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Introduction
Low-energy collision problem of Coulomb three-body system with comparable masses
plays an important role in description of muonic atom diffusion during fiCF cycle. Because
of the smallness of a mesic atom with respect to the electron structure of molecules in a
hygrogen isotope mixture it is possible to neglect the electron screening effects in the first
order of approximation and to consider the scattering of mesic atoms on bare nuclei. In
this case the following reactions are available:
a) elastic scattering
a/i + 6 -» aft + 6,

(la)

b) isotope exchange
ац + b —> b/i + a,

(lb)

c) spin-flip
<V(TT) + a - K v ( U ) + a,

(lc)

where a and b denote hydrogen isotope nuclei p, d and t. It is clear now that the stage
starting from the formation of a mesic atom and ending in the mesic molecule formation,
where the above-mentiond collisions occur, demands a precise theoretical investigation .
The scope of this study is restricted to the consideration of reactions involving atoms in
their ground states.
From the numerical point of view, the most difficult and challenging problem in mesic
atomic scattering is an isotope exchange reaction. The muon-nucleus mass ratio is signifi-

1

cantly greater than that of an ordinary atom, so the standard adiabatic two-level approx
imation cannot provide sufficient accuracy of a three-body wave function. On the other
hand, the great magnitude of isotope splitting in energy levels of mesic atoms involved
into the reaction makes direct numerical methods rather complicate due to a difference in
energy scales (see Fig.l) for upper (colliding energy ~0.04eV) and lower (~ 50 -f 200eV)
channels (isotopic energy splitting for mesic molecules рц, d\i and t/i is shown in Tabic
1). The period of oscillation for these two open channels differs by the several orders of
magnitude one from another.

Table 1. Isotopic energy splitting

&E (eV)
iso

Ed? — E
Etpt — E
Etp — Eip.
TV

pii

134.709
182.751
48.042

This paper presents the multi-level adiabatic calculation of the niuon transfer rates.
We consider the convergence of the computed figures with respect to the number of states
that ensured us that the high accuracy results are achieved. It is perfectly seen that the
contribution of the continuous spectrum into the charge transfer rate are of significant
amount to be neglected. The convergence analysis allows us to demand that these new
calculated results are most accurate up to date. The described method was successfully
applied to compose the Atlas of elastic and inelastic cross sections of asymmetric mesic
2

atomic processes . It can be regarded as a further extension of our multi-level adiabatic
approach given in Ref. 3 and Ref. 4 to the asymmetrical case of mesic atomic collisions.
For very low incident energies (0.001-0.01eV) the cross section of charge transfer pro
cess becomes sensitive to the influence of the molecular structure. To achieve the demanded

2

accuracy in this case we have to take into consideration the electron screening and other
molecular effects. These corrections were carried out and are now available in Ref. 5.
1. Multichannel adiabatic expansion
After separating of the center-of-mass motion, the nonrelativistic Hamiltonian of a
three-particle system can be written in Jacobian coordinates (e = h = m, = 1)
1
H

~ ~2MTk

1
Я

1

1

1
+

~ 2^> * ~ U ~ й R'
m

7t =

TO

P

M

M

- 1

'+( « + ») -

where R is the position vector of nncleus о relative to nucleus 6 with the masses M and
a

Мь, г is the position vector of the muon with mass m^ relative to the center of mass of
the nuclei, r„ and r» are the relative muon nucleus distances.
The multichannel adiabatic approach is based on an expansion of the three-body wave
function Ф ( r , R ) in terms of the states of the discrete and continuous spectra of the twocenter problem":

( - U - - - - U j (r; R) = Ej (R) *,- (r; R),
r

(За)
A

r л

( 4 * - - - - } <M ; '*) = (*72) Mr; яд),
L 2

r„

n)

where variables can be separated in spheroidal coordinates:
£ = (г„+Гб)/Я,

t] = (n-r )/R,

y> = arctana:/t/.

