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ABSTRACT

We show typical features on anomaly cancellation in the 3 — n — 1 extensions of the
3 - 2 - 1 standard model, with n = 3,4, which has been proposed recently. We point
out that in this class of theories a natural explanation for the fundamental question of
fermion family replication arises from the theoretical requirements of renormalizability
and self-consistency, which constrains the number of the QFD families to the QCD color
degrees of freedom.
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One of the fundamental questions which the Standard Model (SM) of
non-gravitational interactions has left without answer is the so-called family
replication problem. The SM has been remarkably successful experimentally
and its extensions carry a very interesting phenomelogy. As it is well-known,
the gauge theories of the strong and electroweak interactions and its exten-
sions must satisfy the anomaly-free condition. This requirement derives from
the renormalizability condition and self-consistency of the theory. As it was
summarized [1], three anomalies have been identified for chiral gauge theories
in four dimensions: (i) The triangular (perturbative) chiral gauge anomaly
[2], which must be cancelled to avoid the breakdown of gauge invariance, a
fortriori, and renormalizability of theory; (ii) The global (non-perturbative)
SU(2) chiral gauge anomaly [3], which must be absent in order to define
the fermion integral in a gauge-invariant way; (iii) The mixed (perturbative)
chiral gauge gravitational anomaly [4,5], which must be cancelled in order
to ensure general covariance. In the SM, the anomalies were cancelled into
each generation of quarks and leptons in the same representation. This is a
very important issue, because in order to cancel anomalies we must sum over
all hypercharges of quarks and leptons in each representation. Here, we can
ask the question: Could the anomalies be cancelled automatically only by
generation of quarks or leptons in the same representation? This question
cannot be answered in the SM, however we think that it can be answered
in some extensions of the SM. Recently, SU(3)C ® SU(3)L ® t/(l V ga uge

models have been proposed [6], whose supersymmetric extension [7] carries
a very interesting new phenomenology. One of the most interesting points
in this class of models is that they answer the question which we have men-
tioned. In this paper, we review the anomaly cancellation in the SM and we
consider the anomaly cancellation in the class of SU(3)c ® SU(n)L ®
models, n = 3,4 (from now on 3 — n — 1 models).

First of all, it is well known that the anomaly-free condition is

Th
LTl)Tc

L - (7£Z£ + T^T^Tf,} = 0. (1)
repr.

Now we consider the SM. We know that the SM generations have the follow-
ing structure under SU(3)C <g> SU(2)L ® U(l)Y:

/ i L ~ (1,2,-1) ; fe~(l,l,-2) ; / = e,/i,r;
& i ~ ( 3 , 2 , l / 3 ) ; u,-*~ (3,1,4/3); diR ~ (3,1, -2/3) ; * = 1,2,3 (2)



with the electric charge operator defined by

(3)

The matrices Ta's in eq,(l) will either be the Pauli matrices ra or the weak
hypercharge generator. Since the group SU(2) is a safe group [8], then

Tr({ rVV) = 2£a6Tr(rc) = 0 (4)

but in the case where at least one of the T's is the hypercharge Y, we have

Tr({ra,Tb}Y) = 26abTrY (5)

and
Tt{raYY) ~ Tr(ra) (6)

Thus this anomaly contribution is proportional to the sum of all fermionic
hypercharge values

j= £ (YL + YR)+ £ (YL + YH) (7)
j lepton quark

which vanish for the representation content of eq.(2):

= ( - l ) x 2 + (-2) = - 4 (8)
lepton

£ =3[(i)x2 + (i) + (- |)] = +4 (9)
quark

where the global factor in the last equation takes into account the color
degrees of freedom. For the case in which all T"s are the hypercharge, we
have from eq.(3)

Tr(yyK) « Tr(Q2T3 - QTJ) (10)

where we have taken into account that the electromagnetic current vertices
do not have anomalies. Thus the right-hand side of eq.(10) yields to

= (-1-)+l- = - \ (li)
lepton

quark



which guarantees that the fermion assignments in eq.(2) turn the 3 — 2—1
theory chiral anomaly free. Taking into account the electric charge operator
in eq.(3), the trace of an odd number of V's in eq.(5) and eq.(10) can be
re-written as follows:

TT(Y) or TT(YYY) a TrQ = X; «2J (13)
j

Two remarks can be considered here. The first one concerns the fact that in
the SM we have anomaly cancellation within each generation. The other one
is that the anomaly cancellation occurs in each chiral sector.

