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I. INTRODUCTION 

The ultimate aim of any scattering expenment is to determine the real forces that 
are acting between the colliding particles and, in that quest dealing with non-relativistic 
atomic and nuclear collisions, there are two basic approaches taken in the analyses of 
measured data. 

The first of these is the "direct approach" [1] in which the first task is to choose a 
Hamiltonian (i.e. define the forces) to describe the reaction. Then one must solve the 
Schrodinger equations with that Hamiltonian and obtain the asymptotic forms of the 
wave functions of relative motion. From those the procedure is to extract phase shifts 
and opredict measureables such as the differential cross-section ^ etc. Susequently, the 
parameters defining the Hamiltonian are varied and the process repeated until a "best 
fit" is found to the data. 

The alternative approach is to analyse the scattering data using inverse scattering 
theory [2-7] with which approach, one must select the data to be inverted first as that 
can influence the choice to be made next of the method of inversion. Then one need find 
S-functions, 5(A), that fit the data and, if necessary, map them to a convenient form. 
Finally the equations that define the (local) potential via inversion are to be solved. Note 
that the potentials that result are linked to the inverse scattering method used so that 
questions of uniqueness arise. But inverse scattering methods usually allow insight into 
the sensitivity of the associated potentials with respect to the range and amount of the 
input data. 

Heavy ion (nuclear) scattering has been studied quite intensively in the last decade 
and central in most analyses of data from such experiments be ihey on fusion, particle 
(cluster) transfer or internal state excitations of the colliding pair, is the inter-ion inter
action affecting their relative motion. It is customary to use the elastic scattering data to 
constrain solutions of the (nonrelativistic) Schrodinger equation to ascertain the character 
of that (central and complex) heavy ion potential. These matters for projectiles ranging 
from the lightest 'heavy' ion, a proton, to Oxygen nuclei are considered in brief herein. 
The targets range from 12C to 208Pb. 

The central entity in the analyses to be discussed will be the S-function, and so for 
completeness I present the simple potential scattering theory details that specify the S-
function and relate it to measured cross-sections. 
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II. ELEMENTS OF POTENTIAL SCATTERING THEORY 

Solutions are sought of the non-relativistic Schrodinger equation that describes elastic 
scattering of a (reduced mass, m) particle by a (central) potential, i.e. of the equation 

±2 

— v 2 * + v(0* = £* . (i) 
2m 

Those solutions are subject to the asymptotic conditions 
* = *(k,r) —» e* r + — / ( r , k ) (2) 

r 
from which the scattering amplitudes /(f, k) are defined. Therein the wave number, A:, is 
given by the energy as so that the cross-sections are 

a = "!' < 3 > 
Most nuclear scattering studies use partial wave expansions of these wave functions 

and scattering amplitudes whence with 

*(k,r) = E E -Mkr)Ylm(r)Yt'Jk) , (4) 
l=Om=-l r 

the radial functions are solutions of 

u,{kr) = 0 (5) 

and asymptote to (for no Coulomb field) 

1 Iw 
"/(* r ) -• T sin(fcr - — + St) , (6) 

r—oo k 2 
wherein Si are the scattering phase shifts and in terms of which the scattering function is 

5, = c 2 " ' . (7) 

The scattering amplitudes in partial wave expansion are then 

1 °° 
/ ( M H ^ E ^ + m 5 ' - 1 ) p,(9) (8) 

when as usual, one chooses the beam direction k as the z-axis. The (centre of mass) 
scattering angle is 0 and Pi(0) are the Legendre polynomials. 

For heavy ion scattering, measured differential cross-sections (usually given as ratio to 
Rutherford scattering variations) have quite diverse shapes. Dependent upon the energy 
and the masses of the colliding ions, the shapes of ratio to Rutherford cross-sections vary 
from those typical of Fraunhofer diffraction to ones that are characteristic of rainbow 
scattering. The cross-sections are usually dominated by Coulomb effects and have nuclear 
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interactions that are strongly absorptive [8]. The lighter the projectile mass the less that 
is the case, and for special circumstances, the scattering can be quite 'transparent'. But 
for most heavy ion collisions, a strong absorption model (SAM) of the scattering describes 
the reaction process very well. 

