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Introduction

Confinement and guidance of electromagnetic waves has been a subject of extensive studies
ever since these waves were used as carriers of information. However, with time the
frequency of the waves used increased and starting with radio waves, through microwaves,
we have now arrived in an era of optical waves. The possibility of using glass fiber
waveguides for guidance and transmission of optical waves was suggested by Kao and
Hokham in 1966 [1] and a real breakthrough came in 1970 when low loss glass fibers
were fabricated at Corning [2]. Since then, over the last two decades, there has been so
much development that 'Photonics' is threatening to overshadow electronics in the areas of
processing, transmission and storage of information. These and many other developments
have been possible with the emergence of integrated optics - a name coined by S.E.Miller
in 1969 [3] - in which the optical waves are confined to a small area of space and are
processed upon in a variety of ways to achieve operations, such as switching, modulation,
coupling, etc., necessary for information processing.
In both optical fibers and integrated optical devices, the basic phenomenon is that
of waveguidance, and in order to effectively analyse and design these waveguides, it is
neceassary to understand the phenemonon of guidance through them. In the most basic
form, this requires the solutions of Maxwell's equations for the boundary conditions represented by the waveguiding structure. Fortunately, for optical waveguides, in most cases
of practical importance, the conditions are such that the vector nature of optical waves
can be ignored, at least to a very good approximation, and then, it suffices to solve the
much simpler Helmholtz equation. This "simpler" Helmholtz equation, however, is still
difficult to solve for those integrated optical structures which provide two-dimensional
confinement to optical waves (these are the important structures used in the devices).
In this case the Helmholtz equation is a partial differential equation and one has to use
approximate and/or numerical techniques to obtain its solutions. The present report is
concerned with some of such techniques that we have developed recently.
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Optical Waveguides and the Helmholtz Equation

An optical waveguide is a cylindrical dielectric structure which provides confinement to the
waves in the transverse direction while these propagate along the length of the cylinder
(usually designated as the z-axis). To provide confinement, it is necessary to have a
central region of relatively higher refractive index than that of the the sorrounding region.
This central region, where most of the wave energy is confined, is termed as the guiding
region (for fibers it is more common to use the term 'core' for this region), whereas the
surrounding region is termed as the substrate or the cover ( cladding, in case of fibers).
The difference in the refractive indices in the two regions is very small (typically less than
1%) and, the waves are nearly (inhomogeneous) plane waves and the scalar approximation
can be used, although there are cases where this conditon is not valid. In the present
report, however, we will confine our discussion to those cases where it is valid and the
scalar approximation holds.
In the case of optical fibers, the cross-section of the cylindrical dielectric structure has
circular symmetry and the length of the cylinder is very large, typically, from few meters
to several hundreds of kilometers. On the other hand, intergrated optical waveguides
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do not have such symmetry in the cross-section (and are, therefore, treated in cartesian
coordinates) and the iengths of these waveguides are comparatively very small, typically
few hundred micrometers to few millimeters. The waveguides can further be classified
as step-index or graded-index depending on whether the refractive-index distribution is
pieccwise constant or is continuously varying along the transverse direction. It is the
latter type of waveguides which are more difficult to analyse. In the present report, we
will consider graded index integrated optical waveguides. These are generally referred to
as the diffused waveguides or ion-exchange waveguides after the process of fabrication,
which involves either diffusion of ions into substrates such as lithium niobate, or exchange
of ions in glass substrates.
The refractive index profile of waveguides which provide two-dimensional confinement
(these are termed as channel waveguides) can be represented as (see Fig.la)
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where ty(x,y,z) is one of the transverse cartesian componets of the electric field. The
time dependence of the field is assumed to be of the form exp(iu;<) and ko = w/c. Since,
the refractive index is independent of z, the j-dependence of 4" can be separated out and
a solution of Eq 2 can be assumed to be of the form
* ( i , y , : ) = V(i,y)e-"
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n2(y) =

(3)

0

-(4).

and 0 is a constant referred to as the propagation constant. Equation 4 is in fact an
eigenvalue equation with 0 being the eigenvalue and il>(x,y) the eigenfunction of the
operator d2/dx2 + d2/dy2 -f kln2(x, y). Thus, Eq 4 admits only certain discrete solutions,
called the guided modes and a continuum of solutions called the radiation modes. It is'
the guided modes that represent the confinement of waves in the waveguide whereas the
radiation modes are not "bound" to the guiding region. The function, 4>(x, y), is the field
pattern of the mode and 0 is the propagation constant of the mode, with ur/0 being
the phase velocity of the mode inside the waveguide along the z-axis. Depending on the
value of An and the dimensions of the guiding region, and on the (vacuum) wavelength
A of the propagating wave, a waveguide may support a number of guided modes, each
of which, in general, has a different 0 and ip(x,y). However, most important waveguides
are the ones which allow only one guided mode-the so-called single-mode or monomode
3

(g)

+ [fc0V(y) - 02]4>(y) = 0

(6)

where <t>(y) is the modal field and 0 is the propagation constant. One can, in general,
use a direct numerical method such as the Runge-Kutta method to solve this equation,
and use boundary conditions to obtain the propagation constant; however, a number of
studies have been devoted to obtain analytical approximations to 4>(y) which provide
a better understanding of the guidance in addition to serving as starting point for the
analysis of channel waveguides. We shall discuss some of these approximations in Sec 4.
In a channel waveguide, the refractive-index distribution is symmetric along the surface
of the waveguide (along the i-direction) and the commonly used functions to model the
index variation are
J exp(-x2/W2)

.
}[X)
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On the other hand, the refractive-index distribution along the depth (the y-direction) is
highly asymmetric and the commonly used funtional forms for g(y) are

