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Foreword 

The former Swiss Institute of Nuclear Research (SIN) used to organize schools and 
topical meetings in the traditional surroundings of the Lyceum Alpinum in Zuoz since 
the early seventies. This tradition has been taken over by the Paul Scherrer Institute 
(PSI) in the late eighties. These schools usually covered topics of nuclear- and 
particle physics, as well as occasionally subjects from astrophysics. 

According to the extended aims for research at PSI and in view of the goal of this 
institute to become a national and international centre for structural research of 
condensed matter the summer school of condensend matter 1993 was devoted to 
the experimental methods and the physics covered by "neutron scattering". It was 
the first event of this kind organized by PSI at Zuoz. The school was sponsored 
jointly by the Paul Scherrer Institute and the Schweizerische Gesellschaft für 
Neutronenstreuung. The organisation was in the hands of joint laboratory for neutron 
scattering of PSI and ETHZ. 

These proceedings contain the lecture notes on the various topics discussed at the 
school - but do not include the less formal evening seminars, which nevertheless 
contributed considerably to the stimulating scientific atmosphere of the meeting. I 
believe that these proceedings are evidence for matching the standard which is by 
now traditional for these meetings in Zuoz. 

The participants appreciated in particular the availability of the write up's of the 
lectures at the start of the school. This was due to the great cooperation of the 
invited lecturers - an effort which is not self-evident. The printed proceedings contain 
the revised versions of these lecture notes. 

I am glad to acknowledge here the effort of all the lecturers which was actually the 
root of the success of this school. 

Acknowledgement 

As usual the support by the Lyceum Alpinum has been circumspect and efficient. We 
are grateful to the director Dr. L. Thali, the administrator Mr. A. Pitsch and to all the 
staff for their continuous aid. 

I would also like to express my graditude to the local guides at our beautiful 
excursion into the national park for giving us an idea about an alternative way to look 
at nature. 

The administrative tasks before and during the school have been taken care of by 
the school secretary, Mrs. Renate Bercher with great circumspection. It is my 
pleasure to express to her all our appreciation. 

Participants from universities of the Romandie have been supported by a foundation 
of the "troisième cycle". 

September 1993 Walter E. Fischer 
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EDITORIAL 

The aim of the school was threefold: 
- To learn what neutron scattering can do in the study of condensed matter. 
- To learn concepts in various fields of research. 
- To recognize the limitations of the neutron scattering technique and to see the 

complementarity of other methods. 

There was some logical structure in the program. Of course, for a four days' 
school it was impossible to include all scientific and instrumental aspects as 
well as applications, but the program certainly covered typically two thirds of 
the current activities in neutron scattering, with particular emphasis on the 
future research possibilities at SDSTQ. 

The program started with two introductory lectures covering the experimental 
and theoretical aspects of neutron scattering by Günter Bauer and Stephen 
Lovesey, respectively. Both lecturers made every effort to avoid mathematical 
complexity and to visualize the subject as much as possible. 

After this introduction we had a series of lectures on the statics and dynamics, 
i.e., the determination of structures and structural excitations. We got 
practical advice from Juan Rodriguez about the interpretation of diffraction data 
on polycrystalline materials and from Gemot Heger about single crystal 
diffraction. We learned about the limits of the method and learned under what 
circumstances it is indispensable to use neutrons; I just mention the contrast 
variation method (e.g., hydrogen/deuterium exchange) among many other 
problems. Bruno Dorner then went beyond the static equilibrium properties of 
matter and explained how neutron scattering is used to measure the collective 
excitations resulting from the thermal motion of the atoms. There is no other 
experimental method by which we can obtain this information in the whole 
reciprocal (Q,a>) space. Personally I was pleased to see that efforts are now 
underway towards the determination of eigenvectors which are important in 
checking the reliability of lattice dynamical models. This, of course, requires a 
profound knowledge of the resolution function of a triple-axis spectrometer, the 
unique instrument in this field. 

The third part of the program was largely devoted to what one usually calls 
"soft condensed matter", a field which was rather new for the majority of the 
participants. We had introductory lectures on the following topics: Polymers, 
biology, and solutions, presented by Dietmar Schwann, Peter Timmins, and 
Lothar Helm, respectively. I feel that the importance of these topics will be 
increasing in the future and should become an essential research activity at 
SINQ, since the resulting information appears to be relevant in many aspects. 
We clearly recognize the importance of polymers and solutions in various 
technological applications, and neutron scattering experiments on the structure 
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and dynamics of biomolecular systems will lead to an understanding of the 
function of living entities which - in my opinion - should anyway constitute a 
priority goal of research. 

A large part of the program was devoted to magnetism. Peter Boni brought us 
into the world of polarized neutrons which are now being increasingly used 
due to very much improved polarizing devices. The more complex the problems 
in magnetism are, the more we cannot afford to throw away the information 
intrinsically stored in the neutron spin. Polarized neutrons are clearly a growing 
area in neutron scattering. We had then excellent introductions, illustrated by 
relevant examples, into the determination of magnetic structures and 
magnetic excitations by Peter Fischer and Gerry Lander, respectively. 
Magnetic neutron scattering has clearly seen a renaissance in two hot topics in 
solid state physics, i.e., in the research on heavy fermions and more recently in 
the exploration of high-temperature superconducting materials. The chapter on 
magnetism was rounded up with a lecture on magnetic critical phenomena 
presented by Stephen Lovesey. 

Two lectures dealt with materials research: Diffuse neutron scattering from 
metals and alloys as well as neutron scattering from amorphous systems 
presented by Gemot Kostorz and Peter Lamparter, respectively. Whereas the 
previous lectures gave us an insight into the well ordered, beautiful, idealized 
crystalline world, we have been taken into the disordered, "ugly", real world of 
amorphous and defect systems. 

A somehow different lecture was Helmut Rauch's presentation on quantum 
neutron optics, because here the neutron itself is the object of study. These 
kinds of experiments provide beautiful and very direct checks of quantum 
mechanics. However, this research is not only "l'art pour l'art", but there is also 
a tremendous amount of applications: I just mention the incredible sensitivities 
opened up in (Q,co) space. 

All the above neutron scattering experiments and applications are of course 
only possible when adequate neutron sources are available at present as well as 
in the future. Günter Bauer gave us an insight into the prospects and evolution 
of neutron sources. 

Some of the participants presented the results of their own activities in neutron 
scattering in special seminars which throughout touched relevant topics in 
condensed matter research. These presentations are not included in these 
Proceedings. A Panel Discussion highlighted the relative merits and 
complementarities of synchrotron radiation, steady state- and pulsed neutron 
sources in a lively manner. I am happy that the panel members agreed to have 
their major statements included in the present Proceedings. 

The program of the school was very dense, particularly for those participants 
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with little or no prior knowledge in the field of neutron scattering. The present 
Proceedings will certainly help to digest all the presentations in more detail as 
well as to be a useful tool when transforming the concepts into practice. 

The major load in the school was on the invited lecturers. I would like to thank 
them all for their excellent presentations as well as their excellently written 
reviews. I thank all the participants for their interest, their presentations and 
votes during the discussions. I thank my colleagues of the organizing committee 
for their advice in setting up the program of the school. Finally Î thank "Walter 
Fischer for accepting to be the chairman of the school. He and the secretary, 
Renate Bercher, really did the hard job of organizing all the details, and I 
cordially acknowledge all their efforts that everything went so smoothly. 

September 1993 Albeit Furrer 
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INSTRUMENTS FOR NEUTRON SCATTERING 

G.S. Bauerd) and W. BiihrerP) 

(1) Paul Scherrer Institut, CH-5232 Villigen PSI 
(2) Laboratory for Neutron Scattering, ETH Zürich, CH-5232 Villigen PSI 

1 Introduction 

The wide -variety of science that can be persued with neutron scattering essentially boils down 
to determining two vectors: the momentum %k of the neutron before it hits the sample and 
after it leaves the sample. Unless one is working with polarized neutrons, all experimentally 
obtainable information is contained in the probability distribution W(k, k') of a neutron to 
undergo scattering that takes it from k. to k!_. In view of this simple fact, it is amazing to see 
the large variety of neutron scattering instruments located around a modern neutron source, 
as exampiified in Fig. 1 for the ORPHEE-reactor in Saclay. 

For the purpose of discussing the basic features of a neutron scattering instrument, we will 
use the generic representation shown in Fig. 2. 

Neutrons when released from nuclei in the primary source have an energy spectrum that 
cannot be used for neutron scattering in condensed matter science. The spectrum must be 
shifted to the desired range by collisions with suitable moderating material. The combination 
of primary source and spectrum shifter is usually called "neutron-source" and will be dealt 
with in Lecture L-16 of this school. 

Ajl neutron sources radiate more or less isotropically in real space and extend over a certain 
range in momentum space. In order to select the desired momentum vector k to impinge on 
the sample, a phase space operation (limitation of direction, magnitude and uncertainty) is 
needed to define fc. After the scattering event, another phase space operation is required to 
define kl (Neutron detectors are not sensitive to the energy of the neutron!). With a suitable 
detector the probability of the transition from k to y_ is recorded and the data must be analyzed 
to obtain the desired information. 

hi this paper we will introduce the principles and concepts necessary to understand what 
one is doing if one performs an experiment on a certain instrument. We will describe the 
components of which almost all neutron scattering instruments are made up and their functions 
and show how these components can be combined to contribute in the best possible way to 
the solution of questions in a large number of scientific areas. 
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Figure 2: Generic representation of a neutron scattering experiment. 

2 Fundamentals of Experimental Neutron Scattering 

2.1 The neutron scattering experiment 

The neutron has a mass m = 1.675 • 10~24 g. At thermal energies it moves with 

a velocity v of the order of km/sec, 

its momentum is p = mv = hjc, 

its energy is E = ^v2 = - ^ 
with the wave vector k = — 

— A H 
and the de Broglie wave-length A of the order of A. 

Upon scattering the neutron is transferred from an incident wave vector k to a final wave 
vector k'. 

As said before, the experiment aims at determining the probability distribution for this transi

tion, W(k_,È!) by recording the count rate in a detection system and restricting the uncenainty 

in k and M. within the necessary limits. 
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The analysis determines the 

momentum transfer Q = k- ËL, (2.1) 

%2k2 h2k'2 

energy transfer AE = — — = %u (2.2) 
2m 2m 

and deduces the 
772 • Jc scattering law 5(0, w) = —r- • W{kX)- (2.3) — n 

It then remains to explain the scattering law in terms of the physics of the sample and to 
assess the precision of the data. 

A thorough understanding of the experiment often is crucial for a correct interpretation of the 
measured data. 

2.2 The scattering triangle 

The vector sum Q = h- ÈL can be represented as a triangle as shown in Fig. 3. 

Figure 3: The scattering triangle Q_= k — V_for inelastic scattering with energy transfer %u 

Resolving eqn. (2.2) for k and W_ one 

fc = 

hi = 

which can be satisfied by an infinite number of combinations. The 2-dimensional vector P_ 
which is perpendicular to Q_ (£ • Q = 0) results from the transition from the 6-dimensional 
k, fci-space to the 4 dimensional Q, w-space. 

finds the relations: 
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2.3 Scattering from a crystal 

2.3.1 Real space and reciprocal space 

Any vector r in the crystal is defined in terms of its Bravais lattice {a^a^} as 

r — mi • a-i + rn2 • a2 + m3 • £3 

Lattice points are obtained, if mx, m3 and m3 are integer numbers. ^ 
Bragg's law for constructive interference then reads (for nun2,n3 integer) 

Q-al = 2rm1; Q-a2 = 2Tm2; Q- Û3 = 2TO 3 

(2.5) 

(2.6) 

Replacing n l t rz2) n3 by A, *, / this can be used as a definition for the reciprocal lattice vectors 

Ghki ( y 

(2.7) f. 
'(fli'flaxfis) . U i ^ * ^ ) , . ( f i i - f e x ^ 

i i £2 is 

Bragg scattering occurs, whenever Q = & „ . The vectors b,, fc, h which are perpendicular 

to the respective lattice planes in real space are the base vectors of the reciprocal lattice. 

Their length is inversely proportional to the lattice spacing in the real lattice. 

Fig. 4a gives a simple representation of a real and a reciprocal lattice. 

A periodicity cell of the reciprocal lattice, called a "Brillouin zone" can be defined by planes 

perpendicular to the reciprocal lattice vectors through their mid-points ff& ffi;,,,,,,,,,,,,^ 

(001), k tf") 

-4th-vm=ff % 

'»: ; ; ; ; ; ; : if i. ht-i-rii ; /•; ' '.', ;.' : a; H+~f*r-
:.'li;i!;i;-HiiUiiii!-ii!;jiiSii;iiii;;tiiirff 

Figure 4a: An fee lattice well with the {111} Figure 4b: The Brilloin lone inaplane of the 

planes shaded and the corresponding recipro- reciprocal crystal lattice 

cal lattice cell . /10<Q\ 
From Ziman, J.M. Principles of the Theory of Solids, Cambridge University Press (1969) 
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2.3.2 Elastic "Bragg" scattering 

Drawing k. to be incident on the origin of the reciprocal crystal lattice, the locus for all 

elastically scattered vectors (| k' |= | k |) is a sphere around the origin of k and with radius 

k ("Ewald sphere"). Bragg scattering occurs, whenever a reciprocal lattice point i2/,jtz = 

h • &! + k • b2 + I • 63 is located on this sphere. Fig. 5 shows the intersection of the Ewald 

sphere with the drawing plane. 

Origin of 
reciprocal 
lattice 0 0 

Intersection of 
Ewald sphera 
with scattering 
plane 

Figure 5: Ewald's construction for elastic Bragg scattering in the reciprocal lattice 

2.3.3 Inelastic "phonon" scattering 

It is one of the outstanding features of thermal neutrons that their kinetic energy is in the 

regime of the thermal vibration energies of a cyrstal (not surprising, since they are obtained 

by thermal equilibrium with a moderator). So, energy can be transferred to or from the lattice 

in the scattering event, leading to a large relative change in the neutron's energy. This goes 

along with an additional momentum transfer q within the Brillouin zone, as shown in Fig. 6. 

000 

Figure 6: Vector diagram for inelastic scattering with excitation wave vector q. Q = q+Qhu 
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The scattering law then reads: 

3n 

S(Q,u) = £ $ ( & * ) 

Ssiâ,») = £ I J4n(fi) I2 6{U - «(2,j)) • *3(Q - & « - 5 ) ( 2>8) 

4 m = è ( 6 . / ) / ^ ) ( f i > 3 ( 2 » i ) ) « P («fi • ^ « e r i - W e } 

n = number of atoms per unit cell 

g = wave vector within Brillouin zone 
j = labelling of 3 n eigenvalues w(<[,j) (phonon branch) 

e = eigenvector of the dynamical matrix obtained from the Fourier transform of the 
equations of motion 

pe,be,Me = position vector, scattering length, and mass of atom e 

We = Debye Waller factor resulting from the mean square deviation of atom e from 
the ideal lattice position. 

The term Q • ee(£,j) in the dynamical structure factor expresses the fact that the motion of 

the atoms that leads to inelastic scattering must be parallel to the momentum transfer vector 

Q, or else no momentum would be transferred (Note that in Bragg scattering the momentum 

is transferred to the crystal as a whole!) 

2.4 The kinematic range 

In order to see, what region in Q, w-space is accessible in an experiment at a given k, we can 

plot the 3-dimensional locus of point B in Fig. 3 as a function of its coordinates Qz (parallel 

to £), QÏ (perpendicular to fc) and hu. We have, using point A as origin: 

Qa = fc - fc' • cos(20) 

Q2 = k' • sin(20) k' = Jk2 - ~ • hu ( 2 ' 9 ) 

This results in the surface of a paraboloid with apex (&, 0, E) whose locus is the dispersion 

relation for the free neutron E = ^-. (In fact, all the parabolae on the paraboloid have the 

same form.) Positive fiu means energy loss of the neutron, hu < 0 means energy gain of the 

neutron. 
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Figure 7: The locus for all allowed Q^-combinations in a neutron scattering process is a 
paraboloid with apex k,0,E, Parabolae are shown for different scattering angles 20 

In order for scattering to be possible, the scattering law S(Q, u) must intersect this paraboloid, 

whose size depends on k resp. E of the incident neutron only. A 2-dimensional representation 

often used can be obtained by eliminating k and k!_ from eqn. (2.1) which yields 

^ = W {2E ~ %U} " 2 C0<2QWE(E ~ M } (2-10) 

(If Q is in Â and E and hu in meV, the numerical value of ^r is 2.0717.) 

Plotting eqn. (2.10) for a given value of E with 2 0 as parameter gives a set of curves as 

shown in Fig. 8a. 

Fig. 8a gives immediate insight into the Q — a>-region that can be accessed on an instrument, 

if working with a certain incident energy and a given range of scattering angle. It is important 

to remember, however, that in Fig. 8a all curves have been rotated into the drawing plane 

while the orientation of Q in fact varies with the scattering angle and energy transfer involved 

to reach a certain point! Fig. 8b shows this for the intersection with the w = 0 plane, while 
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Fig. 8c illustrates the rotation for a fixed scattering angle (20 = 30°) and varying k'. Fig. 

8a is for a low value of incident neutron energy (4.4 meV). For the purpose of illustration, 

dispersion curves of longitudinal phonons in Pb and Al are indicated. Fig. 9 examplifies, 

how the kinematic range changes with incident neutron energy. 

Figure 8: A 2-dimensional representation of the kinematic range (8a) obtained by rotating the 
parabolae of Fig. 7 into the drawing plane around the hut-axis (shown in 8b for %u> = 0 and 
in 8c for a constant scattering angle 2 0 = 30°). 

Although in prinicple energy gain and energy loss of the neutron should yield the same 

information, it is not irrelevant in which of the two regimes an experiment is performed: 

a) The relative orientation of the kinematic curve of the instrument scan and the dispersion 
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surface of the phenomenon under investigation may cause resolution problems. 

b) The condition of detailed balance S(Q,w) = S(-Q —u) • exp(7iu/kB • T) which 

expresses the thermal population, shows that high energy states do not yield energy 

gain scattering because they are not thermally populated. It may also lead to severe 

distortions of measured curves around zero energy transfer at very low temperatures. 

c) The minimum Q-value accessible for a given value of hu at a finite scattering angle de

creases with increasing E. This is particularly important when investigating (magnetic) 

phenomena associated with the electronic shell of the atoms or with small clusters of 

atoms where the large extension in real space results in a small width of the Fourier 

transform or a form factor that decreases rapidly with Q. (The vertical line at 4 Â-1 

in Fig. 9 corresponds roughly to the width of the form factor of the electron shell as 

shwon in the insert). 

High incident energies are therefore required to investigate events involving high energy 

transfers especially at small Q_ values. (Energies of the order of 1000 meV and above can 

only be usefully employed at pulsed spallation neutron sources). 

Understanding the kinematic range of an experiment is of great importance to judge questions 

of resolution and the physics leading to measured intensities especially in time-of flight 

measurements, where either k or k^ vary as a function of time for a given detector. 

T — i — 1 — | — I — i — i — 1 — j — I — i — 1 — I — | — I — : — I — I — | — ! — I — : — r 

[_Q-region for ^ ^ - ^ lOOOmcV . 5 / Z Z T . 
scattering f rom sty \ X " • 
outer shell A'/ \ \ 25. 
electrons // / \ \ 40. 

•80. 

130. 

• V V 

- \\\ 
\ \ 
\ 
^ 

• 
1 

1 1 • 

• 
v" 
V5' V \ 3 d 

f » \ 

^ \ 
\ \ \ ' 

,•*"-..>--...?— 

20 30 
Q 1/Angstrom 

40 

p0 2 4 , A • 8 10 
Q ( À - 1 ) — 

Figure 9: The Q - w space accessible with scattering angles of 5°, 11°, 25°, 40°, 80° and 130° 
for incident energies of 100, 400 and 1000 meV. 
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2.5 Resolution 

The « -̂functions in eqn. (2.8) express the fact that 5(Q,w) has non-zero values only on the 

three-dimensional surfaces u;(ç, i) which represent the dispersion laws of the phonons in the 

crystal and at u> = 0 for Q = Q^^. 

Since it is the goal of the measurement to determine these positions in Q, w-space with the 

maximum possible precision, it would be desireable to have k and Q_ denned as precisely as 

possible. 

Apart from this being impossible due to the way in which available phase space operators 

work (see below), this would also result in an almost complete loss of intensity and hence 

poor counting statistics. It is therefore necessary, to retain a finite, but optimized volume 6k 

and 6k!_ around k and k. As can be seen from Fig. 10, this results in an uncertainty of the 

value of Qj 6Q_ and, of course, also of u, <5w. 

Figure 10: Effect of uncertainties ofk and M.onQ 

The distribution function of 6Q and 5u> is called the resolution function R(6Q 6u>) of the 

experiment (at < Q >, < w >). The count rate z in the measurement is then proportional to 

the convolution of this resolution function with the scattering law 

z{< Q > , < uj >) ~ Jd{6Q)d(6u))S{< Q > +6Q, < w > +6u)R(6Q, Su) (2.11) 

Fig. 11 depicts schematically, how the resolution function is moving across the scattering law 

in a measurement scan and how the width of the measured intensity depends on the shape 

and relative orientation of the two (3-dimensional) surfaces. 
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Since Q = 2ir/R and u> = 1-KJt where R is a distance in real space and t is the time, integrating 

over a certain range of Q or u>, as one does within the resolution of the instrument, means an 

average over the corresponding real space-time range. In other words, phenomena that occur 

at shorter distances or times than the averaging interval cannot be resolved. At the same 

time it becomes obvious that, if an experiment is performed, without energy analysis this 

means integration over all u; or measuring the properties of the sample at t = 0 i.e., taking a 

"snapshot" of the sample. This would be strictly true under the condition that the integration 

is performed for constant Q, which is not the case in neutron scattering when measuring at 

fixed angles due to the kinematic conditions. On the other hand, if a measurement is made 

with energy analysis for w = 0, this amounts to taking a long time average, i.e. measuring 

the static properties or, for example, mean positions of the scattering centres. 

scattering law 

resolution function 

Figure 11a: Scanning a wide resolution func- Figure l ib : Intensity distributions (schematic) 

tion across a narrow scattering law essentially for different scans with the same resolution 

reproduces the resolution function function (shown by its base width). 

Knowing the resolution of an experiment is therefore important in order to be able to interpret 

the measured data correctly. The shape of the resolution function is a result of the phase 

space operations performed on the vector fields {k} and {]£}, which we will discuss below 

after a brief look at data analysis questions. 

2.6 Data analysis 

Since a probability distribution is measured in a scattering experiment, the statistical accuracy 

of a count rate N is y/N. Hence there is no absolutely precise measurement. The precision 
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can be increased by increasing the number of counts or by using neighbouring points of a 

scan by ways of a curve fit to the points. 

Even if the resolution function of the measurement is known, it is normally not possible to 

deconvolute the measured curves to obtain the scattering law. A frequent practical procedure 

is to start from the best plausible assumption about the scattering law, convolute it with the 

resolution function and compare the result with the measurement, refine the assumed scattering 

law and repeat the procedure until an acceptable degree of agreement between the calculated 

and the measured curves is obtained. This technique has been carried to an amazing power 

in powder diffraction measurements, where literally hundreds of peaks can be reproduced in 

a pulsed source time of flight spectrum, as shown in the example given in Fig. 12. 
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Figure 12: The final profile fit of the HRPD low temperature benzene data, from which accurate 
anisotropic temperature factors were obtained. The tags at the top represent the positions of 
Bragg reflections. The quality of fit is apparent 
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Of course, such, fitting procedures are the easier, the narrower the resolution function of the 

experiment- It has been shown, however, that the real important factor in the information 

content of measured lines is the width of the Fourier spectrum of the resolution function. In 

Fig. 13 the same scattering law has been convoluted with two resolution functions of equal 

FWHM but different shape, i.e. Fourier spectrum. After analysis with the Maximum Entropy 

Method the resolution function widi the sharp edge, i.e. high Fourier components reproduces 

the original scattering law much better. This is an important finding, because in many cases 

(pulse shape on fast pulsed source moderators, filter techniques) resolution functions with one 

sharp edge only can be used in favour of better counting statistics. 
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Figure 13: The effect of the Fourier spectrum of the resolution function on the information 
obtained from a max-ent analysis of the measured spectrum, (after UN. Silver, D.S. Sivia and 
R. Pyrin, in "Advanced Neutron Sources 1988, Instfhys. Conf Ser. 97) 
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2.7 Phase space operators 

2.7.1 Beam holes and static collimators 

Since neutron sources radiate isotropically, they must be heavily shielded with only a few 

penetrations (beam holes) in die shield to allow neutrons to exit. The result is a limitation 

of the orientation of the vectors {k} in space (Fig. 14). The solid angle dQ, = dkxdky of a 

beam passing through a beam hole of length L and cross section dx, dy is 

dxdy }cz 
d£L = 

with Ic2 being the neutron wave vector pointing along the axis of the beam tube. 

om 

ß* = _ï-max L °tiom" l_+d H n o m L+d 

Figure 14: Beam tube of rectangular cross section 

The neutron current becomes 

I{k) = / dxdy<j>(k)dkxdky, 

where <(>{£) = neutron flux distribution. 

Reducing x and y to better define 6kx and Sky immediately results in a corresponding loss 

of beam cross section. This problem can be alleviated by subdividing the cross section into 

slits, using thin sheets of a material which is opaque to neutrons. 

Such an arrangement with only vertical slits is called a "Soller" collimator (Fig. 15). It 

limits the divergence of the beam in the scattering plane to kx = ±.\a • kz, while leaving the 

divergence perpendicular to the scattering plane unchanged (ky = ± | ^ • kz). 
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Figure 15: Soller collimator 

This is permissible in many cases, because, as can be seen from looking down along P_ of 
Fig. 3, a deviation of k along ky by an angle ß/2 moves the base point F (projection of k 
into the scattering plane) and hence the resolution in Q_ and to only in 2nd order (Fig. 16). 

Figure 16: Effect of vertical divergency of the beam on Q_ and u. 

2.7.2 Neutron guides 

In order for a collimator to be effective, its walls must be opaque for all neutron momenta. 
As a consequence, Skx and 6ky are given by kz • f and kz • % respectively. By contrast, 
if the walls of a neutron transporting channel are extremely flat, well aligned and coated 
with a material of high refractive index for neutrons, neutrons with a momentum component 
perpendicular to the walls not exceeding a certain maximum value will be totally reflected. 
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Since the refractive index is given by the ratio of the neutron velocities in the medium and 

in vacuum, one has (using the Fermi pseudo potential 2%^-N • b) and AE < E: 

E + AE , 1AE 
~ 1 H 

E IE 

. f t2 

, l 2 7 r £ - - i V . & , 2ir A - c o s 7 
= 1 E r ^ = 1 - — - I V & = h2P 

2m 
k2 

cos 7 

Total reflection occurs for cos7c « 1 — \^l = n 

F 2 7 c 2 V Jfe 

which yields AÄ£ = 4 ^ ^ • b or Afemax = V4irN • b 

as the maximum component of the neutron momentum perpendicular to the surface which 

does not allow it to penetrate into the medium. 

Hence, such a channel will transport neutrons with kx, ky < Akmax over long distances. Thus, 

while at a beam tube ks and ky depend on kz, they are independent of kz on a neutron guide. 

This is shown schematically in Fig. 17. 

Beam tube N e u t r o n 9 u i d e 

Figure 17: Neutron momentum distributions transmitted through a beam tube and a neutron 
guide. 

In practice it is possible to increase Akmax by reflection from a sequence of layers with 

alternatingly high positive and negative scattering length density of variable thickness. Such 

arrangements are called "supermirrors". They are characterized by a number m giving the 

gain over Akmax for natural nickel, the element with the highest scattering length density. 

Nowadays m=2 or more can be routinely achieved. Fig. 18 compares the neutron spectra 
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obtainable for SINQ at a 6.5 m long beam tube, a 50 m long guide coated with natural nickel 

and a similar guide coated with a supermirror with m=2. Despite the poorer reflectivity of the 

SM-guide (R=0.9 vs. 0.995 for Ni), there results a significant gain, even for long wavelengths, 

where many reflections occur in the guide. 
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Figure 18: Neutron spectra expected for SINQ at a 6.5 m long beam tube and a 50 m long 
neutron guide of same cross section for natural nickel (m=l reflectivity 99 J%) and a super 
mirror (m=2, R=90%). 

2.7.3 Time-of-Flight monochromators 

A static collimator.has no effect on the magnitude kz of the wave vector of the transmitted 

neutrons, it does not "monochromate". This can be achieved by moving the collimator at 

right angles to its direction of transmission in the scattering plane. This movement can be 

translational (Fig. 19a) or rotational (Fig. 19b). 

In practice, case (a) is accomplished by arranging many slits on a drum whose axis is parallel 

to the neutron beam, case (b) is accomplished by slits in a drum whose axis of rotation is 

perpendicular to the neutron beam. In both cases the slits are curved to match the flight path 

of the neutrons in the moving frame of reference for optimum transmission. 

Case (a) allows a continuous transmission of neutrons of the desired velocity range; it is 

called a mechanical velocity selector whereas case (b) chops the beam into pulses and is 

1 I K\ ' I ' I ' I ' I ' I ' I ' I ' l • I ' I ' 
/ 'N--... beam tube 120x35 mm2 



called a "Fermi chopper". 
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Figure 19: "Monochromatization" of neutrons by moving a collimator (a) in translational 
motion (example: rotor of the Dornier mechanics I velocity selector) or (b) in rotational motion 
(example: the Harwell chopper monochromator used on the DIDO time-of-flight spectrometer) 
(After Bedford, Dyer, Hall and Russell 1968). 

A monochromating effect through flight time is of course also possible by having two disks 

which are opaque for neutrons with a transmitting slit rotating at a certain distance from each 

other. To define the opening time more precisely normally a stationary slit is placed near a 

disk chopper (Fig. 20) or a second disk rotating in opposite direction close to the first one 

can be used. 

The transmitted wavelength and ensuing resolution can be obtained from the velocity (resp. 

momentum-) diagram shown in Fig. 21 for the case of a mechanical velocity selector. 
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Figure 20: Monochromating effect of two disk choppers at a distance Lfrom each other. The 
first disk only chops the beam whereas a limited velocity band is selected by the phase angle 
between the two disks. 
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Figure 21: Velocity (momentum) diagram to determine the tranmission function and resolution 
of a moving collimator. 
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2.7.4 Reflection from stationary crystals 

While transmission through a collimator limits and defines the direction of kz in space, Bragg 

reflection from a crystal changes the direction of kz. If the crystal is at rest, the magnitude 
of kz is unaffected. 

The locus for all vectors kz that can fulfill the Bragg condition Q_ = G.hM is the plane through 

<2hkiß perpendicular to Q.m (Fig. 22a). This provides an easy means of visualizing the 

effects of imperfections and angular divergencies on the phase space volume transmitted by 

a crystal. For a well defined direction of kz the effect of the mosaic spread ij (i.e. angular 

distribution of Q.hkl arising from orientational imperfections) is a broadening of the diffracted 

beam and a range of diffracted wave vectors (Fig. 22b). 

If, in addition k has an angular divergency a, the phase space volume is as shown in Fig. 

22c. Obviously, a diffracting crystal in conjunction with a collimator (to define a) acts as a 

monochromator. In fact, this is the most widely used phase space operation to define kz or 

k'z in an instrument. 
£hki 

Figure 22: Bragg reflection 
a) from the lattice planes of a perfect crystal through an angle of 20 
b) of an ideally collimated beam from a crystal with mosaic spread r\ 
c) of a beam of angular divergency a from a mosaic crystal. 



22 

2.7.5 Reflection from a moving crystal 

If the direction of .£ and Q_ are defined by collimators, a crystal placed in between can 

only transmit neutrons through both collimators, when its lattice planes are in a particular 

orientation, i.e. if Q_hM coincides with the bisector of the angle between the two collimator 

Figure 24: The momentum space representation of Bragg scattering from a crystal moving 
perpendicular to its lattice planes 
a) v,. antiparallel to Ghkl 

b) 2c parallel to Q.hkl 

c) superposition of both cases for a fixed direction of the incident beam 
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If the crystal is rotating around an axis perpendicular to the scattering plane, such an ar

rangement is a rotating crystal monochromator (Fig. 23). It also chops the beam because 

the condition of reflection is only fulfilled periodically. Since in this case the lattice planes 

are moving during the scattering process this will result in an additional momentum transfer 

to the neutron as shown in Fig. 24a for the case where the crystal is moving "away" from 

neutron. 

The result is deceleration of neutrons and bending away from Qu relative to reflection from 

the crystal at rest and a concurrent change in direction of the incident beam in the laboratory 

frame of reference. 

Similarly, if the crystal is moving towards the incoming neutrons, the momentum ^—^ is 

transferred resulting in an increase of k' and a deflection of the beam towards Q^ki (Fig. 24b). 

In practice, since the direction of the beam is fixed in front of the rotating cyrstal, reflections 

will occur at different times angular positions and hence for the two halfs of the crystal. This 

can be seen in Fig. 24c, where the Gjtki have been rotated such that the directions of h 

coincide for both situations. 

The net effect over the beam cross section from a rotating crystal monochromator is that a 

wider energy band is deflected than from a crystal at rest and that, depending on the sense of 

rotation of the crystal, the beam is either defocussed or focussed in time. 

2.7.6 Reflection from a crystal moving parallel to its lattice planes 

In an ideal crystal, no momentum transfer is possible parallel to die lattice planes. However, 

as can be seen from Fig. 25, if die crystal has a mosaic spread, a phase space transformation 

is possible by moving the crystal parallel to the mean orientation of its lattice planes at 

high velocity. The phase space volume the moving crystal picks e.g. from a neutron guide 

(Afcx = const) is again obtained by transforming the Bragg condition in the crystal's frame 

of reference to the lab frame of reference. It is seen to cover a larger Afc2 than die crystal 

at rest would select. Applying the same transformation to the diffracted beam, it is possible 

under certain conditions to arrive at a situation where all vectors kz have essentially the same 

length, i.e. AT4 is perpendicular to L In this way a more monochromatic divergent beam 

can be obtained from a collimated beam witii a larger energy spread. The intensity reflected 

from the moving crystal is much higher tiian if die crystal is at rest. 
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^ 

Figure 25: Bragg scattering from a mosaic crystal moving prallel to the mean orientation of 
its lattice planes at a velocity v.K. Index o refers to the lab frame of reference. 

2.7.7 Reflection from a crystal in back-scattering condition 

If reflection is perpendicular to the lattice planes (20 = 180°) the term describing Ak'z in Fig. 
22c vanishes because cot 0 = 0. The uncertainty in Ak~ is then only given by the inverse 
penetration depth of the neutrons into the crystal ^ ~ ~j with N being the number of lattice 
planes contributing to the reflection. This is of the order of 10"4 and is much narrower than 
the width &k' 0, obtained from a crystal according to section 2.7.6. It is therefore possible to 
scan this volume by a perfect crystal of lattice parameter d = 2n • k'Q moving perpendicular 
to its lattice planes with variable velocity. This provides an elegant way of supplying a 
divergent beam of sufficiently wide momentum spread for scanning by the Doppler crystal 
monochromator of a back scattering spectrometer (see section 3.2.2). 

2.8 Neutron beam filters 

Neutron beam filters are used for two reasons: 

a) Beams coming from the moderator always contain unwanted radiation like fast neutrons 
and 7-rays which contribute to experimental background and to the biological hazard 
potential. 



25 

b) The beam transmitted by crystal monochromators not only contains the neutron mo

mentum k the monochromator is designed for, but may also be contaminated by higher 

(or lower) order reflections 2k, 3k etc., depending on the structure factor of these 

reflections. 

In order to eliminate or at least substantially reduce these contaminations, material is placed 

in the beam path which has good transmission properties for the desired wavelength and a 

high cross section for the undesired ones. 

Strong energy-dependent variation in neutron cross section occurs either in the case of resonant 

absorption or in polycrystals when ever the diameter of the Ewald sphere coincides with the 

magnitude of a reciprocal lattice vector. This is shown schematically in Fig. 26a. 

As k increases, the cross section of the polycrystal approaches the free atom cross section. 

An unusual case is pyrolytic graphite with reasonably good single crystalline properties along 

its c-axis (OOx)-reflections but random orientation perpendicular to it. As a consequence, 

"rings" are formed in the reciprocal lattice space in the planes perpendicular to the c-axis and 

with the c-axis running through their centre. When one of these rings lies on the surface of 

the Ewald sphere, the cross section for a beam incident along the c-axis becomes very high, 

but in contrast to a polycrystal drops off again, as the diameter of the Ewald sphere increases 

and the ring lies within the sphere (Fig. 26b). 
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Figure 26: The k-dependent scattering cross section of a polycrystal (a) and of pyrolytic 
graphite with the beam incident along the c-axis (b) 
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As an example for a polycrystal filter Fig. 27 shows the cross section of polycrystalline 

beryllium which has a "Bragg cutoff" at 4 À. At longer wavelength (smaller energies) the cross 

section is determined by phonon ("thermal diffuse") scattering and is strongly temperature 

dependent due to the occupation numbers of the phonon spectrum at different temperatures. 

Figure 27: The scattering cross section of polycrystalline Beryllium as a junction of neutron 
energy. Below the Bragg-cutoff at 5 meV the scattering is dominated by phonon scattering 
and is therefore strongly temperature dependent. 

The energy dependent cross section of a pyrolytic graphite filter for a neutron beam incident 

along its c-axis is shown in Fig. 28. The 002, 004 and 006 reflections are in backward 

direction (degenerate rings with r —> 0). It is possible to "tune" the pyrolytic graphite to 

different energies by turning its c-axis away from the direction of the neutron beam. 

Fig. 29 shows the energy-dependent cross section of 239Pu, which has a strong peak at 300 

meV and can be used as a selective filter for this energy. 
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Figure 28: The scattering cross section ofpyrolytic graphite for a neutron beam incident along 
its c-axis. Rather than "Bragg edges", as in polycrystal, sharp peaks arise for the low order 
(OOO -reflections. At higher energies, scattering from several "lattice rings" superimposes. 
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Figure 29: The energy dependent total cross section of239Pu showing a strong resonance at 
300 meV. 
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3 Designs of neutron scattering instruments 

The phase space operators described in the previous chapter can be combined in a variety of 
wayr> to obtain the desired properties of a neutron scattering instrument, depending on the kind 
of science in question. It is not possible to describe here in detail the large variety of different 
neutron spectrometer designs. We will restrict ourselves to a few important examples. 

An overview of the Tange in Q and w, where the different instrument types are commonly 
used is given in Fig. 30. 
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Figure 30: Different types of neutron spectrometers and their approximate useful range of 
energy and moemtnum transfer. 

3.1 Instruments for elastic (total) neutron scattering 

Elastic Bragg scattering, i.e. neutron scattering with no energy transfer to the neutron at the 
reciprocal lattice points has normally a much higher cross section than inelastic scattering 
and therefore no analysis of the scattered neutron energy is performed. This in fact amounts 
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to integrating the scattered intensity oyer all w in the kinematic range. Under the limitation 

that, according to the paths followed in Q_— CJ space, the inelastic contributions do not belong 

to exactly the same momentum transfer as the dominating elastic ones do, die scattering 

measured in this way represents the time average properties of the specimens (cf. ch. 2.5). 

This is essentially the same information that can be obtained with X-rays whose energies are 

of the order of tens of keV and hence do not allow energy resolution in the meV or even 

yueV range, as neutrons do. However, due to the high incident energies the Q-values for 

X-ray scattering barely vary in the regime where atomic motions play a role and hence X-ray 

measurements represent a better time average. Nevertheless, there are many instances where 

only neutron'can yield the desired information and therefore total or elastic neutron scattering 

will continue to play an important role. This is not only true for Bragg scattering, but also 

for the scattering between Bragg peaks and at small angle, where the intensities are usually 

much lower. 

3.1.1 Small angle neutron scattering (SANS) 

Since the spatial dimensions investigated in an experiment at a momentum transfer Q_ are of 

the order or R = 2x/Q, very small (J-values must be measured if the properties of large 

structures such as extended defects, voids, macro molecules etc. are to be investigated. With 

the smallest wave vectors present in the sprectrum of even low temperature spectrum shifters 

(cold neutron sources) this still means measurement at very small angles. As can be seen 

from Fig. 31, the resolution in Q depends only weakly on Afcz and directly on Afcx. Such 

instruments therefore use narrow collimation and coarse monochromatisation, as e.g. obtained 

with a mechanical velocity selector. A schematic layout of a SANS-facility is shown in Fig. 

32. 

Figure 31: The dependence ofQ_ on Akx and Ah for small scattering angles. 
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Figure 32: Schemazic representation of a neutron samll angle scattering instrument. 
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Figure 33: The main components of the SINQ small angle scattering facility 



31 

Two dimensional position sensitive detectors are now routinely used in SANS to collect data 

for many values of Q simultaneously. Fig. 33 shows the components of the S ANS-instrument 

under construction for SINQ. The lengths of the collimator system and the detector vacuum 

tube are 20 m each. The option exists to move the detector also sideways to increase the 

Q-range at a given resolution (distance sample-detector). 

3.1.2 Diffuse-elastic neutron scattering (DENS) 

In the region between the typical small angle scattering range and the Bragg reflections, 

point defects, small inhomongeneities and order-disorder effects in solids can be investigated. 

Although the structure of this scattering contains important information, it is called "diffuse" 

scattering for historic reasons. Its intensity is usually much weaker than in the SANS-range 

or for Bragg reflections. If no energy analysis is performed on the scattered beam, phonon 

scattering is collected along the loci for allowed Q_ — u combinations at every detector angle 

(cf. Fig. 7) which tends to obscure the elastic scattering from the structural disorder. DENS-

spectrometers are therefore normally equipped at least with some kind of crude energy analysis 

to allow discrimination against inelastic scattering contributions. Frequently many scattering 

angles are investigated simultaneously and the sample is rotated in the beam to cover the 

full scattering pattern. Fig. 34 shows the setup of a typical DENS-spectrometer. A set of 

mosaic crystals is used to deflect a wide wavelength band onto the sample (AA/A w 5%). 

The instrument can be used either with a chopper in front of the sample for time-of-flight 

velocity analysis of the scattered neutrons (detectors in straight-through position) or with a 

set of analyzer crystals and the detectors set for k' = k. In both cases the magnitude of 

Q_ is determined by the scattering angle defined by the detector position. The orientation 

of Q_ within the reciprocal crystal lattice is varied by rotating the sample around its axis 

perpendicular to the scattering plane. Fig. 35 shows the region in reciprocal space covered 

in a typical scan. Resolution elements resulting from Akz of the monochromators and the 

angular divergencies are indicated. 
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Figure 34: Spectrometer for diffuse elastic neutron scattering at the FRJ-2 in Jülich, using 
several crystals for monochromatization and providing the options of time of flight or crystal 
analysis of the energy of the (elastically) scattered neutrons to eliminate inelastic contributions. 
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Figure 35: Example of coverage of the reciprocal lattice plane in a DENS-scan rotating the 
sample in steps through 180° and using many detectors at different scattering angles. 
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3.1.3 Powder diffraction 

Diffraction from polycrystalline samples is a widely used technique to determine and refine 

crystal structure parameters from Bragg scattering. Especially since the advent of pulsed neu

tron sources, refinement techniques in diffraction pattern analysis have become very powerful 

(cf. ch. 2.6). 

The phase space diagram of powder diffraction is the same as for the polycrystalline filter, 

only in this case the directions are determined into which neutrons are scattered (Fig. 36a). 

This can either be done by using a fixed incident energy and measuring the scattered neutrons 

as a function of angle or by varying the incident energy and examining the scattering at fixed 

angles or by a combination of both. 
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Figure 36: Momentum space diagram for powder diffraction: at constant k intensity is mea
sured in a detector scanning the angle around the sample whenever the Ewald sphere intersects 
a reciprocal lattice sphere. 

Steady state powder diffractometers are mostly used on neutron sources without time struc

ture. Rather than moving a single detector around the sample, they are nowadays equipped 

with position sensitive detectors to cover a wide range of scattering angles simultaneously. 

Fig. 37a shows a schematic layout of the Double Axis Multicounter diffractometer in use at 

the reactor SAPHIR which is very similar to the one under construction for SINQ. The resolu

tion depends on the A&-volume of the incident beam. As can be seen immediately from Fig. 
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22c, the momentum resolution of the monochromator depends on the monochromator angle 

2QM- Therefore large monochromator angles are preferred. Fig. 37b gives the resolution 

function of the instrument for a germanium monochromator crystal. The collimator in front 

of the position sensitive detector is oscillated to avoid shadowing effects of its channel walls. 

Figure 37: Schematic layout of the multicounter diffractometer DMC at the reactor SAPHIR 
at PSI (a) and its resolution function for a germanium monochromator (b). 

Time-of-flight powder diffractometers vary the incident energy and hence the diameter of 

the Ewald sphere, by using a pulsed neutron beam. If the pulsing is achieved by a chopper 

in the beam, the pulse width Ai is the same for all neutron velocities v or flight times K 

Therefore the resolution ^ varies inversely with flight time, becoming very poor for short 

wavelength or small d-spacings. Fig. 38 compares such an arrangement together with a 

typical diffraction pattern (Fig. 38b) to that of a conventional 2-axis diffractometer (38a). 

If a short pulsed neutron source is available, the pulse width in the slowing-down regime 

is inversely proportional to the neutron velocity escaping the moderator (cf. lecture L-16). 

This leads to practically constant resolution over the whole diffraction range and is one of 

the important reasons for the great success of pulsed neutron sources in the field of powder 

diffraction. An example of such a diffractogram was shown in Fig. 12, section 2.6. 

Diffractometers without energy analysis in the diffracted beam integrate over all scattering 

fulfilling the <2-u;-relation of eqn. (2.9) (Fig. 7). The amount of phonon scattering collected 

is therefore not independent of the incident energy and different for the two techniques. 
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Figure 38: Functional principles and typical diffraction patterns of (a) a conventional 2-axis 
diffractometer and (b) a time-of-flight powder diffractometer. 

3.1.4 Single crystal diffraction 

If single crystals are used to determine the crystal structure, more information can be obtained, 

because in addition to the magnitude and structure factor of the reciprocal lattice vectors Qhki 

also their orientation in space can be determined. Therefore it is necessary that the specimen 

can be rotated around three axes in space, which is accomplished by a Eulerian cradle. In this 

case only one or a few reciprocal lattice vectors will lie on the Ewald sphere simultaneously 

and will lead to diffracted intensity. It is therefore normally sufficient to have one or two 

detector arms. Using a (small) position sensitive detector of good angular resolution is still 

an advantage because it allows to determine the intensity distribution of the reflection in all 

three dimensions, if a 0 — 20-scan (Fig. 39) is performed, i.e. if Q_ is scanned parallel to 

Q-hki-



36 

sample 
rotatî 

detector 

detector 
movement 
26 

sample 

000 

Figure 39: Variation of Qin a 0 - 20 scan (sample rotated through angle Q and detector 
moved by 2Q to keep the direction ofQ constant). 

Fig. 40a shows the 4-circle diffractometer under construction for SINQ which uses three 

two-dimensional position sensitive detectors. They can be moved around the sample posi

tion as well as out of the horizontal scattering plane. Also the sample-detector distance is 

variable to match the resolution of the position sensitive detector to the angular width of the 

scattered beam. Fig. 40b gives the variation of the width of the scattered beam for different 

monochromator crystals. 
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Figure 40: The four circle diffractometer planned for SINQ (a) Schematic elevation showing 
the motions possible for the detectors in the vertical plane (b) Calculated angular resolution 
for different monochromator crystals. 
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3.2 Instruments for inelastic neutron scattering 

Although important information on the time-averaged properties of matter can be obtained 

by measuring the total scattering, the real strength in neutron scattering lies in its potential 

to investigate the energy transfer in the scattering and thus provide information on time-

dependent processes in matter. The amount of energy transferred, %ui, represents the time 

scale involved in the various processes through the relation t = | ^ while the resolution in %u 

gives the time interval over which an average is taken. In order to obtain the full information 

on space-time properties of the specimen, both fc. and k^ must be determined in the scattering 

process. This can be done by suitable combinations of the phase space operations discussed 

in chapter 2. Although there are many ways to proceed, it is customary to distinguish between 

those instruments directly involving neutron time of flight and those, which don't. 

3.2.1 Time-of-flight (TOF) spectrometers 

Since neutrons commonly used in scattering experiments have velocities of the order of a few 

hundered to a few thousand m/s, their energy or momentum can be conveniently determined 

by measuring their time of flight over a distance of a few meters. Owing to the fact that 

neutrons are detected by nuclear reactions and hence terminate their existence as a free 

neutron at this moment they can only be detected once. This means that their starting time 

at a certain position must be defined by pulsing the beam. It also means that only one of 

the two quantities k or k' can be measured by flight time. The other one must therefore be 

enforced upon them either by the use of a crystal monochromator or by two pulsing devices 

at a certain distance from one another. Depending on whether k' or k is measured by time 

of flight (varied as a function of time) the method is called direct or inverted time of flight 

technique. Fig. 41 shows the space-time diagrams and the momentum space representations 

of the two techniques, while Fig. 42 gives a schematic overview how the various phase space 

operators are used. F is a.polycrystalline filter transmitting only wave vectors below the 

Bragg cutoff (section 2.8) which in this case is chosen as small relative to the energy transfer 

under investigation in order to obtain reasonably good resolution. Since the detector positions 

are fixed there is generally a large angular range covered by detectors. 

In the direct TOF-technique k is fixed and k' is determined by time of flight. This means that 

the scan for any one of the many detectors arranged around the sample follows the kinematic 

curve for the corresponding scattering angle (cf. section 2.4). Scattered intensity is measured 

whenever this curve intersetcs S(Q_, w), by recording the flight time of the neutron with the 

corresponding k'. 
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Figure 41: Space-time diagrams (top) and momentum representations (bottom) of direct and 
inverted time of flight techniques. 
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Figure 42: Lte of different phase space operators in time-of flight instruments. M = Moderator 
(spectrum shifter), R = Rotor (chopper) C = crystal, F ~ filter, L - flight path, D — detector, 
S = sample. 
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If analysers or cutoff filters are used in the scattered beam (inverted TOF), the measured 

energy transfer is by the amount of the analyser energy lower than the incident energy which 

varies with time. The resulting loci for Q, u axe shown in Fig. 43 for two scattering angles. 

Kinematic region for neutron scattering 
Inverted TOF, E' = 7 meV 

0 10 20 30 

momentum transfer [Â-1] 

Figure 43: (a) The Q -u-curves for detectors at2Q = 40° and 120° resulting from a variation 
of incident engery and a fixed analyser energy (7 meV in this example), (b) The Q-scan is in 
a plane parallel to k for any one detector angle. 

It can be seen from the momentum diagram, that the end points of the momentum transfer 

vectors lie in planes parallel to the k — HUJ plane. If the sample is suitably oriented this can 

be a symmetry plane of the reciprocal lattice. This fact is exploited e.g. in the PRISMA-

spectrometer at the pulsed source ISIS. Here the anlayser setting angles which determine kj 

of 16 analyzer arms are arranged in such a way that the end points of the ^-vectors lie in the 

same plane (Fig. 44a). 

Fig. 44b shows an example of the resulting energy-momentum transfer curves and measured 

data. Different branches of the phonon spectrum and a magnetic excitation have been mea

sured simultaneously. Although the data taking rates are high if the necessary conditions 
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can be met, the cases where this is possible are limited. Since q is not prallel or perpen

dicular to Q, longitudinal and transverse components of the phonon spectrum are excited 

simultaneously. 

k; sample 

( l 5 . O s . 0 l (2.0.01 12S.O5.0I 
wavevecto' 0 <Mu) 

Figure 44: The PRISMA-spectrometer (a) schematic sketch; (b) kinematic curves with mea
sured dispersion curves (c) intensity scan along the bold kinematic curve in (b). 

Inverted TOF is mainly used at pulsed neutron sources, because the spreading out in incident 

energies comes naturally with distance of the sample from the moderator. (A further advantage 

at pulsed sources is that in the neutron slowing-down energy regime the pulse width is 

proportional to the flight time for a given distance, i.e. At/t = const.) 

In both techniques short pulses of a few tens of microseconds are desirable to reduce the 

contribution of the pulse width to the resolution function. 

Fig. 45a shows a schematic representation of the space-time focussing TOF-spectrometer 

projected for construction at SINQ which uses a bent focussing monochromator and two Fermi 

choppers to define k and analyse k' by time of flight. The maximum pulse repetition rate is 

about 300 Hz. The monochromator is composed of many crystals arranged to deflect different 

http://l5.Os.0l
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energies slightly in such a way that the beam is focussed onto the sample both horizontally and 

vertically. At the same time, time-of-fiight focussing for a given energy transfer (e.g. %u = 0) 

can be achieved for the contributions coming from the various monochromator crystals. The 

anticipated resolution as a function of the ratio E'/E for an incident wavelength A = 6 Ä is 

shown in Fig. 45b. 
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Figure 45: Space-time focussing time of flight spectrometer projected for construction atSINQ. 
CG = converging guide, S = sample position, D ~ detectors. The calculated energy resolution 
as a function ofE'JE atE= 227 meV is shown in (b). 

3.2.2 The back scattering spectrometer 

As mentioned in section 2.7.7, if one wishes to obtain extremely high energy resolution in 

a reflection from a crystal, the scattering angle 20 must be (very close to) 180°. In this 

case only the penetration depth into the crystal contributes to the resolution, which can be 

of the order of 10~4. This is taken advantage of in the analyser part (determination of k') 

of very high resolution spectrometers. In this case large areas of nearly perfect crystals are 

arranged on spherical supports around the sample position. Neutrons coming from the sample 

and fulfilling the back scattering condition are therefore reflected back to a set of detectors 
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arranged near the sample. The analyser system thus works at fixed energy. In order to 

measure an energy transfer in the sample, the energy of the neutron hitting the sample must 

be varied with a similarly high resolution. This can be done in one of three ways: 

a) by very good tirne-of-flight resolution using a neutron guide to cover a long distance 

(of the order of 10O m) between the pulsing device (fast chopper or pulsed source) and 

the sample 

b) by using a monochromator which is also designed to work in back scattering and whose 

lattice constant can be varied in small intervalls as a function of time (e.g. by varying 

its temperature) 

c) by using a back scattering monochromator mounted on a velocity drive and using the 

momentum transfer to the neutrons when reflected from a moving crystal (cf. section 

2.7). 

In case b) and c) it is possible to combine this monochromator with a mosaic crystal moving 

parallel to its lattice planes (section 2.7.6) to improve the intensity on the sample. 

Unless a sufficiently large deviation from the back scattering condition can be allowed to 

shield the detectors from direct scattering from the sample, it is necessary to interrupt the 

beam for about 50% of the time to make sure that only such neutrons are recorded which 

have covered the distance between the sample to the analyser and back to the detector. It is 

exactly for this time period that the beam must be interrupted. 

Fig. 46 shows a schematic of the new instrument IN 16 at the ILL Grenoble which uses 

a mosaic crystal to deflect suitable neutrons from a guide and a Be-filter with background 

chopper to suppress higher order contamination and reduce the background while the detectors 

are counting. A second deflector which rotates in such a way that there exists a velocity 

component parallel to its lattice planes and at the same time allows the beam coming back 

from the monochromator to pass for 50% of the time is used to deflect the beam to the 

moving back scattering monochromator. A very narrow momentum band is selected from 

the phase space volume and is Doppler shifted as a function of time by the back scattering 

monochxomator to provide the necessary energy sweep for the neutrons hitting the sample. 

The scattering probability is recorded as a function of the velocity of the monochromator at 

the instant when the neutrons start from the monochromator. The energy resolution that can 

be obtained on a back scattering spectrometer is in the /xeV-range. 
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While the version a), using time of flight to separate the incident neutron energies can be 

regarded as a special version of the inverted time of flight spectrometer, the version using a 

crystal monochromator can be regarded as a 3-axis spectrometer running a fc,-scan (fc j s the 

usual designation of the incident neutron momentum) and using many detector arms which 

are locked by the back scattering condition. 

1 Schematic of IN 16 I 

Figure 46: Schematic diagram of the new back scattering spectrometer IN16 at the ILL Greno
ble, which uses aBe-filter to suppress higher order reflections from the crystal in the neutron 
guide and a horizontally moving second deflector to increase the intensity on the monochroma
tor by increasing the angular divergency. The phase space volume reflected from this crystal 
is time-scanned by a moving monochromator in back scattering condition. 

3.2.3 The triple axis spectrometer (TAS) 

Triple-axis spectrometers are the most versatile instruments for inelastic neutron scattering 

experiments. From the experimentalist's point of view a TAS offers the unique possibility of 

measuring neutron intensities along well-defined paths and locations in momentum and energy 

space, e.g. at points of high symmetry in the reciprocal crystal lattice or at wave-vectors ç 

where theory predicts an unusual behaviour e.g. as a function of temperature (structural phase 

transition), etc. 
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Fig. 47 shows the basic layout of a TAS. Monochromatisation and analysis of the neutron 
beam (definition of k and ]£) are performed by Bragg reflection form single cyrstals (ch. 
2.7.4). Mostly used materials are pyrolithic graphite, copper and germanium; the selection 
being based on the respective neutron scattering properties, the available size of the crystals, 
and the mosaic spread. Soller collimators (ch. 2.7.1) are inserted along the beam path for 
tuning the resolution characteristics. Filters (ch. 2.8) are often inserted in the beam in order 
to suppress background and higher order contaminations. 