The predominance of the Coulomb interaction for heavy ion scattering leads to use of 
S-function factors in the sum in Eq. (8) that have the form 

S l - \ = SfouiS?ad-l 
= (S , C o u ' - 1) + Sf°u'[S?ad - 1] (9) 

identifying the form to take for the effect of the nuclear interaction. Also Coulomb dom
inance is the basis for the development of algebraic forms for the scattering amplitudes. 

III. FIXED ENERGY INVERSE SCATTERING THEORIES 

The inverse scattering problem for fixed energy (nuclear) heavy ion scattering resolves 
to the following:-
"Given the partial wave scattering amplitudes (i.e. the S-function ) at a particular energy 
and as a function of the angular momentum (X), find the central, local potential which 
reproduces that S-function." 

That potential will be independent of the angular momentum but it wili be energy 
dependent! Therewith lies anothe: problem for the inverse scattering approach. The S-
function must be defined at all (continuous) values of the angular momentum variable. 
But measured data are only sensitive to that S-function at the integer values of A - i . 

There are several methods of solution of fixed energy inverse scattering problems. 
Herein I will consider the applications of just two. They are the semiclassical (WKB) 
method [3, 4] and a fully quantal method based upon the Lipperheide-Fiedeldey schemes 
[5-7]. 

(a) The semiclassical (WKB) method:-
In this approach, with r 0 being the classical turning radius, scattering phase shifts 

defined by 

MO = (' + 5) 2 - k r ° + Jro ™ r ' ) - *) dr'' ( 1 0 ) 
are used to specify the 'classical' deflection function, 

e(X) = 2^8k(X), (11) 

from which, via an Abel integral transformation, one can find the quasipotential 

2£ [<*• 0(A) 2l< t° 
Q{o) = — -l==dX 

7T h y/X2 - a2 

rl / r°o A m 
A c / A . (12) 

v/A 2 - a2 

\E\ d ( /~ 6(X) 
•K a da \Jo \/X2 - a2 

The scattering potential is determined from that quasipotential per the Sabatier trans
formation, by 
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VWKB(V) = E 1 .(=%*)] (13) 

so long as the there is a 1:1 correspondence between r and a from the transcendental 
equation 

1 (9i£l\ 
T = — ffev 2£ / . k 

This condition is valid if, for the actual potential, 

1 dV E>V{r) + -r~; 

(14) 

(15) 

a condition that E exceeds Eorbit (the energy at which 'orbiting' occurs). Also, as the 
definition of the quasipotential has the limit 

ff—*U 
(16) 

the transforms lead to r —» r 0 and V —• E in that limit. The WKB method for basically-
attractive (nuclear) interactions only hold for radii in excess of the classical turning value 
and/or the condition for orbiting. 

The integral form of the quasipotential is solved easily if one has a rational function 
representation of 5(A), to wit 

where 

S*(A) = 5<°)(A) fi ( £ f | [ ) , 

5 < 0 ) ( A ) = e.>,ln(A2+A?) 

(17) 

(18) 

is a 'background' S-function corresponding to a 'classical' Coulomb potential usually, as 
then one finds 

Q(°) = 
2Er) 

V / W A 
N 

+ 2iE Y^ 
n=l V^-"n ^2-K 

(19) 

The residual problem for use of the WKB procedure is then to find the set of complex 
zero/pole pairs {a„,/? n} that 'fit' 5(A). 

(b) Fully quantal inversion:-
The objective is to invert the radial Schrodinger equation which it is convenient to 

consider in the form, 

dr2 x K t r ) + 1 4 > _ « i + n 
Xi{kr) = U(r)xi(kr) , (20) 
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as the scattering potential U(r) can be defined in terms of the free Jost solutions which 
satisfy 

/< ± ) ( r ) = 0 . (21) 

The asymptotic properties of these Jost solutions are 

A±j(r) —+ e*ikT 

^ s^ (nk) • < 2 2 > 
wherein / are free Jost functions in terms of which the inversion potential is given by 

"W^^E^M/i+V)) , (23) 

where the function K is a solution of 

E«-«W«L- )(r) = / i - ) ( r ) , (24) 
m 

and the Wronskian function x is defined by 

*x*(r) = X2_^2

 L (25) 

This development can be extended [7] to include reference potentials in the basic Ricatti 
equations and to generalise the associated iterative scheme mentioned in brief next. 

