and is the source of the

fluorescent light. The fluorescence signals from the three points

inside the free shear layer are collected by photomultiplier tubes.

The three signals come from three points with a separation of 1 mm

along the x-axis on the y-axis or three points of separation of 1 mm

along the x-axis and 1 mm off the x-axis. This kind of measurement

allows a precise point density history.

Static pressure ports along the test section use conventional

Kistler gauges. Total pressure operating conditions are monitored and

controlled using a Baratron pressure transducer system. The signals

from the photomultiplier tubes are amplified and digitized with

Nicolet ADC's. The system runs at room temperature. A thermocouple

is fixed at the high pressure section so as to check the temperature

drop when the high pressure section is filled with the NO- and N-

mixtures. Generally, our typical operating conditions are: Mach

numbers between 1.6 and 2.5; unit Reynolds numbers between 10 and 10

/cm; typical pressures in the high pressure section between 33 psia

and 80 psia and between 20 Torr and 110 Torr in the low pressure

section. In this paper, we focus on one configuration at a Mach

number of 2.0 and a Reynolds number (based on measurements 1 cm into

the free shear layer) of 4x10 .

Evidence for the existence of turbulent shocklets is found in all

of our optical diagnostics. This supports our previous report on the

evidence from shadowgraph photography and the correlation of shocklet
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strength with Reynolds number. In Fig. l(b), we show typical results

using the crossed beam set-up for point r.m.s. density fluctuations in

the free shear layer. Here there is a signature in the density

fluctuations at the shocklet front from the edge of the wedge, 1.7 cm

and 2.7 cm respectively from the edge. In each case, the effective

duration of the shocklet front is less than 0.005 msec. These data

indicate that a very strong localized increase in density fluctuations

takes place at the turbulent shocklet, on a scale much larger than the

fluctuations either just before or just after the shocklet.

Relatively speaking, there also does not seem to be much of a change

in the intensity of the turbulent fluctuations from one side of the

shocklet to the other. Fig. l(b) also shows that the duration or

thickness of the shocklet is consistent with the expected values for a

shock wave phenomenon.

The same qualitative features are confirmed in the point density

histories from fluorescence and the line-averaged blue light

absorption. Samples of these data are shown in Fig. 2. Fig. 2(a)

show fluorescence data from two measurements separated from each other

by 1 mm along the x-axis and parallel to the centerline, 1 mm away

from it in the y direction. Fig. 2(b) shows results from a similar

configuration, using the line-averaged blue light absorption. In both

cases, the standard signature for a shock wave is unmistakable.

From these data, we have determined some of the dynamical

properties of the shocklets. The local velocity of shoocklets in the

region where we are making these measurements is 86*35 m/s; the

shocklet production frequency is at least as high as 6 KHz providing a

Strouhal number (based on the local mean flow velocity of 512J0m/s) of

at least 0.12. We also notice that the prominence of the signal in

the line-averaged data suggests a strongly two-dimensional character

in these shocklets.

The spectral properties in the turbulent fluctuations do not seem

to be influenced by the turbulent shocklet. Typical examples of this

are shown in Fig. 3. Fluorescence data from one Ludwieg tube firing,

off axis measurements at consecutive stations 1 mm apart, show FFT

spectra before and after the shocklet which are typically turbulent

but apparently unchanged by the shocklet. This is confirmed by

studies of velocity fluctuation measurements take from PHACO

velocimetry6 on the line averaged data using the previously published
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analytical procedures as shown in Fig. 4(a). These FFT data along

with the apparent insensitivity of the turbulent intensity to the

shocklet seems to imply an important limitation in the impact of the

turbulent shocklet on the strength of the turbulence.

However, the shocklet does seem to have some influence on the

structure of the turbulence. This is implied by the data in Fig.

4(b); the turbulent correlation length scale seems to be changed by

the shocklet. In Fig. 5 (taken from the same fluorescence data as

Fig. 3) this is unambituously confirmed. The effect of the turbulent

shocklet is that of causing a significant distortion in the

characteristic length scale, by as much as a factor of two.

Notice that this correlation scale would probably determine the

extent to which a local turbulence can couple into a local chemical

reaction. Thus, these preliminary results indicate that the turbulent

shocklets: (1) do not change the turbulence; (2) might influence the

relative impact of turbulent mixing processes (since the shocklets

should effect the local mean flow while leaving the turbulent strength

unchanged); and (3) might effect the progress of a nonequilibrium

molecular process.
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I. INTRODUCTION

The interaction between supernova remnants (SNR) and interstellar clouds in the galaxy is known to

play a major role in determining the structure of the interstellar medium (ISM). We know that the ISM is

highly inhomogeneous, consisting of both diffuse atomic clouds (T~100K) and dense molecular clouds

(T-10K) surrounded by a low density warm ionized gas(T~104K) and by a very hot coronal gas

(T~106K). Next to radiation directly from stars, supernova explosions represent the most important form

of energy injection into the ISM; they determine the velocity of interstellar clouds, accelerate cosmic rays,

and can compress clouds to gravitational instability, possibly spawning a new generation of star

formation.1 The shock waves from supernova remnants can compress, accelerate, disrupt and render

hydrodynamically unstable interstellar clouds, thereby ejecting mass back into the intercloud medium.

Thus, while the interaction of the SNR blast wave with cloud inhomogeneities can clearly alter the

appearance of the ISM, the cloud inhomogeneities can similarly have a profound effect on the structure of

the SNR.

Given the importance of the interaction of the supernova shocks with clouds for understanding the

structure and the dynamics of the ISM as well as the potential importance of the interaction as a means of

triggering new star formation, the problem has been studied both analytically and numerically over the past

decade. Even when idealized as the interaction of a strong shock with a spherically symmetric cloud

embedded in a less dense intercloud medium, the problem represents an extremely complex non-linear

hydrodynamic flow encompassing a rich family of shock-shock interaction phenomena. The multi-

dimensional nature of the evolution of the disrupted cloud is such as to make a detailed analytic calculation

intractable. The first serious attempt to follow the interaction numerically was made by Woodward2, who

used a combined Eulerian-Lagrangian approach to follow the interaction of the shock from a spiral density
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wave with a galactic cloud. These results showed the start of both Rayleigh-Taylor and Kelvin Helmholtz

type instabilities; however, the calculation was not carried out far enough to ascertain the final fate of the

cloud. A subsequent attempt to investigate this problem by Nittman et al.3 used a flux-corrected transport

approach and was very unresolved. Recently, Tenorio-Tagle and Rozyczka4 attempted to follow the

evolution with a second order accurate hydrodynamic scheme, but again the calculation was under-

resolved and clearly showed the effects of strong numerical diffusion at the interface of the cloud boundary

and the intercloud medium. This made it impossible to disentangle the mixing of cloud-intercloud matter

due to physical instabilities from mixing due to numerical effects. All of the previous work on this

important problem leave unanswered several questions of key importance: What is the ultimate fate of

clouds that have been impacted by SNR shocks? What is the total momentum delivered to the cloud?

How much mass is lost from the cloud? To what extent is the cloud disrupted? How do the results scale

with cloud density, shock Mach number and cloud size? Is the cloud driven to gravitational instability or

is the cloud destroyed? What is the effect of the interstellar magnetic field on the evolution? What are the

observable consequences of the interaction?

As we shall see, highly complex shock-shock interactions play a major role in determining the

morphology of the cloud. Instabilities and shear flow motions are crucial to track accurately. These

physical phenomena place an enormous constraint on the capabilities of most conventional numerical

methods for solution in 2-D. Even high order accurate approaches such as PPM5 with fixed Eulerian grids

would require at least 106 grid points to follow the evolution accurately enough to answer the questions

posed above. Clearly, one has a great need to evolve solutions in 2-D with a great enough accuracy to deal

with physical constraints and at the same time do so economically in both storage and tune.

II. METHODOLOGY
To address these difficulties, we have used the local adaptive mesh refinement techniques with

second order Godonov methods developed by Berger and Colella.6 This first important problem will be

the forerunner of a broad-based program we are developing to use adaptive mesh refinement to study

astrophysical gas dynamics. We employ a second order finite difference solution of the Euler equations on

a square grid in a cylindrically symmetric geometry. The numerical integration of the Euler equations is

accomplished using an operator split version of a second order Godunov method (Van Leer,7 Colella and

Woodward1*). The Godunov method conserves mass, momentum and total energy. We use a y law

equation-of-state, with the cloud and intercloud medium potentially having differing y. The resulting

method is second order accurate in space and time, and captures shocks and other discontinuities with

minimal numerical overshoot and dissipation.

The fluid interface is modeled using the SLIC9 algorithm. In this approach the fraction f of the cell

occupied by the cloud is determined for each grid cell through which the cloud interface passes. At the end

of every timestep a simple picture of the interface consisting entirely of vertical and horizontal line
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segments is reconstructed from the volume fraction information. This picture is then used to determine

how much of each fluid is convected out of the cell into adjacent cells at this time step and an update of the

partial volumes associated with each cell is obtained. A possible difficulty of this approach is that in a

region of expansion or compression, both fluids in a multi-fluid cell will be expanded or compressed

equally, regardless of the difference in compressibility between them. To correct this difficulty, we use a

scheme in which the equations of motion are rewritten to include extra evolution equations for the volume

fraction, total energy of each fluid, and mass density of each fluid in multi-fluid cells. This takes into

account the fraction of each fluid component in the cell in such a way as to ensure the correct relative

expansion or compression of each fluid component.

From the point of view of being able to resolve detailed complex physical structures with reasonable

amounts of supercomputer time and memory, the most important feature of our code is that it employs a

dynamic regriddng strategy known as Adaptive Mesh Refinement (AMR)6 to dynamically refine the

solution in regions of interest or excessive error. This is effected by placing a finer grid over the region in

question with the grid spacing reduced by some even factor (typically 4). The boundary of the refined grid

is always chosen to coincide with cell edges of the coarser grid. Multiple levels of grid refinement are

possible with the maximum number of nested grids supplied as a parameter in the calculation. Typically

our calculations employ two nested grids over the initial coarse (level 1) grids. In our present work, we

determine those regions which require refinement by estimating the local truncation error in the density and

refining those regions where the error is greater than some initially specified amount. In addition, we

require the maximum level of refinement in the neighborhood of all cells containing cloud material.

Special care is taken to ensure the correct fluxes across boundaries between and fine grids. This dynamic

adaptive gridding approach is a crucial factor in our ability to economically resolve important features in

the cloud shock interaction.

An important feature of our method is that the mesh is locally refined in space-time by r=AXn/AXi

on all grids, where AXj is the grid spacing on level 1. This implies that the explicit difference scheme

remains stable on all grids. In our approach, refined regions appear and disappear in time as they are

needed. Given that high resolution second order Godunov schemes are necessary to resolve key features

of the interaction, but may still be expensive, AMR concentrates the computational effort in regions where

it is most needed without sacrificing accuracy anywhere else. This is in contrast to moving grid

approaches. Here one is pulling grid-lines into one region at the expense of sacrificing accuracy

elsewhere, giving a fixed cost for the most accurate solution. Grid moving methods have inherent

difficulties. There are problems maintaining smooth grids; regularity terms and penalty functions for grid

regularization can be complicated and expensive, and one must initially guess at the adequate number of

grid points necessary to resolve features that may appear. On contrast, AMR obtains a fixed accuracy at

minimum cost Grid points are added or removed as is necessary to maintain a desired accuracy.
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I I I . CLOUD SIZE SCALES

As the SNR expands through the ISM, it drives a shock into any cloud it encounters. Assuming that

these are strong shocks, the pressure behind the blast wave and the pressure behind the transmitted cloud

shock are comparable, and one finds that (McKee and Cowie)10

vs - (Pi/pc)1/2 vb , (1)

where vs and vb are the cloud shock and blast wave velocities and pc and pi the cloud and intercloud

densities, respectively. Following McKee1, we define characteristic timescales for the cloud-shock

interaction. Let % = Pc/pi be the density and assume that % » 1. Assume that the cloud is a sphere

with radius a at a distance R from the supernova explosion. The blast wave in the Sedov-Taylor phase

will expand as Rb^t2/5. We can define the cloud crushing time,

¥ i /2a

t

^° " vs vb (2)
the intercloud crossing time,

tic S (3)

and the age of the SNR,

=
dt 5 vb (4)

The cloud is destroyed by thermal evaporation or by hydrodynamic instabilities in a time of order

ttf ~ y}11 «cc. which is comparable to the time for drag forces to bring the cloud to rest in the intercloud

medium.

In this paper, we will consider only clouds that can be characterized as "small", so that the SNR does

not evolve significantly during the time for the cloud to be crushed: and we find that

Xm (5)

Indeed, we shall focus on the case in which the cloud is "very small", so that t » t y , and a « 0.4R/X- In

either case, we have a « R so that the blast wave may be treated as a planar shock. In the opposite limit

of a shock interaction with a large cloud the SNR blast wave will undergo substantial weakening over the

time it takes to cross the cloud. We expect substantial disruption for the small clouds, but only impulsive

effects for large clouds.
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IV. RESULTS

Since there are no intrinsic scales in the problem, it is parameterized by the Mach number of the SNR

blast wave M and the density ratio %. Our calculations assumed 2-D axisymmetry for an inviscid fluid

with no magnetic field. Two cases were considered for the cloud: y=l.l and y = 5/3. The intercloud gas

was assumed to have y = 5/3. Several calculations have been made for Mach numbers in the range 10-103

and density ratios 10- l(fi.

It is useful to follow the morphological evolution of the cloud through several cloud crushing times

to obtain a sense of the different stages of development. We present the time-development of the

isodensity contours of the cloud for the case y (cloud) = y (intercloud) = 5/3, %=\0, M=10. At t=0.84tcC

(Fig. 1), the transmitted shock is compressing the cloud from the front, secondary shocks have enveloped

the sides of the cloud as the blast wave passes over the cloud, and a reflected bow shock moves upstream

into the intercloud medium. The reflected shock becomes a standing bow shock and eventually a weak

acoustic wave carrying away a small amount of energy from the supernova shock (Spitzer, 1982). At

t=l.O5tcc (Fig. 2) the blast wave behind the cloud reflects off the axis giving rise to a Mach reflected shock

back into the cloud. After t=1.26tcC (Fig. 3), behind the cloud, a double Mach reflection with the

appearance of two triple point interactions occurs. This classic oblique shock interaction12-13 shows

evidence of a strong supersonic vortex ring far behind the cloud. The vortex ring may have interesting

observational consequences for SNR (see below), but plays no role in the continued dynamical evolution

of the cloud. The reflected shock and the transmitted shock undergo a strong interaction at t=1.68tcC (Fig.

4) resulting in a initial flattening of the cloud. We also note the beginning of a strong shear flow. The

vorticity is efficiently produced by strong components of VpXVP at the interface. Substantial flattening

of the cloud is observed at t=2.1tcC from the strong shocks which have squeezed it like a vise. The

pressure maximum on the nose of the cloud exceeds the pressure minimum on the sides and the cloud

begins to expand laterally3 (Fig. 5). We note the growth of Richtmyer-Meshkov13 instabilities on the

cloud nose which grow more slowly than the classic Rayleigh Taylor modes. At t=2.5tcc. we see evidence

of Kelvin Helmholtz instabilities, on the sides of the cloud; weak shocks still residing in the cloud interior

dissipate their energy (Fig. 6). At 3.78tcC a prominent shear layer exists through the cloud. This shear is

caused by a combination of the effects of the downstream reflected shock keeping high pressure in the

center of the cloud relative to the sides, the effects of the cloud moving through the ICM, and the

development of Kelvin-Helmholtz instabilities. The shear produces copious vortex rings along the shear

flow layer and leads to substantial Kelvin Helmholtz instabilities which break up the arms (Fig. 7). The

cloud consists of a distorted unstable axially flattened core component and a severely disrupted halo of

cloud material. Over 70% of the original cloud mass is in small fragments which, in the absence of

cooling, should merge with the intercloud medium. The unstable break up is dominated by large scale

differential shear. Finally, at t=9.7tcC the cloud is essentially destroyed. The cloud consists of multitudes

of small fragments distributed along a halo structure with an aspect ratio of about 6, with no evidence of a

core component (Fig. 8).
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Let us consider the characterization of the evolution of the interstellar cloud in more detail. In

Table i, we display the results of adiabatic calculations for three models where 7=1.67 in both the cloud

and ICM for all cases. The calculations are done for two models of M=10 and 100 for density contrast

X =10 and one model M=100 and density contrast 100. The first entry in the table is the time normalized

to the intercloud crossing time. The second entry gives the time normalized to the cloud crushing time and

the drag time, td = x1/2 tec. The next column is the sound speed behind the cloud shock normalized to the

blast wave velocity. It can be shown that the initial cloud shock can accelerate the gas up to 3/4 vs for non-

radiative shocks, so the next entry is a measure of the fraction of the velocity currently in the cloud to its

maximum possible velocity; in the frame of the shocked intercloud gas, this is a measure of cloud

deceleration. The next column is a characterization of the cloud's aspect ratio in the radial and axial

direction weighted by its half mass distribution. Here rj/2 is the radial half-mass distance and Z1/2 is the

axial half-mass distance. The last column gives the radial i\a and axial Z\a dispersion velocities of the

cloud to quantify the amount of stretching the cloud undergoes as it is subjected to shearing. These

velocities are computed by using the half mass distance distributions at the two final times in the

calculation.

Several conclusions can be drawn from these results. Comparing the results at the same normalized

"final" time t=4.2tcc for clouds of the same density X=10, but subjected to blast waves of different Mach

number 10 and 100, we note that both clouds have decelerated to about 0.15 of their initial velocities.

Thus, these clouds have almost stopped, leading to a small pressure differential between the front of the

cloud surface and the sides so that there is little force driving further radial expansion; hence the clouds

have a radial dispersion velocity r 1/2 = 0. The strong shear flow in the cloud is still dominant, however,

and both clouds are supersonically shearing apart at about the same axial dispersion velocity Z1/2 of 3 times

the cloud velocities. The physical extent of the stretching in both the radial and axial direction

ft> z f t

when compared to the characteristics cloud size initially is essentially the same. The remarkable agreement

of these features of the clouds leads one to suspect that the cloud evolution may scale similarly with the

Mach number of the SNR shock. In fact, if we look at the isodensity contours of both clouds at t=4.2tcc,

we clearly see the evolution is similar (Fig. 9a,b). This Mach scaling can be clearly seen if we scale the

time, velocity and pressure as t' = t/A/, v' = vM and P' = PM2. Substituting these scaled quantities into the

Euler equations, we find that Euler equations are invariant under this transformation. Thus, we find that

for fixed y and density, the morphological evolution is a function of t/t«; only in the limit of large M. At

t=3.78tcc (Fig. 7), the cloud is experiencing a large drag due to the lateral increase in its surface area

associated with the highly flattened core component. This results in the large deceleration as the cloud is

slowed to .16 of its maximum velocity. At the final time t=9.7tcC in the calculation, the cloud has
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essentially been destroyed (Fig. 8). We note that the cloud has decelerated to 0.07 of its original velocity

and has essentially stopped expanding axially as well as radially. The final fate of this cloud consists of a

quasi-static halo of fragments of which 50% of the mass resides in an axially elongated distribution

stretched out 5-6 times its initial shape, and the rest of the mass resides in a multitude of fragments much

less dispersed. If we consider the case with x=100, we note that the cloud has a large aspect ratio and

appears to be substantially more radially compressed than the lower density cloud. This can be understood

by considering that the shock passes over the cloud far more rapidly than the cloud shape can change, and

a quasi-steady flow is established around the cloud with a pressure maximum at the front of the cloud and

a pressure minimum on the sides. The gas passes through a sonic point point as it flows past the cloud. A

rarefaction wave moves into the shocked cloud (Nittmann and Falle^) producing velocities of the order of

the sound speed so that the cloud expands laterally at the sound speed. It is easily shown that the sound

speed

so for the higher densities the cloud expands much more slowly and appears radially compressed. These

clouds have less drag and so experience less deceleration than the less dense clouds. We also note that at

t=4.3tcC, the cloud is still axially supersonically shearing. As remarked above, the destruction time for the

cloud td is comparible to the drag time ^L and our simulation confirms that the small clouds experience
Vb

substantial ablation after a few drag times.

We have performed calculations for several similar models for y=l.l in the cloud.15 This softer

equation-of-state is more representative of clouds that are radiative, although it should be pointed out that

truly radiative clouds can get rid of their stored energy efficiently, and we would expect substantially more

shock compression than the models considered here. We note that these "radiative" clouds move

substantially more rapidly than their 7̂ =1.67 counterparts. These clouds are significantly more radially

compressed, and thus experience far less drag than the y=1.67 clouds. This can again be understood by

consideration of the sound speed in these clouds. We find that the scaling of sound speed c with y is such

that C(Y=1.1) « C(Y=5/3), SO that these "radiative" clouds expand laterally more slowly. We note that the

high density "radiative" cloud is still experiencing large supersonic axial shearing. As with the previous

models Mach scaling appears to be established.

An outcome of these calculations that may be potentially very important for observations of SNR is

the discovery of the copious production of vortex rings distributed along the strong shear flow layer (Fig.

10). In this graph of iso-vortex contours at t=5,0tcC we see formation of many points of high vorticity.

Approximating the rotation of these vortices by rigid body rotation, ive can relate the vorticity CO in an

individual vortex ring to the pressure differential across the vortex AP, and we find that
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CO = (8AP/P)1/2 1/r. This appears to be an excellent approximation when compared to our detailed

calculations. Recent high resolution radio observations of the Cas A SNR(Tuffs16) have revealed several

hundred intense compact radio emission peaks distributed throughout the remnant. We have demonstrated

that strong shear flows associated with shock cloud interactions result in the production of many

supersonic vortex rings. These vortex rings can be expected to wind up ambient magnetic fields present in

the interstellar clouds until equipartition between the energy in the field and the vortex is achieved. It is

quite possible that the resulting intense wound up magnetic field could account for the synchrotron

emission of electrons, thus explaining the observations in Cas A. Chevalier17 (1976) postulated the

presence of turbulent vortices, acting as magnetic scattering centers in SNR's to explain particle

acceleration by a second-order Fermi mechanism. We conjecture that the radio hot spots may indeed be

indirect observational evidence of the presence of vortex rings produced behind the shocked clouds.

V. CONCLUSIONS

We have performed, for the first time, second order accurate high resolution local adaptive mesh

refinement calculations of the interaction of a supernova shock with interstellar clouds. These extremely

powerful hydrodynamic techniques have enabled us to calculate exceedingly complex flows much more

rapidly and much more accurately and much further in time than previous work with standard fixed grid

hydrodynamics. We have followed the evolution of interstellar clouds well into the regime of

fragmentation. Our calculations have demonstrated high accuracy with 80,000 grid cells in the cloud that

would only be achievable with fixed grid high order accurate hydrodynamic schemes with >1,000,000

grid ceils. We find:

1) Small interstellar clouds are efficiently destroyed in a few cloud drag times by combined

Rayleigh-Taylor and Kelvin Helmholtz instabilities dominated by large scale shear flow. Clouds

that have the same density but are enveloped by strong shocks of differing Mach number exhibit

scaling behavior in their morphological evolution.