Figure 47: Basic layout of a triple axis spectrometer. The three axes around which the re
spective rest of the spectrometer is rotated are: the monochromator axis (variation of k), the 
sample axis (variation of scattering angle) and the analyzer axis (variation ofk'). 

The resolution of a TAS depends on the phase space volume transmitted by the monochromator 
and analyser crystal in the scattering plane. These can be estimated individually according to 
Fig. 22. 

The two volume elements can be combined via the scattering angle at the sample to deduce the 
resolution element of the spectrometer. In this case we are concerned with three components 
of the resolution function àQ± and A<5||, perpendicular and parallel to Q, and Aftw, the 
energy resolution. By going through all allowed combinations of k and k', the deviations 
AQC&-&) — {< h> - <hL>) can be decomposed in their components AQ\\ and AQX 

and each of the two values can be plotted in a Q - w-diagram against the corresponding 
Aw-value; Aw = |^((fc2 - k'2) — (< k >2 - < k' >2)). Since the distritubions AVk and 
AVI && normally approximated by ellipses with Gaussian probability distributions, the result 
are two resolution ellipses with the same width in Aw but normally different ones in A<2|| 
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and A(2J_- Hence it is possible to affect AQy and AQ± by the spectrometer configuration 

(direction of scattering at the monochromator and analyzer) but not Aw. This is shown in Fig. 

48 for the four different spectrometer configurations possible. It is important to remember 

that the resolution volume is 3-dimensional; therefore the projection on the Q± — u- , or 

Qx — Q||-plane as well as the intersection with these planes are shown. Of course, these 

calculations are done by computer codes which take into account the crystal mosaic, as well 

as the collimation conditions and. scattering angles on the spectrometer. 

The basic equations of the scattering process are given in ch. 2.1. Since on a TAS all quantities 

(k,kL, 20, v?) are variable, there are many possibilities to measure intensity at a point in (Q,u) 

space. The most commonly used option is a scan with k' fixed because the conversion from 

count rate to cross-section needs minimal corrections. Furthermore a TAS allows to collect 

data points along well defined path's in (Q, w) space, as there are "constant-^" scan (i.e. 

scanning with energy steps at a pre-defined ^-vector, best used for excitations with small 

dispersions), "constant-u;" scan (keeping the energy transfer UOJ constant and scanning along 

a pre-defined Q, best used for excitations with strong dispersion); or a "general" scan with 

varying Q_ and u, sometimes convenient for best resolution characteristics (ch. 2.5); Fig. 49 

shows a scattering diagram with a typical intensity distribution. 
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Figure 48: 
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definition of angles: left='L\ right='R\ as seen 
along the neutron flight path; 
SA=L (sample axis) and ANA=R (analyser axis) is 
the so called 'W configuration. 
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Figure 49: Illustration of three possible scans in Q — u on a TAS (a) with the momentum 
diagram (b) and the measured intensity distribution (c) corresponding to the general scan 
through an optic and an acoustic branch. 

3.2.4 The spin echo spectrometer 

We have so far not mentioned the fact that the neutron has a spin and an associated magnetic 

moment Polarized neutron scattering, which makes use of Üüs fact will be dealt with in 

Lecture L-9 in this school. However, spin precession in a magnetic guide field can also be 

used to measure the time, a neutron spends in a magnetic field. However, since a neutron spin 

performs a large number of revolutions while travelling in a field of useful length, a change 

in energy upon scattering is best analysed by reversing the spin precession and detecting the 

difference in spin orientation after the two traversais. This is the principle of the spin echo 

spectrometer. A schematic drawing of such an instrument located at the ORPHEE-reactor in 

Saclay is shown in Fig. 50. 

Polarized neutrons with their polarization parallel to z, their direction of flight, enter the 

7r/2-flipping coil (1). Here the polarization is rotated through 90° to make it perpendicular to 

the iî-field in the first precession coil and provide a well-defined starting orientation. 

Of course, upon traversing the first precession coil, the beam depolarizes due to the spread 

in velocity and hence in time spent in the coil. This depolarization can however be reverted, 

if the beam traverses a second, identical coil with opposite direction of precession and the 

neutron energy remains unchanged between the two coils (stricdy elastic scattering in the 

sample). To reverse the direction of precession, a 7r-flipping coil is placed between the two 
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precession coils. Finally, at the end of the second precession coils the neutron spin is again 

flipped into the vertical plane to be able to analyse its degree of polarization. A fully polarized 

beam will only be observed if the two precession coils are exactly identical and no energy 

change occurs upon scattering. 
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Figure 50: Schematic layout of the spin echo spectrometer in operation at ORPHEE in Saclay 

If the energy transfer in the scattering process is huj, the spin orientation after the second leg 

will be off by an angle 

(3.1) A, L 

which, for fiu> < ^— can be shown to be 

l L hu 

m 2m 

(3.2) 

This means that the count rate after the polarization analyser will be reduced by a factor 

coŝ > = coswT. 

The probability for a neutron to be detected therefore becomes 

W ~ [ S{Q,oj)cos{uT)du (3.3) 



49 

The spin echo spectrometer therefore measures the Fourier transform of the scattering law 

with respect to u> (i.e. the so called intermediate scattering function). The scanning variable 

is the "time" T given by 

- 3 

T = nilmL.E.L-(£\ (3.4) 

The Larmor frequency of the spin precession in a field of strength H is 

_ 2 | 7 [ fiN 
UJL = H (3.5) 

If H is measured in Oe, L is in cm and A = -y in Â, eqn. (3.4) becomes 

T = 1.863 • 10- 1 6# • L • A3. 

T is normally varied via the magnetic field. 

In a spin echo spectrometer the energy transfer is not measured by defining k and k' very 

precisely like in a back scattering spectrometer, but rather by observing a quantity which, to 

a first approximation, represents directly the difference in neutron velocity before and after 

the scattering. Therefore a relatively broad wavelength band of the order of 10 -1 can be used 

whereas in back scattering it is limited to about 10~4. This decoupling of the neutron energy 

change from its energy is an important concept, which may help to achieve much higher 

resolution without a need to define k and k' very strictly (see also Lecture L-15 by H. Rauch 

in this volume). 

4 Concluding remarks 

In this paper we have not attempted to go into details of the technical design of neutron 

scattering instruments, nore to cover the full suite of specialized spectrometers in use on 

modern neutron sources. It was our goal to promote the understanding of the underlying 

principles and the properties of components of instruments as far as they are relevant to 

understand the measurement one performs. Details of instruments in terms of their range and 

resolution in Q — u and their preferred application to different fields of science can be found 

in the user manuals issued by most neutron scattering centres. 
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1. Prologue 

All text books on solid-state physics, and most text books on the broader scope of 

condensed matter physics, report experimental results obtained by the technique of 

neutron scattering. In fact, neutron beam techniques contribute not only to studies in 

these fields of research but also biology, materials science, chemistry, and various forms 

of industrial research (radiography, small angle scattering, resonance thermometry, etc.). 

One of the great attractions is that measured quantities are related quite directly to 

atomic-level variables used to describe basic properties of materials, such as, lattice 

vibrations (phonons), spir. waves (magnons), excitons, and spatial distribution functions 

for nuclei and magnetic atoms. In view of this, it is not really surprising that data 

obtained with neutron beam techniques pervade so many branches of science, or that 

there is a tradition of strong exchanges between neutron beam experimental studies and 

theoretical chemistry and physics (analytic and computational studies). 

The aim of these notes is to provide some information on basic concepts for the 

interpretation of neutron scattering experiments at an atomic level of description. The 

presentation is very much at the descriptive level, so there are no examples of the actual 

working out (algebra) to be done in arriving at results. Readers who wish to see such 

detail can consult one of the many cited review articles and books. 

In compiling the references, preference has been given to recent works which are 

pertinent to the covered topics or which themselves give full references to earlier 

relevant literature. The interested reader can then refer back through the literature, if 

desired. 

2. Neutron properties 

The utility of neutron scattering as an atomic-scale probe of condensed matter 

stems from the relative weakness of neutron-matter scattering, the compatibility of 

neutron energies and wavelengths with characteristic energies and lengths of atomic 

motions in solid and liquids, and the magnetic moment of the neutron (Scherm, 1988). 

The neutron-matter interaction is so weak that first-order perturbation theory is wholly 

adequate to account for the slow neutron scattering cross-section (This point might need 

clarification since neutron-proton scattering involves what particle physicists call strong 

interactions - the interaction between hadrons with a coupling constant large compared 

to the fine structure constant - 1/137. Nevertheless, the scattering of slow neutrons by 

nuclei (neutron energies ~ few eV) is adequately described by first-order perturbation 

theory - Born approximation - using an appropriate (Fermi) pseudo-potential which, in 

fact, is so simple that it is characterized by a single complex number, usually called the 
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scattering length). In other words, neutron scattering provides information on the 

chemical and physical properties of matter that is undistorted by the radiation. 

Furthermore, the interpretation of the measured cross-section is not clouded by 

uncertainty about the nature of the radiation-matter interaction or specification of the 

cross-section. 

Neutrons interact with the nuclei and electrons in matter, and the scattering cross-

sections are similar in magnitude. It is possible to discrimate between scattering events 

involving nuclei and electrons. In consequence, the neutron scattering technique 

provides unambiguous information on the positions and motions both of nuclei and of 

electrons. Moreover, since neutrons penetrate deeply into matter they provide an ideal 

probe of the bulk properties of matter. (However, neutrons are also absorbed in matter.) 

In the past few years there has been an expolosion of activity in the use of neutron (near 

critical) reflection to study surfaces and interfacial phenomena (Penfold and Thomas, 

1990 and Russell, 1990). 

Neutron nuclear scattering, as well as the absorption, cross sections vary from 

isotope to isotope in a more or less random manner. In many applications it is 

particularly advantageous that the scattering cross sections for the proton and deuteron 

are very different. The cross section for a proton is a massive 82 bams (1 barn = 

lO^cm2) whereas for a deuteron it is an order of magnitude smaller. Hence, the proton 

function in macromolecules, membranes, etc., is readily studied, while deuteration 

enables us to pick out properties of the host environment. The magnitude of neutron 

scattering and absorption cross sections for some selected nuclei are given in Table 1. 

The energy E for a neutron with a wave vector k is 

E = Ä2k2/2m, (1) 

where k = |k| and m is the neutron mass. Energies are often given in units of 

meV = 10-3eV, and (h2/2m) = 2.08 meV Â-2. In terms of the neutron wavelength X we 

have, 

% = (h2/2mE)1 /2 = 9.04 E~1/2 (2) 

where X is in A and E is in meV. Here we have chosen the energy unit favoured by 

physicists. Other energy units frequently used in spectroscopy are related to the meV 

through 

lmeV = 0.24 THz = 8.07 cm'1 s 11.61 K, 
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and the conversion to temperature is included for completeness. (It is also useful to 

remember h ~ 0.66 meV ps.) 

It is perhaps useful at this junction to recall that, in contrast to neutron scattering 

from materials, photon scattering (Agarwal, 1991) is dominated by the photon-electron 

interaction, described by quantum electrodynamics. Absorption of photons due to the 

photo-electric process and Compton effect severely reduce photon penetration in matter, 

and so the technique is highly surface sensitive. The photon-matter interaction contains 

complicated processes, some of which involve nonlinear events not described within the 

framework of linear response theory that underpins the interpretation of neutron 

scattering (excluding events that involve compound nuclear resonance states). 

The high intensity of photon beams from electron synchrotron sources make it 

feasible to exploit magnetic photon scattering (a relativistic correction to the Thompson 

amplitude) as a probe of condensed matter (Lovesey, 1993a). This technique has some 

advantages with respect to magnetic neutron scattering, although it is likely to be 

confined in the near future to elastic (diffraction) and Compton scattering studies for the 

most part. 

By and large, selection rules, which are manifestations of high symmetry 

conditions, operate more forcefully in photon scattering than in neutron scattering. In 

optical spectroscopy, for example, the change in photon wave vector, K, is so small that 

events are restricted by the dipole selection rule, whereas in a corresponding neutron 

induced event K can be relatively large and additional processes are engaged. Similar 

reasoning holds for the excitation of states in a crystal. Selection rules are manifest at 

points of high symmetry in the Brillouin zone, such as the zone centre and boundary, and 

generally absent at an arbitrary point on a dispersion curve. 

3. A potted history 

Joliot-Curie's communication of 28 January 1932, reported that alleged y-rays from 

the ct-beryllium reaction were capable of ejecting protons from paraffin. When the paper 

reached Chadwick, at the Cavendish Laboratory, he went to work and on 17 February 

submitted a paper entitled "possible existence of a neutron" in which he proposed that 

the ct-beryllium reaction is a + 9Be = 12C + n. Chadwicks discovery of the neutron, in a 

few days of strenuous work, concluded a search that, off and on, had been conducted at 

the Cavendish for more than a decade. 
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In early 1934 Fermi submitted the first in a series of articles on radioactivity 

induced by neutron bombardment. With this paper Fermi started experimental studies in 

neutron physics that made him perhaps the world's leading authority on the subject 

during the nineteen thirties. His pseudopotential method, applied to neutron scattering 

by nuclei in condensed matter, appeared in 1936 and it remains the cornerstone of the 

interpretation of low energy neutron-nucleus scattering experiments. 

In the same year Bloch predicted that the electromagnetic neutron-neutron 

amplitude is similar in magnitude to the classical electron radius, and therefore 

comparable to nuclear scattering amplitudes. The following year Schwinger queried 

Bloch's calculation: the latter is now known to be incorrect, and Schwinger provides the 

correct result although his reasoning is erroneous. A correct calculation, and physical 

interpretation, is provided by Migdal in a paper submitted in July 1938 to a Russian 

Journal. However, Migdal's work was unnoticed in the West, and the alleged Bloch-

Schwinger controversy was finally settled in 1951 when two independent experiments 

found unambiguous evidence to support the result given by Schwinger; the basis of the 

interpretation of neutron-electron scattering experiments is the paper by Halpern and 

Johnson published in 1939. (Although these authors subscribe to the Schwinger view 

they nevertheless propose experiments to settle the Bloch-Schwinger controversy.) 

The major sources of neutrons in the early nineteen thirties were radium-beryllium 

sources. Even though it was possible to demonstrate the diffractive properties of 

neutrons, the low intensities from radium-beryllium did not permit the practical use of 

neutron beams to study the properties of condensed matter. The latter began to flourish 

with the development of nuclear reactors. The Oak Ridge Graphite Reactor and the 

CP-3 reactor at the Argonne National Laboratory became operational in 1943 and 1944, 

respectively. 

Neutron intensities produced by modem, high-flux reactors are three orders of 

magnitude larger that those obtained with the early reactors at the Oak Ridge and 

Argonne Laboratories. Moreover, new vistas have been opened with advanced 

spallation sources which utilize protons to liberate a very large supply of energetic 

neutrons from heavy metal targets (Williams and Lovesey, 1989 and Tomkinson et al., 

1991). The ISIS spallation source is pulsed (50 Hz) whereas SINQ at PSI, to be 

commissioned in the next few years, is continuous like most reactor neutron sources. 
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4. Perspective 

The geometry of a neutron scattering experiment is sketched in Fig. (1), which also 

serves to define some notation. Not mentioned in the figure are the states of polarization 

of the incident and scattered neutron beams. Polarization analysis offers some very 

significant advantages but, unfortunately, the accompanying intensity penalty is often too 

large (Williams, 1988). Even so, various spectrometers exist at reactor sources and their 

use, particularly for studies of magnetic materials, have produced very interesting 

scientific results (Boni, 1993) that are possibly not obtainable by other experimental 

techniques. 

In a neutron scattering experiment one measures the fraction of neutrons of 

incident energy E scattered into an element of solid angle dQ with an energy between E' 

and (E' + dE'). The measured quantity is the partial differential cross-section, denoted by 

(d2o/dQdE')-

The cross-section a has the dimension of area, and so the partial differential cross-

section has the dimension of (area/energy .solid angle). 

In more general terms, the quantity (d2o/dQdE') is a measured response function; 

it provides the response of the target sample to an incident beam with energy E and wave 

vector k ( and possibly a finite polarization). As such, it is a purely real quantity which is 

positive or possibly zero. Since slow neutron scattering is a weak process, the formalism 

for interpretation of data on (d2o/dQdE') is linear response theory; this is based on 

Fermi's Golden Rule for transition rates or, equivalently, the first Born approximation in 

scattering theory (Lovesey, 1986). With regard to the latter, it is perhaps worth 

mentioning that the theory we describe comes under the heading of the kinematical 

theory of neutron scattering that neglects macroscopic multiple-scattering effects. In the 

case of Bragg reflection from crystals, these multiple-scattering effects are referred to as 

dynamical diffraction effects and include, for example, extinction and anomalous 

absorption. Dynamical and kinematical theories of diffraction are associated with the 

names of Ewald and Laue, respectively. (The distinction between dynamical and 

kinematical theories of diffraction is meaningful only for radiation for which the index of 

refraction is close to unity; cf. Sears 1989). 

Once can contrast neutron scattering, and NMR and muon spin resonance, by the 

observation that resonance experiments provide information on bulk response functions 

whereas neutron scattering measures a differential response function, i.e. the relaxation 

times T1 and T2
 a r e akm t 0 t n e specific heat, say (integrals over relevant degrees of 
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freedom). Hence, a neutron scattering experiment is seen to provide a wealth of detailed 

information on the static and dynamic properties of the sample. 

Linear response theory, which underpins most experiments that probe properties of 

condensed matter (including neutron scattering but excluding, for example, 

photoemmission) is often written in terms of correlation functions depend on time (t) and 

spatial co-ordinates (R) and usually written <A(R,t) B (R',t')> where A and B are 

quantum mechanical operators for observable quantities (in which case A, B are 

Herrnitian operators) and the angular brackets denote a thermal average. Such a 

correlation function is a complex quantity, and for A = B the imaginary component is 

related to quantum aspects of the system. The neutron cross-section is proportional to 

the Fourier transform of <A(R,t) A (R',t')> with respect to time and spatial co-ordinates; 

the conjugate variables in the Fourier transforms are the energy (ftco) and wave vector 

(K) transfers, respectively. 

5. Some examples of cross-sections 

Since the scattering of slow neutrons is a weak process it can be described by 

first-order perturbation theory, i.e., Fermi's Golden Rule for transition rates. In 

consequence, we treat the incident and scattered neutron states as plane waves with 

energies E,B' and wave vectors k,k' , related as in eq. 1, and illustrated in Fig. (J). 

The cross-section, or response function, is described in a four dimensional space spanned 

by the variables 

ftco = E-E' (3) 

and 

K = k~k' (4) 

If the target sample is spatially isotropic the response function depends only on co and 

K=|K|. 

The differential cross-section is readily expressed in terms of correlation functions 

that are determined solely by the chemical and physical properties of the target sample. 

This is by far the most elegant and powerful representation, and the one adopted here. 

Further details, including an exposition of linear response theory, are found in Lovesey 

(1986) and Lovesey (1987). "We will separately describe nuclear and magnetic 

scattering, though some basic concepts are common to both, of course. A wide ranging 
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review of neutron scattering science is found in the many articles gathered in a three-
volume treatise edited by Price and Sköld (1986). 

5.1 Nuclear scattering 

Slow neutron scattering is described by a single parameter, namely a scattering 
length b which is assumed to have minimal energy dependence. The imaginary part of b 
gives rise to absorption. This is extremely large for some isotopes, e.g., about 15000 
barns for He3 and 5Â neutrons. 

The nuclear scattering cross-section is a scattered length weighted sum of 
correlation functions. Let i,j label the scattering nuclei, and denote the correlation 
function by Y;y(K,t). With this notation the partial differential cross-section is, 

CO 

^ r = (E/E')1/2Jdt(l/2JrÄ)e- iu t2 brbjYij(K,t), (5) 
- c o 'J 

where dQ is the solid angle subtended by the detector as shown in Fig. (1). The function 
Yij(K,t) possesses properties that make the right-hand side of (5) both real and either 
positive or zero, as required for a response function. It is necessary to average the cross-
section over the distribution of nuclear spins (assumed to be completely random), 
isotopes, substitutional disorder, etc. We will deal with those averages as and when 
required. 

5.1.1 Purely elastic scattering. This is generated by the value of the correlation 
function at infinite time; Yy (K, <») with K ^ 0 is finite for crystals and fully arrested 
supercooled liquids, for example, but vanishes for normal liquids. For a crystal, it is 
customary to write, 

Yy(K,oo) = exp{iK-(R i-R j)-W i(K)-W j(K)} (6) 

where R; is the equilibrium lattice position of the i'th atom and the remaining terms are 
Debye-Waller factors. An explicit expression for W(K) valid for a harmonic lattice is 
given following eq. (16). 

Bragg scattering is elastic and coherent and occurs under special geometrical 
conditions. It is generated by a perfect crystal, which means that the appropriate cross-
section is formed with the square of the average of the effective scattering length per unit 
cell. Let the crystal contain N unit cells of volume v0 in which the atoms are at sites 
defined by position vectors d. The elastic coherent cross-section is then 
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( Ä ) l = N((2^) 3 / V o )2 | F N W | 2 Ô ( K - T ) (7) 

in which {x} are reciprocal lattice vectors and the unit cell structure factor, 

**(K) = Ebdexp(iK-d-Wd(K)) (8) 
d 

where b is the scattering length averaged over isotope and nuclear spin distributions; 

representative examples of b are provided in Table I. From (7) it is evident that 

scattering occurs only when the condition x = K is satisfied, which is a statement of 

Bragg's Law. 

The difference between the total elastic scattering and the Bragg intensity from a 

solid is due to disorder and defects in the crystal, nuclear spins and mixtures of isotopes. 

By definition, it is not coherent and it occurs to some extent at all scattering angles. It is 

customary, but not completely logical, to use the term incoherent scattering for non-

Bragg scattering generated by nuclear spins and isotope mixtures (note that a sample of a 

pure isotope can produce incoherent scattering if the nuclear spin is finite, e.g., He3). All 

the remaining non-Bragg scattering is called diffuse scattering. 

Incoherent elastic scattering from a crystal measures the quantity, 

N2[b f - (^ ) 2 ] exp [ -2W d (K) ] (9) 
d 

This can be interpreted as the sum over atoms in the unit cell of the Debye-Waller factor 

weighted by the mean-square fluctuation in the scattering length. 

As an example of elastic diffuse scattering consider a binary system in which type-2 

atoms (impurity atoms, say) occur with concentration c. All other things being equal 

apart from a difference in coherent scattering lengths, diffuse scattering occurs which is 

proportional to, 

( b 2 - b 1 ) 2 c ( l - c ) . (10) 

A more realistic model would allow for the difference in Debye-Waller factors and the 

deformation in the host lattice created by the impurity atoms. In the latter case, the 

appropriate cross-section is proportional to the absolute square of the spatial Fourier 

transform of the deformation, which can be compared to theoretical predictions. For 
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more information on the use of neutron scattering to study material properties such as 

defects see, for example, the volumes edited by Kostorz (1979) and Price and Sköld 

(1986). 

5.1.2 Total scattering. For a liquid strictly elastic events occur only if K = 0, 

which corresponds to no scattering. Hence, the total scattering is measured in a neutron 

scattering experiment without energy analysis. This quantity is the response function 

integrated over all neutron energy transfers. With a monatomic sample, in which 

quantum effects are negligible (achieved with large A atoms at relatively high 

temperatures), the total coherent scattering, at constant K, is proportional to the 

structure factor, 

S(K) = l + P ö Jdre i K r [g ( r ) - l ] , (11) 

in which p0 is the particle density and g(r) is the pair distribution function. It is perhaps, 

useful to note that r2g(r) is the probability distribution for the particle density about the 

origin. Hence, the number of particles within a sphere of radius R prescribed about a 

given particle is 

4np0 |o
Rdrr2g(r) . (12) 

In the limit R —* oo this quantity approaches the total number of atoms in the sample, as 

required. 

Before turning to inelastic scattering we draw attention to a basic difference 

between Bragg scattering and total scattering. The latter is readily shown to be 

proportional to Y;j(K,0), i.e., the instantaneous value of the correlation function. On the 

other hand, Bragg scattering is proportional to the square of a time-averaged variable (a 

basic principle in statistical physics is that statistical averaging is completely equivalent to 

time averaging). The difference between these two extreme limits of the correlation 

function is related to the appropriate isothermal susceptibility, i.e., the mean-square 

fluctuation in the number density. We conclude that the difference is small except in the 

vicinity of a phase transition, when fluctuations take macroscopic values. One final point 

to make is that total scattering is often referred to as the static approximation to the 

cross-section, the choice of terminology being more or less self-evident in view of what 

we have just said. 

5.1.3. Spectroscopy. This corresponds to scattering events for which oo * 0 and 

thus are termed inelastic. It is customary to use the label quasi-elastic for the part of the 
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inelastic spectrum which arises from random, or stochastic, processes that occur over 

relatively long time scale (Bee, 1989), e.g., diffusive motion of an atom in a liquid. If 

classical statistics apply, the incoherent (single-particle) scattering cross-section is in this 

case determined by the correlation function 

Y(K,t)~exp(-K2D|t|) (13) 

where D is the self-diffusion constant. The corresponding cross-section is, 

3' VEV /i„2 ,..2 , / f 2 r w 2 ^ J dQdE 'E'; 4JI2 CO 2 +(K 2 D) 2 

in which a; is the incoherent cross-section (79.8 barns and 2.0 barns for a proton and 

deuteron, respectively). A similar result holds for a particle jumping between interstitial 

sites of a lattice, e.g., hydrogen diffusion in metals. In this instance D = fi/x, where / is a 

length, of order the lattice constant, and x is the residence time at a given site. 

The generic form of the correlation function that appears in quasi-elastic scattering 

is, to a good approximation, 

Y(K,t) = exp(-K2u<t)/2), (15) 

in which 3u(t) is the mean-square displacement after a time t. The result jx(t) ~ |t| found 

for uncorrected jumps on a lattice is characteristic of a random-walk process. 

If a particle is bound in a crystal, or macromolecule, then often a useful starting 

point is to consider scattering from a harmonically bound particle. The scattering 

response for a particle with a natural frequency co0 is, 

exp[-2W(K)+(l/2)ftcoß] 2 In(y)o[Äco-nftco0]. (16) 
n«-oo 

The interpretation of (16) is straightforward; the scattering vanishes unless (D = nco0 , and 

the integer n measures the number of units of energy /ZCD0 lost (n > 0) or gained (n < 0) 

by the neutron. The various quantities in (16) are; ß = l/kBT (T is the absolute 

temperature), In(y) is a Bessel function of the first kind, and using the dimensionless 

variables x = (ftco0ß/2) and y - (ftK2/2Mœ0) where M is the mass of the scattering 

particle, y = y /sinh (x) and W = (y 12) coth (x). Note that the elastic contribution (n = 0) 

contains Io(y)- This factor arises from thermal fluctuations of the bound particles, which 

are negligible if the particle participates in a bulk collective motion. 
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The terms in (16) with n = ±1 are usually labelled the fundamental modes. If y « 1, 

as is often the case, the intensity of high-order modes is very small in comparison with 

the fundamental since, 

In(y) ~ ( l / n ! ) y N ; y - * o . 

In the limit (ÄK^/MCOQ) » 1, which can be achieved with a pulsed neutron source, it is not 

possible to select the fundamental mode in the response. A palisade of modes of near 

equal amplitude are engaged in scattering, so the expansion leading to the representation 

(16) is of minimal value. It can be shown that, in the limit of large K, the scattering 

response tends to a Gaussian envelope function centred at the recoil energy (ÄK)2/2M 

with a mean-square width of 2co0
2W(K). 

A far more realistic model of single particle dynamics is achieved by considering 

the particle as a defect in a host matrix. Two parameters characterize the particle-matrix 

system, namely the ratio of the two masses and the deviation of the particle-matrix 

stretching force from that in the bulk matrix. The dynamics of the particle can be 

obtained in closed form if the stretching forces are harmonic. Calculations with this 

model reveal that a light mass (e.g. proton in a macromolecule) creates a high frequency 

mode which is well separated from the maximum phonon frequency in the pure host. By 

using a Debye model for the latter the frequency of the new mode is 

co = (0.6M/M')1/2coD, 

where (M/M') is the host-particle mass ratio, assumed to be large, and coD is the Debye 

frequency. This formula accounts for hydrogen mode frequencies in metal-hydrogen 

systems apart from those using palladium, which display other slightly unusual properties 

(Kostorz, 1979). 

Detailed numerical calculations of the scattering response for a particle embedded 

in a matrix show that it contains a myriad of features. For the two extreme cases of 

K -» 0 and K -» °° the response is well approximated by the fundamental contributions 

and a Gaussian envelope function, respectively. But, for intermediate K the line shapes 

are highly structured. Satellites to the harmonics appear which can be traced back to 

structure in the host density of states. Such features are understood by viewing the light 

mass particle as a probe of host lattice vibrations. 

We return now to scattering from collective atomic motions, or phonons. Neutron 

scattering is the established method of measuring phonon dispersion curves. To 

understand how this is possible consider the fundamental contribution to the harmonic 
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oscillator response given in eq. (16); this vanishes unless the neutron energy change 

matches the energy of one quantum. When scattering from a collective motion the 

energy selection-rule is supplemented by a wave vector selection-rule, K = q + x wheieq 

is the lattice wave vector (confined to a Brillouin zone) which labels the phonon mode. 

In an experiment both K and to are determined, and hence a point on the phonon 

dispersion curve is established. 

The one-phonon scheme we have just described has no value in tackling the 

interpretation of coherent scattering from a liquid for which two extreme limits are well 

understood. For small K and to we can appeal to linear hydrodynamics. The response 

for fixed K is found to consist of an elastic peak (Rayleigh line) and two inelastic peaks 

(Brillouin lines) at to = ± Kc0 where c0 is the velocity of sound. In the opposite limit of 

large K the response resembles that of a free particle, namely a Gaussian centred at the 

recoil energy ER = (#K)2/2M with a mean-square width proportional to ( ^ T E R ) . While 

much has been learnt about the nature of physical processes engaged at intermediate K, 

the subject is on-going, particularly with regard to molecular liquids and the super

cooled state. 

5.2. Magnetic scattering 

Neutrons scatter off the magnetic field generated by unpaired electrons in a sample. 

Note that the number of electrons involved is generally a small fraction of those engaged 

in an X-ray experiment. In the latter case, charge (Thomson) scattering engages all 

electrons whereas in magnetic, neutron or photon, scattering it is only the relatively small 

fraction of unpaired electrons that contribute to the scattering process. 

The magnetic field has two sources. First, the spins of electrons lead to a dipole-

dipole interaction. Second, mobile electrons generate a field obtained from Biot-Savart's 

formula. In the forward direction (K -> 0) the neutron-electron interaction is simply 

related to the total magnetic moment. Here, for an atom characterized by total spin and 

angular momentum S and L, respectively, the forward scattering amplitude is generated 

by (L + 2S). 

The general form of the neutron-electron interaction for arbitrary K is quite 

complicated. Calculation of the matrix elements required in the interpretation of 

neutron-electron spectroscopy of isolated ions requires the full battery of Racah algebra 

used in atomic and nuclear spectroscopy (Balcar and Lovesey, 1989). Even so, we can 

give insight into the behaviour of magnetic neutron scattering by employing a relatively 

simple expression for the interaction, valid for modest values of K. 
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5.2.1. Purely elastic scattering. For not too large K, the magnetic interaction 

operator is 

r0(l/2)gF(K)J (17) 

where the interaction strength r0 = - 0.54 x 10*12cm, g J is the magnetic moment 

operator and F(K) is an atomic form factor. For a spin-only ion g J -*• 25, whereas for 

a rare earth ion J = L + S and g is the Lande splitting factor. The form factor is defined 

to be unity in the forward direction, and decreases monotonically to a value of 

- 0.2 at K ~ SÂ-1 in a typical case. 

The definitions of Bragg and total scattering carry over from the previous 

discussion of nuclear scattering. We begin our discussion with the total scattering from 

N paramagnetic ions, namely, 

$L = tf[(r0/2)gF(K)f(2/3)J(J+l), (18) 

where J is the magnitude of the spin, i.e. J -J = J{J + 1). This formula shows that the 

cross-section is large for large values of J, just as we might expect from physical 

intuition. The dependence on the scattering vector K comes only through the form 

factor F(K). 

There is, of course, a very strong K dependence in Bragg scattering from an 

ordered magnetic material. First, scattering vanishes unless K = x whpxe {T} are 

reciprocal lattice vectors for the magnetic structure. A second dependence arises from 

the fact that the componenet of / perpendicular to K is observed. This feature often 

enables the moment orientation to be established. No such factor is explicit in (18) 

because the paramagnetic ions are randomly orientated. The Bragg cross-section for a 

collinear magnetic structure is, 

(&) l - roN( (2* ) 3 / t>o ) 2 ô(K-x)e-2W(T) |FM(x)|2[l-(T-n)2], (19) 

where TJ is a unit vector that defines the preferred magnetic (easy) axis and 

FM(K) = 2 ( l /2)g d < J > F d ( K ) | d e i K - d , (20) 
d 

in which | d = ± 1 according to the orientation of the magnetic moment relative to the 

referred axis. Several features merit explicit mention. The total Bragg scattering from a 

magnetic material is described by the sum of (7) and (19). The moment, proportional to 

the thermal average <J>, vanishes at the phase transition to the paramagnetic state. 
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Bragg intensities can be used to obtain the critical exponent for the continuous decrease 

of the magnetization in the immediate vicinity of the transition. A magnetic material 

usually forms domains, in which case the orientation factor {1 - (x • r\)2} must be 

averaged over the easy axes for r\. If all directions in space were equally likely, then 

clearly (î-fj)2 would average to (1/3). The same result is also correct for cubic 

symmetry. 

Diffuse magnetic scattering is observed with a mixed system. If one component of 

a binary system occurs with a small concentration then the diffuse cross-section can be 

shown to be proportional to the square of the spatial Fourier transform of the 

magnetization defect created in the host matrix. Analysis of measurements on such 

systems has been central to the development of the theory of the electronic structure of 

magnetic alloys. As the temperature of the alloy is raised toward the critical 

temperature, the spatial range of the defect increases. In consequence, the diffuse cross-

section as a function of K becomes increasingly narrow, and it is believed to be singular 

at the critical temperature. 

5.2.2. Inelastic events Next we discuss the elements of neutron-electron 

spectroscopy. To be concrete consider the matrix elements for transitions between 

J-multiplets in the energy level diagram of a rare earth ion. The ion can be regarded as 

isolated, to a good approximation, and not subject to a significant molecular field, for 

example. (The expression (17) is no longer valid since it is based on the relation 

L + 2S = gj which is retricted to a/-multiplet.) 

The matrix element <JM\L + 25(7' M'> vanishes except for \J - J'\ = 1; thus, for 

small K, we observe dipole-allowed transitions. Beyond the limit of small K higher-

order transitions contribute to the cross-section. Even though the higher-order 

transitions are very weak compared to dipole-allowed contributions they have been 

unambiguously observed (Osborn et al., 1991). It is found that the energy separation 

between multiplets is essentially the same in concentrated and dilute magnetic systems if 

the levels come from a single Coulomb term. Significant differences are seen in data for 

the two types of system for levels that belong to different terms. This feature is 

attributed to screening of the Coulomb interaction by conduction electrons. 

Data on dilute magnetic systems are readily obtained by optical spectroscopy. This 

technique is constrained by the dipole-selection rule, and it is not useful for concentrated 

metallic magnets. At present, neutron-electron spectroscopy, which is free of both 

constraints, has been successfully applied to transitions with energy separations up to 

2.0 eV, and the technique is very much in its infancy. 
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Another form of magnetic spectroscopy is the study of crystal field levels. This is 

now very well established as a tool for direct observation of the crystal field energy level 

scheme, in 3d, rare earth and actinide compounds (Furrer, 1977 and Frick and 

Loewenhaupt, 1986). 

The introduction of exchange interactions between ions couples the single-ion 

crystal field states discussed in the preceding paragraph. Collective excitations are 

formed from phase-related linear combinations of the single-ion transitions. These 

exciton states, as they are usually called, display significant dispersion which can be 

followed throughout the Brillouin zone in many cases. The limiting factor is neutron 

energy, but this has been ameliorated with the development of advanced pulsed sources 

and appropriate time-of-flight instrumentation. 

A spin wave is the coherent propagation of a single unit of spin deviation. It is, in 

some respects, the magnetic analogue of a phonon, in as much that the neutron cross-

section vanishes unless there is simultaneous conservation of energy and wave vector, 

spin wave and phonon excitations can usually be distinguished in the scattered spectrum 

by one of several simple tests. First, spin wave intensities decrease with increasing K 

because of the atomic form factor, whereas phonon intensities increase, with a K2 

dependence. Secondly, a spin wave is an excitation away from an ordered state so it 

vanishes above the critical temperature. Hence, spin wave excitations are usually more 

sensitive than phonons to variations in temperature. On approaching the transition 

temperature spin waves soften and become more heavily damped. 

Neutron polarization analysis affords a completely unambiguous method by which 

to identify spin waves (Lovesey, 1987 and Williams, 1988) because creation or 

annihilation of a spin wave induces polarization in an unpolarized neutron beam. 

Phonons do not produce such an effect, as might be expected from physical intuition. 

Polarization analysis is even more useful when it comes to isolating paramagnetic 

spin fluctuation scattering, particularly when it is a case of studying a material with high 

transition temperature and hence a strong phonon background. In the case of a 

paramagnet, which does not possess a preferred axis, there is no creation of polarization. 

An initially polarized beam has a final polarization in the direction of K, and a magnitude 

controlled by the projection of the incident polarization onto K. Hence, the final 

polarization vanishes if the incident polarization and K are perpendicular, and it achieves 

a maximum value when they are parallel. 

The main problem in practice has been to obtain efficient methods of producing 

polarized beams or of analysing the polarization of a beam scattered by the sample. 
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Inelastic scattering events are typically 10*3 of the elastic intensity, so a relatively 

inefficient polarizing method that is tolerable for elastic studies may render inelastic 

measurements impossible. 

At the time of writing there is renewed interest in the dynamics of critical and 

paramagnetic spin fluctuations. Various experimental groups have reported, over the 

past few years, careful measurements of the paramagnetic response of insulating (EuO, 

EuS) and metallic (Fe, Ni, Pd2 MnSn) systems. The consensus opinion is that the 

response evolves with increasing K from a Lorentzian-like function centred at co = 0 to a 

squarer or top-hat function. Recent data for Gd shows a peak at finite co for large K, 

near the zone boundary, with a strong dispersion. This feature persists deep into the 

paramagnetic region, and it is quantitatively explained by a calculation based on the 

couple-mode approximation for spin fluctuations (Westhead et al., 1991). 

Another feature of magnetic systems that has recently been a focus of attention is 

the influence of dipolar forces on paramagnetic and critical fluctuations (Boni, 1993). 

Dipolar forces, present to some extent in all magnetic materials, are responsible for the 

bulk effect of demagnetization fields. It was not until the comparatively recent 

development of high resolution neutron spectrometers, with polarization analysis, that 

their influcence on dynamic processes in the vicinity of the critical temperature became 

apparent, through a series of careful experiments on metallic magnets and magnetic salts. 

The essential features of the data are in accord with predictions obtained for a 

Heisenberg magnet, including dipolar interactions, treated within the coupled-mode 

approximation. (Lovesey, 1993b). 
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Table 1. Neutron scattering and adsorption data for some selected elements 

Element 

H 

He 

Li 

C 

O 

Na 
CI 

K 

V 

Fe 

Ni 

Àg 

Pb 

Bi 

A 

1 
2 
3 

« 
3 
4 

» 
6 

7 
« 

12 
13 
14 

* 
16 
17 
18 
23 

» 
35 
37 

« 
39 
40 
41 

* 
50 
51 

m 

54 
56 
57 
58 

* 
58 
60 
61 
62 
64 

* 
107 
109 
« 
204 
206 
207 
208 
209 

% abundance 

100. 
0.0149 

0.00014 
100. 

7.5 

92.5 

98.89 
I.II 

99.762 
0.038 
0.200 

100. 

75.77 
24.23 

93.258 
0.012 
6.73 

0.25 
99.75 

5.8 
91.72 

2.2 
0.28 

68.27 
26.10 

1.13 
3.59 
0.9! 

51.83 
48.17 

1.4 
24.1 
22.1 
52.4 

100. 

J 

-0.3741 
0.6674 
0.494 
0.326 
0.574 
0.326 

-0.203 
0.187 

- 0.026i 
-0.220 

0.6648 
0.6653 
0.62 

0.5805 
0.5805 
0.578 
0.584 
0.363 
0.9579 
1.17 
0.308 
0.367 
0.379 

0.258 
-0.0382 

-O.04I4 
0.954 
0.42 
1.01 
0.23 
1.5 
1.03 
1.44 
0.28 
0.76 

-0.87 
-0.038 

0.597 
0.764 
0.419 
0.9401 

0.8533 

aS 

81.87 
7.63 
3.03 
1.21 
5.6 
1.21 
1.40 
0.98 

1.44 
5.564 
5.564 
5.5 

4.234 
4.234 
4.20 
4.3 
3.23 

16.63 
21.62 

1.2 
2.10 
2.19 

0.83 
4.953 

4.946 
11.66 
2.2 

12.8 
< 1 . 
28. 
17.56 
25.87 

0.96 
7.2? 
9.6 
0.02 
5.09 

11.11 

9.156 

"a. 

0.3326 
0.000519 

<0.000006 
< 0.001 

5333. 
~ 0 
70.5 

940. 

0.0454 
0.00350 
0.00353 
0.00137 

< i o - n 

0.00019 
0.00019 
0.24 
0.0OO16 
0.530 

33.5 
44.1 

0.433 
2.1 
2.1 

34. 
1.46 
5.08 

60. 
4.9 
2.56 
2.3 
2.6 
2.5 
1.28 
4.5 
4.6 
2.9 
2.5 

14.5 
1.52 

63.3 
38. 
91. 

0.17 
0.66 
0.0305 
0.709 
0.00049 
0.033 

b(10"12cm): Coherent scattering length for bound atoms. Complex values correspond to 
a neutron wave length of 1 Â . 

as(bams): Total scattering cross section of bound atoms for thermal neutrons. 

0a(bams: Absorption cross sections for thermal neutrons (2200ms"l). 

* Natural isotope mixture 
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F-91191 Gif sur Yvette Cedex, France 

In. this note we give a short review, at an introductory level, of some topics concerning 
the study of crystal structures by means of neutron powder diffraction. A summary of 
the relevant scattering formulae used the analysis of powder difraction data is given. The 
specific characteristics of neutrons versus X-rays and electrons are emphasized in terms 
of atomic scattering lengths and absorption cross sections. Some aspects of the 
resolution of powder diffractometers are dicussed in relation with the capacity to refine 
crystal structures with different degree of complexity and some problems related with 
crystal structure determination from powder data are discussed. The use of neutron 
powder diffraction for determining crystal structures of defective materials is illustrated 
in different cases. Particularly important is the extension of the Rietveld method to 
investigate the microstructure of solids where the defects cause an anisotropic 
broadening of the Bragg reflections. 

Introduction. 
1 . Neutrons Versus X-Ray and Electron Diffraction. 

1.1. SCATTERING LENGTHS AND FORM FACTORS. 

1.2. ABSORPTION. 

2 . Theoretical Background of Scattering from Polycrystalline Materials. 
3 . Requirements of powder diffractometers for crystal structure refinement. 

Note on Ab Initio Structure Determination from Powder Data. 
4 . Refinement of Crystal Structures by Neutron Powder Diffraction. 

4 . 1 . POWDER DIFFRACTION OF MATERIALS WITH WELL RESOLVED BRAGG 

REFLECTIONS. 

4.2. THE USE OF THE EXTENDED RIETVELD METHOD TO REFINE THE STRUCTURE 

AND MICROSTRUCTURE OF A MATERIAL. EXAMPLES. 

5 . Conclusions 

These notes are based on other courses given by the author. In particular many parts of the text have 
been borrowed from "Neutron Powder Diffraction for the Characterization of Structural Defects in 
Crystalline Solids", by J. Rodriguez-Carvajal, Nato ASI Series, Ed. CR. A. Catlow and M. Gregorkiewitz, 
Plenum press (in press) 
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1 .Introduction. 

Neutron scattering is a very powerful tool for the study of condensed matter from 
many points of view. The neutron is a unique particle that allows the study of both 
structural and dynamical aspects of matter, due to the following features: 
- The absence of electrical charge makes its interaction with matter very weak, and therefore 
damage of the sample is generally absent Also, for this reason, the scattering theory to be 
applied (first order Born approximation) is straightforward. 
- The wavelength of thermal neutrons is comparable to that of interatomic distances thus 
giving rise to strong interference effects: this makes neutrons very appropriate for studying 
the structure of condensed matter. 
- The energy of thermal neutrons is of the order of magnitude of the energy of thermal 
excitations (phonons). Experiments in which the energy of the scattered neutrons is 
analysed allow the study of the dynamics of atoms in solids. 
- The magnetic moment of the neutron interacts with the magnetic moment of atoms and the 
magnetic structure and excitations can be obtained from suitable experiments. 

In this paper the structural aspects of crystalline solids will be stressed. For this reason 
the dynamical and magnetic aspects of the neutron-matter interaction will not be discussed. 
The problem to be addressed is that of obtaining quantitative information about the crystal 
structure and nature and concentration of structural defects in crystalline solids. It is 
assumed that readers know the elementary theory of diffraction, the reciprocal lattice 
concept and the fundamentals of crystallography. 

X-ray and neutron diffraction techniques provide quantitative statistical information on 
crystal structures and defects averaged over volumes from about 10"3 to a few cm3, 
respectively. Electron diffraction and microscopy probe volumes of many orders of 
magnitude smaller than X-rays or neutrons (10"19 -10"17 cm3). This fact is important in 
correctly interpreting the nature of the information provided by the different diffraction 
techniques. 

The paper is organized as follows: in the first part the difference between X-rays, 
neutron and electron diffraction will be discussed emphasizing the nature of their interaction 
with matter as revealed by the scattering lengths and absorption cross sections. In the 
second part the theoretical background of diffraction by crystalline solids, eventually with 
structural defects of different types, will be summarized; the intensity formulae for the 
powder method being emphasized. In the third part we give a short presentation of the 
resolution requirements of a two-axis neutron diffractometer to be useful for crystal 
structure refinements and for the so called ab initio structure determination. In the fourth 
part, different types of approximation used in studying real materials by means of Neutron 
Powder Diffraction (NPD) are described. In particular the cases where the shape of Bragg 
reflections contains useful information because it is strongly affected by the interaction 
between defects. For instance, isotropic and anisotropic broadening due to small coherence 
length of domains and strains produced by defects. The extended Rietveld method is the 
most powerful tool for refining simultaneously a structural and a microstructural model. 
The structural model is given by the standard crystallographic parameters and the 
microstructural model is characterized by a shape and width of reflections depending on hkl 
indices through size and strain parameters. Several examples will be presented and 
discussed in some detail for oxides of the family Ln2.xSrxNiC>4±5. 
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1 .Neutrons Versus X-Ray and Electron Diffraction. 

In scattering experiments, the incident particle (neutron, electron, photon...) 
experiences a change in its momentum and energy. The quantities: Q = kF - kj and n co= 
EF - Ej, define the scattering vector (momentum transfer) and energy transfer respectively. 
F and I subscripts stand for final and initial state of the particle respectively. In the 
following we are concerned with "elastic" scattering ( ft tö= 0) for which: | kF | = | kj | = 
27C/X and Q= I Q I =47csin0/X., 9 being half the scattering angle. We shall use the 
crystallographic notation: s = Q/27C, for the scattering vector or s=H, when s corresponds 
to a reciprocal lattice vector. The basic reciprocal lattice vectors {a*j }j=i,2,3 are defined 

with respect to the direct unit cell vectors {aj}j=1>2>3, by the relations a^a^ = 8- (notice the 

absence of the factor 2K). 

1.1. SCATTERING LENGTHS AND FORM FACTORS. 

In the expressions for the scattered intensity which we shall give below, the atomic 
scattering lengths as Fourier transforms of the atomic scattering densities, play a 
fundamental role. The scattering density is connected with the interaction potential between 
the radiation particles and the atom. The X-rays interact with electrons through 
electromagnetic forces, the neutron with the nuclei through nuclear forces and the electrons 
interact with the average electrostatic potential created by the distribution of electrical 
charges in the atom. The important thing for our discussion is the spatial extent of the 
interaction. In contrast with X-rays and electrons, the wavelength of thermal neutrons is 
much larger (=1Â) than the interaction region 0=lO"5Â). The consequence is an interaction 
potential approximating to a Dirac function (Fermi pseudo-potential), and therefore a 
constant scattering length. However, the scattering length is dependent on the isotope and 
nuclear spin state. This gives rise to an incoherent scattering appearing as a background. In 
the following we are concerned only with the "coherent scattering length". The reader 
interested in going further on this problem, and many others, can consult the reference 1. 

From the point of view of the applications, the main differences between neutrons, X-
rays and electrons arise from the respective values of the scattering lengths and absorption 
cross sections. Formally the scattering formulae are the same for neutrons, X-rays and 
electrons, providing we substitute the appropriate values of the scattering lengths. For a Q-
dependent scattering length, the term form factor is usually adopted, indicating a 
dependence on the spatial distribution of scattering density. 

Denoting by fa(s) the scattering length in cm, with a = n, x, e, for neutrons, X-rays and 
electrons, respectively, we obtain the following formulae: 

fn(s)=b 
fx(s)= re VP fz(s) = re VP Jpz(r) exp{27ti s r} d3r 

fe(s)={2me2/h2}[Z-fz(s)]/s2, 

where re is the classical radius of the electron, P=l/2(l+cos228) is the polarization factor, 

1 S. Lovesey, Theory of Neutron Scattering from Condensed Matter, Oxford Science 
Publications, Clarendon Press, 1984. 
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pz(r) is the electron density of an atom of atomic number Z and fz(s) is the conventional X-
ray atomic form-factor. 

From the above formulae it is apparent that only for neutrons is the scattering length 
independent of the scattering vector (no form factor). For X-rays and electrons f(s) 
decreases rapidly as s increases; in the case of X-rays the form factor, f(s), decreases 
roughly as: Z exp(-a s2). Because of this property neutron scattering lengths are readily 
determined experimentally. By contrast, theoretical values, calculated for isolated atoms or 
ions, are usually used for X-rays and electrons. 

Another important point concerns the variation of f(s) with Z: it increases 
monotonically as a function of Z for X-rays and electrons, whilst it varies erratically in the 
case of neutrons as shown in figure 1. These two features are illustrated for a few elements 
in Table T, which also gives the wavelength-energy relationships. 

0 20 40 60 80 100 
Atomic Number (Z) 

Figure 1: Coherent scattering lengths for thermal neutrons versus atomic number. 

It is worth mentioning that the value of the scattering length is a measure of the 
interaction strength. One can see from the Table I, that electrons scatter with a strength at 
least four order of magnitude greater than neutrons or X-rays. As a consequence the 
scattering theory presented below is no longer valid for electrons: the integrated intensity of 
a Bragg reflection is not proportional to the square of the structure factor. Dynamical 
scattering theory must be applied in the case of electrons and, therefore, accurate structural 
information is hard to obtain. 

The above-mentioned characteristics of scattering lengths underline immediately one of 
the advantages of neutrons: neither X-rays nor electrons can distinguish between chemical 
elements with close atomic number. The existence of striking variations between some 
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adjacent elements of the Periodic Table makes neutrons very useful for investigating a 
number of crystallographic problems. For example, in the spinel solid solution Fe3.xCox04 

the cation distribution between the tetrahedral and octahedral sites of the structure, cannot 
be determined with conventional X-ray sources. The reason is that Fe and Co differ only 
by one electron; however, the Fermi lengths are 0.954 and 0.25 for Fe and Co 
respectively, making the analysis with neutrons an easy task. 

Another important point to mention with respect to the variation of scattering length 
with the scattering vector, is that thermal, or displacement, parameters can be obtained 
more accurately with neutrons than with any other technique. The reason is that in neutron 
diffraction there is no correlation between scattering length (b's are constant numbers) and 
Debye-Waller factors, whereas for X-rays and electrons the form factor have nearly the 
same Q-dependence as the temperature factor. 

TABLE I 

NEUTRONS ELECTRONS X-RAYS 

X= 1 Â, E=82 meV X= 0.037 Â, E=100 KeV X= 1 Â, E=12 KeV 

fn(10-12cm) 

sin0A= 0.1 0.5 

*H -0.378 -0.378 
Cu 0.772 0.772 
W 0.466 0.466 

fedO-
0.1 

4530 
51100 

118000 

12cm) 

0.5 

890 
14700 
29900 

fx(10"12cm) 

0.1 0.5 

0.23 0.02 
7.65 3.85 
19.4 12.0 

Wavelength-Energy Relations 

Neutrons E(meV) = 81.81 / X2(k) 
Electrons X(k) = 0.38782 / (E(KeV)+0.97845 10"3 E2(KeV))l/2 

X-Rays k(À) = 12.398 / E(KeV) 

1.2. ABSORPTION. 

The last, but not least, important advantage of neutrons, concerns absorption. The 
penetration of thermal neutrons in matter is very high, as only a few nuclei have resonant 
energies comparable to the energy of neutrons. For X-rays, this is not the case, as all 
elements become X-rays sources when an electron of the internal shells is removed. If the 
energy of X-rays is near an absorption edge of an element they will be strongly absorbed. 

Electrons are not absorbed in the same sense as neutrons or X-rays, but their strong 
scattering by matter results in a highly effective absorption.This is the reason why samples 
investigated by electron diffraction are crystals of submicron size: to obtain an electron 
diffraction pattern one needs very thin samples. The linear dimensions of the volume 
sampled by electrons, X-rays and neutrons are, typically, 100 Â, 0.5 mm and 1 cm, 
respectively. 
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The absorption correction in crystallography appears as a factor in the expression for 
the integrated intensity, which acts as an effective volume of the sample depending on the 
particular (hkl). Absorption corrections are cumbersome in the case of a single crystal of 
arbitrary shape and, normally, may be neglected if the absorption is weak as in most cases 
with neutrons. The most useful quantity for measuring absorption is the linear absorption 

coefficient \1 which can be calculated from the atomic absorption cross sections as 

(i= 1/Vc^a <*ai > where the volume of unit cell is given in Â and the atomic absorption cross 

sections in bams; the units of \i are consequently in cm"1. The sum is extended over all the 
atoms in the unit cell. If, as usual, other attenuation processes are present (coherent and 
incoherent scattering) \i has to be replaced by a greater "effective |ieff". 

A beam of intensity I0, is reduced to 1= I<, exp(- \i z) after passing through a thickness 

z of a material with linear absorption coefficient u. The order of magnitude of the 
absorption cross sections for X-rays is a few thousands barns for transition metals and 
normal wavelengths, whilst it is only a few units for neutrons. The absorption cross 
sections for X-rays are tabulated in Vol. IV of reference 2, and for neutrons in reference 
3. For example, for Al we have oaAI = 0.231 for neutrons of wavelength 1.79 Â, and 

aaA1 = 3472 for X-rays of the same wavelength. The corresponding linear absorption 

coefficients are: |i(neutrons)=0.0l4, and }i(X-rays)=212 crrr1. This means that the beam 
intensity is reduced by a half, due absorption processes, after travelling through 50 cm 
(neutrons) or 0.003 cm (X-rays) of aluminium. It is clear, even if these values have to be 
modified for true attenuation, that sample environment can be easily controlled with 
neutrons, making them a unique tool for studying samples under extreme conditions. 

The available flux is the least favourable aspect for neutrons. Even in the highest flux 

sources, like the High Flux Reactor at the I.L.L., the monochromatic beams (AE/E=10" ) 
8 2 

have only a flux of about 10 neutrons/cm /s. This is less than the photon intensity of an 
ordinary sealed X-ray tube. Modem rotating anode X-ray sources provide higher fluxes of 
photons than the best reactor, and a typical synchrotron radiation source has a flux of 
photons at least six order of magnitude higher. In the case of electrons, the flux is only 
limited by the damage to the sample. 

The consequence from a practical point of view, is the requirement of large volume 
samples for neutron scattering in order to get relatively high scattered intensities in a 
reasonable time. For the case of powder samples the large size of samples, associated with 
low absorption, can be turned into an advantage: better statistics of particle distribution and 
absence of preferred orientations. 

2 .Theoretical Background of Scattering from Polycrystalline Materials. 

In this section we shall give a short review of the scattering formulae to be applied in the 
study of crystal structures by diffraction methods. The reader interested in a deep 
understanding of the scattering by crystalline matter with defects must consult the literature 

2 International Tables for X-Ray Crystallography, Vol 1,11,111 and IV, The Kynoch 
Press, Birmingham (1968). 

3 V.F. Sears, Thermal Neutron Scattering Lengths and Cross Sections for Condensed Matter 
Research, Chalk River Nuclear Lab., Internal Report AECL-8490 (1984) 
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and particularly the three books of Guinier, Warren and Cowley4 respectively, on which 
most of the following theoretical discussion is based. 

In the kinematic theory (first Born approximation), the amplitude of the wave scattered 
by an object is die Fourier transform (FT) of its scattering density (SD) p(r) measured in 
cm"2. The SD means different things for each kind of scattered radiation (X-rays, neutrons 
and electrons). Any object can be considered as constituted by atoms of SD paj(r) centered 
at positions R-; the SD and the corresponding scattered amplitude and intensity can be 
written as: 

pOO^PajCr-Rj) [1] 

A(s)=£. fpaj(r-Rj) exp{27cisr}d3r=£.exp{27tisRj} |paj(u) exp{27tisu}d3u [2] 

A( s) = 2 j
fj(s)exp{2îcisR j} [3] 

I(s) = A(s)A(s)* = X. X. fi(s) fj(s>* e xP< 2 7 ï i s (RrRj)> M 

The last two formulae are the basis for the structural study of any kind of material by 
elastic scattering. The scattering factor of the atoms fj(s) = FT {paj(r)}, given in units of 
length» is the link between the fundamental interaction of each particular radiation with 
matter. The different ways of writing the equation [4] provide specific and simplified 
formulae for each kind of idealized or defective structure and for different experimental 
conditions. 

