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ABSTRACT

The eigenvalue problem for one-speed neutron transport in stationary and

time-dependent systems is stated. Various types of anisotropic scattering and boundary

conditions are discussed. The calculation methods used for solving the transport equation in

its differential or integral form are described. A review is given of the work done at our

institute on homogeneous and heterogeneous systems. Preliminary results from some recent

investigations are also presented.

The report is based on work also by E.B. Dahl, N.S. Garis, I. Påzsit and D.C. Sahni.



INTRODUCTION

For many years numerical solution of the neutron transport equation has been an

essential part of the work at our institute. At the Nordic Conferences on Reactor Physics

Calculations several papers have been given on this subject. Therefore, an overview of our

work is now considered to be timely. Some of the results have already been included in a

review paper by Sahni and Sjöstrand (1990).

There are several motivations for our work. The most important one in relation to

"ordinary" reactor physics is that many of our results (even if we assume neutrons of one

speed only) can serve as benchmark values in testing various calculation methods, e.g. for

criticality calculations. The time-dependent studies give new insight into the interpretation

of pulsed neutron source experiments. However, Boltzmann's transport equation has a wider

use than in reactor physics. Therefore, some of our work has been of interest in

astrophysics. But an essential motivation is certainly the natural instinct to increase our

understanding of complicated physical phenomena.

STATIONARY SYSTEMS

With conventional notation, see e.g. Davison (1957), the stationary transport equation

for neutrons of one speed can be written as

Q-V<Kr,fl) + I,<Kr,G) = cIxf$(r,Q')f(Q'-G)dQ' (1)

Here c is the number of secondary neutrons per collision. In the absence of a source c is a

criticality eigenvalue.

TIME-DEPENDENT SYSTEMS

If we consider the decay of a neutron field in a moderator system, the transport

equation is



(2)

To distinguish this case from the stationary one, the cross sections are denoted with

asterisks. In order to find the decay constant k we assume that the time decay is the same in

the whole system. Then we can write

(3)

This gives the equation

Q • grad yfaJU) + (X - £ (4)

Comparing with the corresponding Eq. (1) for the critical case, we see that these equations

are formally identical if

2 - y _ _

and

(5)

(6)

This equivalence has been discussed e.g. by Sahni and Sjöstrand (1990). Introducing a

generalized decay constant A through

X 2 .
— T T - - |

v l , I .
(7)

we obtain from Eqs. (5) and (6) the relation



A-l-i (8)

The size of the time—dependent system is usually expressed in terms of <£„ where d is a

characteristic dimension. For the critical system it is more convenient to use <£, instead.

From Eq. (6) we have the relation

(9)

In many cases the time-eigenvalues can be obtained by solving the "criticality" equation (1)

and interpreting it in terms of Eq. (4). But there are some difficulties. One is connected with

the relation betwe-.n the dimensions, Eq. (9). If c is real, the transformation is straight

forward. But with complex c—value at least one of dls or dLt must be complex. A

consequence of this is that it is very difficult to find the complex time-eigenvalues for a

real, physical system.

ANISOTROPIC SCATTERING

In the treatment of anisotropic scattering in one-speed neutron transport theory it is

commonly assumed that the scattering function f(Q.'-*Q) can be developed into a Legendre

polynomial series of the argument Q' • Q, i.e.

(10)

n=0

Here Q denotes (as usual) the direction of the neutron velocity before and Q after a

scattering collision. The function is usually normalized so that bo=l. The average cosine of

the scattering angle is b\.



In computer codes for reactor calculations several terms may be included in the

above series. However, analytical studies of anisotropic effects are usually limited to two

terms, i.e. to linearly anisotropic scattering. The reason for this is the great complications

arising when more terms are included. This fact puts a limit on investigations relating to

very strong anisotropies.

However, it has been shown by Inönii (1973) that it is possible to study other types

of anisotropic scattering with rather simple means. When strongly forward and backward

scattering is taken into account by delta-functions, it is possibie to transform the resulting

transport equation into a more conventional one. The scattering function can then be written

(11)fUUQ) = Igtfi (USb&Q) + ̂  6(Q'Q -1) + j ^ 6(Q'Q +1)

Here O « a , p « l , a + P s l and \b\\ s 1/3. When this scattering function is inserted into

Eq. (1) we obtain

QV«Kr,Q)

(12)

This problem was discussed at the previous Nordic Reactor Physics Conference, see

Sjöstrand (1991).

BOUNDARY CONDITIONS

The most usual boundary condition is that of vacuum around the system, i.e. no

incomirg neutrons. For a slab of thickness 2a it can be expressed as

<(>(a,lO = 0 for n < 0 (13)



and a corresponding expression for $(-a,n). Another type of boundary condition is some

sort of reflection, which at a slab can be written as

(14)

R is a reflection coefficient and — 1 s R s 1. It is interesting to note that the Inönu

transformation in treating strongly forward and backward scattering may lead to a vacuum

boundary being transformed into a reflecting boundary.