I

where xp{x,y) satisfies the 2-D Helmholtz equaion

0 + 0 + feV(x,y)-/3>(x,y) = O

jnJ + 2n,An5(5,) y>0

and the Helmholtz equation reduces a simple differential equation

(1)

where n3 is the refractive index of the substrate, n c is the index of the cover (usually
air) and An is the maximum index change from substrate to the guiding region. In fact,
n 0 = y/(n\ + 2n,An) a: n , + An is the maximum index of the film, generally at the
central point (x = 0) on the top surface (y = 0) of the waveguide film. The Helmholtz
equation for such a guiding structure is given by

a2*

waveguides-since these are the basic elements of most integrated optical devices. Our
concern in the present report is also with such waveguides.
If the waveguide is such that it provides only one-dimensional confinement, i.e., if
most of the wave energy is confined between two planes, then it is termed as a planar
waveguide. Although, these waveguides are rarely used in a device, they are an important
stepping stone in the sudy of channel waveguides. The refractive index profile for a planar
waveguide can be written as (see Fig.lb)

exp(—y/D)
exp(-y 2 /£> 2 )

exponential
Gaussian

(8)

erfc(y/£))
complementary error function
We have used these representations in our numerical examples.
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The Variational Principle

The variational principle which has been the basis of a number of methods used in the
waveguide theory is based on the integral form of the Helmholtz equation. We have
used this principle in developing our analytical models as well as the numerical method
discussed in the present report. Therefore, we briefly discuss here the salient features of
this principle and its application to waveguide analysis.
The integral form of the Helmholtz equation for a channel waveguide can be written
as (see.e.g., [4])
02 = J J *gn 2 (x,y)Mx,y)| s dx«fo - J J \V4>\2dxdy

(9)

where both the integrals are over —oo to oo and it is assumed that the modal field is
normalised

J j\^[x,yfdxdy

=\

(10)

The right hand side of Eq 9 is usually referred to as the stationary expression for the
propagation constant, /? since it is stationary with respect to variations in il>(x,y). Since
the modal field is an unknown function and, in fact, is a function that is sought for as
the solution of the propagation problem, one uses an approximation for it as 0,(x,y),
generally referred to as the trial field. This trial field when used in Eq 9 gives an estimate
of the propagation constant, say ft. Thus, we have
ft = j j ky(x,y)\Mx,y)\2dxdy - J J IV^dxdy

In case of a planar waveguide, the stationary expression takes the form
7

(12)

where once again the field is assumed to be normalised

j\<t>(y)\2dy = \

(13)

Other features of this expression remain the same as discussed above. We use this expression to analyse planar waveguides in the next section.

5

Planar Waveguides

As mentioned above, the Helmholtz equation reduces to an ordinary differential equation
for planar waveguides and hence, is much easier to solve. In fact, for a few specific profiles,
such as step-index, parabolic-index and sech2-profile, it is possible to obtain analytical
solutions (see, e.g., [5],[6],[7]). However, in the cases of practical importance, particularly
asymmetric graded profiles described by Eq 5, analytical solutions are not possible and
therefore, a number of numerical and approximate methods have been developed. The
approximate methods are generally based on perturbation, WKB and variational techniques. We will, however, confine our discussion to variational methods as these have
wider applicability.

(11)

Different functions for ipt(x,y) would give different values of ft. An important property
of this expression is that all these values of ft would invariably be smaller than the exact
value of /J and the exact value is obtained only when ipt(x,y) is same as the exact modal
field [4]. Thus, higher the value of ft obtained using Eq 11, closer it is to the exact value
of /3 and better is the corresponding 0 ( ( i , y ) as an approximation for the modal field.
Therefore, a value of ft obtained through the variational expression necessarily represents
a better approximation for 0 than any other approximation which has a smaller value.
The same could be concluded about the corresponding approximations for the modal field.
This property is extremely useful in developing simple analytical models for the mode of
a given waveguide, and the method employed is as follows:
A trial field 0 i ( i , y ; p i , P 2 , . . . ,p„) is set up which involves a number of adjustable
parameters pi,p2, • • • ,pn- The dependence on x and y is chosen in such a way that
V', resembles the actual field as far as possible. This 4>t is then substituted in the RHS
of Eq 11 which is then maximised with respect to the parameters p i , p 2 , . . . ,p„. The
maximum value of ft thus obtained is an estimate for the propagation constant and the
corresponding i/j((i,y; p i , p 2 , . . . ,p„) with the optimised valus of parameters pi,P2,. • • ,p„
is an approximation for the modal field. Of various ip,(x,y) obtained in this manner, the
one which gives the largest value of ft represents the best approximation for the modal
field. Generally, by increasing the number of parameters, in a suitable fashion, one can
generate better trial fields, but a better trial field with smaller number of parameters is
always sought for since it not only simplifies the computations, it is also easier to use forfurther modelling of devices involving these waveguides.

ft = J ky(y)\My)\2dy - J f dy
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4.1

E x i s t i n g Trial Fields

There are a number of trial fields that have been used in the literature; we, however,
focus our attention to two more commonly used ones. Korotky et al.[8] in their study of
channel waveguides proposed a trial field using the Hermite-Gauss (HG) functions. This
trial field was later used by Mishra and Sharma[9] to study planar waveguides. The trial
field for planar waveguides can be written as

J (y/d)eM-y2/<P)

y>o

(u)

where d is the only variational parameter. An important assumption of this trial field is
that the field vanishes in the cover region. This is based on the observation that due to
large index change at the film-cover interface the field amplitude in very small. Mishra
and Sharma[9] also proposed a new trial field based on the cosine and exponential (CE)
functions:

I

cos(p<T)exp[(ptanp(T)(y/d)]

y < 0

cos[p{(y/d)-<r}]
0<y<£d
(15)
cos[p(£ - (T)]exp[-ptan{p(£ - <r)}(y/d - 0 ] y > i*
where p, a, £ are three variational parameters. The CE-field does not assume the field
to vanish in the cover region. Table I shows the results for the normalised propagation
constant B = [(ft/fco)2 - n]]/(2n,An)
for various values of the normalised frequency,
V = koDy/(2n,An)
for different profile functions defined in Eq 8. While comparing the
results obtained using the HG- and CE-fields, it should be recalled that the RHS of Eq
12 has to be maximised with respect to three parameters in the case of the CE-field as
against only one parameter in the HG-field. The exact results were obtained using a direct
numerical method also described by Mishra and Sharma[9]. Though, CE-results are much
better than the HG-results, these still have considerable error inspite of the large number
of parameters in the trial field.( The error is typically few percent in B).
4.2 A N e w Trial Field
In order to investigate further into the nature of these trial fields, we looked at the
index profiles for which these trial field are exact modal fields. In other words, using the
Helmholtz equation, we found n2(y) for these 4>t(y) and ft. The results are shown in
6

Fig.2 where the actual index profile- a Gaussian profile- is shown (for y > 0 region) along
with the profiles using the CE- and HG-fields for this Gaussian profile. These results show
that the HG-field is totally inadequate in the substrate region and this accounts for its
very poor performance for small K-values, since in such cases, the field is less confined
to the guiding region and extends deep into the substrate. On the other hand, the CEfield, although approximates well in the substrate region, does not have "enough" graded
structure in the guiding region to adequately approximate the profile. This feature remains
unchanged at all values of V and is, probably, responsible for the nearly constant error in
the values of B. In Fig.2, we have also shown a profile for g[y) = sech 2 (j//D) which fits the
given profile remarkably well. This profile, in its symmetric form [n2(—y) = n2(y)], allows
analytical solutions to the Helmholtz equation. We have used the first antisymmetric
mode to construct a new trial field in terms of the secant hyperbolic(SH) function [10]

*sH(y) ~ { Sjnh{y/D)

SechT(v/D)

J|S

Wt = y/{$;-k*nl)

4.4

6iu\~[
*•""

Improved Trial Fields

The explicit form of the improved HG- the Evanescent Hermite-Gauss(EHG)-fieldis
then given by

<f>EHc(y)~l(1
9EHG(y)

<y

+ W y)exp( y2/<P)

<

-

exp(Wcy)

MvV+M

+ wc Ws/M(0)] y > 0
j , < 0

7

..
[U

>

~°
y

<0

(19)
l^J

Wc = J{ft - kin])
(20)
where the values of d and /J( are obtained from the variational expression using the
HG-fields as discussed in Sec 4.1.
The expression for the evanescent secant-hyperbolic (ESH) field is given by
+BSH(V) ~ | e x p ^ j , )

\ eXp(Wcy)

y

with

F i e l d in t h e C o v e r

We have already mentioned that both HG- and SH-fields are the solutions of the Helmholtz
equation for specific profiles-the infinite parabolic and the sech 2 , respectively. Both these
profiles are in fact symmetric and the HG- and SH-fields are the first antisymmetric
modes of these profiles with the field for y < 0 suppressed. That the actual modal profile
resembles this approximation is apparent from Fig 3 which schematically shows the exact
and approximate fields. The main difference between the actual and the approximate
fields is the evanescent tail for y < 0. Although, one can add another parameter to
these approximations and account for the evanescent tail, we have developed [11] a simple
method to improve the trial field in the cover region without increasing the number of
parameters. Our method is based on considering a symmetric index profile which matches
the gi en index profile in the y > 0 region. Fig 4a shows schematically such a profile. The
first antisymmetric mode, <t>a[y) of this profile matches the SH-(or, HG-)field for y > 0
(Fig 4c). This profile also has a set of symmetric modes, the first of which, 0»(j/) is shown
in Fig 4b. A suitable sum of these two modes, <t>,[y) and 0„(s/), can be constructed in
such a way that, in the y > 0 region, it matches well the mode of the given asymmetric
profile (Fig 4d). The field in the y < 0 region can then be replaced by an evanescent
field which satisfies the Helmholtz equation maintaining the continuity of the field and its
derivative at y = 0. The improved field obtained in this manner resembles the mode of
the given profile remarkably well. The improved field, 4>i{y) can be written as

(18)

and the value of /?t is obtained using the SH-(or, HG-)field. The improvedfield,4>i{y)
contains no variational parameter, and a single evaluation of the RHS of Eq 12 with the
improved trial field gives the improved 0t without any maximization. In some cases,
particularly at very small V-values, the new /?, may be very different from the 0t used
in Eq 18. In such cases, the process of improvement should be repeated once with this
new /?, in Eq 18.

(16)

where r is the only parameter. In this trial field also, we have assumed the field to
vanish in the cover. The results obtained using this trial field are shown in the last
column of Table I. The results are much improved over the HG-results on account of
better approximation in the substrate, but are still far less accurate than the CE-results.
This is due to the assumption of vanishing field in the cover region. We, therefore, turn
our attention to this aspect of the HG- and SH-fields.
4.3

where

„ <0

(21)

with
W^Jif-klnl)

(22)

where the values of r and /?< are obtained using the SH-fields in the variational expression.
Table II shows the results obtained using the EHG and ESH trial fields. The exact
results and the CE-results are also included for comparison. The EHG results, though are
much improved in comparison to the HG-results, are still in substantial error, particularly
for small V-values. This is because the EHG field continues to be inadequate to approximate the field in the substrate. The ESH-results, on the other hand, are very accurate,
better than even the results obtained using the CE-field which has three variational parameters (except for very small V-values). The ESH-results are almost coincident with
the exact results with typical errors being about 0.1%. This shows that the ESH-field,
which still contains only a single parameter, is adequate to approximate the modal field
in all the three regions-the cover, the substrate and the guiding region.