2) Small clouds are highly fragmented. Cloud fragments will most likely feed their mass back into

the ISM by thermal conduction.

3) Small clouds fragment to such an extent that it is unlikely that fragments large enough to become

gravitationally unstable and form stars will survive. This conclusion is based on the present

adiabatic calculations and may not apply to radiative clouds or clouds which are not "small".

4) Clouds evolve toward a elongated structures with aspect ratios of five to six consisting of

multitudes of fragments.

5) Our calculations indicate the copious production of supersonic vortex rings. Those rings with

large aspect ratio may be subject to non-axisymmetric instabilities and break up into yet smaller

vortex structures.18 "Fat" rings, with small aspect ratio, are likely to remain intact. These vortex

rings may be effective in winding up the ambient magnetic field in clouds, increasing the

magnetic field strength and enhancing the synchrotron emission of cosmic ray electrons. This

could explain the recent observations of numerous compact radio hot spots in Cas A.
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In the future, we will be using adaptive mesh refinement hydrodynamic techniques to investigate a

broad range of astrophysical gas dynamical phenomena.
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Table 1

tffac ri/2(t)/r1/2(0) n/2/vb

t/tk; 1/ldigg C/V'b f W ^ ) Zi/2(t)/Z1/2(0) Zi/2/vb

x=io
M=10 6.7 4.2 0.18 0.16 1.8 -0.0

1.3 3.2 0.35

15.3 9.66 0.074 2.38 -0.0
3.0 5.69 <0.045

M=100 6.7 4.2 0.18 0.14 2.0 -0.0
1.3 2.6 0.32

x=ioo
M=100 21.3 4.3 .056 0.25 3.7 -0.0

0.43 8.4 0.42
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INSTABILITY OF SHOCK-ACCELERATED INTERFACE
BETWEEN TWO MEDIA

E. E. Meshkov
Moscow

Experimental results on shock tube studies of the instability of a
shock-accelerated interface between two gases are presented in this
review. Turbulent mixing appears after instability development when the
interface is accelerated by a series of plane stationary waves. Nonlinear
effects are described, which accompany the development of distortions,
that are reflected and refracted at the shock wave/expansion wave
interface. A local cumulation phenomenon caused by shock reflection at
the perturbed interface is described.

INTRODUCTION

Let us consider the following case: two gases of different densities
are separated by a generally flat but slightly perturbed interface. The
perturbations are sinusoidal. A plane stationary shock passes from one
gas to the other through the interface. The interface experiences a pulsed
acceleration. In this case the interface appears to be unstable. The
initial distortion starts to grow and continues to grow with time. This
pulse-initiated instability is independent of the shock direction; that is,,
it is unstable to pulsed motion from a light gas to a heavy one (L -» H) [1,2]
or from a heavy gas to a light one (H -> L) [2]. If the interface is
accelerated by a series of wave pulses, the initial perturbations may
develop nonlinearly into turbulence with consequent turbulent mixing of
the two gases [3].

Incident shock passage through the distorted interface appears to
generate refracted and reflected secondary shock waves in both directions
(L -> H) and (H -» L). The evolution of the interface perturbations and
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secondary shock wave refraction and reflection is accompanied by other
nonlinear effects. Breaks are formed at shock fronts. Behind the
perturbed shock front, the lateral material flow may be accelerated
sufficiently to form localized, laterally distributed, secondary shock
waves [4,5]. During this period the initially perturbed shock shape may
become more distorted and disturbance subharmonics may be
simultaneously generated which, in turn, grow with time [6,7]. Along the
distorted interface, vorticity generation sites may develop [6]. Instability
development coincides with the cumulation of these localized sites. At
these specific "hot" spots the pressure and temperature scales may
substantially exceed average levels by more than an order of magnitude
[8,9]. Experimental results illustrating these effects in gases are
described in this report.

These events have been studied in condensed media in the experiments
described in [32,33]. In [34] the peculiarities of instability development
[1,2] in systems with many different densities were considered.

2. INSTABILITY OF AN INTERFACE, ACCELERATED BY A SHOCK WAVE

2.1 The experiments were conducted in an air shock tube. Its design
is analogous to that described in [15]. The test section of the tube had a
rectangular cross-section, 40 x 120 mm* (Fig. 1). It was divided by a thin

•\-oplastic film with area! density (3 to 4) . 10"^ g/cm2. The sections
upstream and downstream of the film were filled with different gases.
The prescribed initial interface distortion was of the form Y = aQ • cos K X,
or in the form of mated circular arc segments at the interface examined.
A flat stationary shock wave was propagated into the test section.
Shadowgraph photos provided the flow visualization in the test section
following the passage of the shock wave over the disturbed interface.

2.2 Figures 2 a,b are graphic sketches prepared from the photos
which display the phenomena of the developing interface disturbances.
Air (pQ = 1.205 g/A, y-1-4) and refrigerant-12 (pQ - 5.1 g/ i l .y - 1.138)
are the gases in these illustrations. Each of these photos corresponds to a
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Fig. 1 The arrangement of the shock tube measuring section in the
experiments on the stability of the disturbed separation
interface of two gases with different densities, accelerated by a
shock wave.
1,2 A thin film, separating the jointed blocks of the

measuring section;
3 An interface studied;
4 A plane, stationary shock wave.
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Variation of the disturbed interface amplitude and form, when accelerated by a shock wave during its movement, (a) air to
refrigerant-12; (L -+ H case); (b) refrigerant-12 to air (H -> L case); t - 1 0 , — time at arrival of a shock wave through an
interface. In the figure, the graphical sketches of the interface are based on photos of some tests at the specified times.
The sketches are in a fixad-coordinate system.
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Fig. 3 The distribution of high (+) and low (-) pressure zones relative to an average level behind the wave fronts, (a) initial
geometry; r is the interface studied, YB is the shock wave; (b) sketch of a photo of the initial flow phase in air -> refrigerant-
12 test; (c) sketch of a photo of the initial flow phase in refrigerant-12 -> air test. BP is the refraction wave. Arrows show
the direction of wave and interface motion.



there is a negligible influence at the interface from the lateral diverging
waves. These lateral wave propagation processes are interconnected with
the primary reflected and refracted shock-wave processes.

In case H - L, the reflected expansion wave is perturbed in phase and
the refracted shock wave in antiphase relative to the interface distortion
(Fig. 3). The high and low pressure zones behind the perturbed expansion
wave evolve in phase opposition relative to the distribution of
perturbations behind the shock wave front. The high pressure zone
appears where the expansion wave diverges locally and vice versa. The
pressure gradient initiates and supports a lateral flow along the
interface. The interface distortion undergoes phase cancellation, changes
sign, and then grows monotonically. At the distortional curvature sites on
the interface, vorticity is generated, local vortex concentration zones are
formed and develop (Fig. 4). The higher the amplitude of the initial
disturbance and the ratio of gas densities, the earlier the vortex zones
appear and develop. The initial distortion influences the early period of
vortex evolution. The shear, originating with the vanishing tangential flux
at the wall-surface boundaries, also results in local vorticity generation.

2.3 The instability reported in [1,2] is related to the more general
phenomenon of Rayleigh-Taylor gravitational instability [17]. In the case
L - H with constant acceleration, g, the small initial distortions of the
contact interface grow exponentially in time. If the initial distortion is
given in the form, y = ao • cos KX, K = 2K/X (and ao « A.), and if both media
are ideal incompressible liquids with densities p-j and p2; the following
differential equation describes the disturbance amplitude growth [17]:

= a o ^ | . =04 ^|
dt2 d t ' P2+Pi

where A is known as the Atwood Number.
In case H -> L, under the same assumptions, the initial distortion

oscillates with time.
The following equation defines disturbance amplitude growth for

impulse (8-function) acceleration [1]:
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Fig. 4 Photo frames of disturbed interface acceleration by a shock
wave (M = 1.42). The initial boundary disturbance is in the form
of adjoining circles. y, y\ y" = incident, transmitted, and
reflected shock wave; r is the initial interface location; I*' is a
film, separating gases; % is the transverse wave; M is a Mach
wave; B is vortex.
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$ = a o - K- U- A
dt (2)

where u is the stationary interface velocity resulting from the impulse
acceleration.

As the computations and experiments [1,2,7,10,12] showed, when the
shock wave accelerates the interface (L - H), equation (2) describes the
asymptotic disturbance growth, with reasonable accuracy, provided that
parameter values from the region behind the wave front, define ao and A.
The distortion amplitudes ao and a are measured from crest to trough.
Dependence (2) may be used to estimate disturbance growth in case H - L,
as well, but only under the same assumptions as those for case L - H.
However, for case H - L, the disturbance amplitude, ao, is defined as an
amplitude averaged before and after shock passage across the interface
[12].

The following equation [7] expresses distortion growth velocity with
impulsive interface acceleration, including the effects of viscosity (with
the assumption that only one of the gases is viscous)

d a A -0.9126- V K2- t

W = a°' A ' u ' K*e (3)

Here, v is the kinematic viscosity of the viscous gas. It is obvious, that
when t -> oo, viscosity stabilizes disturbance growth, ^ - * ° completely,
provided the2jdegree of stabilization continues to increase with v growing
and with ^ = ~ decreasing.

The two-dimensional computations [7,10,12,13] and linear
approximation computations [1,7] are needed to estimate interface
distortion growth accurately. Here, we show the experimental and
computational results for the pair of gases: helium (p = 0.167 g/Jl,y =
1.63) - air (pQ = 1.205 g / i , y = 1.4) (Fig. 5) and air - helium (Fig. 6).

We show the numerical results and the experimental results combined
graphically. Here, 1 denotes the linear approximation computation [7]; 2
denotes the analytical computation according to [1]; 3 denotes the two-
dimensional computation [12]; 4 denotes the two-dimensional computation
[7] by the "Sigma" method [18], which is, in the main, the technique
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Fig. 5 Dependence of the amplitude of helium-to-air (L -» H) interface
distortion on shock-wave acceleration. Points are the
experiment, curves are the computations, shock wave
propagating in a shock-tube channel at M - 1.51.
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Fig. 6 Dependence of the amplitude of air-to-helium interface
distortion (H -> L) on shock-wave acceleration (M - 1.51). Points
are the experiment, curves are the computations.
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Fig. 7 The schematic of the experiment with turbulent mixing at the interface of two gases (air to helium), accelerated by a shock
wave. (1) A thin film, separating gases; (2) A plug with a flat face; (3) A shock wave.



described in [19]; while 5 denotes the two-dimensional computation [7] by
"ZGAK" method [20].

In these figures (5 arid 6), we present the results of the experiments in
which the initial distortion scale (aQ and X) was prescribed to be three
times the value assigned tc the initial two-dimensional computation data.
It is difficult, if not impossible, to assign a unique value to the
experimental distortion amplitude, ao. This necessitated this decision on,
at least, a consistent prescription relative to the computations. Values of
X and aQ were varied over a wide range during the experiments. The
results showed that, within the assumed accuracy, these experiments
demonstrated similarity in growth rate. That is, data for different X and
aQ coincide in growth with dimensionless similarity variables, a(t)/aQ and
S(t)A,. Where a(t) is the current disturbance amplitude, and S(t) is the
current distance traveled by the interface.

In case L -»• H, the experimental results show a somewhat lower
disturbance growth rate in comparison to the computations. The presence
of the film, initially separating the gases may be the cause of it. This
factor was not taken into account in the computations. Film mass is
small, in comparison to characteristic gas masses included in the
calculated motion. For this reason, it is assumed to have almost
negligible influence on the character of distortion evolution. This
assumption is supported by the results of direct calculations as well [7].
On the other hand, aside from the mass-inertial influence, the elasticity
and strength of the film may influence the rate of interface disturbance
growth. The proposed mechanism for this influence is as follows. During
the initial stage, the disturbance amplitude growth increases film
tension. This results in the creation of a tensile force which counters the
amplitude increase. This tensile force acts to oppose film surface
expansion, in this sense, it is analogous to the surface tension force. This
force continues to act until the film is torn. The estimates [7] suggest
that, in the foregoing situation, this factor may decrease the disturbance
amplitude growth rate by about 15%.

In case H - L (Fig. 6) the tensile influence of the film is not
appreciable. It is believed that this is connected with the fact that in the
initial stage the disturbance changes in sign. The film surface area does
not increase, but instead decreases, suggesting that the film strength is
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not influential during this phase. Later, when the interface disturbance
amplitude becomes equal to the initial one (after undergoing a change in
the phase of the disturbance and a corresponding sign change), the film
surface may be broken as a result of the formation of occasional small-
scale distortions. The ruptured film cannot support a tensile stress and
thereby has no further direct influence on the growth rate. Subsequently,
however, remnants of the film may act as perturbation sources in the
later evolution of the mixing zone velocity field.

It should be noted that in the experiments and in the calculations,
disturbance amplitude growth takes place according to linear theory (2)
even when the amplitudes grow to be comparable with the wave length.
This is well beyond the limit of applicability predicted by the linear
theory. Simultaneously, the interface surface comparatively quickly
acquires a nonsinusodial form, in contrast to the sinusoidal form
predicted according to the linear theory. This means that, in addition to
the basic harmonic growth, the interface exhibits formation and evolution
of complementary, phase-shifted harmonic amplitudes, cos -^x, with wave
lengths m = %, % and so on [7].

3. TURBULENT MIXING AT THE CONTACT INTERFACE, ACCELERATED BY
SHOCK WAVES

As a consequence of the late time nonlinear instability development,
the flow in the vicinity of the interface becomes turbulent with resultant
turbulent mixing (see, for example, [21]). When the interface is
accelerated by a single shock, the prescribed initial distortion of the
interface may grow in amplitude considerably (by a factor of 10-20), local
vorticity concentrations are created, but the process as a whole has an
ordered character. When the surface is accelerated by a series of
stationary shock waves the distortion growth rate (in L - H case)
approaches exponential behavior [11]. Experimentally we found that if the
series of stationary shock waves accelerates the flat interface between
two gases, turbulent mixing of the contact gases takes place [3].
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I he experiments were conducted in the shock tube previously
discussed. The test section end of the shock tube (Fig. 7) had transparent
lateral walls and consisted of two matched gas volumes, separated by a
thin film. The channel end was plugged by a stopper with a flat face. The
closed volume was filled with helium in the test section with air in the
upstream side of the film at atmospheric pressure. A flat stationary
shock wave crossed the surface (H - L case) and accelerated it. After the
reflection from the flat-plug face which acted as a rigid wall, the
reflected shock wave passed through the contact surface again in a
reversed direction (L - H). Then it reflected from the contact
discontinuity at the L - H interface. After that it reflected from the wall
once again, and so on. Thus, a series of stationary shocks of consequently
decreasing amplitude crossed the film surface (in direction L - H) and it
was impulsively broken up, a process which continues until motion ceases,

immediately after the start of motion, the interface begins to smear
due to the small-scale disturbance growth. The small-scale disturbances
have characteristic scales that are below the resolution limits of the
photographic flow visualization technique (Fig. 8). The primary sources of
these small-scale disturbances may be the variations in thickness of the
film (± 50% of the average thickness) and equally small-scale folds along
the interface surface. Gradually the interface distortions smear and
thicken until the interface zone becomes a region of turbulent mixing with
nonuniform edges. The characteristic scale of zone edge distortions grow
with time. The picture of mixing zone has a cellular structure, typical of
the shadowgraph flow visualization of turbulent flow. The film, which
initially separated the gases, breaks into tiny pieces. While originally
flat, these pieces later turn into thickened clumps. When their, form
becomes more compact, their drag decreases. They acquire a velocity
equal to the mass averaged gas velocity after the initial shock, and they
are weakly dragged by the subsequent shock waves. Thus, the film clumps
pass through the mixing zone and later are advected from this zone into
the light gas region. First, a simple phenomenological model of turbulent
mixing in Rayleigh-Taylor instability was developed in [22], Later in
[3,14,23] other variants of semi-empirical models were suggested to
describe gravitational turbulent mixing as well as the acceleration of the
interface by stationary shocks [3,14]. The model described in [14] seems
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Fig. 8 The evolution of turbulent mixing zone at the interface of gases
(air to helium), accelerated by a shock wave (M = 1.3), 3TH is the
turbulent mixing zone, y is a shock wave; C is a a rigid wall.
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to be a more satisfactorily complete and descriptive model for this
process.

In Fig. 9 the averaged data of nine tests and the calculated results are
compared for the experimental arrangement described previously [14]. The
absolute width of the mixing zone at a fixed time differs slightly from
test to test due to the difference in the levels of intermittent distortions
which appear at the moment of film breakage. Nevertheless, the rate of
zone width growth, especially that at late times, appears to be practically
equal in all tests. The computations [14] agree well with the test results.

Mixing zone width grows continuously in time,. Its growth accelerates
when shocks pass through the zone. It is related to the disturbance
evolution mechanism in the case of the L - H instability [1,2]. Another
essential mechanism may be present as well. In the mixing zone, density
pulsations exist, that are the result of intrusions of more light or more
heavy gas compared with the mean background level. When the shock wave
passes through the gas with lighter intrusions, the latter are observed to
be accelerated up to a velocity, which exceeds the mean background level
[24]. If the density intrusions are relatively heavy, the opposite situation
appears. The heavier intrusions are left behind the mean background
mixing region. Thus, when the shock wave passes through the mixing zone,
heavier gas intrusions tend to collect in the region occupied formerly by
the light gas while the lighter gas penetrates the region formerly
occupied by the heavier gas. At the acceleration of such density
intrusions by a shock wave, vortex rings are created at their edges [35].

4. NONLINEAR EFFECTS OF DISTORTIONS EVOLVING AT THE SHOCK AND
EXPANSION WAVES

During shock passage through the disturbed contact interface,
disturbance generated shock waves and expansion waves are formed. In
certain cases it is interesting to define the laws of this disturbance
evolution. Usually the problems of stability and evolution of small
distortions in gas dynamics are studied by the solution of (analytic or
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100 50

Fig. 9 X - t diagram of air-to-helium interface and of the mixing zone
evolution. Here, points are the experiment, solid curves are the
calculation [14]; dashed and dot-dashed lines are the shock wave
and interface trajectories, respectively, in the computation
without accounting for mixing.
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numerical) linearized equations. In such cases the initial disturbance is
often given in form y = aQ • cos KX and is solved as y = a(t) • cos KX,
where a(t) is a certain instantaneous amplitude value. Applicability of
the linear approximation is usually determined by the relative smallness
of the distortion dimension. In particular, it is usually applicable if a(t)
has the length,

a(t) • K « 1 (4)

However, in some cases the linear approximation appears to be invalid,
even if relation (4) is satisfied.

Immediately following, experimental results [4,5] are presented,
which illustrate the nonlinear effects limiting applicability of the linear
approximation. This process is most evident and is dramatically
illustrated in the evolution of expansion wave distortions. In the linear
approximation, strictly speaking, the initial disturbance amplitude AQ =
2aQ must be infinitesimally small. It does not change with time, i.e.,
A(t) = AQ = Constant. As the experiment shows, in the case of: a small, but
finite distortion of the expansion front, another situation appears.

The experiment was arranged as shown in Fig. 1. The first closed
volume of the shock tube (gas 1) was filled with carbon dioxide (pQ « 1.85
g/JL, y = 1.30) and the second volume filled with air (pQ = 1-205 g/A, Y =
1.40). Hence, this is a case of H - L. In Fig. 10 the photo of the expansion
distortion pattern is presented. At the initial motion the disturbance
amplitude of the reflected expansion wave is [1 + (c - u)/D] times greater
than the initial amplitude of interface disturbance. Here, D is the velocity
of the incident shock wave, while u and c are the particle and sound
speeds, respectively, behind the front in carbon dioxide. Each point of the
wave front moves at the local sound velocity. Since the flow behind the
incident plane shock wave is homogeneous, all points of the expansion
front are shifted with the same velocity. It follows that evolution of the
wave front form with time must proceed, in accordance with Huygens'
classical principle of optics. As interpreted here, this means that each
subsequent front location represents the envelope of spherical waves,
originating from the points on the previous one.' This is well confirmed by
the experiment.
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Fig. 10 Disturbance evolution of the expansion wave, originating at the shock-wave passage (M = 1.42) through the gas interface;
carbon dioxide to air. Initial interface distortion y » a'o COS(2JC/120 • x), x in mm (1) a0 = 6 mm; (2) a0 = 12 mm; r is the initial
location of the interface: carbon dioxide to air; r is the interface: carbon dioxide to air; F" is the interface: air to carbon dioxide; y is
the incident shock wave; y1 is the transmitted shock wave; P is the the reflected expansion wave; P' is the secondary expansion wave;
C, C", C" are secondary compression waves.



This evolution is characterized by a singular point, where the
continuous curvature of the wave front is broken into two segments. It
should be noted, that this singular behavior is not the result of excessive
disturbance magnitude. Based on geometrical considerations one may
show that such points must appear early or later for any finite distortion,
no matter how small. The distortion amplitude does not change, until the
singularity in the wave front appears. Following the appearance of these
points, secondary waves P' originate in the flow behind the front. These
are extensions of the primary front fields (see Fig. 10.1). In this situation
the continuous wave front disintegrates into a group of intersecting arcs.
The front P1 is characterized by the fact, that it is formed at all points at
different times. Discontinuities in the density spread along the front
with a finite velocity. This is evident from Fig. 10.1. When the initial
amplitude of the expansion wave distortion increases, the discontinuous
front profile and origination of the secondary wave occurs earlier (see
Fig. 10.2). Secondary compression waves are correspondingly formed in
the flow behind the expansion front.

In either case, when the singularity appears, the front wave
disturbance amplitude, A, begins to decrease and asymptotically tends to
zero. When timp periods are sufficiently large, the form of the diverging
wave profiles becomes cylindrically symmetrical and appears insensitive
to influences of their initial form. Under this assumption of insensitivity,
it is not difficult to show that the expansion wave-front disturbance
amplitude changes according to A = constant . t"1 - constant • S"1, at
t -> °°, where t is time, and s is the path of a wave.

The shock wave disturbance evolution is accompanied not only by the
wave front changs, but also by the appearance of discontinuities in the
curvature of the transverse shock wave fronts formed in the flow behind
the primary front. A series of shadowgraph photos of the shock wave
evolution on reflection in air against a rigid wavy wall, placed at the end
shock tube test section, is shown in Fig. 11. In these experiments we
varied the disturbance amplitude of the wavy wall at a fixed distortion
wave length.