The Lipperheide-Fiedeldey schemes are particularly useful ways to go about determin
ing that potential. The simplest I will but sketch here as others will, or have, reviewed 
the diverse theories in existence. With this simple scheme, one assumes that the fixed 
energy S-function for scattering can be represented by a complex, rational function form 

5(A) = S<°>(A) f l ^ 4 (26) 
n=l * ~ an 

where 5'°' is a reference S-function (which one obtains from some useful reference po
tential V' ( 0 '(r)). The total scattering potential (V(r) = VN(T)) can then be obtained by 
iteration as 

Vr„(r) = VB_,(r) + A ( B J ( r ) , (27) 

where the increment function for each additional pole/zero pair of the N set defining 
the S function is given in terms of the Jost solutions from the preceding iterate of the 
potential by 

^•^-^Hw^ml- (28) 
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Therein, L^'(r) are logarithmic derivatives, 

L[±](r) = ±i 'itfW 
(r) 

(29) 

with f\^{r) being the Jost solutions of the potential ( K,_i(r) ) that asymptote as e ± , r 

respectively. 
In actual fact, the fully quanta! inverse scattering results that I will discuss later, were 

all obtained with a mixed rational-nonrational scheme [6,7] as the poles and zeroes needed 
to fit the empirical S-functions do not ail lie in the appropriate quadrants of the complex 
angular momentum plane for the rational scheme. 

IV. "EXPERIMENTAL" S-FUNCTIONS 

Applications made so far of inversion methods and of heavy ion scattering in particular, 
usually involve a two step process. The first is to use a convenient functional form of the 
S-function and adjust its parameter values so that as good a fit to the measured data as 
possible is found. The second step is then to re-express that S-function form as a rational 
function i.e. find the best set of pole/zero pairs. 

Heavy ion scatterings, by and large, can be classified as examples of strong absorption 
with a strong absorption model (SAM) form for the S-function being one for which 

|5 f c(/)| « 1 for / < lg (30) 

Such a general prescription is appropriate for the whole range of heavy ion scattering, from 
those events typical of Fraunhofer diffraction through to those characterised by rainbow 
scattering. Diverse functional forms for such SAM S-functions have been proposed [8,9], 
but the most useful to date is that of Mclntyre, Wang and Becker [9] and which is the 
five parameter expression, 

S(\) = \SM(\)\ exp[2iS^M} Sg^W, 
where the magnitude of this S-function is a Fermi distribution, 

\SMW\ = 

the (real) phase shifts are given by 

and the point Coulomb S-function, 

1 + exp / . - / - l 

(31) 

(32) 

1 +ex «]-'• 
b™W ~ f (A +1 - in) 

(33) 

(34) 
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keeps the prescription simple. As usual the Sommerfeld parameter is defined by, 

V = - ^ r - (35) 

While the above suffices for analyses of most uata taken to date, there are some tha t are 
particularly extensive and one needs to generalise the Mclntyre form to achieve quality 
fits. Such is also needed when one considers "light" heavy ions such as protons. We 
have found that a scheme with a sequential addition of Regge pole terms is quite useful. 
Therewith one forms 

; n ( m ) m *>(«*(m)) 
S<m>(A) = S{m~l)(X) + , / ' , (36) 

where 

D « n » ( r < m ' ) = z^ m ) (r< , m ) ) [1 - •£(s<m- 1>(A)j] (37) 
and 

5< 0 )(A) = 5 M ( A ) (38) 

V. ALGEBRAIC SCATTERING THEORY FOR HEAVY ION COLLISIONS 

The essential link between the actual measured cross-section data and coordinate space 
local potentials (such as those obtained by inversion methods) are the S-functions. The 
S-function contains all of the physical information about the reaction process tha t the 
data can provide. It is intriguing, therefore, to conjecture about determining that S-
function directly from th» underlying physical processes without resort to Schrodinger 
equations and their solutions at all. One would need to work in angular momentum space 
and from the inverse scattering philosophy, the question is just what is the S-function 
one has when two heavy ions collide. The McJntyre function and its modifications are 
reasonable 'phenomenological' forms as our results will show. But as heavy ion scattering 
is dominated by the Coulomb interaction between the ions and, by and large, the less 
important hadronic interaction is essentially characterised by strong absorption, it is 
feasible to consider variation of the forms of S-functions for pure Coulomb scattering; 
such variations being the so-called, but actua'iy misnamed, algebraic potentials. Details 
of the underlying group theoretic structures leading to the potentials, vi(k), wi(k) and Z[(k) 
have been published [10-12] and will be/have been presented in this workshop. Herein, 
the..fore, I will give but a brief outline for completeness and to define the potentials 
themselves. 