5

Channel Waveguides

As already mentioned, channel waveguides provide two-dimensional confinement to the
waves and are, in fact, the constituent elements for most of the integrated optical devices.
The equation governing propagation in such waveguides, the 2-D Helmholtz equation (Eq
4), being a partial differential, is much more difficult to solve and has therefore been a
subject of extensive studies. A variety of numerical methods such as circular harmonic

analysis [12], finite element methods [13],[14], finite difference methods [15],[16],[17], variational methods [18],[19] and the integral equation method [20], and approximate methods
such as the Marcatili's method [21], the perturbation method [22], the effective index
method [23] and the variational methods [8],[24],[25],[26],[27],[28] have been developed.
We will briefly discuss some of the variational methods, and later include the results of
some other methods while comparing numerical results.
5.1

T h e Analytical Trial Fields

The Hermite-Gauss (HG) and the cosine-exponential (CE) trial fields have been developed
mainly for channel waveguides; the former for diffused channel waveguids ([8]) and the
latter for step-index channel waveguides [25], [26],[27]. The CE-field has later been used
for diffused channel waveguides also [28]. A common feature of these methods-in fact, of
most approximate methods- is that the trial field t/'t(i,J/) is approximated by a product
of a function of x and a function of y, i.e., tp,(x,y) is assumed to be separable in i and
y-

M*<v) = x(*)<t>(y)

(23)

Various variational methods differ in their assumptions for the functional forms of
and 4>{y). For the HG-field, these are [8]

x{x)

5.2

XHc(i)~exp(-i2/«2)

/ (y/d)exp(-yy<P)

<PHG(y) ~ |

0

y>0
y

<

(24)

0

where 6 and d are the variational parameters. The field in the cover region is again
neglected.
The cosine-exponential (CE) field is given by
f cos{qx/W)
XCE(x) ~ j cos(qti)exp[-qtiM(qri)(x/W

I

| i | < VW
- r,)\ \x\ > qW

cos(p<7)exp[(ptanp<7)(i//d)]

y<0

cos\p{{y/d)-o}\
cos[p({-CT)]exp[-ptan{pU-CT)}(j//d-0]
where p, 9,17, { and 7/ are the five variational parameters.
The secant-hyperbolic (SH) field takes the form
X5H(z)~sech'(x/H0

n

is obtained by replacing 0//c(y) in Eq 24 by 4>EHG(y) of Eq 19, and XEHG(X) = XHG(X)Similarly, the ESH-field is obtained by replacing 4>sH(y) >n Eq 26 by 4>ESH(y) of Eq 21,
and XESH(X) = XSH(X)Thus, once again, we obtain V'ESJ/t*,!/) and I/>E//G(X, y) from
4>SH{x,y) and l/>//<j(x,S/), respectively, without addition of any parameter and a single
evaluation of the RHS of Eq 11 is required in each case for this improvement. An example
of numerical values of B obtained using these trial fields is given in Table III. The index
profile of the waveguide used is error function along the i-axis (see Eq 7) and Gaussian
along the y-axis (see Eq 8) with W = Zfim and D = 3.35^im. There are no exact values
available for channel waveguides. In Table III, VOPT refers to a numerical variational
method that we have developed and is described in Sec 5.2. As we will discuss in Sec 5.2,
this method gives the best estimate for /3 under the assumption of separability (Eq 23).
Since the value of B obtained using the VoPT method are largest, these are definitely
closer to the exact values (which are still larger than, or equal to, VoPT-values) than
the B-values obtained using other trial fields. Thus, the VoPT-values serve as the most
accurate values for present comparison. Table III shows that the CE-method, which now
has five parameters, is in considerable error, while the EHG or ESH are comparable with
the latter being marginally better in accuracy. We shall return to more comparisons in
Sec 5.3.

0<y<(d
y > (d

5.2.1
(25)

T h e Optimal Numerical Variational M e t h o d

In the variational methods describe above the accuracy is limited by the assumption of
separability (Eq 23) and by the assumption of specific field forms for x(x) an<J <t>(y)We have recently developed a method [29],[30] in which any specific forms for x(x) a n d
4>(y) are not assumed and these are automatically generated by the variational method
in the process of optimization. However, the separability is still assumed. Thus, under
the assumption of separability, this method generates an optimal trial field and gives the
best accuracy for the propagation constant. The numerical results discussed in Sec 5.3
show this explicitly. We drive the basic equations of the method in Sec 5.2.1 and give the
procedure for its implementation in Sec 5.2.2.
Basic Equations

As mentioned above, we continue with the assumption of separability. Thus, with 0 ( ( i , y)
substituted from Eq 23 into the variational expression, Eq. 11 takes the form
# = / / kW(x,

where"it is assumed that both x(x)

r

*»(v)~{; w>** w» j | j

y)|x(x)| 2 My)\'dxdy

dx - J \d4>/dy\2 dy

(27)

ar

>d <j>(y) are normalised

J \X\2dx = 1 = j \tfdy

(26)

where p and T are the variational parameters with field in the cover neglected.
The improvement in HG- and SH-fields on account of the field in the cover can be made
exactly in the same manner as described in Sec 4.4. The function x(x) remains unchanged
in the improved fields. The two variational parameters and /3t are obtained by maximizing
the RHS of Eq 11 using the trial field x(x)4>{y)- The field <p(y) is then replaced by the
improved trial field obtained using the method described in Sec 4.4. Thus, the EHG-field