In all the cases the reflected wave front form deviates from the
initial sinusoidal form increasingly with time. In particular, the
formation of discontinuities in the front curvature, seen in Fig. 11,
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Fig. 11 Disturbance evolution at the shock wave front, reflected from a rigid
wavy wall, (a) aok = 0.2 (a0 = 0.025 X); (b) aok = 0.4 (a0 = 0.05 A.); (c) aok = 0.8
(a0 = 0.01 A,); y is the reflected shock wave; H is the breakage point of a shock
wave front; II is the transverse wave front; M is the Mach wave.
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illustrate this process. Simultaneously, discontinuities are formed at the
fronts of the transverse waves in the flow behind the front of the
reflected wave. Initially the density in the flow is smoothly distributed.
The early smearing of the transverse waves is observed in the
shadowgraph photos. Subsequently, the fronts sharpen with time and their
photo visualizations consequently become more distinct and clearer. As
the amplitude of the initial disturbance decreases, the formation of
singularities in front curvature and deviations from sinusoidal form
diminishes. Ultimately, one similar class of nearly sinusoidal
perturbations survives in the field of continuously interacting Mach
waves, M.

In the foregoing situation, the small distortion evolution under the
necessary small amplitude criterion (4), is not sufficient to establish
applicability of the linear approximation. The criterion of small time
must also be satisfied [5]

where cQ is characteristic sound velocity. It follows that care should be
taken to define the limits for use of the asymptotic formulas [25-31],
which are based on the linear approximation when computing a finite value
of distortion.

5. LOCAL CUMULATION PHENOMENON

Transverse flow initiated in the plane of the distorted interface by
streamwise shock passage through the interface, may produce significant
nonuniformity in the local energy concentration. Experiments on shock
wave reflections from rigid, concave: (a) cylindrical and (b) spherical
walls [8,9], illustrate the scale of such concentrations. In case (a) the
experiment was done in a shock tube within the measuring region of the
rectangular test section. A plug whose inner surface had a concave
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cylindrical shape was placed at the end of the test section (Fig. 12a). The
lateral walls of the test section were made of optical glass. We obtained
the shadowgraph photos of the reflection of a flat, stationary shock wave
from the concave wall as well as optical-slit resolution of the flow (x-t
diagrams) in the horizontal plane of chamber symmetry. In Fig. 13 we
present the photos of flow pattern variations with changes in wall
concavity. The changes in wall concavity are characterized by the
nondimensional parameter T| = ̂ , where h is the depth of the concavity and
R is cavity radius of curvature (Fig. 12A).

At small values of ^(e.g.,^ = 0.085), (Fig. 13A), the reflected wave y
acquires a cylindrical shape in the area near the symmetry plane of the
shock tube channel. In this case the initial radius of this wave is ~^R -
This section cylindrically and symmetrically converges to the axis,
located at distance ~ |-R from the wall. The symmetrical convergence of
the central area of the reflected wave is interrupted by the collapse of
transverse compression wave II, which advances from the periphery to the
symmetry plane. These transverse waves develop from the tangential
flow, which originates during the shock wave reflection, at the inclined
wall sections.

As the compression waves advance, their fronts steepen and they
coalesce into shock waves. At the collapse of the transverse waves on the
symmetry axis, the front velocity of the reflected wave increases
impulsively. Here, the wave configuration becomes that, which
corresponds to an irregular reflection of the shock wave with an apparent
formation of a central Mach wave, MM".

When £ is sufficiently high (e.g., £ - 0.3), (Fig. 13B), from the very
beginning the transverse waves are shocks. This can be seen from the
sharp, discontinuous images of their fronts and by the characteristic
envelope focus which originates at the reflected wave front. The
intersection point of the reflected and transversal waves moves along line
9 (as designated in Fig. 13B). This line marks separation between the
regions of two- and three-fold compression. This line also is the
tangential contact discontinuity, which separates regions of different
entropy and density.

At £ = 0.53, (Fig. 13C), the distinguishing characteristics of the
previous case are repeated, in general, but are displaced in intensity,
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Fig. 12 Experiment arrangement to study the shock-wave reflection from
a) cylindrical
b) spherical concave wall.
1 - a plug in the channel end of a shock tube;
2 - a front of a stationary shock wave.
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Fig. 13 The shadowgraph photos of the flow, appearing at the shock-wave
reflection from a cylindrical concave wall with M = 1.27; (A) ^ = 0.085; (B) \ =
0.3; (C) £ = 0.53; (D) £ = 0.89. y — a reflected wave front; y1 — a central,
cylindrically symmetrical region of a reflected wave; II — a transverse wave; M
— Mach wave; 3 — entropy trace, tangential breakage; B — vortex zone, y" — a
front of a shock wave, diverging from a higher pressure zone.
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Lime, and position. However, following Mach wave M formation in the
central region, the flow character changes abruptly in comparison with
the previous case. The lateral branches of reflected wave y collapse on
the symmetry plane, the phase speed of their intersection is higher than
the front velocity of the reflected wave. Subsequently, their trajectories
diverge from the central region of the high pressure area (the dark zone)
which is the locus of points reached during transverse wave collapse. The
energy concentration is sharply localized to a finite, but small, central
region. A comparatively small gas fraction acquires a rotational velocity,
significantly larger than that of the surrounding gas. Consequently,
vortex, B, appears.

In case ^ = 0.89 (Fig. 13D) the lateral branches of the shock wave y
collapse on the symmetry plane continuing until the transverse waves
collapse. Hence, the higher pressure area is left far behind the reflected
wave front. In this case the front velocity of wave y from the highest
reflected pressure region appears to be the maximum of the several cases
examined. .By means of flow tracing (x-t diagram) in the symmetry plane,
we find an indication of the possible appearance of a shock wave,
diverging from the high pressure region.

The parameters of the flow after the incident shock wave and the
state equation of medium (in this case it is an ideal gas with y * 1.4) are
known. Hence, one may estimate the parameters of the state after the
reflected wave front, diverging from the high pressure zone. In Fig. 14,
we record the dependence of the relation of maximal attained temperature
Tmax in the "hot" zone to the temperature behind the incident shock wave
front T1 at the ^ values for the cases considered (curve 1). In this case
the attained temperatures are comparatively low; approximately 1.5 times
the temperatures which appear at the reflection from the flat wall.

This effect was more in evidence when the primary wave was
reflected from a spherical concave wall. In Fig. 12B the test arrangement
diagram is shown. The end of the test section of the cylindrical shock
tube is closed off with a plug whose inner face has been given a spherical
groove. In the plug, a narrow slit was cut. Its plane coincides with the
tube axis. In the tube walls, two narrow windows of high optical-quality
glass were placed. The slit plane in the plug was aligned with the
windows. Thus, it was possible to obtain slit scanned-flow images along
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Fig. 14 The dependence on the degree of wall cavity £ of temperature
rise, T m a x , behind reflected shock to temperature behind incident
shock, T-j. Curves:
1 - reflection from cylindrical wall;
2 - reflection from spherical wall.
Incident shock Mach No., M - 1.27.
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the tube axis. The quality of the coincident matching of the x-t diagram
of the flow to the shadowgraph evidence, described previously, suggests
the satisfactory level of comparison in the flow patterns deduced from
the two independent diagnostic techniques applied.

Curve 2 of Fig. 14 shows the computed maximum temperatures based
on the measured experimental wave velocities and the thermodynamic
state assumptions previously described. The curve indicates that, under
these circumstances, temperatures may develop which are an order of
magnitude or more higher than those generated behind a shock reflected
from a plane wall. These substantially increased temperature levels
indicate that the converging transverse waves are cylindrical. That is, it
is only by the convergence of cylindrical waves on the axis of a spherical
groove that temperature increases of this magnitude can be produced
under these circumstances.
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NUMERICAL SIMULATION OF TURBULENT MIXING IN SHOCK-TUBE EXPERIMENTS

Karnig 0. Mikaelian
Lawrence Livermore National Laboratory

Livermore, California

He have carried out a number of 2D numerical simulations on an ALE
code for shock-tube experiments in which a shock crosses one or more
contact discontinuities and, after traveling through a homogeneous
medium, reflects off a rigid wall at the end of the shock-tube and
re-crosses the contact discontinuity (Fig. 1). As indicated in Fig. 1,
we have considered two-fluid and three-fluid experiments: the first
fluid, which carries the original shock, is air; the other fluids are
helium, freon, SFfi, or air again. Helium is lighter than air, while
freon and SFfi are heavier than air. The interface(s) between the
fluids serve as contact discontinuities and are subjected to the original
shock, the re-shock, and subsequent rarefactions/compressions. Figure 1
also shows the velocity histories of the interface for two cases: when
the test section is 60 cm long and filled with helium, and when it is
30 cm long and filled with frecn. When the incoming shock has Ms«1.2,
it takes a little over 1 ms and 2 ms for the re-shock in the 60 cm helium
and the 30 cm freon cases, respectively. Subsequent reverberations of
the shock are weaker and act to slow down the interface at later times.

We have carried out numerical simulations for five types of
experiments as indicated in Fig. 1. Single-scale/single-interface
experiments are of the classical type considered theoretically by
Richtmyer1 and experimentally by Meshkov.2 Perturbations of amplitude
n and wavelength X evolve according to dn/dt • n(0)(2irA)AAv where A is
the Atwood number and Av is the jump velocity of the interface.
Perturbations grow for both positive A and negative A as considered by
Richtmyer and Meshkov, respectively. Figure 2 shows the air/helium
case. As expected, when A<0 the amplitude goes through zero (second
frame in Fig. 2) and grows with the opposite phase. The reflected shock,
indicated by the arrow, sees a positive A and increases the growth
rate without changing phase. To cover multiple shocks, we extended
Richtmyer's formula by adding n'(0) to it, so that after each shock the
amplitude evolves according to (Ref. 3)
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Several interesting cases arise in two-shock systems, as discussed in
Ref. 3, particularly when p t e s t g a s>P a^ r as in the air/freon
case. The perturbations go through zero and reverse phase when the
original shock relfects off a rigid end-wall to re-cross the interface
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( A V 2 > A V I ) . However if the strength of the shock can be reduced ^ J
then the amplitude can be "frozen-out" by proper shock-timing. The time
when n goes through zero, or the shock-timing necessary to freeze n,
depend on the strength of the shocks via Av and Av , but are independent
of the original amplitude with which the experiment starts. This
independence from initial amplitude makes the experiments
much easier to carry out, but they have not been performed yet.

time * 0.0 time • 0.25 time * 0.7

time • 1.1 time • 1.5 tine - 1.9

Figure 2

The second type of experiments we simulated have double-scale
perturbations at a single interface. All of our simulations are reported
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in Ref. 4 and here we summarize our results very briefly. We see that in
the problem of competition between bubbles and spikes of different sizes,
a bubble that is twice as large as other bubbles both in wavelength and
amplitude moves slightly ahead of the smaller bubbles, but the late time
evolution of a bubble that is twice as large as others in wavelength only
is similar to the evolution of the smaller bubbles.

The third type of experiment we simulated was a three-fluid experiment
with single-scale perturbations, an example of which is shown in Fig. 3.
A Mach 1.2 shock moves from air into a 4 cm thick layer of freon and
after emerging from the lower (perturbed) side of freon it enters another
layer of air, 60 cm long. The perturbations change phase soon after the
shock leaves the freon (second frame in Fig. 3). About 2.8 ms after the
first shock the freon layer is re-shocked and the perturbations grow
faster. The case where there are no large scale perturbations but only
small amplitude random perturbations is shown in Fig. 4. This fourth
type of experiments has been recently carried out by N.C. Stearman and
the results are in good qualitative agreement with our simulations
reported in Ref. 4. The perturbations develop first on the upper surface
of freon, which is shocked first, but after re-shock the perturbations on
both interfaces are comparable.

The fifth type of simulations involve random perturbations at a
single interface. The results of several calculations are reported in
Ref. 4 for air/helium and air/SF^. The emphasis was on
a) sensitivity to initial conditions and b) time-evolution of the mix
layer or of the "turbulent mixing zone" as defined in the experiments of
Andronov et al.5 and Zaitsev etal.* From our simulations we can
draw only qualitative conclusions because many more zones are required to
resolve small scale structures, and because the code uses an artificial
viscosity for numerical stability. Typically 100x250 zones were used in
the simulations and in the few cases where the mesh was refined by a
factor of 2 the mixing width increased by about 20%. Nevertheless, our
calculations suggest that the late time evolution of the mix layer
depends weakly on initial conditions. In Fig. 5 we show the interface in
the air/SF6 case at t»3 ms by which time it has been reshocked. The
frames labeled A, B, and C started with initial random perturbations of
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Figure 3

0.05 cm, 0.10 cm, and 0.20 cm, while frame 0 started with multi-scale
perturbations which had longer wavelengths but the same maximum amplitude
of 0.20 cm. The total width of the mixed region appears to be insensitive
to such variations in initial conditions. Experimental results on this
issue was reported only at this workshop by B. Sturtevant, and appear to
support this notion of universality. In a related process, mix generated
by the Rayleigh-Taylor instability (constant acceleration), there is both
numerical and experimental evidence of universality presented in the work
of Read and Youngs.7 Based upon their result, we suggested8 that
the mixing width into the heavier fluid evolves as
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0.14 A/Wt (2)

in the case of a shock. In our simulations the mixing width grows not
quite linearly in time but at a slower rate. We suspect that the
artificial viscosity in the code slows the late time growth, but we have
no direct support for this view, except the scaling argument that
independence from initial conditions directly implies that h~Avt. If
we admit dependence on an initial length scale h(O), then of course any
functional dependence on time is possible. We hope future experiments
will throw light on this issue.
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The last simulation that we performed was of an actual experiment
carried out by B. Sturtevant.9 A Mach 1.3 shock passes from air into SF

6

and reflects off the end-wall of a 10 cm long test section. The initial
air/SF interface is diffuse and contains a bump because of gravity waves
set up when a plate is withdrawn just before shock arrival. The re-shock
and subsequent rarefactions/compressions stop the bulk motion of the two
gases, but mixing continues at a rate which is approximately linear in
time. As shown in Fig. 6, our simulations agree quite well with the
experimental results, even though we have slip conditions on the two side
walls and cannot reproduce the wall boundary layer seen in the
experimental photographs.

The simulations reported here and in Ref. 4 were conducted on the
Livermore Cray computers. The longest runs were the problem just
discussed (M -1.3 to t»5.7 ms) and another air/helium problem CM -1.7
to t«1.9 ms). None of them took more than 15 Cray-hours. I am grateful
to G. Burke for support and encouragement, and to B. Sturtevant for
sharing his experimental results. This work was performed under the
auspices of the U. S. Department of Energy by the Lawrence Livermore
National Laboratory under contract number W-7405-ENG-48.
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Abstract

This paper describes some of the basic features of and physical mechanisms controlling
two types of supersonic flows: detonations and supersonic shear layers. Gas-phase detonations
are supersonic flows in which a leading shock is driven through an energetic material by local
energy release. The material behind the leading shock front of a detonation is highly disturbed
and contains many interacting shocks, shears layers, and rection zones that produce cell-like
patterns on the chamber containing the flow. Supersonic shear layers often are extremely
irregular and noisy and show strong interactions between shocks and vortical structures. This
paper first discusses the roll of shocks in suppressing mixing and vortex merging in shear
flows, and then discusses the effects of shock interactions on pattern formation and voracity
generation behind propagating detonations.

Numerical Model

The detonation and shear-flow calculations described here were performed with numerical
models that solve the time-dependent two-dimensional Euler equations using nonlinear, fully
compressible Flux-Corrected Transport (FCT) algorithms [1J. FCT is an explidr, conservative,
finite-volume method designed to ensure that all conserved quantities remain monotonic and
positive. It has proven particularly effective in maintaining steep gradients and generally
accurate solutions in both supersonic and subsonic flow calculations. The particular direction
and time-split version used here and a number of related calculations performed with it are
described in some detail by Oran and Boris [2].

The FCT solutions are more accurately described as large-eddy simulations of the Navier-
Stokes equations in which the subgrid turbulence model is the nonlinear high-frequency filter
in FCT itself. This nonlinear filter, designed to maintain positivity and monotone flow profiles,
does not effect large-scale structures but diffuses the smallest-scale structures that cannot be
adequately described with the grid resolution chosen. Provided that the computational grid is
fine enough to resolve the large-scale features of the flow, the residual numerical viscosity of the
algorithm mimics the behavior of small-scale turbulent diffusion at high Reynolds number by
smoothing small-scale structures on the order of a few computational cells without smoothing
adjacent regions where there is no flow. There are no appreciable smoothing effects at scales
greater than a few cells. The ability of the nonlinear filter to simulate the effects of physical
viscosity, for example, was recently shown by Grinstein [3,41.
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Supersonic Shear Layers

The linear theory for a periodic shear flow with equal and opposed velocities shows that
the Kelvin-Helmholtz instability at low velocities is stabilized when the Mach number becomes
large enough. Though compressibility allows additional modes of flow that can change the
stability properties, the speed of the flow becomes so fast that there is little interaction between
the two streams. The usually destabilizing pressure drops associated with the Bernoulli-effect
are cancelled by the pressure rises required to deflect each high-speed stream past transverse
displacements of the other stream. However, it has now become important to try to determine
how to mix the two high-speed streams in times compatible for chemical reactions to occur.
To investigate this, numerical simulations are needed to extend the calculations beyond the
linear theory, to represent the behavior of the coherent structures, and describe the effects of
chemical reactions in the regions of mixing.

A number of simulations of supersonic shear layers in a laboratory coordinate system
have been performed to determine those properties of the system that most influence mixing
and to investigate the structure of the shear layer itself [5]. Figure 1 compares the large-scale
features of a subsonic and a supersonic mixing layer. Figure la is an experimentally generated
shadowgraph of the mixing layer between two subsonic streams [6], in which the top stream
is nitrogen flowing at 10 m/s and the bottom stream is a mixture of helium and argon flowing
at 3.5 m/s. The shadowgraph highlights the interface between the two streams and shows
well-defined, organized, and linearly growing large coherent structures in the flow. Figure lb
is a numerical shadowgraph showing mixing contours and thus the regions of large gradients
in the species densities. This was taken from a calculation of a underexpanded confined shear
layer in which the upper air stream was moving at Mach 4.5 and the lower stream was moving
at Mach 1.5 when they enter the system. Again, there are well-defined large structures, but
they are neither as organized nor as coherent as those shown in the subsonic shear layer. In
addition, there is not nearly as much mixing between the layers as occurs in a subsonic flow
with a similar velocity ratio.

Figure 2 shows important feature of supersonic flows: the presence of shocks throughout
the flow. In underexpanded or overexpanded flows, the shear layer is initially deflected from
the centerline and sets up another shear layer across which the pressures are equal. In addition,
there are reflected shock waves and rarefaction waves that influence the mixing layer and
are important in triggering instabilities that lead to mixing. However, in these flows, there
are high-pressure regions with shocks actually separating the relatively low-pressure vortices.
From this observation, it appears that the shocks play a major role in the structure of the flow.
The high-pressure regions appear to form an effective barrier between the vortices, possibly
inhibiting merging and the growth of the shear layer.

A Localized Supersonic Shear Layer

Numerical simulations of laboratory shear flows are difficult because of the inflow-outflow

boundary conditions that characterize most real systems and because of the very extensive
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calculations needed to accumulate flow and mixing statistics over long enough times. To
circumvent this problem, periodic boundary conditions in the streamwise direction are an
often-used numerical idealization in shear-layer mixing calculations. These conditions localize
the shear-layer development to the computational domain, but they do not exactly correspond
to laboratory flows. The uncertainty of how to treat inflow and outflow boundaries is replaced
by the question of how to interpret periodic calculations in terms of experimentally reaiizeable
fluid dynamic systems.

Some of the problems with inflow and outflow boundary conditions are mitigated in
supersonic flow calculations, often to be replaced by other numerical difficulties involved with
adequately resolving multiple shock interactions and shock-vortex interactions. However, the
vortices in a supersonic shear-flow calculation in a laboratory frame of reference form and
move quickly out of the computational domain. To study their interactions with shocks and
with each other, it would be most useful to focus on a small, localized region of the flow.

In order to isolate the mechanism of shear-layer suppression observed in previous simu-
lations of supersonic shear layers, we have performed a series of calculations in the geometry
shown in Figure 3, in which two uniform parallel streams of equal and opposite velocity are
separated by a thin plate with a slot in the center [7]. The fluid above and below the plates
interact in the region of the slot, and the velocity of the fluid varies from subsonic to super-
sonic. This geometry was chosen because the region of interaction is localized to the vicinity
of the slot which does not move in space. The geometry is similar to periodic flows, but the
simulations themselves are spatially evolving because they have inflow and outflow boundary
conditions at the edges of the computational domain.

The simulations showed three flow regimes that occurred as the free-stream velocities
were varied in the Mach-number range 0.6 to 2.4. In the low Mach-number regime, the
flow in the slot initially behaves very much like a periodic temporal simulation, but then
evolves into a nearly stationary potential flow. In the high Mach-number regime, a supersonic
shear layer results with the formation of strong shocks. Very little mixing occurs between the
two streams because the shocks to inhibit vortex formation and growth. In an intermediate
transition regime, there are two shocks in the slot whose strength and position vary in time.
The two shocks form a roughly antisymmetric configuration bounding a high-pressure region
containing a time-varying amount of circulation. In this case, there is more mixing between
the layers than in the fast supersonic case or the subsonic case.

Figure 4 shows the evolution of the vorticity during the firs!: 20,000 steps for a flow in
the low Mach-number regime (Mach number 0.6 and velocity 200 m/s). The flow initially
behaves like a temporally evolving simulation with periodic boundary conditions. Four small
vortices form in the slot, two of these move towards the center of the system and two become
attached to the edges of the slot. Eventually the two vortices in the center merge to form one
large vortex and small asymmetries appear in the flow. By step 12,000, the large vortex has
moved from the center and by step 20,000, the vortex has been blown out of the system leaving
essentially a potential flow. Pressure contours (not shown) show that weak shocks form in the
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vicinity of the plate, even at inflow speeds as low as of 200 m/s. This same general flow
evolution and final state is seen up to speeds of approximately 400 m/s, although the shocks
near the plates become stronger as the velocity increases.

Figure 5 shows vorticity and pressure contours for the case where the free-stream velocity
is 800 m/s, corresponding to a Mach number of 2.4. At these supersonic flow velocities, the
streams do not appear to interact strongly even though essentially all the vorticity in the slot
initially stays there during the course of the calculation. The flow speed is so high that each
stream cannot change direction enough to turn around the edge of the slot, as occurred in the
lower-speed cases. The streams are somewhat deflected because of low-pressure regions that
form near the plate edges, but this displacement causes a strong shock to form in the oncoming
stream from the other direction. The pressure increase of this shock prevents the deflection
from growing enough for a potential flow to form.