a

Functions фj and ф are numbered by respective sets./ = {Tqm} and с = {qm) of spheroidal
с

quantum numbers
Mr) = n

(

m )
r

m )

(OHi C?)^p

п,)

M r ; it) = П* ( { ; t ) 4

! m ¥

»,

(Vi*)expimv»,

where г and q are equal to the number of nodes of corresponding Coulomb spheroidal radial
and angular functions'. It is worthy to note that oddness of a quantum number q defines
symmetry (with respect to inversion: r —> - r ) of solutions and after transformation:
1
Фы = -7= (Фт,2к,т + Фг,2к+1,т)

1
,

*

V'i* = —Щ [ФтЯКт - Фт.гк+hm)

3

i

in the limit of R —» со the wave functions become respectively the states of (a, e) and (b, e)
atoms in parabolic coordinates'. In another limit case of R —* 0 the wave functions can
be described by the states of the helium ion HeJ> with the spherical quantum numbers:
N = т + q + rn, I = q + m and m.
To describe the rotational movement of nuclei we make use of Wigner D-functions
which define a wave function with a certain total angular momentum J , its projection M
onto z-axis and spatial parity A (P\: * ( r , R ) = A * ( - r , - R ) ) ,
* # (H, P) = £
+Y

Ф? Ы;R)R-%.
т

(Л) D #

m

m

(Ф, 6,0) +

l

/

dkt . (-yt;R,k)R- X . (R;k)VJ}' (<l-,e,0),
c m

c m

where Ф and 0 are polar angles of R and VJ^

m

(Ф,0,ур) are symmetrized ^-functions

m

(see Ref. 6 or Ref. 8). The two-center problem (3) is formulated in terms of electronic
movement around nuclei of infinite mass. The scaling factor 7 converts the solutions of
(3) to muonic measures. So the value y = (M + m,,) /(Мат„) provides a muonic wave
a

a

function which for R —> со transfers simply to a state of afi atom. The use of 7„ leads to
the correst energy threshold in an a// + b channel.
Substitution of the expansion (4) into the Schrodinger three-body equation and aver
aging over the light particle motion (r) and angular coordinates (Ф, 0 ) gives the system of
coupled radial equations for the amplitudes X describing the relative motion of the nuclei:
t

J{J

1}

u

•^Xi (R) + [гм - t ]
£

R

xtW - Y, " ( ) *i (-*)

R

(5)

[ dk Uij (R, k) Xj (R, k) = 0,

~Y
i
where M = М ь/т
а

а11

h

= M„j (Af + m^) j (m^Ma) is the reduced mass of the system and
tt

e is an incident energy of colliding particles in the body-frame coordinates. The matrix
elements Uij (R) are effective potentials of the problem,
U (R)
ii

d

= 2Q (R.)
ij

1R

+

*&(*> +*<,<*)'

which obey the symmetry conditions
Qij = —Qji,

Hij =

4

Hji,
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The effective potentials were calculated and tabulated in works"' ' within the range of
R = 0.1 -r 100 for the discrete and continuous spectra respectively. For Й <tC 1 and й > 1
analytical expressions of potentials are available

>.

2. Formulation of the scattering problem
The disadvantages of the two-level adiabatic PSS method (keeping only two ground
states of expansion (4)) are well known (see, for example, Ref. 12). It gives incorrect
isotope splitting between energy thresholds of channels apt + b and Ьц + a, what follows
from the fact that the £ Jiabatic wave function in the limit of b(i+a dissociation is the same
as for the од atom. Several attempts were made to overcome this difficulty in a framework
of two-level approximation. We point out on two most recent investigations dealing with
muonic atom scattering problem

' .