- j \dX/dx\2

(28)

Our method is iterative and we assume, to start with, a planar index distribution nj(x)
(it could as well be n^(y)). We introduce this index distribution into the variational
expression of Eq 27 which can be rewritten as [29]
P

= / kln\(x)\x(x)?dx
- J \dX/dx\2 dx
2
+ J * 8 W » ) | U{n>(x,y)-nl(x)}\x(x)\>dx}dy-J\dMdy\2dy
10

m )
K

'

Equations 27 and 29 are identical since the terms containing n\(x) cancel out exactly.
However, in writing the equation in this manner, we have separated the RHS in two terms
(written on two separate lines). We will show in the following that each of these terms is
positive and can be uniquely maximized giving, thus, the maximum value of 0t.
The first term, / k\n\\x\2dx — / \dx/dx\2dx
is the variational expression for the planar
index profile, n\(x) (cf. Eq 12) and hence, is equal to the square of the propagation
constant, say /?J, of its mode. It is thus, positive and has a maximum value 0\. This
value can be obtained exactly using a standard numerical method (e.g., the one given in
[9]). The function ,\'(i) is simply the corresponding modal field which can be normalised
to satisfy the condition of Eq 28. We have thus obtained the maximum value of the first
term of Eq 29 and have generated the function x t 1 ) The second term of Eq 29 is also in the form of the variational expression for a planar
index distribution, n2(y) which is defined as
n\(y) = J{n2(x.y)

- nl(x)}\X(x)\2dx

2

(30)

x

which can be easily evaluated using n r(x) and \( ) of the first term. Thus, the second
term is also positive and its maximum value is 02, where 0y is the propagation constant
of the waveguide defined by n2(y) of Eq 30. The value of 0y and the corresponding modal
field 4>y{y) c an be easily obtained numerically. The field <t>y(y) can then be normalised as
required by Eq 28.
Next, we use n2{y) generated above to rewrite the variational expression of Eq 27 as
P

= / k2n2y{y)\4,(y)\2dy
+/*SIX(*)I

J

- / \d^dy\2

dy

2

[f{n (x,y)-nl(y)}\<p(y)\2dy}dx-f\dX/dx\2dx

W

The first term on the RHS of Eq 31 is exactly the same as the second term of Eq 29 and
has already been maximized. The second term, in Eq 31, is again a variational expression
for the index profile nr(x) which is now defined as
n\(x) = j{n2{x,y)

- n2y{y))\p{y)\2 dy

(32)

where n^(y) and <$>(y) are obtained in the first term of Eq 31. The second term, thus, has
a maximum value 0\ where 0t is the propagation constant of the mode of a waveguide
with the profile n2x(x) now defined by Eq 32.
This completes one cycle of iteration; starting from an arbitrary n*(z), we have generated a new n2x(x) through the variational expression for the given index profile n2(x,y).
This n2z[x) is the starting point for the next cycle of iteration. The quantity 01 + 02 gives
an estimate of the propagation constant 02 of the mode of the given channel waveguide
i!2(.r, y). At the end of each cycle of iteration, one checks for convergence in this quantity
and the iterations are stopped when the convergence to a required accuracy is achieved.
In most cases, one requires 2-3 iteration to obtain convergence to about 4 digits in B.
5.2.2

STEP
STEP
STEP
STEP
STEP
STEP
STEP

1
2
3
4
5
6
7

STEP 8:

Choose an nT(x). A good choice is n2x(x) = n2(x,y = 0).
Obtain 01 and x(x) numerically. Normalize x(x)Obtain nl(y) using Eq 30.
Obtain $ and 4>{y) numerically for n2(y). Normalize 4>(y).
Obtain n;(x) using Eq 32.
Obtain 01 and x{x) numerically for n\(x). Normalize x(x)Compute 02 = 0l + 02 Check for convergence in 02.
IF Converged, GOTO STEP 8
OTHERWISE, GOTO STEP 3
0\ and ipt(x,y) = x( x )^(j/) are the required propagation constant
and modal field.

For translation of this procedure into a computer program, one requires the following
three elements:
1. Computation of the propagation constant of a planar waveguide. We have used
the Ricatti transformation [9] and have solved the resulting first order differential
equation using the predictor-corrector method [31].
2. Computation of the modal field. We have used the predictor-corrector method for
the Helmholtz equation directly.
3. Integration over the field to normalise it and to obtain the index distribution in the
orthogonal direction (Eq 30 or Eq 32). We have used Bode's 4-point formula [31] for
evaluation of integrals, since the truncation error of this formula is of the same order
as that of the predictor- corrector method.
Other details for implementation are given in Sharma and Bindal[30].
5.3

Numerical Results and Comparisons

We discuss in this section some specific numerical examples to show the accuracies of
various methods discussed above in comparison to other available methods. In particular,
we will include the following methods in our comparisons:
1. VFD:

2. HFD:

3. HG:
4. EHG:
5. SH & ESH:

Implementation Procedure

The method described in Sec 5.2.1 can be implemented as an iterative procedure for
obtaining the propagation characteristics of a channel waveguide. Various steps required
for this implementation are outlined below:
11

6. VoPT:

Scalar finite difference method based on the variational principle.
Numerical results have been obtained using a 14x14 mesh point
grid in the transverse cross-section ([16])
A direct vector finite-difference method based on the magnetic (H)
field components with typically 20x20 mesh point grid in the transverse cross-section ([17])
The Hermite-Gauss method of Korotky et al. [8] discussed in Sec
5.1
Variational method with Evanescent Hermite-Gauss trial field ([11])
discussed in Sec 5.1.
Variational method with secant hyperbolic (SH) and evanescent
secant hyperbolic (ESH) trial fields [10] discussed in Sec 5.1
The optimal variational method discussed in Sec 5.2. Typically
200 points are used for each one-dimensional analysis, and 3 or less
iterations are required for each V-value ([30])
12