Thus the dynamics of the flow itself continually act to restore the shear layer. As in
unsteady flows at lower velocities, when a vorticity layer thins there is a natural tendency
for the layer to roll up. This motion here would lift the thickening knot of vorticity into the
supersonic stream. However, this displaced vortex layer now collides with the fast flow above
it and forms a strong shock. The high-pressure region corresponding to this shock drives the
shear layer back toward its equilibrium position. Even far from the slot edge, the velocity
associated with the vortical structures is not high enough to overcome the restoring forces
generated by the flow. The vortical structures that do form are driven back into line by the
high-pressure associated with the strong shocks. Thus the vortidty in the slot stays there with
the net effect that the shear layer bounces up and down slightly. The resulting flow does
not seem to approach a steady state, but very little mixing is observed because the vorticity
cannot separate into coherent structures. Then the shocks rapidly weaken and vorticity moves
downstream. This process, in which high-pressure regions keep vortices from moving in the
transverse direction, is one mechanism by which vortex merging is inhibited.

The Role of Turbulence in Detonations

A detonation is a shock wave driven by local energy release. The energy can come from
exotheromic chemical reactions in the material itself, or it can come from, for example, laser-
energy deposition. Generally, the front of a detonation is not a single planar shock wave,
but instead a system of dynamically evolving and interacting incident shocks, Mach stems,
and transverse shocks. The region immediately behind the incident shocks and Mach stems is
extremely noisy and looks very turbulent. Only in the most ideal cases is it very ordered and
regular. Recently the role of turbulence in detonations has become a subject of some discussion.
Turbulence could be important in 1) the shock-to-detonation transition, 2) the deflagration-
to-detonation transition, and 3) detonation propagation itself. How and if turbulence can
affect detonations is potentially important for understanding detonation phenomena and the
potential role of detonations in reacting shear layers such as those discussed above. Here we
briefly discuss each of these and leave a more detailed discussion to a future paper [8].

518



The fundamental physical mechanisms in detonation propagation are convection and en-
ergy release from chemical reactions. In addition to these, molecular and thermal diffusion are
also fundamental mechanisms in flame propagation. In a deflagration-to-detonation transition,
the characteristic energy release rates and flow velocities are fast enough that the diffusion pro-
cesses must become negligible. This transition can occur through a number of mechanisms.
One mechanism is very similar to that described above in a shock-to-detonation transition:
hot spots can form behind a flame front and these spots generate pressure waves that result
in an increase in flame velocity, eventually leading to detonation. The pressure waves could
directly accelerate the flame by increasing the pressure behind the front. They can indirectly
cause the flame front to become distorted, so that its surface area is increased, more energy is
released, and the flame front seems to move faster. These mechanisms are the result of pressure
disturbances generated by a noisy or turbulent flow behind the flame and these disturbances
directly or indirectly accelerate the flame front.

The final issue is the effect of turbulence generated by a propagating detonation. The
question here is where is the turbulence and what can its effects be. In the regions behind
the leading shock fronts, there is a spectrum of pressure fluctuations in both the fully reacted
material and the reaction zones. A major effect of such perturbations is to accelerate the
initiation process. They provide a mechanism of reinitiation of the triple points by causing hot
spots in either the reaction zones behind the Mach stem or incident shock or by speeding up
the reactions in any unreacted gas pockets cut off by transverse waves.

A source of some of these fluctuations could be Kelvin-Helmholtz instabilites at slip lines
behind the shock fronts. The major effect here would not necessarily be convective mixing,
which is normally associated with such shear-layer instabilities/ but the noise generated by the
compressible turbulent flow. It is not yet clear, however, how important these fluctuations are
relative to fluctuations generated by the chemical-acoustic processes in nonequilibrium flows.
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Subsonic Shear Layer

Supersonic Shear Layer

Figure 1. Comparison of an experimental shadowgraph of a subsonic mixing layer [6] and a
numerical calculation of the mixing ratio in a supersonic mixing layer [5].
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•hock train

Figure 2. Calculated density contours for an (a) underexpanded confined and (b) an equal
pressure unconfined supersonic shear layer [5].
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Figure 3. Schematic of the computational region of the localized shear layer simulation.
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Figure 4. Computed vortidty contours for the subsonc localized shear layer.
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ENO (essentially non-oscillatory) schemes can provide uniformly high order accuracy right

up to discontinuities while keeping sharp, essentially non-oscillatory shock transitions. Recently

we obtained an efficient implementation of ENO schemes based on flu> es and TVD Runge-Kutta

time discretizations. The resulting code is very simple to program for multi-dimensions. ENO

schemes are especially suitable for computing problems with BOTH discontinuities AND fine

structures in smooth regions, such as shock interaction with turbulence, for which results for

one dimensional and two dimensional Euler equations are presented. We observe much better

resolution by using third order ENO schemes than by using second order TVD schemes for such

problems.

Efficient Implementation of ENO Schemes

The solutions to systems of hyperbolic conservation laws of the type

d

ut + ] P fi(u)x, = 0 (or =<?(u,x,i), a forcing term) (I-1*)
i=l

u(x,0) = u°(x) (1.1b)

where u =fui , . . . ,u T O ) r , x = (ar1,...,!1*), and for real f = (&,...,£<j), the combination

£ \= i £i|jjj- is assumed to have m real eigenvalues and a complete set of eigenvectors, may de-

velop discontinuities (shocks, contact discontinuities, etc.) regardless of the smoothness of the

initial condition. Examples of (1.1) include Euler equations of gas dynamics. ENO schemes,

originally constructed by Harten, Osher, Engquist and Chakravarthy [1-4], use a local adaptive

1 Research supported by NSF Grant No. DMS85-03294, DARPA Grant in the ACMP Program,
ONR Grant N00014-86-K-0691, NASA Langley Grant NAG-1-270
2Research supported by NSF Grant No. DMS88-10160
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stencil to obtain information automatically from regions of smoothness when the solution devel-

ops discontinuities. As a result, approximations using these methods can obtain uniformly high

order accuracy right up to discontinuities, while keeping a sharp essentially non-oscillatory shock

transition. The original ENO schemes in [1-4] used a cell-average framework which involved a

reconstruction procedure to recover accurate point values from cell averages, and a Lax-Wendroff

procedure (replacing time derivatives by space derivatives, using the P.D.E.) for the time dis-

cretization. This can become a bit complicated for multi-dimensional problems [1]. For ease

of implementation we constructed [7, 8] ENO schemes applying the adaptive stencil idea to the

numerical fluxes and using a TVD Runge-Kutta type high order time discretization. These ENO

schemes skip the reconstruction step and the Lax-Wendroff time discretization procedure, hence

the resulting code is simple for multi-space dimensional problems.

Let us describe our scheme first in scalar, one dimensional case (d = m = 1 in (1.1)). The

scheme, in its method-of-lines form, is

where the numerical flux fj+i approximates h(xj+i) to a high order, with h(x) defined by

We first obtain the primitive function of h(x):

H(x) = f ft(Odf (1.4)

at * i + j by

J~°° k=-ooJxk-$ *=-oo

then construct polynomials interpolating {Hj+i} in an ENO fashion, i.e. by obtaining a locally

"smoothest" stencil starting from one or two points, then adding one point to the stencil at each

stage by comparing two divided differences and choosing the one which is smaller in absolute

value. / J + i is then taken as the derivative of this interpolating polynomial evaluated at arJ+i-

"Upwinding" is achieved by the initial choice in the stencil-choosing process, and it is also crucial

for the evident stability of these methods. We also need an entropy fix in any "expansion shock

cell". For details, see [7, 8].
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The time discretization of (1.2) is implemented via a class of TVD Runge-Kutta type methods

[7]. For example, the third order case is

U(D = u(o) + A*£(u<°>) (1.6a)

tt(2) = 3u(0) + l t t(D +
 l-&tL(uM) (1.6b)

UW = 1 ( 0 ) + | u (2) + | A < £ ( t t ( 3 ) ) ( L 6 c )
3 o o

«(0) = «n , u n + 1 = « (3)

This class of Runge-Kutta methods was shown to have the property that the total variation of

the spatial part is not increased during the time discretization under a suitable restriction on ^ .

For multi-dimensions the right-hand-side of (1.2) is applied to each of the terms fi(u)Xi in

(1.1a), keeping all other variables fixed. The Runge-Kutta methods such as (1.6) can still be

applied.

For nonlinear systems, we simply apply the algorithms in each local characteristic field. We

take an 1-dimensional system to exemplify this process. Let Aj+i be some "average" Jacobian

at Xj+i. Examples include Aj+x = f £ | u = i ( u . + u . ) or» *n * n e c a s e °f Euler equations of gas

dynamics AJ+1 = f£|u=u(R<«) where U-^i is the Roe average of u;- and u,+i [6]. We then use
u

the eigenvalues of Aj+i., project to the local characteristic fields: and finally apply our scalar

algorithms in each of these fields. See [8] for more details.

2. Numerical Tests - Shock Interaction with Turbulence

Example 1. We start with one dimensional Euler equations of gas dynamics for a polytropic gas,

i.e. (1.1) with d = 1, m = 3, and

u = (p, M, Ef, f (u) = ?u + (0, P, qPf (2.1a)

where

P = {-r-l){E-\pq2), M = pg (2.1b)

We use 7 = 1.4, and an initial condition

f /> = 3.857143; q = 2.629369; P = 10.333333 when x < - 4

\ p = 1 + e sin ox; q — 0; P — 1 when x > —A

If £ = 0, this is a pure Mach = 3 shock moving to the right.

For a detailed linearized analysis see [5]. This linearized analysis, predicts fine structures for

the density profile because of the different propagation speeds of entropy and acoustic waves. For
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£ small (say e — 0.05) we observe results close to linearized analysis. For e = 0.2 we can observe

nonlinear effects such as additional small shocks in the density profile.

This is a good test problem because both shocks and fine structures in smooth regions exist.

Traditional high order methods will develop oscillations near shocks, and TVD methods, while

nonlinearly stable, will lose resolution for the fine structures because of the degeneracy to first

order accuracy at smooth critical points.

In Figure 1-4, the solid lines are numerical solutions of third order ENO scheme (henceforth

shortened to ENO-3) with 1600 grid points. This can be regarded as a converged solution. From

Figure 1, we see that ENO-3 with 400 points almost gives a converged solution, while TVD-2 (a

second order MUSCL type TVD scheme) with 800 points just has roughly the same resolution

as ENO-3 with 200 points. On the other hand, the improvement of ENO-3 over TVD-2 is not so

significant for the velocity and pressure profiles (Figure 2), because they both lack any detailed

structure.

To further exemplify the advantage of higher order methods, we increase the spatial order of

our ENO scheme and compare density and entropy profiles with 300 grid points using ENO-3, 4,

5, 6. We clearly observe better resolution by going to higher spatial orders (Figure 3). In Figure

3 the time discretization is third order (1.6) with At decreased for high spatial orders. When

we use higher order time discretizations as well we observe further improvements in resolution

(pictures not included).

We finally test the effect of physical viscosities by solving the Navier-Stokes equation, i.e.

(1.1)-(2.1) with a right-hand-side

<° & I • f « " + (T-i).R.i>..i«.tf - k>">T <2S>
We used Pr = 1, M = 3 and gradually increased the Reynolds number Re. Clearly we observe

(Figure 4) convergence to Euler's result as the physical viscosity goes to zero (Re —» oo). To verify

the theory (rigorously proven by Kreiss) that for wave lengths > c • -4— the problem is viscosity

dominated and otherwise essentially inviscid, we re-ran our result with a different frequency for

the sine wave. We do observe the correctness of the above theory with c sa 3 in our scaling. The

pictures are omitted.

Example 2. Next we come to two dimensional Euler equations, i.e. (1.1) with d — 2, m=4,

and (we use f, g, x, y instead of fi, f2,xi, X2):

u = (p, MX,M,, Ef, f(u) = q tu + (0, P, 0, qxP)T

(2.4a)
g(u) = 47,11 + (0,0, P,q,Pf
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where

P = (7 - 1)(E - l-pq2), q2 = ql + q2
y, Mx = pqz, My = pqy (2.4b)

The test problem we choose is a moving shock interacting with compressible turbulence [9,

10]. At t = 0, a Mach 8 shock at x = —1.0 is moving into a state with PR — 1, PR = 1

and qx = — |J£ sin 6r cos(xkR cos OR + yfcj? sin fo), qy = ^£ cos 0jj cos(arA;R cos 0j{ + yftjj sin 0fj)

where fcjj = 2TT, 0R = f, and CR = J2^-- We display the results at < = 0.20 in Figure 5. Notice

that in [9, 10] similar results were obtained using a shock-fitting rather than a shock capturing

method. This is actually a two dimensional analogue of Example 1 - a combination of shocks and

fine structures in smooth regions. Hence it is again a good test problem for the high order ENO

schemes. The successful computation of this example shows that ENO schemes have excellent

potential for shock-turbulence computations.
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SHOCK-GENERATED TURBULENCE

J. M. Picone and J. P. Boris
Laboratory for Computational Physics and Fluid Dynamics

Naval Research Laboratory, Washington, D. C. 20375

Abstract

We review our theoretical and numerical results on the initiation of turbulence by shocks.
Problems which have been addressed include turbulent cooling of laser and electric discharge
channels in a gas, shock-flame interactions, and shock propagation through inhomogeneous
fluids. The central issue is the identification of a nonlinear mechanism underlying the production
of turbulence in an inviscid medium by flows that are initially irrotational with local density and
pressure gradients aligned. The basis for our theory is the observation that vorticity is generated
when the local pressure and density distributions are misaligned. The theory is nonlinear and
supersedes linear treatments of shock-flame and shock-bubble interactions. In the case of hot,
gaseous channels, no appropriate theory had existed beforehand. As an example, we present
numerical simulations and analytic models which have given useful descriptions of evolving,
hot, gaseous channels. This work has led to a successful method of suppressing turbulence in
channels produced by lasers.

I. Introduction

Experimental data on a variety of transient, compressible flows in inhomogeneous gases have
shown that long wavelength disturbances occur at the boundaries of fluid structures near which
shocks have been produced or through which shocks have propagated. As time passes, these
disturbances can evolve into one or more vortex structures, and smaller scale disturbances and
turbulent motion become superposed on the structures. In addition, mixing with the ambient gas
can occur on time scales that are much shorter than nonturbulent diffusive processes would allow.
This further supports the interpretation that the motion has become turbulent. Examples of such
phenomena include the turbulent cooling of lightning, laser, and laboratory discharge channels
in a gas [1, 2], shock-flame interactions [3], and shock propagation through inhomogeneous,
compressible fluids [4].

In all of the above cases, the central question has concerned how turbulent flows can be
produced by flows that are initially irrotational with local density and pressure gradients aligned.
Prior to our work, linear stability theory formed the basis for most theoretical analysis. For
interactions of a planar shock with a flame or bubble, an analogy to the impulsive Rayleigh-
Taylor or "Richtmyer-Meshkov" instability [5, 6, 7] provided some insights, although other
methods had been attempted [4]. In the classical Richtmyer-Meshkov problem, a planar shock
strikes a rippled interface separating materials of different density. For the present case, the
upstream surface of the bubble corresponds to one-half wavelength of tfce rippled interface.

Now consider a hot, roughly cylindrical volume of gas heated by a laser pulse or a transient
electric discharge and eventually expanding to pressure equilibrium. Gas of progressively lower
density is thus accelerating radially against the denser ambient gas. This observation led to iui
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unsuccessful analogy with the classical, linear (not impulsive) Rayleigh-Taylor instability [8, 9].
The Rayleigh-Taylor problem involves two fluids of different density which are in contact at a
perturbed interface. Instability occurs when the lighter fluid accelerates the heavier fluid in a
direction normal to the interface. Textbook treatments usually assume that the acceleration is
constant over a long period of time.

These approaches have several flaws. First, bubbles deviate significantly from the rippled

interface of the Richtmyer-Meshkov problem. In the case of the gaseous channels, the accel-

eration stage is of finite duration and is followed by a deceleration stage, so that the classical

Rayleigh-Taylor picture does not apply. In addition, the physical situations do not involve in-

finitesimal perturbations, either spatial or temporal, with which linear stability theory begins.

These shortcomings imply that a fully nonlinear picture based on the inviscid equation for the

evolution of the vorticity u is necessary:

Du _ _ Vp x VP , ,.
— + w V v = wVv+——r . (1)
JJt p*

Here v is the fluid velocity, P is the pressure, and p is the mass density. When the local
pressure and density distributions are geometrically misaligned, the baroclinic source term S =
(Vp x VP)/p2 is nonzero and the generation of vorticity occurs.

The spatial scale of the vorticity distribution is that of the asymmetry between the density

and pressure in the flow field, and sizable residual vorticity remains after the driving asymmetry

disappears [10]. The subsequent evolution of the fluid to a turbulent state, in which many spatial

scales are excited, will not depend on S unless further asymmetries or shock interactions occur.

The theory described below thus treats the initiation of turbulence by compressible phenomena.

This is an essential part of analyzing the resulting turbulent state in a realistic system.

Direct analytic integration of Eq.(l) in two dimensions with some simplifying assumptions

has yielded useful analytic expressions for the residual circulation or vortex strength for each

of the phenomena that have been studied [1, 10, 11, 12, 13]. Several categories of vorticity-

generating phenomena have emerged during the course of our work on nomnagnetized fluids:

(1) irregular reflections of shock waves from surfaces or nonlinear interactions among shocks,
(2) gas expansion into or wave propagation through a region of nonuniform mass density (e.g.,
shock-bubble interactions), and

(3) expansion of a heated irregular volume of gas, produced, for example, by asymmetric energy
deposition.

To demonstrate the stages of initiation and development of a turbulent state in a realistic,
compressible fluid, the next section presents experimental data on turbulent laser or discharge
channels in a gas. This falls under the third category, although features of the other categories
are present. Section III describes our theoretical approach based on Eq.(l) in greater detail for
the example of hot, gasious channels. Section IV then presents numerical simulations used to
calibrate and verify the analytic results.
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II . Hot, Turbulent Channels in a Gas

Figure 1 shows a series of Schlieren photographs of electric discharges of duration ~ 3/ts
and length 20 cm in air (published previously in references 1 and 2). The numbers below each
photograph give the time elapsed (in //s) between firing the discharge and taking the photograph.
Each photograph corresponds to a separate discharge. By 8 ps, a hot, smooth channel with a
radius of 1.4 cm has formed, and the accompanying shock wave appears as a sharp line at
the channel boundary. By 30 fis, the shock is easily identifiable and propagates out of the
field of view at a time somewhat greater than 100 pis. At approximately 100 fts, the interior
temperature of the channel is ~" 5000 K, the gas density is ~ 1018 cm"3, and the electron
density is ~ 1014 cm"3. The channel remains stable up to that time. By 250 /is, however,
density fluctuations are evident at the boundary. The photograph at 900 fis shows that these
distortions become more pronounced as more cool air mixes into the channel. The average radius
has increased to ~ 2 cm, indicating an increase of ~ 100% in the volume of the channel due
to entrainment of the surrounding air. As the time from discharge initiation increases, smaller
scale (turbulent) structure appears and by 10 ms the channel has begun to disappear.

3000 10,000
Fig. 1. Series of separate, nominally identical electric discharges in air. The energy
deposition before expansion occurred was ~ 40 J/cm3.

The sequence of events is similar for CO2 laser channels in nitrogen [2]. Both discharge and
laser channels expand diffusively after reaching pressure equilibrium, following the equation

(2)

where R is the average radius of'the cross section at time *, pressure equilibration occurs at time
r, and a is the effective diffusivity. For the electric discharges, a ~ 500 cm2/s, and for the laser
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channels, a ~ 250 cm'/s. The kinematic viscosity for air at room temperature is v sa 0.3 cma/s.
This disparity between observations and the nonturbulent diffusivity supports the interpretation
that turbulence is present and entrains ambient gas into the channels.

III. Theoretical Approach [10]

To develop a theoretical expression for the effective diffusivity in a hot turbulent channel,
one must first estimate the residual vortex strength produced during the expansion of the chan-
nel to pressure equilibrium. This requires integration of Eq.(l) for evolving pressure and density
distributions which are appropriate to the channel expansion. Such models depend on assump-
tions about the type of geometrical asymmetry responsible for the generation of vorticity. We
have investigated four classes of asymmetry for this problem and others that are closedly re-
lated: (1) curvature of the axis along which energy is deposited, as in Fig. 1, (2) deviations from
azimuthal (circular) symmetry in the transverse plane, (3) nonuniform energy deposition (i.e.,
"hot spots") within a roughly circular envelope in the transverse plane, and (4) noncollinear
energy deposition by two successive pulses.

To model the evolving density and pressure distributions for the various asymmetry classes,
we use the geometrical properties of the density and pressure during and after expansion to
pressure equilibrium. The expansion produces a pressure field (shock wave) which has circular
symmetry or rapidly approaches it, as verified by numerical simulation [10]. The density field
retains the geometrical asymmetry of the initial state, although the various physical proportions
are altered and the distribution has expanded. Smooth energy deposition with an elliptical cross
section, for example, results in an approximately circular shock wave and a elliptical region of
reduced density.

Fig. 2. This schematic shows the upper half of our model flow field for energy depo-
sition with elliptical contours. The solid line shows the envelope of the mass density
distribution while the dashed line shows the shape of the model velocity field and
pressure distributions. (Published previously in [1])

For this case, Fig. 2 shows that our model uses a time dependent radial flow field and
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pressure distribution (dashed line) with an expanding elliptical density distribution (solid line).
The expanding flow first accelerates to some maximum speed and then decelerates to zero at
pressure equilibrium. Integration of Eq.(l) under these assumptions has shown that the residual
flow field can then be represented in terms of one or more pairs of vortices of strength ±K, where

/c = C7[iZ(r)-iJ(0)]ln(^oo/p0)/ • (3)

In Eq.(3), U is a characteristic velocity of expansion to pressure equilibrium; the ambient density
is poo; the density at the center of the channel at time t = r is po; and the form factor 0 < / < 1
measures the degree of asymmetry in energy deposition.

As indicated earlier, Eq.(3) describes the initiation of turbulent motion by creating vorticity
on the length scale of the asymmetry between the density and pressure fields. The experimental
result of Eq.(2), however, is consistent with expansion in a homogeneous turbulent field con-
taining a range of length scales. For the cooling of laser and electric discharge channels, we
have derived effective turbulent diffusivities in good agreement with experiment by assuming
the following:

(1) A compressible fluid in an unstable state for which the rotational flow is confined to the
large scales at early times will evolve into a turbulent state containing a broad spectrum of
momentum scales, of which the smallest are determined by dissipative phenomena, such as that
due to viscosity.

(2) A coupling exists between the large scale motion and disturbances on the smallest scales, at
which dissipation takes place.

(3) The large scale motion determines the rate at which energy is dissipated, in accordance with
the simple picture of Kolmogorov and Obukhov (e.g., [14]).

Given these assumptions, the effective diffusivity is [11]

a ~ K/4TT . (4)

Equations (3) and (4) along with supporting numerical simulations have provided estimates of
the experimental turbulent diffusivity that are accurate to within factors of 50% or better.