Now, let us consider the following 3 — 3 — 1 fermion representation content

(1,3,0);
Q1L~ (3,3,2/3); ulR ~ (3,1,2/3);
dlR~ (3,1,-1/3); J1R~ (3,1,5/3) (14)

for the first family and

fiL~ (1,3,0);
Q,L~(3,3*,-l/3); JiR~ (3,1,-4/3);

(3,1,2/3); d « ~ (3,1,-1/3) (15)

for the second and third families, i = 2,3. Three generations of leptons, fL,
transform in the same way, and right-handed singlet fields are not introduced.
In this case the electric charge operator is defined as:

f = ^ 3 - v^A8) -f JV, (16)

where A3i8 are diagonal Gell-Mann matrices and N is the U(l) quantum
number. We can check that each generation is anomalous. Repeting the
steps which led to eq.(13) we can see that the first generation is anomalous:

lepton quark

i
*



and the anomalies of the second and the third generations are:

E NL + E (
lepton quark

(~)] =-6

in such a way that anomalies are not cancelled into each generation as in the
SM. The global factor 3 takes into account the color degree of freedom. The
general condition that, for a given fermionic representation D it holds [9]

A(D) = -A(JD') (19)

where «4(D*) is the anomaly of the conjugate representation of D, and the
fact that, as can be seen from eq.(14),(15), there are the same number of
multiplets in 3 and 3* representation turn the theory anomaly-free. It can
be checked as well that the anomaly cancellation here does not occur by
chiral sector.

Now let us display a second representation content which contains heavy
leptons. For the first farmily

/ 1 L ~ (1,3,0); ElR~ (1,1,1) ; e l H ~ (1,1,-1);
Q1 L~(3,3,2/3) ; ulR ~ (3,1,2/3);
diR~ (3 ,1 , -1 /3) ; J1R~ (3,1,5/3) (20)

and

/,-L~ (1,3,0); EiR~ (1,1,1); eiR ~ (1,1,-1);
<2,x~(3,3*,- l /3) ; uiR~ (3,1,2/3);
diR ~ (3,1, -1/3) ; JiR ~ (3,1, -4/3) (21)

for the second and the third farmilies, i = 2, 3. The quantum numbers must
be read according to eq.(16). In this case the anomaly of the first generation
is:

lepton quark

| | | i (22)



and

£ (NL + NR) + £
lepton quark

+ 3[(-j)x3 + (-|) + (|) + (-^) = -6 (23)

are the anomalies of the second and the third generations, so the global
anomaly vanishes again.

Let us now consider the following 3 — 3 — 1 fermionic assignments for the
first and the second generations

Q i L ~ (3,3,0); u l R ~ (1,1,2/3);
4 * - ( 1 , 1 , - 1 / 3 ) ; d'iR~ (1 ,1 , -1 /3) ; . = 1,2 (24)

and

(1,1,-1);
(1,1,2/3);

u'3R ~ (1,1,2/3) ; d3R ~ (1,1, -1/3) (25)

for the third generation. Here, we can see that there is the same number of
triplets and antitriplets. The anomaly of the first and the second generation
is

lepton quark

+ 3[(0)x3 + (|) + (- i) + (-i)] = -2 (26)

and for the third generation

lepton quark

+ 3[(|) x 3 H- (|) + (|) + (-|)] - +4 (27)

- — - — • - • • •



so the anomalies cancel. Note that we do not have anomaly cancellation by
chiral sector.

Finally, we consider the following 3 — 4 — 1 fermionic representation con-
tent. In the first generation we have a 4-plet of leptons

/ I L ~ (1,4,0) (28)

which contains all light leptonic degrees of freedom so that we do not need
to introduce right-handed singlet fields. The assignments of the quarks are

Q1L ~ (3, 4,2/3) ; ulR ~ (3,1,2/3) ; dlR ~ (3,1, -1/3);
u'1H~ (3,1,2/3); J l f l - (3 ,1 ,5 /3 ) . (29)

The last two families have the following transformation properties under the
3 — 4 — 1 group

/ ) X ~ (1,4,0);
g,-L~ (3,4%-1/3); JXR - ( 3 , 1 , - 4 / 3 ) ;

d!iR~ (3 ,1 , -1 /3) ; «,-«- (3,1,2/3); diR ~ (3,1, -1/3). (30)

In this model we define the electric charge operator

where A3>8,i5 are SU(A) diagonal Gell-Mann matrices. In the same way as the
3 — 3 — 1 representations we can verify here that the anomaly cancellation
occurs between generations. The anomaly of the first family is

E NL +
lepton quark

and for each of the last two generations

E NL + E (JVL +
lepton quark



so that the anomalies cancel.
It should be stressed that we have always the same number of triplets

(4-plets) and antitriplets (4*-plets) if each quark flavor appears with three
colors, so that the non-abelian anomalies cancel in all the cases.

This sort of models has became an interesting possibility for an extension
of the standard model since the measurements of the Z° width at the CERN
e+e~ collider has indicated that the number of sequential families is three.
The most recent data on the neutrino number from LEP is Nv = 3.04 ± 0.04
[10]. This feature has no explanation within the 3 — 2 — 1 SM. In fact, as
we have shown the anomaly cancellation in 3 — n — 1 models with n — 3,4,
is possible only if the number of generations of quarks and leptons is equal
to the number of color degrees of freedom. In general, these theories will be
anomaly-free if the number of families is a multiple of the number of colors.
So we have a close connection among families, color degrees of freedom, and
the good attributes of a gauge theory. Then, in this context it is possible to
put the family replication problem within the general framework of the gauge
field theories offering thus a closer correlation between QFD and QCD.
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