The first numerical example is for an error function-Gaussian profile (error function in
the x-direction and Gaussian in the y-direction). This profile has been studied by Korotky
et al.[8]. Fig 5a shows the results obtained the HG, EHG and VoPT methods while Fig 5b
shows the results for the SH, ESH and VoPT methods. These results show that both
EHG and ESH are close to VoPT results with ESH-results being nearly coincident with
VoPT-results for the range of V-values which are important for single mode operation.
This shows that the ESH-field is an extremely good approximation for mode of such a
waveguide. The next example is a Gaussian-exponential profile which has been studied
by Schulz et al. [17] using the HFD-method. The results are given in Fig 6 where
the ESH-results are also included. This figure shows that the HFD-results are grossly
inaccurate while the ESH-results are once again extremely close to the VoPT-results
which are definitely closest to the exact results as these represent the largest values of 0.
Another comparison with finite-difference methods is shown in Fig 7, in which results for a
Gaussian-Gaussian profile are given. The figure includes results obtained using the VoPT,
ESH, HFD and VFD methods. This figure also shows that the finite-difference methods
(both HFD and VFD) give very poor accuracy whereas ESH continues to be extremely
accurate and almost coincident with VoPT-results except for very small V-values. The
low accuracy of the VFD- and HFD-results can be ascribed to rather small size, 14x14
and 20x20, respectively, of the grid for sampling the field in the transverse cross-section.
In the case of VoPT, in which one has to consider only a one-dimensional sampling of the
field at a time, the field is sampled, in effect, on a grid of size 200x200. In addition, in
the finite difference methods, one assumes that the field vanishes at the boundaries of a
window whose size is kept large enough in order to keep the effect of this approximation
at a negligible level. However, larger the size of the window, more are the grid points
required to sample the field so that these are close enough to approximate its variation
adequately. On the other hand, in VoPT, the field is assumed to decay exponentially out
side the computationl grid. These two aspects of finite-difference (and also finite-element)
methods limit the accuracy rather severely unless very large computer memory and time
are at disposal. The grid sizes of 20x20, used in HFD, and 14x14, used in VFD, are highly
inadequate as shown by above results. More examples are given in Refs. [10] and [30]
which further confirm the conclusions drawn here.

6

7

In the numerical method discussed in Sec 5.2, two 1-D index profiles n*(x) and n?(y) are
generated for the given 2-D profile n2{x,y). These 1-D profiles can be used to obtain
"equivalent" 1-D profiles for the given 2-D profile. Thus, we can define ([29],[32])

Directional Couplers

Directional couplers are the basis for a variety of integrated optical devices such as
switches, modulators, and power dividers. A directional coupler consists of two identical waveguides placed parallel to each other along the z-axis separated by a constant
distance (see Fig 8).(In some special applications, the waveguides may be non-identical
and/or the separation between them may not be constant). The modes of the two waveguides, due to the overlap of their evanescent fields, get coupled to each other and exchange
power between them as they propagate along the s-axis.
Diffused waveguide directional couplers have been widely studied, both experimentally
[33],[34],[35] and theoretically [24],[34],[36],[37], [38], [39],[40]. Most earlier studies either
neglected the variation of refractive index in the direction normal to the directional coupler
[34] or used the effective index method [23] to reduce the 2-D profile to a 1-D profile
([33],[36],[38],[39]). The first analysis taking full 2-D index profile into account was carried
out by Jain et al.[24]. Later, Hawkins and Goll [40] presented a variational analysis
modifying the Hermite-Gauss (HG) trial field ([8] and Sec 5.1). Another approach was
developed by Fiet and Fleck [37] which was computationally intensive. We briefly discuss
the basic characteristics of a directional coupler in Sec 7.1 and then, use the numerical
method of Sec 5.2 along with the concept of equivalent waveguides (Sec 6) to obtain
the important characteristics from the index distribution. In Sec 7.2, we discuss an
evanescent secant-hyperbolic (ESH) model for these couplers and finally, present some
results including comparisons with other theoretical and experimental results in Sec 7.3.
7.1

Equivalent 1-D Profiles for Channel Waveguides

< ( * ) = /(n2(*.y) " nKyWWfdy + 02/k2

i-variation of the modal fields. In other words, the propagating modal field x(x)e 'a'' °f
the equivalent profile n ' t (x) is a projection on the x-z plane of the propagating modal
field ifit(x,y)e~'13"
of the given waveguide n 2 (x,y). This equivalent profile can be used
to simulate or model interactions between different waveguides in the x-z plane. These
simulations can be expected to be reasonably accurate in a number of practical cases. We
discuss, in the next section, a specific example of an integrated optical component-the
directional coupler, and show explicitly the accuracy of equivalent waveguides.

Basic Characteristics of Directional Couplers

The refractive index profile for a directional coupler made up of two diffused channel
waveguides can be written as (Fig 8)
„2,
•

(33)

n ( l

'

s_j
nl + 2n,Ang(y)[f(x-s)
-\ncJ

! / )

+ f(x + s)]

y>0
y<0

.

.