IV. Numerical Simulations of a Laser Channel

The most interesting and difficult case was that of a laser pulse with an approximately
circular envelope [15]. If the initial energy deposition were truly uniform over the pulse, the
form factor / would be zero, since the pressure and density gradients would be aligned during
channel expansion to pressure equilibrium. However, the data have given a ~ 250 cm2/s. This
led us to postulate the existence of "hot spots" within the envelope, for which we performed the
numerical simulation shown in Fig. 3.

For this calculation, we used the code FAST2D, which is based on the Flux-Corrected
Transport (FCT) algorithm [16] in conjunction with operator splitting. The grid was Cartesian
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with 100 x 100 square cells. Figure 3 shows a central region, consisting ot 51) x 51) square cells,
where energy was deposited. The cell dimensions increased geometrically outside the uniform
central region, so that the boundary was far from the channel. A renormalization of the pressure
after shock passage from the region containing the pulse permitted the use of large time steps
and reduced the cost of the calculation in following the residual fluid motion [15].

0.00 ms 0.06 ms

0.41 ms 1.24 ms

Fig. 3. Numerical simulation of air heated by a laser pulse travelling perpendicular
to page and containing "hot spots". The first diagram shows contours of constant
pressure just after the pulse has passed through the plane. The remaining diagrams
show contours of constant mass density.

All variables except the pressure and internal energy were initially constant and uniform.
The diagram at t = 0 shows contours of constant pressure. While the envelope was circular,
the pressure fluctuated weakly enough in the interior to be at most marginally detectable by
laboratory burn patterns. The hot spots produced weak shocks, each of which interacted with
the other shocks and swept through the density depressions at the positions of the other hot
spots, generating vorticity according to Eq.(l).

The remaining diagrams show contours of constant density at later times. Notice that the
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density retains the original asymmetries found in the initial pressure distribution. By t — 60/£s,
the shocks passed out of the region, leaving behind a vortex pair near each of the six outer hot
spots. The outward motion and interactions of the vortex pairs then distorted the channel and
increased its apparent dimensions. By t = 1.24 ms, the apparent envelope (as viewed from the
side) included a significant amount of ambient gas and the average temperature had decreased on
the timescale with which the vortex pairs propagated outward. This calculation indicated that
a form factor of / ~ 1 was appropriate in Eq.(3); the resulting value of K gave good agreement
with experiment.

The most exciting aspect of the above calculation was the prediction that turbulence could
be significantly suppressed if nonuniformities in the cross section of the laser pulse were elim-
inated. Subsequent experiments significantly reduced transverse variations by permitting only
axial modes in the pulse. The resulting channel remained "stable" for several milliseconds, giv-
ing an effective difFusivity of a ~ 3 cm2/s. This reduction in turbulent mixing by two orders
of magnitude confirmed our predictions [2] and demonstrated the practical utility of the theory
outlined above.

V. Summary

We have outlined a theoretical approach for determining the initiation of turbulent motion
by asymmetric energy deposition within a compressible fluid and by shock interactions with fluids
having nonuniform density distributions. Our examples have come from the former category,
which is less well known to the fluid dynamics community. The latter work has dealt the
interactions of a shock with a flame or bubble, a research area which has experienced a surge in
interest over the last few years (e.g., [17]).

In the case of hot, gaseous channels, numerical simulations and experimental data have
confirmed our theory for the initiation of turbulent motion and our estimates of the associated
turbulent diffusivity in laboratory experiments. The theory also permits the identification of
key factors for suppressing turbulence, a potentially valuable capability.

While we were able to obtain useful estimates of the experimental turbulent diffusivities,
accurate modeling of the evolution to a turbulent state in a compressible fluid is necessary if
better estimates are to be obtained. This calls for detailed analysis of the turbulent spectrum
in a compressible fluid, both experimentally and theoretically. Each will require a significant
effort. Our work represents an essential first step, providing the "initial conditions" from which
the fully turbulent state forms.
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ABSTRACT

Compressible flow calculations are reported using periodic boundary conditions, with r.m.s.
Mach number of order unity. In the turbulent regime, the temporal evolution of the Mach
number is mild, the flow retaining some of its compressible character for long times, with strong
small-scale vortices visible in the two-dimensional case, forming in the vicinity of shocks. In
the non-acoustic regime, large scales are dominated by shear motions, and small scales by
shocks, with substantial ir.equipartition. The inertial range spectral index in dimension two
for the compressible component of the velocity is close to -2, reminiscent of observations in
several molecular clouds which are the site of star formation. One clear feature of three-
dimensionality is the marked appearance of regions of low density.

L INTRODUCTION

Although incompressible flows have been studied in quite a wealth of details, such is
not the case in the compressible regime. Pioneer studies, both in the analytical and the
numerical framework were performed, for example by Iighthill, Rkhmyer and von Neumann,
and often restricted to one space dimension. There is now a resurgence of interest for
such problems among which one can cite: i) technological and industrial developments, in
particular the hypersonic plane and the space shuttle; ii) the accrued possibilities of present-
day computers, in particular through either a gain in available semi-fast memory by two orders
of magnitude, or through the development of semi-easily programmable highly parallelised
computers; iii) recent ground-based and spatial observations of several astrophysical objects
indicating that they are in a regime of homogeneous compressible turbulence. Prevalent
among them are the molecular clouds, observed for example in ammonia or carbon-dioxyde
lines in the galactic plane, and which are the site of star formation. Recent ameliorations in
observational techniques, in particular in the radio wavelength part of the spectrum because of
very large base interferometry, allow a detailed study of these clouds with a spatial dynamical

'The National Center for Atmospheric Research is sponsored by the National Science
Foundation.
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range of more than 103. Scaling laws clearly appear (Larson, 1981; Myers, 1983; Perrault,
1987) both for the velocity and for the density versus scale, with inertial indices compatible
with a Kolmogorov law, although somewhat steeper, and also compatible between themselves
with virial equilibrium between potential and kinetic energy at all scales. They read (FaJgarone
and Perrault, 1986) :

vv = 0.4 kms-x (R/lPc)05 and M = lsm(R/\Pc)20 (1)

where oy is the velocity dispersion measured in km/s, R is the scale measured in parsecs,
where p is the density and where sm means solar mass. Such laws need to be interpreted in a
turbulent context, because of the huge Reynolds numbers involved in these astrophysical flows
(see Scalo, 1985; Passot et al., 1988).

Previous analytical works of compressible flows have been mostly restricted to the acoustic
regime. Particular attention has been paid to the far-field emission of sound, as well as to
the production of vorticiry in boundary layers, due to vortex shedding induced by large-scale
acoustic waves (see for example Howe, 1984). Analytical works concerning the interaction of
turbulence and sound for small Mach numbers have been reviewed elsewhere (see for example
Passot and Pouquet, 1987). They mostly deal with phenomenological evaluations of the various
characteristic times of competing phenomena, of their ordering, and of the subsequent regimes
that arise, leading to various predictions of the possible energy spectra for both the acoustic
part and the solenoidal part of the velocity written as u = uc + u', as proposed for example
in Moyal (1952). Another approach consists in applying some closure scheme to the primitive
equations. The earliest works dealt with the Quasi-Normal Approximation (QNA) on the
equations with self-gravity (Chandrasekhar, 1951; Sasao, 1973). Weiss (1976) applied the
eddy-damped markovian QNA to a model of subsonic flow, and more recently Hartke et
al. (1988) used the Direct Interaction Approximation on a model of compressible convection
(see also Marion, 1988). In the latter cases, one finds that the compressible velocity mode is
dominated at all scales by the vortical part of the velocity field. However, this may be due in fact
to the underlying hypothesis in deriving the model used before applying the closure scheme.
In numerical simulations in the two-dimensional case as well as in the three-dimensional one
the longitudinal modes are dominant in the small scales, due to shocks, as soon as one leaves
the acoustic regime. Two-scale analysis of large scale instabilities due to small-scale helicity
(Moiseev et al, 1983) indicate the possibility in the barotropic case of an inverse cascade leading
to the development of large scale coherent structures in compressible flows. The analysis, using
white-noise forcing, has not as yet been extended to the non-isentropic case, for which the
conservation of helicity probably does not hold, except in regions where the Ertel potential is
zero (Gaffet, 1985).

We describe here the main results of a numerical study of homogeneous flows in the
supersonic regime for fully developed turbulence in two- and three-dimensional geometry.
We shall in this paper concentrate on the differences in behavior between the two-dimensional
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and the three-dimensional cases for homogeneous flows using random initial conditions and
periodic boundary conditions.

2. THE NUMERICAL METHOD

The method we use is that of collocation: space-derivatives are computed in Fourier space,
and non-linear products of variables in configuration space. Such methods, widely used in the
turbulence context for incompressible flows, are not necessarily the first choice for compressible
ones when shocks are bound to develop, and Gibbs phenomena will appear. However, provided
the flow remains smooth through a proper choice of the diffusion parameters, in fact the
spectral method will retain its polynomial high degree of spatial accuracy. For that purpose,
shocks will have to be spread on roughly five points. Other methods exist to simulate such
flows, which often use the Euler equation and some sort of artificial viscosity to smooth out
the flow. Another source of concern when simulating compressible flows is the low values
reached by the density, particularly when the flow is self-gravitating. One possible way out is
to use a coefficient of diffusion of mass, but no such term will be used here. Aliasing may
also develop, as described for example in Alecian and Le"orat (1988), but these errors can
be prevented by adequate resolution, with spectra several orders of magnitude smaller in the
small scales than they are in the energy-containing scales.

The equations, in adimensionalised form, are:

dtP + V • (Pu) = 0,

dtPu + V • (puu) = - ( 7 - l)V(/*0 + ^ (v2u + ^V • (V -u)) ,

8,E + V-(£« + (j-Dpeu) = l v . ( r . « ) + _ - J _ j V » r , (2)

where three dimensionless parameters appear: the Mach number M = UQ/CO, the Reynolds
number Re — poUoL//i and the Prandtl number Pr = fiCp/k where Cp is the constant-pressure
specific heat and k is the coefficient of thermal conductivity. In the above equations, e = CVT
is the internal energy where Cv is the constant-volume specific heat, and E = pe + u2/2 is the
total energy. Finally, TJJ is the viscous stress tensor, defined as TQ = tjV'uSij + /i(djUj + duf) ,
where £$ is the Kronecker symbol and where i\ = n/2, with the choice of a zero volumetric
viscosity coefficient. These equations conserve mass, momentum, and total energy (for the
barotropic case, see Leorat et al., 1984).

A purely explicit temporal scheme was used in the two-dimensional simulations, and a
partially implicit scheme in the three-dimensional case, because of the low values of the
minimum of the density, which can be 10~3 that of the mean density. In that case, the
dissipation term would become prohibitive to compute explicitely, and we use a splitting
method (Passot, 1987).
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3. TEMPORAL EVOLUTION

For an incompressible flow, the two-dimensional case differs strongly from the three-
dimensional one, because of the supplementary conservation law of vorticity, rendering the
energy dissipation extremely weak. However, as soon as shocks can form, this represents the
dominant mode of energy dissipation whatever the spatial dimension, and one can thus expect
a similar temporal behavior for the kinetic energy and related quantities. In all that follow,
the unit time is the eddy turnover time of the large scales, which is of the same order than the
shock-formation time. In figure 1, we show the time evolution of the rms Mach number, for a
3D (solid line) and 2D (dashed line) flow at a Reynolds number of 120. The 2D-3D distinction
may therefore not be so stringent in the compressible case, compared to the incompressible
one.

For a wide range of initial ratio of compressive to solenoidal energies Ec/Es including
when it is unity, the flow rapidly evolves towards a state where the large scales are dominated
by the solenoidal part of the velocity component, and the small scales by the shocks provided
the rms Mach number is above a critical value of 0.3 which does not seem to depend strongly
on dimension: even for flows at or around Mach one, coupling between sound and vortices
differs in intensity at different scales.

We performed one run at a Reynolds number of 60 for a time long compared to the
eddy turnover time, and comparable to the sound crossing time of the computational box.
In figure 2, we show the evolution of the ratio of compressible to kinetic energy (% value)
for this run. The oscillations, clearly visible in the 2D case at Reynolds numbers of 200, are
here also quite marked, and their period correspond to the acoustic time of the large scales.
On average, in 3D as in 2D, this ratio tends to settle around 10%. We show in Figure 3
the temporal evolution of the characteristic wavenumbers of the solenoidal (solid line) and
compressive (dashed line) part of the energy spectrum; their increase (slight in the former
case) corresponds to the energy transfer to small scales and to shock formation, the following
decrease being due to the finite value of the dissipation. Not far from the acoustic regime,
it has been determined numerically (Feireisen et al., 1981; Zang, private communication) that
the skewness factor which measures in a non-dimensionalised way the triple moments of the
velocity field, remains close to its incompressible value. Finally, in Figure 4, we give the time
variation of the three directional components of the kinetic energy where we can note that
isotropy is reached in a few eddy turn-over times.

4. CHARACTERISTIC STRUCTURES

What follows is only a brief account of the structures that develop in the flow. When
performing cuts within the flow, these structures are quite similar to their 2D counterparts.
For example, in figure 5, we show a cut in the density field for a run in which initially
the turbulent Mach number is 2.2 , (with a local maximum of 4.9 ), and the characteristic
wavenumber is 1.5, where the minimum wavenumber kmk, is taken equal to unity. The cut
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Figure 1: Temporal evolution of the Mach number Figure t: Kinetic energy in its compressive mode
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Figure S: Time evolution of integral wavenumbers Figure 4: The three components of the kinetic energy
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Figure 5: Horizontal cut of the density field Figure 6: Same as fig.5 for the horizontal velocity

Figure 7: Density when above 20% of its maximum Figure 8: Same as fig.7 for a 50% threshold
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Figure 9: Density fluctuations as a function of time

is performed at t = 1.9 at altitude z = 80, with zmax = 128 (in units of grid increments)
corresponding to the total length of the box. In the course of the computation, density
reaches extrema values of respectively 7.6 and 0.14 . At the time at which the cut is shown,
the Mach number is 1.5 and the temperature is 1.27 its initial value. "The corresponding
horizontal velocity field is shown in figure 6. Similar features develop for flows with various
initial conditions. Comparing the evolution with the 2D case, it seems that the formation of
shocks hert is a smoother process in three dimensions.

A clear feature of the 3D case, not present in the 2D one, is the possibility of having
regions of low density (1% of the mean value) in some regions of the flow. For example,
for a run in which initially the Mach number is equal to unity, and the ratio of the typical
wavenumber to kmb, is now 3.8, shaip density contrasts (ratio of maximum to minimum density
within the whole volume) develop, up to 100 , with the minimum density reaching a value
of .07 its mean, and with relative density fluctuations 6p/p ~ 0.6 . In the two-dimensional
case, at similar Reynolds numbers, the minimum density is more like 10% the mean and the
density contrast remains close to 4 . This may alter in a significant way the collapse of a cloud
under its own gravity, where it should be noted that for evident reasons the two-dimensional
geometry is the one most commonly investigated numerically. These regions of low density
are presumably associated with strong shocks, but this point will require further investigation.
We finally show typical perspective plots of the density; in this run, the initial Mach number is
unity, the integral wavenumber is 2 , the ratio of compressible to total kinetic energy is 50% ,
and the Reynolds number is 105 . In Figure 7, the density is plotted at time / = 1.2 when
it is above 20% of its maximum, and in figure 8 when it is above 50% of its maximum. This
roughly indicates the location of shocks.
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Figure 10: Energy spectra at t=l.

In figure 9 is shown the temporal evolution of the density fluctuations for the run already
mentionned in figures 2 to 4. As time evolves, one enters the acoustic regime (the faster,
the lower the Reynolds number) but determination of spectral indices would be meaningless
because at those times the Reynolds number is barely above unity. We show in figure 10 the
compressible (dashed line) and solenoidal (solid line) spectra for a run computed on a 1283

grid at / = 1.9 mentionned before (same run as fig. 5). The total kinetic energy is represented
by the dotted line. The flow is not sufficiently resolved, as the high wavenumber tail shows, but
this numerical error, possibly due to time differencing, remains within reasonable bounds, with
a relative energy six order of magnitudes below the large-scale energy. Spectra are quite steep,
but this in no way represents a determination of possible inertial ranges for that problem, it only
represents a lack of sufficient resolution. We expect that the compressible part of the energy
spectrum will undergo a ~2 power law, because it is dominated by pseudo-discontinuities in
the flow. On the other hand, the solenoidal part is expected to follow a law steeper than the
- 5 / 3 Kolmogorov range, and presumably for strongly compressible flows will also follow a - 2
law. This would allow for an equipartition between the compressible and solenoidal modes
to develop, as predicted by Kraichnan (1953) on the basis of a statistical argument R>r the
moment, we can only say that the lack of equipartition between the two components of the
velocity field is as pronounced as in the two-dimensional case, at a given Reynolds number.
To help determine what possible power-law ranges develop, one can use an hyper-viscosity
to artificially lengthen the domain of wavenumbers in which the non-linear transfer prevails
over dissipation. One may also look at steady-state solutions, for which time-averaging may
provide a sufficient smoothing effect.
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5. DISCUSSION

This paper presents preliminary results of numerical experiments on three-dimensional

compressible homogeneous isotropic turbulent flows. The 2D and 3D cases do not differ

substantially, and certainly not as much as in the incompressible case. This in fact is an en-

couraging factor to pursue detailed analysis of various configurations using the two-dimensional

approximation. However, the one striking difference concerns the development of regions of

low density in the vicinity of shocks.

Further study is needed, to scan parameter space. One aspect we investigate at the present

is the possible influence of oligotropy defined as a- = w Vs, where u is the vorticify and s the

entropy (note that the Ertel's potential vortex can be defined from the oligotropy as € = <r/p,

and is a Lagrangian invariant). Indeed, kinetic helicity <w-u> is conserved locally in space

where the oligotropy is zero (Gaffet, 1985), and may induce large-scale instabilities (Moiseev

et a!., 1983). Since regions of initial zero oligotropy remain so, this property is bound to play

a role in the dynamical evolution of the flow.

One 2D feature not revealed in 3D is the production of strong localised vortices when

two strong shocks collide. Such features were only observed in the 2D case at resolutions

higher than those presented here, so we cannot conclude at the present time. It certainly

represents one of the points that could be investigated with different numerical methods that

modelise in some way the small scales, possibly using for example some parametrisation,

through either artificial viscosity, or hyper-viscosity. R>r spectral methods, one could extend

the hyperviscosity analysed in Passot and Pouquet (1988) for the 2D case, that preserves

positiviry of the dissipation at all grid points. One could also use the transport coefficients

derived from closure methods (Chollet and Lesieur, 1981) which provide in a unifying way

a time-dependent and velocity-dependent parametrisation of small scales; however, the large

number in the compressible case of transport coefficients representing the eddy-diffusivities

due to the various coupling between the compressive and vortex part of the spectra may prove

prohibitive, unless some simplifying assumptions are introduced.
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SHOCK ENHANCEMENT OF A TURBULENT FLOW

Doug Rotman

Lawrence Livermore National Laboratory

Livermore, CA. 94550

Introduction

Presented here are calculations describing the enhancement of turbulence
caused by the passing of a shock wave. This field is of interest to those
investigating the Richtmyer-Meshkov instability, supersonic combustion, fusion
and many others. Experiments involving shocks and turbulence (Sturtevant, et.
al. 1980, Smits and Muck 1987, Trolier and Duffy 1984) show that the
turbulence level following a shock wave can be as much as 3 times higher then
that before the shock. Predictions from linear theory (McKenzie and Westphal
1968 and Anyiwo and Bushnell 1982) show very similar shock enhancements.
Recent calculations involving nonlinear effects (Kumar et. al. 1987 and Viecelli
1988) show promise in explaining how this enhancement is obtained. This study
will use a shock tube type calculation domain to investigate the effect of a shock
wave on pre-existing turbulence

Calculations

The computational domain involves a square box with a grid of size 100 X
100. Within this, a pre-existing random (turbulent) flow pattern is placed, as
shown in figure 1. This flow was obtained by choosing random numbers from a
Gaussian random number generator and imposing those on a secondary
staggered grid within the box. Assigning those numbers as stream functions, a
divergence free velocity field was obtained by using spatial derivatives of the
stream functions. From experiments it is known that shock waves tend to
decrease the scales of turbulence, thus to obtain larger scale initial turbulence a
diffusive operator was applied to the velocity field to finally give the field as
shown in figure 1.
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The numerical scheme used for all the calculations is a second order Godunov
scheme solving the two dimensional Eulers equations of motion using a gamma
law gas equation of state (Colella and Glaz 1985). Two systems have been
investigated: one of low initial turbulence and the other of high initial turbulence
levels. In each case the imposed shock wave had a pressure ratio of 4.9 and a
density ratio of 2.78. The shock was imposed by setting three of the domain
boundaries as reflecting while the last having an inflow condition. This results
in a shock moving from the far wall towards the inflow boundary. Contours of
the shock wave appear in figure 2.

Results

The first case investigated is the low turbulence level, one of 0.04%. This
represents the ratio of the energy of the turbulence divided by the energy of the
incoming flow. The fluctuating velocity field is seen in figure 3. Here we see the
shock moving into the initial large scale turbulence and leaving behind a
turbulent field of much smaller scale. The calculated turbulent kinetic energy
(one half the square of the fluctuating velocity) is 5.2 times higher behind the
shock as before it on a per unit volume basis or 1.9 times higher on a per unit
mass basis. Figure 4 presents the pressure contour for this system. It shows
that the turbulence is weak enough that it does not influence the shock wave
and thus it stays straight.

The second case investigated is the high turbulence level, one of 2.0%. Figure 5
shows the fluctuating velocity field and again we see the smaller scale behind
the shock, but the difference is not as obvious. In this case the turbulent kinetic
energy is only 4.5 times higher per unit volume or 1.6 times higher per unit
mass. But in figure 6 we see that the turbulence level is now becoming high
enough so that the flow is starting to affect the shape of the shock wave. The
shock now appears to form curves as it moves through the turbulence.
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Discuss ion

The decrease in the turbulence scale size following a shock is similar to the
shock tube results of Sturtevant, although the experiments are done at a lower
pressure ratio. These smaller scales then result in higher fluctuations in velocity
and thus higher turbulent kinetic energy. Using arguments involving the
conservation of angular momentum, Viecelli shows that in the limit of zero
viscosity and zero initial turbulence this enhancement of turbulent kinetic
energy goes as the square of the density compression ratio. Furthermore, going
to higher and higher initial turbulent kinetic energies, the enhancement becomes
a smaller and smaller fraction of the density compression ratio. Results shown
here present exactly these trends. In addition to conservation of angular
momentum, the reduction in turbulence scales could be caused by the breakup
of individual eddies. When a shock interacts with an eddy, an initially round
eddy will deform to an ellipse shaped eddy. It is possible that a weak eddy
could then split into two individual eddies, thus creating smaller scales of
turbulence.