For powders, we have to average the intensity for all possible orientations of an object 
with respect to the incident beam. The intensity depends on the length, s, of s and the 
whole set of interatomic distances Rjj= | Rj-Rj I ; and is given by the Debye formula: 

Ks) = Xi I j fi fj sin{2rc s Rij}/(27t s Ry) [5] 

If we consider the thermal motion of the atoms it is easy to show that the equations [3] 
and [4] hold by substituting the scattering factors by fi(s)exp[-Wi(s)]. Here the exponential 
function is called the temperature or Debye-Waller factor. In the harmonic approximation 

Wj(s) can be written in matrix form as5: W^s) = 27r2sT(uiu
T

i)s, where u is the column 
vector of atomic displacements and the superscriptT denotes transpose. For simplicity, if 
not given explicitly, the temperature factors are considered to be included in the scattering 
factor. Other kinds of scattering due to thermal motion, e.g. thermal diffuse scattering 
(TDS), have to be added to eqs.[4-5] but will not be considered here. 

A. Guinier, X-ray Diffraction in Crystals, Imperfect Crystals, and Amorphous Bodies, W.H. 
Freeman and Company, San Francisco, USA (1963). 
B.E. Warren, X-ray Diffraction, Addison Wesley, Massachusetts, USA (1969). 
J.M. Cowley, Diffraction Physics, North Holland, Amsterdam (1975). 
B.T.M. Willis & A.W. Pryor, Thermal Vibration in Crystallography , Cambridge 
University Press, 1975. 
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A particularly useful language to describe the diffraction phenomena is that of 
convolutions and distributions. This is illustrated in the following paragraph. 

If crystalline matter is considered as an infinite assembly of unit cells with scattering 
density pc(r) (=0, for r outside the unit cell), the total scattering density of the infinite 
object can be decomposed in the following way: 

P~(r) = 2 n Pc(r-Rn) = P c « *En Sfr-Rn) = Pcfr) * z(r) [5] 

where, * denotes convolution product, 5(r) is the Dirac function, Rn is the vector position 

of the n-th unit cell (direct lattice vector) and z(r) = S„ 8(r-Rn) is the distribution function 
of an infinite lattice. For a finite crystal z(r) must be replaced by z(r)g(r), where g(r) is the 
shape factor of the crystal defined as g(r)=l for r inside the crystal, and g(r)=0 for r 
outside. The scattered amplitude for a finite crystal is: 

A(s)=FT{pKr)}=FT{pc(r)*z(r)g(r)}=F(s) Z(s)*G(s)=F(s)/Vc I G(s-H) [6] 

where F(s) is the structure factor of the unit cell, which can be formally written as equation 
[3] but with the sum extended to the atoms of a single unit cell. Z denotes the FT of z, and 
G the FT of g. It can be demonstrated that Z(s) = 1/VC XH S(S-H), where Vc is the volume 
of the unit cell and H is a reciprocal lattice vector. That is the justification of the last 
equality in [6]. G(s) is a delta function for an infinite crystal, in that case the equation [6] 
expresses the fact that scattering exists only in the direction kp=kj+27is, for orientations of 
the crystal with respect to the incoming beam satisfying the Laue condition s=H. This can 
be geometrically illustrated by the well known Ewald construction: a diffracted beam exists 
only if there is a node of the reciprocal lattice in contact with the Ewald sphere. The Bragg 
law is a consequence because s= | s | =2sin9A, and IH | =l/dhkl. If the sample is present 
as a crystalline powder, all the orientations are available and the reciprocal lattice can be 
represented by a set of concentric spheres intersecting the Ewald sphere; and giving rise to 
diffracted beams in cones. 

For a finite crystal, of volume V, constituted by a sufficient number, N, of unit cells, 
G(s) is different from zero only in the vicinity of the origin. The intensity is given by: 

I(s)=F2(s)/V2
c Y G(s-H) Y G*(s-H>NF2(s)/(VVc)Y G2(s-H) [ 7 ] 

H xi H 

For finite crystals the intensity distribution in reciprocal space is determined by the 
square of the FT of the shape factor G2(s-H). The region around each reciprocal lattice 
point, where G2(s-H) is significantly different from zero, is called a "reflection domain". If 
the crystal has a plate-like shape the reflection domain is a sort of "cigar" perpendicular to 
the basal planes. The smaller the thickness of the platelet, the longer is the cigar. For a two 
dimensional crystal the diffraction domains are infinite rods. 

The finite size of a crystal is an unavoidable defect If the crystals of a powder are very 
small the diffraction pattern shows broadened peaks. 
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It can be demonstrated that the function G2(s) is the FT of the autocorrelation of the 
shape factor defined as: 

V-n(r)=Jg(u)g(r+u)d3u [8] 

The interpretation of T|(r) is straightforward: it represents the fraction of the total 
volume shared in common between the object and its "ghost" displaced by the vector r. 
Obviously, TJ(0)=1 and decreases as r increases (see figure 2). 

Crystalline defects can be of many different types: point defects such as vacancies and 
interstitials, clusters of point defects, displacement and substitutional disorder, 
microdomains, twinning, microtwinning, intergrowth, stacking faults, antiphase domains, 
and strain fields due to all kinds of imperfections. However, in many defective crystals it is 
always possible to define an average lattice. 

[1,1] 

Figure 2: Two dimensional representation of the intensity distribution in reciprocal space for the case of (a) 
small crystallites without defects and (b) a defective material in which the strong correlation 
between defects produces an anisotropic broadening of Bragg reflections. A scheme for the 
interpretation of the "v :rj(r) function is also shown. 

In such cases, the structure factor of each unit cell can be different and the equation [4] 
holds by substituting the structure factor of each cell for the scattering factors of the atoms. 
The position vectors become vectors of the average lattice. Furthermore, the intensity 
formula can be rewritten as: 
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«>> = I n Œ m V m « ) «p{2»ci s Rn}. [9] 

Talting into account the long range homogeneity of the object, the average value 
Pn=<FinF*m+n> 1S independent of m. The number of terms in the inner sum of [9] is given 
by VT[(fi.n)fVc and the equation [9] can be transformed to: 

Ks) = V/Vc £nii(Rn)<FmF*m+n>exp{27ti s Rn}=N £nTl(Rn) pn exp{2îci s Rn} [10] 

If we define the average structure factor as F=l/N Y F , and write (j) =F-F , it is 
m 

easy to see that Pn^+^m^m+n* ~ F2-Hî>n, and the intensity formula [10] can be further 
decomposed in two terms: 

I(s) «Ißragg+lDiffuse = N p 2 I ^ n ) exp{27ci s Rn}+ N ̂ ( R , , ) <ï>„ exp{27ti s Rn} [11] 

= NF2/(VVC)Y G2(s-H) + N £ <ï>nexp{2rasRn} 

In the last expression, we have made the approximation Tj(Rn)=l because <ï>n 

decreases with n faster than T|(Rn). If the correlations between different unit cells are weak, 
the main term contributing to the "diffuse scattering" is n=0. In that case we have Î ffu-aT5 

N{<F2>-F2}. When correlations between fluctuations are strong up to a sufficient number 
of unit cells, 4>n decreases slowly with n, and the intensity is concentrated around the 
nodes of the average reciprocal lattice. The result is a broadening of the Bragg reflections 
and the separation between diffuse and sharp scattering is not so clear-cut. Figure 2 shows 
schematically the intensity distribution in reciprocal space. In general the function <3>n 

=4>(Rn) depends also on the scattering vector s and can even be a periodic function giving 
rise to the appearance of satellite peaks characteristic of modulated structures. 

The formulae given above are very general and there are many particular cases in the 
literature where the expressions can be further developed making explicit the physical 
magnitudes of interest. 

An important situation occurs where the structure factor for the jell m can be written as 
the average structure factor multiplied by a phase factor of the type exp{2m s um}. That 
means the effect of the structural defects is manifested mainly as a "strain" on the average 
lattice. We have: Fm=F exp{2îcis um}, with the constraint: £ exp{2îri s un}=N. 
Equation [10] can be written as: 

I(s) = N F2 InTl(Rn) Ç(Rn, s) exp{27ti s Rn} [12] 

where Ç(Rn, s)= <exp{27ci s (um-um+n)}>. The expression [12] is a quasi-Fourier series. 
The dependence on s of the strain coefficients destroys the similarity. However, if we 
consider the scattering in the first Brillouin zone around a Bragg reflection and a smooth 
variation of Ç with s, we can write for s=H+As: 
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IH(As) =N F2
H XnTi(Rn) ÇH(Rn) exp{2jii As Rn}=N F2

H ßx(As) [13] 

where £2x(As) is the "single crystal" intrinsic profile of the Bragg reflection, which is 
expressed as a Fourier series of coefficients given by a product of size, T|(Rn), and strain, 
ÇH(Rn), coefficients. In order to separate the two effects it is necessary to measure different 
orders of a reflection, i.e. H, 2H, 3H... A new averaging step is necessary to arrive at the 
powder expression which is similar to [12] (see, for instance, the book of Warren in 
reference 4). In theory, the size coefficients for a particular (hkl) reflections can provide, 
through a second derivative, the diameter distribution over the sample, perpendicular to the 
(hkl) planes (see reference 4). A similar case holds for the strain coefficients. In practice, 
the intrinsic profile is convoluted with the instrumental one, and it is in general very 
difficult to obtain the Fourier coefficients with sufficient accuracy due to peak overlap. For 
crystals of low symmetry it is impossible and approximations have to be made. 

Equation [11] when developed for a powder with well resolved Bragg reflections, can be 
written as follows: 

y i = X H I H Q(T i -T H )+D i + B i [14] 

where yj is the number of counts, the subscript "i" represents a discrete observation at the 
scattering variable Tj. Here we adopt the variable T to describe either, the scattering angle 

20, the time of flight t (TOF, if a neutron pulsed source is used) or the scattering vector 
modulus Q or s. H corresponds to Bragg peaks contributing to the channel "i". I is the 

integrated intensity of the reflection H, ß(T= -T„) is the value of the normalized profile 

function of the Bragg reflection at the position T{ due to the reflection H at the position T„. 

Dj, is the diffuse scattering due to defects. Finally, Bj is the background coming from other 

sources (TDS, incoherent scattering, inelastic, sample environment, etc.). 

The diffuse term Dj contains a spherical average of the second term of equation [11]. A 
detailed analytical expression for the general case is not very useful, but an approximation 
consisting in a Debye-like expression holds: 

Di = D(Qi)= £ . «j sin{Qi ^ / ( Q ^ ) [15] 

The number of terms to be considered in the sum, and the interpretation of the 
coefficients 0Cj and distances r,-, depend on the particular defect model. To obtain the 
maximum information from the powder diffraction data experimentally, absolute values 
(corrected for inelasticity and sample environment) of the intensities have to be collected in 
order to be able to separate the different contributions to the intrinsic background. Only 
under these conditions can the diffuse scattering term be handled quantitatively. Some 
examples of the use of this term can be found in reference 6. 

6 B.E.F. Fender, Diffuse Scattering and the Study of Defect Solids, in Chemical Applications of 
Thermal Neutron Scattering, pp 250-270, ed. B.T.M Willis, Oxford University Press (1973) 
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The information about the average crystal structure is contained in I (=F2) and T 

(through the cell parameters). The size and shape of the reflection domains as well as the 

strains produced by the defects contribute to the profile function Q(T). 

In modem treatments of powder diffraction patterns the Rietveld method7 (RM) is 
commonly used. In the classical RM, the weighted sum of squared difference between 
viobsanc* vicai [14] is minimized. If the set of model parameters is ß =(ßv ß2, ...ßP), the 
Rietveld method tries to optimize the chi-square function: 

X 2
p = E . w i { y i o b s -y ical(ß)}2 [16] 

where w. is the inverse of the variance associated to the observation "i" (^(y^^))-

The functions I, Q, D and B, are calculated on the basis of a particular structural model 
and some empirical functions depending on a number of adjustable parameters. 

The integrated intensity for a Bragg reflection is given by: 

I H = { j L A O E F 2 } H [17] 

where j is the multiplicity, L=l/(2sin26cos6) is the Lorentz factor for constant wavelength 

neutrons, in the case of TOF we have L=d4sin9, A is the absorption correction, O is a 
function to correct, if needed, for preferred orientation, E is the primary extinction 
correction and F is the structure factor of the average unit cell. For a review of the RM the 
reader is referred to the reviews summarised under reference 8. 

In the last few years, the RM has been used for the study of crystalline materials with 
defects, usually handling only the average structure. This can be done in cases where the 
interaction of the defects does not have a big effect on the shape of Bragg reflections: the 
profile function and the half-width parameters are not very different from the instrumental 
ones. The structural parameters are contained in the expression of the structure factor of the 
unit cell: 

F(H)=I^1) inn r br S ^ p exp(-HsT [ß]r Hs) exp{2jti ( H / rr + HT ts)} [18] 

where the first summation runs over the number m of atoms in the asymmetric unit, p being 
the number of symmetry equivalent positions, and nr is the occupation factor of atom r (for 

7 H.M. Rietveld, A Profile Refinement Method for Nuclear and Magnetic Structures, J. Appl. 
CrysL 2, 65 (1969) 

8 A.K. Cheetham and J.C. Taylor, Profile Analysis of Powder Neutron Diffraction Data: 
Its Scope, Limitations, and Applications in Solid State Chemistry, J. Solid State Chem., 21, 253 
(1977). 
A. Albinati and B.T.M. Willis, The Rietveld Method in Neutron and X-ray Powder 
Diffraction, J. Appl. Cryst. 15,361 (1982) 
A. W. Hewat, High-Resolution Neutron and Synchrotron Powder Dijfraction,QiQmica 
Scripta 26A, 119(1985) 
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a fully occupied site n is the multiplicity of the site divided by p). Hs is defined as: 
HS

T = H T [R]s, where [R]s is the (3x3) matrix representing the rotational part of the 
symmetry operator s, tg is the corresponding translational part. The symmetric (3x3) matrix 

[ß]r represents the anisotropic thermal parameters of atom r, it is related to the displacement 

matrix by : [ß]r=27C2<uru
T

r), with displacement vectors in fractions of the unit cell 
parameters. 

It is worth mentioning that for defective materials, the occupation factors and the 
displacement parameters are of major importance. In practice, [ß]r contains, not only the 
thermal vibration of atoms, but also all other static displacements from the ideal positions 
due to local strains or disorder. The two components, static and dynamic, of [ß]r can be 
distinguished by making the appropriate temperature dependent diffraction experiment In 
cases where the scattering density is smeared out due to non-well-localized atoms (for 
instance, ionic conductors) one can use higher order expansions (as in anharmonic 
probability density functions)9 to describe the situation. 

3.Requirements of powder diffractometers for crystal structure refinement. 
Note on Ab Initio Structure Determination from Powder Data. 

We shall be concerned only with high resolution powder diffraction, then the 
"banana"-rype position sensitive detectors which are extremely useful in magnetism and 
kinetics studies will not be discussed here. In this paper, instrumental aspects of NPD are 
not treated in detail; the reader is referred to the works of Hewat and David et a/.10 for 
constant wavelength and time of flight diffractometers respectively. 

High resolution powder diffractometers, conceived for crystal structure refinements in 
constant wavelength environment, use Ge-monochromators in order to get the highest 
intensity at high take-off angle and eliminate X/2 contamination. The high take-off angle is 
needed for matching the best resolution with the highest reflection overlap, which occurs at 
an angle higher than 100°(29) (see reference 10). 

As an example of high resolution powder diffractometer, the geometrical set-up of 
D1A, as installed at LLB(Saclay), is schematized in Fig. 3, where some geometrical 
parameters are despicted. The neutron guide has a spectrum centered on the cold neutron 
wavelengths, therefore neutrons of wavelength lower than 2 Â are scarce. Three Ge-
reflections are currently available without too much attenuation of the primary beam used 
by the forward spectrometers: (004) with a contamination with X/2 lower than 0.15% and a 
wavelength of 2.58Â, (115) with X=1.98Â and (113) with X=3.11Â. The flux at the 
sample position for each reflection is approximately given by: §r&\~ 6.105, <j>ii5= 1,5.105, 

and $113= 8.105 neutrons/cm2s. The maximum 29 available is 160°. 

U.H. Zucker and H. Schulz, Statistical Approaches for the Treatment of Anharmonic 
Motion in Crystals I and II, Acta CrysL A38,563&568 (1982). 

1 0 A.W. Hewat, Design of a conventional high-resolution neutron powder diffractometer, Nucl. 
Inst, and Meth., 127, 361 (1975) 
W.I.F. David, D.E. Akporiaye, R.M. Ibberson and C.C. Wilson, The 
High Resolution Powder Diffractometer at ISIS -An Introductory Users Guide, Internal Report, 
RAL-88-103, December 1988. 
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DIA Set-Up at LLB 

26= 131.4 
in 

Monochromator (ß = 20') Of WO 

Incident neutrons 

D = 650 mm 
sd 

Monochromator-
scattering vector direction 

Detector bank (10 elements) 
ot3= 10' (6° spaced) 

Figure 3: Scheme of the Dl A diffiactometer at LLB. 

Using the well known Caglioti's relations one can calculate an approximate resolution 
function of the two axis diffractometer. The full width at half maximum (Fwhm) of Bragg 

reflections varies with the scattering angle, 26, following the expression: 

FWHM(20) = (Utan^+VtanG+W)1/2 [19] 

where the parameters U,V and W can be written in terms of the angular divergence of the 

incoming neutrons to the monochromator, 04, the angular aperture of a monochromator-to-

sample collimator, «2» ̂  collimation between sample and detector, cc3, the take-off angle 

of the rnonochromator, 26m, and its mosaicity, ß. The Caglioti-Paoletti-Ricci equations for 
the parameters U, V and W are: 

U = 4(ct12<x2
2 + cc^ß2 + a2

2ß2)/[tan2em (0^+ a2
2+ 4ß2)] 

V = -4 a2
2 (a!2 + 2 ß2)/[tan8m ( a ^ a2

2+ 4ß2)] [20] 

W = [a1
2a2

2 + a t
2 a 3

2 + a2
2a3

2+ 4ß2(a2
2+a3

2 )]/ (a^+ a2
2+ 4ß2) 

the minimum of the resolution curve [19] occurs at: 

tan 6 = -V/2U=a22 ( t t l
2 + 2 ß ^ t a n e ^ a ^ a : , 2 + a ^ ß 2 + a2

2ß2) = tan8m [21] 

the last approximation holds only if oci«p\ cc2. As discussed in reference 10, the best 
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resolution conditions can be obtained with a2=2ß >a^ = 0C3. 

In the case of D1A, we have the parameters, 28m=131.4, ß =20' and cc3 = 10'. The 

effective collimation, dj, can be calculated from the characteristics of the guide (natural Ni) 

and is given by the expression: a t(in minutes of arc) = 12' X (in Â). In Fig. 4 we have 
represented the resolution function calculated with equations [20] with the above 
parameters for A,=1.9845Â and oc2 = 40' and 50'. The circles correspond to the 
experimental values U,V,W of equation [19] obtained with a sample of Tb3Fe5012 (TbIG, 
terbium-iron-garnet) and the squares correspond to a sample of Y2BaNi05. The dashed 

curve is the theoretical resolution for 0C2 = 40' and the continuous line is for a 2 = 50'. 

Resol data(dla) 

0 . 1 5 ' ' * ' * ' ' ' • ' ' ' • • • • • • • • ' • • • • • • • • » 

0.0 50.0 100.0 150.0 

2theta(°) 
Figure 4: Experimental and theoretical resolution functions of D1A 

What is important to discuss the performance of a powder diffractometer, for structure 
determination and refinement, is the comparison between the resolution curve and the 
average separation between adjacent Bragg reflections. In comparing different instruments 
with different wavelengths the resolution curves must be represented in reciprocal space. 
As is usual in neutron scattering literature we shall use the scattering vector modulus 
Q=4rcsin9/X as the natural "distance to the origin" in reciprocal space. 

We shall establish simple criteria for determining the capability of a powder 
diffractometer, characterized by its resolution function, in providing good data for structure 
determination and refinement. In principle the complexity of a crystal structure can be 
considered as something proportional to the number of free parameters to be refined. The 
number of free parameters of a crystal structure is a quantity verifying the relation: 

N f S n V J V . [22] 



88 

where n is the number of parameters for a single atom (=3 if only atomic positions are 
considered), V0 is the volume of the primitive cell, Va is the average volume per atom 
which is always greater than 10 Â3, j is the multiplicity of the Laue class, i.e. j =2, 4, 8, 
12,16, 24 and 48 for triclinic, monoclinic, orthorhombic, trigonal, tetragonal, hexagonal 
and cubic systems, respectively. In a diffraction experiment one has to get a number of 
independent observations (integrated intensities) greater than Nf. Let us call "r" the ratio 
between the number of reflections required to succeed in the refinement, Nr, and the 
number of free parameters. Thus we can write the relation: 

Nr = rN f [23] 

The value of "r" is, of course, not determined. However one can safely take a value of 
r=10, even if much smaller ratios can be satisfactory. From a conservative view one takes 
the equal sign in the relation [22]. These considerations determine a minimum value of the 
reciprocal distance, Qmin, that a high-resolution powder diffractonieter has to reach in order 
to properly handle the refinement of the crystal structure. The number of independent 
reflections inside a reciprocal sphere of radius Q verifies the following relation: 

N ( Q ) < Q 3 V 0 / ( 6 K 2 J ) [24] 

The sign < comes from the fact that the multiplicity of reflections in the "surface" of 
the hkl-asymmetric domain ( hkO, for instance) is lower than the general multiplicity j . 
Taking also the equal sign of [24] and putting N(Qmin)=Nr, one obtains: 

Qmin = (6n2 n r / Va )i/3= (6TC2 n)J/3= (247t2)i/3=6.19 Â"1 [25] 

where the approximations correspond to the values r=10, Va= 10 Â3 and, finally, n=4. The 
quoted value is, perhaps, a little bit high (r could be reduced to 5, Qmin=4.91Â-1) and 
correspond, indeed, to the highest value reachable with the actual configuration of D1A. 
Relation [25] puts a limit to the capability of a powder diffractometer for the refinement of a 
crystal structure. Diffractometer not reaching Qmjn are not useful for general structure 
refinements, only simple particular cases can be treated. 

The above considerations do not take into account the finite resolution of the 
diffractometer (in fact the peaks have been considered as Dirac functions). Besides a Q-
range given by (0,Qmin), the reflections should be "well measured". The resolution 
function of the diffractometer must be capable of separating adjacent reflections in order to 
get the major fraction of the full set of independent reflections in the available Q-range. 

As can be deduced from the expression of Q, the resolution in reciprocal space can be 
calculated from the angular units (in radians) multiplying the relation [19] by 2rc cosG/A, and 
using Q as independent variable instead of 26. Let us call DQ the full width at half 
maximum expressed in Â*1. 

Differenciating the equation [24] one can obtain the density of reflections per Â-1: 

dN(Q) =Q2 V^ (2TC2 j) dQ = p(Q) dQ=dQ/A(Q) [26] 

dN(20)=(167c V0 / j X
3) sin26 cos0 d(26) [26'] 
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the differencial dN(Q) represents the number of reflections within a spherical layer of mean 
radius Q and thickness dQ. The reciprocal of the density, p(Q), is the average separation 
between reflections, A(Q), along Q. The equation [26'] is given to show that the density of 
Bragg peaks, in angular units, is proportional to the reciprocal of the Lorentz factor for 

powders. Thus, the reader can verify that the maximum peak-overlap occurs at 20=109.5°. 
Coming back to the reciprocal space, we have to establish a critérium for considering that 
the reflections are "well separated" in the whole Q-range. We can formulate the prescription 
as follows, the reflections can be discriminated if the following relation holds: 

A(Q)=27t2j7(Q2V0)>pDQ [27] 

where p is a factor lower than unity. For instance, one can consider that two reflections can 
be weÜ measured if their positions are separated more than one half their Fwhm, i.e. 
p=0.5. If we represent in the same graphics die values A(Q)/p, for different (j,V0), and DQ, 
is very easy to see what structures can be straightforwardly refined: those keeping A(Q)/p 
above DQ in the full Q-range. 
The above values chosen for the "criteria" parameters: r=10 and p=0.5, are very 
conservative and lower values imply that more complex structures can be refined. In 
practice, each particular case should be analysed with care. 

As an application of the criteria dicussed in the previous paragraph, we have 
represented in Fig. 5 the experimental resolution curves of DIA and the high resolution 
powder diffractometer 3T2, at LLB, measured with TbIG, DQ, accompanied with the 
average separation required for a "good measurement" of adjacent reflections (A(Q)/p, with 
p=0.5) for orthorhombic crystal structures (j=8) of primitive cell having volumes of 350, 
500,1000 and 1500 A3. 

Resolution of DIA and 3T2 

0.0 2.0 4.0 6.0 8.0 10.0 
Q=47isinea (Â"1) 

Figure 5: Comparison DlA(atX=1.98Â)-3T2 
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From the figure, it is worth mentioning that D1A at LLB is best suited for larger 
crystal structures than 3T2, due to a better resolution in its whole Q-range. On the contrary, 
for cells smaller that 300-400 Â3, 3T2 can take advantage in refining the temperature 
factors, and providing more precise structural parameters, due to the larger Q-range 
available as a result of the smaller wavelength. 

If there is no model for the structural problem the Rietveld method is not applicable. It 
is possible to obtain integrated intensities (for a single "phase") by refinement of the whole 
profile using IH in expression [14] as least squares (LS) parameters, in order to try the ab 
initio resolution of the crystal structure. However, there is an intrinsic indétermination 
causing an infinite number of solutions (the matrix of the normal LS-equations is usually 
singular). When the reflections Hj and H2 are accidentally at the same position TH =TH 

the global intensity I(Hj, H2) can be decomposed, IH + IH , in an infinite number of 

ways. Usually the equipartition, IH = IH , is chosen. This uncertainty is the fundamental 

point limiting the capability of getting a structural solution from powder data. Another 
procedure to obtain integrated intensities is to iterate the calculated profile up to "match" the 
observed pattern. 

The expression provided by Rietveld [28] (reference 7) to estimate the "observed" 
integrated intensity, Ij('obs'). in order to mimic the classical crystallographic R-factor 
(usually called R-Bragg): 

I j C o b s ' ) ^ Ij(calc)Qij ^ ^ [28] 
i yical"ßi 

can be written in iterative form for cycle "k" as: 

; yical~Di 

Whatever Rietveld program can be easily modified to include the possibility of "fitting" 
the whole profile without structural model using the expression [29] for iterative calculation 
of the integrated intensities. Of course, the rest of profile parameters can be refined 
simultaneously with the usual LS procedure. The method of "profile matching" is 
extremely efficient and fast and provides a list of the integrated intensity of all the 
independent reflections within the measured angular range. Contrary to single crystal data, 
many reflections have wrong intensity as they overlap. To solve a crystal structure from 
such a reflection list one has to try different ways to distribute a "single observation" 
(intensity sum of a peak cluster) between several reflections, and then apply the usual 
single crystal methods (direct methods or Patterson synthesis, for instance). Due to the 
much better resolution, X-ray synchrotron radiation is more suitable for getting a good set 
of integrated intensities for crystal structure determination from powder data. Neutron 
powder diffraction takes the advantage in the refinement of the structure. 

Several procedures have been proposed in order to distribute the intensity of a cluster 
between its components. The most simple one is based in the technique of "squaring" an 
initial Patterson map obtained from the equipartitioned data set: from the squared map new 
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Fourier coefficients are obtained allowing a new distribuion for the overlapping reflections. 
This cycle is repeated until the statistical intensity distribution of the overlapping reflections 
is similar to that of the non-overlapping ones. 

The reader interested in this subject can consult the articles given in reference 11 and 
the references therein. 

4.Refinement of Crystal Structures by Neutron Powder Diffraction. 

In the study of crystal structures, the best results can be obtained using single crystals. 
However, single crystals of suitable size are not always available; moreover, in most cases 
(defective materials) the actual nature of the compound makes the absence of such single 
crystals nearly intrinsic. The RM described in section 2 is commonly used for the analysis 
of powder diffraction patterns in order to refine crystal structures. The success of the RM 
in neutron diffraction was based in the easy modelling of the peak shape (gaussian) and the 
parametrization of the FWHM (see equation [19]). For many defective materials this 
approach is valid and the RM can be used to refine crystal structures getting, 
simultaneously, information about the nature and concentration of defects. An example of 
that is shown in the next paragraph. Later we shall treat the case where anisotropic 
broadening of Bragg reflections modifies substantially the smooth behaviour given by [19]. 

4 . 1 . POWDER DIFFRACTION OF DEFECTIVE MATERIALS WITH WELL RESOLVED 
BRAGG REFLECTIONS. 

In the recent literature there is a great number of articles devoted to the structural study 
of defective materials by means of NPD. One of the most recent applications of the RM is 
the study of High-Tc superconductors, where the oxygen defects (vacancies or interstitials) 
determine to a large extent the actual Tc. The advantage of neutrons with respect to X-rays 
comes in this case from the higher relative scattering power of oxygen. The determination 
of the oxygen content, and the possible ordering of the vacancies, is one of the challenges 
for the researcher trying to understand the nature of superconductivity in these novel 
materials. The reader can find for example in the journal Physica C, a huge number of 
articles on this subject. 

Here, we want to show the particular example, which is also relevant to the next 
section, of the defect structure of La2Ni04+5. This is a semiconductor material related to the 
High-Tc superconductors La2-xSrxCu04, but the oxygen excess is greater. The work of 

Jorgensen et al.12 demonstrated the usefulness of NPD and the RM in the structural 
analysis of defects. The authors show that oxygen enters as interstitial in the position (1/4 
1/4 z=0.24) in the LaO layers, producing a displacement of the nearest oxygen atoms (see 
figure 6). 

11 G.Cascarano, L. Favia and C. Giacovazzo, SIRPOW.91- a Direct-Methods Package 
Optimized for Powder Data, J. Appl. Cryst. 25, 310 (1992). 
M.A. Estermann, L.B. MacCusker and C. Baerlocher, Ab Initio Structure Determination 
from Severely Overlapping Powder Diffraction Data, J. Appl. Cryst. 25,539 (1992). 

1 2 J.D. Jorgensen, B. Dabrowski, Shiyou Pei, D.R. Richards and D.G. Hinks, 
The Structure of the Interstitial Oxygen Defect in La2Ni04+5, Phys. Rev. B 40,2187 (1989). 
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Figure 6: Structure of the interstitial oxygen in La2Ni04+5 (from references 12 and 16). 

4.2. THE USE OF THE EXTENDED RTETVELD METHOD TO DETERMINE THE 
MICROSTRUCTURE OF A MATERIAL. EXAMPLES. 

In the previous paragraph we have treated the situations where the conventional RM can be 
applied, that is, where the profile function Q(T) is only slightly affected by defects. 

One of the most useful approximations is to consider that both, instrumental and 
intrinsic profiles can be well described by a Voigt function; i.e. a convolution of a gaussian 
and a lorentzian. The pseudo-Voigt function as described in 13, is a good numerical 
approximation. This is equivalent to assuming fixed size and strain distributions. The most 
direct quantity that can be obtained easily is the volume averaged domain size, and the root 
mean square microstrain, in the direction perpendicular to the (hkl) planes. These 

magnitudes are related to the integral breadth, ßH, of the reflections through the relations: 

<D>=V{ß(size)cos9} [30] 

e = k ß(strain)tan9 [31] 
13 P. Thompson, D.E. Cox & J.B. Hastings, Rietveld Refinement of Debye-Scherrer 

Synchrotron X-ray Data from A1203, J. Appl. Cryst. 20, 79 (1987) 
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The constant k depends on the particular strain distribution assumed. Parameters 
describing isotropic strains and size effects have been introduced in the RM14, through the 
scattering angle dependence of equations [30-31]. However, strains and size can give 
anisotropic broadening of Bragg reflections, and some Rietveld refinement programs can 
handle these effects15. 

We shall give two examples in which this anisotropic broadening is due to strains, but 
the physical origin is different. The first one concerns the stoichiometric La2Ni0416. The 
compound is isomorphous to the parent L^C^ O4 of a family of High-Tc superconductors; 
it crystallizes at room temperature in the group Bmab. The structure is a distortion of the 
tetragonal K2NiF4(I4/mmin) structural type. The crystals are micro-twinned in this Bmab 
phase with twin boundaries parallel to <110> directions. On cooling there is a first order 
structural phase transition, changing the direction of the octahedral tilt axis. The new 
average structure is tetragonal (P42/ncm). However, as explained in reference 16, strong 
microstrains appear at the transition as a consequence of the micro-twinned parent 
structure. In small regions, the local cell is orthorhombic with a; =aT(l-ej), b; =aT(l+e/) 
and C[ =cT, where ê  is the local microstrain. This gives rise to a dependence of the 
broadening of Bragg reflections described by: 

FWHM(20)S = 4 V 2 E g l h 2 ' k n i - t a n 9 [32] 

af cf 

The refinable microstrain parameter e = <e2
/>

1/2 depends on the interaction between 
the pre-existent twin boundaries. It has been proved that the larger the concentration of twin 
boundaries, the larger the value of the e parameter. In figure 7 the dramatic effect, on the 
observed versus calculated profile, of the introduction of only one additional parameter can 
be observed. 

14 Th.H. de Keijser, E.J. Mittemeijer & H.C.F. Rozendaal, The Détermination of 
Crystallite-Size and Lattice-Strain Parameters in Conjunction with the Profile-Refinement Method 
for the Determination of Crystal Structures, J. Appl. Cryst. 16,309 (1983) 

1 A.C. Larson and R.B. Von Dreele, GS AS Generalized Structure Analysis System, Laur 86-
748. Los Alamos National Laboratory, Los Alamos, NM 87545. 
J. Rodriguez-Carvajal, FULLPROF: A Program for Rietveld Refinement and Pattern 
Matching Analysis". Abstracts of the Satellite Meeting on Powder Diffraction of the XVth 

Congress of the International Union of Crystallography, p.127. Toulouse, 1990. New version 
handling inconmensurate structures will be published in J. Applied Crystallography. 

1 J.Rodriguez-Carvajal, M.T.Fernândez-Diaz and J.L.Martînez, Neutron diffraction study 
on structural and magnetic properties of La^NiO^, J. Phys.: Condensed Matter 3,3215 (1991). 
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Figure 7: The neutron powder diffraction pattern of the low temperature phase of La2Ni04. In the inset is 
shown, as a comparison with the observed profile, a portion of the calculated pattern without the 
strain model discussed in the text. 

The second example belongs also to the same family of materials. Substituting ST for 
La in La2Ni04, it is possible to obtain a solid solution. If the samples are treated in a 
reducing atmosphere, oxygen vacancies are produced. The compound Laj 5Sr0 5Ni0 3 6 

(Immm) derives from the parent K^NiïVtype structure by partial ordering of vacancies in 
the Ni02 planes17. The larger number of vacancbs is located in the site of the oxygen 
0(1/200), in such a way that the fully reduced compound should have a structure 
isomorphous to Sr2Cu03. 

The incomplete reduction promotes fluctuations in the cell parameter a; the reflections 
of type (Okl) are normal, while those with h?K) are broadened. The expression for the 
broadening is: 

FWHM(28)s = 4V2TnTh2e_ t a n e 

a2{hi + k i f l i } 

a2 b2 C2 

[33] 

In this case also, the improvement in the fit is conclusive, as can be seen in figure 8. The 
last two examples show that it is necessary to have a model for the anisotropic peak 
broadening in order to solve the average structure. 

17 M. Medarde, J. Rodriguez-Carvajal, X. Obradors, J. Gonzâlez-Calbet, M. Vallet & 
M J . Sayagués, Oxygen Vacancy Ordering in La2.xSrxNi04.§, Physica B 180&181, 399 (1992). 
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Figure 8: Portions of the neutron powder diffraction pattern of the compound Lai.sSro.5Ni03.6 showing 
the effect of the microstrain due to the partial ordering of the oxygen vacancies (reference 17). 
The scheme on the left shows the ideal Ni(>2 basal plane. On the right, an exaggerated view of 
the deformation of the Ni02.x plane is shown. 

5 Conclusions. 

An overview has been made, of several topics in the extremely broad field of the 
sructure of polycrystalline solids by neutron scattering techniques. Of course, many 
subjects have not been treated, in particular the study of phase transformations and solid 
state reactions kinetics, by medium resolution techniques, will develop very fast in the near 
future. The new position sensitive detector (1600 cells) of the diffractometer D20 at ILL 
will provide new opportunities in this last field. It is the opinion of the author, that the 
current routine analysis by means of the Rietveld Method, will be further developed to be 
able to handle much more complex problems. 
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NEUTRON DIFFRACTION 
FROM SINGLE CRYSTALS 

G. Heger 

Laboratoire Léon Brillouin (CEA-CNRS), Centre d'Etudes de Saclay 
F-91191 Gif sur Yvette Cedex, France 

Introduction 

Standard structure analysis on single crystals is a domain of X-ray diffraction (using 
conventional laboratory equipment) as far as the determination of space group symmetry, 
cell parameters and the structure model (of non-hydrogen atoms) are concerned. The aim 
of this lecture is to discuss special cases, for which, in addition to this indispensable part, 
neutrons are required to solve structural problems. Typical examples of single crystal 
neutron diffraction studies in the field of small molecular systems are presented here. 
Powder neutron diffraction applications are treated in a seperate lecture and will not be 
considered. 

The aim of single crystal diffraction experiments is to measure well seperated individual 
Bragg reflection intensities, given in kinematical approximation by 

Khkl) = S-L-C-\F(hklf 
where S is the scale factor including information on the crystal volume and the wave
length, L = l/sin20 the Lorentz factor which is related to the time-of-reflection 
opportunity, and C stands for different corrections due to absorption, thermal diffuse 
scattering, and extinction/multiple scattering. According to the beam conditions 
(divergency, energy resolution, mocai'city of the monochromator) and the quality of the 
sample crystal, only the measure of integrated intensities yields reliable amplitudes of the 
structure factors |F(//W)j.This is also true for Laue-time-of-flight measurements at a 
spallation neutron source. The stability of the I(hkl)-data aquisition, controled by 
repeatedly measured standard reflections, may be better than 1%. Significant data within 
I(hld)min ^ 10~31(hkl)max can be obtained. 

Typical sample sizes for single crystal neutron diffraction range from 1 mm3 up to 100 
rnm^, depending especially on the nuclear scattering lenghts bj, the space group 
symmetry,and the density of reflections in the reciprocal space related to the volume of 
the unit cell. The shape of the crystals is not as important as in X-ray studies hence 
absorption is much lower for neutrons. Nevertheless, it is essentiel to assure, that the 
sample is well centered in a neutron beam of homogenuous intensity. The low absorption 
makes it easier to realize sample environments for variable temperature and pressure. 

For complicated structures with many parameters and large unit cell dimensions a better 
seperation of reflections (better Q-resolution) may be important, which can be achieved at 
a given wavelengm À,n by improved beam collimation and energy resolution AEn/En. 
This has to be payed by a reduction of intensity (remember the definition of the neutron 

flux per unit wavelength and per unit of solid angle —). Therefore, it may be more 
dQ • dXn 

reasonable to use a larger wavelength for a better seperation of 20-values of neighboured 
peaks. But increasing X.n reduces the available sinG/^n-range. The required Q-ranges are 
typically 

• (sinG/A.n)max £ 0.7 Â~ * for a standard structure analysis including anisotropic 
temperature factors. 
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• (sin9/Xn)max » 0-7 Â"* for very precise structure determination (including e. g. 
anharmonic displacements) short wavelengths are needed: 

Xn = 0.5 Â and 26max = 126° corresponds to (sin9/X.n)max = 1-6 Â"1. 
• (sinG/A-rOmax s 0-5 Â-* for a basic structure model refinement, i.e. in the case of 

complicated organic structures. In using a wavelength of 
An = 1-88 Â and 20max

 = l 4^° a value of (sin0/Xn)max = 0-5 A"1 is reached. 

The following non exhaustive list of topics is discussed afterwards in some detail: 

(1) The contrast variation is important for an experimental distinction of atoms/ions 
with almost equal scattering amplitudes. Another application consists in the determination 
of accurate atomic parameters (positional and thermal parameters, site occupations) of 
lighter elements in the presence of heavy ones. 

(2) The H/D problem of hydrogen localization (proton/deuteron position and corres
ponding Debye-Waller factors) is important in the field of hydrogen bonding. Structural 
phase transitions may be caused by proton ordering in hydrogen bonds. 

(3) Molecular disorder is of great current interest. The fullerene C60 is a prominent 
example for a dynamical disorder of molecules in a crystalline solid. 

(4) Electron density studies by X-N synthesis are based on accurate X-ray 
Bragg intensity measurements and make use of supplementary information on harmonic 
and anharmonic contributions to the atomic mean square displacements obtained by 
neutron diffraction. 

(1) The contrast variation method 

Contrast variation is required in crystal structure analysis to distinguish between 
atoms/ions with almost equal scattering amplitudes. It might be a problem to attribute 
special atomic sites or, in the case of mixed systems, to determine the site occupation. 
The contrast in conventional X-ray diffraction is directly related to the ratio of the number 
of electrons Zj of atoms or ions j . The atomic scattering factor fj in the structure factor, 
which represents the Fourier transform of the atomic electron density distribution, is 
proportional to Zj (fj = Zj for sin0/?i = 0). Standard X-ray techniques can hardly 
differentiate between atoms/ions of a similar number of electrons, and only an average 
structure - including a total occupation probability of mixed occupied sites - may be 
obtained in such cases. 

For neutrons fj is replaced by the nuclear scattering lengths bj, which depend on the 
isotopes and nuclear spin states of the element j . The natural isotope mixture and a 
statistical spin state distribution, commonly used, lead to bj = oc-bjcc + ß-bjß + y-bjy +... 

with the sum of the different isotope portions a + ß + y-+ ... = 1 (bjoc, bjß, bjy are the 
individual scattering lengths of the different isotopes of the element j). Neutron 
experiments frequently make use of compounds containing single isotope elements, like 
fully deuterated samples. Incoherent scattering due to a statistical distribution of isotopes 
and nuclear spin states is not discussed here. It may influence the effective absorption and 
the background conditions of neutron diffraction studies. 

The structure factor for X-ray and neutron diffraction is given by 
cell 

F(hkl) = £ / , . • cxp{27ti(hXj + kyj + lz})} • Tj (X-rays) 
j 

cell 

F(hkl) = ^bj- exp[27ri(/zx,- + ky. + fey)j • T} (neutrons), 
j 

where Tj stands for the temperature factor of element j . 
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Contrast variation by a combination of X-ray and neutron diffraction is demonstrated for 
the example of the intermetallic compounds (Mni-xCrx)l+5Sb, with 0 < x < 1 (Reimers 
et al., 1982, [1]). This mixed system is of special interest due to its magnetic properties: 
competing magnetic interactions with isotropic ferromagnetic behaviour for Mni+gSb 
and an uniaxial antiferromagnetic structure for Cri+gSb. It crystallizes in the hexagonal 
NiAs-type structure (space group: P63/mmc) with some additional partial occupation 
(< 0.14) of the interstitial site 2(d), see Fig. 1. Conventional X-ray diffraction cannot 
differentiate between chromium (ZQ- = 24) and manganese (ZMn = 25) on sites 2(a) and 
2(d): 

2(a) - 0,0,0; 0,0,1/2 and 2(d) - 2/3,1/3,1/4; 1/3,2/3,3/4, 

but yields important information on the overall occupation probabilities M = (Mn.Cr) of 
these two different sites: MaMdSb, where Ma stands for the occupation probability of 
site 2(a) and Mb for that of site 2(d). The Sb position is assumed to be fully occupied, 
thus serving as an internal standard. 

ON. 0 A S ° N i •** 0 I n 

Fig. la. NiAs structure Fig. lb. Ni2ln structure (filled NiAs-type) 

The corresponding nuclear scattering lengths of neutron diffraction are extremely 
different with a negative sign for the manganese: 

bCr = 3.52-MHS m and bMn = - 3.7310~15 m. 

Remember: A positive value of bj means that there is a phase shift of 180° between the 
incident and scattered neutron waves as a consequence of predominant potential 
scattering. The few negative bj values - no phase change - result from resonant scattering. 

The knowledge of the overall occupation probabilities Ma and Md - from conventional 
X-ray studies - allows the evaluation of the Cr : Mn ratios of the different sites 2(a) and 
2(d) from the corresponding effective scattering lengths determined by neutron 
diffraction. In the structure analyses based on the neutron data beff = bMmPP is obtained 
individually for the two sites (PPa and PPd stands for refined pseudo occupation 
probabilities). According to 

beff(2a) = a[(l-y)-bMn + ybCr)] and beff(2d) = d[(l-z)-bMn + z-bQ)] 

we can calculate 

y = [beff(2a)/a - bMn] / [bCr - bMn] and z = [beff(2d)/d - bMn] / [bCr - bMn]. 



100 

The detailed site occupations lead to the general formula 
(Mni-yCry)a(Mni-zCrz)dSb 

site 2(a) site 2(d) 
appropriate to a chemical composition of Mn(i-y)a + (l-z)d Cry-a + z-d Sb. It is evident, 
that the individual (Cr,Mn) distribution on the two crystallographically different sites 
2(a) and 2(d) is not accessible by a chemical analysis. For most of the samples studied, 
the site 2(a) was found to be fully occupied: a = 1.0. But the formula used normally 
(Mni_xCrx)l+8Sb is only correct for the special case of equal Cr : Mn ratios on both 
sites: x = y = z and 1+5 = a+d. 

The detailed information on the (Cr,Mn) distribution is needed to explain the magnetic 
properties of these intermetallic compounds, for which only the spins localized on the 
2(a) sites are involved in the magnetic ordering (see e.g. the complex magnetic phase 
diagram in Fig. 2). An overall Cr : Mn ratio from chemical analysis is not sufficient. 

600' 

500' 

MJ0' 

w 300-

200 

100-

MnSb 0.2 0A 0.6 0.8 CrSb 
x 

Fig. 2. Magnetic phase diagram of the system MnSb - CrSb (from Ref. [1]). 
The vectors indicate the spin orientations in the different magnetic structures. 

In general, a mixed occupation of one crystallographic site with three kinds of scatterers -
i.e. Mn, Cr, and "vacancies" - requires at least iwp. independent and sufficiently different 
experimental informations to determine the fractional occupancies. 

(2) The H/D problem 

The determination of the structure parameters of hydrogen atoms is a special problem 
involving different aspects of X-ray and neutron diffraction. It is obvious that H/D atoms 
with Z = 1 give only a small contribution to the electron density and, therefore, they are 
hardly visible in X-ray structure analyses. This helds especially when heavy atoms are 
present. But there is a more general problem: the unique electron of H/D is engaged in the 
chemical bonding and is not localized at the proton/deuteron position. This position, 
however, is of importance when hydrogen bonds - eventually related to the lattice 
dynamics or structural phase transitions - are discussed. 

The investigation of electron deformation densities on molecular systems has attracted 
great interest in order to better understand chemical bonding in crystalline solids (this 
application will be discussed later). Such studies consist normally of an experimental part 
and model calculations, for which proton/deuteron positions are required when H/D 
atoms are considered. 
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One of die most important fields of neutron diffraction consists in the determination of 
H/D sites and of their Debye-Waller factors. 

Remember: The scattering lengths of the proton and the deuteron are bH = -3.74-10"^ m 
and b e = 6.67-10"" m, respectively. Their magnitudes are comparable to the average of 
all bj magnitudes and, therefore, H/D can be considered as "normal" atoms for neutron 
diffraction. The different signs of bH and bß may be of interest in Fourier maps for 
contrast reasons. Experimental conditions like background and effective absorption are 
strongly affected by the huge and exceptional incoherent neutron scattering cross section 

of hydrogen (oinc(H) = 79.7 barns as compared to Oinc(D) = 2.0 barns).Very often 
deuterated compounds are preferred in order to profit by the larger b e value, but mainly 
to reduce the background from incoherent scattering. This volume dependent background 
becomes crucial for neutron powder diffraction experiments, for which normally sample 
volumes of more than 1 cm^ are required. 

As an example for a study of a variety of hydrogen bonds, where the structure model was 
established by X-ray analysis and neutron diffraction served especially to localize the 
hydrogen atoms, the case of fully deuterated Na2S-9D20 (Preisinger et al., 1982, [2]) 
was chosen. Its crystal structure (non-centrosymmetric space group: P4i22 or P4322) is 
dominated by discrete [Na(D20)5] and [Na(D20)4] spiral chains which are built up from 
Na(D20)6 octaedra (Fig. 3.). 

Fig. 3. Na2S-9D20: A partial view of the crystal structure (from Ref. [2]). 
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There are five different water molecules with OD distances between 0.949 Â and 
0.983 A, and D-O-D angles from 104.6° to 107.5°. These water molecules are involved 
furthermore in six different 0-D...S bridges to the S^- ions, which are completely 
hydrated and show a slightly disordered icosahedral coordination by 12 D atoms 
(Fig. 4.). Details of the various 0-D...O/S hydrogen bridges shown in Fig. 5. are 
summarized in Table I. This information was combined with results of Raman 
spectroscopy whereas the uncoupled O-D(H) stretching frequencies could be reasonably 
well assigned to the nine different 0-D(H) groups of the crystal structure. 

Fig. 4. Na2S-9D20: View of the icosahedral coordination of sulfur (from Ref. [2]). 

A B 

0(1)-D(1)-" 
D(l')» 

0(2)-D(21). 
~D(22). 

0(3) D(31). 
-D(32)-

0(4)-D(4l). 
D(42). 

0(5)~D(S1). 
D(52)-

mean values 
mean values 0 
mean values 0 

C 

•s 

•s 
•0(5) 
•S 
•S 
•0(4) 
•S 
•S' 
•0(3) 

•s 

-D-.-O 
-D-.-S 

A-B 

0.961(7) 
0.961(7) 
0.964(7) 
0.962(7) 
0.977(7) 
0.953(7) 
0.983(7) 
0.973(7) 
0.949(7) 
0.967(7) 

0.965 
0.955 
0.970 

B-C 

2.359(5) 
2.359(5) 
1.793(7) 
2.550(6) 
2.311(5) 
1.797(7) 
2.294(5) 
2.359(5) 
1.838(7) 
2.441(5) 

1.809 
2.386 

A-C XBAC 

3.319(5) 1.4(4) 
3.319(5) 1.4(4) 
2.752(7) 4.9(4) 
3.506(5) 5.2(4) 
3.284(5) 4.7(4) 
2.730(7) 9.6(4) 
3.274(4) 3.4(4) 
3.333(5) 0.3(4) 
2.768(7) 9.2(4) 
3.401(5) 5.7(4) 

2.750 
3.353 

*ABC 

178.0(6) 
178.0(6) 
172.4(6) 
172.8(6) 
173.3(5) 
165.3(6) 
175.1(5) 
179.6(5) 
166.1(6) 
172.1(5) 

167.9 
175.2 

*BAB' 

106.3(7) 

106.1(7) 

107.5(7) 

104.6(6) 

105.5(6) 

106.0 

*CAC 

103.4(2) 

111.5(2) 

116.9(2) 

104.1(2) 

103.4(2) 

107.9 

L 

Na(l) 
Na(l') 
Na(2) 
Na(2') 
Na(l) 
0(5) 
Na(2) 
0(3) 
Na(l) 
0(2) 

(Na-0> 

A-L 

2.411(4) 
2.411(4) 
2.588(5) 
2.380(5) 
2.397(5) 
2.768(7) 
2.418(5) 
2.730(7) 
2.485(5) 
2.752(7) 

2.447 

*LAL' 

116.1(2) 

97.6(2) 

104.8(2) 

10S.5(2) 

101.7(2) 

Table I. Interatomic distances (Â) and angles (°) for the hydrogen bonds and the 
ligands to the water molecules in Na2S-9D20 (from Ref. [2]). 
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Fig. 5. Coordination of the D2O molecules in Na2S-9D20 (from Ref. [2]). 

The hydrogen problem is of special importance for structural phase transitions driven by 
proton ordering. As a well known example we present here the ferroelectric transition in 
KH2PO4 (KDP). A characteristic feature of its crystal structure, see Fig. 6, consists in 
the PO4 groups linked by hydrogen bonds. At room temperature KDP crystallizes in a 
tetragonal para-electric phase (space group: I42d), where the protons in the O—H—O 
bonds are dynamically disordered. At Tc = 122 K, KDP transforms to a ferroelectric 
phase of orthorhombic symmetry (space group: Fdd2) in which the protons order in short 
asymmetric O-H...O bonds. 

RJ. Nelm.es and coworkers have studied this hydrogen ordering very carefully by high 
resolution neutron diffraction at a series of temperatures close to Tc: Structure analyses 
were performed on Bragg intensity data measured with a small neutron wavelength of 
=0.55 Â up to a sin9/À-limit of 1.6 Â~l. The contour plots of the refined proton 
distributions are shown in Fig. 7. Above Tc, the two proton sites in the O •••H—0 bond 
are symmetry equivalent (related by the two-fold axis of I42d). Below Tc, one of the 
sites becomes increasingly occupied at the expense of the other. The importance of the 
hydrogen ordering for the phase transition of KDP can be also deduced from the large 
isotope effect on the ordering temperature. For fully deuterated KD2PO4 Tc increases to 
229 K. 

http://Nelm.es
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Fig. 6. Structure of KH2PO4 (after West, 1930, [3]) 

(a)Tc + 2K (b)Tc-1.3K 

(c) Tc -10 K (d) Tc - 20 K 
Fig. 7. Sections through the refined proton distributions in KH2PO4 at: 

(a) Tc + 2 K, (b) Tc -1.3 K, (c) Tc -10 K, and (d) Tc - 20 K (from Ref. [4]). 

(3) Molecular disorder 

Disordered structures and pseudosymmetries related to dynamical feonentatior.and/or 
otrnrtnral nhase transitions are of great current interest. In principal, the dynamical 
d S ^ o F m d e S Ä to the fact that the intermodular bonds are very much 
S e e r ± a r the external ones between the molecular groups and the surrounding 
c r ^ s S e C e It f Jbvious that the chemical bonding scheme predicts the symmetry 
n7a crvstel stmcture and not the other way around. But we can state, however, that m 
le caseof S o ^ p a t i b l e point group syfnmetry of a molecule with respect to xts site 
s S S S ^ Ä ^ l stru?ture, molecular disorder is the necessary consequence In 
S t a S S S d l t a ? the atomic density distributions correctiy in a way to obtain physically 
meaningfull potentials, very accurate Bragg intensities over a large sinG/A. range are 
SqukedL X ray experiments are generally more restricted than neutron studies because of 
the sinO/X dependence of the atomic scattering factor fj. 
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As an example, related to the H/D problem, the dynamical disorder of the NH3 group in 
the cubic high temperature phase of the metal hexamine halide Ni(NH3)6l2 (space group: 
Fm3m) is presented. With the NH3 tetrahedra (3m symmetry) on crystallographic sites of 
4mm symmetry (Fig. 8) it is obvious that they must be orientationally disordered. At 
19.7 K, Ni(NH3)6l2 undergoes a first order phase transition to a probably ordered 
rhombohedral low temperature modification [5]. 

o.u 

-O.U 

0.14 

-0.14 
•0.14 

0.14 - 0 - 1 4 0.14 

(a) (0 
0.14 

-0.1* 

0.14 

-0.14 -0.14 
0.14 -0.14 0.14 

(b) (d) 

Fig. 9. Ni(NH3)6l2: Proton density in a [001] section at z = 0.23 (from Ref. [6]). 
(a) and (b) experimental results at 295 K and 35 K 
(c) and (d) calculatad densities at 295 K and 35 K. 
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Fig. 8. High temperature structure of Ni(NH3)6l2 (from Ref. [5]). 
The hexamine coordination is shown only for the Ni atom at the origin. 

Neutron diffraction studies at 35 k and 295 K by Schiebel et al. (1993) [6] revealed a 
planar proton density distribution perpendicular to the four fold axes (Fig. 9). Its four 
maxima are directed towards the neighbouring iodines according to the influence of 
N-H...I bonding. This H density can be explained as a consequence of a coupled 
rotational-translational motion of the amine group. The model calculations, also shown in 
Fig. 9, are in very good agreement with the experimental results. 

Since the discovery of methods to produce and isolate fullerenes in macroscopic 
quantities in 1990 [7], the field of chemical, physical and materials science research on 
mis new molecular systems has explosed. Especially the very stable, almost spherical 
C60 molecule (Fig. 10) of icosahedral symmetry (point group: 53m) has attracted a lot of 
interest. In the high temperature phase, C60 crystals have a cubic closed packed structure 
(space group: Fm3m) characterized by a nearly free rotation of the molecules. 

Fig. 10. View of a C60 molecule along its five-fold axis 
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This dynamical disorder is a consequence of the small intermolecular van der Waals 
interactions and the incompatibility of the molecular symmetry with respect to the site 
symmetry (m3m) in the crystal structure. An orientational ordering phase transition 
occurs at 261 K. 