(35)

where n r(x), n (y), \(x), <t>{y) and 0, are obtained at the state of convergence in the
numerical method of Sec 5.2 for the given index profile n 2 (x,y).
The index profiles n2(x,y)
and, say, n2z{x) are equivalent in the following sense. The
modes for both the profiles have the same propagation constant, 0t, and have identical

where 2s is the separation between the centres of the two constituent channel waveguides.
The composite waveguiding structure thus formed has two modes one of which is symmetric and the other is antisymmetric. The propagation constant of these modes, 0, and
0a, respectively, depend on the separation parameter, 3, and are such that 0, > 0 > 0a (0
being the propagation constant of the isolated waveguide). The equality holds when the
waveguides are widely separated (lage values of s), so that their evanescent fields (along
x) have become vanishingly small and there is no interaction between them. In this limit,
0>,0a —* 0- Due to different propagation constants, the modes propagate with different
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and
<,(V)
2

= / { « ' ( * . » ) - n2t(x)}\X(x)\2dx

2

+ 0f/k2o

(34)

phase velocities and hence, acquire phase at different rates as they propagate along the
length of the directional coupler, the z-axis. This leads to a 2-dependent phase difference
between them which shows up as intensity variation along the 2-axis (since they have different field distributions). The effect of this characteristics is that when light is launched
in one the waveguides, say the one centered at x = —s, the two modes of the directional
coupler are simultaneously excited, say in phase. After propagating through a certain
distance, the modes will be exactly out of phase and the intensity will be maximum in the
other waveguide (centered at x = s). Thus, in effect, the power has transferred from one
waveguide to another waveguide. This distance, after which maximum power is transferred from one waveguide to the other, is called the coupling length, lc and is defined
as

value of 5 one has to analyse only the 1-D directional coupler (Eq 37) to obtain modes
and the coupling length.
7.3

T h e E S H - F i e l d Analysis for Directional Couplers

In Sec 5.1, we have discussed the evanescent secant-hyperbolic (ESH) trial field for t h e
analysis of channel waveguides. We now extend the same model to obtain the coupling
length of directional couplers made of two such waveguides. The concept of equivalent
waveguides is implicitly used in this model. Various steps of analysis are summarised below:
• Use the secant-hyperbolic (SH) trial field for a single contituent waveguide to obtain
p and T:
XSH(X)

This coupling length is the main parameter of a directional coupler and diffenrent methods
have been used to obtain its value from the given refractive index profile. We discuss some
of these methods in the next section.
7.2

*™(v) ~ I
VSH\9>

07)

where n\r is the constant substrate index of n\t (x) (this is the value of n\t (x) for very
large x). Using any standard numerical method one can obtain the propagation constants,
of t h e first two modes of the planar index distribution, n\q(x), defined in Eq 37. These
propagation constants approximate very well the propagation constants of the symmetric
and the antisymmetric modes of the given dirctional coupler and hence, give directly the
coupling length, lc through Eq 36.
To show the accuracy of the equivalent 1-D approach, we have carried out [32] computations for directional couplers fabricated by Noda et al.[34]. The values of coupling
lengths obtained by the 2-D numerical method and the equivalent 1-D method are given
in Table IV. These results show that the equivalent 1-D directional coupler is nearly as
good as the real 2-D directional coupler. The equivalent 1-D directional coupler, however,
requires much less computational effort. In particular, if the coupling length is desired for
several values of waveguide separation parameter, s, then in the 2-D case, one will have
to repeat the VOPT method for each values of 5. On the other hand, in the equivalent
1-D method, the V O P T method is required only once to obtain the n\€ (x) and for each
15

(y/£)sechT(j//£)

^ Q

XESH{X)

As mentioned above, in order to obtain the coupling length, lc, of a directional coupler, one
has to obtain the propagation constants of the first symmetric and the first antisymmetric
modes, $3 and /?„, respectively. In the 2-D numerical method, the composite waveguiding
structure, defined by Eq 35 is considered to be one waveguide and its first two modes are
obtained, indivisually, using the numerical method VoPT (described in Sec 5.2). The
coupling length of the coupler (Eq 36) is then computed using the propagation constants
of these modes.
In the equivalent 1-D approach, one first uses the VOPT method for a single constituent
waveguide of the directional coupler and obtains the equivalent 1-D profile, n\t (x) as
described in Sec 6. The equivalent profile n ^ (x) is then used to construct an equivalent
1-D directional coupler with index profile given by

~sech'(x/W)

y> 0
y

<Q

• Modify 4>(y) to include the field in the cover (i.e., derive an ESH field)

2 - D and Equivalent 1-D Numerical M e t h o d s

<(*) = < ( * - « ) + < ( * + * ) - <

sinh

4>ESH(y) ~ |
• Use XESH{X)

~ sech"(x/W)

exp{Wcy)

y

<„

to construct the symmetric and the antisymmetric fields:
*,(*) ~ sech'[(i - s)/W] + sech'[(x + s)/W]

(38)

Xa(x) ~ sech'[(x - s)/W] - sech"[(x + s)/W]

(39)

• Using X»(i)^£sw(y) and Xa{x)4>ESH{y) in the variational expression (Eq 11), one
obtains 0, and 0a, respectively, without any maximization.
• Obtain coupling length, / c , using these /?, and /?„ in Eq 36.
In this way, coupling length can be obtained without any maximization. This analysis
is fairly accurate for relatively large values of 5. However, for small values of s, when
the waveguide modes influence each other rather strongly, a modification is necessary. In
such cases, the peaks of the modes are no longer at the points where the index has the
largest value. In fact, the peaks of the symmetric modes come closer to each other while
those of antisymmetric modes becomes farther apart. This possiblity is not taken into
consideration in Eqs 38 & 39. To take this aspect into account, we can modify the modes
for the symmetric and the antisymmetric mode by introducing a parameter, a such that
X.(x\ a) ~ sech'[(x - <r)/W] + sech'[(x + c)/W\

(40)