Examined in this study are only two cases of a long list of possible flows
systems. Future work will investigate the effect of pressure ratio, density ratio,
and initial turbulent field on the enhancement of the turbulence. Also, the
division of energy between the rotational, acoustic and entropy modes will be
considered to see how each of these are affected.
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Figure 1. Initial Turbulent Velocity Field
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Figure 4. Pressure Contours for Low Turbulence
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Figure 6. Pressure Contours for High Turbulence



NOVA MIX EXPERIMENTS

V. C. Rupert, J. D. Kilkenny, P. G. Skokowski
Lawrence Livermore National Laboratory

P.O. Box 808, Livermore, CA 94550

The NOVA mix experiments are designed to study mix between two dissimilar materials subjected to

strong (M ~50) shocks and variable accelerations in a direction normal to their common boundary. The

main purpose of the experiments is to provide a data base with which predictive models can be compared

and normalized. Together with shock tube experiments^, which explore a different regime, the current

NOVA tests investigate the shock induced source terms in our modelM and the evolution of both

Rayleigh-Taylor stable and unstable interfaces.

i i
Motion jpjjjateriaM

Structured washer mount

"

• - Interface of Interest

-Material 2

^ A u washer
Z z z s 5 z z znk

-Tamper

Not to scale

Fig. 1 Nominal Nova mix sample and mounting scheme.

In these experiments, a laser pulse of

1/3 jam wavelength and 1 ns duration is used

to generate a radiation source which is more

uniform that the original laser beams. This

source heats the front surface of a material of

density pi , which ablates and expands back

towards the source. Momentum conservation

causes a shock to propagate through the

material away from the source and through

the interface of the ablator with a material of

density p2. The evolution of the interface

between the two materials is studied to

determine the extent and composition of the

mixed region. On some experiments a

tamper has been used to hold the sample in place. This results in an additional interface through which
mix can occur. To date the experiments have been geared towards diagnosing only the ablator interface,
although simulations do provide a prediction of the mix through the tamper boundary as well.

The sample used in these experiments is shown in Figure 1. Selection of the materials is based on:
the requirement for high mix (pi * pj) or low mix (pi ~ p2);
their spectral signature, for diagnostic purposes; and
the ease of fabrication.

Current samples use a polypropylene sulfide ablator (PPS), with molybdenum (Mo) or Parylene C

(PyC) for the second material, and Parylene N (PyN) for tamper. Although the most recent shots have not
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included the tamper, the data presented herein were obtained with tamped samples as shown in Figure 1.
Nominal dimensions of these samples are 50 to 60 \im thick PPS, 1.5 to 2 \im thick Mo or 15 iim thick
PyC and 3 jxm PyN. The nominal target diameter (at the interface) is of the order of 200 urn.

The ideal experiment would have the

materials moving only in a direction normal

to the original interface. Figure 2 shows the

trajectories of various parts of the target for a

NOVA shot at 7 kJ. Ablation of the front

part of the PPS layer sends a shock through

the sample. When the shock breaks out at the

back of the tamper, the later expands into the

surrounding vacuum. The concomitant

rarefaction wave propagating back through

the sample produces a small additional

acceleration of the PPS/Mo interface in the

same direction as the shock impulse. Figure

3a shows the density distribution through the

sample 7ns after the start of the laser pulse,

and Figure 3b shows its variation in time

across the PPS/Mo interface. The latter

shows a change in densities prior to shock

arrival (at ~ 1 ns) due to a slight preheat of

the materials

Solid lines = interfaces

E

o

I

-0.4-0.2 0 0.2 0.4 0.6 0.8

Position - mm

Fig. 3a Density distribution along
the sample at 7ns - dashed lines
show the locations of the different
materials.

' i ' ' ' " ' ' '
0.4

0.2
/ • ' • • • •

Of "'*£

-0.2

-0.4

0.6

-0.8

-1.0

-1.2

-1.4 . nf3

PPS ablator

Mo

PyN tamper

0 2 4 6 8 10

Time - ns

Fig. 2 Trajectories of various parts
of a high mix sample.
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Mix calculations using the ke modeK2»3) implemented in our hydrodynamic code imply that most of

the mix occurs just after shock passage both at the Rayleigh Taylor unstable (PPS/Mo) and stable

(Mo/PyN) interfaces. While the mass of mixed material changes insignificantly thereafter, the width of the

mixed layer increases as the materials expand (Figure 2). At times of the order of 6ns, the width is

sufficient to be observable with diagnostics of 10 to 20 jam resolution.

Point projection spectroscopy (Figure 4) is used to image the sample and unambiguously determine

the extent of the different materials in the instrument's line of sight. The system is currently configured to

probe the 2 to 3.2 keV range which encompasses the sulphur k edge (in PPS), the Molybdenum Lr to Lm

edges, and the Chlorine K edge (in PyC). The tamper (PyN) is not highlighted in this energy range.

Figure 4 shows an image which would be obtained for an unmixed sample.

TOD view

Zaxis

I u Sample

Direction of motion

Side view
Absorption features of

sample materials -

Point backllghter
(one or two fibers)

• Laser beam
100 ps Sample

Xaxls

Crystal

Note: the two materials
are probed at slightly
different positions

Fig. 4 Point projection spectroscopy principle.
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If the sample did indeed move only in a direction normal to the original interfaces, any overlap of the
material spectral features (lines or edges) would indicate mix, and the mixed region width could be
determined. In practice, as soon as the sample moves out of it's mounting washer, lateral expansion
occurs and two dimensional effects need to be accounted for.

6.55ns

Direction of
observation

Figure 5 shows a 2 dimensional

calculation of a low mix target with no mix
model invoked. A 1-D calculation of the
same configuration shows that 10-20 Jim of

mix could be expected at 7ns between the

PPS (p ~ 1.36) and the PyC (p ~ 1.29), or

the PyC and PyN (p = 1.26). Figure 5

clearly shows the lateral expansion of the
target (original diameter 200 fim), the jetting

tendency of the ablator around the rest of the

target, and the lag of the target edges due to

the restraining effect of the large diameter

tamper. Note that the part of the tamper

shielded by the gold washer remains cold and

dense so that the tamper just appears to

stretch around the expanding PPS and PyC.

This figure also shows that the bulk of the

material interfaces remains fairly planar and

normal to the initial target axis. The same

general behavior is observed for high mix

targets, although the jetting of the ablator around the Mo is more pronounced. These computations

indicate that the apparent mix (overlap of spectroscopic features), due to the non planarity of the (unmixed)

interfaces, should be within instrumental error for the current experiments, since, in the outer regions, the

densities drop rapidly, and the overlap widths in the direction of observation are small. One dimensional

calculations incorporating mix models should adequately describe the observed mix width. Two

dimensional calculations such as those shown in Figure 5 are fraught with difficulties, even in the absence

of mix, and are expensive in both computer memory usage and time. They cannot be used for parameter

studies inherent in experimental design or repeated for each realization of the experiments. They have been

used mainly to study the mounting schemes which, experimentally, appeared the best (minimum target

curvature), and provide guidelines to the correlation of experiments and one dimensional calculations with

mix.

-1.5 -2.0 -2.5 -3.0 -3.5 -4.0

Position along sample axis - cm

Fig. 5 Two dimensional calculation of a
low mix type target.
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Experiments have been conducted for two classes of targets. The "low mix targets" use materials

with closely matched densities. Since the mix process depends on the Atwood number, little mix should

occur for these samples. Figures 6a and b show the experimental data, and a simulated radiograph from a

1-D calculation for a low mix shot at 8 kJ. Both simulated and experimental data clearly show a sulphur

edge shifting to higher energy in the heated PPS on the ablative side (bottom of picture), and the ls-3p line

of sulphur like chlorine, followed by the chlorine edge. The overlap of the sulphur and chlorine features

translate to 14 ^m in the simulated data. The experimental overlap of 40 |im is consistent with this value

when motion blurring (200 ps snapshot) and instrumental resolution are taken into account.

Since the simulated radiograph

was obtained from a 1-D calculation, it

does not display the shadow of the

mount. In fact it is possible to "see",

inside the washer, the hot ablating

PPS. Note that the opacity data used

to obtain Figure 6b represents an

average ion at the density and

temperature of the material at the given

position, so all the fine details of the

experimental spectrum are not

recorded.

The oval shapes seen in Figure 6

(and 7) are due to the reduced chord

length at the edge of the target (Figure

4 side view).

Results for the low mix shot

contrast sharply with those for a high

mix shot shown on Figures 7a and 7b.

Here an overlap of the order of 150

|0.m is obtained experimentally and

matched by one of the mix models.

Several heated (Ne like) sulphur lines

are clearly visible, in particular the ls-

2p line at 2.3 kev. Closer to the

mixed region the cooler (Si or P like)

ls-3p sulphur line at 2.449 keV

Spacial fiducial

Shadow of Au
washer mount

hv

Fig. 6a Experimental radiograph - low mix shot

689 —

PyN

Out of the
spectrometer

LOS
1s-2p 2.1

1s-4p-J l-1S-3p

hv-keV

Fig. 6b Simulated radiograph - low mix shot
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Spaclal fiducial

Shadow of Au
washer mount

Fig. 7a. Experimental radiograph - high mix shot

551 —

i
N

-17 —

hv-keV

Fig. 7b. Simuiated radiograph - high mix shot
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dominates the spectrum, while the dominant line for the Molybdenum is the 2p-4d Zr like line at 2.55 keV.
The experiment had been designed specifically to maintain the sulphur sufficiently cold within the mixed
region to avoid overlap of the ls-4p S line and the 2p-4d Mo line: such an overlap, which invalidated the
diagnostic method, had been observed in experiments with a thin ablator for early time snapshots.

It is interesting to note that on the experimental radiograph the region of minimum backlighter

transmission lies entirely within the mixed layer, and the ablator, as evidenced by the S ls-3p line, extends

beyond it. Computationally such a behavior is difficult to simulate as, in general, the high opacity of the

Mo overwhelms the density distribution, which shows a peak in the PPS region, and leads to the

minimum transmission region extending outward of the mix region throughout the Mo. Only one set of

parameters in the mix model, out of many, resulted in a material distribution as shown in Figure 7b, which

resembles the experimental data.

Under some broad assumptions about opacities, the area! mass of the different materials versus axial

position can be extracted from the experimental data as shown in Figure 8.

These data can then be compared with

calculated density distributions. Note that the

mix calculations are one dimensional, and, to

compare with the experimental data, some

constant "effective sample diameter" at

snapshot time is implicitly assumed. The two

dimensional calculations show that such an

assumption is not strictly correct; moreover,

the narrow range around the nominal

unmixed interface where 2-D calculations

show material overlap within the instrument

line of sight (no mix) is not simulated by the

1-D calculations. Hence at this time, only

qualitative comparisons of the density

distribution can be made between experiment

and calculations. The total material overlap is

not dependent on the various assumptions

underlying either the experimental data

reduction or the 1-D calculations, and

quantitative comparisons are possible.

Comparison of Figure 7 and 9a show
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Fig. 8 High mix package • estimate of experimental
mass distribution
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that some appropriate choice of model parameters gives the correct mix width and also reproduces fairly
well the axial mass distribution. Figure 9b shows poor results obtained from a different set of model
parameters.

Calculations, such as those shown on Figure 9, show that the experiments are indeed providing data

useful for normalizing our mix models. Many of the model parameters used to analyze NOVA data are

identical to those used for the shock tube results.1'^ More data from both sets of experiments are needed

to uniquely define all the model parameters.

Development of the experimental techniques at NOVA have reached fruition, and we are ready to start

a comprehensive experimental series where a single target configuration will be tested at various times with

double backlighters.
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RAYLEIGH TAYLOR INSTABILITY OBSERVATIONS OF SHOCK ACCELERATED GASES

N C Stearnan
Atonic Weapons Establishment, Foulness,

Essex, SS3 9XE, United Kingdon

The initial aim of this work was to reproduce the work of Heshkov et al (1)
by using a shock tube of 8x2 inch cross section to produce high acceleration
gradients in gases initially at atmospheric pressure and thus observe the growth of
Rayleigh Taylor instabilities. The work has since diversified and has to date
included two interface geometries and also isolated bubble studies. In both cases
the interaction of refrigerant 12 (freon), density 5.36 gm/litre, with both air,
1.2 gm/1, and helium, 0.18 ga/1, has been observed using shadowgraphy (fig 1) and
compared with 1-D and 2-D computer simulations.
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PLANE GEOMETRY

Gas separation in the first case was achieved by the use of a thin membrane
produced by pouring a solution of basically nitrocellulose on to a water surface and
allowing the solvents to evaporate. The thickness of the resulting membrane may be
ascertained from the colours reflected, (as with oil on water). Most of the
membranes used reflected no colour at all indicating that the thickness is less than
half a wavelength of visible light, ie approximately 0.2 microns.

Photographs obtained from three tests of each of air/freon/air and
air/freon/helium are shown in figs 4a,b. Flat topped air shocks of approximately
0./6 bar overpressure, (fig 2), were incident on the layer. Two dimensional
numerical simulations of the situations are shown in figs 5a, b and a correspondence
is clearly visible in many distinctive features.
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In order to be able to conpare such chaotic behaviour it is necessary to
study the general effect rather than specific features. Therefore the naxinun width
of the nix region predicted and observed was compared. At early tines the visual
estinates of the width of the nixed regions in the experinents nay be affected by
edge effects. Figure 6 shows the results of 1 dinensional Lagrangian calculations.
With no nixing the solid lines show the positions of the interfaces. Also shown are
the observed nix widths fron the tests. Figure 7 shows the linits of the nixed
region predicted by a two dinensional calculation using a technique described by
Youngs (2) with a perturbed interface such that:

perturbation, t (y) * s i a n cos mry.
w

where y - vertical height
2 n2 - 20

w
an

width of computational region - 10 en
randon number chosen fron J-1,+1]
scaling factor chosen so[<t*>] o***o-0.2

for figs 5a, b. Calculations forThese are the conditions that applied
air/freon/heliun were also performed.

Conparison of the code sinulations and the experinental results reveals a
consistent under-estination of nix growth. At late tine the ratio of observed to
calculated nixed region width is about 1.4. The size of the nix features is less
than the internal width of the 6hock tube and this allows growth in 3-D, thus it
night be supposed that the extra degree of freedon pronotes nore thorough nixing.
The results show good general agreenent nonetheless.

BUBBLE EXPERIMENTS

The bubble experinents were of a broadly sinilar nature, (fig 3), and again
shadowgraphs and numerical sinulations of the conditions were compared, (figs 8 and
9). Shock overpressures in these experinents were around 0.3 bar. The bubbles
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were blown in a solution of Expandol, a fire fighting foan, as this was found to
produce long lived bubbles and did not allow diffusion of freon. As aay be seen fron
fig 8 the bubbles were attached to the generating stem at the tine of shock iapact
but this appeared to have little bearing on subsequent developaent. They are also
not truly spherical. The heavy gas inside the bubble causes it to adopt a raindrop
shape but the bottom half was close to hemispherical.

This problem was particularly acute with freon in helium and continuous
bubble generation was tried to alleviate the problem. This net with some success
but the bubbles were still small and thick walled. The results from these
experiments are distinctly different, as expected from computer simulations, fig 9,
but are questionable and show the need for refinement of technique. They are not to
date suitable for quantitative analysis. Experiments using freon bubbles in air
were also described "by Haas (3). The aim of the present experimental programme is
to investigate late time effects and high density ratios.

Comparison between observation and 2-D calculation should ideally involve
the position of the centre of mass. This is not determinate from shadowgraphs and
so the position of the leading edge of the bubble has been used for comparison as
this is a readily identifiable feature, in order to allow for slightly different
shock strengths and bubble diameters dimensionless parameters have been used, (fig

10).
Note that the predicted locus in fig 10 refers to a 15.0am diameter bubble,

(slightly less than the mean experiaental value of 16.2aa), because the prediction
was froa a single calculation performed in advance of the tests.

Good agreeaent is seen and the tendency for the experiaental data to lie
above the predicted locus aay be accounted for by the constraining nature of the
shock tube. The bubbles are of a similar size to the tube width, (34mm dia cf 51am
tube width), and so aay restrict the flow and thus becoae accelerated quicker.

FURTHER WORK

Further experiments whereby a measure of the gas density aay be determined
at a given point have coaaenced. These utilise broaine as a colouring agent in the
freon. The aixing is then observed by high speed cine photography. With uniform
back lighting this technique lends itself to densitoaetry analysis and thus contours
of average volumetric mix ratios along the s-axis aay be deterained.

Bromine gas has a higher density (7.59ga/l), than freon 12 but is only used
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in concentrations of a few per cent. Early tests with the double interface
experiments have shown that, unless they are Bade so thick that they do not break up
on shock iapact, the aeibranes allow the saall bromine molecules to pass through

576



40.0 —

30.0

g 20.0

to
Q

0 1 2 3

TIME, ms

FIGURE 6a. I-D LAGRANGIAN CALCULATION AND

OBSERVED MIX WIDTHS
40.0

FIGURE 7a. 2-D NUMERICAL SIMULATION

thea. Diffusion also prevents any bubble experiaents with bromine tracing. Tests
replacing the aeabranes with aluainiua foils less than one aicron thick have shown
that diffusion through the foil is not a problea and aakes the proposition feasible.
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FIGURE 8 Freon Bubble in Air and Helium

Air -0.80 0.70 1.00 1.70 ms after shock
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Handling the foils is aost difficult as they are far aore brittle than the
nitrocellulose membranes.

Future experiments replacing shadowgraphy by holography to study various
instability interactions are to take place in Hov 88. Both absolute and
differential interferoaetric techniques will be employed.
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EXPERIMENTAL RESEARCH OF GRAVITATIONAL INSTABILITY AND
TURBULIZATION OF FLOW AT THE NOBLE GASES INTERFACE

A. M. Vasilenko, O. V. Buryakov, V. F. Kuropatenko,
V. I. Olkhovskaya, V. P. Ratnikov, V. G. Jakovlev

INTRODUCTION

A special type of turbulence — gravitational turbulence appears at the
interface of media having different densities under nonstationary motion
because of Taylor instability [1]. This phenomenon takes place, for
example, when nonstationary Shockwaves pass through nonhomogeneous
media.

Theoretical description of the development of small interface
perturbations is of no difficulty but in the process of experimental work
it came out [2-4], that the growth of finite perturbations, comparable
with the wave length, leads to the distortion of their initial form and
complicates the analytical examination of this problem [5].

Gravitational turbulent mixing theoretical research made by Belyenkii
and Fradkin [6] and some other authors [7-9] is of semi-empirical
character. In some works [10-13] gravitational instability numerical
research on the ground of Euier nonstationary equations with two spatial
variables was carried out.

Experimentally this problem is also poorly investigated. There are few
works [14-16] devoted to this question.

The aim of this work is the experimental research of turbulization
process of interface perturbations for gases having different densities
under the influence of the strong decelerating Shockwave under the
condition of essential compressibility of initial substance.

The noble gases choice was made in terms of the equality of their
adiabatic compressibility. This sufficiently simplifies the experimental
analysis.
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I. EXPERIMENTAL METHOD

1.1 The Description of the Experiment

The experiments were carried out in the electromagnetic shock tube
which is shown in Fig. 1.1. Shock tube frame is made of textolite plates in
the form of compartments of different length and purpose. This allows
change to not only the total tube length, but also the compartment's
position.

Shock tube channel with the cross section of "?00 x 100 mm2 was
partitioned off at the joints by two nitrocellulose diaphragms, 0.4 mm
thick, into three compartments filled with various noble gases, as shown
in Fig. 1.1.

Such a system of gas layers was subjected to the action of
decelerating Shockwave. As a result, this caused the state of
gravitational instability at the second interface, between Krypton and
Helium, in accordance with Taylor criterion [1]. Acceleration at the
interface was created by unloading wave defining the flow deceleration.
The use of noble gases permitted retention of the initial gas density ratio
after the rupture disintegration at the stable interface. The first
interface was stable and served for shock-wave intensification in order
to create necessary conditions for rapid nitrocellulose diaphragm
destruction. These conditions were considered to be satisfied in case the
temperature of one of the gases at the interface exceeded nitrocellulose
flash temperature.

At the second interface, sinusoidal perturbations were artificially set
on lateral sides of the sectional aluminum frame then the nitrocellulose
diaphragm was fixed between the sinusoidally preformed frame sections.
The profile on the frame is formed by conjugate circle arcs, which is a
quite satisfactory approximation to the sinusoidal profile. To avoid
significant distortion of set perturbation form on the frame, because of
film tension, it was fixed to fifteen nichrome wires 0.12 mm thick,
stretched along the profile generator.

In experiments the development of three initial perturbations was
examined, namely: aQ - 1 mm, X - 25 mm, aQ - 1 mm, X « 50 mm, a = 2.5

582



8

Fig. 1.1 Schematic representation of the electromagnetic shock tube.C -
capacitor bank: P1f commutative discharger; P2, short-circuiting
discharger; 1, collector busbar; 2, accelerating electrode; 3, additional
diaphragm; 4, principal diaphragm; 5, vacuum compartment; 6, discharge
compartment; 7, measuring compartment; 8, diaphragm; 9, joint for thin
film mounting; 10, joint in the measuring compartment for the mounting
of the frame with a film.



mm, X - 50 mm. (aQ - initial amplitude, X - wave length). Recording of
the perturbations development was carried out by means of a shadow
device IAB-451 optically coordinated with two SFR cameras operating in
the mode of stop-motion photography and photochronography.

1.2 Main Characteristics of the Electromagnetic Shock Tube

Shock-wave generation was obtained as a result of the discharge of a
capacitor bank consisting of 90 capacitors of IS-6.65-20 type. Total
inductance of the electromagnetic shock tube circuit equals 223 nH. The
electromagnetic shock tube is equipped with a short-circuiting discharger
P2 (see Fig. 1.1). This permits formation of single pulses of the discharge
current.

The distinctive feature of the given electromagnetic shock tube [17-
19] is a vacuum compartment (5 in Fig. 1.1) which forms the flow behind
the front of a rather long shock wave. The front is not distorted by the
secondary shock wave. The secondary shock wave appears in the
electromagnetic shock tube when forming a single discharge current
impulse because of oscillation of a vacuum region formed when the flow
layer separates from the shock tube "bottom" under the influence of the
intrinsic discharge magnetic field. The flow, forming in the
electromagnetic shock tube, is analogous under such conditions to the
flow forming in the automodel problem about the short-term shock upon a
free gas surface [20]. The flow forming is characterized by the limiting
value of shock wave deceleration for the given conditions of experiments.

The vacuum compartment is separated from the shock-tube channel by
two thin mylar diaphragms destroyed at the discharge current initial
stage.

The first diaphragm had five thin strips of an aluminum foil; each was
2 mm wide and 10 mm thick. They were needed for the electric breakdown
between electromagnetic shock-tube accelerating electrodes.

1.3 Calculations for the flow in the electromagnetic shock tube were
carried out in accordance with the program "VOLNA" (WAVE) which is
intended for mathematic modeling of one-dimensional unsteady motions of
compressible ideal media [21].
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Physical model realized in the program VOLNA is based on partial
differential equations which are a consequence of laws of conservation of
mass, momentum, and energy in the Lagrangian coordinate system.

