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ABSTRACT

This paper shows the insight picture of matrix near rings constructed over pseudo dis-
tributive near rings. The main result says that pseudo distributive matrix near rings, are,
in fact, rings.
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1 Introduction

Due to the importance of matrix near rings in the theory of near rings, over the last eight
years, much effort have been devoted to the study of the transfer of information among
base near ring R and matrix near ring Mn(R) including the study of behaviour of their
ideals.
For details, we refer [S.J. Abbasi, 1989] - [S.J. Abbasi, 1992],
[J.D.P. Meldrum and A.P.J. Van Der Walt, 1986] - [J.H. Meyer and A.P.J. Van Der Walt, 1987],
[A.P.J. Van Der Walt, 1986] and [A.P.J. Van Der Walt, 1987].
Distributively generated and distributive matrix near rings are studied in [S.J. Abbasi, 1989],
[S.J. Abbasi, J.D.P. Meldrum and J.H. Meyer], [S.J. Abbasi, 1992],
[J.D.P. Meldrum and A.P.J. Van Der Walt, 1986].
Since a subnear ring of a distributively generated near ring need not be distributively gen-
erated (see [H. Heatherly, 1968]) therefore we are interested in investigating some better
class of generalization of distributive near rings.

Heatherly and Ligh [H. Heatherly and S. Ligh, 1975] study pseudo distributive near
ring which is a variety as it is closed under direct products, epimorphic images and subnear
rings.

In the present paper we deal with pseudo distributive near rings and show the insight
picture of matrix near rings constructed over them. It turns out that pseudo distributivity
of base near ring R forces matrix near ring Mn(R) to be a ring. This result extends our
earlier work on distributive near rings presented in [S.J. Abbasi, 1992],

2 Preliminaries

In this section, we have gathered together basic results and notation on near rings and ma-
trix near rings, which will be used in this work. The reader may consult [J.D.P. Meldrum, 1985]
and [G. Pilz, 1983] for further details in near rings. Our terminology follows [J.D.P. Meldrum,
[1985]. The only exception is that we use right near rings instead of left near
rings used in [J.D.P. Meldrum, 1985].

(R, +, .) is a right near ring if it satisfies the following conditions; (R,+) is not
necessarily, an abelian groL^(R,.) is a semigroup and multiplication is right distributive
over addition. R is called zero symmetric if rO = 0 V r € R. An element d of R is
called a distributive element if d(x + y) = dx + dy. The set of all distributive elements
of R is denoted by Rd. If R — Rd then R is distributive. If R is additively generated by
(5,.) C (Rd,.) then (R,S) is called distributively generated (d.g. in short) near ring. If m
is any positive integer then R is called m-distributive if for each a, b, c, d, r, a, and ft,- in
R, ab + cd = cd + ab and rY^aibi = £ raM where i = 1, 2,..,m. If R is m-distributive
for each positive integer m then it is pseudo distributive. It is known that every pseudo
distributive d.g. near ring is distributive while every distributive near ring must be pseudo
distributive. More details are available in [H. Heatherly and S. Ligh, 1975]. Throughout
this paper, R is assumed a not necessarily d.g. near ring which is not necessarily with an
identity element.
Next we present the structure of matrix near rings. For a natural number n, the direct
sum of n copies of (R,+) is denotd by Rn. We use lower case greek letters to denote
the elements of Rn and write them in transpose form for typographical reasons. Using



a functional view of matrices, elementary matrices are defined as factions from i?1 to
itself as /£ = LifTXj V r € R, 1 < i, j < n where fTx = rx V x € R, ij and tj are j-th
co-ordinate injection and projection functions respectively. We define near ring of nxn
matrices over R, denoted by Mn(R), as the subnear ring of M(Rn), the near ring of all
maps from Rn to itself, generated by {/£ : r £ R, 1 < i.j < n}. Any element A of Mn(R)
can be represented as an expression involving only elementary matrices. The length of
such an expression is simply the number of these elementary matrices and the weight,
w(A), of A is the length of an expression of minimal length of A. If w(A) > 2 then either
A — Ay + A2 or A = A\Ai where w(Ai), w(A2) < w(A).