Algebraic scattering theory is based upon the group theoretic forms one can use with 
pure Coulomb interactions. The Hamiltonians in such cases can be expressed in terms of 
the Oasimir operators of the groups SO(3,N) with N = 1,2 in particular being simple. For 
positive (scattering) energies, that permits an exact realisation to Euclidean groups and 
thus specification of the S-functions in terms of recurrence relations. One then postulates 
that the hadronic interactions modify those recursion formulae by algebraic potentials. 
For the SO(3,l) group case, the recursion formula is 
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*«<*> - ( j T T ^ ) S'M • <»> 
where TJ is, as before, the Sommerfeld parameter. To within a constant phase then 

i j + Zj+ irj sm=n 
7=1 V ~ *i - ">J 

which reduces to the convenient (and well known 'Coulomb') form 

(40) 

s,{k)~ T(i~+i-z->v)' ( 4 1 ) 

but only if V is independent of 7'. Past applications have used this convenient Gamma 
function form for the S-function but have allowed the algebraic potential to be l-
dependent. Therewith one identifies 

z -» v,(k) . (42) 

The SO(3,2) group development, and with a similar 'double' approximation, leads to the 
algebraic potential, wi(k). 

But the rational function form, Eq. (40), is just as convenient to use and does not 
require a further approximation to define the algebraic potential, zi(k). As defined else
where [12], this algebraic potential has a simple approximate relationship to the deflection 
function, 0(1). 

VI. RESULTS AND DISCUSSION 

A. WKB inversion of heavy ion data 

The semiclassical (WKB) inversion procedure has been used [13] to obtain a scattering 
potential from the 1449 MeV cross-section of X2C scattering from 2 0 8 J P 6 by first finding 
a good fit to that data with a SAM (McTntyre) form of an S-function With Mclntyre 
parameter values of 

lg = 267 Ag = 24 60 = 100 
/; = 210 A; = 18 (43) 

a data fit with X21F approximately unity was found. The same data has been analysed by 
full quantum mechanical inversion as well [14]. The extracted potential (when used in the 
Schrodinger equation to find phase shifts) then gave the cross-section that is compared 
with the data in Fig. 1. It is noteworthy that a new fitting scheme [15] by which the 
cross section data is mapped directly to values of the pole/zero pair parameters of the 
rational form of the S-function has been able to find a fit to this data with \2IF of 0.8. 

The potential obtained by inversion of the data is displayed in Fig. 2. The real and 
imaginary parts are as indicated but one must note that the sensitive radial region for 
the current data set lies outside of 6 fm. This we defined by evaluating the cross-sections 
one predicts if the inversion potential were changed by a (real) Fermi factor, viz. 
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V(r) = Vinv(r) ± 10 [l + e^r] . (44) 

The spread in calculated cross-sections for different values of R are shown in Fig. 3. 
Clearly the current data set cannot differentiate between the modified potentials when R 
is less than 6 fm. 

The semiclassical method is a high energy approximation but it is also a useful one 
for any strong absorption condition even when the energy is not very large. The real 
and imaginary potentials shown by the solid and dashed curves in Fig. 4 respectively, are 
the results of WKB inversion [13] of the cross-sections from the elastic scattering of 420 
MeV nC ions from ^Zr and from 208Pb, of 125 MeV nC ions from *»Pb and of 170 
MeV 160 ions from 2 0 8 P 6 . All four cases are examples of SAM character as the extremely 
absorptive potentials at the smaller radii epitomise. But in all cases the sensitive radial 
region lies outside 10 fm. The fitted (Mclntyre) S-function for the 125 MeV 1 2 C - 208Pb 
reaction is compared with the recalculated one (from using the inverted potential in a 
Schrodinger equation) in the top section of Fig 5. On this scale the magnitudes are 
indistinguishable while the (real) phases, shown in the middle section of Fig. 5, vary 
only slightly for the very small angular momentum values. In the bottom segment, the 
'classical' (real) deflection functions are shown for the four cases. The solid and long 
dashed curves are the deflection functions from the 420 MeV 1 2 C on ^°Zr and 20SPb cases 
respectively while the small dashed and dot-dashed curves are those for the 125 MeV 
1 2 C and the 170 MeV 160 scatterings respectively. They are all monotonic decreasing 
functions of angular momentum which augers a solution of the transcendental equation 
for all radii throughout the sensitive radial regions for these reactions and thus also, the 
validity of ihe WKB approach even for these low incident energies. 