In a common case a domain, where the solution must be found, consists
of several regions, each characterized by its own equation of state, by its
own speed, and by its thermodynamic parameters set at the initial
moment of time. Regions are separated from each other by interfaces or
vacuum gaps. Boundary conditions are pistons where either speed or
initial pressure is set. Nonuniform differential method is used for
numerically integrating of set of equations for a given physical model.
This method permits tracing the following elements and features:
1. Smooth solutions.
2. Strong, weak and contact ruptures.
3. Phase transformation front — strong or weak rupture on the surface at

which the matter phase state changes.
4. Arbitrary rupture disintegration.
5. Strong rupture emergence out of the initially smooth solution.
6. Interaction of strong rupture with initially smooth solution.

To determine the flow parameters at the strong rupture front, the
Hugoniot relation is solved in common with the equation for the changing
values of velocity along the rupture surface. The equation is of the
following form:

where:

A = ( g - i ) u + V+C2 Cj-W2a(r«-1) £
U W ' st W " dt ' (1.1)

Where [P], U represent sudden changes of pressure and velocity on the
surface of strong rupture; C is the sound speed; W is the mass velocity of
the strong rupture surface; a is the problem symmetry index; r is a spatial
coordinate; t is the time. Values with the mark "-" denote the state
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"before", and values with the mark H+" denote the state behind the rupture
surface.

For the velocity of the shock wave, W, this equation will have the
following form:

dW 1 i ~ *r . uiiufisi . A _ Q

dt LVJ ̂  vv / ui j j1 2)

Nonuniform differential method realized in WOLNA program uses a
regular difference grid for the regions of integrating with smooth
solutions and "blurred" features, and also uses a feature refining the grid
which is superposed on the regular grid.

Difference schemes included in the nonuniform differential method are
obvious and have the first order of approximation in time, and the second
order in space on the uniform grid.

In a given case, the impulse of pressure is set on the left gas boundary
which corresponds to the beginning of the shock tube. The impulse form is
defined by the first semiperiod of the current discharge. ;

P*exp(-2t/x)- Sin227tt/Tnpu

where:
P* a parameter which corresponds to effective pressure of the magnetic

piston;
T = 75 ms — the period of the bankery discharge;
x = 78 ms — parameter which characterizes the electric discharge

attenuation.
In the calculations according to the WOLNA program, P* was selected

proceeding from the condition of reaching the coordinate X = 1993 mm by
the shock wave front at x - 522 ^is. We could observe this front in the
experiments with helium atmosphere.

P* was obtained as a result of few calculations for various P which,
following interpolation, equaled 140.2 bar.
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It is worth mentioning that the flow description with due regard for
the secondary shock wave is possible in case of substituting the condition
of stopping this boundary (V = 0) for the boundary condition on the ieft gas
boundary after terminating the action of the impulse of pressure.

At this moment the secondary shock wave is being formed considering
that it corresponded to the left gas boundary which collided with the
vacuum compartment "bottom."

Usually, such a procedure was not used because, in this experiment,
the process of interaction of the secondary shock wave with the interface
was not studied.

The calculations of flow for the description of the gases gravitational
instability experiments were carried out in accordance with the specific
scheme of gas disposal in the shock-tube channel (see Table 1.1).

TABLE 1.1

_ Interface
N Gas Y p g/cnrr Coordinate

mm

1

2
3

Helium
Krypton
Helium

1.63
1.689
1.63

1.6
3.364 •
1.6

10
10
10

-4

-3

-4

1087
1327
2500

In the Table: y — Poisson adiabatic index,
p — gas density.

Gas parameters were determined according to table data [22] and were
computed at the experimental conditions. Average atmospheric pressure
of gases was 0.984 bar.

Confidence of the results of calculations of the flow in the
electromagnetic shock tube is shown in X, t-diagram, Fig. 1.2, where the
comparison of the trajectory of the shock-wave front movement with
experimental results was carried out. Standard deviation of experimental
points from the computed curve was equal to 1.2%. This is in the range of
the experimental data scattering.
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Fig. 1.2 X, t - diagram of the flow in the shock-tube channel in helium
atmosphere,- - calculations, + - experiment.
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X , nun

Fig. 1.3 He velocity profiles in the shock tube channel at different
moments of time.1 - 80 \isec, 2 - 283.9 |isec, 3 - 522 usec, 4 - 946.6 \isec.

589



The current layer shift, caused by the discharge's magnetic field and
determined by accelerating electrodes erosion, equals 140 mm. This
satisfactorily agrees with the computed shift of 150.9 mm on the left gas
boundary.

Gas mass velocity profiles shown in Fig. 1.3 have linear form that
demonstrates the approaching of flow to the regime which is close to
automodel flow in the problem about short-term shock upon the free gas
surface.

2. EXPERIMENTAL RESULTS

2.1 Preliminary analysis of physical conditions at the interface was
carried out on the basis of the results of one-dimensional gas flow
calculations in the electromagnetic shock tube. Just after the rupture
disintegration, the pressure at the interface was P - 3.687 bar and the
velocity of the shock wave falling upon the interface was W-j = 0.8114
mm/ms. Initial mass velocity of gases was Vo = 0.94 mm/us; gas density
ratio was 13.75. Breaking distance connected with the unloading wave
influence was determined by the formula

= U o t - x , (2.1)

where: t - time with respect to the moment when the shock wave
reaches the interface;

x - distance passed by the interface with respect to the initial
position.

Maximum value of the interface deceleration is g = 106 m/s2. By the
end of the boundary observation, at the time t = 1151 ^s, gas pressure
decreases to 2.07 bar, and velocity to 0.487 mm/u.s.

2.2 The process of the development of the interface gravitational
instability and gas turbulent mixing can be conditionally divided into
three stages: regular, transitional and turbulent. The regular stage
includes the stage of the exponential growth of perturbations in
accordance with the linear theory (see [1]) and nonlinear stage, where
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deceleration of perturbations growth and the distortion of their form take
place, but spatial structure of perturbations is not distorted.

In the transitional stage the distortion of perturbations spatial
structure takes place and the regions of flow vorticity arise.

In the turbulent stage intensive initial substance mixing takes place.
The experimental results have been analyzed in accordance with such a
classification of the stages of the interface instability development. The
shadow photographs of the experiments are presented in Fig. 2.1 - 2.3.

2.3 The regular stage was revealed when comparing the experimental
results with analytical solution which was obtained by one of the authors
for the case of ideal fluids under condition of successive influence of
shock and permanent accelerations upon the interface similar to how it
happens in the experiment. The development from infinitesimally small
perturbations is described by the following equations [23]

* (2.2)

with initial conditions:

where A = —-—-- Atwood number,
P2+P1

p2, Pi - heavy and light liquids densities, respectively;

2K

(2.3)

Solution has the following form:

a = ao[coshwt-(Ut/W)-Sinhwt] ,

where

; W=Vg7Ak
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Fig. 2.1 Perturbation development at Kr - He interface with the initial
perturbation a 0 « 1.0 mm, X - 25 mm.
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Fig. 2.2 Perturbation development at Kr
perturbations ot0 « 1.0 mm, X - 50 mm.

- He interface with the initial
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Fig. 2.3 Perturbation development at Kr - He interface with the initial
perturbation occ - 2.5 mm, X - 50 mm.
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Fig. 2.4 The development of the perturbation amplitudes at the gas
interface in the regular stage.

o - <x0 = 1.0 mm, X = 50 mm;
• - <x0 « 1.0 mm, X • 25 mm;
+ - a 0 = 2.5 mm, X • 50 mm;
1,2,3, - linear impulse theory for perturbations o, • , + accordingly.
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Taking into account the change of the initial perturbation amplitude
because of the gas compressibility [24] the solution has the following
form:

J (2.4)

where: W1 is the shock wave front velocity before incidence upon the
interface.

The gravitational instability development at the process initial stage
reveals linear dependence of the perturbations amplitude on time up to the
moment t ~ 130 us, which is characteristic of the interface shock
acceleration [23] and is connected with small role of quasi-stationary
acceleration at the initial stage.

Comparison of experimental results with analytical solution (Eq. 2.4)
gives every reason to consider that up to the amount t* - 130 us for
perturbation with X = 50 mm and up to the moment t* ~ 30 \is for
perturbations with X = 25 mm, in the range of 10%-deflection satisfactory
agreement of linear impulse theory with experiment is observed. It is
worth mentioning that the perturbations amplitude is 5-6 times the
initial one. Earlier divergence of the experiment with theory for the
perturbations with X - 25 mm is explained by evident distortion of
sinusoidal profile because of a less number of frame wires per
perturbation wave length. As can be seen in the photos 2.1 and 2.2, the
influence of these wires upon the process of instability development is
not observed. Their indirect influence reveals itself in the distortion of
more wide helium jets for the perturbation with ao/X - 0.05 (see Fig. 2.3),
which is caused, perhaps, by the nonsmooth character of the initial
perturbation form.

Thus, taking into account the satisfactory agreement of experimental
results with analytical solution at the considerable period of development
up to t* we can ascertain the satisfactory preparation of experiments. We
also can assert that the use of the nitrofilm 0.4 \im thick does not
influence the instability development significantly relative to the process
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as a whole, because the systematic distortion of experimental results
could have been expected, especially in the initial stage of this
phenomenon because of additional film mass involved in the motion.
Because of these arguments, any possible doubts concerning the
experimental results confidence at later stages of the instability
development have no grounds.

2.4 Further development of perturbations leads to distortion of their
sinusoidal profiles and to the forming of narrow krypton jets and wider
helium jets. The profile distortion begins approximately with t*. that
agrees with the value of W"1, which characterizes the application limit of
the linear theory.

At this stage of the perturbation development it is revealed as the
result of the asymmetry of gravitational instability, which is
characterized by a deeper penetration of krypton jets into helium in
comparison with helium jets, penetrating into krypton.

The nonlinear stage of the perturbation development is accompanied by
the appearance of vortex regions at the top of krypton jets. The
appearance of the vortex regions means the occurrence of a new factor,
which did not take place earlier as well as the destruction of the initial
spatial structure of perturbation and the transition to the flow
turbulization. The flow turbulization in the perturbation zone is
accompanied by increasing krypton jet instability that is revealed in their
tortuosity. Increasing vortices lead to their closing up with the neighbor
ones. That, in its turn, leads to the chaotic state of the flow and to
formation of a zone with a complex flow picture on the part of helium.
This gas mixing zone can be interpreted, probably, as the zone of the gas
turbulent mixing. Full value of this mixing zone reaches 100 mm.

By this time, while observing the interface in a direction,
perpendicular relative to the generator of the sinusoidal profile, it was
observed that there developed sufficiently significant distortions of
perturbation zone front. This demonstrates the destruction of the initial
two-dimensional perturbation structure.

Penetration of helium into krypton evolves in the form of wide jets,
which are analogous to bubbles in Lewis' experiments [2]. Periodical
structures present do not disintigrate even at late times in observing this
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phenomena (t = 600 |is, S = 140 mm). However, the boundaries of helium
jets are blurred by a low-scale turbulence which reaches a mean scale of
= 40 mm at t - 500 u.s. Meanwhile, development of the low-scale
turbulence displays evident signs of dependence upon an initial
perturbation amplitude. When the initial amplitude rises, blurring of jet
interface is decreased.

The development of gas jet flow (krypton jets are especially
significant), which proceeds from the laminar flow through the transient
one to turbulent flow, is analogous to turbulization of free turbulent jets
[25]. It demonstrates the commonality of some features of gravitational
and shearing turbulences, namely: chaotic state, periodic structure,
component mixing, independence from initial conditions.

One can see the nearly periodic regions where krypton jet boundaries
are distorted. Chaotic state and gas mixing are observed in the region of
turbulent flow on the boundary with helium. There appears a new feature,
namely, a gravitational mixing anisotropy, which becomes apparent in the
jet structure of the mixing zone.

The process of transition to the turbulent stage of mixing is
characterized by large variety of flows, which depend upon precisely fixed
conditions of the experiment conducted. But the asymptotic turbulent
stage, in consequence to its insensitivity to initial conditions, does not
depend upon conditions of the experiment conducted.

It is practically impossible to realize the asymptotic stage of mixing
in the experiment because of finite dimensions of the installation and the
short-term acceleration action.

Therefore, for fulfilling the analysis of experimental results, it is
necessary to take into account those or other theoretical considerations
about the character of dependence of the studied process upon
experimental conditions.

Results of our experiments for researching the development of the
mixing zone are analyzed on the assumption of a quadratic law of
dependence of mixing zone width upon the time, which is described in the
works [6,7]. In consequence to inconsistency of the deceleration value of
the interface, this analysis was conducted on the assumption of
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proportionality of mixing zone width, L, to breaking distance, S, in the
following relation:

L = pf(N) • 2S , (2.5)

where: p is a constant;
N is an interface gas density relation.

The influence of initial perturbations of interface upon mixing zone
dimensions was taken into consideration during processing experimental
data in the coordinate plane (VT, f2§) proceeding from the dependence,
proposed in [8],

(2.6)

where: Lo is the initial turbulent mixing zone width;

L is the transient width of the mixing zone.
The concept of mixing intensity is introduced for describing the

process of the gravitational turbulent mixing:

d2S (2.7)

Data processing was conducted on the assumption, that the value of
each uncontrolled perturbation of a flow is a random value in that sense,
that the combined ensemble of flow perturbations, which have statistical
influence on the experiment, are realized during each controlled
experiment.

Therefore data processing results, obtained in different experiments,
were averaged and the average of them was adapted as the most probable
outcome.

Dependence of VTonV2!> (see Fig. 2.5 - 2.7) has a linear form not only
for the combined data of each separate experiment, but for all
experiments as a whole. At S £. 10 mm, this corresponds to measurements
at t > 150 M.s. The average correlation coefficient is RjVU, V2"3) - 0.996.

The transition to the linear dependence is more clearly observed for
the largest perturbations (<xo/A. « 0.05). This is connected apparently with
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Fig. 2.5 The development of the gas mixing zone width versus braking
distance in the turbulent stage.+ - experimental results with the initial
perturbation a 0 - 1.0 mm, X « 25 mm; - - the results of procassing
experimental dates by the method of least squares. J - 0.26, LQ - 6.7 mm.
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Fig. 2.6 The development of the gases mixing zone width versus
braking distance in the turbulent stage. + - experimental results with the
initial perturbation a 0 • 1.0 mm, X * 50 mm; - - the result of processing
experimental dates by the method of least squares. J « 0.28, Lo « 4.05
mm.
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Fig. 2.7 The development of the gases mixing zone width versus braking
distance in the turbulent stage.+ - experimental results with the initial
perturbation a 0 - 2 . 5 mm, A. - 50 mm. — - the result of processing
experimental dates by the method of least squares. J - 0.29, Lo -
11.6 mm.
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the decreasing significance of uncontrollable perturbations and increasing
dominance of periodic distortions of the interface.

When the initial sinusoidal perturbation amplitude is decreasing, the
whole mixing zone width is also decreasing, but the intensity of mixing
(see Table 2.1) remains constant. It is observed that the proportionality
of the relative roughness of interface aQJX with the effective initial
mixing zone width Lo demonstrates effectiveness of this method of

experimental result processing.
The "ignoring" of initial conditions in the given case is revealed in the

relation that the value of J remains constant in spite of the fact that the
whole acceleration, which is acted on the interface, depends appreciably
on the character of the shock wave action:

g(t)=U08(t)-g. {2.8)

where: S(t) - Dirac's function and

g - acceleration, which is created by the unloading wave

TABLE 2.1
Statistical processing results of experimental data

Series of Number of
Experiments Experiments ao/A. J AJ LQ

1
2
3

8
6

10

0.02
0.04
0.05

0.28
0.26
0.29

0.04
0.02
0.01

4.05
6.70 ± 1

11.60

Data spread AJ is given with confidence probability P = 0.95.

Mixing intensity constancy, at sufficiently large changes in initial
perturbations of interface, can be interpreted as establishing the
turbulent stage of mixing. The observation, that the periodic structure of
initial perturbations have not been destroyed at the end, is connected
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apparently, with establishment of certain large-scale, periodic mixing
features, which are characteristic of this phenomenon.

An additional argument in favor of such a supposition is the agreement
of mixing intensity data with the results of numerical computations,
which simulate the development of turbulent mixing of fluids for the case
of full width of the mixing zone [9], while using two-dimensional methods.

Experimental data allow determination of the empirical constant of
the gravitational turbulent mixing "P " in the dependence, as suggested in
the work [7].

(2.9)

where: p = 0.32 ± 0.010.

The error of measuring the value of "(5" has a confidence probability of

0.95.
It musi be noted that in experiments conducted with fluids [14,16], one

can observe a mixing intensity which is less by approximately a factor of
two. Such a discrepancy of results cannot be completely explained by
essential compressibility of the media based on data from experiments
with gases.

It is possible that forces of surface tension exert a certain influence
upon the development process of turbulent mixing of liquid media that, in
its turn, can result in capillary instability of jets, whereas this factor is
fully excluded in experiments with gases.
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EXPERIMENTAL INVESTIGATION OF TURBULENT MIXING
BY RAVLEIGH-TAYLOR INSTABILITY

David L Youngs

Atonic Weapons Establishment, Aldernaston,
Reading, SG7 4PR, United Kingdom

1. INTRODUCTION

A key feature of coapressible turbulent mixing is the generation of
vorticity via the ypx ?(i/p) term. This source of vorticity is also present in
incompressible flows involving the nixing of fluids of different density, for example
Rayleigh-Taylor unstable flows. This paper gives a suanary of an experimental
investigation of turbulent nixing at a plane boundary between two fluids, of
densities pt and p2 (p4 > p 2) due to Rayleigh-Taylor instability. The two fluids are
near inconpressible and nixing occurs when an approxinately constant acceleration, g,
is applied normal to the interface with direction fron fluid 2 to fluid 1. Full
details of the experimental programme are given in a set of three reports [1,2,3].
Some of the earlier experiments are also described by Read [4],

Previous experimental work [5-10] and nuch of the theoretical research has
concentrated on studying the growth of the instability fron a single wavelength
perturbation rather than turbulent nixing. Notable exceptions are published in the
Russian literature [11-13]. A related process, turbulent aixing induced by the
passage of shock waves though an interface between fluids of different density is
described by Andronov et al [14]. The major purpose of the experiments described
here was to study the evolution of the instability from snail random perturbations
where it is found that large and larger structures appear as time proceeds. The
acceleration of the interface was chosen to be high enough for surface tension and
viscosity to have a small effect on the overall growth rate of the nixed region. A
novel technique [4] was used to provide the desired acceleration. The two fluids
were enclosed in a rectangular tank, the lighter fluid 2 initially resting on top of
the denser fluid 1. One or more rocket motors were then used to drive the tank
vertically downwards. The aim of the experimental programme is to provide data for
the calibration of a turbulence model used to predict mixing in real situtions [19].

2. &i3IC PICTURE OF THE MIXING PROCESS

In the absence of viscosity, surface tension or other stabilising
mechanisms, the growth in the amplitude, a, of a small perturbation of wavelength x
is given by [15],

d2a .
— * nj a ... (i)
dt*

where n? * and A * (Atwood number)
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Hence short wavelength small perturbations grow more rapidly than long
wavelength small perturbations. When the amplitude of the perturbation becomes
significant compared to its wavelength the rate at which the instability penetrates
the denser fluid approaches a limiting value proportional to vgx see Lewis [5] and
Layzer [16]. Short wavelength perturbations then grow more slowly than long
wavelength perturbations. The result of this behaviour is that one expects small
structures to appear first. As time proceeds larger and larger structures should
dominate the flow. The dominant length scale, xd, increases by a process of bubble
competition as proposed in [16] and observed in [7].

According to (1) nx increases without limit as x - 0. In reality,
mechanisms such as viscosity, surface tension or finite initial density gradient
limit nx to a maximum value (• n m ) , corresponding to the most unstable wavelength
xm. If viscosity alone is present [15],

1/3
a n d n

»
ngA I/I

(2)

where v x (iit + u2)/(p1 + p2) is the mean kinematic viscosity.
If surface tension is the main stabilising mechanism, then [15]

f 3Tf 3T ) A

In {— \ and n_

lg(P-P)J
3XmJ

... (3)

If instead of a sharp initial interface the density drops from pt to p2

over a distance A then [17]

2ngA

JTA m
so that n_ « f * * V ...(4,

Hence the growth of larger and larger structures is likely to begin with
the appearance of perturbations with wavelength of order xm. These arguments suggest
that the evolution of Rayleigh-Taylor instability at a plane boundary from a low
initial perturbation should proceed as follows [18]:-

Stage 1: A perturbation of wavelength -xm appears. This should happen
after a time of order 10 T m where rm • l/nm.

Stage 2: The perturbation of wavelength xm saturates and longer wavelength
perturbations begin to grow more rapidly. Larger and larger structures evolve.

Stage 3: xd grows from about 10 xm to infinity. The stabilising mechanisms,
viscosity surface tension etc now have little effect and growth by bubble competition
suggests that the average properties of the mixed region should lose dependence on
the initial conditions. For a given density ratio the mixing process is described by
a similarity solution with length scale proportional to gt*. Two-dimensional
numerical simulation, [18] indicated penetration of fluid l,

h, - oA gt* ... (5)

with o -0.04, to 0.05 and hj/hj - (penetration of fluid 2)/(penetration of fluid 1)
an increasing function of density ration pt/pt.
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Neuvazhaev and Yakovlev [12] also described the turbulent mixing process by
a similarity solution with length scale proportional to gt*. The width of the mixing
zone was given by

L * aj 1 + 0.05 log — log — gt2 ...(6)

Whether or not loss of nenory of initial conditions occurs, as assuned in
(5) and (6), is of najor importance. If it does the problem of naking predictions in
real applications is very greatly simplified. As already noted the dominant
wavelength xd should increase with time. A necessary requirement for loss of memory
of initial conditions to occur in stage 3 is that the structures of wavelength xd
should have evolved from the interaction between smaller structures rather than from
an initial perturbation of wavelength xd. Equations (5), (6) will not apply if large
amplitude long wavelength perturbations are present initially.

3. EXPERIMENTAL RESULTS

3.1 The Apparatus Used

The Rocket-Rig apparatus, Read [4], is shown in figure 1. A rectangular
tank contains the two fluids, with the lighter fluid 2 initially resting on top of
the denser fluid l. An unstable situation is created by driving the tank vertically
downwards using one or two small rocket motors. The tank is attached by four PTFE
bushes, two on either side of the tank, to a pair of guide rods, This ensures
vertical motion. The accelerations achieved are high enough to sake the effects of
surface tension and viscosity small.

Acceleration is measured by acceleroneters attached to the tank. A
distance scale is fixed to the rig in the plane of the front of the tank so that
measurements of distance moved and instability growth Bay be obtained by photography.
Photographs of the tank motion are obtained using two Vinten 35 mm framing cameras
operating at a nominal 200 frames per second and with a frame exposure time of
0.14 as. The duration of each experiment is of order 100 ms. Backlighting was
provided by a bank of diffused photoflood bulbs.