The small but significant anisotropic density distribution on the spherical surface of the 
C60 molecule at room temperature was determined independently by different X-ray 
(conventional and synchrotron experiments) and neutron diffraction studies on 
sublimation grown single crystals (Chow et al., 1992, [8] and Papoular et al., 1993, 
[9]). The stereographic projection of the anisotropic part of the nuclear density in Fig. 11 
shows clearly four lobes nearby the binary {110} axes, indicating preferred carbon 
orientations, and a section of a density deficit around the [111] direction. 

Fig.l 1. Stereographic projection along [111] of the nuclear probability density distri
bution of the C60 molecule at room temperature evaluated from the spherical 
harmonic coefficients Q,v refined in the structure analyses of our neutron 
single crystal diffraction data. The spherical term Cn,l, describing the 
dominant isotropic distribution (= 95%), is omitted (after Ref. [9]). 

The partial orientational order of the C60 molecules resulting from electron and nuclear 
densities are in very good agreement. It can be described [9] by a single C60 molecule, 
oriented in a way mat a hexagon is slightly tilted around a binary axis away from the 
[111] direction, and the application of all symmetry operations of the cubic point group 
m3m. 

(4) Electron density studies by X-N synthesis 

Electron density studies on simple molecular crystals, where theoretical calculations for 
isolated molecules are possible, are of special interest in order to compare experimental 
and theoretical results. Molecular crystals consist normally of light atoms often including 
hydrogen. Therefore, only small absorption effects have to be taken into account for the 
X-ray data. A combination with neutron diffraction experiments is important to determine 
the structure parameters of the H/D atoms properly. More generally, the structure analysis 
by neutron diffraction yields separately and independently from the X-ray data the 
structure parameters of all atoms including the mean square displacements due to static 
and dynamic (even anharmonic) effects. This complete information can be used in a so-
called X-N synthesis to obtain experimental electron deformation densities from the 
measured X-ray Bragg intensities. 
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As an example, we report here on a combined X-ray and neutron diffraction study of 
4-rnethylpyridine (C6H7N) at 120 K (Ohms et al., 1985, [10]). C6H7N shows a 
sequence of structural phase transitions, which is not yet completely understood, 
probably related to the dynamical reorientation of the methyl sroup: 

Tc i=100 K Tc2=254 K TmD=276.8 K 
P2i/c(?) ff.. =.=^ I4i/a J, I4i/amd(?) -™P ^ liquid state. 

The structure model was determined by direct methods from a conventional X-ray 
diffraction experiment (space group: I4i/a with 8 molecules per unit cell). A special 
challenge for both the X-ray and the neutron analyses consisted in a meroedrical 
twinning of all sample crystals at 120 K. The interchange of the axes z\ and a2 of 
the tetragonal lattice leads to a perfect superposition of (hk/) and (kh 7) reflections, 
which are not equivalent. The measured intensities are composed as 
Iobs(hkO)=Vl-I(hk/))+V2-I(kh/), where Vi and V2 are the volume parts of the 
two twinning domain orientations with Vi+V2=l . 

An ORTEP plot of a 4-methylpyridine molecule is shown in Fig. 12. The molecular 
arrangement in the structure is plotted in Fig. 13.The orientational disorder of the CH3 
group around the two-fold axis of the molecule, demonstrated in Fig. 14, resulted from 
the neutron experiment 

Fig. 12. ORTEP plot of a C6H7N molecule including bond lengths (Â) and angles (°) 
at 120 K, upper values deduced from neutron data and lower values from 
X-ray data, e.s.d. in parentheses (from Ref. [10]). 

-Q2S 

Fig. 14. C6H7N: Proton density map of the CH3 group from neutron data in a plane 
perpendicular to the two-fold axis at z = -0.05. The projection of the corres
ponding pyridine ring is marked by a line (from Ref. [10]). 
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Fig. 13. C6H7N: Stereographic plot of the molecular arrangement in the unit cell. The 
hydrogen atoms are omitted (from Ref. [10]). 

The experimental dynamic electron deformation density of C6H7N was determined from 
the conventional X-ray data and atomic scattering factors fj for the free atoms using the 
refined structure parameters of the neutron diffraction analysis (X-N synthesis). A 
theoretical dynamic electron deformation density map was calculated for the free 4-
methylpyridine molecule for which the atomic parameters were also taken from the 
neutron analysis. A good agreement between experimental and theoretical charge 
densities was found for all bonding and lone pair regions (Figs. 15 and 16). 

Fig. 15. X-N deformation density map in Fig. 16. Theoretical dynamic deformation 
the plane of the C6H7N molecule; contour density map in the plane of the C6H7N 
line interval = 0.1 e"/Â ,̂ negative contours molecule; contours as in Fig. 15. 
= dashed lines, zero contour = dotted üne 

(from Ref. [10]) 
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STRUCTURAL EXCITATIONS 
Bruno Dorner 

Institut Laue-Langevin, B.P. 146, F-38042 Grenoble Cedex, France 

Introduction 

Different instruments for neutron scattering have been presented at this school 

by W. Bührer. Therefore I keep the instrumental part of my contribution short. 

In inelastic neutron spectroscopy we have to determine the energy E| of the 

neutron before being scattered and Ep after scattering. Figure 1 is a schematic 

drawing of an inelastic neutron scattering experiment. The "black boxes" 

called col'imator and monochromator and analyser determine a certain 

distribution of wavevector kj around the mean or "nominal" k|, and of kf around 

the mean kF. These distributions in the reciprocal space volumes V| and VF 

provide intensity (proportional to VVv» and resolution controlled by the folding 

of the two distributions (Dorner, 1972). 

T-REACTOR 

COLLIMATION AND 
— - MONOCHROMATOR 

INCIDENT BEAM 
SAMPLE 

r-5CATTERED BEAM 

CÛLLIMATION AND 
'" ANALYSER 

COUNTER 

b) 

_Oio2 koio) 

(Too) KooôTpTr^ Jooo) 

— r ~ r i—\" 
• I • I • I • I T 

(Jfo) l(oio)i i I (3io) 

c) 

Fig. 1 a-c : Inelastic neutron scattering ; (a) path of neutrons in real space with 
"black boxes" for the determination of neutron energy before and after 
scattering; (b) corresponding distribution of neutrons V| and v> in reciprocal 
space around the mean wave vectors k| and kF; (c) momentum transfer Q of 
the neutron in relation to the reciprocal lattice of the sample (vectors T) and the 
phonon wave vector q (Dorner and Comes, 1977) 
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Coherent scattering from single crystals is best studied by the Three-Axis-

Spectrometer (TAS) technique (Dorner, 1982). There are several modes of 

operation : constant Q where the energy transfer ftco is varied, constant co scans 

where Q is varied, or any combined scan. In other words, we want to 

determine an energy ft© as a function of Q orq. In the experimental plane we 

have only two Q components accessible. Therefore we have 3 unknowns, co, 

Qx. Oy, to be determined by experiment, where we have four variables I k i i , 

I kp I, the scattering angle 0, and the sample orientation y in the experimental 

plane. Apparently we can perform any scan in the ©, Qx, Qy space keeping 

one instrumental variable fixed. A constant-Q scan with fixed I ki I is shown in 

Fig. 2, see as well Fig. 1. 

Fig. 2 : Constant-Q scan with ki fixed. <J> and y are scattering angle and sample 
orientation. The hatched areas give the distributions of kj around ki and of kf 
around kF- q is the phonon wavevector. In q-co space a constant Q scan is 
drawn with varying resolution (Dorner, 1982). 

By means of peak height and width there is no preferable mode of operation. 

For technical reasons one sometimes chooses a scan in which the 

instrumental parameter variations are smallest (i. e. keep the background 

constant). By means of physical interpretation the constant-Q scan is a distinct 

one because the density of states is constant in Q space. 
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For single crystals the areas of interest in Q-co space are very much reduced by 

the symmetries of the crystal and the group theoretical analysis. Most of the 

information about lattice dynamics is concentrated on high symmetry points 

and lines in Q space. Working with a TAS means performing an experiment 

(not a measurement) since the result of each scan is extremely valuable in 

planning future scans. During the course of an experiment it is extremely easy 

to adjust energy and resolution to obtain optimum information. 

The scattering function for coherent scattering from a single crystal 

The one-phonon scattering function for a phonon (in general a collective 

excitation) with wavevector q in branch j is given by 

SJ(Q,CÛ)= |Gj(q,Q)|2-Fq j(cD,T) (1) 

The inelastic structure factor Gj 

unit cell . 
Gj(q,Q)= S bd-Jp[Q.oj,(q) exp [-Wd (Q) + iQd] (2) 

d YMd 

contains the eigenvector a, which is normalized to unity and describes the 

pattern of displacements in one unit cell. It has 3n components, where n is the 

number of atoms per unit call. The displacements u d caused by the plane 

wave q, j are periodic through the lattice 

uj,-^.4«)exp(iqe) (3) 
YMd 

where Ai is an amplitude factor which depends on temperature and oscillates 

in time with the phonon frequency &j(q), t is the vector to the Ith unit cell, d 

gives the position of atom d in the unit cell, bd and Md are its coherent 
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scattering length and its mass, and Wd(Q) the exponent of the Debye-Waller 

factor. The inelastic structure factor Gj is the same for energy loss and gain. 

In harmonic approximation (vanishing damping) the frequency response 

function Fq,j reads: 

F .fro X) - "> . 8(o±flj(q)) m 

The (±) signs distinguish between energy gain and loss. This harmonic 

approximation holds for the results on GaAs and AI2O, which are presented in 

the next two chapters. 

Phonon dispersion in GaAs 

Inspecting Eqs. (1 ) and (3) we realize that only those components of the atomic 

displacements are visible, which are parallel to Q. 

In relatively simple structures as GaAs which has fee symmetry and contains 

two atoms per primitive unit cell, symmetry is so high that the dispersion 

branches in high-symmetry directions [£00] and [ÇJçfc] are purely longitudinal or 

transverse with respect to q. For each value of q GaAs has three acoustic and 

three optic dispersion branches. Some of them are degenerate. 

If the sample is aligned such that a [01T] axis is perpendicular to the 

experimental plane, the corresponding plane in reciprocal space is shown in 

Fig. 3. The geometry for measurements of longitudinal and transverse 

branches is indicated. One can follow the branches from the r point to the X 

point in [100] direction. From the X point one can go in [011] direction 
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(perpendicular to [100]) passing the K point back to r, see the upper right 

corner of Fig. 3. 

Fig. 3: Reciprocal lattice_ of a f.c.c. 
structure with the [011] direction 
perpendicular to the experimental 
plane. Some conventional symbols for 
symmetry points are given in the upper 
right. Scattering diagrams for 
transverse phonons (top) and for 
longitudinal phonons (bottom) in [100] 
direction are inserted. k| and kF are the 
incoming and scattered wavevectors of 
the neutron, <(> the scattering angle, Q 
the momentum transfer of the neutron 
and q the phonon wavevector. 

More details about eigenvectors and their determination are presented in the 

corresponding chapter in the following. 

Part of the dispersion curves of GaAs has been measured mainly at room 

temperature as early as in 1963 by Waugh and Dolling. New and extended 

experimental results were published by Strauch and Dorner (1990), see 

Fig. 4. The new data were obtained at 12K, have much smaller error bars and 

present many more measured phonon frequencies per dispersion curve. Yet 

the main improvement consists in the fact, that dispersion curves were 

determined not only along main symmetry directions, but also along Brillouin 

zone boundary directions. It turned out that this latter information was 

particularly important in adjusting different lattice dynamical models. In fact 

none of the 16 different models examined could satisfactorily describe the 

experimental data. The largest discrepancies appeared along the zone 

boundaries. 
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Rg. 4: Phonon dispersion curves for GaAs. The experimental data at T = 12K 
from Strauch and Dorner (1990) are given by the points; the experimental 
uncertainty is typically 0.02 THz (less than the height of the points). The lines 
give the results of ab initio model calculations by Giannozzi, de Gironcoli, 
Pavone and Baroni (1991). The letters below the figure give the notation for 
the symmetry directions or points. The calculated density of states (DOS) is 
also shown. 

Recent progress in lattice dynamical model can be seen in Fig. 4. These ab 

initio calculations by Giannozzi, de Gironcoli, Pavone and Baroni (1991) 

reproduce the experimental data very well. Such calculations take the electron 

band structure into account in an ab initio way. Then so called pseudo 

potentials are formed to predict the phonon frequencies. The electron 

distributions in the bonding, their movements relative to the ions and Coulomb 

interactions are the basic features producing the forces which hold a crystal 

together and define the frequencies of the lattice vibrations. 

Phonon dispersion in sapphire (AI2O3) 

AI2O3 has a rhombohedral structure, which is much less symmetric than cubic 

f.c.c. in the case of GaAs. In addition it contains 2 formula units per primitive unit 

cell. Thus 30 dispersion branches have to be determined in each direction. 
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Recently almost complete sets of dispersion curves were determined for three 

different symmetry directions by Schober, Strauch and Dorner (1993). One 

example is shown in Fig. 5. The curves are calculated from a shell model. 

Fig. 5: Phonon dispersion curves 
in sapphire. The errors on the 
experimental points are in average 
about 0.03 THz. The curves - full 
lines for representation £1 and 
dashed ones for X2 - are 
calculated with a shell model using 
Bron-Mayer potentials with 7 free 
parameters (Schober, Strauch, 
Dorner, 1993) 

0.0 0.1 0.2 0.3 0.4 0.5 0.4 0.3 0.2 0.1 0.0 

WAVE VECTOR q" 

To show the experimental difficulties in some detail, two const.-Q scans 

performed with the TAS-IN1 at the hot source of ILL with different resolutions are 

presented in Fig. 6a and 6b. The scans have been performed with constant kF; 

kF = 5.5 À-1 (EF = 15.14 THz) and kF = 7.3 Â-1 (EF = 26.7 THz). As can be 

seen, the resolution deteriorates rapidly with increasing analyser energy and 

certainly also with the higher energy transfer, which implies a higher incoming 

energy. The peak in Fig. 6b belongs to q = 0.1 on the highest Z i dispersion 

curve in Fig. 5. There the Zi dispersion curves, which are exclusively visible in 

this Brillouin zone, are sufficiently separated, that the resolution of 4 THz still 
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Fig. 6: Constant-Q scans for q in the T-A direction, a) for q = 0.5 (zone 
boundary) with kp = 5.5 Â"1 = const; b) for q = 0.1 with kF = 7.3 À*1 = const. 

allows to clearly determine the branch. The spectrum at q = 0.5 (zone 

boundary) in Fig. 6a shows much structure and 6 peaks have been defined by a 

least squares fitting routine. The fitted values for the widths agree with calculated 

widths as far as the two lowest and the two highest energy transfers are 

concerned. The widths of the two middle peaks are considerably broader than 

the prediction. Therefore it was concluded that they contain simultaneously 

intensities from different branches and they were discarded. The two lowest 

modes are the 4th Si mode at 10.9 THz and the 5th Si mode at 11.9 THz and the 

two highest modes are the 11th Si mode at 17.5 THz and the 13th Si mode at 

19.8 THz. The 12th mode has vanishing intensity at this Q value, as confirmed 

by calculation. From this interpretation of the scan in Fig. 6a we learn that not 

every measured peak can be identified with sufficient reliability to be useful for 

the determination of dispersion curves. Similar scans in a large variety of 

Brillouin zones have to be performed together with intensity calculations to 

observe and identify a particular branch there, where the neighbouring branches 

have low intensities. 
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Line shapes 

For "well behaved" excitations at low temperature as discussed before the 

reciproce of the lifetime is smaller than the instrumental resolution. In this case 

the measured signals should be fitted by Gaussians, where the width of the 

Gaussian is defined by the calculated resolution (Domer, 1982) of the TAS. 

If anharmonic effects become more pronounced such that a broadening of the 

signal can be distinguished, then the fitting procedure demands the convolution 

of a Gaussian for the resolution with a frequency dependent response function 

Fq j . The simplest, but correct, approach is the assumption of frequency 

proportional damping cor (identical to velocity proportional damping), which 

leads to the damped harmonic oscillator function (DHO) Eq. (5a) (Fâlc and 

Dorner, 1992). 

Fai(cù,T)= 3 
q , ) V ' 1-e-Acù/kT 

4cor, q.j 

(Cu2-ßq,j) +4cû2 r^ j 

(5a) 

with ßq,j= co2,j + rq j one can rewrite Eq.5a) as 

FQ>,T) = —4 4cor, 
q.j 

q.j 

- ^ ^ [ ( œ - c o c j ^ ^ J I î c o - c o c . j ^ . j ] 
(5b) 

and 

p q>' T ) =TT 
q.J q.j 

œ q . i l - e - ^ T ^ . ^ 2 ^ ^ ( c û + C û q . ) 2 + r 2 q . 
(5c) 

All three expressions are mathematically identical. Note the minus sign in Eq. 

(5c). In the classical limit k T » ftco , the integrated intensity ls yields: 



120 

k j - Fqj(«.T) cto- - X - (6) 
Joo C|tj 

independent of rq, even if r q is much larger than Qq , as it is the case for 

overdamped modes. Note that the same result is obtained from Eq. (4) in the 

classical limit. 

As long as Tq is smaller than or comparable to ßq, a least squares fitting routine 

can determine rq and ß q as separate quantities. In the strongly overdamped 

regime however the DHO degenerates to a single Lorentzian: 

S ( Q , c o ) = ^ - ^ - J - (7) 

with y = Qq.j/Tqj, and only the parameter yean be extracted by a fit. 

The temperature dependence of a "soft mode'' (Axe, Dorner and Shirane, 1971) 

is a good example for a signal which has to be described by the DHO, see Fig. 7. 

At temperatures above about 350°C the excitation is damped but visible as side 

peaks in energy loss and gain. At lower temperatures, approaching the phase 

transformation at To = 159°C, the mode becomes overdamped and finally has to 

be described by Eq. (7). 

Eq. (7) describes not only the signal of a strongly overdamped harmonic 

oscillator, but also the signal from a process with a relaxation time 1/y. 
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Rg. 7: Constant-Q scans through the soft mode in Tb2(Mo04>3. The displacive 
structural phase transition appears at To= 159°C. The arrows indicate values 
forQq, see Eq. (5a) (Axe, Dorner and Shirane, 1971). 

Eigenvector determination 

The eigenvector of a phonon mode, see Eq. (2), describes the displacements of 

the atoms in the unit cell due to the oscillation of the mode. The amplitudes and 

their directions are typically different for the different atoms. There may be phase 

factors between them. The latter means that maximal displacement is reached at 

different times for different atoms. Therefore the eigenvector is in general 

complex. 

The experimental determination of eigenvectors has been asked for since the 

first measurements of phonon dispersion curves and the connected lattice 

dynamical model calculations. Different models may reproduce the dispersion 

curves equally well, but the predicted eigenvectors may differ. The knowledge of 
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particular eigenvectors allows to identify the "better" model. But in addition to this 

general aspect, microscopic insight may be gained. 

The integrated intensity of a phonon mode j is proportional to |Gj(q,Q](2, see Eq. 

(2). The values for the scattering length bd, the Debye Waller factor W<j and the 

position d have to be known, while c^(q) will be determined by measuring the 

same mode j at the same vector q in many different Brillouin zones x by inelastic 

neutron scattering. 

The signals in different Brillouin zones are fitted by Gaussians with the 

instrumental resolution width or by Eq. (5a) folded with such a Gaussian. The 

measured widths may vary due to more or less focussing in reciprocal space 

while the physical width Tqj of the signal should be the same everywhere, at 

least for non pathologic modes. 

Following Eqs. (5a) and (6) the integrated intensity depends on temperature and 

on the mode frequency. In many cases these dependencies can be neglected. 

Only if an eigenvector as a function of temperature or in comparison to 

eigenvectors at neighbouring q's has to be determined, the explicit dependence 

on T and Qqj has be taken into account. The latter situation appears for the 

example of Si given below. 

The number of free parameters in the a^(q) can be reduced with the help of 

irreducible representations. The lq j are many orders of magnitude weaker than 

Bragg intensities. Therefore the measuring times are longer, but, as an 

advantage, the intensities do not suffer from extinction. 

An eigenvector determination represents a delicate experimental study, because 

spurious effects may increase or reduce the intensities and so falsify the results. 
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During the presentation of examples, in the following, we will indicate techniques 

used to eliminate doubtful intensities. 

An example is the low frequency mode at the zone boundary, M-point, in quartz 

near the a-ß phase transformation. From group theoretical considerations it was 

concluded that the irreducible representation concerned contains 8 modes, i.e. a 

particular mode has (8-1) parameters (the normalization of the eigenvectors 

reduces the number of parameters). 

The quartz structure is built by SiÜ4 tetrahedra. With the assumption that these 

SiC>4 tetrahedra are so rigid, that they are not deformed by a low frequency 

mode, we reduced the number of modes to 2. 

In the experiment the quartz sample was kept in the ß-phase at 859K and 

constant-Q scans were performed at more than 50 different M-points (Boysen, 

Dorner, Frey and Grimm, 1980). For a check of consistency against spurious 

intensities, two data sets were collected with different energies for the incoming 

neutrons. About 6 % of the data had to be discarded. 

Then it was possible to identify the two lowest modes at the M-point, as rigid 

tetrahedra modes. Fig. 8 presents the experimental data and the "best fit" 

calculated values for the lowest mode (0.83 THz). The confidence factors are 

R = 10.5 % and Rw = 12.9 %, which is surprisingly good. With this experiment 

one could show that the strongly temperature dependent (in the a-phase) mode 

at the M-point is very similar to the true soft mode at the r-point. It was already 

known that the true soft mode also leaves the tetrahedra rigid. The observation 

of a low frequency mode along the r-M direction sheds some light on the 

appearence of an incommensurate phase between the a- and the ß-phases with 

satellites near to this direction. 
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Fig. 8: Eigenvector determination in ß quartz at 859K. In this mode the Si04 
tetrahedra remain rigid (Boysen, Dorner, Frey and Grimm, 1980). 

Another example is Silicon. Si crystallizes in the diamond structure with two 

atoms per unit cell. Most of the eigenvectors for modes in symmetry directions 

are fully determined by symmetry. The longitudinal modes LA and LO in A 

direction [çÇÇ] have one free parameter, the phase angle cp describing the 

relative motion of the two sublattices. This phase angle has been determined 

experimentally by Strauch, Mayer and Dorner (1990) by measuring both the LA 

and LO intensities in constant Q-scans at 35 different positions in reciprocal 

space. 

Particular attention was paid to possible spurious effects. Within the structure of 

Si and for the investigated direction there exists a sum rule for the intensities of 

the acoustic and optic longitudinal modes which was used to check the 

experimental results. In addition, the observed widths of the signals were 

compared with predictions from resolution calculations (see Fig. 9). About 25 % 

of the data have been ruled out by these two criteria. 
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Fig. 9: Spectral line widths. 
Symbols give experimental 
widths of the signals and 
l ines the widths as 
calculated f rom the 
instrument resolution. Data 
in brackets are not used for 
the evaluation of the phase 
angle cp of the eigenvectors 
(Strauch, Mayer and 
Dorner, 1990). 

As a final result we determined the phase angle q> between the two sublattices as 

a function of the phonon wavevector in ß Ç Ç] direction, see Fig.10 . 

Four model calculations were available at the time of the experiment which 

described the phonon dispersion curves comparably well: a full quantum 

mechanical density-response calculation (DR), a semi-quantum mechanical 

partial-density model (PDM), a phenomenological valence force field model 

(VFFM) as well as a phenomenological bond charge model (BCM). As can be 

seen from Fig. 10 only the bond charge model could reproduce the 

experimentally determined phase angle cp of the eigenvector. 

A 

0.3 
5 Expt. (T = 12 K) 

** BCM 
DR 
VFFM 

« 0.2 I- .poM 

0.1 

Fig. 10: The phase 
angle <p of the 
eigenvectors of the 
longitudinal modes in 
A-direct ion for Si 
(Strauch, Mayer and 
Dorner, 1990). The 
four curves represent 
preditions by different 
models. 
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More recent experimental and theoretical work confirmed the results given 

above. Kulda, Strauch and Ishii (1993) measured the intensities by const E-

scans. This technique was limited to the LA branch because the slope of the LO 

branch is too small for reliable const. E-scans. The intensities were normalized 

by measuring simultaneously phonons of the same frequency in the [O0Ç] 

direction. The results are shown in Fig. 11 together with the older ones and with 

a phase angle prediction derived from "ab inito" calculations (Giannozzi, de 

Gironcoli, Pavone and Baroni, 1991). 

0.4 i-

0.3 - Ji-—$^ I 

£ 0.2 '• rJ^\ \ 

0.1 - y ^ \ 

0 0.1 0.2 0.3 0.4 0.5 

\ 

Fig. 11 : The phase of polarization vectors of [ÇÇç] phonons: results from Kulda, 
Strauch and Ishii (1993) (•) in comparison with those of Strauch, Mayer and 
Dorner (1990) (o) and with the prediction of recent ab initio calculations by 
Giannozzi, de Gironcoli, Pavone and Baroni (1991) (solid line). 

This shows that the knowledge of the eigenvectors can play a decisive role in the 

evaluation of different lattice dynamical models. Needless to say that a 

fundamental understanding of the lattice dynamics of Si is highly desirable. 

A dynamical structure investigation determines the complex vectors tf^(q), see 

Eq. (2), from measured phonon intensities. In principle the technique is similar to 

a normal structure determination from Bragg intensities, but in reality it is much 
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more complicated. One needs an instrument for inelastic scattering such as a 

Three-Axis-Spectrometer and the observable intensities are very small. 

Conclusion 

This paper is written as a contribution to a school on neutron scattering. Its 

main emphasis concerns lattice dynamics. In particular the investigation of 

phonon dispersion branches and the determination of eigenvectors is 

discussed. Most of the experiments were performed at the High Flux Reactor of 

the ILL in Grenoble in close collaboration with many colleagues from outside 

laboratories. For more information on structural exictations and phase 

transformations see Dorner (1992). 
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HOMOGENEOUS LINEAR POLYMERS 
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Forschungszentrum Jülich GmbH, D-52425 Jülich, Germany 

I Introduction 

Scattering methods play an important part in the study of structure and dynamic of 

polymers in solution and melt. Since about 1940 light scattering techniques were 

developed and applied and around 1970 the method of small angle neutron scattering 

(SANS) became available with its possibility of contrast variation by H—D exchange. 

With SANS single polymers in concentrated solutions and melts could be studied for 

the first time •without changing its chemical properties. In this lecture I discuss 

equilibrium properties of linear and homogeneous polymers and limit myself to the 

"global" properties of the polymer. This means that the chemical structure of the 

repeat unit, the monomer, is irrelevant in this context. 

The content of the lecture is as follows: 

• Classification of polymers in solution 

• Scattering laws of polymers in solution and binary polymer blends for small 

scattering vectors with respect to the inverse size of the polymer 

• Conformation of polymers in solution and melt 

• Composition fluctuations in mixed binary polymer blends. 
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II Classification of polymers in solution. 

* c ( x ) 

Ê\ 
s ' 

tr aM^v-

(a) (b) 

l c ( x ) 

cfWWWV 'j"-"jv."^\y 

(0 

Kg. n . l Different regions of volume fraction and composition fluctuations a) dilute, 

b) semi dilute, and c) concentrated solutions. 

As is shown in Pig. H I polymers in solutions are divided in three classes depending 

on the volume fraction <j> of the polymer: 

1) Dilute solutions: The polymers are well separated and there is nearly no 

interaction between them. The concentration fluctuations are strong depending 

whether the volume element is inside or outside of a polymer. 

2) Semi dilute solution: The concentration is so large that polymers just connect 

each other and start to interpenetrate. The concentration fluctuations are still 

large. 

3) Concentrated solutions: The polymers strongly interpenetrate each other and the 

fluctuations are weak. For those systems mean field theories become applicable. 



131 

In this context an important number is the overlap volume fraction 

0*~ (n.i) 

•with, the molecular volume Vw [cm3/mol] of the polymer, the radius of gyration Rg 

and the Avogadro number N « - 4>* is the average volume fraction of the polymer 

inside a "polymer" region in dilute solution. For <f> ~ ip* on the average the polymers 

touch each other. We will start with the discussion of dilute solutions and will end 

with binary melts. 

HI Scattering laws of polymers in solution and binary polymer blends 

for Q<l/JEtg 

ULI SANS experiment 

Xo % ko 

S Q . W N VI (J. p n.<. 

Detector, AX2. 

l ïg . HE.1 Sketch of a scattering experiment 

notation: 
_ j r-neutrons-i 

0 Lcmriëc~-J 

-l io" -TT 
n 4ÎT - 0 

collimated and monochromatic primary intensity 

scattered intensity into the detector with space angle A Q 

wavevector, A wavelength of neutrons (photons) 

scattering vector 
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The macroscopic cross section dE/dß is obtained from the scattered intensity by 

d21 / r tA_'gntQ) 1 
s 

(ULI) 

with V the volume of the sample and T the transmission. dE/dfi is independent from 

instrumental properties. 

IH.2 Contrast for neutron scattering 

The structure factor S(Q) is obtained from dE/dfi and the contrast factor K by 

S(Q) = § / K (m.2) 

with 

K = Ap2 /NA A,2 = N A [ ^ - ^ (m.3) 

notation: 
aA B coherent scattering length of monomer A,B 

fi. g Volume [tĵ TfT] of monomer A,B 

K ^ a n d S C Q ) ^ 

S(Q) is independent of the probe. 
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PS d-PS PVME Benzene 

p = NArTT 1A2 6M °-35 

[1010 cm"2] 

Table ULI Coherent scattering length density of some polymers 

In Table ULI the coherent scattering length density for two polymers and one solvent 

is given. One recognizes the remarkable different values for protonated and 

deuterated polystyrene (PS) and benzene. To get a high scattering contrast in blends 

of PS and PVME (polyvinylniethylether) for instance one usually chooses deuterated 

PS instead of protonated PS because it leads to a more than 30 times stronger 

contrast. K. 

A first experimental example is shown in Fig. m.2 of PS dissolved in deuterated 

benzene at room temperature and for three different volume fractions <f> of PS. 

Mg. m.2 

Dilute Solution of PS in benzene 

(VW(PS) = 85000 cm.3/mol) with 

different <f> ( - A - ^ = 0.23%, 

- o - <f> = 0.57 %, — - <p = 1.13 %) 

0 1 2 3 ^ 5 

Q 110" ?Â"'] 

Fig. III.2 shows a typical scattering result for polymers. The maximum, intensity is 

observed at Q = 0 and a continuous decrease at larger Q values. S(Q) is normalized 

C 6 D 6 

5.44 

1.19 

C 6 H 6 
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to 0. For larger Q values S(Q)<x <p} while for small Q the interaction between 

polymer and solvent described by the second virial coeffident A2 is responsible for 

deviations from S(Q) a <f>. This will be discussed next. 

HI.3 Structure factor for Q = 0 

The structure factor S(Q = 0) is quite generally related to the thermodynamic 

potential of mixing A Gm or the osmotic pressure % by 

This is a result of the fluctuation dissipation theorem. R is the gas constant. In dilute 

solution one often uses the virial expansion 7r/RT = S A- 4 with Ai = 1/VW, and 

obtains 

0/S(O) = i - + 2 A2 0 + 3 A3 03 + ... (m.5) 

In the limit of tp = 0 one gets the molecular volume of the polymer. 

Structure factor for polymers in dilute solutions 

One generally obtains 

0/S(Q) = v^PtQ) + 2 A2 0 + 3 A3 02 + ... (m.6) 

with P(Q) the form factor of a single polymer which for Q < l/Rg can be 

approximated by 
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p- 1 (Q)= ;H-^ i l g 2Q2 (m.7) 

Rg is the radius of gyration defined by 

N 
R g 2 = ^ i = i < ( ^ - £ G ) 2 > (m.8) 

<...> means the average over all conformations. Rp and R are the position of the 

mass center of the polymer and of the monomer i, respectively. N is the degree of 

polymerization or number of monomers. Neglecting virial coefficients A3 and of 

higher order one gets 

^ / S ( Q ) = [ ^ + 2 A 2 # + ^ Q 2 (m.9) 

Plotting the data of Pig. HI.2 in Zimm representation ($/S(Q)) versus Q2) as done in 

Fig. HI.3 one obtains straight lines in agreement to the prediction of Eq. (IH.9). 

"T 1 1 1 r 

PS in Benzol (C6D6) 

1 i_ 

Q2 dO^Â"2] 

<t>E°/.] 

Fig. m . 3 

Data of Fig. III.2 in Zimm 

representation. 

4 5 

The extrapolated 0/S(O) versus <p is plotted in Fig. III.4a and Rg in Fig. III.4b. 
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ft 

PS in Benzol (C6D6) 

Vw=(8.6±0.2)tr cm3/mol 

- A7=(8.1i0.2)10"4moL/cm3 

0 0.3 0.6 
<t>[%] 

0.9 

Rg. HL4a 

Inverse S(0) versus PS composition. 

According to Eq. (III. 9) Vw and A2 is 

obtained. The positive slope indicates a 

good solvent (A2 > 0). 

1.2 

0.24 

0.22 

O
U

3 

?<f 
y 

> • ~ « 

CN| CT 

CC 

0.20 

0.18 

h — + • - - -
R 9 = 1 3 7 A 

0.161 

PS i n Benzol (QDs) 

— (O.2l9±0.002)-

0.4 r o 0.8 
0[%] 

Iîg.]n.4b 

Radius of gyration for 3 compositions. 

The decrease of Rg at <p = 1.13 % seems 

_ to indicate the semi dilute regime 

- (Fig.n.i). 

1.2 

The second virial coefficient A2 is calculated from, the slope in Fig. III.4a and is found 

to be positive indicating the condition of a good solvent. This means that the solvent 

molecules enter into the polymer. Rg is constant for the first two 4> and decreases 

then probably because of interpénétration with the other molecules at <p*. A 
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schematic phase diagram of a polymer in solution is shown in Pig. III.5. For A2 > 0 

polymer and solvent are mixed while for A2 < 0 depending on 0 phase decomposition 

is possible, i.e. one has the condition of a bad solvent. At A2 = 0 one has the 

so—called © condition. 

X r -

2v„ 

x r =-L+ 1 
C 2 v 0 l/Vo Vw 

Spinodale 

Binodale 

Einphasengebiet 

0) 

A2 
Fig. m.5 

Schematic phase diagram of a polymer in 

solution: Flory—Huggins parameter x and 

second virial coefficient A2 versus (p. 

A2 > 0 represents a "good" solvent, the 

( A 2 < 0 polymer is swollen. A2 < 0 is a "bad" 

solvent, the polymer collapses. At A2 = 0 
0 

(x = 1/2 vo) the pair interaction is zero 
1 

and the polymer has the conformation of 

a statistical chain. 

(A2>0) 

Structure factor for polymers in semi dilute and concentrated solutions 

For <j> > <p* the polymers overlap as shown in Fig. III.6. The size of the polymer 

(VW)Rg) is not measurable any more. The only length in the system is the "mesh" size 

£ which is 

Fig. m.6 

Interpenetrating polymer in semi 

dilute and concentrated solutions 

and the "mesh" size £. 
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obtained from the Ornstein—Zernicke approximation 

S~1(Q) = S~\o) (1 + & Q2) ÇŒL1Q) 

with Rg = O £ for <j> -> 0. 

Structure factor of a mixed binary polymer melt 

The structure factor for polymer blends in random phase approximation (de Gennes) 

is 

s_1(Q) - s/îQ) + s-̂ Q) - 2 x (nui) 

with the structure factors of the component molecules 

S A,B«) - «*A,B VA,B SD <*Afi ' «*> ( m i 2 > 

and g-Q (x) = - 1 ^ ~ — the Debye funtion for a Gaussian chain 

(x: = Q2 Rg»). 

For Q <: 1/Rg the expansion of Eq. (in.ll) gives 

S-X(Q) = S^O) + A Q2 

i rR~ A R 

A = 4 3 
g,A ^g,B 

/ V V + (1-è) Vr, L y A,w ^ Vl B,wJ 
(IE. 13) 

which we will use for the interpretation of our scattering experiments, i.e. we will 

always try to measure at small enough Q values in order to be able to apply this 

simple scattering law. 



139 

IV Conformation of polymers in solution and melt 

S(Q) at Q = 0 measures t i e molecular volume of the polymer and thermodynamic 

parameters as A2 (Eq- IÜ-4 and m.9). The Q dependence of S(Q) delivers with, the 

radius of gyration Rg the actual extension of the polymer and therefore information 

about the conformation of the polymer. We will first discuss various conformation 

models of single polymers and then the blob model of polymers in concentrated 

solutions. 

Freely jointed chain model 

Fig. IV.l 

In Fig. IV.l a polymer of N segments of length |£ . | is plotted schematically. The 

end—to-end distance is L = S a. and its mean square value 

N 
RL2 = < L2 > = S < £ • £ - > (IV.l) 
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If the segments are freely jointed then < £ • £ ; > = ^2- £,- and one finds the scaling 
* J J 

law 

RL = crNy i/= 0.5 (IV.2) 

If one would have used larger subunits with A segments of length | b.| as plotted in 

Fig. IV.l then one obtains the same scaling law with 

RL = b (N/Af i/=0.5 (rV.3) 

because b = <r« Xv for large A values. This means that the scaling behaviour of 

Eq. (IV.2) is universal for this class, because the correlations between neighbouring 

segments in real polymers vanish at larger distances. Therefore, the chemistry of the 

polymer determines only the segment length a. 

The radius of gyration Eg follows the same scaling law according to 

Bg = RL / V~5 = (o-/V~5) ®v v = 0.5 (IV.4) 

In our experimental work we will use the following form for Rg namely 

Rg = - i - -2- V„v v = 0.5 (IV.5) 
/"6 tiv 

with the molecular volume Vw calculated from N • Ü with the monomer volume Q. 
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Self_ayoidittg chain model 

Fig. IV-2 

Excluded volume interaction 

The scaling exponent v = 0.5 is universal for polymers in melts and solutions at 0 

conditions (Fig. ffl.5). In a good solvent, however, a different value for the scaling 

exponent z/is found. This arises from excluded volume effects or the "self avoiding" of 

the chains as schematically shown in Fig. IV.2. This is called a long range interaction 

because monomers which are at far distance on a chain interact each other. This 

interaction causes a swelling of the chain. The exponent was estimated by Flory to be 

iy = 3/5 which is in good agreement to the exact result. The exponent v = 3/5 is 

•universal for polymers in good solvents. 

Up and Ç in concentrated solutions and melts 

blob(Q monomers) 

Fig- IV-3 Concentrated polymer solution and indication of blob model. 
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Fig. IV.3 shows the conformation of polymers in concentrated solutions. According to 

Eq. (III. 10) the mesh size £ is measured in a scattering exeriment. Rg can only be 

measured if one changes the contrast of part of the molecules by deuteration. 

(Table IH.l). Scaling laws for Rg have been developed by de Gennes using the 

so-called blob model. The interaction of different molecules at the cross-links screens 

the excluded volume interaction of the polymer and the molecule can be divided into 

N/g blobs of mesh size £ with g segments. These blobs are considered as segments of 

an ideal chain with 

Rg=/-3£(N/g) 0.5 (rv.6) 

The chain within the blob behaves as in a good solvent with. £ oc g and v — 3/5 

which gives 

R g K g ^ N / g ) 0 ' 5 (IV.7) 

In case of dilute solution with <f> —*• 0 i.e. N = g and in melts -with <f> —* 1 i.e. g = 1 

one finds the respective scaling laws Rg oc N and Rg oc N . 

Experimental results to determine u 

a) Rg = f (Mw) 

Mw 

Fig. rV.4 

Radius of gyration of PS in a good 

solvent, 0 solvent and melt for different 

molecular weights. The measured 

exponents are in agreement with the 

theory above discussed [ l ] . 
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b) From experiments at Q > 1/Rg 

The correlation function for fractal objects in real space and the corresponding 

structure factor is 

g (r) « t0-* «—. S(Q) « Q - D (IV.8) 

with the fractal dimensionality D and the Euclidean dimension d. 

E 

a 
IS) 

10: 

D < V 

- i 1 i i ' • i | ; 

PS in Benzol (C6D6) 

- ( 1 . 5 ; o.oi) 

10' ,-2 
J 1 1 ! • ' ' • ' 

CLIÂ-1] »- 0Ù 

e 

~ 1 0 C 

e 
§ 1 0 3 

10' 
10"' 

rr-rq r 1 i i i i i i i 

d-PS/PS »=0A8 

V„=0.91-10s cmVmol 1 

RXIïOXHJZ) -î 

Q(A_,1 

Fig. IV.5 a) Dilute solution of PS in benzene (see Fig. m.2) and 

b) Polymer melt of deuterated and protonated PS 

In dilute solutions with the interaction of the "excluded volume" one finds 

VwccRg1/^ D = l/z/=1.66 (IV.9) 

with the Flory exponent v = 0.6. 

In Fig. IV.5a we observe a power law with D = 1.5 which is 10 % less than the 

theoretical value. 
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In polymer melts the chains follow a random walk (Gaussian chain), therefore 

V w « R g 2 3 D = 2 (IV.10) 

which is observed in Fig. IV.5b at large Q values. 

The scaling law of S(Q) in Eq. IV.8 can be made plausible in the following way: At Q 

larger than 1/Rg one has a coherence volume with a size of the order of l /Q in which 

only part of the molecule is scattered coherently. If n Q is the number of segments 

inside this volume (l /Q)3 then the scattering function reads 

S(Q) K (N/nQ) nQ2 = N • n Q (IV.ll) 

with (N/nQ) subunits which scatter incoherently as separate chains do. Because of 

the scaling law (Eq. IV.l) 

R ü l / Q o c n J " (IV.12) 

one finds the expression of Eq. IV.8 and that the results in Fig.'s IV 4—6 must be the 

same. The data in Fig. IV.4 are obtained in the small Q limit with a coherence 

volume larger than the total polymer size and with molecules of different molecular 

weight. The data in Fig. IV 5,6 are obtained with a molecule of one molecular volume 

in the larger Q limit (> 1/Rg) and as a function of Q which means as a function of 

the coherence volume. 
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V Composition fluctuations in binary polymer blends in the mixed state 

The equilibrium, properties of a blend are determined by the Gibbs free energy of 

mixing 

A Gn,(T,P^) = A Hm - T A Sm (V.l) 

which is a function of temperature T, pressure P, and the composition <f> of the two 

polymers A and B. A Gm is determined by the enthalpy of mixing A Hm and the 

entropy of mixing A Sm. 

A G s = A.h . + B _ m ^ + 0 0 x (v.2) 
1 1 1 v A,w A v B,w ° A a 

S(0) for Binary Polymer Mixtures 

From Eq. (IH.4) and (V.2) we find 

with. 

the second derivative of A Sm with respect to 0 and a "generalized" Flory—Huggins 

parameter 

r a B^[*CM)x];r = xtfx#f(*). 

Originally T was introduced as an enthalpic number. However, experiments have 

(V.3) 
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shown that T is a free energy with entropie contributions and which depends on $. in 

this respect T is a phenomenological number to fit experimental results. 

r(T^) = - h
T - -r^(^) (v.4) 

Eq.'s (V.3) and (V.4) then lead to a temperature dependence of the structure factor 

at Q = 0 

i 2 r , ^ 
S~1(0) = - T ^ r T (V.5) 

s 

with the reduced temperature | T\ = 11/T — 1/T| / (1/TC), and the meanfield 

critical exponent 7 = 1 for the susceptibility. 

From Gibbs conditions of stability d2 A Gm/9 ft > 0 it follows that 

s-1(o) > 0 -» r > r (v.6) 
fa 

in the one phase region and 

s-1(o) = 0 -» r = r (v.7) 

at the spinodal (92 A Qm/d ft = 0). 
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Phase Stability of a Polymer Mixture 

UCST 

LCST 

rh.(rI.Qi<o 

Kg. V.l Flory—Huggins 

parameter and spinodal for phase 

decomposition at low and high 

temperatures 

In Fig. V.l the conditions for phase separation are discussed. Because of the low 

value for entropy of mixing i.e. T a 2/Vw polymer blends usually don't mix each 

other. For F, > 0 (tendency of demixing) one finds mixing in high molecular weight 

polymer blends only for isotope mixtures with T, small enough to fulfill Y < rg. For 

r , < 0 (tendency of mixing) one observes demixing at high temperatures. Phase 

separation at high temperatures is entropy driven by gaining more free volume. 
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Experimental Examples: Determination of the Spinodal by SANS [2,3] 

o 
£ 

i 

Kg. V.2 Sea.' 'ring pattern in 

7,iTTiTn represeuiction of a d—PS/PVME 

blend with the critical composition 

<p = 0.13 for various temperatures 

- (Vw (d-PS) = 0.87 • 106 cm3/mol and 

Vw (PVME) = 0.59 . 105 cm3/mol) 

Q^nO^Â*2] 

Fig. V.2 shows scattering patterns in Zimm representation of the polymer blend 

d-PS/PVME for various temperatures in the mixed state. The data follow straight 

lines in agreement with S(Q) in Eq. (IBL13). The d-PS/PVME has a lower critical 

solution temperature (demixing at high temperatures) i.e. the scattering due to 

critical fluctuations below Tc becomes stronger at higher temperatures. In Fig. V.3 

S"1^) is plotted versus 1/T for three d-PS/PVME systems. The data follow straight 

lines according to Eq. (V.3), and confirm experimentally the meanfield behaviour of 

the Flory-Huggins theory. The extrapolation of the data to S (0) = 0 gives the 

spinodal temperature. The molecular weight of the d—PS component is different in 

systems I—EEL A smaller Vw in HI does mean a higher entropy of mixing and 

therefore a higher Tc, i.e. a stronger tendency for mixing. 
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2.40 2.45 2.50 2.55 2.60 

1 /T(10" 3 /K] 

Kg. V.3 

Inverse structure factor 

extrapolated to Q = 0 as a 

function of 1/T. The straight lines 

indicate that the mean field 

approximation holds (except very 

close to Tc, riot seen in this figure). 

Experimental Example: Flory—Huggins Parameter and Phasediagram 

of the Isotope Mixture d-PS/PS f4] 

The contrast variation by isotope interchange of H and D is a very important tool in 

SANS. Here we show that d—PS/PS is not an ideal mixture with x == 0- However, x 

is such a small number that for its determination one needs a mixture of large 

molecular weight (Mw ̂  106 g/mol) i.e. with a low entropy of mixing. Both 

components have about the same molecular weight. 

Kg. V.4 

T versus 1/T of d-PS/PS system 

for various <f>. 

1/T(10~7K) 
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o l ïg.V.5 

Calculated phase diagram of 

d-PS/PS with the Eq. (V.3) and 

(V.6) 
0 

PS 
0.2 0A 0.6 

0 
0.8 1.0 

d-PS 

In Fig. "V.4 T is plotted versus 1/T. The straight lines confirm the ansatz for T in 

Eq. (V.4), and the different slopes of F shows that V depends on $. The phase 

diagram, of d—PS/PS in Fig. V.5 is calculated from the stability conditions in 

Eq- (V-6) using T{T,<j>) in Fig. V.4. T was determined in a temperature interval 

between 160 and 210 °C. The phase diagram itself cannot be determined by 

experiment because of the extremely low diffusion constant and the neighbourhood to 

the glass transition temperature at T Q ~ 100 °C. 

Critical Behaviour near T c [5—13] 

The Flory—Euggins model for polymer blends is a meanfield theory which is fulfilled 

sufficiently far from Tc- This is f.i. seen in Fig. V.3 which shows that S~ (0) versus 

l /T follows a straight line. The meanfield theory ignores fluctuations. However, near 

the critical point the fluctuations becomes so strong that the meanfield 

approximation cannot be valid any more, and a transition to an Ising like behaviour 

should be observed. 
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In the asymptotic 3d-Ising regime the structure factor at Q = 0 e.g. the 

susceptibility reads 

S-^O) = C + r-T (V.8) 

with 7 == 1.24 and the critical amplitude C in the one phase region. The crossover 

temperature of meanfield and 3d—Ising behaviour is estimated by the 

Landau—Ginzbuxg critérium [8] 

^d+W* (v-9) 

as formulated by de Gennes for polymer blends, r is the entropie term of T in 

Eq. (V.4) and T is the value of the Flory—Huggins parameter at the critical point 

where r = 0. For symmetric blends with V» = V p and therefore <f>c = 0.5 one 

finds from Eq. (V.3) T = 2/Vw. In most cases T /T « 1 and therefore r* u N— and 

iu cases of T / r j l one finds 7*«N [8]. This means that the meanfield 

approximation is fulfilled in a broader temperature range for polymers with higher 

molecular weight. Physically it can be understood from the interpénétration of 

polymers, e.g. there is space for <fl$ other polymers in the volume region of a 

polymer with N monomers because of Rg
3/N a <J~N (de Gennes). 

The experimental verification of the crossover to 3d—Ising critical behaviour is shown 

ia Fig. V.7 and Fig. V.8 of two blends with different molecular weights. 
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VW(PS) = 1770 cm3/mol 

Vw(d-PB) = 1900 cm3/mol 

A transition from meanfield to 

Ising critical behaviour is observed 

s 5.4 K about Tc [7] 

Fig. V.8 

Vw(d-PS) = 0 . 8 4 - 1 0 6 ^ 

VW(PVME) = 0 . 6 - 1 0 5 ^ 

T c - T * s l . 2 K [3] 
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The observed AT = (Tc — T*) of both blends are qualitatively in agreement with the 

Landau—Ginzburg critérium. 

The experimental data in Fig. V.7 and V.8 were analyzed by the two scaling laws 

Eq. (V.5) and (V.8) asymptotically valid far and near the critical point. Quite 

recently we could find in literature [9] a crossover function 

f = (1 + 2.333 S(0)"' 0 W r-1) /A
[r

1(0) + (1+ 2.333 S ( 0 ) ^ ) - 7 / A ] 

(v.io) 
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which should describe the data in the whole temperature region, r. = r /Gi and 

S(0): = S(0) ao Gi with ao = 2 I\ / T c the critical amplitude of the susceptibility in 

meanfield approximation (Eq. V.5) and the Ginzburg number Gi which is the reduced 

temperature above which the 3d—Ising model no longer holds. The other constants in 

Eq. V.IO are the critical exponents 7=1.24 and A = 0.51. In Fig. V.9 the 

susceptibility from various polymer systems are plotted versus f together with the 

respective fits of the crossover function. One clearly recognizes that Eq. (V.IO) 

describes all the data well [10]. a0 and Gi are the fit parameters. The data from 

Figs. V.7 and 8 are plotted in Fig. V.9 by the symbols —o— and —*—, respectively. At 

T = Gi (f = 1) and r = 300 Gi (f = 300) the crossover function deviates from the 

Ising and meanfield asymptotic scaling laws by 10 % (for details look at ref. [10]). 

This means that most of the data in Fig. V.9 are measured in the crossover regime 

where the analysis with, the asymptotic laws leads to erroneous results. It also means 

that the meanfield approximation e.g. the Flory—Huggins theory is not so well 

fulfilled in polymer blends as believed so far. 

The Landau—Ginzburg critérium in Eq. (V.9) can be calculated from r* ~ 300 Gi 

[10] using the meanfield values for the parameters describing Gi. The scaling law 

T* oc N (N ) is a meanfield result while Gi in the Ising regime becomes a constant 

of value 1.15 • 10~2 (see Fig. V.10, and ref. [9]/[11]). In the Ising regime the 

correlation length is larger than all the other lengths in the system and becomes the 

only relevant length. Therefore the parameters N or Rg of the polymer are irrelevant 

in the Ising regime. In Fig. V.10 Gi as obtained from the data in Fig. V.9 is plotted 

versus, the mean degree of polymerization < N > [12]. The behaviour of Gi seems to 

be different above and below < N > ~ 30. Below < N > ~ 30 we find for the 

d—PB/PS system a value in good agreement to the theoretical value in the Ising 

regime and as indicated by the shaded area with other low molecular systems as 

water and ethane. Above < N > ~ 30 we find a power law behaviour with an 

exponent minus 2 within ± 10 %. 
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<co 

Fig. V.9 Double-4ogarithmic plot S (0) vs. f for six polymer blend systems; No. 1: 

d-PB/PS (o); No. 2: PVME/d-PS (*); No. 3: PDMS/PEMS (A); No. 4: 

PPMS/d-PS (x); No. 5: PPMS/d-PS (o); No. 6: PPMS/d-PS(+). Data for Nos. 3 

and 4 are multiplied by 10, data for No. 5 by 1O0 for reasons of better visibility. Full 

and dashed lines are a plot of the theoretical expression according to the ACM model 

(Eq. V.10). 
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Pig. V.10 Ginzburg number versus mean degree of polymerization. 
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According to Eq. (V.9) T* «. N— was expected because of TJT « 1 for all 

investigated systems. The minus two power law of Gi with < N > in Pig. V.10 is not 

yet understood. < N > ~ 30 seems to indicate a boundary above "which universal 

polymer melt properties are observable. For polymers with < N > < 30 mechanical 

properties show influences from the endgroups [13] and remaining effects of excluded 

volume interactions as shown by computer simulations [11]. 

Progress in this field from our experimental point of view might be SANS 

experiments with even more ideal polymeric blends as used f.i. in computer 

simulations. Namely, we have to find and prepare blends of symmetric (V * = V-g 

ajid therefore 0C = 0-5) and chemical very similar components (about the same 

segment length) with a critical temperature roughly between 50 and 150 °C and with 

a variation of the degree of polymerization of at least two orders of magnitude 

between N = 10 and 103. 
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l. INTRODUCTION 

One of the major goals of modern structural molecular biology is to 
understand the function of biological macromolecules in terms of chemistry. In 
order to solve these biological problems the use of a large number of physical 
techniques is necessary. In this lecture I will describe the role played by neutron 
scattering in the determination of the structure and interactions of biological 
macromolecules, and show its complementarity with other techniques, in 
particular X-ray crystallography. 

There are four major chemically distinct classes of biological 
macromolecules. Proteins, which are polymers of amino acids, are the catalysts 
(enzymes) necessary for regulation of all the chemical reactions which constitute 
life. Proteins may also play a structural role such as the collagen of skin, the actin 
and myosin of muscles. Nucleic acids are the information carriers, either in the 
genome as DNA or as the transcribed message in, for example, messenger RNA. 
Lipids are amphiphilic molecules which constitute the major permeability 
barrier of all membranes. Carbohydrates, polymers of sugar molecules, form the 
structural units of cell walls. 

In all cases structure and function of biological macromolecules are 
intimately related. An important point in comparing these usually polymeric 
molecules with synthethic polymers is the fact that they are the product of 
evolution. They have been selected to serve a very limited number of specific 
functions and therefore exist in only a very limited number of conformations. 
Hence a protein molecule which may be composed of many hundreds of amino 
acids usually takes up a single conformation (or several closely related ones) 
which is compact and brings together in a precise fashion the chemical groups 
which allow it to perform its biological function. Of the 20 amino acids used in 
proteins some have a hydrophilic nature, others a hydrophobic nature. The 
energy gain from burying these hydrophobic amino acids in the core of the 
protein provides the driving force for folding of the polypeptide chain into its 
final conformation. 

Various neutron scattering techniques have been used for obtaining 
information on biological structure. These have been described in a number of 
reviews (Jacrot, 1976; Timmins and Zaccaï, 1988). Here we will concentrate on 
three approaches, high resolution protein crystallography, small angle scattering 
and low resolution crystallography. Some theoretical detail will be given where 
this is unique to biological applications but the aim is primarily to show the 
utility of the neutron scattering techniques through particular examples. 
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Table 1 

Neutron and X-Ray Scattering Lengths for atoms found in Biological Molecules 

Atom Dcoherent (neutrons) x̂-Rays 
(29 = 0) 

(x ICH2 cm) (x 10-12 cm) 
Hydrogen *H -0.3742 0.28 
Deuterium 2H 0.6671 0.28 
Carbon C 0.6651 1.69 
Nitrogen N 0.940 1.97 
Oxygen O 0.5804 2.25 
Phosphorus P 0.517 4.23 
Sulphur S 0.2847 4.50 

2 . HIGH RESOLUTION NEUTRON CRYSTALLOGRAPHY OF MACROMOLECULES 

High resolution X-ray crystallography of proteins and nucleic acids is a well 
established, powerful technique which has been successful in the solution of 
around 1000 macromolecular structures. This technique is, however, usually 
incapable of locating hydrogen atoms due to their rather weak scattering cross-
section for X-rays. For neutrons this is not the case as shown in Table 1. Indeed 
the scattering length for neutrons of both hydrogen (^H) and its heavier isotope 
( 2 H ) are of a similar magnitude to all other elements found in biological 
macromolecules. Moreover, the cross-section for *H is negative due to a phase 
shift of 180° between the incoming and outgoing wave. Neutron crystallography 
is therefore of great potential in determining the position of protons involved, 
for example, in enzyme mechanisms or for locating correctly water molecules. 

A neutron crystallographic experiment is in principle very similar to an X-
ray crystallographic experiment, requiring the measurement of several thousand 
diffraction amplitudes. The major differences arise from the relatively low flux 
of neutrons available even at the most-powerful sources. To compensate for this 
it is necessary to have the largest possible crystals (> 5 mmß) and to count for 
long times. Once a set of diffraction amplitudes has been collected it is also 
necessary to determine the phases. For X-ray protein crystallography this is 
usually carried out by the multiple isomorphous replacement (MIR) method (see 
e.g. Blundell & Johnson, 1976). For neutrons no such method exists and it is 
necessary to have knowledge of the X-ray structure. The proton positions may 
then be determined by joint refinement of the neutron and X-ray data. Thorough 
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reviews of the methods and some of the results from neutron protein 
crystallography are given in Wlodawer (1982) and Kossiakoff (1985). 