B. Full quantal inversion results 

The Lipperheide-Fiedeldey schemes have been used to invert the Schrodinger equation 
for diverse nucleus-nucleus elastic scattering events. In the past [6, 7] the schemes were 
used to reproduce known potential forms which nevertheless were deemed appropriate 
nucleus-nucleus interactions. Our recent studies [13, 14] have sought those potentials 
from the 'experimental' S-functions themselves. But it is useful to begin with very new 
results that we have obtained for proton-nucleus scattering. 

(a) p - 2oaPb elastic scattering at 160 MeV. 
Proton elastic scattering from nuclei is of particular interest to us since, with colleagues 

in Melbourne, I have studied the properties of two-nucleon (NN) g-matrices in nuclear 
matter, preparatory to folding them with nuclear density matrices to predict, thereby, the 
nuclcon nucleus optical potential microscopically. Others have made such studies before 
of course, and an aspect of those results will be used later. 

Due to the Pauli exclusion principle and to the average mean field in which a nucleon 
projectile will interact with any bound nucleon in the target, the optical potential will be 
nonlocal. But there are always local (phase) equivalent forms to such potentials and a 
recent article [16] gives an excellent survey of the methods by which that equivalent local 
potential (ELP) can be defined. That paper also identifies the role of channel coupling in 
defining the ELP as well. Of those methods, one is to use the potential we can obtain by 
inversion. 
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We have succeeded in making a quantal inversion of the 160 MeV p — 2 0 8 P 6 elastic 
scattering cross-section data. The first step as always was to find an excellent fit to 
the data using a functional form for the S-function. A Mclntyre function modified by 3 
Regge pole terms gave us such an 'experimental' S-function and one which we were able to 
map accurately with 13 pole/zero pairs for use in the mixed rational-nonrational inverse 
scattering approach. That mapped S-function is compared in Fig. 6 with the one obtained 
from the conventional Woods-Saxon 'best fit' potential from direct phenomenological 
solutions of the Schrodinger equation. The S-functions have similar structure but the 
differences are noticeable. So also are the resultant fits to the cross-section data. The 
full data set is shown in the top panel of Fig. 7, and segments are shown in larger scale 
in the middle and bottom panels. The inversion results are displayed by the solid curves. 
Full x 2 values of 172 and 1419 are the measure of the quality of the two results and it 
is not surprising th before to find differences between the Woods-Saxon and inversion 
potentials. They are displayed in Fig. 8. The inversion potential (real and imaginary 
components) are depicted by the solid curves and the sensitive radial region extends from 
about 2 fm. outward. Both the real and imaginary components of the potential we find 
from data inversion are different from the conventional (Fermi distribution) form. The 
imaginary component also has a large wavelength oscillatory structure. Such character has 
been observed in the microscopically calculated potential for 160 MeV p — 12C scattering 
[17] when medium modified NN t-matrices were folded with a reasonable nuclear density 
distribution. Such variations have also been found with heavy ion potentials. 

(b) ieO - l60 scattering at 350 MeV. 
The extensive data set from the scattering of 350 MeV 160 ions from 160 targets 

measured by Stilliaris et ai.[18] are of particular interest not only because the ratio to 
Rutherford scattering cross-section spans almost six orders of magnitude but also as the 
experiment covered almost the entire allowed kinematic range of momentum transfer. 
That data and a fit to it are shown in Fig. 9. Of special interest is the structure observed 
near to 50° which has been interpreted as the second Airy maximum of a nuclear rainbow. 

There have been a set of analyses made of this data using 'direct' means; some have 
been totally phenomenological and others a mix of folded NN g-matrices (folded with 
nuclear density matrices) for the real part of the optical model potential but with a 
phenomenological imaginary component [19]. None have found really good fits to the 
measured cross-sections as, typically, they give chisquare values per degree of freedom , 
\2/F, of 20. 