Another serious objection is an improper mass of compound particles involved into
1

reaction. Indeed, the reduced mass M — М ь/т
а

а11

of the reaction (m~* = M~* + m " ) is

the same for both channels ац + Ъ and b/i + a and differs from their genuine values
M

a

= [Мъ (Ма + тпц)/(M + M), + m„)]

/m

a

ati

and
Mi, = [M (M + m,,) / (M + M + m^)\
a

b

a

/m .

h

bli

This fault rises from the strong coupling of the states by the velocity-dependent potential
Q(R)d/dR

which doesn't vanish at the infinity. That can be easily seen with the use of

the asymptotic expansion of ap + b channel solution
Ф(К,г) = 5 > . - „ ( г . ) Х . ( Н ) ,
After inserting it into the Schrodinger equation

we get
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г„=г+

М

^

М

Ъ -

The roots of this effect are based on the translation of the Jacoby vector R . of the system
(a/i) — 6 which correctly describes the relative motion of two compound particles, and
in terms of which the scattering problem is formulated into the internuclear vector R =
R„ + p,r„ (see Fig.2). In this case an asymptotic solution transforms
ф'*» ( R . , r . ) ~ exp(±»kR.)0« ( P . ) = e x p ( ± t k R ) ^ (p.),
where
Фь ('«) = exp(T»PikP«)0M (P«) ,
and p„ = mp/ (m^ + M ) is a transnational parameter. Bates and McCarroll have sug
a

gested simply to include this translational factor into the trial function of the expansion "
in order to avoid this spurious mass transformation. But it leads to an energy dependent
correction to the effective potentials.
Instead of that, the successive usage of the multichannel approach provides solutions
of the scattering problem which converge to the genuine solution of the original three-body
problem. Indeed, the scattering states ф( , фц of both atoms can be approximated with
а

any given accuracy by the complete basis set of adiabatic states (3), so any sufficiently
large finite basis set provides an equation which has correct (within the given accuracy)
thresholds and masses of compound particles.
Let us introduce here the functions
±

л

1

*H(R,r) = «g*(a..r.) = е *' 'Л- Л,(г„)О^ (Ф,в,0) =
т

3P

where a,p = {a, b] are indexes of dissociation channels and

are components of the radial wave function. In what follows we assume that the wave
numbers kj for open channels are real and positive. In terms of this functions we can
define asymptotic boundary condition for the scattering problem
Ф«> ( R , г ) ~ « Г

1 / 2

m
Ф Н (R, r) - £ SijvJ ' ^
1 2

6

(R,r),

(6)

where Vj = kki/mt

are velocities of incident and scattered particles of different channels,

ro is the number of open channels and quantities Sij define the S-matrix of the reaction.
The asymptotic states of adiabatic expansion contain the states of isolated atom described
in parabolic quantum numbers and having the mixture of rotational states with respect to
the nucleus-atom orbital momentum. That is why we don't use the constant phase shifts
of partial waves in expressions of asymptotic functions. From the other side, they can be
easily included directly into the S-matrix of the reaction after calculations.
The wave functions ф № expressed in terms of expansion (4) provide the multicomponcnt asymptotical boundary condition for the radial Schrodinger equation (5)
X « (R) ~ £

vj"> { c < » e - * > % - d < ' V * ' % - } ,

(7)

j

and

«f = #'»* =

(Ф,^ \г-^ф^} )
ш1

т

that reduces the initial scattering problem to the solution of the infinite system of second
order differential equations with linear boundary conditions at R = 0 (where .Y; (0) = 0)
and in the infinity. Thus, so far we made no any approximation assumption, then Eq. (5)
with Eq. (7) provides the exact solution of the problem.
Truncation of the system of equations (5) to some finite iV-component set gives slightly
1

different values of the wave number k\

N

and vectors с*' "' and d^'' ' if we demand that

asymptotic solution should satisfy the truncated asymptotic equation
+2QiN){o

~m

//

°i

v,

oo)

TR + " < -

2 A l £

}*

+

The asymptotic solution has a form X '*'(Я) ~ d^expikiR,

±|i>(;?)