Two of the most striking successes of neutron crystallography are the studies 
on crambin (Teeter and Kossiakoff, unpublished; quoted in Kossiakoff, 1985) and 
trypsin (Kossiakoff and Spencer, 1981). 

Crambin is a small plant protein which diffracts X-rays to 0.9 Â resolution. 
The neutron structure shows in great detail the water (D2O) structure as well as 
the protons of the molecule. Fig. 1 shows a tyrosine ring in the structure where 
the negative contours indicate the positions of the hydrogen (lH) atoms attached 
to the ring whereas the hydroxyl hydrogen has exchanged with the solvent to 
become deuterium and hence shows positive density. 

Fig. 1 - Neutron scattering density of a well-
ordered tyrosine ring in the 1.4 Â refined 
structural model of crambin. Hydrogen 
atoms appear as negative peaks because of 
a phase change of 180° induced by a 
resonance level of their nucleus. 

Trypsin is an enzyme which catalyses the digestion of other proteins. The 
enzyme mechanism remained unclear as far as the pathway was concerned due 
to uncertainty concerning the protonation state of a particular serine residue 
(Fig. 2). Figure 3 shows how this uncertainty was resolved by neutron diffraction 
studies. 

Asp 102 His 57 Ser 195 

u 
JJ> N-Ha—O w 

TETRAHEORAL INTERMEDIATE 

ES COMPLEX 

H 

Fig. 2 - Two different locations proposed for proton H(l) in the tetrahedral intermediate structure of trypsin. 
Proton H(l) is attached either to the carboxyl group of Asp 102, or to the nitrogen NDl of His 57. Proton H(2) is 
attached to NE2 of His 57. 
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Asp I02 
Asp I02 <'£ï?» 

Fig. 3 - (a) A difference map (F0 - Fc) calculated with only the deuterium H(l) between the His 57 and Asp 102 
side chains of trypsin left out of the phases, (b) A (2F0 - Fc) difference Fourier map calculated with both H(l) 
and H(2) omitted from phases, (c) A difference map in which the deuterium was placed by stereochemistry on 
the atom OD2 of Asp 102. All three maps show clearly that the deuterium is bound to the imidazole of His 57. 

A final example of neutron crystallography is in the fibre diffraction studies 
of DNA. Here the lack of flux can be compensated by increasing the sample 
volume. In a difference experiment between DNA samples soaked in D2O and 
H2O, Forsyth et al. (1989) were able to show the location of the water molecules in 
the major and minor grooves of D-DNA (Fig. 4). A comprehensive review of 
neutron fibre diffraction has been given by Forsyth (1993). 

The number of high resolution macromolecular structures determined by 
neutrons is much less than may be expected by the potential value of the 
technique. This is due not only to the lack of flux, as already mentioned, but also 
to the poor signal to noise ratio due to incoherent scattering from hydrogen. The 
flux problems could be improved by the growth of even larger crystals and by 
white beam (quasi-Laue) methods. The signal to noise problem can also be 
improved - not only by soaking crystals in D2O but also by producing proteins 
from bacteria grown in fully deuterated media such that all protons, even carbon-
bound, are exchanged for deuterium. 
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3. SMALL ANGLE NEUTRON SCATTERING (SANS) FROM SOLUTIONS 

Small angle scattering is a technique which is widely used not only in structural 
biology but in materials science, polymer and colloid chemistry and several other 
fields. The theory of small angle scattering is common to all these fields and is 
covered in a large number of books and reviews such as Guinier & Foumet 
(1955), Kostorz (1979). 

Here we will discuss only aspects the theory which are particular to 
structural biology, especially the concepts of contrast variation and distance 
measurements. 

3.1. Contrast 

As in high resolution neutron crystallography the utility of neutrons in 
small angle scattering lies in the scattering lengths of hydrogen and deuterium. 
SANS, however, is rarely measurable beyond a Q-value of about 0.3 Â"1 

corresponding to a real space resolution of ~ 20 Â, and is therefore incapable of 
atomic resolution. Scattering is in fact due to the difference in scattering length 
density between a macromolecule and its aqueous environment. At the level of 
resolution we are talking about here this refers to the scattering length densities 
of particular chemical moieties. The scattering length densities of a number of 
components of biological macromolecules are shown in Fig. 5 as a function of the 
deuterium content of the solvent. 

Hg. 5 - Scattering density of different chemical 
components as a function of D2P/H2O mixture in 
which they are immersed. The scattering densities 
are calculated assuming that all labile hydrogens 
exchange with the solvent in direct proportion to 
the deuterium content of the solvent except for 
proteins where a figure of 80% exchange is 
assumed. 

10 20 30 40 50 60 70 80 90 

%D20 in H20/ D20 solvent 

It will be noticed that not only does the scattering length density of water 
depend on the H/D content but so also does that of the other components when 
immersed in water. This is because the H atoms bound to O or to N exchange 
with those in the water in proportion to its H/D content. Note that due to the 

J I I I I I I L 



163 

different contents of exchangeable hydrogen the slopes of these lines are 
different. The scattering length density of a lipid acyl chain does not vary as it 
contains no exchangeable hydrogen atoms. For each component (except for fully 
deuterated protein and nucleic acid) there exists an H2O/D2O mixture for which 
the component and the water have the same scattering length density. This is 
termed the isopycnic point and we say that at this point the component is 
contrast matched. 

3.2. Scattering from a dilute (Le. non-interacting) solution of identical particles 
The scattering as a function of Q for a solution of non-interacting identical 

particles is given by (Jacrot, 1976) 

I (Q)=(ll [P l~ ps]exp (i£).r) d3r (i) 

where < > indicates an average over all orientations of the particle in solution 
p(r) is the scattering length density at a point r in the particle 
ps is the scattering length density of the particle. 
p(r) may be split into two parts as illustrated in Fig. 6 

Fig. 6 - Separation of the scattering density into 
the average density and the fluctuations. 

p(r) = pv + pF (r) (ii) 
and the contrast is then given by p = pv - ps 

where pv is the mean scattering length density of the particle 
PF (r) describes the fluctuations of scattering length density about the 

mean. 
If PF (r) is independent of the contrast (which, because of exchange, is 

rarely strictly true) then : 

I(Q) =?Iv(Q) + pIVF(Q) + IF(Q) (iii) 
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Thus if measurements are performed at a series of different p (i.e. different 
H2O/D2O mixtures) then three functions can be obtained. 

Iv(Q) a function depending only on the shape of the particle 
IF(Q) a function of the fluctuations of the scattering length density 

about the mean 
IVF(Q) an interference term 

If, as is often the case, the exchange of protons is not homogeneous throughout 
the particle then : 

IF(Q) corresponds to the scattering of the fluctuations about the mean 
at the match point only (pv = 0) 

h/(Q) depends not only on the shape but also on the spatial 
fluctuations of the exchange 

3.3. Interpretation of scattering curves 
3.3.1. Very small O 

For very small values of Q, eqn. (i) can be expanded to give (Jacrot, 1976) 

KQ) = ( I (P(r) - Ps) (l + iQ.r - 1 (Q.r)2 +...) d3r (iv) 

If the centre of gravity of the volume and the centre of gravity of p(r) are 
coincident then: 

KQ) = (p vWl - 1 ^ J r2(p(r) - Ps)d3r| (v) 

The term J r2(p(r) - ps) d
3r is related to the second moment of the distribution of 

scattering length density, the radius of gyration (Rg). 

= J - | r2 ( (p ( r ) -p s )d 3 r ) (vi) 
P V J v 

R 2 = -J 

Eqn. (v) may be rewritten as: 

I(Q) = I(0)exp(-5i-?-j (vii) 
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where KO)=(pVf (viii) 

Eqn. (vii) is the well known Guinier expression. The Guinier plot, lnI(Q) v Q2 

should give a straight line of slope -Rg2/3 and intercept 1(0). The plot should be 
linear in the range QRg £ 1. 
If the centre of gravity of the volume and that of the scattering length density do 
not coincide then the expression for Rg2 contains an extra term (Jacrot, 1976). 

Rg -Rgv + 
PVJv 

(r)r2d3r-
(PV): ([• pF(r)d3r (ix) 

I(O) and Rg are two model independent parameters obtainable from a 
small angle scattering experiment. 

The maximum information is obtained when these parameters are 
measured as a function of contrast, particularly for a system consisting of two or 
more components of different scattering length density. Such particles may occur 
naturally, e.g. protein/nucleic acid complexes or lipoproteins, or by reconstitution 
of, for example, multiprotein complexes where one or more proteins are 
specifically deuterated. The way in which 1(0) and Rg vary with contrast has been 
described by Ibel and Stuhrmann (1976). 

Vï(0) is linear function of the contrast as illustrated in Fig. 7. From this plot 
may be determined the isopycnic point of the particle. For a two component 
particle, if the scattering density of the individual components is known then the 
stoichiometry of the particle may be determined. 

|7(Ö) 

4000 

2O00-

-2000 

-4000 

Fig. 7 - The square root of zero-angle scattering 
is a linear function of the volume fraction of 
D2O of the solvent. 

0-2 0-4 0'6 0 8 

volume fraction of Da0 
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The 1(0) measured from a sample in H2O can be used in a very simple 
way to measure the molecular weight of a particle (Jacrot & Zaccaï, 1981). 

The radius of gyration squared varies in general with the contrast in a 
parabolic fashion (Ibel & Stuhrmann, 1975) 

p p2 
(x) 

Thus from a plot of Rg2 versus i (the reciprocal of the contrast) the parameters a 

and ß may be determined. This graph is commonly knows as a Stuhrmann plot 
and three example are shown in Fig. 8. When the centre of gravity of the 
scattering density of the individual components coincide the term ß becomes 
zero and the Stuhrmann plot is linear with either a +ve or -ve slope. A +ve 
slope indicates that the component of higher scattering length density is on the 
outside of the particle and a -ve slope shows it to be closer to the centre of 
scattering mass. If the centres of scattering mass of the components do not 
coincide ß * 0 and the Stuhrmann plot is parabolic. It is then possible to calculate 
the separation of the centres of mass W12) from : 

di 2 = 
(xi) 

where Api and Ap2 are the contrasts of each component. 

R 
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Fig. 8 - The radius of gyration as a function 
of the inverse contrast for 70S ribosomes. 
Data are for native particles ( • , particles 
with deuterated subunits ( • ) and particles 
with the 50S subparticle protonated and the 
30S deuterated (•) (Koch & Stuhrmann, 
1979). 

The point at which the Stuhrmann plot crosses the ordinate Ub = 01 gives what is 

known as the "radius of gyration at infinite contrast". This corresponds to the 
radius of gyration of the volume when filled with a homogenous density. An 
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important caveat to this is that it is only strictly true if H/D exchange is 
homogenous throughout the particle. 

Intersub-unit distances can also be obtained independently of the 
Guinier plot using an expression analogous to the parallel axis theorem of 
mechanics. If Ri is the radius of gyration of component 1 measured as the Rg at 
the match point of component 2, R2 is the radius of gyration of component 2, 
measured similarly, and R12 is the radius of gyration at infinite contrast then : 

R?2 = 21R? + z2R| + ziz2 d?,2 (xii) 

where z- = p̂ V: /(Z^p^) is the relative scattering power of component i. 

This technique has been successfully exploited by Heumann and 
colleagues (Heumann et alv 1988, Lederer et al., 1991) in studies of the enzyme 
RNA polymerase and to study its interaction with DNA. 

3.3.2. Extended scattering curve 
The scattering beyond the Guinier range can be used to determine more 

detailed structural features of macromolecular complexes. The methods obtained 
are varied but the most widely used method has been the fitting of models. 
These models may be either simple ellipsoids or more complicated geometrical 
shapes described by an arrangement of small spheres. In this latter case the 
scattered intensity can be described by the Debye (1915) formula: 

KQ) = Lfp(ri) pCrz) S "LP r i 2 dn dr2 (xiii) 
JVJ Qr 1 2 

In model fitting it is often more convenient to compare the proposed 
model with the distance distribution function which in the Fourier transform of 
the scattered intensity (Glatter, 1979). 

3.3.3 Label triangulation 
The construction of a three-dimensional map of the positions of all the sub-

units in a multi-subunit assembly was first proposed by Hoppe (1972) and 
Engelman and Moore (1972). The method is based upon the measurement of 
inter-subunit distances by deuterium labeling of pairs of subunits. For an 
assembly consisting of N subunits it can be shown that 4N-10 measurements are 
necessary to fully describe the system. The technique was developed to solve a 
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particular problem, that of the structure of the ribosome, the cell organelle which 
is the site of protein synthesis. In order to carry out these experiments it is first 
necessary to be able to disassemble and reassemble the particles in order to 
incorporate specifically deuterated sub-units. The composition and 
disassembly/assembly scheme are illustrated in Fig. 9 (Nierhaus, 1982). The 
whole ribosome particle, known as the 70S particle is first separated into two sub-
particles, 50S and 30S. These are then separated into their constituent proteins 
and RNA. If ribosomes are produced both from bacteria grown in an H2O 
containing medium and also from a D2O containing medium we can therefore 
reconstitute ribosomes containing any number of deuterated components. The 
50S and 30S assemblies have been studied separately. 

70S 

CO30S 
505 <^7 \ 

23S'SS 32 profeins y 
RNA ai un -

> 0 0 0 0 0 0 0 
> 0 0 0 0 0 0 0 
> 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 
0 0 0 0 

16S 21 profeins 
RNA (St—-S21I 

0000000 
0000000 
0000000 

Hg 9 - Dissociation/reconstitution scheme for 70S 
ribosomes. The intact (70S) particle is first dissociated 
into the 30S and 50S sub-particle and then into 
their constituent proteins and RNAs. 
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For triangulation experiments it is necessary to make equimolar solutions of 
four different samples as illustrated in Fig. 10. These are particles containing 
deuterated versions of the two component subunits for which the inter-subunit 
distance is required, particles containing one or the other subunit deuterated and 
particles containing no deuterated subunits. The inter-subunit distance can be 
calculated from the difference scattering curve as described in the caption to Fig. 
10. 

May et al. (1984) have described an important refinement to this method. 
Because the ribosome contains both RNA and protein which have very different 
scattering length densities, a particle containing deuterated proteins is a 3-phase 
system (Fig. 11 A). 
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Fïg. 10 - Four samples of equal concentration are required for measurement of the distance d: particles 
containing (1) both, (2) and (3) either and (4) neither of the labeled sun-units. The scattering from samples (2) 
and (3) is subtracted from that of (1) and (4). In the case of highly concentrated samples the particles (1) and 
(4) and (2) and (3) respectively must be mixed to suppress the interparticle interferences (illustrated by the 
dashed lines) arising from the labels in different particles. 

Fig. 11 - A. natural ribosome containing a deuterated 
protein represents a three-phase system for neutrons: 
hydrogenated protein, hydrogenated RNA and 
deuterated protein. B. By specific deuterarJon of the 
RNA and proteins the ribosomal matrix is made 
homogeneous for neutrons and can be matched by a 
buffer of nearly 100% D2O. With labeled protonated 
protein the complex is now a two phase system. 

This causes complications in the interpretation of the data which have been 
overcome for the 50S particle using the concept of the "glassy" ribosome as 
illustrated in Fig. IIB. The way in which glassy ribosomes are produced is 
described in Fig. 12. 

Ecoti cells 
76%Qrj medium 

I 
» 

rRNA 

l. coli cells 
HjO medium 

1 
I 

protein Lx 

Exoli cells 
ev/oQf) medium 

J 
I 

"TPSO" 

Fig 12 - Scheme for the preparation of 50S ribosomal 
subunits reconstituted from (separately deuterated) 
RNA and proteins, both matching at about 100% D2O 
and one labeled protein Lx. 
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Ribosomes are isolated from cells grown both in 76% D2O and 84% D20 and 
reconstituted using the RNA from the former and the proteins from the latter 
except for the one or two labeled proteins. This produces a 50S particle which is 
invisible in D 20 except for the hydrogenated labeled proteins. 

The fully triangulated structure of the 30S particle has now been completed 
(Capel et al., 1988) and the 50S map is well under way (May et alv 1991). 

4. LOW RESOLUTION CRYSTALLOGRAPHY 

In sections 2 and 3 we have discussed the study of single crystals at atomic 
resolution and in solution using the contrast variation technique at lower 
resolution. There exists a class of problems of an intermediate nature. Crystals of 
biological assemblies, particularly very large complexes, when investigated by 
atomic resolution X-ray crystallography are often shown to be highly ordered in 
part of the structure. For example one domain of a protein, or the nuclei acid in a 
protein - nuclei acid may be disordered. A consequence of this is that the electron 
density of the disordered component may be almost the same as that of the 
solvent contained within the crystal. It was stressed in section 3 that at less-fhan-
atomic resolution the contrast producing scattering is due to the scattering length 
density (for neutrons) or electron density (for X-rays) difference between 
macromolecule and solvent. The same concept applies in crystals at low 
resolution and therefore neutron crystallography using contrast variation 
provides an unique tool for addressing such problems. 

4.1. Experimental considerations 
Classical neutron diffractometers are only capable of resolving reflections 

from crystals of cell dimensions up to ~100Â and only then with severely 
compromised flux. The first experiments in low resolution macromolecular 
crystallography with neutrons (Finch et al., 1982) were therefore carried out on 
the small angle instrument D17 at the ILL, Grenoble. The basic characteristics of 
this instrument, long wavelength, two-dimensional multidetector, long crystal to 
detector distance proved to be satisfactory for such experiments and therefore a 
dedicated instrument, DB21, was built as a joint venture between ILL and the 
European Molecular Biology Laboratory (EMBL). It is possible to measure 
diffraction data from crystals with unit cell dimensions up to 1000À to a 
minimum d-spacing of about 12Â. 

It is a widely held belief that neutron crystallography of biological 
macromolecules requires exceptionally large crystals. This belief has arisen from 
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the experience of the requirements for high resolution diffraction. For low 
resolution diffraction it is possible to use crystals similar to those used for high 
resolution x-ray crystallography i.e. < lmm^. This is possible for two major 
reasons: 

(i) At 12Â resolution the molecular transform of a macromolecule is 
very strong as the contrast is derived from the difference in scattering length 
density between the macromolecule and the surrounding solvent, whereas at 
atomic resolution it is between the atoms and surrounding vacuum. 

(ii) The use of cold neutrons leads to an increased reflectivity and hence 
greater integrated intensity per reflection compared with shorter wavelengths. 

It is usual for a contrast variation series to collect data from crystals 
containing at least 4 different H2O/D2O ratios. These are prepared by soaking the 
crystals for a period of weeks in the appropriate mixture to ensure the exchange 
of all labile protons. A small number of labile protons in the interior of the 
macromolecule will probably exchange on only a very long time scale of months 
to years. Data are then collected by step scanning the crystal about the ©- (or <]>-) 
axis of the diffractometer until an unique data set is obtained. Depending on the 
symmetry of the crystal this may require several orientations of the crystal. 
Typical data collection times are 3 -15 days per crystal depending on the contrast, 
crystal volume, space group etc. 

4J2. The crystallographic phase problem 
The variation of the crystallographic structure factor as a function of 

contrast can be expressed as: 

F(h,X) = F(h,0) + XF(h)HD (xiv) 

where h is the reciprocal lattice point 
X is the mole fraction of [D2O]/[D2OMH2O] in the 

crystal 
F(h)HD *s m e vector difference between the structure 

factor in H2O and that in D2O. 
Multiplying by the complex conjugate we obtain the diffracted intensity: 

I(h,X) = F(h,0)2 + 2X cos <J>F(h,0)FHD(h) + X2F^D(h) (xv) 

—» —* 

where § is the phase angle between F(h,0) and F(1I)HD-
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This relationship has several important consequences for low resolution 
crystallography including the possibility of scaling together data from different 
contrasts and the interpolation of missing data (Roth et al., 1984). In terms of 
structure solution it is of fundamental importance as it means that the phase 
difference, <}>, between any two contrasts, of a reflection (h), may be determined 
except for the sign (±), if the amplitudes at 3 contrasts are known . Therefore if the 
structure is known at any one contrast then the phases at that contrast may be 
calculated and then determined at any other contrast except for knowledge of the 
sign. In the particular case of centrosymmetric reflections where <}> = 0 or 7t then 
there is of course no ambiguity and the phase may be calculated at any contrast 
(Roth, 1987). 

In most studies carried out to date the structure of one component of the 
macromolecular complex has been determined by X-rays or could be modeled 
from other information. Hence structure factors calculated from the known part 
of the structure at a contrast where the other component is visible provide 
starting phases for the determination of the structure at any contrast. This is 
illustrated in Fig. 13 which demonstrates the vector relationships between 
structure factors at four different contrasts. The two triangles bounded by Fo, F H D 
and Fi 00 are the two possible relationships which can be constructed through 
knowledge of the structure factor amplitudes alone following eqn. (xiv), and 
corresponding to the two possible signs of ({>. 

Fig. 13 - Vector diagram showing the variation of the complex crystallographic structure factor as a function of 
H2O/D2O content of the solvent. 

This particular figure illustrates the case of, for example, a hypothetical 
protein/RNA complex where data would be measured at 38% D2O where the 
protein is invisible, 70% D2O where the RNA is invisible and two other 
contrasts, 0 and 100% D2O. In this case we imagine that the protein structure is 
known and that the RNA structure is to be determined. We may therefore 
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calculate the phase of the structure factor in 70% D2O and thus determine the 
orientation of the phase triangle with just the ambiguity of sign corresponding to 
the two triangles shown. This is very closely analogous to the situation in X-ray 
protein crystallography of single isomorphous replacement. Once this 
(ambiguous) phase has been determined then the ambiguity may be resolved and 
an approach to the true phase may be made using a number of constraints such as 
the invariability of the known part of the structure, solvent flattening or non-
crystallographic symmetry averaging (Roth, 1992). 

4.3 Some examples 
4.3.1. Tomato Bushy Stunt Virus 

This is an icosahedral plant virus whose structure has determined by X-ray 
crystallography (Olson et al., 1983). The high resolution structure however was 
unable to locate some 25% of the protein and none of the nucleic acid. Neutron 
crystallographic maps from crystals soaked in 38% and 70% DzO have localised 
the RNA and missing protein and enabled details of the protein-nucleic acid 
interactions to be elucidated (Timmins, 1988, P.A. Timmins, D. Wild, J. Witz, 
manuscript in preparation). Figure 14 shows a portion of the neutron scattering 
map in 70% D2O. The outer shell of protein corresponds to that seen in the X-ray 
maps but the inner density and particularly the 3 lobes of density closely 
associated at the 3-fold symmetry axis were invisible, most probably because of 
disorder. The RNA is located in the space between the two protein layers and is 
only visible in the map from 38% DzO (not shown). 

Fig. 14. Tomato Bushy Stunt Virus neutron scattering density map in 70% D2O. The polypeptide chain trace 
from the X-ray model is visible in the outer shell of density whereas the inner density shows the protein visible 

only by neutron scattering. 

4.3.2. Lipovitellin 
Lipovitellin is a lipoprotein found in the oocytes of egg-laying animals 

where it sometimes forms in vivo two-dimensional crystals. The structure was 
solved using standard X-ray crystallographic techniques (Raag et al, 1988) but in 
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this study they were unable to locate any of the bound lipid which was known to 
comprise some 15% of the molecular mass. Neutron crystallographic data were 
measured to 12Â resolution from crystals soaked in 5 different H2O/D2O 
mixtures. From these data sets were interpolated the structure factors for the 
molecule in 10% D2O at which contrast the lipid scattering is minimised. Phases 
calculated from the known protein structure were applied to the measured 
amplitudes and this constituted a starting point for determination of the phases 
at contrasts where the lipid should be visible. These starting phases were refined 
using the known protein structure, the known proportion of lipid in the complex 
and solvent flattening. The neutron scattering density map at 40% D2O, where 
the lipid is visible and the protein invisible, is shown in Fig. 15 (Timmins et al., 
1992). The contours representing scattering density are in white. Superimposed 
on the density map is the trace (in grey) of the polypeptide chain as determined by 
X-rays. We see clearly that the lipid is located as a condensed phase in a cavity of 
the protein, possibly in the form of a bilayer. 

Fig. 15. Lipovitellin neutron scattering density in 40% D20# representing the lipid, superimposed on the 
polypeptide chain trace from X-ray crystallographic studies. 

CONCLUSIONS 

In this lecture we have covered only a small part of the applications of 
neutron scattering techniques in biology. For example we have not spoken of the 
diffraction from partially ordered systems such as real or model membranes 
where neutron scattering has played a key role (see for example, Papadopoulous 
et al., 1990). New techniques such as reflectometry are promising for the study of 
the adsorption of proteins to membranes. Very few such studies have been 
carried out although the adsorption of the protein spectrin has recently been 
investigated (Johnson et al., 1991). 
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Neutron inelastic scattering is a very well established technique in solid state 
physics and in chemistry but is only just beginning to be exploited successfully in 
biology (Doster et al.71989, Ferrand et al., 1993). The advent of specific deuteration 
should widen the horizons for applications of both inelastic and elastic scattering 
in the future. 
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NEUTRON SCATTERING FROM SOLUTIONS 
Lothar Helm 

Institut de chimie minérale at analytique, Université de Lausanne 
CH-1015 Lausanne, Switzerland 

Abstract A general description of neutron scattering on liquids is given. The main 

topic of this report is on the method of differences and its applications to aqueous and 

non-aqueous solutions of electrolytes. It is shown that the method yields precise 

structural information about the first coordination sphere of ions. Recent results on 

aqueous solution of lanthanide(III) ions as well as non-aqueous solution of Ni are 

reported. 
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(D The liquid state 

The description of neutron scattering from liquids can only be understood on the 

basis of a profound understanding of the liquid state itself. I give in this first chapter a 

short introduction into theory of the liquid state. Detailed treatments can be found in the 

literature (Barker and Henderson, 1976; Hansen and McDonald, 1986). 

In contrast to solids, liquids are (as gases) fluid. There is no long-range ordered 

arrangement of molecules and therefore there are no sharp Bragg reflections in 

diffraction experiments. Thus, there is a clear distinction between solids and liquids. On 

the other hand as van der Waals pointed out there is a continuity between liquid state and 

gaseous state. Below the critical temperature two phases can exist in equilibrium, the 

denser phase is called liquid. The difference between liquid and gas is therefore 

essentially a difference in density. 

The key point in the understanding of liquids is the understanding of intermolecular 

potentials. In an approximation intermolecular potentials are additive and can be written 

as sum over pair interactions, neglecting all terms of higher order (triplet interactions, 

etc). A. complete description of the structure of a liquid is provided by the equilibrium 

particle density function p^(r"). In the canonical ensemble, the n-particle density is 

defined as 
IN) ,,(r,)_ m fH-^(^K-W 

P ^ l r j (AT-«)! QN(VJ) 
(eq. 1) 

where ß is (kßT)'1 , HN[rNpN) is the Hamiltonian of the system, and Q^fV, T) is the 

canonical partition function. Closely related to the n-particle densities are the equilibrium 

n-particle distribution functions gN*n V1)- For a homogenous system 

A knowledge of the low-order particle distribution functions is very often sufficient 

to calculate thermodynamic properties of the system. Of particular importance is the pair 

distribution function, gN^( rp r2)- For spherical molecules g N ^(r p r 2 ) is a function of the 

distance only l^- r j = r and is usually called radial distribution function, g(r). Figure 2 

shows a radial distribution function for a simple monoatomic liquid. The radial 

distribution function plays a mayor role in the physics of fluids. Firstly it is directly 

measurable by radiation-scattering experiments such as neutron and X-ray diffraction. 

Secondly, provided atoms interact through pairwise-additive forces, thermodynamic 

properties can be written as integrals over g(r). The g(r) forms, together with the static 

structure factor, S(k), a Fourier pair (eq. 3 and 4): 
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S(k) = 1 + pj exp( - /k . r)g(r)dr (eq. 3) 

flgOO = y%j^ Jexp(/k • r ) [S(k) - l]dk (eq. 4) 

The limits of g(r) and S(k) for large r- and low k-values are 1 and pkBT/xp 

respectively. x T is the compressibility of the liquid. 

C ^ J.A. Barker, D. Henderson, "What is "liquid"? Understanding the states of matter", Rev. 
Modem Physics, 48,587-671 (1976) 

CS> J.-P. Hansen, LR. McDonald "Theory of simple liquids", Academic Press, 2nd ed. 
1986 

© Neutron diffraction from monoatomic liquids 

The scattering of low energy neutrons from systems consisting of N identical 

atoms can, in Born approximation, most easily be discussed in terms of the scattering 

law, S(K,co). According to van Hove S(K,©) can be connected to the differential 

scattering cross section (eq. 5), where k, k' and K represent the initial and final wave 

vectors and 

~~ =?-b2S(K,co) («I-5) 
dla k\2 

dÜdE' k 

the momentum transfer and b the "scattering length" (as=47ib2 is the bound atom cross 

section), b is isotope and spin dependent. If the average scattering length is represented 

by b, the cross section can be split up into a coherent, acoh , and an incoherent part, 

a. and d2GJdndE' is given by 
inc 

d2a k% N 

with 

°coh =4fl and <Jinc = AK\ \bf - |ô| I (eq.7) 

If the sample consists of a single isotopic species there is no incoherent scattering. In 

general, information on the structure of a liquid is contained entirely within the coherent 

contribution. To obtain the static structure factor S(k) we measure the intensity, I, of 

m=a{9)[ln+m] (eq8) 

neutrons as a fontion of a scattering angle 28, where a(9) and 6(0) are calibration 
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parameters. The effective scattering cross-section dc/dQ. is obtained from d1cjdQ.dE' by 

integration. In the static approximation we have 

S-^'w (eq.9) 

4% 
where/0 is the efficiency of the detector for elastically scattered neutrons, kQ=Ysin9 and 

N the total number of nuclei in the system. According to Placzek there are some 

corrections to make for the static approximation. These corrections become small for 

heavy nuclei and relatively high neutron energies. The radial distribution function is 

calculated from S(kQ) by Fourier transformation (eq. 4). It can be shown that in the static 

approximation the incoherent part is given by eq. 9. 

As typical example I present the results of Yamell (1973) for liquid argon at 85 K. 

The sample consists of the isotope 36Ar for which scattering is entirely coherent. The 

results are shown in Figure 1 and 2. 

i t ' ' 

Figure 1: Structure factor S(k) for 3 6Ar Figure 2: The pair-distribution function 

at 85K and X=0.9782 Â. g(r) obtained from S(k). 

C& G. L. Squires "Thermal Neutron Scattering" Cambridge University Press, 

Cambridge, 1978 

CS> J.L. Yarnell, M.J. Katz, R.G. Wenzel, S.H. Koenig, Phys. Rev. A7, 2130, (1973) 
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© Neutron diffraction on multicomponent liquids 

Atomic liquids are rare in nature. Therefore we have to consider systems with 

multi-component liquids eg molecular liquids, molten salts, alloys or solutions. The 

structure factors can be expressed as Fourier transform of pair correlation functions 

Sa^K,co) = — JJGa/J(r,Oexp{/(K • r - a>t)}drdt (eq.n) 

G „(r,t), where a and ß denote the different atoms of the species. For a system of 

distinguishable particles the pair correlation functions may be separated into "self and 

"distinct" terms (eq. 12). The self term measures the probability that, if there is an a 

Ga^r,t)= Gg'(r,0+ of{r,t) (eq.12) 

atom at r=0 and t=0, that same atom will be at r and t. The distinct term is a measure of 

the probability that, if there is an a atom at r=0 and t=0, there will be a ß atom at r and t. 

The radial distribution functions are 

G$t(r,0) = Pncßga^r) (eq.13) 

where pn is the overall atomic number density and cß the atomic fraction of species ß. In 

the static approximation we obtain 

# "wo" = I S V M M ~l)+ Zc«è« (eql4) 

a ß a 

= F{k) + Ycaba (eq.15) 
a 

where the first term, F(k), reflects the distinct part and the second one the self part. 

If we consider now an aqueous solution of a simple electrolyte, like KCl for 

example, F(k) is a weighted combination of ten partial structure factors, Saß(k), and 

therefore an interpretation of a single diffraction experiment is difficult. Furthermore, the 

ion-solvent pair distribution functions, which we are mostly interested in, represent less 

than 1 percent of the total F(k). To separate the different contributions we make use of 

the variation of the scattering length, b, with different isotopes of an element. For this, 

neutron diffraction experiments are performed with at least two solutions, identical 

except for the isotopic composition (b. and b'ion being the scattering length of two 

isotopes of the same ion) of the ion we are interested in. If we substitute for example the 

cation, w 1 ">bt?"'' by subtraction 

AoM-1 Jj-F\k) = YAa{Sion^(k)-l) (eq.16) 
a 
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-where Aa = 

2 WrAsfew ~ b'ion) a *ion 

For a solution of MX in water we obtain by Fourier transformation G. „(r) which is a 
n J ionv ' 

weighted combination of, in this case, four partial radial distribution functions gaß(r) 

Gion(r) = 4 ? ( g A 4 ü M - l ) + ^ ( g j i f l j W - 1 ) 
+ ^(ai^W-i)+^w(ai^W-i) 

For most solutions the coefficients Aa are such that AQ, AD » Ax, AM and consequently 

GioQ(r) gives mostly information on the solvation of the ion. In particular ion - solvent 

distances and coordination numbers of solvent molecules around the ion can be 

determined. If a peak is well separated and with suitable integration limits (r,, r2) one can 

obtain the coordination number, CN (eq. 18). 

4 W = ^ S S S L ]r2[Gion{r)-.GioM]dr (eq.18) 

The technique described above is known as the "neutron diffraction first order 

difference technique". If we are interested in ion - ion correlation functions this technique 

has to be extended to the "second-order difference technique". If we have three solutions 

we can calculated two first-order differences, AM1(k) and A ^ k ) , and from these the 

second order difference AAM(k). This technique is experimentally very difficult and can 

only be performed on concentrated solutions 

c£- J.E. Enderby in "Physics of simple liquids" North-Holland Publ., Amsterdam, 1968, 

613-643 

c£- A.K. Soper, G.W. Neilson, J.E. Enderby, R.A. Howe, J. Phys. C 10,1793 (1977) 

C&> G.J. Herman, G.W. Neilson, J. Molec. Liquids 46,165 (1990) 

© Experimental 

To perform first order difference techniques neutron sources with high flux of 

thermal neutrons have to be used. Such sources exist for example in Grenoble (ILL), 

Oak Ridge and the Rutherford Appleton Laboratory. Most studies are done on the D4B 

2-axis diffractometer at the ILL which is specially designed for studies of liquids and 

amorphous solids. The neutron flux at X=0.7 Â at the sample is » 4x107 n cm"2sec_1 and 

differential scans with an accuracy of the order of 3X10"4 are possible. Neutron 
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wavelengths used for liquid studies are between 0.5 and 1 Â. The liquids are filled in 

cylindrical titanium-zirconium containers with typically 5 to 10 mm internal diameter and 

30 to 40 mm length. Since normally deuterated solvents are used to prevent the high 

incoherent scattering from protons, care has to be taken that solutions do not become 

contaminated with H^O from the atmosphere. The data are treated for attenuation in the 

sample and container and for multiple scattering. The data are set on an absolute scale by 

measuring scattering on a vanadium rod of the same dimension as the sample container. 

For solution-samples using the first-order difference technique normally no attempt is 

made to correct for the Placzek effect. The normalised intensity I(q) is calculated from 
2 

Ib)=% ( A ^ M - M ^ ) where N = ^ x ^ \ ( eq 19) 

and r, p and o are the radius, number density and total scattering cross-section 

respectively of the sample or vanadium. 

(D Recent studies of ionic solutions 

As an example I present some recent results on the hydration of lanthanide (III) 

ions. The tripositive lanthanides constitute the longest series of chemically similar metal 

ions in the Periodic Table. These ions can be considered as charged spheres differing 

only by the progressive decrease of their ionic radii along the series. The coordination 

properties are mainly governed by electrostatic and steric factors. Despite numerous 

studies during 

the last 25 years 

is was still 

unclear whether 

or not the 

coordination 

number (CN) 

changes from 

nine to eight along the series or not. In order to solve this problem we have undertaken 

neutron first order difference scattering studies of four lanthanide (III) ions, well spread 

over the series. 

Table 1: Details on Neodymium samples; all solutions 
D2O,0.1mDClO4. 

Sample Enrichment Concentration 

mol/kg 
143Nd(C104)3 83.56 % 0.9886 
144Nd(C104)3 97.4 % 1.0015 

in 99.96 % 

b 

.fin 

13.36 

2.65 
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Figure 3:Scattering intensities for two neodymium solutions, differing only by the isotopic 
composition of the cation. 

In the following I will describe the experiments on Neodymium in detail. Three 

solutions with details as given in Table 1 were prepared. Experiments were performed at 

the ILL on D4B (294 K, A,=0,704 Â). Data acquisition was about 6 to 8 hours per 

sample. After corrections and normalisation two scattering intensities I(k) were obtained 

(Figure 3). 

k Ik 
144* Figure 4: Difference scattering function for the samples 143Nd(ClOJ3 - 1H*Nd(ClOJ3 

[Nd(ClOJ3 lm; DC104 0.1m in Dp]. 
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.143* Figure 5: Experimental (crosses) and fitted (full line) G^r) for the difference 14iNd(ClOJ3 

- NdfClOj),, the dashed lines represent two Gaussians corresponding to Nd -
O andNd - D interactions. 

From these a difference function A. (k) can be obtained (eq. 16, Figure 4). The 

value of A- (k) at high k agrees well with the calculated c,,(b2 -bl2„) value of 27.9 ionv ' ° ° Mv m m7 

mbarn. The radial 
distribution function 
Gj,(r) shown in 
Figure 5 is obtained 
by Fourier trans
forming A- (k) 

° ionv ' 

after subtraction of 

'u(bl-ba
m). The 

mean GM(r) value 

for r smaller than 

2Â agrees well with 

the calculated 

GM(r=0) of 8.195 

mbarn. The first 

two peaks in the 

<U0 patterns 

Table 2: A comparison of the coordination numbers (CN), the 
Ln3+-0 (rMO) distances and the Ln3+-D (r-^) distances 
obtained from neutron scattering studies on aqueous 
Ln(C104)3 solutions. 

Ln3+ 

Nd 1.0 m 

Nd 0.3 m 

Sm 1.0 m 

Dy 1.0 m 

Dy 0.3 m 

Yb 1.0 m 

CN 

8-99 

8 8 6 

8-54 

7-99 

7 - 9 6 

7.94 

r M O / A 

2.508 

2.520 

2.467 

2.386 

2.399 

2.32g 

r MD / Â 

3.146 

3.150 

3.119 

3.032 

3.032 

2.98j 

were attributed to the Nd - O and Nd-D interactions. They were fitted to two Gaussians 

by adjusting their areas, positions and full widths at half-height. A constraint was applied 
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to the ratio of the areas in order to take into account of the D to O ration of two in the 

first coordination sphere. 

The results for the four lanthanides studied are given in Table 2. They show 

unambiguously a decrease of the CN from nine to eight along the series. The 

intermediate value of 8.5. found for samarium (III) indicates the presence of an 

equilibrium between eight and nine coordinated aquaions. This has already been 

suggested from density, EXAFS and spectrophotometry studies. 

The method of neutron scattering first order difference can also be applied to non

aqueous solvents. Until now there are only few studies performed in methanol, N,N-

dimethyl-formamide (DMF) and dimethylsulfoxide (DMSO). One reason for this is the 

lower solubility of electrolytes in these solvents, if compared to water. A second reason 

is the higher number of atoms in these solvents which leads to G. (r) composed of many 

atomic radial distribution functions g(r). As example I will show results on solvation of 

Ni(C104)2 in DMF. The solutions were 0.152 m 58Ni(C104)2 or 62Ni(C104)2 in DMF-d7. 

0.016-

.a 

CM 

CM 2 
XJ 

s 
o 

c 
o -0.016-

Figure 6: Difference scattering function for the samples NifClO^y ~ NifClOJ. , 
[NifClOJJ 0.15m; in DMF-d7, at 297 K and X=0.7Â 

Figure 6 shows the first order difference function A. (k) with the ( ^ ( b y b j -

contribution already subtracted and Figure 7 the corresponding Gion(r) which is 

composed of 6 partial pair distribution functions gMY(r) (Y = 0, C, N, D). 

One peak is clearly separated from the others and can be attributed to Ni - O 

interaction. From this we obtain a coordination number of 6.27 and a metal - oxygen 

distance of 2.07 Â. If we fit five Gaussians to Gion(r) ( M-O, M - Dfo ., M - Cfo ., M 

- N, M - Y, where Y is a dummy; relative areas of peaks are fixed) we obtain a 
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Figure 7: Experimental (crosses) and fitted (full line) GM(r)for the difference 58Ni(ClOJ2 -
Ni (CIO J y the dashed lines represent 5 Gaussions corresponding to Ni-O, Ni-C, 

Ni-D, Ni-N and Ni-Y interactions. 

coordination number of 5.92 for DMF in the first coordination sphere of Ni2+. From the 

distances obtained we can construct a mean ion-solvent configuration which is shown in 

Figure 8. No crystal structure of Ni(DMF)6
2+ is available until now due to difficulties in 

2.07 Â 

SCHRKRL 

;2+ Figure 8 : Structure of the DMF-molecule and a possible Ni - DMF conformation 

crystallisation of this compound. 
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POLARIZED NEUTRONS 
P. Boni 

Labor für Neutronenstreuung, ETH Zürich und Paul Scherrer Institut 
CH-5232 Villigen PSI, Switzerland 

Experiments which determine the polarization of the in
cident and the scattered neutrons provide more information 
about the scattering system than unpolarized beam exper
iments. By Oieasuring the spin dependent cross sections it 
is possible not only to distinguish between nuclear and mag
netic scattering contributions, it is also possible to discrimi
nate bet-ween coherent and incoherent scattering, i.e. between 
self and collective correlations and between different modes 
of magnetic excitations. We shall discuss after a short de
scription of the polarization analysis technique some typical 
examples of recent measurements on magnetic systems like 
YBa2Cu30r-.* and EuS. 

I. INTRODUCTION 

Polarized neutron scattering has already been used in 
condensed matter physics for a rather long time. One of 
the first applications was the study of spin density dis
tributions in ferromagnets, following the pioneering work 
of Shull and Nathans [1]. In those days the polarization 
of the scattered neutrons was established by measuring 
their transmission through a magnetized block of iron. 
As predicted by Halpern and Johnson [2] the polarization 
of the scattered neutrons, Pj, depends on the orientation 
of the scattering vector Q with respect to the polarizaton 
of the incident neutrons, P\, like 

Pf = -Q{Q-%) (l) 

where Q = Q/\Q\. In other words for P{ || Q all magnetic 
scattering is spin flip. Therefore polarization analysis 
in neutron scattering provides an excellent method to 
distinguish between nuclear and magnetic scattering. 

In 1969 the classic paper by Moon et al. [3] appeared, 
which explains polarization analysis of neutrons for in
elastic as well as elastic neutron scattering in simple 
terms. They demonstrate the polarization dependence 
of the nuclear and magnetic scattering. 

Another very important step was the use of polarized 
neutrons for measuring the paramagnetic spin fluctua
tions in 2d metals in a series of experiments performed 
at the ILL [4], using intentionally very coarse energy res
olution in order to measure directly 5(Q). Later, at 
Brookhaven [5] a technique was developped to measure 
S(Q,u)). Since then polarization analysis has been per
formed on numerous systems, including heavy fermions 
and high-re superconductors. 

Another, rather different application of polarized neu
trons is their use for attaining extremely high energy res
olution by measuring changes in the neutron beam polar
ization caused by inelastic scattering. In 1972 Mezei [6] 
suggested to use the precession of the magnetic moment 
of the neutrons in a magnetic field as an internal clock. 
By means of the so called neutron spin echo technique 
energy resolutions of the order of nano electron volts can 
be achieved enabling the investigation of slow fluctua
tions, which occur, for example, in the critical region of 
magnetic systems or in polymers and glasses. 

In this paper we shall introduce some basic concepts in 

polarized neutron scattering and explain the experimen

tal method. Then we shall give some examples for the 

application of polarized neutrons and finally show some 

recent results on the magnetic fluctuations in a dipolar 

ferromagnet near Te

ll. POLARIZED NEUTRON SCATTERING 

A. Triple Axis Spectrometer for Polarized Neutrons 

Very often conventional triple axis spectrometers are 
being used for polarization analysis (Fig. 1). The in
cident neutron beam is monochromated and polarized 
by means of a magnetic crystal, like the Heusler alloy 
Cu2MnAl. Its (lll)-Bragg reflection has a similar d-
spacing as the (002)-reflection of pyrolytic graphite, how
ever, it reflects only one spin state. For the analysis of 
the polarization of the scattered beam a similar crystal is 
used. Often neutron beams are also polarized by means 
of supermirror polarizers where the angle of total reflec
tion differs for the two different spin eigenstates of the 
neutron, or by using polarized H or 3He nuclei. In order 
to maintain the polarization of the neutron beam uni
form guide fields of the order of BQ = 1 mT are applied 
along the beam path. 

Before and after the sample the eigenstate of the neu
trons can be changed by activating spin flippers. They 
usually consist of one coil that compensates the uniform 
guide field Bo and a second coil that creates a magnetic 
field BJL -L Bo and B± J. ki, where ki is the wavevec-
tor of the incident neutrons, which rotates the spin by 
180°. With this set-up it is possible to measure the four 
different cross sections o-fj, a-^, a^, and o ^ . 

At the sample position either a vertical or a horizontal 
magnetic field can be applied so that the polarization of 
the neutrons can be selected either parallel or perpendic
ular to the scattering vector Q. 
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The type of set-up described above is most often used 
for measuring inelastic magnetic scattering. For deter
mining magnetic structures it is often more helpful to 
perform a three dimensional polarization analysis. This 
technique differs from the more classical methods in that 
all three, rather than just a single one, of the components 
of the incident and scattered polarizations can be set or 
measured. This possibility allows one to distinguish be
tween rotation of the polarization and depolarization [7]. 

Guide fields 

Flipper 

2 Electromagnet 

\ ^ 

PIG. 1. Schematic arrangement of the three axis spectrom
eter for polarized neutrons used by Moon et al. [3], at Oak 
Ridge National Laboratory. 

B. Basics of the Polarized Beam Technique 

In previous talks during this workshop correlation 
functions for nuclear and magnetic scattering of neutrons 
have been presented. Tn this section we review quickly 
some important properties of the magnetic neutron cross 
section. For more details see S. W. Lovesey [8]. 

The magnetic moment of the neutron can be expressed 
in terms of the Pauli spin matrix a (see Appendix). Then 
the interaction of the neutron with the magnetic field can 
be described by 

where the gyromagnetic ratio 7 = —1.91 and (ijj is the 
nuclear Bohr magneton. The magnetic field Bi generated 
by a single electron at the position fi in the scattering 
system is given by [9] 

* = V # } + ^ . (3) 

The first term (pe = —2ftßS) describes the magnetic 
field due to the magnetic dipol moment of the spin S of 
the electron and the second term describes the magnetic 
field due to the orbital motion of the electron. For the 
time being we consider the first term only. The matrix 
element for a neutron with the initial momentum &,- and 
the momentum after scattering, kj, is then given by [8] 

(kf \S • Bi\ki) oc a • {Qx (Si x Q)} exp (iQ • fj). (4) 

We have neglected the usually insignificant magnetic field 
generated by the nuclei. From Eq. 4 we learn, that only 
spin fluctuations perpendicular to the scattering vector Q 
contribute to the magnetic scattering cross section. This 
selection rule is a direct consequence of the non-central 
magnetic dipole-dipole interaction (Fig. 2). 

It can be shown that the orbital part of the magnetic 
scattering contributes (in the dipol approximation) a sim
ilar term to the matrix element and from now on Si will 
also include the orbital contribution. In contrast, in x-
ray diffraction the orbital- and spin-angular-momentum 
contributions may be separately measured in a variety of 
simple geometries due to the interference between charge 
and magnetic scattering [10]. 

FIG. 2. Field Unes of a magnetic dipole. 

It is instructive to compare the magnetic scattering 
length defined via Eq. 4 with the nuclear scattering 
length 

Ai + Bi5 • I <=> - T r o ? • Q x (Si x Q). (5) 

—p-B = --yiiffa-B, (2) 
rrj = 2.818 • 10 - 1 5 m is the classical radius of the elec
tron. The term containing the amplidude B{ takes care of 
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the spin incoherent scattering by the nuclei and accounts 
for the difference in scattering potential for the nucleus-
nucleon system with spin I + f and I - •§. Although the 
term contains a spin dependent term, the scattering is not 
due to a magnetic interaction. Moreover, the nuclear po
tential is of short range, therefore the amplitudes A{ and 
Bi are independent of Q. The different Q-dependences of 
the magnetic and nuclear scattering lengths allow some
times the separation of the two cross sections even with 
unpolarized neutrons. 

Por the calculation of the scattered neutron intensity 
the partial "Waves from the individual electrons must be 
superimposed similar as for the nuclear scattering and 
one arrives at the following expression for the differential 
magnetic scattering cross section for a process where the 
target changes from the state |A,-<r,-) to \Xfo-j) 

(sj)=^ 2t l^A / |? .M xM,)P 
x6(Ei-Ej+7iu). 

(6) 

Note that the integration over the space coordinates of 
the neutron has already been performed yielding the se
lection rule Eq. 4. The magnetic interaction operator 
Mo. is given by 

M i ^ Q x ( Ç 5 i e x p ( f Q - f ; ) x Q ) (7) 

For the discussion of polarization analysis let us con
sider the matrix element from Eq. 6 in more detail. Be
cause A and er commute with each other we can consider 
the spin dependence of the matrix element (i|<? • Mj . |/) 
separately. Inserting the Pauli spin matrices <n and using 
the relations ffg\ f) = | j) , cy\ T) = i | [), <rz\ T> = | | ) , 
etc. we arrive at the following selection rules with re
gard to the polarization of the incoming and scattered 
neutrons (the z-axis is the axis of quantisation) 

( T k - M x | î > = Mj . , (8) 

U k - M x | j } = - M i 2 (9) 
U \<r • M i | Î) = M X x + i M i s = M+ (10) 
( T k - M x | l ) = M x x - i M ± ! , = M - . (11) 

As an example we consider the scattering of neutrons, 
that are polarized along the scattering vector Q (the z-
direction). Therefore the operator Mj. has only compo
nents M i , and Mxy and all magnetic scattering is spin 
flip (see also Eq- 1). Note that the matrix elements for 
spin flip scattering correspond to the well none raising 
and lowering operators for angular momentum. Indeed 
spin wave annihilation/creation or spiral structures scat
ter only one polarization state of the neutrons for P \\ Q 
(experiments on MnSi in Ref. [11]). 

In conclusion the polarization dependence of the mag
netic scattering cross section and the fact that only spin 

fluctuations perpendicular to Q contribute to the mag
netic scattering cross section allow a clear distinction 
between nuclear and magnetic scattering. In particular 
when a magnetic field is applied parallel to Q CSF) then 
all magnetic scattering is spin flip. However, in prac
tice, the scattering also contains nuclear spin incoherent 
scattering and room background. The straightforward 
way to eliminate these unwanted components is to take 
the difference between the intensities for HF and that for 
a vertical field (VF), both with one flipper on, yielding 
IHF — IVF — ^Imagn- This is the method used exten
sively by Ziebeck, Brown and their collaborators [7] in a 
series of pioneering studies of 3d metals and compounds. 

III. EXPERIMENTS WITH POLARIZED 
NEUTRONS 

A. Determination of Spin Densities 

Measurements of the induced moment form factor can 
be used to study the spatial distribution and temperature 
dependence of the magnetization. In addition, in super
conducting materials the measurements can in principle 
determine the temperature dependence of the spin sus
ceptibility and provide information about the nature of 
the superconducting state [12]. 

FIG. 3. Magnetic moment distribution in the (001) plane 
for Ni. • nickel nucleus. The values of the contours are in 
units of J I B Â - 3 . After Mook [13]. 

The spin density can be determined by measuring the 
magnetic contribution to the Bragg intensities at many 
lattice points using unpolarized neutrons. However, for 
Ni (n = 0.5733/zjg at room temperature) [13] the mag-

file:///Xfo-j
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netic scattering length p = 0.155 • 10"12 cm is much 
smaller than the nuclear scattering length 6 = 1.03-10-12 

cm. Therefore the magnetic contribution to the Bragg in
tensities is of the order of only 1% (Ihki « 62 + | p 2 ) at 
full saturation and the determination of the magnetiza
tion distribution is almost impossible. 

Using polarized neutrons the sensitivity can be dra
matically increased. The experiment consists of measur
ing the intensity of the Bragg peaks when the incident 
neutrons are polarized parallel and then antiparallel to 
the sample magnetization which is aligned perpendicu
lar to the scattering plane by an external magnetic field 
(VF). For the intensity ratio one obtains (Eqs. S, 9) 

This is a 40% effect that can easily be measured. Since 
the scattering process is elastic and does not change the 
eigenstate of the neutrons (Eqs. 8, 9) the analyser crystal 
can be removed yielding a significant intensity gain. Fig. 
3 shows that Ni is not really an isotropic ferromagnet 
because the magnetic moment distribution is anisotropic 
due to the cubic crystal field that splits the 3d orbitals. 
Indeed the magnetization of Ni is only consistent with a 
model where an orbital contribution [iorb = 0.055/ZB is 
included [13]. 

B. Spin Dynamics in High-Tc Superconductors 

The study of magnetic excitations in systems with 
more than a few atoms per unit cell (heavy fermions, 
high-Tc superconductors) and/or small magnetic mo
ments is often hampered by the weak magnetic inten
sities and the occurence of several rather strong phonon 
peaks. In Fig. 4 we show some scans measured with un-
polarized neutrons on the high-Tc sample YBa2Cu3C>6.92 
between 5 K and 273 K (Tc = 91 K) by Rossat-Mignot 
et al. [14]. The profiles exhibit several peaks and it is ob
viously rather difficult to extract the magnetic response 
without making some assumptions. 

The origin of the sharp peak at 20 meV was not un
derstood and assumed to be caused by nuclear scatter
ing, similar as the very broad peak centered around 21.5 
meV. The sharp peak at 24 meV is a contamination 
from the (006) Bragg peak. After subtraction of a con
stant background and of the nuclear contributions men
tioned above, the authors from Ref. [14] obtained for the 
imaginary part of the susceptibility the spectra shown in 
Fig. 5. The vanishing of the magnetic intensity below 
E ~ 28 ± 1 meV was interpreted as a gap. With in
creasing temperature the peak at E = 41 meV shifts to 
E ~ 25 meV. The integrated intensity remains constant. 

In order to remove any ambiguity about the energy 
dependence of the magnetic excitations, Mook et al. [15] 
have applied polarized neutron scattering to study a su
perconducting sample YBa2Cu3C>7 (Te = 92.4). The 

magnetic guide field, H = 3 mT was applied parallel 
to the scattering vector Q. Therefore all magnetic scat
tering is spin flip. 

Figs. 6a and 6b show that the spectrum of the mag
netic excitations is rather simple, consisting of a con
tinuum and a sharp resonance at E = 41 meV at all 
measured temperatures T < 150 K. Both contributions 
are strongly affected by the superconductivity, i.e. the 
resonance decreases and the continuum increases with 
increasing temperature. Measurements around 25 meV 
were impossible because the (006) and (114) reflections 
from YBa2Cu307 were not fully rejected by the Heusler 
analyser. 

FIG. 4. Energy scans performed at (1/2 1/2 5.2) as a func
tion of temperature. Above the background (B.G.) a nuclear 
contribution is indicated by D. After Ref. [14]. 

YBa2Cu30s.92 Q = 11/2 1/2 5.2) _ 

Energy (méV) 

FIG. 5. Im(x) (hi arbitrary units) as a function of energy 
below and above Te. An energy gap of 28 meV is seen in the 
spin excitation spectrum. After Ref. [14]. 
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These results are rather different from the unpolarized 
beam measurements described above because there is no 
peak in the magnetic scattering at 30 meV for T = 100 
K, instead the phonon scattering (non spin flip) is rather 
strong (Fig. 6c), namely it is about 7 times stronger 
than the magnetic scattering at 10 K (Fig. 6b). The 
energy gap turns out to be Eq ~ 35 meV (4.1kßTc). Af
ter identifying the magnetic scattering and noting, that 
the nuclear scattering scales with the Bose population 
factor n(w) + 1 one can use now unpolarized neutrons to 
study the magnetic excitations in more detail with better 
resolution [15]. 

H = 2_j JijSi • Sj- (13) 
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FIG. 6. (a) Polarized beam measurement of Im(x) for the 
(xff) position for T = 100 K. (b) Same measurement for 10 K. 
(c) Phonon scattering normalized to 5000 monitor, (d) The 
analyzer-turned background. After Ref. [15]. 

IV. SPIN FLUCTUATIONS IN EUS NEAR Tc 

In this section we show an application of polarization 
analysis which allows, in addition to extracting the mag
netic scattering, even to distinguish between different 
magnetic excitation modes in isotropic ferromagnets. 