Our approach using inverse scattering theory started with a model S-function fit to 
the data. By using a modified SAM (Mclntyre) form having six Regge pole additions 
(and so 31 real parameters in all), we obtained a fit to the cross-section having a value 
of \21F of 1.6; an order of magnitude improvement upon the (semi) phenomenological 
direct studies. The resultant S-function is shown in Fig. 10. Details of this form and a 
discussion of them are given elsewhere [20]. The resultant potential from the inversion is 
compared, in Fig. 11, with others found from the direct studies. These potential values 
are the negatives of the actual results and the inversion one is displayed by the solid curve. 
The conventional optical model potentials are those displayed by the long dashed curves 
while that, found s«'rni microscopically [19] are portrayed by the dot-dashed curves. A 
less conventional phenomenological optical potential [1] is displayed by the small dashed 
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curves. It resembles our findings more than the others and it is not surprising to note that, 
with it, a fit having a \ 2 / F value of 12 results (c/f values of 20 or more for other 'direct' 
method potentials). But our result is unique in that there are strong large wavelength 
oscillations in the imaginary term. Those oscillations are not artefacts of the method 
as they are essential to reproduce the S-matrix at the (even) integer values of angular 
momentum to better than 1 part in 1000 as is needed to be sure of fitting the extensive data 
set with a stable form. The potential is sensitive down to about 1 fermi and clearly there 
is a delicate balance between underlying nuclear reaction processes that cause refraction 
and absorption of the projectiles. 

It is useful to consider just where the misfit from any result occurs. The inversion result 
and the 'best' phenomenological potential cross-sections are compared with the data in 
segments in Fig. 12. Therein the component chisquare values are listed and the quantal 
inverse results are shown by solid curves (the data point at 7° has been ignored in these 
fits). Clearly the biggest problem of the phenomenological potential calculation is the 
misfit to the forward scattering angk (and large absolute cross-section) data. Also the 
middle angle range information is adequately reproduced only by the inverse approach. 
Thus the fit to the very interesting large angle (and very small magnitude) cross-section 
data given by that phenomenological potential calculation is at best fortuitous. Such is 
the case with all of the other direct solutions made to date. I suspect that none have 
really allowed the absorptive terms to be realistic as the reaction is very 'transparent'. 

(c) 12C - nC scattering at 158 and 240 MeV. 
We have been able to invert data from the elastic scattering of 1 2 C from 1 2 C at 158 and 

240 MeV using the mixed rational-nonrational scheme and from those studies find smooth 
complex local potentials which also have large scale oscillations. As with the 1 6 0 — 1 6 0 
study, the first requirement was to specify S-functions that give extremely good fits to 
the measured data and the real and imaginary parts of the S-function determined bv 
fitting the scattering cross-section from the 158 MeV experiment are shown in Fig. 13. 
The basic 'SAM' character is evident but again low angular momentum details, provided 
by the 'Regge pole' modifications, are important features. They are essential to have a 
fit to the large scattering angle data while retaining the SAM fit one usually finds for 
the forward scattering angle cross-sections. That fit to the cross-section is displayed, 
along with the one to the 240 MeV data, in Fig. 14. The values of x 2 / F are less than 2. 
The potentials that result from inversion are shown in Fig. 15 wherein the solid curves 
depict the 158 MeV results and the dashed curves, the 240 MeV ones. Both the real and 
imaginary components of these potentials are structured and the scatterings are clearly 
quite 'transparent' and evtn more so than the 350 MeV l60 — 1 6 0 potential. The shapes 
of these potentials are again distinctively different from the conventional Woods-Saxon 
forms and there is even a radial region in which the potential is emissive. The effect of 
the potential as a whole however remains absorptive to give the nett flux loss the Physics 
of these scattering events requires. 

Such obvious oscillatory structures in local potentials have been found recently [16] in 
a study of the local potentials that are phase equivalent to non-local ones. In nuclear 
scattering, non-localities arise due to the Pauli principle and to reaction channel coupling. 
Fiedeldey et al.[16] have shown that channel coupling equates to oscillations in the imag
inary part of these equivalent local potentials to the extent even that they can be locally 

11 



emissive. Furthermore, these effects, they find, will have an intrinsic dynamical energy 
dependence. That offers a consistent explanation of the structure of the local potentials 
that we have obtained by inversion. 