= °-

thus, inserting it into the

last equation we can obtain these quantities as non-zero solutions of the following algebraic
equation
W

[fe? + 2t/k;Q< > (со) + Я

( Л Г )

(оо) - 2Afe] d

(,)

= 0,

(8)

where wc have one parameter free to determine a solution uniquely. We can define

The only undefined values now are the velocity coefficients in Eq. (0) which have the mean
ing of the factors making the flows of particles of incoming and outgoing waves balanced.

I

To calculate the number of particles incoming and outgoing the region of interaction we
make use of the density operator of particle flux

W = -ijds\-

(x*v x - xv x*) + {x'Qx - xQx')],

V

R

R

where 5 is the spherical surfice of constant radius R bounded the interaction region. For
+

i,N

the stationary asymptotic solutions Х ' ' ' ( Л ) ~ d\ ) exp (ikiR) we get
2

.<"> = | | X + I % = | ^ l | d ( ^ ) | | - ,• ( d ( W , Q d < W ) | .
This sequence of definitions allows us to build new boundary conditions for the truncated
system of radial Schrodinger equations:
X^HR)

~ £

-

[rf'J ''

2

w

{ c W - ) « - « > % - d^e^slp]

,

(10)

3=1

which are from the one side self-consistent (by means of the truncated asymptotic solution)
and from the other side closely related to the one of the original three-body problem. The
completeness of the adiabatic basis allows us to assert that these quantities describing the
asymptotic wave function of the truncated system converge to their correct values as the
number of states of expansion (4) will be increased.
Some problems will arise with involving into consideration of continuous spectrum
due to inasymptotic behaviour of continuous spectrum states. We could refer our readers
to Ref. 17 where a detailed and complete discussion of how to overcome this problem is
presented.
For numerical calculations it is more convenient to use real functions with real boundary
conditions. To achieve that we can perform asymptotic solutions in a form of "standing
waves"
l

+ ;

x\ > = \. (x i > - х-») ,
2

x(> = i(x+i'> + x - » ) .
For these functions a common asymptotic solution can be expressed in terms of the reac
tance matrix K:
m

хю-х^-х;*^,

8

(ID

and it is well known that matrix К is real and symmetric

. The 5-matrix can be expressed
l

S = {I +

iK){I-iKy ,

where the identity matrix I is used.
For the case of the muon transfer from the ground states (the reaction (lb)) we have
two open channels and the partial cross sections o ^ are calculated by the formulas
J

2

°lb = J ( 2 J + l)|S | ,
e 6

where k is the wave number of the incident channel (a/i) + 6 and the total cross section
a

is simply a sum of all partial cross sections

J

3. Results
The method we have expounded above was applied to the calculation of the cross
sections of the reaction (lb) and the rates of muon transfer from a lighter to a heavier
nucleus in a liquid hydrogen mixture. In the calculations we made use of the set of physical
constants that is collected in Table 2.
The following model of interaction was taken into consideration (see Fig.3): the com
plete set of potentials connecting the states of the first three shells of the discrete spectrum,
then potentials connecting the states of the first shell with the fourth shell of the discrete
spectrum and with the set of shells of continuous spectrum. These shells consist of the
states of two-body problem as follows:
discrete spectrum:
1-st shell: \sa - 2/*r (when R -» 0) or Is (when R -> oo);
2-nd shell: 2s<7 - 3ptr, 3da - if a, 2pjr — ЗЛг (when R -* 0) or2s,2po,2pi (when R —> oo);
3-d shell: 3s(T-4pcr,4d(T-5f<T,5g<T-6h(T,3pTr—4Лг,4/?г—5gn,3d6—4f6
or 3s,3po,3pi,3do,3di,3d2 (when Л -> со)...
continuous spectrum:
1-st shell: SIT — pa, pit — dir (when R —» 0);

9

(whenR —• 0)