The magnetic properties of isotropic ferromagnets have 
been investigated in detail during the last years. In early 
neutron scattering experiments on Fe and Ni [16] the 
renormalization of spin waves at small q values was stud
ied near the Curie temperature Tc- Moreover the critical 
exponents have been determined and it has been shown 
that they agree well with the predictions of dynamic scal
ing theory applied to the Heisenberg Harniltonian for an 
isotropic ferromagnet 

There are, however, still some important properties of 
Heisenberg magnets that still lack a proper understand
ing. For example the predicted divergence of the par
allel susceptibility Xz a* ^ temperatures below Tc has 
still not been verified experimentally. Another impor
tant topic is the influence of demagnetization effects on 
the spin fluctuations near Tc-

The first problem has been attacked recently [17] us
ing as model ferromagnet a single crystal of 60Ni. The 
main reason being that demagnetization effects can be 
neglected in the ç-range investigated. The measured spin 
flip scattering data demonstrated nicely the renormaliza
tion of the spin waves close to Tc, in agreement with early 
unpolarized beam measurements. The spin fluctuations 
parallel to the direction of magnetization, however, were 
quasielastic and resembled the paramagnetic fluctuations 
above Tc-

Another important aspect of the Heisenberg Harnilto
nian is the influence of demagnetizing effects on the spin 
fluctuations near Tc - Dipolar (i.e. demagnetizing) fields 
destroy the isotropy of the Heisenberg Harniltonian, i.e. 
the energy of a spin fluctuation S S depends on scalar 
products like 6S • (fj — ri). Inserting the spin part of 
Eq. 3 into Eq. 2 one obtains for the dipolar term in 
the Harniltonian for electons at positions ri in the field 
of electrons at positions fj 

*- = -£ fii-Bj (14) 

VlfifP l*;l5 J* 

where rij = rj — rj. Because of the long range of the 
dipolar fields (oc 1/r3), Hi becomes important at small 
momentum transfer q. This fact indicates that the ul
timate critical region q —* 0,T —• Tc of the isotropic 
Heisenberg ferromagnet can actually not be investigated 
because there is a crossover to dipolar critical behaviour 
at small q (see inset Fig. 7). 

[200] 

FIG. 7. Scattering geometry used in the experiment. The 
transverse fluctuations SSt2 parallel to Q do not scatter the 
neutrons. Inset displays the regimes of isotropic (I) and dipo
lar (D) static critical behavior. 
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In typical neutron scattering experiments and "nor
mal" fertomagnets, however, q ^> qd (g<j is the dipolar 
•vvavevector) and dipolar effects can be neglected, while 
NMR and ESR, experiments are very sensitive to them. 
Therefore it is not surprising that only the inclusion of 
dipolar interactions could resolve the puzzle about the 
apparently conflicting results. 

Recently we succeeded to demonstrate the dramatic 
influence of the dipolar interactions in the isotropic ferro-
magnet EuS above Tc on the paramagnetic fluctuations 
via polarized neutron scattering [18]. In order to extract 
the magnetic scattering we have applied a vertical field 
and measured the magnetic cross section at Q = (2 0.18 
0) with spin flipper on and off, yielding the longitudi
nal, xu a nd the transverse susceptibility, Xt, respectively 
(Fig- 7). 

ISO 

xoo 

so 

100 

50 

a) Â EuS 
q=0.19 Â-1 

T=1.006T 
c 

longitudinal 

t r a n s v e r s e 

-0.3 0.3 0.4 

FIG. 8. Constant-j scans probing paramagnetic fluctua
tions near j ~ JJ very close to Tc. The data have been 
alternatively fitted to longitudinal a) and transverse b) spec
tral weight functions of mode-mode coupling theory (thick 
lines) and to Lorentzians (dashed lines). Thin lines depict 
the unconvoluted mode coupling data. 

Fig. 8 shows that the scattering from the longitudi
nal paramagnetic fluctuations SS^q) || g* is significantly 
reduced, compared with the transverse fluctuations ac
cording to 

M?>T) = ̂  û -öl i = l,i-KHT)+q*+6itiqy ' - • ' * • ( 1 5 ) 

K is the inverse correlation length, I indicates the lon

gitudinal and t the transverse part of the susceptibility 
with respect to q. In addition the linewidth of the lon
gitudinal fluctuations is larger. These observations are 
in qualitative agreement with renormalization-group the
ory [19] and recent mode-mode coupling calculations [20]. 
The results show that the dipolar interactions prevent the 
long wavelength longitudinal fluctuations from diverging 
near Tc, i.e. the phase transition at Tc is driven by the 
transverse fluctuations only. 

To provide a direct comparison with the mode cou
pling results the measured Lorentzian widths were nor
malized to the (hypothetical) linewidth of the isotropic 
system at Tc and they are depicted in Fig. 9 versus the 
scaled inverse correlation length n/q. The solid lines indi
cate dynamic scaling functions of mode coupling theory 
[20] which depend only on the dipolar scaling variable 
qd/K(T) with qj = 0.245 A - 1 . Also shown is the lim
iting isotropic behavior [21]. This representation does 
not involve any free parameter and obviously, within ex
perimental error, theory and experiment are in excellent 
agreement. 
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x / q 

FIG. 9. a) Comparison of the longitudinal linewidth of 
Lorentzian fits, normalized to T(T = Tc), with the dipolar 
dynamic scaling function predicted by mode-mode coupling 
calculations, b) Same as a) for the transverse widths. 

As another important feature of our measurements 
we discuss the lineshape of the spectral weight func
tion in more detail [22,23]. The transverse data agrees 
equally well with the predicted transverse lineshape and 
the Lorentzian profile. In contrast the longitudinal data 
is clearly incompatible with the mode coupling predic
tion, which is too squared near E = 0. A more detailed 
analysis reveals that neither a Gaussian nor a Lorentzian 
profile are appropriate parametrizations of the data, in
dicating that the longitudinal relaxation is non exponen
tial near Tc- In fact we have performed a more detailed 
analysis of the longitudinal data using the technique of 
maximum entropy [24], which revealed an even more pro-
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nounced double peak near E = 0 than predicted (thin 
line in Fig. 8a). This result awaits a confirmation by an 
experiment using very high resolution. 

In order to investigate the influence of demagnetizing 
effects on the magnetic excitations below Tc we have per
formed some preliminary measurements with the same 
single crystal EuS, using a triple axis spectrometer lo
cated at the cold source of the Orphée reactor at the 
Laboratoire Léon Brillouin in Saclay [25]. The experi
mental arrangement was similar as the one depicted in 
Fig- 7. 

Fig. 10 shows spectra of three different spin fluctua
tion modes measured within the dipolar critical region 
at C = 0-18 (? = 0.19 A"1) and r = 0.87 Tc. The back
ground has been determined £v, 80 K > Tc, where the 
magnetic scattering is very weak, and it has already been 
subtracted from the data. The insets show the relative 
orientation of çf and 6S with respect to the magnetiza
tion of the sample. Obviously the three spectra are very 
different from each other. 

The transverse spin waves (6£ -L q) are nicely resolved 
and the linewidth is resolution limited (Fig. 10a). From 
the g-dependence of the spin wave energies we deduce 
a spin wave gap of 0.041 meV, which is caused by the 
dipolar interactions and the applied field H = 0.164 T 
via [26] 

Eq = {(Dq2+gi*BH)- (16) 

{Dq2 + giiBH + 47r^ßMosin2 t?)}1 /2 , 

where 8 is the angle between the saturation magneti
zation Af0 and q. The fluctuations parallel to Mo are 
quasielastic and their linewidth corresponds roughly to 
the energy of the transverse spin waves, a similar result 
as in. Ni [17]. This similarity, and the low intensity are 
some of the reasons why the parallel fluctuations have not 
been observed in previous unpo'arized neutron scattering 
experiments [27]. Recently Lovesey has shown that these 
results can be successfully interpreted in terms of the 
Heisenberg model of a ferrornagnet, that includes dipo
lar interactions [28]. 

In contrast to the naive expectation that spin waves 
in isotropic ferromagnets do not depend on the relative 
orientation of 6S with respect to q, a three peaked struc
ture for the longitudinal spin waves (6§ || q) is observed 
(Fig. 10b). It evolves into a regular spin wave spectrum 
at larger q. The g-dependence of the spin wave energies 
is compatible with a dispersion relation having no gap, 
although, according to Eq. 16, a gap due to the dipolar 
interactions is still expected because 6 = 90°. 

The longitudinal spin Waves have a significantly 
smaller intensity than their transverse counterparts. 
Moreover they are strongly damped. These observations 
clearly resemble the situation for the transverse and the 
longitudinal fluctuations above Tc. Obviously the dipo
lar anisotropy is also responsible for the anisotropy of 
the spin waves below Tc. The intensity of the longi

tudinal spin waves remains finite at Tc and evolves con
tinuously into the longitudinal paramagnetic fluctuations 
above Tc, whereas the transverse fluctuations diverge be
low and above Tc like 1/g2. 
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FIG. 10. Constant-g* scans probing the magnetic fluctua
tions with q = 0.19 Â - 1 at 0.87 Tc. The background has al
ready been subtracted. The solid lines are fits to Lorentzians, 
convoluted with the resolution function. 

The g-dependence of the parallel fluctuations is rather 
interesting too. In contrast to Ni, where Xz increases 
with decreasing q, Xz increases first and than decreases 
again with decreasing q (Fig. 11) for 0.79 < T/Tc < 0.98. 
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Moreover, the intensity of the fluctuations is still very 
strong, even at 0.79 Tc, in contrast to Pd-10 at.% Fe 
[29], where the parallel fluctuations were not observable 
a t 0.7 Tc- Because the dipolar interactions do not con
serve the spin, the parallel fluctuations do not vanish 
a t any temperature [30] below Tc (zero point motion). 
Hence we believe that the above observations are related 
to dipolar effects too. Clearly these questions need fur
ther investigation. In addition the rôle of the parallel 
fluctuations with regard to the ferromagnetic transition 
needs clarification. 
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FIG. 11. The ç-dependence of the parallel spin fluctuations 
(55 || Mo) at 0.79 Tc- The peaks exhibit a maximum near 

V. CONCLUSIONS 

In the preceeding sections we have tried to introduce 
some basic concepts of polarized neutron scattering and 
have shown some applications. Polarization analysis is 
not only an important tool for measuring magnetic cross 
sections unambigously, the method is also very powerful 
in separating self and collective dynamics in materials 
that contain strong incoherent scatterers like hydrogen 
[31]. Moreover, using the neutron spin echo method [6] 
one can obtain extremely good energy resolution. 

A drawback of polarization analysis is the lower in
tensity of the neutron beams due to losses caused by 
the polarizing elements. However, this problem is am
ple compensated in many experimental situations by the 
simplicity of this technique. Moreover, as shown in the 
last section, for distinguishing between different modes 
of magnetic scattering, full polarization analysis is nec
essary. 

It is expected that recent progress made in the develop
ment of supermirror polarizers will improve the intensity 
of polarized neutron beams significantly, especially for 
thermal and cold neutrons. 
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APPENDIX 

The elements of the Pauli spin matrix a are defined as 
follows: 

<r*=(i o ) ' ^ = ( i ~o)>a* = [o - i j -

The polarization of the neutron beam is given by P = 
2(s) = (a). Eq. 8 - 1 1 follow immediately when the 
spinors | f) = (J) and | J.) = (J) are being used. 
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MAGNETIC STRUCTURES 

P. Fischer 

Laboratorium für Neutronenstreuung, ETH Zürich und Paul Scherrer Institut 
CH-5232 Vüligen PSI, Switzerland 

Abstract 

As an introduction to the important application of neutron 
scattering techniques to the investigation of magnetic ordering 
phenomena in condensed matter relevant theoretical aspects will be 
sketched and illustrative experimental results will be discussed. 

1) Introduction 

As we heard in previous lectures thermal neutrons are both 
scattered by nuclear forces and due to interactions of their magnetic 
moment with unpaired electrons in magnetic ions or atoms. Despite the 
advances of synchrotron X-ray techniques in this field the method of 
elastic coherent thermal neutron scattering still is the primary method to 
obtain in a rather direct way unique information on the average spatial 
arrangement of atomic magnetic moments in magnetic condensed 
matter. Moreover inelastic magnetic neutron scattering on sufficiently 
large single crystal samples may provide also the basic magnetic 
interactions via measurement of magnetic excitations and crystal field 
spectroscopy. By combination of these results a detailed analysis of bulk 
magnetic properties becomes possible. Corresponding applications range 
from the basic interest in understanding magnetic properties on an 
atomic scale to the explanation of the magnetism of modern permanent 
magnet materials such as Nd-Fe-B. 

2) Neutron spin and atomic magnetic moments 

2a) Neutron properties 

Neutrons are known (cf. e. g. [1, 2]) to possess the neutron 
wavelength X = 2iz/k, wave vector k, energy E = (Äk)2/(2m), m = 
neutron mass, spin 1/2, the spin wave function % = a%+ + b%- and a 
magnetic dipole moment jln = -TJJ-N^, y ~ 1.91, nuclear magneton JIN = 
e/*/(2mpc) ~ 5.05xl0 -24 erg/gauss, mp = proton mass, e = proton 
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charge, c = velocity of Hght, G = Pauli spin operator. We heard that in 
an external magnetic field the neutron spin may be either parallel or 
antiparallel to the field; completely polarised neutrons imply a or b = 0: 

1t Î + 
Hi-' 

Fig. 1 as an illustration of the corresponding neutron precession in a 
magnetic field is taken from ref. [3b]. 

2b) Magnetic moments of electrons 

An atomic electron has the spin angular momentum operator s, 
the magnetic spin dipole moment Ü = -2p.ß I> M-B - ^ Ä/(2mec) = 
9.27x10-21 erg/gauss and orbital momentum p. Thus the magnetic field 
due to the electron is 

(1) g = Hs + H L , HS = c u r l ( E Ä H L = I ^ l È ^ l R = 
R3 h R3 

distance from the electron. The interaction potential of the neutron in 
this magnetic field is 
(2)VM = -Ë n H. 
Thus generally neutrons are sensitive to both spin and orbital magnetic 
moments associated with unpaired electrons such as of type 2p, 3d, 4d, 
5d, 4f and 5f. In the case of d electrons the orbital moment is usually to 
a large extent quenched. 

In magnetically ordered materials the spatial configuration of 
ordered magnetic moments is not a simple scalar function in space such 
as the nuclear density distribution, but consits of axial vectors, as may 
be seen from formula (1). Concerning symmetry transformations they 
show essential differences from the normal polar positional vectors 
(Fig. 2 a from [7, 8]). In particular they are invariant with respect to a 
center of symmetry, but the "time reversal operator" R (also indicated 
by ') changes the orientation of the magnetic moment to the opposite. 
Thus instead of the normal 230 space groups characterising the 
symmetry of the chemical structures of well ordered crystals in 
threedimensional space "black-white" [8, 9] (see Fig. 2b from [8, 10]), 
"colour" symmetry and even incommensurate magnetic structures exist 
which may be described by group theory (see e. g. [11-13]). 
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1 is equivolent. 

H | 

Angular momentum 
of solid bod/ 

spinning about 
an axis 

Spinning 
cloud 

of electric 
charge 

(») 

Clrculir 
current with 

magnetic 
moment 

(«0 

Diagram to illustrate angular momentum and magnetic moment. 
It is usually considered tlr.it the neutron spends part 

of its existence dissociated into a proton and a negatively charged 
- meson, according to the equation : 

=i (proton)-' + (JT nicson)-

During the dissociation period there could be a relatively concentrated 
positive charge surrounded at a somewhat greater distance (a few 
times 10"u m) by a cloud of equal negative charge. Estimates of 
from 10-50% have been made for the fraction of time for which the 
neutron exists in this form. However, whatever be the ultimate 
truth of these speculations we can measure the magnetic moment p 
by practical experiments and thus determine not only its magnitude 
but its sign : it is found that the sign is negative so that, in fig. 1 . the, 
neutron is behaving as though it is a neeative charee which is rotating 
in the direction of the spinning too. 

Angular 
momentum 

L 

Magnetic couple 
= /«B sin 6 

0) 
A spinning magnet 

in a Held 

precession,u\ 

00 
Precession of a 

spinning top 

Fig. 1: Precession of neutron in magnetic field. 

http://tlr.it
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ANALYSIS A N D CLASSIFICATION O F MAGNETIC STRUCTURES 

Invariance and Shubnikov groups (magnetic groups) 

— Polar vectors. 

An axial vector is characterized by a circulation: if the 
circulation ABC in the Oxy plane is direct, an axial 
vector in the positive Oz direction is associated. The 
figure shows that the inversion centre T transforms 
ABC into A'B'C and conserves the sense of the 
circulation. Thus the inversion T conserves an axial 
vector. 

CENTRE 

£ . .—' B" 

ANTI-CENTRE 

C'>0|. 

— Axial vectors. 
Upper part : symmetry centre (ct-Fc.Oj). 
Lower pari : antisymmetry centre (Cr.Oa l . 

W. OPECHOWSKI AND ROSALIA GUCCIONE 

i=7f 4z?f 4Z7Î 4=7f 

\^T" )£=& -|£=P ]^T 
' ^ P PzM PC(C0) P,(F,> 

cfe7 4^?T 

fe^ i^# i^# J^*6 

/ Î C Cie(Ce) C„(PC) C,(lc) 

T • Î O 

em 4^ 

Fie. Magnetic lattices of the orthorhombic system. 

Fig. 2a: Axial vector character of magnetic moments and magnetic 
lattices. 
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Fig. 2b: Examples of Shubnikov space groups and of Escher's black 
and white drawings. 
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3) Magnetic neutron scattering from magnetically ordered 
crystals 

la the usual case of unpolarised neutrons the nuclear and magnetic 
neutron intensities superimpose: 
,o\ da , do~. / d a . 

dU a ß N dD M 
On the other hand we learnt that in the case of polarised neutrons 
interference terms between nuclear and magnetic scattering amplitudes 
are important, and one has to distinguish between "spin-flip" (+-, -+) 
and "non-spin-flip" (++, —) scattering processes in polarisation analysis 
[14]. Here we assume because of the normal limitations in neutron 
intensity and lack of suitable instrumentation, the simpler case cf 
unpolarised neutrons for elastic scattering, i. e. we shall concentrate 
mainly on coherent magnetic neutron intensities {"Bragg" intensities). 
They yield information on magnetic structures or more generally on 
magnetisation densities. 

Using the potential (2) and "Fermi's golden rule" for transition 
probabilities one may derive the differential cross-section for magnetic 
neutron scattering: 

dcy Yrn 1/ \ l 2 A / - \ A 

( 4 a ) ( d Q ) = ( 2 J i } | \ M 2 k / | >whercM(K) i : = Kx(M(K))xK = 

= (M(K))-(£(M(ic)))-ê, M(K) = j M ( r ) e i S d r , M(r) = total 

magnetisation, K = k - k' , |icl=1 and ro = classical radius of the 
electron e2/(mec

2) == 2.82-10"13 cm. Thus one may write: 

] . Compared to the scalar (4b) A = ( | f ) [|(M(K)) 
d û M ZM<B 

nuclear neutron scattering amplitude b the elastic magnetic magnetic 
scattering depends on the component of the Fourier transformed 
magnetisation vector perpendicular to the scattering vector ic : 

Fig. 3. 
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Introducing neutron magnetic form factors f(K) of ions or atoms 
one may rewrite formula (4) in a more useful form: 

•do, ,.„.,,2 Ù^J «,„, _ „/„ \ . ,.,, i Ä _Wv 0 ) Q =ip®r- £P(K) Po . P(K) = p0Z(fllv)fv(K)eiKrive 

- yro/2 ~ 0.27-10"12 cm, p.lv = magnetic moment of magnetic ion or 
atom at site r v within the chemical unit cell 1, W = B(sin0A)2 for the 
temperature factor in isotropic approximation, 29 = scattering angle. 
The summation is over the whole crystal volume. 

3a) Commensurate magnetic structures 

For threedimensional commensurate magnetic structures the 
essential summation may be reduced to the magnetic unit cell. The 
magnetic neutron intensity IM becomes: 

2 . . 2 
iÏCT; - W ; 

( 6 ) I M oc Po ?fj(*)(pjJ-)« P'(K)|2- ê-P'(K) 

P' (ic) = p 0 £ f J(K)( fi. )e1Krj e~ w j , where the sum is over the magnetic 

ions in the magnetic unit cell. The remaining sum 
q 

(7) X e1Krr = S8(ic - TM) , VEM = volume of magnetic unit cell 

represents the well known interference term corresponding to magnetic 
Bragg peaks : 
(8) ic =T;M- It should be noted that the maximum ordered magnetic 
moment <ß> (of free ions) in magnetic neutron diffraction is gJ, where 
for the case of 4f electrons g is the Lande factor and J the total quantum 
number of the ground state. 

3b) Neutron magnetic form factors 

As the range of nuclear forces is small compared to the wavelength 
of thermal neutrons, the nuclear scattering by a single nucleaus is 
isotropic and corresponds to the scalar scattering amplitude b of the 
order of 10"12 cm. On the other hand the linear dimensions of the 
spatial distribution of magnetisation density of a magnetic ion are 
comparable to the neutron wavelength, yielding a dependence of the 
neutron magnetic form factor on scattering vector ic. Compared to the 
X-ray form factor corresponding to a Fourier transformed total atomic 
electron density the neutron magnetic form factor is due to unpaired 
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electrons such as 3d or 4f, which are belonging to outer shells. Thus it 
will decrease more rapidly as function of momentum transfer (K) . 
Moreover in case of f-electrons also orbital contributions are essential, 
which is illustrated in Fig. 4 (from ref. [15]). The unusual form factor 
ofSm3+ with 6H5/2 ground state (J = 5/2 = L - S, L = 5, S =5/2) "is due 
to the fact that the magnetisation density does not have the same sign 
everywhere" [15]. 
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For powder neutron diffraction the dipole approximation of the 
neutron magnetic form factor is in the case of rare earth ions (4f 
electrons) usually sufficient (see e. g. [1]): 
m N - /. , NX /. , .\ J(J + 1) + L(L + 1)-S(S + 1) . . ,. . 
(9) ^ ° 0 o W ) + ( i 2 W ) 3 ; ( J + / ) _ L ( L + j ' ) + s ( s + 1 ) . w«h rad.al 

integrals <jv> calculated in the relativistic Dirac-Fock formalism [16]. 
Similar tables for 5f and 3d electrons are published in references [17] 
and [18], respectively. Recently analytical approximations have been 
tabulated by P. J. Brown [19]. 

3c) Fourier representation of magnetic moment configuration 

Because of the positional translational symmetry of magnetically 
ordered crystals one may use a Fourier expansion of the magnetic 
moment configuration [5]: 

(10) (p-iv) = SQv(K)e i K ï l v , where the "propagation vectors" K are 

vectors of the first Brillouin zone of the chemical structure. 
Introducing (10) into equation (5) yields 
(11) P(K) = p0Xfv(K)Qv(K)e iê îve-Wv5:ei(K+K)r1> S i m i l a r t 0 ( 7 ) 

v,K 1 
this implies: 
(12) K = T - K . Thus every Fourier component QV(K) causes a 
magnetic "satellite" peak of a nuclear Bragg reflection %. 
The corresponding magnetic neutron intensity is: 

2 l_ 2 
(13)IMocFM K-FM ,F M (x ,K) = p0Ifv(T-K)Qv(K:)e iT rve-Wv, 

v 
The first step in the investigation of magnetic structures is the 
determination of the K vectors by powder and single crystal neutron 
diffraction studies in the magnetically ordered state. Usually the 
corresponding single crystal information is more unique, but the 
powder neutron diffraction measurement yields important first 
information on the type of magnetic ordering which faciltates more 
detailed single crystal investigations (in particular without 
twodimensional detector). 

3d) Magnetic domains and multi-K magnetic structures 

A main problem in the determination of magnetic structures is 
furthermore the usual presence of magnetic domains even in single 
crystals. Thus one should perform in magnetic intensity calculations an 
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averaging <lM({hkl})> over those domains or those reflections hid 
which contribute to the same magnetic Bragg peak. For the case of 
powder diffraction the corresponding aspect of information loss has 
been treated already early by Shirane [4]. For cubic symmetry of the 
magnetic structure it can be shown that only information about the 
magnetic moment magnitude remains. For uniaxial symmetry of the 
magnetic structure (tetragonal, hexagonal and rhombohedral in 
hexagonal description) in addition to the moment magnitude the angle of 
the magnetic moments with respect to the unique c-axis may be 
determined . For lower symmetry in principle the information on the 
orientation of the magnetic moments with respect to the basic 
translations is no longer limited. If one is not certain about the true 
symmetry of the magnetic structure a rather safe way of proceeding in 
powder studies is to use maximum powder multiplicity 2, implying 
proper summation over superimposed {hid} and/or magnetic domains. 
As a consequnce it is normally not possible to distinguish between single 
and multi-K structures from powder samples and single crystal 
specimens with statistical domain distribution (see example in Fig. 5 
[20]), yielding identical neutron intensities [4, 21]. Here adequate 
application of external magnetic or electric fields or pressure (see 
example in Fig. 5 [20]) may be important to solve this essential 
problem. 

3e) Incommensurate magnetic ordering 

As examples of incommensurate magnetic structures we consider 
spiral configurations as known for heavy rare earth metals (see Fig. 6 
[3, 22]). They correspond to general vectors K. In this case of an 
antiferromagnetic spiral structure the Fourier expansion is obvious: 

A _ A A A 

(14) p.lv = [4cos(Kr lv+(pv)+fisin(Kr lv + 9v)]((x), where Ç. and T\ 
denote Cartesian unit vectors in the plane perpendicular to the spiral 

A 

axis Ç. q> is a possible phase shift. From equation (14) one obtains 
immediately: 

(15) Qv(K) = ̂ e i ( Pv( | - - i ^ ) ,Q v ( _K)==^e - i ( l ) v(^ i^ A ) . Thus 

according to (10) and (12) the antiferromagnetic spiral configuration is 
characterised by a pair of magnetic satellite reflections for each nuclear 
Bragg peak: 
(16) K+g =x + K. Using (13) one obtains the corresponding magnetic 

intensities: 
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(17) l_ _ - = CPoW Zfv(^)e v^±i<PvJ^v 
A A 

[l + (K-^r].Thus the spiral 

intensity varies with the factor 1 + cos2\}/, where \}/ is the angle between 
the reflecting plane and the planes of magnetic moments. 
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As illustrated in Fig. 6 the magnitude of K - i. e. the spiral period -
generally varies with temperature and may "lock in" at a commensurate 
value at a certain temperature. 

Relations (16) and (17) hold also for an incommensurate cosine 
modulated antiferromagnetic configuration of magnetic moments, but 
the intensity is proportional to the factor [l-(cos(j))2], (j) = angle (jl, ic), 
i. e. may vanish for p. parallel to ic. 

3f) Commensurate modulated multi-K structures of magnetic 
moments 

In certain very anisotropic magnetic systems such as the 
anomalous antiferromagnetic rare-earth compound CeSb with NaCl type 
chemical structure several discrete K values (K = [K, 0, 0] etc.) are 
observed [23, 24] as function of temperature (see Fig. 7 ). The easy 
directions of magnetisation are the cubic <1, 0, 0> axes. Thus magnetic 
structures become possible which consist of ferro- or paramagnetic {1, 
0, 0} planes due to magnetic Ce moments stacked in various 
combinations of "+, - and 0" along <1, 0, 0>. In this quasi 
onedimensional "square wave modulated" case one may describe the 
magnetic superstructures by Fourier expansions with a finite set ofK 
values [23]: 

2i 
(18) K; =— TQOI, J = 0, 1, 2,..., n, where 2n = N - 1 for N odd and 2n 

J N 
= N for N even, N = number of layers of magnetic ions characterising 
the magnetic superstructure. A characteristic feature of these phases 
such as ++/-0+/-- is the appearance of one dominant magnetic satellite 
and of further weak peaks, e. g. in the given example: 2j/N = 2/7, 4/7 
and 6/7. The Fourier expansions for these magnetic configurations are 
[23]: 
a 9 ) ( , v ) = i o A ( K j ) c o s ( K j î v - 9 j ) , A ( g j ) = 2 W ^ T Ï ? , 

except for Ä(Kv- )= TOOI-JRJ2 + J J 2 for 2j' = 0 and N (N even), 

1 N - 2i 
Rj =— X(|iv)cos(Kjrv +^rc ) , 

1 N _ 2i 2i 
Jj =— S(M-v)sin(KFv +77^) ' 9j = arctan(Jj/Rj)--f7c, 

Nv_i J N J J J N 
rv = f.c.c. Ce lattice positions. 
(e. g. A(2/7) = 0.36<u>, A(4/7) = 1.25<|i> and A(6/7) « 0.14<u>) 
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3g) Magnetic cross-section for a paramagnet 

Due to random orientation of the magnetic moments in a 
paramagnet consisting of a single type of rare earths the differential 
magnetic scattering cross-section is (see [1 - 3]): 

2 

<20> ^ ) p m g = | N g 2 J ( J + l X - ^ ^ T ) 2 f ( K ) 2 . Thus paramagnetic 
àQ. p s 3 2m ec z 

neutron scattering corresponds to a diffuse (incoherent) intensity 
contribution to the background, which diminshes with sinOlX 
proportional to the square of the neutron magnetic form factor. 

As a nice application of polarisation analysis experimental results 
on paramagnetic scattering by Mn in M11F2 are shown in Fig. 8 (from 
ref. [14]). 
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4) Examples of neutron scattering investigations of magnetic 
ordering (mainly performed at LNS) 

The main method to detect magnetic ordering by neutron 
diffraction is the investigation of the temperature dependence. Usually 
a major problem is the fact that often the magnetic neutron intensities 
are orders of magnitude weaker than the nuclear intensities, requiring 
high neutron intensity and use of multidetectors. Here magnetic 
difference patterns may be very useful, if the variations of the lattice 
parameters with temperature are not too large. 

4a) Tb ferromagnetism in TbClß 

In the orthorhombic rare-earth compound TbCl3 with PuBr3 
structure (space group Cmcm) long-range ferromagnetic ordering due 
to magnetic moments of Tb3+ ions with magnitude 8.4 JIB at saturation 
occurs below the Curie temperture Tc = 3.7 K [25]. As illustrated in 
Fig. 9 at low temperatures the ferromagnetic intensities are 
superimposed on the nuclear intensities (K = 0 ) . The best fit of the 
magnetic neutron intensities yields that the magnetic moments are 
oriented perpendicular to the c-axis (approximately along [1, 0, 0]). 
Apparently the crystal-field reduction of the ordered magnetic moment 
is only small in this case, as (gJ = 9)\IB would be the free ion value 
value for the 7FÖ ground state of Tb3+. The temperature dependence of 
the zero-field magnetisation as measured by neutron diffraction 
indicates a phase transition of second order (see Fig. 9). 

4b) F-electron antiferromagnetism in the heavy-fermion 
systems MPd2Al3 (M = U, Ce) 

The intermetallic compound UPd2Al3 is a rather new heavy-
fermion superconductor with a high Tc of 2 K, an even higher Néel 
temperature TN = 14 K and with an electronic y value of specific heat 
of the order of 200 mJK^mole-1 [26]. First powder neutron diffraction 
results estabhshing antiferromagnetic long-range order of magnetic U-
5f-moments according to K = [0, 0, 1/2] were performed on the 
multidetector powder diffractometer DMC at reactor Saphir [27]. 
Corresponding neutron diffraction patterns are shown in Fig. 10, 
together with the magnetic structure as insert. Apparently there exists 
antiferromagnetic coupling between the nearest U atoms (U-U ~ 4.17 
À) parallel to the c-direction of the trigonal PrNi2Al3-type structure 
with space group P6/mmm. From the measured neutron intensities the 
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magnetic moments of remarkably large magnitude jiu ~ 0.85 JIB at 
saturation are oriented perpendicular to the [0, 0, 1]-direction. Later 
precise single-crystal neutron diffraction experiments were performed 
to determine the temperature dependence of the magnetic ordering in 
UPd2Al3 [28] which is shown in Fig. 11. Apart from the presently 
controversal intensity changes at Tc the phase transition seems to be of 
second order. A plot of the logarithm of the reduced magnetic moment 
versus the logarithm of the reduced temperature yields the critical 
exponent ß = (0.55±0.05), which indicates within error limits classical 
mean-field behaviour, similar to UPt3. Also the critical magnetic diffuse 
intensity is shown which peaks at temperatures close to TN-

In the isostructural heavy-fermion compound CePd2Al3 with y ~ 
360 mJK-2mole-1 [29] the magnetic ordering as determined by recent 
powder neutron diffraction studies made at LNS on a carefully prepared 
sample is found to be remarkably similar, except for the lower TN ~ 
2.8 K and the lower ordered magnetic Ce moment of about 0.47 p,B> In 
the case of the Ce system with the smallest Ce-Ce distance of about 4.21 
Â single crystal investigations did not show magnetic ordering until 
now, presumably due to an essential dependence of the magnetic 
properties on sample quality which presently seems to be better in case 
of the powder specimens. The possibility of incommensurate magnetic 
ordering in MPd2Al3 at temperatures close to T N is still a matter of 
debate at present. 

4c) First-order transitions to antiferromagnetic ordering in 
the Kondo compounds YbX (X = N, P, As) 

With respect to competition between magnetic interactions such as 
of type RKKY and Kondo hybridisation the Yb monopnictides with 
simple NaCl type chemical structure are of particular interest [30]. As 
may be seen from Fig. 12 the transition to the magnetically ordered 
state is of first order , which was shown most clearly by Mössbauer 
spectroscopy (cf. Fig. 12 ), proving that the hyperfine field stays 
practically constant in the antiferromagnetic state [31]. Later neutron 
diffraction investigations by L. Keller et al. [32] have shown in the case 
of stoichiometric YbP an essential influence of stoichiometry on the 
temperature dependence of the magnetic phase transition, whereas the 
f.c.c. II type antiferromagnetic structure is the same as of 
nonstoichiometric YbPo.84- Table I (from ref. [33]) shows the variation 
of the magnetic properties of the Yb monopnictides. In particular 
Kondo hybridisation results in a decrease of the ordered magnetic 
moment with repect to the "crystal field" values. Presumably in case of 
stoichiometric YbSb the ground state is nonmagnetic. 
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Table I : Summarized results for the ytterbium monopnictides YbN, YbPo.84. YbAs and 
YbSb. a295K: r°on"i temperature lattice constant, B4 Be: CEF parameters, k: magnetic propaga
tion vector, 'ök(c): angle between the direction of magnetic moments and the magnetic propaga-
tion vector k (the c axis), TN: Néel temperature, jio: ordered saturation moment, AMF: molecular 
field splitting, Agap: spin-wave energy gap. 

nuclear 

structure 

a295K 

CEF level 

sequence 

B4 (meV) 

Be (meV) 

magnetic 

structure 

phase 

transition 

TN 

^0 

AMF 

AQSD 

YbN 

fee 

4.781 Â 

r6-r8-r7 

-4.2(2)-10-2 

6(2)-10-5 

AF type-Ill 
k = [1,0,1/2] 

^ = 90° 

first-order 
0.790(5) K 
0.39(5) u.B 

YbPo.84 

fee 
5.5515(6) Â 

r6-r8-r7 

-2.2(2)-10-2 
7(2)-10-5 

AF type-ll 

k = [1/2,1/2,1/2] 

^k = 90° 

first-order 

0.640(5) K 

1.03(7) uB 

YbAs 

fee 
5.6957(9) À 

r6-r8-r7 

-2.1(2)-10-2 

5(2)-10-5 

AF type-Ill 

k = [1,0,1/2] 

flS = 90° 

first-order 
=0.65 K 

0.86(5) uB 

0.31 meV 

0.08(2) meV 

YbSb 

fee 
6.082(1) Â 

r6-r8-r7 

-2.1(2)-10-2 
1(2)-10"5 

paramagnetic 

4d) Magnetic ordering in the U chain compound K2ÜBrs 

The ternary uranium(III) halide K2UBr5 crystallises with the 
orthorhombic K2PrCl5 type chemical structure, corresponding to space 
group symmetry Prima [34]. The U 3 + ions occupy sites (4c), (x, 1/4, z). 
There exist chains parallel to the b-axis with U-Br-U bridges (see Fig. 
13 ), separated by potassium ions. The U-U distances within a chain are 
approximately 4.8 Â, whereas the shortest U-U distances between the 
chains are about 7.2 Â. As also indicated in Fig. 13 the magnetic 
susceptibility shows versus temperature a broad peak at about 10 K 
which presumably is due to onedimensional (ID) 5f-antiferromagnetism 
similar to the hexagonal ID Heisenberg antiferromagnet TMMC 
(CD3)4NMnCl3 with chains parallel to the c-axis [35]. Instead of 
magnetic Bragg peaks the reciprocal space contains in this case magnetic 
intensity distributed over planes perpendicular to the chain direction. By 
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means of quasielastic neutron scattering experiments on single crystals 
this may be observed via temperature dependent correlation functions of 
Lorentzian peak shape (Fig. 14 ), yielding e. g. in case of TMMC the 
intrachain interaction J/k = -7.7(3) K. As expected for 
antiferromagnetic intrachain coupling Fig. 14 shows neutron intensity 
maxima at odd values of I. As presently only powder samples are 
available in case of K2UBr5 one cannot "see" ID antiferromagnetism 
directly by powder neutron diffraction, but one may search for 3D 
antiferromagnetism at low temperatures. Indeed a first-order phase 
transition to long-range 3D antiferromagnetism has been found at TN = 

QBrl 

0 . 0 5 -

0.04' 

_ 0 . 0 3 -
o 
E 

0 . 0 2 -

• 
• • 
• • 

0 . 0 5 -

0.01 

0.00-I 

0 . 0 4 -

0.03-1 

* * 

• • 
• * < • 

**• * > H • 

- r ~ 
50 

- i 1 1— 
100 150 200 

Temperature (K) 

250 300 

Fig. 13: Chain structure and magnetic susceptibility of K2UBr5. 
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2.8 K [34] (Fig. 15 ) . As the magnetic difference pattern may be 

Quasielastio scans across the planes in 
TMMC. The upper four scans were made In the (A, 0,/) 
crystal with h fixed at 0.28 reciprocal-lattice units. 
The lowest scan was made in the (fr,k,l) crystal with 
h = 0.1. The open circles are the actual experimental 
data; the closed circles give the residual magnetic 
scattering after the nuclear contribution has been sub
tracted off. The solid lines in the lowest four scans 
are theoretical fits as described in the text. 

Fig. 14: Temperature depen
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indexed in terms of the chemical cell, K = 0 holds in this case. The best 
fit of calculated and observed neutron intensities (Fig. 16) was achieved 
for the Shubnikov space group Pn'm'a'. Because of the anti-mirror 
plane m1 associated with the special uranium sites (4c) the magnetic 
moments may have only x- and z-components (Table II ) . The resulting 
antiferromagnetic structure of K2UBrs is illustrated in Fig. 11. 
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i i i i i i i i n mi i nun in i i i mm I I n i mum 

1.5 - 15 K 

^4f^Ä^ 
i i 

10 15 20 25 30 35 
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Fig. 16: Observed and calculated magnetic neutron difference patterns 
ofK2UBr5. 

Table II: 

Magnetic data of K2UBr5 at 1.5 K derived from the difference pattern 1.5 -15 K of the 

DMC measurements (X= 170.08 pm, high intensity mode) by the Rietveld program 

Shubnikov space group: Pn'm'a', k = 0. 

Rmag= 18.46%. 

Coordinates and components of the ordered magnetic moments of U3+: 

x/a y/b z/c u.x/u.B H/U-B M-te 

U(1) 

U(2) 

U(3) 

U(4) 

0.5062 

0.9938 

0.4938 

0.0062 

0.25 

0.75 

0.75 

0.25 

0.0812 

0.5812 

0.9188 

0.4188 

^(U3+) = 2.31 (4) 

1.66(4) 

-1.66(4) 

-1.66(4) 

1.66(4) 

HB 

0 

0 

0 

0 

1.60(4) 

1.60(4) 

-1.60(4) 

-1.60(4) 
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Fig 17: Projection onto the (0, 1, 0) plane of the magnetic structure of 
S K2UBr5. 

In this case the symmetry analysis of possible magnetic structures 
by group theory [11] yields equivalent results, as the Reducible 
representations for point group D2h - mmm are onedimensional wluch 
are valid for K = 0 (see Tables Ilia and 111b ). 

Table Etta: Character table of irreducible representation of point 
group mmm-D2h. 

A«A# 
A—A* 
A «A* 
A «A* 
A «A« 
A «A«. 
A=A« 
A «A« 

2« 2xî 2VT 2 J 
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Table Illb: Group theory results for magnetic configurations in case 
of Pnma, K = 0 and sites (4c). 

(4c) positions: 
1: x, 1/4, z; 2: -x, 3/4, -z; 3: 1/2-x, 3/4,1/2+z; 4: 1/2 +x, 1/4,1/2-z 
Magnetic moment configurations: 
F: + + + +; A: + - - +; C: + + - -; G: + - + -

Pnma [Sites 4(c)] 

Generators Axial vectors 
Representation 

A=r l a 
r2=T2ff 
r3=r3„ 
r^=r^a 

r5=rlu 
fô = ^2v 
^ 7 = ^ 3 « 
ris=r^u 

2 i . « 

+ 
+ 
— 
— 

+ 
+ 
— 
— 

2i.r 
+ 
— 

+ 
— 

+ 
— 

+ 
— 

T 
+ 
+ 
+ 
+ 
— 

— 
— 
— 

X 

. 

F 
C 
• 

A 
. 
. 

G 

y 
c 
. 
. 

F 

. 

G 
A 
• 

z 
. 

C 
F 
• 

G 
• 
• 

A 

The magnetic structure of K2UBrs corresponds to the irreducible 
representation T5 with Ax and Gz configurations of the four magnetic 
ions in the chemical unit cell. 

4e) Two dimensional antiferromagnetism in the 80 K super
conductor DyBa2Cu4C>8 

Due to the approximately three times larger distance between 
magnetic Dy3+ ions along the c-axis compared to those perpendicular 
to [0, 0,1] and because of frustration effects associated with the Ammm 
space group symmetry (Fig. 18 ) DyBa2Cu40s is an ideally 
twodimensional antiferromagnet even at temperatures as low as 7 mK 
[36]. 

What should be the resulting elastic magnetic neutron scattering in 
such cases ? Two-dimensional (2D) antiferromagnetic ordering 
corresponds to magnetic rods in reciprocal space instead of magnetic 
Bragg points for 3D ordering, which yield a superposition of Gaussian 
Bragg peaks in case of usual constant wavelength neutron powder 
diffraction. In a powder neutron diffraction measurement one scans 
reciprocal space radially, i. e. suddenly one touches the first magnetic 
rod, resulting in a steep increase of magnetic intensity. As the rods 
extend in principle to infinity the 2D peaks of magnetic neutron 
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Fig. 18: Rare-earth sublattices of DyBa2Cu307, DyBa2Cu40s and of 
Dy2Ba4Cu70i5. 

Dy Ba2Cu40, 

30 40 50 60 

2-THETA (DEGREES) 

Fig. 19: Observed and calulated magnetic neutron diffraction patterns 
of the 2D antiferromagnet DyBa2Cu40s. The insert indicates the 
magnetic unit cell in the (a, b) plane. Filled and unfilled circles indicate 
antiparallel orientation of magnetic Dy moments parallel to the c-axis. 
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intensity decrease at higher scattering angles only gradually. In case of 
magnetic correlations between neighbouring planes modulations of the 
magnetic rod neutron intensity result which imply modulations of the 
2D peaks. The theory is indicated for the simplest case in formula (21): 

IF J 2 

l{k (2D) =const.L7^-F(e), 
"* SH10 

Ä -W; iQr. 
(21) FM=êQx(ê(1xêQ)X<u2> jf j(Q)e Je J , 

F(6)= J 
nil _4g2(sinecos(p-sin0., ) 2 

Ä? hk; 
dcp, 

where 29 = scattering angle, 8hk = Bragg angle of the 2D peak (hkO), Q = scattering 
vector, p. = magnetic moment with expectation value <|J.z> and direction given by unit 
vector ë for a collinear magnetic structure, f = neutron magnetic form factor of the 

magnetic ions, e"w = temperature factor, r = position vector of the magnetic ion in the 
magnetic unit cell, L = domain size within the 2D layer, X = neutron wavelength. 

As may be seen from the measured magnetic powder neutron 

diffraction pattern shown in Fig. 19 the D y 3 + ions in DyBa2Cu40s 

('Dy 1-2-4') exhibit clearly 2D antiferromagnetism. The 2D hing 
character is moreover reflected in the temperature dependence of the 
ordered magnetic moment shown in Fig. 20 [36]. 

DyBa2Cu408 

Temperature [ K ] 

Fig. 20: Temperature dependence of sublattice magnetisation of Dy 3 + 

in 'Dyl-2-4'. 
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4f) Nuclear induced Ho antiferromagnetism in HoBa2Cu30x 

and magnetic stacking faults 

A particularly interesting case is Hol-2-30x [37] with in principle 
nonmagnetic singlet crystal-field ground state. The antiferromagnetic 
ordering below approximately 190 mK is due to hyperfine interactions 
associated with nuclear polarisation ofI65Ho with large nuclear spin I = 
7/2. It corresponds to K = [0, 1/2, 1/2], in good agreement with the 
very anisotropic exchange parameters determined by means of inelastic 
neutron scattering experiments on grain-aligned powder samples of 
Hol-2-30x [38]. Moreover the magnetic ordering of Hol-2-307 was 
found to be imperfect according to magnetic stacking faults along the c-
axis, i. e. finite correlation length of about 30 À. Possibly this is similar 
to Yl-2-30x [39] associated wiihphase separation occuring for x > 6.9, 
which may influence the magnetic ordering more directly than oxygen 
superstructures with only very weak nuclear superstructure peaks and c-
lattice parameter splittings only visible in case of very high resolution. 
The magnetic nuclear induced magnetic ordering (with intensity 
contributions due to nuclear polarisation to the difference pattern) and 
the magnetic stacking faults, resulting in extremly anisotropic, 
Lorevdzian peak shape , are illustrated in Figs. 21 to 23. 
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loo È dependence of the neutron 

| intensity of the (0, 1/2, 1/2) 
I p e a k of Hol -2-307 
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diffraction patterns of Hol-2-306.8 (c-correlation length « 130 À) with 
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Fig. 23: Observed and calculated magnetic difference neutron 
diffraction patterns of Hol-2-307 (c-correlation length ~ 30 Â). Lower 
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4g) Incommensurate antiferromagnetic structure of TbPd3 

The intermetallic compound TbPds with cubic AuCu3 chemical 
structure was found to display a rather complicated, modulated 
antiferromagnetic structure due to magnetic Tb as well as by Tb 
induced Pd moments [40]. The temperature independent vectors Kj are 

given in Fig. 24 together with the observed and by program MINREF 
calculated [41] neutron diffraction patterns. At this point one should 
mention similar possiblities with the more and more general 
FULLPROF program of J. Rodriguez [42], whereas the standard profile 
program [43] is restricted to the case of commensurate magnetic 
structures. 
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Neutron diffraction profile analysis of the incommensurate 
antiferromagnetic structure of polycrystalline TbPd3 at a neutron 
wave-length of 0.17089 nm, performed with the special refinement 
program MINREF . The upper triangles indicate the nuclear 
Bragg peak positions. The other triangles represent the magnetic 
satellite positions of the Tb- and Pd-sublattices. 

k p d = ( - i + ^ + 2 < 5 , i + A (5 = 0.0254(2) 

Fig. 24: Neutron diffraction patterns of TbPd3 with incommensurate 
antiferromagnetic structure. 
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5) Concluding remarks 

Since the pioneer experiments such as in 1949 on MnO [44] the 
determination of magnetic structures or more general the study of 
magnetic ordering phenomena in condensed matter on an atomic scale 
by means of neutron scattering experiments is today well established. It 
is hoped that the present introduction has shown important current 
possibilities of both powder and single crystal studies and in particular 
the chances of combining results from elastic and inelastic magnetic 
neutron scattering. On the other hand we did not consider more 
disordered magnetic systems such as spin glasses [45] or the promising 
possiblities of artificial magnetic multilayer systems!superlattices [46], 
Future investigations on more complex systems will profit from the 
advances in high resolution and high intensitiy of complementary 
modern neutron and synchrotron X-ray sources and instruments and 
should use maximum information from symmetry analysis via group 
theory and of physical models. Due to the high resolution in momentum 
space magnetic X-ray scattering with synchrotron radiation has lead for 
example to the new concept of "spin slips" in the magnetic structures of 
heavy rare earth metals such as Holmium [47]. Once more the unique 
possiblities with polarised neutrons [48] such as the measurements of 
neutron magnetic form factors and of detailed magnetisation densities 
should be emphasized. Perhaps also more use of spin-density Patterson 
functions [21] could be made. Furthermore polarisation analysis [49] 
and magnetic structure determination using zero-field neutron 
polarimetry [50] are and will become even more powerful additional 
tools in future to settle unsolved problems. 
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MAGNETIC EXCITATIONS 

G.H. Lander 
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ABSTRACT 

After a brief discussion of the magnetic cross, I present some of the well-

known examples of magnetic excitations, such as in Ni, and Gd. In the limit of 

small exchange interactions and localized-electron states, the excitation spectra 

consists of crystal-field and spin-orbit levels. An example is given of such 

excitations in the new high Tc materials containing rare-earths. Finally, I discuss 

the magnetic excitation spectra in the important case in which an interaction 

occurs between the valence and conduction-electron states. Such interactions 

give rise to intermediate valence states, the Kondo, and heavy-fermion ground 

states, and (possibly) the superconductivity in high Tc materials. 
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I INTRODUCTION 

Magnetism dates back to prehistoric times — the compass being one of the 

earliest navigational tools used by our ancestors. To make a compass requires a 

material that is a ferromagnet with Tc greater than room temperature. Similarly, 

the computer on which I type these notes relies enormously on 

''ferromagnetism." A huge advance in technology, but still relying on the same 

type of "magnetism". On the other hand, we know from our studies that having Tc 

above room temperature is a restrictive and even difficult condition for 

ferromagnetism. We know, although perhaps less well, about antiferro-

magnetism, spin glasses, heavy fermions, multilayers, and high-Tc 

superconductors, all of which in some way involve (or at least exhibit) magnetic 

interactions. 

Ultimately, to understand magnetism we must determine the spin-spin 

correlation function, and the exchange interactions between the unpaired 

electrons in the material. The central equation to solve is the celebrated 

Heisenberg-Dirac interaction in which the Hamiltonian contains the exchange 
interaction J and the spin-spin interaction, H=> -2J]? Sj • Sj This is often a 

«j 

formidable many-body problem. 

An enormous number of probes are available for examining the magnetism 

of materials, including seeing if it makes a compass, but the most comprehensive 

and fundamental is neutron inelastic scattering to measure the excitation spectra. 

One might suppose from this that computer manufacturers would be falling over 

themselves to do neutron scattering, but, alas, that is untrue. Despite uniqueness, 

neutrons are expensive and extremely demanding in terms of samples, often 

requiring large single crystals or (at least) a sizable amount of material. It is also 

true that — as with the compass — we often do not have to understand things to use 

them. And yet, as technology drives ever towards the atomic level, the 

understanding of magnetism will become increasingly important. 

The two units of energy (frequency) used in inelastic scattering are milli-

electron volts (meV) and terrahertz (1 THz= 1012 Hz). 1 meV=0.242 Thz = 11.61K = 

8.065 cm -1. The latter being used by spectroscopists. 
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II MAGNETIC CROSS SECTIONS 

Many excellent text books exist. For example, Marshall and Lovesey[l], 
Lovesey[2], Squires[3], and the series edited by Price and Skold, specifically the 
chapter by Stirling and McEwen[4]. The magnetic cross section is given by 

d2_p-
dßdE 

^ ~ i ^ | i g f ( Q ) 2 ^ 5 : ( ö « ß - Q a Q ß ) s a ß ( Q , « ) ) e - 2 w ^ (i) 
mec"j ^i 2 ° , w h sç 

The first term in this equation gives the coupling between the neutron and 
electron spin. It has a magnitude of 73 mb. kj and kf are the magnitude of the 
incident and scattered wavevectors, (recall that k=2îi/X, where k is the wavelength 
of the radiation) respectively, and the momentum transfer 0_= ki-kf. g is the 
lande factor, and f(Q) is the atomic form factor of the unpaired electrons. The 
function (öaß -QaQß J .ensures that only components of the spin system 

perpendicular to the scattering vector Q. contribute to the scattering cross section. 
The final term is the Debye-Waller factor. The term 

Saß(Q,<o) - ^-/expHcot)dt 2 exp[iQ(rm - rn)x < S° (t)sj(t) >. (2) 
m,n 

In Eq.(2) r m represents the position of the spin m. The energy change lto=Ei-Ef = 
(n2/2mn)(kj2- kf2). The statistical average is denoted by < >. The correlation 
function is a sum of contributions due to dynamic (oscillatory and relaxational) 
processes and the equilibrium arrangement of the spins. 

s«ß(Q > t o ) . B f e h l " (Q,co) + SaP(Q)ô((o) (3) 

where the term Xaß"(Q,to) is the imaginary part of the generalized susceptibility 
due to the spin dynamics and is obtained by applying the fluctuation-dissipation 
theorem. The termn(œ)+l = (l-exp(-6co/kT))"1 is known as the detailed balance 
factor, and is related to the number of possible states populated at a given 
temperature. The last term (elastic in energy) is the long-time static magnetic 
correlation function, which we shall not discuss here. 
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We may relate the imaginary part of the susceptibility to the real 
component measured in bulk magnetization studies by the Cauchy relationship, so 
that 

Xreal(Q,0) = f - / ^ 5 C " ( Q , œ ) (4) 

If we concentrate on the form of the dynamical response function Xaß(Q><») then 

there are a number of different forms in which it can be written. For a quantum 
system at T=0 with eigenstates lj> and energies Ej and the ground state I0> 

<OIS^IjxjlSßIO> 

where T represents a lifetime of the excited state. The imaginary part of this 
expression gives rise to two spin wave branches (propagating in the directions 
±q) with a dispersion related directly to the magnitude of the matrix elements. 

Another expression for the cross section recognizes that there will be a 
number of discreet energy levels and reduces to 

S(Q,o,T) « ^pm l<nlJzlm>|2 ^ ^ ^ " A T ) p ^ ^ ^ ( 6 ) 

ran 
where the energy differences between the levels n and m is Anm, pm=Z"1 exp(-
Aim/kT)> where Z is the sum over all the states, describes the occupation of the m * 
level at a temperature T, and the last function P is a relaxation function, which we 
shall discuss more fully towards the end of this lecture. 

111 GENERAL CONSIDERATIONS 

There is not space in the written notes to describe experimental 
techniques. What I shall try and do here is to give a series of examples, and 
discuss them qualitatively. Hopefully this will give the beginner a 'feel' for the 
physics in this field. 

Figure 1 gives a general overview. Figure 1(a) shows single-ion 
dispersionless excitations in a crystal-field system. The fact that the energy 
levels are independent of the reduced wavevector q in the Brillouin zone 
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indicates that there is little exchange in the system, and it will either order 

magnetically at very low temperature or not at all. The dispersionless nature of 

the energies also means that experiments may be done on polycrystalline 

samples; thus making them much easier than having to acquire a single crystal 

and perform laborious measurements as a function of wavevector. If the energy 

is small (< 100 meV) then these levels are typically within a ground J state 

multiplet involving a rare-earth ion. Because these experiments are relatively 

easy and have a high information content, they are popular. The spin-wave 

dispersion for a localized system, which is controlled by the exchange parameter 

J(q) is illustrated in Fig. 1(b). We can determine the exchange from such a 

dispersion curve. This situation is for materials that order at reasonable 

temperatures (10 < T < 300 K), and in which the interaction of the conduction and 

localised electrons is minimal. Finally, in Fig. 1(c) we show schematically the 

situation in an itinerant transition metal element or compound. The so-called 

Stoner continuum is formed from the itinerant electron states. At long 

wavelengths (short wavevectors) the spin wave is well defined, but at higher 

wavevectors there is an interaction with the Stoner continuum that arises from 

the itinerant nature of the states, and the spin waves are strongly damped. The 

Stoner continuum gives rise to a large (poorly defined in q and energy space) 

distribution of magnetic scattering. In the transition metal elements, the Stoner 

continuum is at high energies (> 200 meV), but in compounds such as MnSi [5] it 

can appear at thermal energies (~ 25 meV) and be studied relatively easily. 

IV EXAMPLES IN THE TRANSITION METALS 

The classic examples in the transition metals are Fe and Ni. We show in Fig. 

2 recent results for Ni metal. These are hard experiments, not only is the moment 

in Ni small (0.6 HB)> but the normal coherent and incoherent scattering from the 

lattice vibrations is much stronger than the magnetic scattering. To reduce these 

unwanted effects, the above data were obtained on a 450 g. (1 lb !) single crystal of 

isotopically pure fi^Ni. Up to now these high-energy excitations have been 

performed on triple axes spectrometers at hot sources in reactors (the INI, for 

example at ILL), but the advances in instrumentation and power at the ISIS 

spallation source means that all state of the art experiments on these transition 

metals will be done in the future at the chopper spectrometers at ISIS. 
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V LOCALIZED SYSTEMS 

The rare-earth metals are the canonical examples of localized systems, and 

we show in Fig. 3 the dispersion curves of Gd [7]. There are two atoms per unit cell 

in the hep structure, so we expect two branches. The exchange between the 

localized spins is mediated by the conduction electrons, so that to calculate J(q) 

one needs to obtain the Fermi surface from energy-band calculations. First-

principles theory is able, in the case of Gd, to understand the spin-wave 

dispersion curves. In the other rare-earths, the orbital moment is non-zero, so 

this brings in both the presence of a crystal-field interaction as well as (although 

usually at a lower level of significance) an interaction between the magnons and 

phonons. This is because, except for Gd, the magnetization densities are 

anisotropic, so that their placement into the lattice usually results in an 

anisotropic interaction with the lattice. Anisotropy also gives rise to a gap in the 

spin-wave spectrum, i.e. at q=0 it still takes a finite amount of energy to excite the 

spins out of their ground state. The spin-wave gap can also (usually) be measured 

by resonance techniques, provided the resonance probe can penetrate the 

material. 