The term "buckling approximation" is used to denote a solution to the transport

equation where the spatial dependence can be written as exp(i£-r). To connect this to a

physical system one usually has to introduce an extrapolation distance.

CALCULATION METHODS

The calculations have started from the transport equation in its differential from,

Eq. (1), or from the corresponding integral equation. For the differential form in slab

systems the Sn method has been used, and the results have been obtained by successive

substitutions of better and better approximations of the angular flux, see Sjöstrand (1980).

One advantage is that different types of anisotropy and boundary conditions are easily taken

into account. However, only the fundamental eigenvalue can be obtained. The integral

equation has been solved by a development of the spatial neutron flux into a series of

Legendre polynomials. The integral equation is then transformed into a system of linear

equations in the expansion coefficients. In the resulting matrix the elements can be

calculated by recursion formulae. For slabs and spheres Carlvik's (1968) method was used

and for cylinders that of Sanchez and Ganapol (1983). With these methods several

eigenvalues can be obtained. The accuracy depends mainly on the number of terms included

in the series development, i.e. on the order of the matrix. In some cases the method of

successive substitutions has been used to solve the integral equation, e.g. to check the

results of the other methods.



STATIONARY, HOMOGENEOUS SYSTEMS

Our first interest in eigenvalues was connected to the interpretation of pulsed neutron

source exprements. Here the buckling approximation is used, and the extrapolation distance

is an important concept. If the spatial variation is assumed to be proportional to exp(iBr),

the relation between the criticality factor, c, and the buckling, B2, is for linearly anisotropic

scattering

arctan(gQ
Bl

36ic(c-l)
i (15)

where I = 1/It The various types of eigenvalues for this kind of anisotropy and for

quadratically anisotropic scattering have been studied in great detail. The numerical work

has been described by Sjöstrand (1975a and b), (1976), (1977b), (1978), (1980), (1981).

More fundamental studies were made by Protopopescu and Sjöstrand (1981a and b). The

problem of defining and calculating extrapolation distances has been taken up in works by

Dahl and Sjöstrand (1975 and 1979a), Sjöstrand (1977a) and Sahni and Sjöstrand (1983).

The first calculations with Carlvik's method were made on homogeneous slabs and

spheres with linearly anisotropic scattering and with vacuum boundary conditions (Dahl and

Sjöstrand (1979b)). Several eigenvalues were obtained and the uncertainty in the

fundamental eigenvalue was usually less than 1 part in 107. Some results are shown in

Fig. 1. It is seen that with increasing anisotropy coefficient, b\, there appear more and more

complex eigenvalues. For large dimensions the eigenvalues fall into two groups, for which c

approaches 1 and \lb\, respectively. This has been proven rigorously later (Sahni et al.

(1993)).

Since there was a slight disagreement between our results and some other published

values, we had to verify that our method of calculation was correct. This was made first by

further studies using Carlvik's method, see Dahl and Sjöstrand (1980) and Dahl (1985a).

Also, a simple, but very accurate Sn program was written, where the approximation order n

could be up to 96 (Sjöstrand (1980)). Fortunately, the two methods agreed very well with



each other.

For infinite cylinders the above mentioned method of Sanchez and Ganapol (1983)

was used to obtain the fundamental eigenvalue and some higher ones (Sjöstrand (1987)).

Strongly forward scattering combined with "ordinary" linearly anisotropic scattering

was studied by Sahni and Sjöstrand (1991) starting from Eq. (12). In a later work the full

problem including also strongly backward scattering was treated in slab geometry, see Sahni

et al. (1992). Here we had to use reflecting boundary conditions as shown in Eq. (14). This

initiated a more detailed study of the eigenvalues with different types of reflecting boundary

conditions (Garis and Sjöstrand (1993)). This will be discussed in another contribution to

this conference. Some exact solutions have been given by Sjöstrand (1992).

In calculations on physically realistic systems one usually assumes that the scattering

function /(Q'-'Q) is non-negative. For linearly anisotropic scattering this means that the

coefficient bx in the expansion in Eq. (10) must fulfil the condition |&i| * 1/3. But what

happens outside this region? This question has been the subject of a recent investigation

(Dahl et al. (1993)). A very general result obtained is: When all odd bn < 0 and all even

bn > 0, then all the criticality eigenvalues are real. This has been proven rigorously and has

been substantiated by numerical calculations on spheres and on infinite slabs and cylinders.

STATIONARY HETEROGENEOUS SYSTEMS

The first calculations on heterogeneous systems were made to improve the

understanding of some neutron experiments done in Kraköw for geophysical purposes. The

systems studied were reflected spheres and slabs with vacuum at the outer boundary.