X„(X;<T) ~ sech'[(x - a)/W\

(41)

- sech'[(x + <J)/W]

The values of a are such that a < s for the symmetric mode and a > s for the
antisymmetric mode, and a —» s for both modes for s ^> W. The parameter a is treated
as a variational parameter for maximizing the variational expression (Eq 11) for the trial
fields X,(x\o-)($iEsH(y)
and x*{x\a)4>ESH(y) to obtain /?, and /?,,. These values of
propagation constant then give improved value of the coupling length, lc.
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7.4

Numerical Results and Comparisons

We present in this section few examples to show the accuracy of the methods that we have
discussed in Sees 7.2 and 7.3 for directional couplers. In the first example we again consider
the directional couplers fabricated by Noda et al.[34]. The profile assumed is GaussianGaussian (see Eqs 7 &: 8) with parameters n, = 2.152, n c = 1.0, A = 1.153jim, W = 4.0/im
and D = 5.0/im. The results are shown in Fig 9. Two cases with An = 0.004 and
An = 0.006 are included. Experimental results of Noda et al.[34] and the theoretical
results using VoPT and ESH are included in the figure. Another example is shown in Fig
10 where we have considered the directional couplers reported by Korotky and Alferness
[35]. The profile assumed is error function-Gaussian with parameters n, = 2.1398, n c =
1.0, A = 1.32/im, W = 4.0/im and D = 3.8/jm. The metal strip thickness is 0.068^m
which controls the value of An ([8],[35]). Figure 9 also shows the theoretical results of
Hawkins and Goll [40] along with the results obtained using VoPT and ESH. These figures
show that the results obtained using V O P T and ESH methods are in very good agreement
with the experimental data. This again brings out the point that VOPT and ESH methods
are extremely good methods for modeling and analysis of channel waveguides and devices
made with these waveguides.
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Figure Captions
Table I

Results for Planar Waveguides:
Values of B = [(/3/Jc0)2 - n]]/2n,An

g{y)
exp(-t,2/D2)

exp(-y/D)
erfc(»/D)

Table II

exP(-y2/D2)

exp(-y/D)
erk(y/D)

Table III
VOPT

0.133
0.248
0.329

Table IV

Exact
0.082
0.275
0.413
0.105
0.229
0.321
0.068
0.169

HG
CE
0.078 0.005
0.270 0.216
0.408 0.370
0.100 0.066
0.223 0.193
0.316 0.289
0.064 0.015
0.164 0.121

SH
0.036
0.227
0.374
0.077
0.201
0.295
0.043
0.131

Results for Planar Waveguides:
Values of B = [{P/k0)2 - n2]/2n,An

g(y)

V
2.12
2.59
3.00

V
2.0
3.0
4.0
2.0
3.0
4.0
3.0
4.0

V
2.0
3.0
4.0
2.0
3.0
4.0
3.0
4.0

Exact
0.082
0.275
0.413
0.105
0.229
0.321
0.068
0.169

EHG
0.044
0.263
0.408
0.087
0.218
0.313
0.041
0.154

ESH
0.076
0.274
0.413
0.102
0.228
0.319
0.067
0.164

CE
0.078
0.270
0.408
0.100
0.223
0.316
0.064
0.164

Fig 1:

Schematic of the refractive index distribution in (a) a diffused channel
waveguide and (b) a diffused planar waveguide.
Fig 2: Refractive index profiles corresponding to various trial fields for a diffused
planar waveguide with a Gaussian index profile.
Fig 3: Schematic of (a) the index profile of a diffused planar waveguide, (b) field
distribution of its mode, and (c) the HG or SH trial field.
Fig 4: Schematic of (a) a symmetric profile corresponding to a given diffused
planar waveguide, (b) its symmetric mode, (c) its antisymmetric mode,
(d) a sum of these two modes, and (e) the sum with an evanescent field
for y < 0.
Fig 5: (a & b) Normalised propagation constant, B as a function of the normalised frequency, V for a diffused channel waveguide with an error
function-Gaussian profile with parameters: n, = 2.203, nc = 1.0, A =
1.3/im, D = 3.35/im and W = 3.0/im.
Fig 6: Normalised propagation constant, B as a function of V for a diffused
channel waveguide with Gaussian-exponential profile with parameters:
n] = 2.0, n c = 1.0, A = 1.3/im, DjW = 1 and n0 = 1.05n,.
Fig 7: Normalised propagation constant, B as a function of V for a diffused channel waveguide with Gaussian-Gaussian profile with parameters: nj = 2.1, nc = 1.0, A = 1.3/im, D/W = 1 and n0 = 1.05n,.
Fig 8: Schematic of the index profile of a directional coupler made of two parallel
diffused channel waveguides.
Fig 9: Coupling length, lc as a function of s, one half of the waveguide separation
for a directional coupler reported by Noda et a].[34].
Fig 10: Coupling length, lc as a function of s, one half of the waveguide separation for a directional coupler reported by Korotky and Alferness[35].
Theoretical results obtained by Hawkins and Goll[40] are also shown.

Results for Channel Waveguides:
Values of B = [(/3/t0)2 - nJ]/2n,An
HG
0.112
0.233
0.313

EHG
0.125
0.247
0.328

SH
0.118
0.231
0.313

ESH
0.130
0.245
0.327

CE
0.123
0.234
0.318

Results for Directional Couplers:
Values of Coupling Length, lc in mm

Process Parameters
An=0.006 5=6.08 /im
An=0.006 5=6.56 /im
An=0.004 5=6.08 /im
An=0.004 5=6.56 /im

2-D Analysis
5.7965
10.5211
3.6956
5.5469

1-D Analysis
5.8016
10.5360
3.6892
5.5463
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