The rare-earth metals represent the case where exchange is greater than 

the CF interaction, so that sharp levels, such as in Fig. 1(a), are not observed. 

However, for most rare-earth compounds the exchange is weaker than the CF 

interaction, and often the simple picture illustrated by Fig. 1(a) does exist. We 

show such CF spectrum [8] from ErBa2Cu306.98 hi Fig. 4. In this compound the 

J=15/2 ground state of the Er3+ ion contains 2J+1= 16 levels combined into 8 

Kramers doublets. All 7 transitions from the ground state may be identified, so 

that the whole energy level scheme is established. The interesting aspect of this 

study, as well as others at, has been to observe the changes in the level pattern (as 

well as the widths of the transitions which give information about the opening of 

the energy gap [9]) as a function of oxygen doping. This information can then be 

interpreted in terms of the density of charge carriers as a function of oxygen, 

which is one of the central questions concerning high Tc materials. 

Before leaving localized systems, we shall just draw attention to the fact 

that the energy spectra of such ions extends far beyond the ground-state 

multiplet. Optical spectroscopists have, of course, known this for a very long time 

[10], and these experiments essentially determine the spin-orbit and Slater 
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parameters, which relate to the on-site (strong) interaction between f electrons. 

However, optical spectroscopy is limited as the probe cannot adequately enter 

metallic samples and there is no simple way of distinguishing between higher-

order vibronic (phonon) interactions and those from electronic transitions. 

There is thus a great opportunity to add considerably to our knowledge if 

intermultiplet transitions can be observed systematically with neutron 

scattering. Apart from the exceptional case of the iso-electronic ions Sm2+ and 

Eu3+, the IMT's are above 100 meV, so this is a field almost totally constrained to 

the ISIS and future spallation sources. Even then the experiments are difficult. 

Figure 5 shows the data from thulium metal and the many transitions that are 

seen. A review of this field is given by Osborn et al.[ll] . In the case of Tm metal 

the level structure is close to that expected from the parameters deduced from 

optical spectroscopy of dilute Tm ions in solution. This is not surprising, given 

the localized nature of Tm3+. In more interesting cases, e.g. Ce, Sm, Yb, and 

actinide compounds the field is evolving rapidly, and we can expect progress in 

the next few years. 

VI UNSTABLE f-ELECTRON SYSTEMS 

A Vaience fluctuations 

It has been known for many years that ions such as Ce, Sm, Eu, Tm, and Yb 

could be stabilized in more than one valence type. There is also considerable 

evidence (from Mossbauer data, Lm edge measurements, etc.) that in some 

compounds the ions can fluctuate between the two valence states. We call this 

intermediate valence (IV) behavior. Mossbauer spectra, which probe a very fast 

time scale < 10"15 s, are often able to capture images from both the valence states, 

providing unambiguous evidence for such a ground state. In the neutron case, 

the time scale is much longer, ~ 10"12 s, and we are measuring an average 

quantity. Many neutron experiments on such materials have been performed. 

The spectra are usually quasielastic in nature, or in the case of TmSe [12], there is 

a change from quasielastic to inelastic at low temperature. The appearance of a 

quasielastic line implies that we are observing relaxational processes , and we 

should introduce such a nomenclature into the basic formulae. We already wrote 

such a relaxational term into Eq. (6). The term P(Q, co,T) may be any spectral 

function such that f P(Q, Äa),T)d(ftco) = 1. The normal form is to assume a 

Lorentzian form for the cross section (following the NMR analog) so that 
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P(Q,to,T)-l f/2 - (7) 

where the full-width at half maximum is r. The assumption of this form implies 

an exponential form for the decay of the temporal correlations such that r is 

related to the time constant describing the temporal relaxation. [Note that in the 

literature the HWHM is often called r, so the reader should establish the 

nomenclature before trying to make comparisons between measurements] 

We shall see that this idea of a relaxation function is very prevalent in 

intermediate valent, Kondo, and heavy-fermion systems. For IV compounds the 

quasielastic width (r) tends to be large and independent of temperature. This 

signifies a strong interaction via the conduction electrons. Some of the simplest 

examples of IV compounds occur with Eu, because the Eu2+ state witii J=S=7/2 is a 

pure spin state and the state with Eu3+ is nonmagnetic J=0. A good review of these 

is given by Holland-Moritz (1993).[13] 

We show in Fig. 6 the spectra obtained from Ceo.76Tho.26 a s a function of 

temperature. Whereas Ce metal undergoes a famous phase transition from the y 

phase (ambient pressure) to the a phase (high pressure) without change of the 

crystal structure but simply a volume collapse, when Ce is alloyed with Th this 

transition can be obtained as a function of temperature and ambient pressure. 

The response is initially quite sharp (top panel), but rapidly becomes broader as 

the temperature is lowered and the transition approaches. At low temperature 

there is evidence that the response is inelastic , but strongly overdamped. 

Unfortunately, the neutrons measurements can be interpreted with both current 

models for the Ce transition, one involving a valence transition, and the other 

involving the change of character of a 4f electron from localized to itinerant [14]. 

B Kondo and Heavy-Fermion systems 

As the interaction between the localized f electrons and the conduction-

electrons (d and s states) is increased, we enter a new regime of physics. We have 

discussed above the case of IV compounds. When the interaction between the f 

and conduction states is moderate we find so-called Kondo and heavy-fermion 

systems. The original idea of the Kondo system is associated with a minimum in 

die resistivity at a certain temperature, TK0n£jo» and with an antiparallel 

alignment of the localized and conduction-electron spins at low temperature. 

http://Ceo.76Tho.26
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Kondo systems can occur in both d and f electron compounds. The effective 

magnetic moment at low temperature is reduced, possibly even to zero. In heavy-

fermion compounds the hybridization between the f (HF systems have not yet 

been found involving d electrons) and conduction-electron states results in a 

very high 'effective' mass for the conduction electrons. This is seen as a large 

electronic coefficient to the specific heat. This enhancement of the mass over 

that of an electron in copper metal can exceed a factor of 1000, so that the effect is 

large. The most interesting and fascinating aspect of the HF compounds is that 

occasionally they become superconducting at low temperature. We shall discuss 

the case of UPt3. 

The configuration of the 5f electrons in UPt3 is thought to be 

predominantly 5f2, however, a component of 5f3 cannot be excluded. The first 

point to note is that experiments on polycrystalline samples [15] show no evidence 

of crystal-field levels. The data is shown in Fig. 7 and can be fit to a Lorentzian 

quasielastic component with r /2 ~ 10 meV. The CF peaks have vanished 

(essentially become very broad) because of the interaction with the conduction 

states. This was the first experiment with polycrystalline samples. The width of 

the Lorentzian response function should be approximately proportional to Y_1 if 

Fermi-liquid theory is applicable. This works for the 4f compounds, but does not 

seem to do so for the uranium compounds [16]. 

However, the fundamental question in UPT3 is whether the 

superconductivity can be mediated by antiferromagnetic fluctuations. Normally, 

of course, superconductivity is mediated by the electron-phonon interaction. 

Given that the Debye temperatures of most materials is around room temperature, 

we can anticipate that the maximum Tc attainable by the electron-phonon 

interaction will be about 10% of the Debye temperature, i.e. about 30 K. This is 

indeed the case for intermetallic compounds. Although the HF compounds have 

very low Tc, the interest in them is that the mechanism of superconductivity may 

be new. The search for AF fluctuations in UPt3 was immediately successful once 

single crystals were obtained and the data [17] is presented in Fig. 8. This shows 

that alternate planes of uranium moments along the hexagonal c axis are 

fluctuating in a correlated (short range) manner with their directions 

antiparallel. 

But this is not the end of the story. Doping UPT3 with Th or Pd had led to 

antiferromagnetism, but with a propagation direction in the basal plane, and not 
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along the c axis. Experiments were then undertaken at a cold-source triple-axis 
spectrometer at Rise National Laboratory in Denmark, and one important result is 
shown in Fig. 9- Here we see AF fluctuations on a 6 fferent time scale (slower 
than those indicated in Figs. 7 and 8) and that the3 ., ) indeed have components 
propagating in the hexagonal basal plane. These studies culminated with the 
discovery of pseudo-long-range AF order in UPt3 involving a moment of ~ 0.02 HB 
per U atom, and the fact that this order was coupled to the superconducting phase 
transition. "Coupled" in the sense that it shows some change. The saga of UPt3 

goes on — we have not time to continue it here, except to emphasize the important 
role that neutron inelastic scattering has had in increasing our understanding of 
this HF system. 

VII CONCLUSIONS 

Much has been left out in this short article; lower dimensional materials 
and high-Tc superconductors to name two of the most obvious. ' Magnetic inelastic 
scattering continues to be a unique technique for helping to understand the 
fundamental interactions in magnetic materials. However, it is extremely 
demanding in terms of materials (often requiring single crystals of literally 
enormous size) and is always intensity limited. There has been no space to discuss 
the use of polarization analysis techniques that promise a clean separation of the 
phonon and magnetic contributions. These result in an even greater loss of 
intensity. Thus, despite our complete understanding of the relevant cross 
sections, and the demonstration of them as long ago as 1969 [19], they are seldom 
used in practice because of the loss of both intensity and resolution. 

The use of neutron inelastic scattering to investigate magnetic interactions 
remains a completely unique research tool. It would appear to have little contact 
with the 'real' world — and yet experiments on high Tc and heavy-fermion 
materials are rigorously testing theories for new types of superconductivity that 
may revolutionize technology. Equally, concepts of perpendicular as opposed to 
parallel anisotropy in memory devices, which may be at the heart of the next 
generation of electronic marvels, rely heavily on our fundamental knowledge of 
exchange interactions gleaned almost exclusively from neutron inelastic 
scattering during the last 30 years. 
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Figure 1 
Schematic dispersion curves of three classes of magnetic materials. (Z-B = zone 

boundary) (a) CEF energy level scheme with possible transitions represented as 
dashed lines; (b) spin-wave dispersion curve of isotropic localized-moment 
ferromagnet; and (c) spin-wave and Stoner excitation spectrum of an itinerant 
electron ferromagnet. The anisotropy of the Stoner continuum is indicated by the 
different shading. (Taken from Ref. [4], Stirling and McEwen, 1987) 
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Figure 2 
Dispersion curves for Ni showing evidence for the Stoner excitation. Top 

panels show (left) the theoretical spin-wave dispersion for the [100] direction of Ni, 
and (right) the measured from Ref. 6. The lines are guides to the eye, and the shaded 
portion represents the flat optic mode. The lower panel shows the measurements 
(performed on the INI triple-axis spectrometer at the ILL) extended to even higher 
energy. Recall that 1 Thz= 4.14 meV. 
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Figure 3 
Spin-wave dispersion curves for Gd at 78K. The full lines are guides to the eye; 

the dashed lines show the dispersion along the c-axis as calculated by Lindgard et al. 
[Ref. 7] 
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Figure 4 
Energy spectra of neutrons scattered from ErBa2Cu306,98 • The top figure 
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Figure 5 
Neutron scattering from Tm metal showing the transitions to various Coulomb 

and spin-orbit transitions. Data taken at ISIS on the chopper spectrometer HET, 
measured at an angle of 5° with an incident energy of 2140 meV neutrons. Taken 
from Osborn et al. [Il] 
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Figure 6 
Spectra for Ceo.74Tho.26 as a function of temperature. For the upper figure 

the incident neutron energy was 300 mev, for the lower 1200 meV. The dashed line 
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corresponds to an inelastic contribution centered at 140 meV, but with a width of 
nearly 90 meV. (From Loong et al. 1987) 
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Figure 7 
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Figure 8 
Constant energy scans in a single crystal of UPt3 at an energy transfer of 8 

meV. This shows that the response shown in Fig. 7 is not uniform in q-space. Instead 
it is peaked at antiferromagnetic points along the hexagonal c axis, such that 
alternating planes of U moments are fluctuating in an antiparallel manner. [Taken 
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252 

2000 -

OL 
X 

P 1000 

> 

t 
CO 

z 
Lu 

Z 

140 

60 

UPt3 

T=1.5K 
(a) îicu =8meV 

Ef=14.7meV 

• • - « . ^ \ _ . . . 

r •••ï 

AE= 1 meV 

BKGD 

(b) htu=0.5meV 

E f = 5.1meV 

_ • 

AE = 0.2 meV 

I T 
-1.0 -0.5 0.5 1.0 

7/ 

Figure 9 
Comparison of constant energy scans for UPt3 for the scattering vector in the 

hexagonal plane at the position Q=(|, 0, 1). Recall that the AF fluctuations were found 
at higher energy along the c axis, and this is shown in the top frame where the peak 
is at *==0 and the energy transfer is 8 meV. At lower energy (0.5 meV) peaks appear at 
the positions corresponding to AF fluctuations in the basal plane (|=0.5). [taken from 
Aeppli et al., 1988, Ref. 18] 



253 

MAGNETIC CRÏTÏCAL PHENOMENA 

Stephen W. Lovesey 

Rutherford Appleton Laboratory, Chilton, Didcot, 0X11 OQX, U.K. 

Contents 

1. Prologue 

2. Perspective 

3. Neutron scattering 

4. Muon spin relaxation 

References 



254 

1. Prologue 

In the vicinity of a continuous phase transition (sometimes referred to as a 

second-order phase transition, and distinguished from a first-order phase transition by 

the absence of both hysteresis and a discontinuous change in the order parameter) 

fluctuations in the order parameter - magnetization of a ferromagnet - become 

extremely large. For an order-disorder transition, these fluctuations can be readily 

visualized as arising from the system locally making excursions between the two 

phases. So for a ferromagnet very close to the critical temperature (TJ a small volume 

of the magnet fluctuates between an ordered, ferromagnetic state and a paramagnetic 

state. Such a process entails a very large number of spin excitations (normal modes or 

degrees of freedom) and this number is infinite at Tc. 

A continuous phase transition is experimentally characterized by the divergence 

at the critical point of the mean-square fluctuation in the order parameter, for this 

quantity, apart from some benign factors, is a response function. In the case of a 

ferromagnet the appropriate response function is the magnetic susceptibility, x, and if 

AM is the fluctuation in the magnetization (<AM> = 0, where <....> denotes a thermal 

average) 

X a <(A M) >. 

An external probe that couples to the order parameter displays a pronounced signature 

of the phase transition due to the divergence of x at T c . The latter is usually a power 

law; for a ferromagnet it is customary to use the notation, 

X a ( T - T c ) ^ ; T > T c , 

and the critical exponent y ~ 1.39 for a simple, isotropic ferromagnet. Table I contains 

an abbreviated list of critical exponents, relations among the exponents (so-called 

scaling relations) and theoretically derived numerical values. 

The foregoing comments refer to static properties of a system near a 

continuous phase transition. Equally dramatic effects are observed in the dynamic 

properties of the order parameter, namely, the associated relaxation time increases 

when the sample approaches the critical point; this effect is usually referred to as the 

critical slowing down of fluctuations. A simple, intuitive argument by which to 

interpret critical slowing down stems from considering the reversal of one spin. Near 

the critical point the susceptibility is very large, so the perturbation on the magnetic 

system caused by the spin reversal influences a large volume and hence a large number 
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of spins (the perturbation in the magnet at a large distance from the reversed spin 

depends on distance (r) like {exp(-r/|)/r}, to a good approximation, where î= is the 

correlation length, Table I). It naturally takes a very long time for thermal fluctuations 

to restore equilibrium by reversing each one of the large number of perturbed spins. A 

simple model of spin relaxation, which neglects couplings between the spin modes, 

predicts a relaxation rate whose temperature dependence is provided by 1/x, and this 

vanishes at Tc. 

At the time of writing, it is fair to say that static critical phenomena is well 

understood. From the viewpoint of theoretical work, there exists a complete 

formalism (renormalization group and conformai field theory) for the calculation of 

response functions find their associated critical exponents; a thorough account of this 

work is provided by Ma (1976) and Zinn-Justin (1990). Hence, given a relatively 

simple model it is possible to confidently calculate static critical properties to a given 

accuracy. The same is not true of dynamic critical phenomena; at present, there is no 

complete computational formalism by which to obtain response functions observed in 

experiments using, say, neutron and photon beams. Indeed, it is a topic of research in 

which there is still much to be done; neutron beam (spin-echo, and scattering) and 

muon beam techniques have much to offer. This paper is largely focused on the 

dynamic properties of simple magnets in the vicinity of the critical point. 

A topic which is not addressed is the nature of the phase transition, and 

response functions, in spin glasses. It is fairly well established that, there exists a -sharp 

transition in three-dimensional Ising spin glasses. Theoretical results for 3d Heisenberg 

spin glasses are so far less conclusive (Fischer and Hertz, 1991). 

2. Perspective 

Introductions to phase transitions and critical phenomena are given by Stanley 

(1971), Als-Nielsen and Birgeneau (1977) and Cardy (1993). An introduction and 

more advanced material, together with a survey of experimental results on magnetic 

systems, is provided by Collins (1989). Detailed accounts of theoretical work can be 

found in various articles in the series of books edited by Domb and Lebowitz, and the 

monographs by Ma (1976), Patashinskii and Pokrovskii (1979) and Zinn-Justin (1990). 

The nature of the strong critical scattering observed at a continuous phase 

transition depends on the spatial dimensionality of the magnetic system and the spin 

dimensionality. Indeed the existence of a phase transition depends on these 

parameters; for example, a two-dimensional magnet with three-dimensional spins 

(planar Heisenberg) does not show long-range magnetic order at any finite 
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temperature, in a contrast to a two-dimensional Ising-spin model which orders at a 

temperature whose magnitude is of the order of the exchange parameter. The 

behaviour of the susceptibility, and other static response functions, at the phase 

transition can be classified according to the space and spin dimensionality, and this 

feature of static critical phenomena is called universality. The latter is more 

complicated for dynamic critical phenomena. The term universality is justified by the 

fact that different physical systems with the same space and spin - or the variable(s) 

that corresponds to spin-dimensionality - display similar critical properties. A third 

feature that determines the universality class of a system is the nature of the 

interactions, and specifically their spatial range. For static critical phenomena it seems 

that just the three features of spin dimension, spatial dimension, and the range of the 

spin interactions completely determine the universality class. 

Another important concept is that of scaling, which we choose to illustrate for 

quantities of direct relevance to the interpretation of scattering experiments. The 

fundamental information is that certain quantities are homogeneous functions of a few 

reduced variables. This information comes from the renormalization group method, 

although it can also be derived from a less rigorous line of reasoning. We restrict 

ourselves to consideration of the correlation length, Gibbs potential (G) and the spin 

correlation function (T ÏJTÇ), 

C0(R) = <AS(R + R0)-AS(R0)>, 

where the spin deviation at site R is, 

A S(R) = SR - < SR >. 

Concerning the definition of C0(R), it is independent of the arbitrary site vector R0 , 

and, 

2 co (R), 
rv 

is proportional to the mean-square fluctuation in the magnetization considered in §1. 

For large values of R = |R|, C0 is essentially independent of the direction of R. 

The fundamental information is that | , G and C0 considered as functions of the 

reduced temperature x = {(T - T^/TJ and reduced magnetic field h a (H/T^ are 

homogeneous functions of the form, 

i(x,h) = X%(kyT,Xxh) (1) 
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G(x,h) = X'à GQJx,Xxh) (2) 

and 

C0(R,x,h) = X2(x"d> C ^ R ^ x ^ h ) . (3) 

Here, X is a scaling variable, and the exponents x and y are related to those listed in 

Table I, as we will see. It is useful to follow the type of argument that yields these 

relationships, and scaling laws, i.e. relations between the critical exponents. First, let 

us establish vy = 1 for h = 0. The definition of v is | ~ (l/t)v, cf. Table I. Turning to 

equation (1), we set h = 0 and choose TJx = 1, or X = (l/x)1^; then, 

i(x,o)=(i/x)1/yi(i,o) (4) 

and the definition of v leads immediately to the relation vy = 1. In equation (4) note 

that, |(1,0) is a number which is independent of the temperature. 

Having expressed the exponent y in terms of one of the critical exponents 

listed in Table I, let us focus on the exponent x; we shall establish the relation, 

Y=v(2x-d) , (5) 

which leads to the scaling relation cited in Table I between y, "n and v. To obtain (5) 

we use the standard thermodynamic relation for the isothermal susceptibility (x) as the 

second derivative of G with respect to h evaluated h = 0, namely, 

X = - ^ G ( x , h ) | h . 0 = - ( - l / x ) ^ ^ ) ^ . G ( - l , h ) | h „ 0 - (6) 

The second equality follows from the choice, 

- x = r , 

in which the sign of x is appropriate for the ordered magnetic phase. If we assume that 

the critical exponent y is the same on both sides of the critical point, the relation (5) 

follows immediately from equation (6). (Exponents above and below Tc are usually 

the same but the coefficients of proportionality, or critical amplitudes, are different, i.e. 

G(l,h) is not expected to be the same as G(-l,h)) 
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In equation (3) we choose R = X. For h = 0, we have already established, 

Ry-c~(R/i)y, 

so we can write, 

Co(R,T,0) = R2<x-d>C(R/?), (7) 

where C is a function of the dimensionless variable (R/§) which contains the 

temperature dependence. The standard definition of the exponent r\ is (T = TJ 

Co(R,0,0)~R2-d-1i, (8) 

and it follows that (5) leads to the scaling relation, 

Y = v(2-T!). (9) 

The relations (1) - (3) provide other scaling laws involving a and ß but we do not 

pause to obtain them. 

Instead, we turn to the wave vector dependent isothermal susceptibility, 

defined for a classical system as the spatial Fourier transform of C0(R,x,h). Denoting 

this susceptibility by x(k), equation (7) leads to the result (h = 0) 

X(k) = k1 i-2C(ki) (10) 

where C is proportional to the spatial Fourier transform of C. In particular, at 
T c , where k|-*oo, 

X ( k ) ~ k ^ 2 ; T = Tc. (11) 

In the limit k -» 0, x(k) tends to the bulk susceptibility introduced in §1. From 

equation (10) it follows that, in this limit, 

C(k|)~(k|)2-1 i 

and the identification of x with x(0) reproduces the scaling relation (9). 

Let us now consider some dynamical properties of spin fluctuations in the 

vicinity of Tc. Results are less surely footed because there is not the solid base of 
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information that (1) - (3) provide for static critical phenomena, i.e. the renormalization 

group method is less useful. There is an equally important method for dynamical 

properties called the mode-coupling approximation, which amounts to a certain recipe 

for obtaining self-consistent solutions to the full equation of motion for spin 

fluctuations. The accumulated evidence is that results obtained from the mode-

coupling approximation are consistent with information derived from the 

renormalization group method. Moreover, the mode-coupling approximation has been 

successful in the interpretation of experimental data. We will say more about this 

approximation in the next section, but for now let us turn to results for the relaxation 

rate. 

The time-dependent generalization of the spatial Fourier transform of the spin 

correlation function C0(R) is denoted by F(k,t). The equation of motion for F(k,t), 

usually referred to as a generalized Langevin equation (see for example, Lovesey, 

1986), shows that F(k,t) is a homogeneous function that satisfies, 

F(k,t) = F(Vk,>,1/2t), (12) 

but the exponent (a) is not determined. To find a value for this exponent it is 

necessary to invoke an approximation that closes the equation of motion. The 

aforementioned mode-coupling approximation achieves closure, and produces an 

integro-differential equation for F(k,t) which is self-consistent, i.e. the dynamics are 

expressed solely in terms of F(k,t). One can view a self-consistent equation as the 

result of a perturbation expansion taken to an infinite order. That such a type of 

approximation is required to generate physically sensible results in the critical region is 

a consequence of having, inevitably in an approximate manner, to account for the 

infinite number of degrees of freedom that participate in critical fluctuations (there is a 

useful analogy with the even more difficult, and as yet unsolved, problem of fully 

developed turbulence, e.g. Leslie, 1973). 

The standard form of the mode-coupling approximation for a Heisenberg model 

of a ferromagnet gives the result a = - 1/5, and the relation 

F(k,t;i) = F(Xak,X1/2t;X.a/i). (13) 

In view of the relation (13) one is led to seek a self-consistent solution of the form 

F(k, t ; | )=Q(k z tQ(ki)) . (14) 



260 

As in the case of static critical phenomena, useful information can be extracted from 

(14) without knowledge of the single-variable functions Q and Q. Such knowledge is 

required, however, when coupled-mode theory is confronted with the spectrum of spin 

fluctuations observed by neutron spectroscopy (Cuccoli et al. 1989, and 1990). 

Equations (13) and (14) are mutually consistent when, 

az + J = 0. 

Since a = -1/5 the dynamic critical exponent z = 5/2. At the critical point (k§)^>°°, 

and £2(kl=) approaches a constant. In consequence, the relaxation rate for 

ferromagnetic spin fluctuations T(k) a k5/2 at T = T c . The data obtained for EuO at 

T c , displayed in Fig. (1), is consistent with the value z = 5/2 over a wide range of wave 

vectors. By carrying through the self-consistent solution of the mode-coupling 

equation one finds (h = 0), 

T(k) = k5/2(2 / 3*) (Tccv0)1/2 ; T = Tc, (15) 

where c and v0 are the exchange stiffness and unit cell volume, respectively (the spin-

wave stiffness D = 2c S). 

We conclude this section by considering the influence of dipolar forces between 

the atomic magnetic moments. Such forces are present in all magnetic materials, of 

course, and produce the effect of demagnetization. A measure of the strength of 

dipolar forces is the wave vector qd defined by, 

(2 j t /v 0 ) (g ( i B ) 2 = cq^ , 

in which g is the gyromagnetic factor. For the moment, it is useful to note the values 

of qd for EuO and EuS, namely, 0.15Â'1 (EuO) and 0.26Â'1 (EuS), from which it is 

seen that dipolar forces are larger in EuS than EuO. Experiments by Boni et al. (1991) 

on EuS are largely consistent with theoretical results derived by Frey and Schwabl 

(1988) from a mode-coupling approximation applied to a Heisenberg Hamiltonian 

including dipolar forces. 

The inclusion of dipolar forces produces spatial anisotropy. For T&TC it is 

logical to speak of fluctuations parallel (longitudinal) and perpendicular (transverse) to 

the wave vector k associated with the spin fluctuations under observations. One effect 

of the dipolar forces between atomic moments is to prevent the longitudinal 



261 

fluctuations from diverging in the critical region, k->0 and T-»TC, so the phase 

transition is dominated by transverse fluctuations. The relaxation rates are found to be 

r a ( k , q d ) a k 5 / 2 Y a(x,y);a = L,T, 

where the dimensionless variables x, y are, 

x = (l /k§),andy = (q d / k ) . 

Table II contains the asymptotic behaviour of the scaling functions ya(x,y), in which 

the notation is: D, dipolar, I, isotropic; C, critical; H, hydrodynamic. The four limiting 

regions are then: DC, x « l , y » l ; IC,x«l , y « l ; DH, x » l , y » x ; IH, x » l , y « x . 

For the dynamic critical exponent one finds for the longitudinal relaxation rate a 

cross-over from z = 5/2 in the isotropic critical region, considered in previous 

paragraphs, to z = 0 in the dipolar critical region. The situation for transverse 

fluctuations is a cross-over from z = 5/2 to z = 2. A numerical solution of the coupled-

mode equations shows that for transverse fluctuations the dynamic cross-over is 

shifted with respect to the static one, k ~ qd, to a wave vector ~ q<j/10. Longitudinal 

fluctuations are not anomalous and the dynamic and static cross-overs coincide. The 

dynamic cross-over in the transverse fluctuations has not been clearly demonstrated 

experimentally. 

3. Neutron Scattering 

The neutron scattering cross-section is proportional to (a, ß label Cartesian 

components), 

2 ( ô
ap-KaVK 2 )S a P (K>œ ) ' 

where the so-called van Hove response function for a sample with N spins on a lattice 

is, 

SaP(K,(o)=2^r / d te _ i c o t J, exp{hc.(R-R')}<ASa(R,0)ASß(R',t)>. (16) 
- 0 0 R,R' 

Recall that the spin fluctuation at the site labelled R satisfies < ASa(R)> = 0, while 

AS(R,t) is a Heisenberg operator at the time t. Inspection of (16) reveals that 
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Saß(K,(ü) is the spatial and temporal Fourier transform of spin autocorrelation 

functions. 

Let us now make contact between the measured response function and 

quantities introduced in previous sections. First, the integral of Saß(k,co) with respect 

to (o is proportional to the isothermal susceptibility, cf. equation (10) that applies to an 

isotropic system for which the spin autocorrelation function vanishes for a*ß, while 

for a=ß it is independent of the value of the Cartesian label. The experimental 

realization of integrating over co, to measure the total scattering, is discussed by Collins 

(1989) and Als-Nielsen (1973) in Vol. 5a of the series edited by Domb and Lebowitz. 

It is now almost standard practice to decompose Saß(k,a>) in the following 

manner, 

S(k,co) = Tx(k)F(k,(o), (17) 

where for simplicity we omit the Cartesian labels on S(k,o>), x(k) and F(k,(o), and the 

latter is the time Fourier transform of F(k,t) introduced in §2. 

Near Tc , and neglecting the critical exponent rj, the susceptibility of an 

isotropic spin system is well represented by the form adopted by Ornstein and Zernike 

in which 

X W - t f k i f + l } - 1 . (18) 

The expression appropriate in the presence of dipolar forces is given by Frey and 

Schwabl (1988). 

A simple derivation of the coupled-mode equation for F(k,t), together with an 

examination of its predictions, is given by Lovesey (1986). Complete solutions to the 

equation, obtained by numerical integration, are applied by Cuccoli et al. (1989,1990) 

to the interpretation of neutron scattering data obtained for T & Tc and a wide range of 

wave vector. The confrontation of theory and data provides good evidence for the 

success of the coupled-mode approximation for the description of paramagnetic and 

critical spin fluctuations. A similar finding is reached by Frey and Schwabl (1988) in 

their discussion of effects due to dipolar forces. 

Experimental results on the relaxation rate T(k) are usually obtained by fitting a 

model S(k,(o) to the data. This is most often accomplished by use of the susceptibility 

(18) and 
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jtTF(k,<ü)= (Ü)2 + r 2 ) - 1 , (19) 

where T = T(k) is discussed in §2. Ideally, one would like to use a more firmly based 

approximation for F(k,co). Certainly, it is required to test results for T(k) for their 

dependence on the assumed shape of F(k,co). At present, the computer time involved 

in solving the coupled-mode equation for F(k,t) is too large for a direct fitting scheme 

to be a practical exercise, and so some form of parameterization, such as (19), seems 

unavoidable. 

4. Muon spin relaxation 

The depolarization of a beam of positive muons incident on a magnetic sample 

increase with time, and it is usually well described by an exponential form exp (-Xt) 

where X is the relaxation rate. The time interval that can be investigated extends up to 

about 5T(I, where the radioactive lifetime of a muon Xp. = 2.2 u.s. Here we wish to 

illustrate the connection between X and the response function measured by neutron 

scattering. 

The Larmor frequency of a muon is 0.57 u,eV T*1. Hence, an implanted muon 

has a Larmor frequency small compared to (electronic) spin-wave frequencies even if it 

is subject to a static magnetic field as large as 5.0T. In fact, the implanted rnuon might 

well occupy an interstitial site at which the dipolar field from the atomic moments is 

identically zero, e.g. an interstitial site in an fee magnet (Ni, EuO). Also, the 

experiments do not require an applied magnetic field, in contrast to neutron beam 

techniques that utilize polarization analysis. For all these reasons, it is usually quite 

sensible to analyse muon relaxation experiments using cô  ~ 0. 

The microscopic origin of muon depolarization is the fluctuations in the 
magnetic field (B) experienced by implanted muons. The interaction between the 
muon magnetic moment and the field is gnjiNÏ.B. On inserting this interaction in 

Fermi's Golden Rule for transition rates one obtain, 

*• = i(gn l*N I*? 1 dt < B-B(t) >• (20) 
—00 

This result applies to the case when it is appropriate to average X. over the orientations 

of the muon polarization with respect to the crystal axes of the sample. 
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The field B has two main sources. One is the dipolar interaction between the 
muon and atomic moments (even if the average dipolar force at the muon is zero, the 
fluctuating dipolar force can contribute to X) and the other is the hyperfine interaction 
(Lovesey et al., 1992 and Yaouanc et al., 1993). 

Let the position of the j'th. atomic moment with respect to the implanted muon 
be denoted by Rj. The magnetic field experienced by the muon has spatial 
components, 

Ba = 2 (Aj/gf lHN)Sa(j) + gnB2 S ^ J X Ô ^ - S R ^ ) / ^ , 

where A: is the hyperfine constant, and the second contribution is the classical dipole 
field created by the atomic moments. For T<TC and 0^= 0 the most significant 

contributions to <B.B(t)> arise from longitudinal spin fluctuations (along the preferred 
magnetic axis), since single spin-wave events, generated by transverse components, are 
energetically unfavourable (if there is a gap in the spectrum they do not conserve 
energy). We then find, 

J dt < B.B(t) > = (2nhvo)\ dk S(k,0) {|A(k)|2 + £ Dctz(k)Daz(-k) 
—00 a 

+ 2Re.(Dzz(k)A*(k))} (21) 

where, 

A(k) = ( l / g ^ N ) 2 A.expOlcR.) 

and 

Daß(k) = (gl* B) 2 exP(ik.R.)(oaß - 3 R ° R J ) / Rj . 

The results (20) and (21) provide the explicit relation between the muon relaxation rate 
and the longitudinal spin response function observed in neutron scattering. 

For simple ferromagnetic spin-waves with a dispersion (h + Dk2) we find, 

S ( k , 0 ) = ( I ^ ^ ) ( e x p [ ( h + i-Dk2)/T]-l)-1. (22) 
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If the magnetic field h = 0, the integral of S(k,0) is dominated by its behaviour at the 

centre of the Brillouin zone. In consequence, the factor multiplying S(k,0) in (21) can 

be evaluated for k —* 0. For the dipolar sums it is probably sufficient to use, 

D aP(k)-(4jtg !xB /3v0)(3k akß - ô a p ) . 

We then find that the cross-terms in (21) between the hyperfine interaction and dipolar 

terms vanish. Assembling results, one finds with use of (22), 

X = (v2T2Ä/12ot3D3){T0+2(3jc/16)2r}«n{l- exp(-h/T)}_1. (23) 

Here, the quantities r o and r , which have dimension (1/time)2, are 

r o = i ( N 0 A / Ä ) 2 

and 

r=8(16g g [ , u^ N / 9 / zv 0 ) 2 

where N0 is the number of moments that have a hyperfine constant A. 

The result (23) shows that, for a simple ferromagnet with T « T C the relaxation 

rate is essentially quadratic in the temperature. This result follows immediately from 

the fact that we have focused on two spin-wave events, and each event is weighted by 

a Bose factor which is proportional to T in the limit of long wavelengths. 

In the absence of an external magnetic field it is necessary to take account of 

the dipolar interaction between the atomic spins. A tedious calculation shows that, in 

this case, X aT3. 

Fig. (2) summarizes the expected behaviour of X for a ferromagnet. Analogous 

results for antiferromangets are given by Lovesey (1992). 

For the simple ferromagnet EuO one finds T = 0.055.106 (xs-2. If the muon is 

at an interstitial site, and the hyperfine interaction is created by the four neighbouring 

atomic moments r o = 8 (A/Ä)2. (In a magnetic salt one expects T » r 0 , while the 

reverse situation is likely in a metallic magnet). An estimate of the longitudinal 

response function in the critical region leads to, 

X ~ 3.0.10-V 13 / 2 ( r o +0.69O, 
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where the correlation length % is measured in units of Âlf r o ~ 0, and the temperature 

is 1% above T c , one finds X. ~ 25 (is*1. 
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Figure captions 

1. The relaxation rate for EuO at Tc obtained by neutron spin echo and scattering 

experiments; from Boni et al. (1987) 

2. Anticipated behaviour of the muon relaxation rate for a simple ferromagnet. 
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Table I 

Magnetization ~ (TC-T)P 

Susceptibility, x ~ (T - TJ-Y 

Correlation length, | ~ (T - T J ^ 

Specific heat - (T-T^-« 

Fisher exponent, TJ : y = v(2 - ïl) 

a = 2 - v d ) 

) d = spatial dimension 
2ß = v(d - 2+TI) ) 

Isotropic ferromagnet, d = 3: critical exponents derived from 

a renormalization group calculation (from Zinn-Justin, 1990, 

table 25.6) 

ß = 0.368 ±0.004 

y = 1.390 ± 0.01O 

v = 0.710 ±0.007 

T) = 0.040 ±0.003 
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Table II 

DC 

IC 

DH 

IH 

YT 

yte 

1 

X2yV£ 

& 

YL 

y5/2 

1 

y5/2 

x1^ 

Asymplotic behaviour of the scaling functions for the relaxation rates 

in a pa.ramagnet in which the dipolar energy is included: After Frey 

and Schwabl (1988). 
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Abstract 

While the coherent elastic scattering of a perfect crystal is restricted 
to the Bragg peaks characteristic for the (average) structure, real 
crystals show scattering around and between Bragg peaks. The elastic 
part of this scattering (elastic diffuse scattering) contains informa
tion on the occupation of lattice sites and on static local displace
ments. In an initially homogeneous alloy (quenched solid solution) local 
ordering or phase separation may occur on the way towards thermodynamic 
equilibrium. The various diffuse scattering effects, including those 
around the incident beam, are discussed and illustrated by recent re
sults on short-range order and decomposition in Ni and Cu alloys. 

1. Introduction 

In some of the previous lectures, the fundamental aspects of neutron 
scattering have, inter alia, been developed to show how average struc
tural information on a large assembly of scatterers may be obtained. For 
crystalline substances, this information is entirely contained in the 
Bragg peaks, whereas for disordered systems, coherent elastic scattering 
is distributed everywhere in reciprocal space, and instead of average 
atomic positions in a lattice, only (at best partial) radial distribu
tion functions may be obtained. 

Many properties of matter, however, are not determined solely by the 
average structure but by local deviations therefrom. Structural defects 
may be of atomic size (solute atoms, point defects, displacements) or 
more extended (dislocations, local strains, grain boundaries, internal 
or external surfaces, domain walls, compositional inhomogeneities, pre
cipitates, clusters, pores, etc.). According to the Fourier theorem, the 
smallest defects will cause coherent scattering essentially everywhere 
in reciprocal space while scattering contributions from larger defects 
will be concentrated around the origin of reciprocal space (if there is 
"contrast", i.e. a nonvanishing cross-section) and near Bragg peaks (for 
crystals). Starting from a crystal, any coherent elastic scattering 
which is not Bragg scattering may be termed "diffuse scattering" (we do 
not include here the unstructured "nuclear incoherent" scattering which 
is, of course, coherent, but does not contain any structural information 
as long as the distribution of different isotopes is random within each 
atomic species throughout the sample). Schematically, the introduction 
of defects may cause extra scattering as shown in Fig.l. It is immedi
ately clear that, even if it were possible to precisely define an atomic 
defect in an amorphous substance, its diffuse scattering contribution 
will be difficult to reveal. For more extended defects, however, a sig
nal around the incident beam may still be obtained and evaluated. 
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Fig. 1 
Scattering (schematic) from a 
c r y s t a l containing de fec t s . 
The Bragg p o s i t i o n s of the 
d e f e c t - f r e e c r y s t a l a r e 
indica ted by t h i n v e r t i c a l 
l i nes . 

Diffuse scattering of neutrons provides the oppor tuni ty of measuring 
t r u l y e l a s t i c coherent scattering (DENS = diffuse e las t ic neutron scat 
ter ing) , as inelast ic scattering (appearing as thermal diffuse scattei— 
ing in X-ray studies) may be largely eliminated by energy analysis. The 
scattering of defects is usually weak, and the f i r s t Born approximation 
(or equiva len t ly , kinematic scattering theory) may be used without any 
res t r i c t ions . In small-angle neutron s c a t t e r i n g (SANS), i . e . , diffuse 
s c a t t e r i n g around the inc iden t beam, the non-monotonic variation of 
scattering length with atomic number and the low absorpt ion (measure
ments in transmission) of neutrons are advantageous. Energy analysis i s 
not commonly used in SANS. Acoustic phonon creation may be suppressed by 
chosing a small-enough incident energy (which is also useful to el imi
nate multiple Bragg scattering in the forward direct ion) , but other i n 
e las t i c processes might sometimes intervene, and caution is recommended. 

The theory of scattering by "real c r y s t a l s " , i . e . c r y s t a l s containing 
de fec t s , has been t r e a t e d extensively by Krivogiaz [1] . The theory of 
small-angle scattering has been developed mostly for X-rays [2-6] and 
may be easily adapted to (non-polarized) neutrons [5-7]. Magnetic defect 
scattering is more commonly found in textbooks on neutron scattering 
( e . g . , [ 8 , 9 ] ) . Many defect s tudies using neutrons have been performed 
during the past twenty years, and several reviews may be consulted for 
de ta i l ed examples of DENS [5,7,10-12] and SANS [5-7,13-16] of inorganic 
materials. 

2. Large-angle diffuse scattering from defects in crystals 

The coherent e las t ic-scat ter ing amplitude of a per fec t c rys t a l may be 
written as (taking a monatomic primitive l a t t i c e for simplicity) 

F ( $ = bZBxp(-1(M? ) 
n 

(1) 

If 
1th b = scattering length (incl^ding^ the thermal Debye-Waller factor), 

, = k-k the scattering vector Ck , k are the wave vectors of inc iden t 
and scattered waves) with Q = |Q| = 2nsine/x for e las t ic scattering (A = 
wavelength of the incident neutrons, © = half the scattering angle) and 
R = position vectors for the ideal l a t t i ce s i t e s . If defects are in t ro 
duced (e .g. solute atoms on substi tutional or i n t e r s t i t i a l s i t e s , s e l f -
i n t e r s t i t i a l s , vacancies e t c . , the translat ional symmetry i s broken ow
ing to a locally different scattering length and local displacements of 
the surrounding atoms, i . e . the scattering amplitude now is 

F ( $ = 2bnexp[-i3-(i?n+un)] + Sb a .exp[- i5 . (^+^)] 
11 J 

(2) 
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with b = scattering length at host—lattice s i te n^ u = local displace
ment from the average l a t t i ce posit ion (given by R ) , b . = sca t t e r i ng 
length of any sca t te re r occupying an i n t e r s t i t i a l s i t e 4it posi t ion 
and v. = local deviation from the ideal posit ion 5 . . The 
over ^occupied pos i t ions only. For s impl ic i ty , b and b. 
the thermal Debye-Waller factors. Although dynamic and s ta t i c d i sp l ace 
ments are not s t a t i s t i c a l l y independent (and higher-order correlat ions 
exist even i f th is were the case), t h i s separat ion is p rac t i cab le in 
many cases (see [ 1 ] , and, fo r a recent thorough discussion of defect 
scat ter ing, [17,18]). 

second sum ts 
are to include 

The scattering intensi ty is proportional to the structure function 

S«J) - |F(tf) |: 
(3) 

(appropr ia te ly averaged over the scatter ing ensemble). Insert ing (2) in 
(3 ) , we see that there are basical ly three d i f ferent scat ter ing c o n t r i 
butions; one from the host l a t t i c e ( involving only the f i r s t term of 
eq.2), one from the i n t e r s t i t i a l defects (second term) and the t h i r d 
from the cross- term. Each one may modify the Bragg scattering and con
t r ibu te to the di f fuse scatter ing in tens i t y . As the displacements appear 
exponent ia l l y i n the sca t te r i ng ampl i tude, a f u l l evaluation of the 
structure function i s not possible, and even s i m p l i f i e d cases requ i re 
approximations (see, e .g . , [1,17,19]) . The influence of defects on Bragg 
peaks consists of a peak sh i f t and a change i n i n t e n s i t y which may be 
expressed in terms of a s t a t i c Debye-Waller factor . This point is not 

, g . , D ,17 ] ) . We concentrate on d i f fuse s c a t t e r -
for Q t QB (where Q„ corresponds to a reciprocal 
approximations of eq.(2), the f i r s t consi i 
a pure host l a t t i c e , and the second 

considered 
i n g , i . e . 

here (see, e. 
sca t te r ing 

l a t t i c e po in t ) , for two 
i n d i v i d u a l defects in 
binary subst i tut ional a l loys. 

2 . 1 . Displacement scattering 

ider ing 
dealing with 

function for diffuse scattering, Sn(Q) (Bragg scattering subtracted) may 
For small defect concentrat ions c (= atomic f r a c t i o n ) the s t r uc tu re 

b< be expressed by a superposition of the scattering e f f e c t of i n d i v i d u a l 
defects (single-defect approximation, see [20]- [22]) 

with 
SD(l?.c)-.cN|Fs((|) 

Fs(3) = bASexp(- i t f - i?n ) [exp(- i3 .uo nH] + *b ß 

(3) 

(5) 

Here, N i s the number of sçatterers in the beam, b. i s the scattering 
length of the host l a t t i c e , u represents the displacement f i e l d of one 
defect placed at the or ig in , and Abg depends on the type of defect (see, 
e.g. [ 21 ] ) , e.g. 

Abc 

bn - b. for subst i tut ional impuri t ies 

- b. for vacancies 

bcexp(-i(f*sL) for i n t e r s t i t i a l C at s i te Jy 

(6) 

The displacement f i e l d u may be determined from l a t t i c e s ta t ics models 
(see, e . g . [ 23 ] ) using0la set of v i r t u a l forces f (Matsubara-Kanzaki 
forces) acting on the neighboring atoms of a defect necessary to produce 
the displacements u in the harmonic approximation, 

on 
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on 
= si _.?. 

m 
n-m m 

(7) 

where (t » i s the l a t t i c e Green's function of the defect- free c rys ta l . 
Bauer [ift"] ^ i ves a review o f DENS studies of atomic displacements in b i 
nary s u b s t i t u t i o n a l and i n t e r s t i t i a l a l loys. One example is reproduced 
in Fig.2. 
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Fig. 2 
Measured ( c i r c l e s and 
t r iangles) and calcu
la ted d i f f u s e e l a s t i c 
s c a t t e r i n g f o r A l - 0 . 8 
at.% Cu at 800 K 
Q ) . The s o l i d 
marked "Laue + 
i n d i c a t e the expected 
s c a t t e r i n g w i t h o u t 
d i s p l a c e m e n t s ( b u t 
i nc lud ing the the rma l 
Debye-Wal ler f a c t o r ) . 
Dashed l ines: model wi th 
forces on nearest neigh
bors on ly ; dash-dotted 
l i n e s : "best f i t " w i th 
forces f . on nearest and 
f 0 on n e x t - n e a r e s t 
neighbors, 

Vfi - 0 . 2 ,+0 .2* 
^ - 0 . 1 ; " 

(Af ter [10] . ) 

At a re la t i ve l y high temperature for A l -0 .8 at.% Cu, where a l l the Cu 
atoms are in sol id so lu t ion, the separation of e las t ic and ine last ic co
herent scattering s t i l l y ields re l iab le data for the displacement sca t 
t e r i n g . A centrosymmetric fQRce f i e l d with (inward) forces on nearest 
neighbors only (f-, = -4.22x10 N) y ie lds already a very good f i t . As 
the change of l a t t i ce -pa rame te r upon al loying is known and related to 
the trace of the force-dipole tensor whose elements contain the Kanzaki-
force components (mul t ip l ied with the distance components), there i s no 
fur ther adjustable parameter to f i t these absolute d i f f u s e sca t t e r i ng 
cross-sect ions (cal ibrated with the incoherent scatter ing of vanadium). 
A more detailed ana lys is y i e l d s a somewhat be t te r f i t using a small 
next-nearest neighbor force. 

In Nb single crystals containing small quantit ies of nitrogen (0.15 and 
1.4 at.%, [ 2 4 , 2 5 ] ) , DENS measurements showed di f fuse peaks reminiscent 
of the co phase which forms, e .g . , in Zr-Nb and T i -Nb, from the b .c .c . 
phase by a pe r iod i c co l lapse of {111} planes along <111> direct ions 
(see, e.g. [26 ] ) . Assuming octahedral sites for N in Nb, Dosch and Peisl 
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[25] showed that their measurements could not be rationalized with a 
Kanzaki force model including only two radial force constants (nearest 
and next-nearest neighbors). As the individual elements of the force-di-
pole tensor are known from independent diffuse X-ray measurements in the 
Huang regime (near the Bragg peak) [27], the values of the forces are 
fixed. Using a set of three forces (for the three neighboring shells) 
compatible with the force-dipole tensor, a better fit WÔS obtained. The 
displacements of the nearest Nb neighbors surrounding N remain large (~ 
0.5 A) in this model and are compatible with other experimental evidence 
[25], the next-nearest neighbors are displaced toward the interstitial 
(~ -0.2 8 ) . These displacements lead to a local approach of neighboring 
{111} planes towards a small co-like region. 

Similar results have been obtained for Nb-0 and interpreted quite simi
larly [28], On the other hand, hydrogen in Nb (and Ta) occupies tetrahe-
dral sites, as originally shown by channeling experiments [29]. Although 
a Kanzaki force model involving two forces roughly reproduces the meas
ured diffuse scattering at room temperature and the forces can be adjus
ted to account for the (almost) cubic symmetry of the long-range stress-
field (see Bauer [10]), more recent work by Dosch and Peisl [30] indi
cates that the fit is not perfect and can be considerably improved by a 
new model which adds a finite probability for D to be in a mobile state, 
i.e. jumping from one tetrahedral site to another. This is justified if 
the jump rate of the diffusing defect (D) is comparable to the relaxa
tion rate of lattice distortions, which the authors estimate to be the 
case at room temperature. The mobile state is modelled by a modified en
vironment around a tetrahedral site and a nonvanishing occupation prob
ability of the triangular site within this same environment. 

2.2. Short-range order in (binary) substitutional alloys 

Deviations from random site occupancy in a substitutional solid solution 
are called short-range order. The simplest^case to consider is a binary 
alloy A-B without any displacements^ (i-je. u = 0 and all b„. = 0 in 
eq.2). The structure function for Q ? Q„ may then be written as [1] 

SSR0(^) = N |c(tf)|
2(bB-bA)

2 (8) 

|c(d) |2 = c(l-c)o«J) . (9) 

c = Cn is the atomic fraction of B atoms, and 

<x(0?) = Zaonexp(-i^4on) (10) 
n 

with a the Warren-Cowley short-range order parameters [ 31 ] , def ined 
using ?Re conditional probabi l i t ies P1^ of f inding a u atom at s i te n i f 
a v atom i s at the o r i g in , i . e . ° 

P o n - < c - C 
«on'^fc i f * • <"> 

Irrespective of the state of order, a w i l l be equal to one. For a ran
dom s o l i d s o l u t i o n , a l l o ther a w?ll be zero, and eq.(8) yields the 
well-known Laue scatter ing. Modulations of the Laue scatter ing are thus 
an indicat ion of short-range order. 

A posi t ive a, means that there is a preference for BB nearest-neighbor 
pairs (negative SRO = cluster ing tendency), and the di f fuse scattering 

where 
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is enhanced near Bragg positions. For the opposite case, the modulations 
in diffuse scattering would also be opposite, i.e. enhanced between the 
Bragg peaks and reduced near them. A complete evaluation of diffuse 
scattering takes into account not only higher SRO parameters, but also 
displacements_pf the individual atoms from the ideal (average) lattice 
sites (i.e. u * 0 in eq.2 for the scattering amplitude). From eq.(2), 
the scatterpnq function will then contain terms of the type 
exp[-iQ*(u -u i)]. As a first approximation this exponential can be ex
panded to the 7inear term which is sufficient if the displacements are 
very small. For somewhat larger^ b̂ ut still small-enough displacements an 
expansion to second order in (u -u i), i.e. „ ̂  0 

n " [$-(u -u ,)] 2 

exp[-itf.(ü*n-u*n.)] = 1 - i3-(un-u*n,) ^ (12) 

has been introduced by Borie and Sparks [32] and Gragg and Cohen [33], 
see also [34,35]. Based on this approximation the different scattering 
contributions can be separated using symmetry arguments. This means, 
however, that single crystals must be studied. This "Borie-Sparks ap
proach" has been used successfully for a variety of binary f.c.c. alloys 
([35], see [36] for a corresponding treatment for hexagonal crystals). 
In the approximation of eq.(12), the total diffuse scattering function 
may be written as 

wlffe) - hmtà + h Â + h2^y + h% 
2n . L 2„ . L2 + ĥ -Rx + h£Ry + h|Rz (13) 

+ h1h2sxy + h2h3sy2 + h3h1szx 

where the scatter ing vector is expressed in unrfcs of the reciprocal l a t 
t i c e vectors a. of the f . c . c . l a t t i c e , Q = Eh.a-, and interatomic d i s 
tance^ are correspondingly expressed in units of hal f the l a t t i ce vec
tors a-4(R = 77 a., + -p a2

 + "2 d"0m ^ n e short-range order term 
*SR0 ^ ^ ® n w r i , t ^ e n a s t c f f eqs.8,10) (see [35] fo r a complete ac
count) 

IS R 0(h) = 2 S S a-|mn cos(nh1l)cos(nh2m)cos(nh3n) (14) 

whi le, e.g. 1 m n 

A -» x 
Qx(h) = 2 S S •&-, sin(Tih1l)cos(nh2m)cos(nh3n) (15) 

1 m n 
x with Th as l inear displacement coef f ic ients containing a combination 

o f displacements i n x d i rect ion with the a, and rat ios of scatter ing 
lengths, b / ( b R - b . ) . The functions Q., R., S.iil. are periodic in r e c i p r o 
cal space^i f £he f tratios b./(bR-bA) and DR/(bR-b.) are independent of Q. 
This is generally not the case f o r X-rays (a l though the approach was 
o r i g i n a l l y proposed and used for X-rays), but, wi th very high accuracy, 
for neutrons. Using th i s per iod ic i ty and the d i f f e r e n t symmetry o f the 
ten funct ions in eq.(13), a separation i s possible by combining di f fuse 
•5- ;>btf '-".g in tens i ty from d i f fe ren t symmetry-related points in a certa in 
voiij'.-. <i reciprocal space (with a Q-variation of b. and bg, twenty-f ive 
d i f fe rent periodic functions must be defined within the same second-or
der approximat ion; see [ 3 5 ] ) . Another approach introduced by Williams 
[37] , also including second-order displacement terms, re l ies on a leas t -
squares f i t of eq. (13) t o the experimental resu l ts . Both methods have 
been compared in a f i r s t three-dimensional DENS study of SRO in Ni3Fe 



279 

[ 3 8 ] , The Williams method i s most suitable i f diffuse in tens i t i es are 
available only in selected reciprocal planes. 

Once the short-range order parameters have been properly obtained, they 
may be used to model the short-range-ordered s tate of an a l l o y . If the 
s i t u a t i o n corresponds to thermodynamic equilibrium, inverse Monte Carlo 
(IMC) [39] or Cluster Variation [40] algorithms may be used to determine 
effective pair interaction potentials in an alloy. 

For the rather small displacements in Ni-Cr, the l inear term in eq . (12) 
i s s u f f i c i e n t . Two DENS s tud ies , one on Ni—11 at.% Cr [41] (using the 
isotope Ni to enhance the diffuse e las t ic and considerably reduce the 
incoherent scattering cross-sections), the other on Ni-20 at.% Cr [42], 
have ..recently been published. Fig.3 shows that diffuse peaks are found 
a t 1-pO positions and that the displacement scattering only introduces a 
smal f asymmetry« 

Fig. 3 
Diffuse e las t ic sca t te r ing in 0.1 
Laue units (cf. eq.13) for a Ni-20 
at.% Cr s ingle c ry s t a l aged for 
480 h at 741 K, in a (100) r e c i 
procal p lane. Experimental ( a s -
m e a s u r e d ) r e s u l t s excep t fo r 
shaded areas (near Bragg peaks or 
incident beam) are compared with 
reca lcu la ted l i n e s of equal i n 
tensi ty using 21 a, „ and 26 Zi • 
(After [42].) l m n l m n 

The short - range order parameters extracted from the experimental data 
may then be used t o model the shor t - range-ordered s t a t e as shown in 
F ig .4 . S ta r t ing from a random d i s t r i b u t i o n of Ni and Cr in a model 
crystal with 13104 l a t t i ce s i tes . Ni and Cr s i t e exchanges are admitted 
only if the resulting a-, are progressively approaching the experimen-

Fig. 4 (100) plane (a) of a modelled sample of Ni-20 at.% Cr, 
using the measured short-range order parameters, and 
(b) of a sample with a random distr ibution of Ni (o) 
and Cr (•) atoms 
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t a l ones. In the case shown, only a-, f o r l ,m ,né 4 were considered. 
The deviation of the modelled a, from the experimental ones may be 
eas i l y reduced to less than trie" experimental error . Using IMC proce
dures, very s imi lar results fo r the e f fec t ive pair potent ials V, were 
obtained for these two Ni-Cr al loys [41,42], indicat ing that anymconcen-
t ra t ion dependence of V-, must be very small. There i s also no system
a t i c v a r i a t i o n of V-. with equ i l ib ra t ion temperature [42] . For example 
V 1 i n is 26 meV for Nv-Tl at.% Cr quenched from 833 K, and for Ni-20 at.% 
Cr, values of 26.1(4), 29.3(2) and 28.0(2) are found for crystals quen
ched frcm 741, 828 and 973 K, respect ive ly . (The subsequent e f f e c t i v e 
p a i r po ten t ia ls decrease rapidly in magnitude, with varying signs.) For 
V, « kT, Clapp and Moss [43] have der ived an a n a l y t i c a l expression 
r e l a t i n g ICDQC" ) d i r e c t l y to the Fourier transform V(h) of the V-, (C 

constant; ' is a 

ISR0(h*) = C[ l+2c( l -c)V(hVkT] -1 
(16) 

For Ni-Cr, th i s approximation also y ie lds resul ts comparable to the IMC 
values, with some deviation for V , , Q . 