2-nd shell: da — fa, fir — gir (when R —» 0);
3-d shell: go — ha, hir — tir (when R —* 0 ) . . .
The other potentials can be neglected in a view of the adiabatic smallness of their influence
on the final result.
To get rid of the integral part of the radial Schrodinger equation (5) we have discretized
the continuous spectrum parameter к —» k — 0.1 (0.1) 3.0 (0.5) 10 (44 points for every state
a

(lm)) and have used the Simpson quadrature rule for an approximation of the last term
in Eq. (5). The method of the numerical integration of a finite component radial equation
with the boundary conditions (10) is described in Ref. 19.
Table 3 shows the convergence of the method for the special case of 5-wave scattering
of atom d/i on t for different values of incident energy. We deiiberately regard the case of
the 5-wave scattering because it yields the major contribution into the total cross section
within the range of thermal energies in /iCF. Practical calculation also depends on some
other parameters like a step h of the difference scheme of the numerical integration or a
point Ra$ which divides the space into an interaction domain and an asymptotic region
or R (see Ref. 17) defining the origin of asymptotic corrections of continuous spectrum
c

and so on. We have carefully investigated these potential sources of numerical errors and
come to conclusion that our results with four significant figures presented in Table 3 do not
depend on variations of Лаз and R and the error of numerical integration of the system
c

- 4

which includes four shells of discrete and five shells of continuous spectra is about 1 0 .
So this investigation shows that our results presented in the paper are the most accurate
up to the date and we estimate the error bounds of about 2% for dfi +1 —»t\i + d reaction
and ~ 3% for pti + d -» dfi + p and рц + 1 -* tfi + p.
Tables 4 and 5 summarize results of our calculations presenting the cross sections of
the considered reactions and the transfer rate in the liquid hydiogen mixture. To calculate
the transfer rate of the muon we make use of the formula

10

2J

where No = 4.25 x 10 cm

3

is the liquid hydrogen density and v is the velocity of the

incident atom (in the ccntcr-of-mass coordinates)
/

2e

,

/

10

2г(еУ)

(M„ + m») Afr

J

е

where с = 2.9979 X 10 (cm/s), m c = 0.511003 x 10 (eV).
e

4. Conclusions and perspectives
As we mention in introduction, the obtained results should be corrected within the
range of low energies by taking into account the molecular structure of hydrogen isotope
molecules / / j , Di and so on. This work involves rather different calculational technique
1

to be included here ai.d was carried out elsewhere *. This last reference contains also
detailed comparison of our results with the different previous calculations. Wc would like to
point out that the major part of these calculations has been used

in the adiabatic

two-level

approximation or some of its modifications. The earliest multi-level investigations of these
reactions could be found in Ref. 4 ч<1 Ref. 20. We thiin. that these accurate results will
give new impulse to the development of the theory describing time-dependent diffusion
processes of mesic atoms in hydrogen isotope mixture.
The other reaction having a great effect on mesic atom diffusion is the charge transfer
process from the excited states:
(«/On + Ь -+ C>/0„ + «,

" ? 2.

It is not sufficient for this problem to keep only pure Ooulombic interaction which leads to
degeneracy of energy levels in atomic states and to -^ \je threshold behaviour of charge
transfer cross section. Wc also need to take into account the vacuum polarization and
hyperfine structure corrections for getting relevant results. This perspective work is in
progress now.
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Fig.2 Different definitions of the three-body Jacoby coordinates.
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Table 2. Masses (in m ), Rydberg energy (in eV) and ground state energies of mesic
e

atoms (in eV)

m , = 1836.1515
m = 3670.481
m, = 5496.918
m„ = 206.7686
Ry = 13.6058041
t

£.,(<*)
E „ = 2528.517
Ej„ = 2663.226
E = 2711.268
r

tlL

Table 3. Convergence of the charge transfer cross section оц ( I 0

- 2 0

2

c m ) for S-wave

dfi + t -* tfi + d scattering and different incident energies (in brackets the number of
channels is shown)
number of shells
discrete
continuous
spectrum
spectrum
1[2]
2 [6]
3[12]
4 [20]
4 [20]
1 [+88]
4 [20]
2 [+176]
4 [20]
3 [+264]
4 [+352]
4 [20]
4 [20]
5 [+440]