The tanks used to contain the fluids are essentially glass walls within a
metal framework of internal dimensions H X W X D, where H is the height of the tank,
w is the width and D is the depth in the viewing direction. Four tank sizes have
been used all of which have W • 150 mm:-

(a) The "2D» tank 150 x 150 x 25 mm
(b) The 3D tank 150 x 150 x 150 mm
(c) The long tank 250 x 150 x 25 mm
(d) The pressurised tank 200 x 150 x 50 mm
For tank (a) which has D « W the late stages of the mixing process were to

some degree constrained to be two-dimensional. Tank (b) allowed three dimensional
instabilities to develop without constraint. This was more difficult to use than the
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»2D" tank and because of the extra weight gave lower accelerations. The results

obtained showed the two-dimensional tank (a) did not give a noticeable reduction in

instability growth. The long tank{c) was used for tilted-rig experiments where a

larger value of H was needed to observe the features at the sides of the tank. The

pressurised tank (d) enabled compressed gas/liquid combinations to be used.

Overpressures of up to 10 bar could be used. Then with fluid combinations such as

SF6/pentane density ratios pjpz of order 20 were achieved. The types of experiment

performed, together with the definitions of the measured quantities are shown in

figure 2. Results will be discussed in the following subsections.

rz Rock«t Motor

1 n i
Fluid 2

H

Fluid 1 ;

-Guid* Rod

Figure 1: The Rocket-Rig apparatus

p-p.

-Initial InUHaca Poiition
h1

(a)Two-Fluid (Vertical Rig)
Experiments

Initial Intaflac*Poilllon

6 //V/lTsS-

• * . ' • / - / •{ / • ' • * .

Initial Intarlac*
potltlon

i Initial Inlttlaca
" "Poailion

(b) Three -Fluid
Experiments

Figure 2: Types of experiment performed

(c) Tilted- Rig
Experiments

3.2 The Quadratic Growth Law

The main purpose of the experimental programme was to perform experiments

with no deliberately imposed initial perturbations ie to observe the growth of the

instability from small random perturbations and investigate the validity of the

quadratic growth law (5).
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Experiments have been performed at a wide range of density ratios by using
liquid/liquid, liquid/air (1 bar) and liquid/compressed SFG {up to 10 bar) combinations.
Examples of the photographic records are shown in figures 3 to 6.

Figure 3 shows an example of an experiment using Nal solution/hexane in the
3D tank with pjp2 = 2.B. The two fluids have very difficult refractive indices,
hence the mixed region appears dark on the photographs. The first frame, shows the
difficulty in analysing the results obtained with the 3D tank. Very little mixing
has occurred at this time. The apparent mix region is due to the fact that the
camera is looking up at the interface from below. Parallax corrections, as described
in [1] are therefore necessary. Similar corrections are nade for the pressurised
tank [3], Parallax effects are considered small enough to neglect for the "2D» tank.
This makes the results much easier to analyse.

Figure 4 shows an experiment using Nal solution/water in the "2D" tank,
with pjpz =1.89. In this case the fluids used are miscible. All other fluid
combinations used were immiscible. Phenolphthalein and HC1 were added to the water
and KOH was added to the Nal solution. The concentrations of KOH and HC1 were chosen
so that the indicator (initially clear) would turn red when about 6% of fluid 1 was
mixed with fluid 2. The red product was observed in the colour photographs, showing
that significant mixing at a molecular level occurs. Unfortunately darkening of the
photographs was due to refractive index fluctuations in the mixed region as well as
the chemical reaction. Hence the film density could not be used to quantify the
amount of molecular mixing. The alternative approaches of Linden and Redondo [21]
should give quantitative estimates of molecular mixing in Rayleigh-Taylor flows, for
the case p1/p2 close to unity.

Figure 3: Experiment 62, Nal solution/hexane, 3D tank, p1/pl » 2.8
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Figure 4: Experiment 112, Hal solution/water, 2D tank, pt/p2 " 1.89

Figures 5 and 6 show results obtained with the pressurised tank. The
fluids used are conpressed SF, gas and pentane. The SFe pressure is adjusted to give
p,/Pj = 8.5 (figure 5) and pl/pl = 29.1 (figure 6). The perturbation due to the
neniscus present at t = 0 has sone effect on the results. A thin filn of liquid is
seen to climb the front and back walls of the tank. The effect of the neniscus
perturbation is greatest in the tank corners. For the higher density ratio
experiment (figure 6) large bubbles forned in the tank corners. Sinilar, but nore
pronounced, effects to these were observed in the liquid/air experinents at
relatively low acceleration of Ennons et al [7], These edge effect are ignored when
hj and h2 are estinated. Measurenents are nade in the darkest area in the central
region of the tank, see figures 5(f) and 6(f).

For the two conpressed/SFa experinents shown in figures 5 and 6, the
photographs show that show that the instability begins with the appearance of a
perturbation of wavelength \ ~4 nn. The nost unstable wavelength, according to linear
theory, which is doninated by surface tension in this case, is (3)

2n * 4.5 nm for experinent 105
4.3 nn for experiment 114

The value used for the surface tension of pentane, 13.7 inNn"1, does not
allow for the presence of the conpressed SFg. Nevertheless it is apparent that a
perturbation with wavelength close to \m appears first. Then as tine proceeds the
photographs clearly show the appearance of larger and larger bubbles.
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Figure 5: Experiment 105, Pentane/coitpressed SF,, pt/p2 » 8.5

a) t< 12.9ms

Compf n*6 Sf^

Figure 6: Experiaent 114, Pentane/conpressed SF,, pjpi - 29.1
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The photographs show that the bubble penetration, h1# is more clearly
defined than the spike penetration. Hence experiments have been analysed by plotting
ht against Agt

2. The tank acceleration is approximately constant. However there is
some variation with tine. To correct for this the distance variable used is chosen
to be proportional to (/ndt)2, ie the square of the number of exponential growth
periods for a given wavelength. As n « g* (neglect surface tension and viscosity) ht
is plotted against

In this integral g " gx - g0, where gt is the tank acceleration and go is
the acceleration due to gravity. It is evaluated from the accelerometer record of g1

versus t, scaled to give the distance moved by the tank measured on the photographs.
For each experiment the data is fitted by the linear law

\ * a(X - Xo)

where the constant Xo represents a tine delay or an over-shoot. Tables 1 and 2
record the values of a deduced. The values quoted for g are approximate mean values.
For the compressed SF6 experiments, table 2, estimates of hz/h1 are also noted.

60

50

o

A Experiment 62 pjp2= 2.8, a * 0.063

O Experiment 105 pip = 8.5! a = 0.072

•(•Experiment 112 pjp = 1 9 . a =0-052
X Experiment 114 P/A *29.1, a =0.060

100 200 300 400 500 600 700
x>Scaled acceleration distance,mm

800 900

Figure 7: Bubble penetration versus scaled acceleration distance
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Table 1; Growth Rate Summary

Two-dimensional tank
alcohol/air

Two-dimensional tank
Nal solution/pentane

Two-dimensional tank
Nal solution/hexane

Two-dimensional tank
Nal solution/water

Two-dimensional tank
NaCl solution/pentane

Two-dimensional tank
CaCl2 solution/hexane

Two-dimensional tank
water/pentane

Three-dimensional tank
alcohol/air

Three-dimensional tank
Nal solution/pentane

Three-dimensional tank
Nal solution/hexane

Pi

600

3.0

2.8

1.89

1.75

1.73

1.6

600

3.0

2.8

Mean
Acceleration

g

49 %

38 %

49 g°
40 0

39 go
45 g0
42 go

39 go

47 g°

47 go

44 9°

48 g0

23 go

« 9°

" g°

28 go
32 go
48 go

Experiment

Number

26
34
40
56

23
36
42

57
61
85

112

52

54
66
71
93
94

50

29
39
58

33
35

60
62
72

a

0.065
0.062
0.063
0.058

0.060
0.064
0.061

0.061
0.057
0.053

-0.052

0.069

0.065
-0.055
0.063
0.0501

0.0511

0.058

0.073
0.076
0.077

-0.066
0.071

0.070
0.063
0.056

Report
Reference

1
1
1
2

1
1
1

to
 t

o 
to

3

2

2
2
2
3
3

1

1
1
2

1
1

2
2
2

Notes: (1) Calculated from the ft versus z profiles obtained by
densitometer analysis. ht is measured to the point
where ft « 0.95.

The range of values for a is 0.050 to 0.077. Some of the lower values are

affected by a limited set of data points or by a different definition of ht

(experiments 93 and 94). It is likely that the highest values are influenced by

additional perturbations. There does not appear to be any significant variation vith

density ratio. The values of a for the 3D tank are on average higher than those

obtained with the H2D" tank. However, there is overlap in the data and it is not

clear that this difference is significant. On the basis of the data given here the

value a » 0.06 is recommended for all density ratios.
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Table 2: Growth Rate Summary for the Compressed SFC Experiments, reference T31

Experiment

Water/SF6

91
98
99

102
103

Pentane/SF6
97

101
104

105
114

13.6

13.1
13.5

19.6
31.3

9.2
10.7
18.4

8.5
29.1

Mean
acceleration

g

« g0
«g 0
17 %

17 go
16 %

17 go
is go
16 go

is go
15

a

0.057
0.055
0.057

0.050
0.059

0.060
0.063
0.068

0.072 <
0.060

1.8
1.7

>1.7

2.0
>1.8

1.8
1.6

1.9

1.5
2.3

Comments

h2/ht was increasing at the
end of the experiaent
Large corner bubbles present
hj/hj was increasing at the
end of the experiment. Large
corner bubbles present.

Long wavelength perturbation
present.

Large corner bubbles present.

Experimental results are quoted in [13], for p±/pt " 3 and 20, and are

expressed in the fora of equation (6). At p1/pzi cc£ • 0.041. This gives similar

growth rate to that quoted here. However, the value o£ • 0.023 at pt/pt * 3 gives

significantly less growth than reported here. The reason for this discrepancy is not

understood.

Examples of the plots of ht versus X are given in figure 7. Reasonably

good linear correlations are obtained. For three of the four experiments shown the

line passes close to the origin. However, for experiaent 112 (aiscible liquids)

there is a delay in the onset of mixing, Xo - 80 aa. For this experiaent there was

not a sharp interface at t • 0. The initial thickness was estiaated, very

approxiaately to be A - 3)4 am. Then using equation (4) gives T m - 3.9 ms. How Xo »

80 mm corresponds to t • 26 ms. Hence the delay of 7 rm ties in with linear theory.

Figure 8 shows a plot of h2/ht versus pjpt for the compressed SFt
experiments. The point h2/hx * 1.3 at pjpz * 3 estimated for Nal solution/hexane

see [1], is added. There is considerable spread in the results, to some extent due to

the uncertainty in defining h2. At pjpt - 20, h2/ht is about 2.

Consider the following arguaent for predicting the variation of \/hx with

density ratio, let R be the radius corresponding to the doainant bubble or spike

size. R increases in proportion to the width of the mixed region. The bubble and
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spike velocities,

drag, ie,

h and V = h,, may be estimated by equating buoyancy force to

- nR» (pt - p2) . nRJ . Pl V,2 V
whence

1, _ J v*dt
hi J V,dt

Inertial effects are neglected as the accelerations V1# V2 are somewhat

smaller than g. Then h2/ht « 4.5 at pt/p2 * 20. This is far greater than the

observed value of about 2, and shows that the argument above needs to be modified.

The photographs indicate that the spikes are more diffuse than the bubbles. Possible

reasons for the low values of h2/ht are:-

(a) R for the spikes is smaller than R for the bubbles.

(b) The spikes have entrained a large amount of the lower density fluid,

ie, the effective value of pt - p2 in the buoyancy force term is lower on

the spike side than on the bubble side.

2.0

1.5

1.0

So
/ o

JC"'

o Pentane/SF,

x Water/SF,

• Hal solution/pentane

1 10 20 30

density ratio pt/pt

Figure B: Variation of h2/ht with density ratio

3.3 Additional Experiments

The main purpose of the experimental programme was to measure a and h2/h1

at a range of density ratios. However, the Rocket-Rig apparatus proved to be useful

for performing additional types of experiment, three of which are described here.
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Experiments with matched refractive indices.

If two fluids of very different refractive index are used the mixed region
appears black on the photographs and no details of the structure within the aixture
can be seen. As an alternative, a series of experinents [2,3] has been performed
using CaCl: solution/hexane, in which the salt concentration was adjusted so that the
two fluids had the sane refractive index. Dye was added to the aqueous solution.
Then if the refractive index natch is perfect, there is no scattering of light due to
refractive index flucations and the dyed fluid acts as a pure absorber of the
backlight. Densitoneter analysis of the photographic negatives nay then be used to
measure the anount of dyed fluid. The dye concentration was chosen to give a linear
variation of filn density (d) with volune fraction fl# The variation of fl# ft
averaged over a horizontal layer, with height could then be estinated

L - d
max min

where d * filn density averaged over a horizontal layer

"d."min
max

value of d for dyed fluid innediately below the nixed region,
value of d for undyed fluid immediately above the nixed region.

Photographs for one of these experinents is shown in figure 9 and results

of the filn analysis are shown in figure 10, this shows an approxinately linear

variation of fi with s. However, the profiles should not be regarded as of high

accuracy because of the difficulties in obtaining uniform backlighting and a perfect

refractive index natch.

^f^^^^w^^^j^^B ^B^^F^Z*^^^^^^M

Figure 9: Experiment 94, CaCl2 solution (dyed)/hexane, pjpt * 1.7
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Figure 10: Experinent 94, voluae fraction distributions

Tilted-rig experiments

In sone experiments the rig was tilted by an accurately measured angle, 8,

as shown in figure 2. This gave a way of generating a two-diaensional (on average)

flow from precisely known initial conditions. The purpose of these experiments was

to provide data for two-dimensional turbulence models. Similar experiments at a

density ratio pt/pt close to unity are described by Andrews [22].

The tank acceleration g remains aligned with the sides of the tank. Hence

the experiment is equivalent to using a vertical rig with a linear initial

perturbation.

8ao cos(2r
— *

nx/W

r=0
(2r

where an tanG.

The snail amplitude linear theory for Rayleigh-Taylor instability may be

used to give an indication of the early time behaviour. At time t the perturbation

is given by

-
cos(2r + 1) nx/W

(2r + 1)*
cosh nt ... (7)

r=0

where n is the coefficient of exponential growth for perturbations of wave number

k » (2r + 1) TT/W. if viscosity and surface tension are neglected n - • as k - - and

the series (7) diverges for t > 0. However, if a small amount of viscosity is added

the singularity is removed. Numerical summation of the series shows that narrow jets

are formed at x • 0 and x * W.
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Figures 11 and 12 show experinental photographs for two experiments at
Pl/pz - 2.9 and 19.6. For the lower density ratio, jets forming at the sides of the
tank are clearly seen at the beginning of the experinent. Non-linear effects soon
set in and nushrooning out of the jets occurs. As tine proceeds the features at the
side of the tank increase in size and a gross overturning notion occurs. Figure 13
shows plots of the instability penetrations neasured for this experiment. At early
tine the variation of the width of the nixed region in the centre of the tank, s, is
close to that expected for 6 » 0, ie

8 * 0.06 (1 + h2yhj)X - 0.06 . 2.4 . X « 0.144 X

At late tine the graph of 6 versus X flattens off. At the higher density
ratio, figure 11, the behaviour is aarkedly different. As before jets fora at the
sides of the tank. However, the feature at x • w develops into a large bubble
whereas the feature at x » 0 forns a narrow spike.

Two-dinensional nunerical sinulation of these two experiments, youngs [19],

reproduced both the behaviour at the side vails and the gross overturning notion seen

in these experiments.

a) tx 30.8ms,
x= 101mm

b)t = 35.7ms,
145 mm

d)t-54.9ms,
x* 402mm

Figure 11: Experinent 110, Hal solution/hexane, pjpt
 m 2.9, 6 » 5°46I, g • 35 g0
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Figure 12: Experiment 115, pentane/compressed SF$, px/pt - 19.6, 0 • 5°9', g • 16 g0

£ 60

20

# Hj» light M M MlvMC
% H* Wt Iwnd .»*e
0 s . wMlh *f ctntral mi»W <«ciw>

J
too 9oo 1000

X. scaM accilcratiM J M M K I

Figure 13: Instability penetrations for experiment 110.

Three fluid experiments

In many problems where Rayleigh-Taylor instability has an important effect,

such as the implosion of Inertially Confined Fusion capsules, several layers of

material with different densities may be present and in some cases thin layers of

material will become fully mixed. Hence there is a need for turbulence models to

treat the mixing of more than two materials. Three-fluid experiments have been

carried out using the Rocket-Rig apparatus [2,3]. A scries of experiments has been

performed using carbon tetrachloride/HaCl solution/hexiine with densities pi p2 p,.
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Figure 14: Experiment 59, carbon tetrachloride/NaCl solution/hexane, thickness of
middle layer = 20 mm

11

10

• Experiment
X Experiment
+ Experiment
O Experiment
A Experiment
• Experiment
• Experiment
* Experiment

55, A
59iA
64,A
73, A
79. A
82, A
86, A
92, A

: 20 mm
: 20 mm
: 20 mm
: 10mm
: 20mm
: 10mm
:4.7mm
: 10mm

10 30 40 50 60 70 80 90 100 110 120
X_ Scaled Acceleration Distance
A" Initial Width of Middle Layer

130 140 150

Figure 15: Analysis of the three-fluid experiments
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The concentration of the salt solution was adjusted to make the density of the

intermediate layer p2 - vptps. Experiments were performed with intermediate layer

thicknesses of A » 5, 10 and 20 mm. Photographs for one such experiment are shown in

figure 14. Instability growth is related to the parameter

X m ^}_"_f± gt^
A px + p, A

A non-dimensional plot is obtained by plotting ht/A against X/A, see

figure IS. ht is the penetration of the densest fluid, as defined in figure 2.

Results for the smallest value of A, 5 mm, are not considered accurate; it appears

that the perturbation due to the meniscus at the top and bottom of the intermediate

layer enhanced instability growth. At early time, before the layer of fluid 2 has

broken up ht is about half that expected with no intermediate layer. This is a

consequence of the reduced Atwood number. At late time the effect of the

intermediate layer should be negligible arid ht should be given by

where B is a constant. It is not possible to give a precise estimate. However,

figure 15 suggests that B is probably about 2)4. Hence the effect of the intermediate

layer is to reduce ht by about 2J£A at late time.

4. COMPUTER SIMULATION

Two dimensional computer simulation [IS,19] has indicated a -0.04 to 0.05

and hj/ht a slowly increasing function of density ratio pi/pl. A calculation at

Pt/pt • 20 [19] gave hz/hi -2.3 in fair agreement with the experimental estimate of

2.0, figure 8. Hence the simulations also indicate high drag on the spikes. The 2D

estimates of <x tend to be somewhat less than the observed values. Recently 3D

calculations have begun using a restricted mesh. The numerical method is an

extension to 3D of the compressible technique used by Youngs [18]. The 3D version

was developed by Rowse et al [20]. The sound speeds were chosen to be high enough to

give an almost incompressible flow. Calculations have been performed at a density

ratio Pj/pjOf 3. In some of the calculations an interface tracking technique was

used to follow the boundary between the two fluids. Plots of the interface are

useful for visualising bubble formation. However, in reality the sharp interface is

broken up by small scale eddies and mixing at a molecular level occurs. Other

calculations have used a single fluid with an initial density step. The density

discontinuity is then smeared by numerical diffusion. As fine scale mixing indeed

occurs there seems no reason for believing that this simpler approach is less

accurate.
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The calculations used an initial interface perturbation
N

t(x,y) = s anx nnya™ cos -JT cos T

where anm is a random number chosen froa a Gaussian distribution,

S is a scaling factor chosen to give o the required initial
aaplitude,

aoo " aio * aoi 0.

3D calculations with interface tracking used 32 x 32 x 40 zones, W - D - 1,
N - 12 and a - 0.002. Calculations were performed without interfff^e tracking using
32 x 32 x 60 zones and the sane initial perturbations. For conparison 2D calcu-
lations were performed with only the n • 0 modes present and mesh sizes of 32 x
40 (interface tracking) and 32 x 60 (no interface tracking). To show the effect of
aesh size, the 2D calculations without interface tracking were repeated using 96 x
180 zones, N increased to 36 and a reduced to 0.0007. The acceleration g was chosen
to give nw - 1.0. All calculations used zero normal velocity boundary conditions.

Figure 16 shows a sequence of interface plots for one of the 3D
calculations with interface tracking. Two views are given, a side view and a view of
the bubbles forming. The fluid l volume fraction averaged over a horizontal layer is
defined to be

P ~ Pt
1 Pi * P*

Figure 16: Interface plots obtained by 3D numerical simulation

624



8-

-TH-TJ—I 4 .jL

-i—*—4—t

JO uhHlMlWM. W • IW MM* © 9

t
9

-k—i

Figure 17: Instability penetration obtained froa 2D and 3D numerical siaulation

The instability penetration, \, is then Measured to the point where

ft = 0.95. Plots of h, against Agt* are shown in figure 16. Bach type of calcu-

lation has been repeated using different randoa initial perturbations.

Coaparison of 3D calculations and 2D calculations with the saae aesh -:a

show that the 3D growth rate is about 30% greater than the 2D growth rate. The iD

calculations with the finer aesh show that the slope of the h1 vs X curve has not yet

settled down to its liaiting value. Hence the 3D calculations need to be repeated

with a finer aesh before definitive stateaents can be aade about the 3D value of a.

Nevertheless, the 2D estimate of a - 0.04 to 0.05 together with the soaewhat higher

growth rate in 3D seeas consistent with the observed estiaate of a- 0.06.

5. COKCLOSIOKS

Experiaents perforaed at a wide range of density ratios show that if aixing

evolves froa saall randoa pertubations, then the depth to which the instability

penetrates the denser fluid is given by

A value of a. of approximately 0.06 is recoaaended for all density ratios.

The ratio (spike penetration)/(bubble penetration) • h2/ht is a slowly increasing

function of pi/pl- At pjp^ m 20, h2/ht is approximately 2.

The overall growth rate of the aixed region has been aeasured and shown to

fit into a siaple pattern. The aean voluae fraction distribution has been estimated

625



at low density ratios. However, there are najor gaps in the data even for this
simple situation; for example the proportion of the turbulence kinetic energy
generated which is dissipated and the degree to which the fluids nix at a molecular
level have yet to be quantified.

The simple quadratic law is obtained when the nixing process loses neaory
of the initial conditions. In nany real applications large amplitude long wavelength
will be present and loss of nemory of the initial conditions may not occur. It would
be useful to have a model relating the non-linear growth of the mixed region to the
initial perturbation spectrum.
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