(Sjöstrand (1986a and b)). The neutron flux in such systems can be described by two

coupled integral equations. These were solved by successive substitutions of better and

better flux approximations. The limitations in using the diffusion approximation for the

interpretation of the experiments could be established. The accuracy of the

P3-approximation was studied in this connection, see Wofnicka and Sjöstrand (1986).



Some calculations were made also for spherical systems with a totally absorbing inner core

(Sjöstrand (1988)).

More detailed studies were made by Garis (1991a) who used Carivik's method on

reflected spherical and slab systems, also here with vacuum at the outer boundary. Two

simplifying assumptions were made, viz. isotropic scattering and the same mean free path in

both media. The systems are then completely determined by three of the four parameters cj,

C2, dh <z*2> where c are the multiplicities and d are characteristic dimensions of the core and

reflector. The fundamental and several higher order eigenvalues were obtained as well as

the corresponding flux shapes. These calculations have later been extended to cover all

possible c-values and also the case when the ratio cj/ci is fixed (Gam, Pizsit and Sahni

(1993), see also their contribution to this conference).

Due to the very high accuracy obtained in the calculations some regularities were

found in the high order eigenvalues. This initiated the derivation of some approximate

formulae, which very accurately describe the high order eigenvalues for homogeneous

systems (Garis and Sjöstrand (1989)) and for two-medium systems (Sjöstrand (1989)).

Since it was easy to apply the coupled integral equations to an infinite slab lattice,

such a system was also studied in great detail (Garis and Sjöstrand (1990)). This problem is

obviously closely connected to the determination of the disadvantage factor in cell

calculations. Also here we studied not only the fundamental eigenvalue but some higher

order ones, too.

When we now had very accurate transport theory solutions to the two-medium

problem and also to the infinite slab lattice problem, the question arose wuether it would be

possible to make accurate calculations on finite slab lattices, containing 2, 3, 4 ... cells. This

might shed some light on the accuracy of some homogenization schemes used in reactor cell

calculations. Obviously, the coupled integral equation method is not suitable in this case,

since one new equation must be added for each lattice region. However, with the fast

computers now available at our institute, the old Sn method looked promising. In fact, in the
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first calculations we have obtained very accurate results for up

preliminary results will be presented in the talk at the conference.

13 cells. Some

TIME DEPENDENT SYSTEMS

As mentioned before, our interest in the beginning of these calculations was largely

directed towards time-dependent neutron populations. Many of the above mentioned results

for critical systems were therefore obtained in connection with studies of time-dependent

systems. Here, only some special aspects will be discussed.

The transformation of the stationary problem to the time-dependent one is made

through Eqs. (8) and (9). This is easily done in case of the buckling approximation. The

time-dependent equivalent to Eq. (IS) is

(16)

From this formula it is seen that the the line A = 1 (the Corngold limit) is of special

importance. From Boltzmann's equation in its integral form it can be found that there are no

discrete time-eigenvalues above the Comgold limit for systems which extend to infinity in

one or several directions. This explains the eigenvalue spectrum for spheres and infinite

slabs and cylinders shown in Fig. 2 taken from Dahl and Sjöstrand (1989). The curves have

many similarities, but only for spheres can the curves extend above the Corngold limit. For

spheres it turns out that the matrix elements in Carlvik's method can be expressed

analytically, without using recursion relations (Dahl (1985b)).

As explained after Eq. (9) the complex time-eigenvalues are difficult to find.

Starting from a complex thickness dlx one has to find a complex eigenvalue c which makes

the product in Eq. (9) real, so that the time-eigenvalue is related to a physically realistic

system. For isotropically scattering spheres it was for a long time doubtful if there could

exist any complex time eigenvalues. However, such eigenvalues were found by Dahl and

Sahni (1983-4) and have then been studied further, see Dahl and Sahni (1990).
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For two-medium systems the transformation of results from stationary calculations

to the time dependent problem is rather complex. One reason for this is that the

transformation of the dimensions according to Eq. (9) will be different in the different

regions. However, some results have been given by Garis (1991b).

CONCLUSIONS

From the above it is clear that much work is needed for a complete understanding of

all the aspects of Boltzmann's transport equation. One special thing we have learned is that

much information on basic aspects of the transport equation can be obtained from the

buckling approximation. Correctly handled it may give sufficiently accurate results in many

cases.
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Fig. 1. The criticality factor c as a function of the thickness i l , of an infinite slab with

different degrees bt of anisotropic scattering. The full curves are for the even modes, the

dashed for the odd modes and the dotted ones for the real part of the complex eigenvalues.

(From Sahni and Sjöstrand (1990))
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Fig. 2. The generalized time decay constant A as a functio.. of the characteristic dimension

for a sphere, infinite cylinder and slab for an anisotropy factor bx * 0.2.
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