C. Algebraic Potentials and Heavy Ion Scattering 

The three algebraic potentials, vi(k), wi(k) and zi(k) have been determined [12] from 
a variety of heavy ion scattering cross-sections from 2(ysPb. Energies from 170 to 2400 
MeV were considered. All of the cross-sections could be well described by SAM with 
but minor modifications in a few cases, and all could be, and were, inverted by using the 
WKB method. The algebraic potentials were extracted from the fitting S-functions and, 
for the important /-values (large / usually), were found to be smooth and monotonically 
decreasing to zero at very large angular momentum. 

The three algebraic potentials for the scattering of 1419 and 2400 MeV 12C ions from 
20SPb are shown in Fig. 16. The real and imaginary components are depicted by the 
solid and dashed curves respectively. Clearly the three potentials have different forms, 
but only the values for / in excess of 200 and 240 (for the 1449 and 2400 MeV cases 
respectively), are necessary to fit the observations, and in that regime, all three potentials 
are monotonia and decreasing. That decrease is exponential as is shown in Fig. 17 which 
is a plot of the (natural) logarithms of the separate real and imaginary components of z\ 
and vi. The results are all essentially linear for / in excess of 200. But there are differences 
in magnitudes and such are exacerbated as one analyses lower energy data. 

The algebraic scattering theory does not simplify study of 'transparent' reaction data 
however. The z\ and u; (logarithms of the real and imaginary components again) that 
result from an analysis of the S-function for the 350 MeV 1 6 0 — I 6 0 scattering are shown 
in Fig. 18. They are very structured at low angular momentum values and despite asymp
totically being linear, no simple function form such as the Woods-Saxon proposed in other 
studies [10,11] is realistic for all of the important values of /. 
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FIGURES 

FIG. 1. The fit to the 1 2 C — 208Pb cross-section using the Mclntyre S-function with pa
rameters given in the text. 

FIG. 2. The potential obtained by inversion of the Mclntyre S-function that fitted the data 
as given in Fig. 1. 

FIG. 3. Envelopes of the potentials generated using the modified inversion potentials for 
the 1449 McV scattering of UC from 2 0 8 P 6 . 

FIG. 4. The potentials obtained by WKB inversion of select elastic scattering data. 

FIG. 5. (top) The modulus of the S-function that fits the 125 MeV 1 2 C - 2 0 8 P 6 scattering 
cross-section and its reproduction, (middle) The phase of the S-functions for small /-values. 
The closed circles are the recalculated values, the open ones are the original fit values, (bottom) 
The real parts of the deflection functions for the four reactions calculated from the fitted S-
functions. 

FIG. 6. The S-functions for 160 MeV p - 206Pb elastic scattering. The mapped S-function 
used in inverse scattering calculations is depicted by the solid curves and that from the 'best fit' 
optical model potential is shown by the dashed curves. 

FIG. 7. The inverse scattering and direct (optical model) potential calculation fits to the 
cross sections for 160 MeV p — 20SPb elastic scattering compared with the data. 

FIG. 8. The potentials from the inverse scattering (solid curves) and from the 'best fit' 
optical model (dashed curves) calculations of 160 MeV p - 208Pb elastic scattering. 

FIG. 9. The 350 MeV 1 6 0 - 1 6 0 cross-section data and the fit resulting from inverse scat
tering calculations. 
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FIG. 10. The S-function that 'best fits the data given in Fig. 9. 

FIG. 11. A comparison of the (negatives of the) potentials obtained by various fits to the 
data in Fig. 9. The curves are identified in the text. 

FIG. 12. The comparison of the cross-sections resulting from use of the inversion potential 
and phenomenological optical model potential [l] in Schrodinger equation calculations. 

FIG. 13. The 1 2 C - nC S-functions that fit the 158 MeV data. 

FIG. 14. The :2C — I 2 C cross-sections for scattering of 158 and 240 MeV projectiles. 

FIG. 15. The potentials from inversion and from direct optical model fits to the 158 and 
240 MeV I 2 C - 1 2 C scattering data. 

FIG. 16. The algebraic potentials determined from accurate fits to the 1449 and 2400 MeV 
l2C - 208Pb elastic differential cross-sections 

FIG. 17. The logarithms of the separate real and imaginary components of the vi and z/ 
potentials given in Fig. 16. The real and imaginary terms for vi are displayed by the solid and 
small dashed curves while those for z\ are given by the large dashed and dot-dashed curves 
respectively. 

FIG. 18. The logarithms of the real and imaginary components of the v\ and z\ for the 350 
MeV u'0 - 1 6 0 scattering S-function. 
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