O.OleV

0.04eV

O.leV

1.209
3.215
3.440
3.498
3.998
4.129
4.375
4.381
4.376

0.596
1.583
1.694
1.722
1.965
2.029
2.148
2.154
2.150

0.369
0.980
1.047
1.065
1.217
1.257
1.329
1.333
1.329

Table 4. A summary of cross section results a \, ( I 0

_20

a

2

c m ) for the low energy scat

tering of hydrogen isotope mesic atoms

e(eV)

pfi + d-td/i

0.001
0.01
0.04
0.1
0.4
1.0
10.0
50.0

723.8
226.7
111.6
69.45
33.78
21.51
9.467
6.374

+p

рц + 1 -»tfi + p
347.0
109.1
54.10
33.97
17.16
11.64
6.842
4.649

13

dp + 1 —»tp + d
13.94
4.490
2.380
1.693
1.376
1.646
6.817
5.256

О

•

0
О

Ud
U

cc

Un

Uii

Uii

Un ;

U

lc

d iscre 'e

continuous

Fig.3 The scheme of effective potentials taken into account in adiabatic calculations.

Table 5. A summary of results for low energy isotope exchange rates of hydrogen
9

- 1

isotope mesic atoms A = a i,vNo ( l 0 s )
a

«(•V)
0.001
0.01
0.04
0.1
0.4
1.0
10.0
50.0

p(i +

d-*d/i+p
15.9
15.8
15.5
15.3
14.9
15.0
20.9
31.4

pH + t-+tn
7.17
7.13
7.07
7.02
7.09
7.61
14.1
21.5

14

+ p

dp, +1 —»tu + d
0.233
0.238
0.252
0.283
0.460
0.871
11.4
19.7

*'
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Коробов В. И., Мележик B.C.. Пономарев Л.И.
Скорость перезарядки мюона в столкновениях
мезоатомов изотопов водорода на "голых" ядрах.
Многоканальный адиабатический подход

Е4-92-358

Численная схема решения проблемы медленных столкновений
в рамках адиабатического подхода задачи трех тел применяется
для вычисления скоростей перезарядки мюона в столкновениях
атомов изотопов водорода на голых ядрах. Показывается, что мно
гоканальный адиабатический подход позволяет достичь высокой
точности (~ 3%) в вычислениях сечений процессов перезарядки,
которая является наилучшей в настоящее время. Метод применим
в широком диапазоне энергий (0.001 — 50 эВ), представляющих
интерес для анализа экспериментов мюонного катализа.
Работа выполнена в Лаборатории вычислительной техники и
автоматизации ОИЯИ.
Сообщение Объединенного института ядерных исследований. Дубна 1992

Korobov V.I., Melezhik V.S., Ponomarev L.I.
Muon Transfer Rates in Collisions of Hydrogen Isotope
Mesic Atoms on "Bare" Nuclei.
Multichannel Adiabatic Approach

E4-92-358

A numerical scheme for solving the problem of slow collisions in
the three-body adiabatic approach is applied for calculation of muon
transfer rates in collisions of hydrogen isotope atoms on bare nuclei.
It is demonstrated that the multichannel adiabatic approach allows one
to reach high accuracy results ( ~ 3%) estimating the cross sections of
charge transfer processes which are the best ones up to date. The me
thod is appliable in a wide range of energies (0.001 - 50 eV) which is
of interest for analysis of muon catalysed fusion experiments.
The investigation has been performed at the Laboratory of Compu
ting Techniques and Automation, JINR.
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