3 Main Results

First of all we show that what Mn(R) looks like if R is pseudo distributive.

3.1 Theorem

If R is pseudo distributive then every element of Mn(R) is simply the sum of elementary
matrices and their inverses.
Proof. The action of ffj{f]k + //;) on an element of Rn together with the definition of
pseudo distributivity easily proves what we need.

Remark. If A € Mn{R) and w(A) > 2 then A is simply equal to A± + A2 where
w(A\),w(A2) < w{A). This gives a clearer insight of matrix near rings over this spe-
cial class of near rings and is similar to our result for d.g. near rings, presented in
[S.J. Abbasi, J.D.P. Meldrum and J.H. Meyer].

Next we give a relationship between pseudo distributivity of base near ring R and
additive commutativity of matrix near ring Mn(R). For this, the following proposition of
[J.D.P. Meldrum and A.P.J. Van Der Walt, 1986] is used.

3.2 Proposition

For all ij, fc,!6{l,2,..,n}andx,yefiwe have /£• + fkl = fy
ki + f?i\ii±k.

3.3 Theorem

If R is pseudo distributive then Mn(R) is abelian.
Proof. It is sufficient to show that /£ and /^ commute with each other. Once again, the
definition of pseudo distributivity of R easily proves the result.

Our goal in this section is to prove the following

3.4 Theorem

Mn(R) is distributive if R is pseudo distributive.
We split the proof of this theorem into several lemmas.



3.5 Lemma

If R is pseudo distributive then ff-a + /*,/? = ffafi + f^a
for x,y £ R, 1 < i,;', k,l < n and a,/? € Rn.
Proof. Follows from simple calculation and definition of pseudo distributivity,

3.6 Lemma

If R is pseudo distributive then Xa + Yp = YP + Xa where X, Y € Mn(R), a, P € iT.
Proof. The proof is by induction on w(X) + w(Y). If w(X) + w{Y) = 2 then w(X) =
w(Y) = 1 and the result follows from above lemma.
Let Ua + Vp = Vp + Ua where w(U) + w{V) < t and i > 3. If w(X) + w{Y) = t then
there are two possibilities; X = Xt + X2 or Y = Fi + Y2 where w(Xi),w(X2),w(Yi) and

Case 1: Xa + Y0 = {Xl + X2)a + Y/3 = XlQ + Yj3 + X2a = Yp + Xxa + X2a and we
are home.
Case 2 is similar and therefore left to the reader.

3.7 Lemma

If R is pseudo distributive then
fl3{Xa + Yp) = fl3Xa + ftYp,
where X, Y £ Mn(R),a,p 6 Rn,r € R and 1 < i,j < n.
Proof. We aim to show that t ir(irj(A'a + Yf3)) = nrirj(Xct) + ar-Kj{Yp). This follows
from the definition of pseudo distributivity as irj(Xa) and •K3{YP) G {xy : x,y G i?}.

3.8 Lemma

Let R be a pseudo distributive near ring. Then
A{Xa + Yp) = A(Xa) + A(Yp) where A,X,Y € Mn(fl) and a,^G il".
Proof. We use induction on weight, w(A), of A. If w(A) = 1, then the result follows from
lemma 3.7. Suppose that B{Xa + YP) = B(Xa) + B{Yp) where w{B) < t. If w(A) = t
then it suffices to treat only the case where A = A\ + A2 with w(At),w(A2) < t. Now by
the induction hypothesis and lemma 3.6 we have
(Ax + A2)(Xa + Yp) = A,(Xa) + A,(YP) + A2{Xa) + A2{Yp) = Ax{Xa) + A2{Xa) +
Ai(YP) + A2(YP) = (Ai + A2)(Xa) + (Ai + A2)(K/9). This completes the proof.

We are now ready to prove our main result
Proof of Theorem 3.4. A{X + Y)a = A{Xa + Ya) = A(Xa) + A(Ya) = (AX)o +

{AY)p. This proves the distributivity of Mn{R).
We conclude the paper with an immediate corollary which follows from Theorems

3.3 and 3.A.

3.9 Corollary

Matrix near ring over a pseudo distributive near ring is a ring.
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