In a s i m i l a r study for Cu-31 at.% Zn [44,45] and Cu-22 at.% Zn [45] (us
ing Cu t o enhance the DENS in tens i t y ) , equi l ibr ium was established at 
473 K or 493 K« Although several other p rope r t i es had been re la ted t o 
SRO in the a phase o f the Cu-Zn system, no d i rec t evidence was a v a i l 
able. DENS showed four d i s t i nc t maxima in the (001) plane (see F i g . 5 ) , 
d i s t o r t ed by displacement scat ter ing. The peak posit ions may be related 
to f l a t portions of the Fermi surface across the <110> d i r e c t i o n s , as 
ind icated in Fig.5b. As seen in eq.(16), a minimum in V(h) w i l l l e a d to 
a di f fuse scatter ing maximum. The s ta t i c d ie lec t r i c funct ion e(Q) has a 
s i n g u l a r i t y a t the Fermi sur face , leading to a reduction of the pure 
ion-ion in teract ion. Af ter separation o f 1^™ and l i n e a r displacement 
s c a t t e r i n g , pair potentials for Cu-Zn were detained from the IMC method 
(they show no marked temperature dependence and, again, compare favorab
ly w i t h values from the Clapp-Moss expression, eq.16). Using these pair 
potent ials, the ground-state energies fo r d i f f e ren t ( h y p o t h e t i c a l ) o r 
dered structures of Cu.,Zn were calculated. The DOpo structure was found 

tb) 

Fig. 5 Diffuse e last ic scattering in 0.1 Laue units (c f . eq.13) for a 
°Cu-31 at.% Zn single crystal aged fo r 160 h at 473 K. 

(a) Iso in tens i ty l ines as measured in a (001)^reciprocal plane, 
(b) schematic indicat ion of 2kF -posi t ions (kF = Fermi vec
to r i n <110>-direction), ( a f t e r [ 44 ] . ) 
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to be more s tab le than other candidates i f more than nine V - ^ w e r e 
used. (The DOp? superstructure would introduce order peaks at rub and 
IjO pos i t i ons . D i f fuse maxima near these positions v/ere also found by 
Turchi et a l . [46] based on f i r s t - p r i n c i p l e s concen t ra t i on - func t iona l 
t heo ry . ) Monte Carlo s imulat ions were performed [44] to estimate the 
c r i t i c a l temperature T for the long-range order t r a n s i t i o n . Values of 
T near 330 K were obtained, too low to be easi ly established experimen
t a l l y . This study shows how fundamental a l loy properties may be obtained 
from DENS and used to predict new features in a l loy phase diagrams. 

The examples given above a l l refer to al loys with a tendency toward l o 
cal o rder ing , and the displacement scattering was appropriately taken 
into account by the l inear term in eq.(12). For cluster ing systems (CC,QQ 
> 0), the s i tuat ion is usually more complicated - experimentally because 
the important scattering is near Bragg peaks and a separat ion becomes 
more d i f f i c u l t , and t h e o r e t i c a l l y , because higher-order displacement 
terms have to be included (displacements are systematically larger) . For 
example, there is s t i l l some controversy [47,48 and references therein] 
on the i n i t i a l stages of decomposition of A l - r i c h Al-Cu a l l o y s . DENS 
scans along <100> indicate that mainly Cu monolayers in {100} planes are 
formed [47] while X-ray di f fuse scattering suggests mult i layers [ 4 8 ] . A 
more conclus ive answer i s expected from a complete three-dimensional 
DENS experiment c u r r e n t l y being completed in Zür ich and Würenlingen 
[ 4 9 ] , Small-angle sca t t e r i ng alone i s unable to se t t l e th is problem 
[50], as one dimension of the scattering objects is very small. 

3. Small-Angle Scattering 

I f we l i m i t the experimental range of scattering vectors to those smal
le r than about n/d where d i s the interatomic distance ( t yp i ca l l y ~ 
0.3 nm in condensed Matter), tfie discrete pos i t i ons of the sca t t e r i ng 
centers (as in eqs. l and 2) w i l l not be resolved, and the d is t r ibu t ion 
of scattering length car̂  be expressed by a continuously varying scat ter
ing l eng t ^ dens i ty p ( r ) , loca l ly averaged in each in f in i tes imal volume 
element d r around the posit ion vector r. The summation in eq . (2 ) can 
thus be replaced by an integrat ion over the sample volume V, 

F(3) = / p ( r ) e x p ( - i $ - r ) d 3 r (17) 
V 

I f p ( r ) i s constant everywhere in the sample, the scattered in tens i ty 
w i l l be zero fo r any Q * 0, i . e . local deviations of p(r) from the mac
roscopic average p contribute to the small-angle scattering s ignal , 

F(Q?) = J [p(r)-p]exp(-iôV)d3? (18) 
V 

Eqs.(17) or (18) may be used to calculate the scattering amplitudes and 
cross-sections for model d is t r ibu t ions . The inverse procedure, eva lua t 
ing p ( r ) from experimental data, i s i n general not possible as the 
cross-sections must be known for a l l values of Q. Local va r i a t i ons of 
sca t te r i ng length density may be caused by atomic density changes (e.g. 
f luctuat ions and defects) or composit ional changes (chemical or i s o -
topic, occuring as f luctuat ions or during the formation of a new phase). 
Local var iat ions of magnetization (again on a length-scale exceeding i n 
teratomic d is tances) w i l l g ive r ise to addit ional magnetic scattering 
terms. 



Fig. 6 
Polar diagram of SANS i n t e n 
s i t y fo r a copper single crys-
c r y s t a l a f t e r d i f f e r e n t d e 
grees of d e f o r m a t i o n i n t o 
stage I I (from c i rc les to t r i 
angles the f l o w s t ress i n 
creases), measured at Q = 0.05 
nm ' . (After Herget [52,53] . ) 

As an example for a model scattering funct ion, consider the sca t t e r i ng 
amplitude derived for dislocations by Seeger and Kroner [51] , 

_ (1-2^)(^x^).Ü(0 
Fd(^) = iP *—2 (19) 

d (l-^)Q2 

where b, is the Burgers vector, v is Poisson's ratio, and L(Q) is a line 
integral along the dislocation length •£, 

M) = /exp(-iQ*-r)df (20) 

I f b*. or (f is paral le l to d f or i f b*. and (f are c o l l i n e a r , there is no 
s c a t t e r i n g . In p r i nc i p l e , the scatter ing for any dis locat ion d i s t r i b u 
t ion may be calculated, but the in tens i t ies are very low, even f o r the 
highest d is locat ion densit ies, and conclusive experiments are very scar
ce (see [52] for a review). The diagram (Fig.6) from Herget1 s measure
ment! [53, see also 52], taken for Q normal to the primary Burgers vec
tor b-, and at d i f ferent angles between the primary s l i p plane (normal 
vector G?, ) and Q, f o r copper single crystals oriented for single s l i p , 
shows the expected in tens i ty d i s t r i bu t ion (G, is perpendicular to L,) in 
the s ing le -s l ip range. The ro ta t ion of the pattern at the highest degree 
of deformation is due to the a c t i v a t i o n of conjugate s l i p . Taking an 
i s o t r o p i c o r i e n t a t i o n a l average of eq.(19) for a s t a t i s t i c a l d i s t r i b u 
t ion of dislocations with a character is t ic l inear dimension L leads to 
the approximate expression [54,55] useful to estimate scatter ing from 
dis locat ions: 

S(Q) = Kdnd(f3 (21) 

for QL >> 1 with K . a material constant and n • the dislocat ion density. 
For smal ler Q, dislocations of opposite sign çdipoles) w i l l reduce S(Q) 
and gradually lead to a weaker Q-dependence. Eq»(21) has been used to 
separate void sca t te r ing and dis locat ion scatter ing in fatigued copper 
single crystals [56,57]. The very weak scatter ing from d is locat ions may 
be enhanced i f , owing to magneto-elast ic coupl ing, the d is loca t ion 
stress f i e lds cause a local var iat ion of magnetization (see [57,52]. 
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3 . 1 . The two-phase-model 

Relatively simple expressions for the structure function are obtained i f 
small second-phase part ic les of a homogeneous scattering length density 
p are assumed to be embedded i n a homogeneous matr ix o f s ca t t e r i ng 
length density p (p = 0 covers the case of voids and cav i t ies , p = 0 
the case of small par t ic les in vacuum). From eq.(18), we obtain m 

F2«fi = / ( P p - p J e x p H ^ d 3 ? (22) 

where the integration extends over the total volume of the sample. If we 
define a single-particle scattering amplitude F (Q) by 

FD(ft = ( P - P J J exp(-iôV)d3r (23) 
P 

calculated with r measured from its geometrical center, the scattering 
function S(Q) may be written for N (not necessarily identical) particles 

V ^ = < ̂ M ^ + A \ F (̂ )Fj(ÔexP[-iM-̂ )3> (24) 

where F (Q) is the s ing le-par t ic le scattering amplitude of the JJL, v th 
pa r t i c fe l V v * ind icates the complex conjugate, and R is the posit ion 
vector for each par t i c le , the angular brackets indic/erei'ng appropr ia te 
ensemble averages. Eq.(24) contains spat ial and or ientat ional corre la
tions between part ic les as well as ef fects of size d is t r ibu t ions . Assum
ing an isotropic system, S«(Q) may be wr i t ten as 

S2(Q) = N{<jFp(Q)|2> - <F p xFp» + N<Fp><Fp>W(Q) (25) 

with an interference function W(Q) which is equal to one for no corre la
t ions. On the basis of a hard-sphere model [58] , SANS data fo r Gu in ie r -
Preston zones in Al-Zn showing an in te rpar t i c le interference peak have 
been rat ional ized [59] , assuming monodisperse par t ic les . A f u l l y general 
interpretat ion of SANS star t ing from eq.(24) for anisotropic or even 
eq. (25) for isotropic systems i s not poss ib le . Model ca l cu la t i ons or 
numerical simulation methods may be helpful in par t icu lar cases. 

The s ingle-par t ic le scattering function can be calculated for many par
t i c l e shapes (see [2,60])? s tar t ing from eq.(23). Defining 

S « f t - |Fp(Cf)|2/(Pp-Pm)2Vp2 . (26) 

a rnonodisperse d i lu te system of par t ic les scatters according to 

S2«fo = NVp(Pp-Pm)2S(3) . (27) 

and the Q-dependence of the scattering may already yield important in
formation on the particles for statistically isotropic and anisotropic 
systems. 

For all particle shapes, the behavior at very small Q is very similar, 
as has been shown by Guinier [2,61]. The Gui nier approximation is based 
on an expansion of the exponential in eq.(23) which, for the volume in
tegration along a certain direction, yields [after reinterpreting the 
quadratic term as stemming from an exponential function for S(Q)] 
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SG(3) * exp(-Q
2R2) (28) 

where Rd = F ^ rd q ( rd ) d rd ( 2 9 ) 

P P 

may depend on the orientation of (j, as r, is a distance within the par
ticle jn^a direction a perpendicular to tne incident wave vector k \n 
the (Q, k ) plane with q(rj) = cross-sectional area perpendicular to 3. 
The quantity RJ is called average "inertia! distance" [2] relative to 
the plane containing the direction of the incident beam and the center 
of mass of the particle (some authors use "radius of the thickness"). 

A random orientational average yields 

SGr(Q) = exp(-Q
2R2/3) (30) 

where RP, commonly called "radius of gyration", is given by 

vp V
P 

2 2 
For spheres of radius R, R~ = 3R /5, and the Gui ni er approximation holds 
for QR«< 1.2. For other particle shapes, the Q-range may be smaller (see 
[2,4]). (Confusion often arises if the term "Guinier radius" is used. It 
may signify the radius of a sphere calculated from Rr, but sometimes al
so RG itself.) 

For homogeneous particles with sharp boundaries, the Porod approximation 
for large Q-values (orientational average) yields (see [4]) 

Sp(Q) * 2nAp/V
2Q4 . (32) 

For t h i s approximat ion, Q must be larger than the reciprocal value of 
the shortest dimension of the par t i c le . The Q~ v a r i a t i o n of the sca t 
t e r i n g law may, however, be subject to many modif icat ions. I t i s not 
va l id , e .g . , for p a r t i c l e s w i t h sharp edges or corners [ 4 ] , d i f f u s e 
boundaries [62] or rough interfaces [63,64]. I f the scattering objects 
or the interfaces (or surfaces of suspensions) are se l f -s imi la r f rac ta ls 
[63 ,65 -67 ] , power laws re f lec t ing the fgactal dimensions are found, but 
power law scattering deviating from a Q~ dependence may also be caused 
by s p e c i f i c s ize d i s t r i b u t i o n s [68] ( interference effects diminish at 
large Q). 

I f S(Q) can be measured over a su f f i c i en t l y large Q range, the in tegra t 
ed in tens i ty T may be determined with some r e l i a b i l i t y , 

I = I S(3)d3tf = (2n)3{p(r)-p>2 (33) 

In the two-phase model, , 
r = (2n)d(Pp-p)(^pm) (34) 

or 1 = (2n)3Cp(l-Cp)(Pp-pm)
2 (35) 

where C is the volume fraction of the particles. For isotropic sys
tems î"ciS(Q)Q dQ is the second moment of the scattering distribution. 
Other moments may be defined and evaluated to investigate statistical 
properties of the scattering system. 
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3.2. Precipitates and decomposition of alloys 

Many SANS experiments on inorganic materials have recently been reviewed 
[ 15 ,16 ,69 ] . Here, a few c h a r a c t e r i s t i c examples and some new resul ts 
w i l l be presented. 

I n m e t a l l i c systems, the formation of new phases, often on a very f ine 
scale, from an i n i t i a l l y "homogeneous" state quenched from a higher tem
perature or obtained by other non-equilibrium techniques (e.g. implanta
t i o n , deposition, mechanical a l loying) is a f requent event leading to 
p r a c t i c a l l y important property changes (mechanical strength, magnetism, 
superconductivity, e t c . ) . An appropriate understanding i s thus desirable 
i n order to be able to control these property changes. The inverse pro
cess (reversion, dissolut ion) normally encountered upon a temperature 
r i s e may also be of importance. For many years experimental invest iga
t ions were designed or thought to be instrumental in d is t ingu ish ing two 
supposedly fundamentally d i f fe rent decomposition regimes in (mostly b i 
nary) a l loys, based on the mean-field spinodal l ine derived from a coar
se-grained free-energy functional exhibit ing a double-well structure as 
a funct ion of composi t ion, f o r a s t r u c t u r a l l y coherent system (see 
[ 7 0 ] ) . A p a r t i c u l a r challenge was the observation of the features cor
responding to the l inear theory of spinodal decomposition, due to Cahn 
[ 7 1 ] . The overwhelming evidence of small-angle scattering experiments 
(as well as other experimental and niore elaborate, more r e a l i s t i c theo
re t i ca l resu l ts , see [70,72]) now indicates that for metal l ic systems, a 
" l inear spinodal regime" is found only exceptionally (and may then also 
be explained by p a r t i a l decomposition during quenching) and that , in 
par t icu lar , the search for s ingu lar i t ies at the spinodal l i ne , expected 
from an oversimpli f ied interpretat ion of the or ig inal paper [71] , may be 
pointless [70] in a system with short-range interact ions. The s i t u a t i o n 
i s i l l u s t ra ted in Fig.7 for the character ist ic lengths involved in get-

Fig. 7 
Characteristic lengths {R* = 
c r i t i c a l radius f o r nuclea-
t i on , £ = in te r fac ia l width, 
A = c h a r a c t e r i s t i c wave
l e n g t h according to Cahn-
H i l l i a r d [73] , dashed-dotted 
curve (not to scale) accord
ing to Binder fo r a system 
w i t h shor t - range i n t e r a c 
t ions . (After [70 ] . ) 

t i n g the phase separation started. According to the generalized nuclea-
t ion theory based on a cluster dynamics approach (see [70] ) , the sp ino
dal s ingu lar i ty is completely washed out (see dash-dotted curve in 
Fig.7) , and the t rans i t ion from nucleation to spinodal decomposition be
comes gradual near the region where the free-energy barr ier for a c r i t i -
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cal nucleus, AF*, becomes comparable to the energy o f thermal f l u c t u a 
t ions, kT. The consequences for the scatter ing funct ion S(Q) of an al loy 
quenched in to the center of the m i s c i b i l i t y gap are s i m i l a r to those 
found f o r non-linear expansions of the theory of spinodal decomposition 
and from various computer simulations, i . e . no t i m e - i n v a r i a n t p o s i t i o n 
(L of the maximum of the scatter ing curve, S (Q), and no t ime- invar iant 
cross-over of a l l successively measured curves (expected a t Q = J2 Q 
in the l inear theory). Fig.8 shows two sets of SANS curves taken fo r Pt-
40 at.% Au (a composition at the center of the nearly symmetric misc ib i -
l i t y gap) quenched from 1520 K and isothermical ly aged at 823 and 723 K 
(but interrupted for SANS measurements at room temperature) [74,75] . The 
data, taken fo r polycrystals of a rather large grain size, were averaged 
for- rings of equal Q on the two-dimensional posi t ion-sensi t ive detector. 
While the curve f o r the as-quenched sample is almost f l a t in Fig.8a, a 
broad f l a t maximum i s already v i s i b l e i n Fig.8b, i n d i c a t i n g a somewhat 
less pe r f ec t quench. From curve 1 to curve 2 in Fig.8b, the peak posi 
t ion "moves" to higher Q values and subsequently to smal ler values 
again. This i l l u s t r a tes how the i n i t i a l conditions of a sample might i n -
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Fig. 8 
Small-angle neutron scatter ing 
curves f o r Pt-40 at.% Au a l 
l oys homogenized a t 1520 K, 
quenched t o room temperature 
and aged at (a) 823 K, (b) 723 
K. The ordinate values are ma
croscopic d i f f e ren t i a l cross-
sections, I = S(QJ/V ( ca l i b ra 
t ion with the incoherent scat
t e r i n g of a vanadium s i n g l e 
c rys ta l ) . (From [74,75. ] ) 
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Fig. 9 
Peak i n t e n s i t y S [divided by 
S ( t=0) ] as a funct ion of ag-
if lg t ime t f o r Pt-40 at.% Au 
al loys aged at A: 553 K, D : 
723 K, • : 823 and o: 831 K. 
(From [75] . ) 

101 102 103 10A 105 

t ( s ) 

f luence (and f a l s i f y ) isothermal aging resu l ts . A wider range of Au-Pt 
a l loy compositions was recently studied by Glas et a l . [76] (though with 
a variety o f i n i t i a l conditions) at an aging temperature of 873 K. P lo t 
t ing log Q vs. log t ( t = aging t i m e ) , the power-law behavior of Q 
[and, s i m i l a r l y , of S = S(Q ) ] may be tested. The l a t t e r authors [767 
report a minimum o f m in Q ©k t~ f o r the symmetric concen t ra t ion . 
Small values o f m (<0.05) were also found in the ear l ie r study, with 
l i t t l e e f fect o f temperature between 553 and 831 K [ 7 4 , 7 5 ] . Analyzing 
the time dependence of Sm according to S ( t ) /S (0)«>ct yields exponents 
$ of 0.03 (553 K, T/T = 0 .4 ) , 0.19 (723 K,mT/T = 0.52) and 0.28 
(823/831 K, T/T = 0 .8 ) , see F ig .9 . Extrapolating0these values versus 
T/T yields * % 0e.76 at T . Power laws are observed to hold approximate
l y i n several model calculations (though th is may be accidental [77 ] ) , 
and values of m = 1/3, # = 1 are expected for very late aging stages i n 
the L i f sh i t z -S l yosov [78] and Wagner [79] theory of late-stage coars
ening, designed for a d i lu te system of par t ic les whose fur ther growth i s 
so le ly con t ro l l ed by c a p i l l a r y f o r ces . In th i s case (constant volume 
f ract ion and composition of pa r t i c les ) , se l f - s im i l a r i t y of the p r e c i p i 
t a t e s t ruc ture is a natural consequence, and a scaling of the structure 
function according to 

S(Q,t)/rV = [ L ( t ) ] 3 s lQL ( t ) ] (36) 

is expected, with the characteristic length scale L(t) and s(x), x = 
QL(t), as the time-independent "scaling function". "Dynamical scaling" 
is now a feature commonly sought in many more complex situations, and a 
"scaling analysis" (see, e.g. [82]) has become fashionable for statisti
cally isotropic systems. The scaling function may depend on the volume 
fraction (see [16,83]) and other details, and various power laws may al
so be admitted, but, according to eq.(36), * = 3m should always hold. 

The tamporal evolution of decomposing (or reverting) binary alloys may 
be monitored in situ by SANS, if the time constants are suitable (e.g., 
[59]). In supersaturated Ni-Ti, coherent ordered (metastable) -s' partic
les form from the f.c.c. TS matrix. A recent in-situ SANS study [84,85] 
using single crystals allowed very early stages of decomposition to be 
revealed, as the scattering length of Ti is negative, leading to a large 
"contrast". The suitably averaged data were analyzed for scaling, using 
three different "characteristic lengths" (see Fig.10 for results at 853 
K). If M =/QS(Q)dQ//S(Q)dQ is used for L(t), scaling seems to hold 
well at 853 and 813 K. However, as the other length scales used give 
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Fig. 10 
Scaling analysis for Ni-11.5 at.% Ti 
aged i n - s i t u a t 853 K. The use of 
(1) M"1, (2) RG, and (3) Q J (see 
t e x t ) f o r L ( t ) leads to d i f f e r e n t 
r e s u l t s , o: Aged f o r 46 min, A: 72 
min, • : 101 min, +: 169 min, D : 253 
min, • : 337 min, A: 422 min, x : 506 
min. (After [85] . ) 
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different results, no claim for a specific universality may be made. At 
773 K, M remains constant which may indicate a different mechanism. 
The integrated intensity at 853 K tends to a constant value after a few 
hours (see Fig.11), from which, in the two-phase model, a Ti concentra
tion of (16 ±3)at.% may be estimated for the particles. The expected 
value of 25% Ti will be reached after much longer aging [86]. 

i.o 
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o 

0.0 t~ 
250 500 750 
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Fig. 11 
Integrated SANS intensity as 
a function of aging time. 
• : Ni-11.5 at.% Ti at 773 K; 
•: 10.5 at.% Ti, 813 K; A: 

853 K. (From 11.5 at.% Ti, 
[85].) 

Fig. 12 Isointensity plots (counts in 20 min) of SANS data for single 
crystals of (a) Ni-12 at.% Al aged for 35 min at 833 K, (b) Ni-
6.1 at.% Al-9.4 at.% Mo aged for 3.9 h at 883 K. The incident 
beam (A = 0.66 nm + 10%) was parallel to [110]. (After [87].) 
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The anisotropy of single-crystalline SANS patterns contains many details 
that are difficult to model completely. Fig,.12 shows that particle shape 
and arrangement are strongly influenced by coherency strains [87], which 
are present in binary Ni—AI (mismatch between TS* precipitate and matrix 
about 0.31%) and essentially absent in Ni-6.1 at.% AT—9.4 at.% Mo. The 
particle shape (single-particle scattering function) controls primarily 
the SANS pattern at larger Q while interparticle interference affects 
scattering at smaller angles. The particles in the Ni-Al-Mo alloy show 
no preferential alignment, as the interference ring, though indicative 
of a sharp distance distribution, shows no azimuthal intensity varia
tion. For Ni—AT * there are pronounced correlations along <100>, the 
elastically soft direction. The growth rate decreases dramatically in 
the alloy containing Mo. 

For a discussion of further studies on decomposition of binary and ter
nary alloys, see [15,16], where examples are also given for radiation 
effects on phase separation, isotopic contrast variation, and magnetic 
scattering, for crystalline and amorphous materials. 
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1. Introduction 

The application of neutron scattering for the investigation of the structure of 
amorphous materials is illustrated by means "of some selected examples. These examples 
were taken from the group of amorphous metallic alloys, the so-called metallic glasses, 
however the described experimental and data-reduction procedures apply to amorphous 
and liquid alloys in general. Comparison with x-ray scattering is made in some cases to 
illustrate the complementary properties of both probes. 

Structural aspects of metallic glasses are treated only as far as neutron (and x-ray) 
diffraction is concerned. A more detailed description of the structure of amorphous and 
molten alloys may be found in a recent review article [1]. 

Three-dimensional structural models are briefly described as a possibility to 
overcome the limitations of diffraction methods which yield one-dimensional 
information only. 

Hydrogen in amorphous materials, as a challenge for neutron scattering studies, is a 
special topic. 

2. Theoretical 

In the following the basic definitions and relationships needed for the 
characterization of the structure of amorphous or liquid alloys are summarized. 
For a detailed description see e.g. [1,2]. 

The pair density distribution function /?(R) and the structure factor S(Q) are the 
two essential functions for the description of the structure, which are interrelated 
by Fourier transformation and contain essentially the same body of information. 
The total structure factor according to the Faber-Ziman definition [3] is obtained 
from the coherent cross section per atom da/dîî | COh as: 

S(Q) = [d(r/dn|coh(Q) - (< b2 > - < b >2 )] / < b >2 (1) 



296 

where 
Q = 4ÎT sin 0/À = scattering vector 
20 = scattering angle 
A = wavelength 
b = scattering length (which depends on Q for X-rays) 
< • • • > = compositional average 

In an alternative definition of the structure factor by Ashcroft and Langreth [4] the 
Laue monotonie term <b2> - <b>2 is not subtracted: 

S(Q)=da/dî î | c o h(Q)/<b 2> (2) 

2.1 Description with atomic pats 

For a single component system we have to consider only one structure factor. 
For a n-component system the total structure factor S(Q) is composed of n(n+1)/2 
partial structure factors Sij(Q), each of them describing the structural correlations of i-j 
atomic pairs (Sy(Q) = Sji(Q)). For a binary system with concentrations ci and c2 the 
total Faber-Ziman S(Q) is: 

S(Q) = [c2b2Sn(Q) + c2b2S22(Q) + V ^ b ^ C Q ) ] / <b >2 (3) 

Note that the weighting factors Wy of the partial Sij contain the scattering lengths. 
The partial pair density distribution functions /?u(R) represent the number of 

j -atoms per unit volume at distance R from an i-atom at the origin. At large distances, 
where the spatial correlations decay, /?ij(R) converges towards Cj/?0, where p0 is the mean 
atomic number-density of the system. In the range between the origin and the first 
maximum: /?ij(R) = 0. 

Besides the /?ij(R) there are other functions in R-space in use, which however 
contain no additional physical information: 
The partial pair distribution functions: 

glJ(R) = AJCRVCJA, (4) 

The partial pair correlation functions: 

Gy(r) = 4?rR [Pli(R)/crPo] (5) 
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The partial radial distribution functions: 

KDFU(R) *4JIRVU(R) (6) 

The Gij(R) have no obvious meaning but they are obtained directly from the structure 
factors by Fourier transformation: 

00 

Gu(R) = If Q [Su(Q)-l] sinQRdQ (7) 
o 

Fourier transformation of the total structure factor S(Q) yields the total pair 
correlation function G(R), which is composed of the Gu(R) functions as: 

G(R) = [cfb2Gu(R) + c2b22G22(R) + Tc^bfifi^)] / <b >* (8) 

The interatomic distances Ry are given by the positions of the maxima of the 
Gij(R). 

The partial coordination numbers Zy are obtained from the area under the first 
peak of the RDFij: 

Ru 

Zu = jrRDF1J(R)dR (9) 
Rl 

Due to the fact that in amorphous systems the first and the second coordination spheres 
usually overlap, the upper integration limit Ru is not defined uniquely, and the 
coordination numbers thus have some uncertainty. Different approaches are possible: 
Integration up to the minimum between the first and the second maximum, the use of 
the tangent at the point of inflection on the right hand flank of the first maximum, or a 
fit of a Gaussian curve to the first maximum (which should be done preferently to the 
functions Aj(R) or gy(R)). 

The widths ARy of the peaks of the distribution functions are a measure for the 
widths of bond-length distributions, resulting from structural and thermal disorder. 
However, as in praxis the integration in Eqn. (7) is done to a finite maximum Q- value, 
depending on the experimental conditions, especially on the wavelength, the peaks show 
an additional broadening, which has to be taken into account. Furthermore, this 
truncation effect causes additional non- physical oscillations (Fourier ripples) in Gij(R), 
which occur most distinctly in the R-range below nearest neighbour distances, where 
py(R) = 0, and GIJ(R) = -ArcpJL 
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The information about the structure of an amorphous alloy on the base of correla
tion functions is restricted for two reasons. First, it is a statistical description in terms of 
average values of the structural parameters which may vary from site to site of a selected 
reference atom. Secondly, the correlation functions represent a projection of the 
three-dimensional structure onto the one-dimensional R-scale. Thus we have no direct 
information about higher order correlations such as bond angles (triplet correlations), 
although in some cases by intuition conclusions may be drawn from special features of 
the correlation functions. For these reasons a comprehensive investigation of the 
structure of an amorphous system should comprise the construction of a three-
dimensional structural model, the calculation of the corresponding correlation functions, 
and the discussion and improvement of the model by comparison with the experimental 
correlation functions. 

2.2 Description with density and concentration 

Bhatia and Thornton [5] introduced a formalism, where the structure is described in 
terms of density- and concentration fluctuations. 

The total structure factor S(Q), as defined in Eqn. (2) is written as: 

S(Q) = [<b>2SNN(Q) + Clc2(Ab)2SCc(Q) + 2<b>AbSNC(Q)] / <b2> (10) 

where Ab = bi - b2 

(The same relation applies to the respective correlation functions GNN(R), GCc(R) and 

GNC(R)). 
With this formalism the atomic ordering effects are separated into a topoligical and 

a chemical effect: 

SNN(Q): Topological short range order, described by the correlations between 
density fluctuations. Where do we find atoms (without regarding the 
species)? 

Scc(Q): Chemical short range order, described by the correlations between 
concentration fluctuations. How are the different species distributed on the 
given places? 

SNN(Q): Size effect, described by the cross correlations between density fluctuations 
and concentration fluctuations. If the atoms have different sizes the two 
questions above are not independent. 

The B -T formalism is particularly suitable for the classification of amorphous and 
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liquid alloys into one of the groups: statistical distribution, compound forming tendency, 
and segregation, according to the specific features of Sec- It is illustrative to compare it 
with crystalline solid solutions: SNN corresponds to the Bragg scattering, SCc to the 
diffuse scattering (between the Bragg peaks or as small angle scattering), and SNC to the 
displacement scattering. 

"Within the present notes we shall present mainly examples where the structure is 
described in terms of atomic pairs. For the application of the B-T formalism to 
amorphous and liquid materials see e.g. [1]. 

3. Experimental 

3.1 Evaluation of the total structure factor by neutron diffraction 

From a diffraction experiment with an amorphous sample the total structure factor 
is obtained after a series of correction procedures (concerning the computer programs it 
is recommended to the newcomer in this field to contact the experienced scientists, e.g. 
at a research reactor). 

Fig. la shows as an illustrative example the neutron diffraction patterns of an 
amorphous Ti84Si16 sample Is (2.5 grams in a 0.1 mm thick vanadium container with 10 
mm diameter), of the empty container Ic, of a cadmium- rod with same dimensions as 
the sample led, and of the background IB. The run with the Cd absorber yields that part 
of the background which did not pass through the sample and thus has to be subtracted 
from the measured intensities without any modification. 

The absorption correction yields the corrected intensity from the sample alone 
(where I' means that I c d was already subtracted): 

i Tc,s+c 
Icor = T ^ i ^ [ IS '""T^F- IC ' -TB.SKh'] («) 

where Ts,s+c = attentuation of scattering from S by S and C, etc. 
The angular dependent absorption correction coefficients Te>m can be calculated 

according to Paalman and Pings [6], or to Poncet [7], by numerical integration over the 
different neutron paths through the sample and/or container for a given (usually cylin
drical) geometry. 

The further corrections for incoherent scattering, for multiple scattering, and for the 
inelastic scattering effect usually are performed together with the conversion into 
absolute scattering units, i.e. into S(Q) or dc/dfi | COh(Q)- Icor is composed of the 
different contributions according to: 
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Icor = 1/0 [(da/dft|coh-<b2>)+fp (da/dü|Inc+d<7/dü|ns+<b2>)] (12) 

where 
ß = normalization constant 
da/dfl | i n c = incoherent scattering 
àa/dQ | ms = multiple scattering 
fP(Q) = Placzek factor 

.a 
o 

c 

0 

cor A % 

v 

At*. ^ «pfc^w * * ^ * * > ^ ^ i ^ W X > W " i ^ i — « 

0 10 20 30 40 50 60 
scattering angle 20 

Fig. la Tis4Si16: neutron diffraction 
patterns (D4B instrument at ILL, A=0.5A). 
Is: sample, Irj: V-container; (arrow marks 
the Bragg peak), ICd: cadmium, IB: back
ground, Icor: corrected intensity, 
fp: Placzek factor (right hand scale) 

0 2 4 6 8 10 12 14 16 
scattering vector Q [Â - 1 ] 

Fig. lb Ti84Sii6: total structure 
factor from neutron diffraction. 
— FZ (Eqn. 1), 
— AL (Eqn. 2) 

The normalization constant ß can be determined by measuring a calibration stan
dard sample with known scattering cross section, usually a vanadium sample which 
exhibits merely the angular independent incoherent scattering signal. It may also be 
derived from the scattering of the sample itself, either from the level of ICOr(Q) a t large 
Q-values, where the oscillations are damped out or at least small, (da/dfi | c0^ « <b2>), 
or according to the Krogh-Moe method which uses the fact that the integral over the 
coherent scattering is related to the mean atomic number- density p0 [8], 

The incoherent scattering is the mean value of the tabulated cross sections of the 
constituents. The multiple scattering is usually in the order some percent of the total 
scattering. It can be calculated from the tabulated scattering-and absorption cross sec-
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tions according to Sears [9], where it is assumed to be angular independent, or in depen
dence of die scattering angle from the measured intensities by computer simulation using 
Monte Carlo techniques [10] (Fig. 11). The Placzek factor fp(Q) describes the 
modification of the scattering due to inelastic effects, which cause a decrease of the 
intensities towards larger Q-values [11]. It can be calculated for atomic masses large 
compared with that of the neutron (see e.g.[12]), but it fails completely for hydrogen 
atoms, where we have to apply empirical correction functions, which in practice are 
obtained by some fit of a gradually decaying function to the oscillating experimental 
ïCor(Q) (see e.g. Fig. 11). 

3.2 Determination of partial structure factors 

Some structural information of an alloy can be obtained already from total structure 
factors and total correlation functions, such as averages of the different atomic distances 
and coordination numbers. Note however, that the physical meaning of these values is 
restricted because they depend on the weighting factors of the partial functions (Eqns. 3 
and 8) and thus on the scattering lengths of the components. 

A detailed investigation of the structure means the evaluation of the complete set of 
the partial structure factors using one of the different contrast variation methods. For a 
binary alloy three total S(Q) have to be measured with chemically identical samples, but 
where the ratio of the scattering lengths bi and b2 is different in each case. This provides 
a set of three equations according to Eqn.(3) with different weighting factors Wij which 
can be solved for the three partial S|j(Q). The crucial point for the succès, i.e. for the 
reliability of the results, is the degree of the contrast variation, which is expressed 
quantitatively by the normalized determinant of the nine coefficients Wij. 

The combination of x-ray scattering and neutron scattering is a powerful method in 
those cases where the scattering lengths for the two radiations are very different for at 
least one of the components, in particular for elements wim a negative neutron scattering 
length, such as Ti and Mn. Fig.2 shows the total correlation functions GX(R) and Gn(R) 
for the Tig4Si16 metallic glass [13]. Due to the negative scattering length of Ti (bT1 = 
-0.3438 , bsx == + 0.4149, in 10'12 cm) the Ti-Si correlation appears as a distinct 
negative peak in Gn(R) ( below the -4irp0 R line) at RT1SI = 2.64 Â, followed by the 
positive Ti-Ti peak at RTITI = 2.9 Â. The first maximum of the x-ray curve GX(R) is 
positive in the range of both contributions. The total G(R) in terms of the partial Gij(R) 
are: 

Gx(R) = 0.80 GTlT1(R) + 0.01 GslSi(R) + 0.19 GT1S1(R) (13a) 
Gn(R) = 1.69 GT1T1(R) + 0.09 GS1S1(R) - 0.78 GT1S1(R) (13b) 



302 

-i 1 T 1 1 1 1 1 r 1 1 1 1 1 1 1 1 r 

Ti-Ti +12 . 

—3 i — u — i — j — i — i — i — i — i — i — i _ 5 
0 2 4 6 8 1 0 1 2 1 4 1 6 1 8 2 0 0 2 4 6 8 1 0 1 2 1 4 1 6 1 8 2 0 

R [Â] R [A] 

Fig. 2 Tig4.Sii6: total pair correlation 
functions. Gn(R): neutron diffraction, 
GX(R): X-ray diffraction (shifted upwards 
by 8), —-: -4rpoR line (p0 = 0.0582). 

Fig. 3 Tis4Sii6: partial pair cor
relation functions. The arrow 
marks the point where GTisi(R) 
drops down to the -4irp^R. une. 

Neglecting the small contribution of the Si-Si pairs the two equations were solved for the 
partial functions Gnsi(R) and GTm(R) (Fig-3). The correlation functions show 
decaying oscillations up to at least 20 Â, i.e. up to about ten coordination spheres. The 
first peak of GTisi is quite sharp, ART1S1 = 0.33 Â, and drops down again to the 
-4^0oR line between the first and the second peak. This well defined coordination sphere 
reflects the chemical bonding between the metal atoms and the metalloid atoms. The 
metal-metal correlation is less distinct, ARTm = 0.45 Â. It has been found generally 
with mtittl-metalloid glasses that their short range order is characterized by a chemical 
ordering effect between the constituents. 

The most reliable partial structure factors were obtained with the isotopic 
substitution technique. As an example the results from a neutron diffraction experiment 
with amorphous melt spun Ni80P2o [14] are shown in the following. Fig.4 shows the total 
structure factors of three Ni80P2o samples which were prepared using different Ni 
isotopes. One with natural Ni, which has a large positive scattering length (bui = 1.03), 
one with the isotope 62Ni, which has a negative scattering length (bN1 = -0.87), and one 
with a zero-scattering isotopic mixture (bN1 = 0). This mixture was produced by alloy
ing 62Ni and 60Ni (bN1 = 0.28). The latter sample was designed in such a way that the 
weighting factors of the Ni-Ni and of the Ni-P correlations are zero and thus it became 



303 

9 

8 

7 

6 

5 
Ni80P20 +2.5 

6 8 10 12 14 16 

- 1 

I „I U 

Q [Â"1 ] 

Fig. 4 NisoP2o: total AL-structure 
factors (Eqn. 2) 
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Fig. 5 Ni8oP2o: partial FZ-
structure factors. 

possible for the first time to observe directly the metalloid-metalloid correlations in a 
metallic glass. Note that with x-rays the light metalloid atoms would be almost invisi
ble. The three equations corresponding to Eqn. (3) are: 

natNi80P2o : S(Q) = 0.79 SN1Ni(Q) + 0.01 SPP(Q) + 0.20 SN1P(Q) (14a) 
62Ni80P2o: S(Q) = 1.38 SN1Ni(Q) + 0.03 SPP(Q) - 0.41 SN1P(Q) (14b) 
°Ni80P2o: + 1.00 SPP(Q) (14c) 

For X-rays we have: 

Ni80P2o : S(Q) = 0.78 SN1Ni(Q) + 0.01 SPP(Q) + 0.21 SNiP(Q) (15) 

The very different weighting factors and accordingly the very different shapes of the 
total S(Q) in Fig.4 show the strong contrast variation in the present case. The 
normali2ed coefficient determinant (maximum possible value =1) is quite large (0.5). 
Solving the set of Eqns. (14) yields the partial structure factors Sy in Fig.5, and by 
Fourier transformation the partial pair correlation functions GJJ(R) in Fig.6. In Fig.6 
also the G^R) of the metallic glass Ni81B19, derived in the same way [15], are plotted. 
The structural parameters, taken from the partial Gij(R) are listed in Tab.l. 
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R[Â] 

Alloy T-M 

Ti84Sii6 

Ni8oP20 

NisiBig 

RrrfA] 
"TT 
ARTTEÂ] 

2.90 
11.50 
0.45 

2.56 
9.4 
0.39 

2.52 
10.8 
0.34 

Rw[A] 
ZMT 9 
ARMI[À] 

164 
9.4 
0.33 

2.28 
9.3 
0.32 

2.11 
9.3 
0.32 

RMM[À] 

3.73 
5.3 

3.29 
3.6 

4.30 
3.3 

4.02 
3.7 

Tab. 1 Structural para
meters of transition metal 
(T) - metalloid (M) glasses: 
Ru = atomic distance, 
Zy = partial coordination 
number, AR« = width of 
the pair distribution. 

For a detailed discussion of the structural results see the original papers [14,15]. 
Here only some aspects are mentioned: In both alloys the metal-metalloid correlation, 
compared with the metal-metal correlation, is characterized by a smaller distance and 
by a sharper bond-length distribution. After the main peak the metal-metalloid function 
again drops down to the -4np0 R line. These pronounced features are due to the chemi
cal interaction between the metal and the metalloid atoms. The metalloid atoms do not 
appear as direct neighbours, but exhibit as a double peak a very pronounced distance 
correlation at two different distances around 4 Â followed by extended oscillations. From 
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these observations it was concluded that the metalloid atoms are not distributed ran
domly in a framework of metal atoms, as has been supposed in the early stages of studies 
on those metallic glasses, but play a dominant role in the amorphous structure by estab
lishing their own neighbourhood of about nine metal atoms by chemical interaction with 
the metal atoms. The structure of both metallic glasses seems to be quite similar, but the 
correlation functions GPP(R) and GBB(R) show that there are also differences in detail. 

3.3 An example for the Bhatiar-Thornton formalism 

Figure 7 shows the BT partial structure factors of amorphous Ni40Nb60 and 
Ni63Nb37, derived by the isotopic substitution method [16]. 
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Fig. 7a Ni40Nb6o-" partial 
BT-structure factors. 
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Fig. 7b Ni63Nb37: partial 
BT-structure factors. 

The topological ordering, represented by SNN(Q)> appears to be very similar in both 
alloys. However, the chemical ordering is stronger in Ni63Nb37 than in I^oNbgo as 
shown by the larger oscillations in SCC(Q). We note that for a random distribution of Ni 
and Nb in the amorphous system SCc(Q) = 1, and the corresponding contribution to the 
total S(Q) in Eqn. (10) would be the Laue monotonie scattering term ciC2(Ab)2/<b2>. 
Both alloys exhibit a size effect SNC(Q) due to the different atomic diameters of 
Ni (d = 2.5 Â) and Nb (d = 3.0 Ä). 
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3.4 SmaJl angle scattering 

Small angle neutron (SANS) and x-ray (SAXS) scattering yields information about 
structural inhomogeneities occuring on length-scales larger than atomic distances. Many 
amorphous alloys, and most of the metallic glasses, are not homogeneous, but contain 
fluctuations of their local structural properties. Phase separation in amorphous alloys 
has been found or suggested frequently. 

Fig.8 shows as Guinier plots the SANS curves of melt spun amorphous FesoB2o in 
the as-quenched state and after annealing well below the crystallization temperatur [17]. 
If the scattering follows the so called Guinier law [18]: 

da/dft(Q) = const • expf-Rg Q2/3] (16) 

the radius of gyration RG of the scattering particles segregated in a matrix is obtained 
from the slope of the SANS curve in the Guinier plot The SANS results show that 

amorphous Fe8oB2o contains regions with diameter 2Rs = 2,ß/3 RG of about 13 A, 
which during annealing grow by a factor of 2. 
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Fig. 8 Fe80B2o: Guinier plot of 
SANS. fit with straight Une. 

From the employment of the isotopic substitution method with amorphous Ni80P20 
in the SANS regime it has been found that the regions differ in their concentration rather 
than in their density from the matrix [19]. 
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During crystallization of amorphous FeS0B2o m e phase F e ^ is formed as a crystalli
zation product. This led to the idea that the separation of the amorphous system into two 
amorphous phases during the rapid quenching process involves the development of 
B -enriched regions in the alloy with extension in the order of 10 À. 

Coining back to the atomic structure of phase separated amorphous alloys it should 
be noted that the structural parameters deduced from wide angle diffraction represent 
average values of the two phases, which complicates their interpretation considerably. 

Furthermore, it is evident that a detailed study of an amorphous system may 
require a very extended Q-range to be covered, e.g. from 10"3 Â"1 up to 25 À"1. 

4. Models 

Three-dimensional models of the structure of amorphous or liquid alloys are 
constructed by creating the coordinates of a cluster of several thousand atoms in a 
computer. The process comprises two steps: 

i) Construction of an initial set of atomic positions. Here often information about the 
short range order, as already known from experiment and/or by intuition, is intro
duced by using specific packing rules during the construction. For example the 
avoidance of close contact between the metalloid atoms in metal-metalloid glasses. 

ii) Refinement of the model step by step by comparison of the correlation functions of 
the model cluster with the experimental ones. The final stage is reached when no 
further improvement can be achieved. 

The models can be classified roughly into 4 groups according to the employed strategy: 

4. l Dense Random Packing of Hard Spheres (DRPHS). 

Single atoms are packed together as close as possible observing special packing 
rules. Then a relaxation process is adopted to the starting cluster using appropriate pair 
potentials between the atoms. 

4.2 Stereo-chemically Defined Models. 

Structural units consisting of several atoms are packed together, which contain 
already a stereo-chemically defined type of short range order. Trigonal prismatic 
packing (TPP) models of metal-metalloid glasses are based on the fact that related 
crystalline phases of these systems contain trigonal prisms, where the metalloid atoms 
are surrounded by 9 metal atoms (6 forming a prism and 3 further cusp- atoms placed 
on the rectangular faces of the prism). This type of model relies on the philosophy that 
the short range order in metallic glasses is similar to that in related crystalline phases. 
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Fig.9a shows the G^R) functions of a TPP model [20] of amorphous Ni8iB19 in com
parison with the experimental ones from Fig. 6. The agreement is quite good, but there 
are also differences, particularly in the B-B correlation at larger distances. 

4.3 Molecular Dynamics Models (MD). 

In contrast to the DRPHS models, where the relaxation process is static, the MD 
models incorporate also the velocities of the atoms. The development of the cluster is 
simulated in sequential steps by solving the Newtonian equations of motion under the 
influence of suitable pair potentials. Fig.9b shows a result again for the Ni81Bi9 metallic 
glass [21]. The agreement of the MD model with the experiment is comparable to that of 
the TPP model in Fig.9a. 
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4.4 Monte Carlo Models. 

Here no potentials are required. The refinement of the starting cluster is performed 
by random displacements of the atoms. A quite new method is the reversed Monte Carlo 
(RMC) method [22]: A randomly selected atom is moved by a random distance in a 
random direction. If the according (of course very small) changes of the model Gij(R) 
yield improved agreement with the experimental Gij(R) the new configuration is 
accepted. If not, the step is accepted only with a certain probability. Especially this 
technique requires fast computers because of the necessary number of steps in the order 
of millions until a final, i.e. no longer improving, configuration is reached. It is obvious 
that the quality of the experimental data is a crucial condition for the succès of a RMC 
simulation because it trys to fit also the errors in the experimental data, such as 
non-physical oscillations due to the truncation effects in the Fourier transformation. 

Fig.9c shows RMC results for amorphous Ni81B19 [23]. A cluster of 1500 atoms 
(1200 Ni and 300 B) was refined in 2-106 steps. This still is not the final stage of the 
procedure, but the agreement is already very good. From the coordinates of the three-
dimensional cluster further structural properties can be calculated, which are not acces
sibly from the one-dimensional experimental pair correlation functions. First, the varia
tion of structural parameters from atomic site to site, and secondly, higher order cor
relations involving more than a pair of atoms. Fig. 10a shows the histogram of the partial 
coordination number ZBN1 from the RMC model, and Fig. 10b the distribution of the 
Ni-B-Ni bond angle. We state that the 9 Ni-atoms around a central B-atom, as estab
lished by experiment, represents an average value of a rather broad distribution, from 6 
up to 11 Ni-neighbours. The Ni-B-Ni bond angle distribution shows maxima around 
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70° and 130°, but the distribution is smeared out. From these features we learn that the 
short range order in metallic glasses, though characterized by the chemical interaction 
between the different constituents, does not comprise well defined structural units which 
are packed together in an " amorphous way", but that the units themselves have an 
"amorphous" structure. 

5. Hydrogen in Amorphous Metals 

For the investigation of materials containing hydrogen we have to rely on neutron 
scattering because x-rays do not probe the light hydrogen atoms. In addition, the iso-
topic substitution technique by replacing hydrogen, which has a negative scattering 
length (bH = -0.374), by deuterium, which has a positive scattering length (bp = 0.667), 
can be adopted to obtain information about partial correlation functions. 

In the present section an illustrative example is presented [24]. Fig. 11 shows the 
neutron diffraction curves of amorphous Ti84Si16 produced by melt spinning in the blank 
state as well as after loading with 37% H or D, respectively. Hydrogen has an extremely 
high incoherent scattering cross section (bH.mc = 6.36-10"12 cm), which due to the strong 
inelastic scattering effect declines rapidly with increasing scattering vector Q. This 
makes the separation of the oscillating coherent scattering signal, sitting on the 
incoherent background, difficult. The smooth function through the intensity curve of the 
H-containing sample represents the non-oscillating part of the total scattering. 

Fig. 12a displays the total pair correlation functions GX(R) as determined by x-ray 
diffraction. Although they contain no information about the hydrogen itself, they show 
how the amorphous host-matrix is modified by the absorption of hydrogen atoms. The 
shift of the maxima towards higher distances shows that the structure expands upon 
incorporation of the H-atoms. Bearing in mind that GX(R) mainly represents the Ti-Ti 
pairs (Eqn.l3a), we note that the Ti-Ti distance increases from'2.86 Â to 2.97 Â, i.e. 
by 5% At the same time the coordination number Zxm increases from 9 to 10 [24]. 

The neutron Gn(R) functions are plotted in Fig. 12b for the blank alloy and with 
47% H(D). The very strong changes now are less due to the modification of the matrix, 
but much more to the contribution to Gn(R) of the partial correlation functions which 
involve H(D). The opposite signs of the scattering lengths of H and D enable the 
identification of the individual peaks in the total Gn(R), as marked in Fig. 12b, and the 
determination of structural parameters, though the complete set of 6 partial correlation 
functions of the 3-component system is not known. In such cases where the individual 
atomic pairs occur as more or less resolved peaks in the total G(R)-function the partial 
coordination numbers can be determined by fitting Gaussian functions to the peaks. The 
H(D)-Ti correlation at 1.93 Â is positive with H (—) and negative with D (+-). The 
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coordination number ZH(D)T1 = 4 means that the hydrogen atoms occupy tetrahedral Ti4 

sites in the Ti-Si glass. The H(D)-H(D) correlation (-- or ++) appears as a positive 
peak at 2.25 Â with D, but only as a shoulder with H because of the smaller scattering 
length of H by a factor of about two (and thus of about four of the weighting factor 
WH(D)H(D) in Eqn.(8)). The coordination number is ZH(D)H(D) = 2. As the H-H distance 
of 2.25 À is distinctly larger than the distance between the centres of two adjacent 
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Tij. tetrahedra (1.25 Â) the H-atoms doe not occupy neighbouring tetrahedral sites in 
the structure. After this follows the negative Si-Ti peak at 2.64 Â and the positive Ti-Ti 
near 3.0 Â. 
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ABSTRACT 

The invention of neutron interferometry in 1974 stimulated many 
experiments related to the wave-particle dualism of quantum 
mechanics. Widely separated coherent beams can be produced within 
a perfect crystal interferometer which can be influenced by 
nuclear, magnetic and gravitational interaction. The verification 
of the 47i-symmetry of spinor wave functions and of the spin 
superposition law at a macroscopic scale and the observation of 
gravitational effects including the Sagnac effect have been 
widely debated in literature. The coupling of the neutron magnetic 
moment to resonator coils permitted the coherent energy exchange 
between the neutron quantum system and the macroscopic resonator. 
This phenomenon provided the basis for the observation of the 
magnetic Josephson effect with an energy sensitivity of 10"19. eV. 
Partial beam path detection experiments are in close connection 
with the development of quantum mechanical measurement theory. 
The very high sensitivity of neutron interferometry may be used in 
future for new fundamental-, solid-state and nuclear-physics 
application. A striking spectral modulation effect has been 
observed by means of a proper post-selection procedure under 
conditions where the spatial shift of the wave trains greatly 
exceeds the coherence length of the neutron beams traversing an 
interferometer. It is shown that Schrödinger-cat-like states are 
created by the superposition of two coherent states generated in 
the interferometer. These entangled states exhibit under certain 
circumstances characteristic squeezing phenomena indicating a 
highly non-classical behavior. Analogies with light optical 
experiments are discussed. 

1. INTRODUCTION 

Different kinds of neutron interferometers have been tested in the 
past. The slit interferometer is based on wavefront division and provides 
long beam paths but only a very small beam separation1'2). The perfect 
crystal interferometer3'4' is based on amplitude division. The interfero
meter based on grating diffraction is a more recent development and has its 
main application for very slow neutrons5). A schematical comparison is shown 
in Fig.l. The perfect crystal interferometer provides highest intensity and 
highest flexibility for beam handling and is now most frequently used due to 
its wide beam separation and its universal availability for fundamental-, 
nuclear- and solid-state physics research. 
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Figure 1: Scheme of a slit-, a perfect-crystal and a grating interferometer 

The perfect crystal interferometer represents a macroscopic quantum 
device with characteristic dimensions of several centimeters. The basis for 
this kind of neutron interferometry is provided by the undisturbed arrange
ment of atoms in a monolithic perfect silicon crystal3'6). An incident beam 
is split coherently at the first crystal plate, reflected at the middle 
plate and coherently superposed at the third plate (Fig.lb). From general 
symmetry considerations follows immediately that the wave functions in both 
beam paths, which compose the beam in the forward direction behind the 
interferometer, are equal (*j/0 = 4»o )/ because they are transmitted-
reflected-reflected (TRR) and reflected-reflected-transmitted (RRT), respec
tively. The de. Broglie wavelength of the neutrons diffracted from such 
crystals is about 1.8 Â and their energy is about 0.025 eV. The theoretical 
treatment of the diffraction process from the perfect crystal is based on 
the dynamical diffraction theory, which can also be found in the literature 
for the neutron case7"10). Inside the perfect crystal two wave fields are 
excited when the incident beam fulfills the Bragg condition, one of them 
having its nodes at the position of the atoms and the other in between them. 
Therefore, their wave vectors are slighly different (k]_ - k, = 10"5 k0) and 
due to mutual interference processes, a rather complicated interference 
pattern is built up, which changes substantially over a caracteristic length 
A0 - the so-called Pendellb'sung length, which is of the order of 50. »im for 
an ordinary silicon reflection. To preserve the interference properties over 
the length of the interferometer, the dimensions of the monolithic system 
have to be accurate on a scale comparable to this quantity. The whole 
interferometer crystal has to be placed on a stable goniometer table under 
conditions avoiding temperature gradients and vibrations. 

A phase shift between the two coherent beams can be produced by 
nuclear, magnetic or gravitational interactions. In the first case, the 
phase shift is most easily calculated using the index of refraction11'12): 

n = = i - J b c
2 - — + 1 - — (1.1 

kQ 2n u 2\ 4n 

which simplifies for weakly absorbing materials (ar - 0) to 

n = 1 - x2 — (1.2) 
2 TT 

where b c is the coherent scattering length and N is the particle density of 
the phase shifting material. The different k-vector inside the phase 
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shifter causes a spatial shift 2Aof the wave packet which depends on the 
orientation of the sample surface s 

^ (tf-^o) (l-n)ks 
A = - r — D0 with Jc-Ic0 = A_—i_ (1.3) 

(k.s) 

As in ordinary light optics the change of the wave function is obtained as 
follows: 

+ •* *oe ~ *oe +oe x- f1-4) 

Therefore, the intensity behind the interferometer becomes 

I 0 « l+o
1 + «fo11!2 «r (1 + cosx) (1.5) 

The intensity of the beam in the deviated direction follows from particle 
conservation: 

I 0 + IH = const. (1.6) 

Thus, the intensities behind the interferometer vary as a function of the 
thickness D of the phase shifter, the particle density N or the neutron 
wavelength X. 

Standard quantum mechanics defines the momentum distribution of the 
beam by 

g(S) = I*(Jc)l2 = la(£)l2 (1.7) 

and; therefore, one gets the real part of the coherence function as the 
Fourier-transform of the momentum distribution 

lr(S)l c lj"g(U)eiK-3d3]cl, (1.8) 

which simplifies for Gaussian momentum distributions 

g(Jc) « exp[-(K*-tf0)
2/2SJc2], (1.9) 

with characteristic widths 6k^ to 

lr(S0)l = n exp [-(4^)2/2]. (1.10) 
i=x,y,z 

The mean square distance related to lr(2)l defines the coherence length AJ 
which is for Gaussian distribution functions directly related to the minimum 
uncertainty relation (AJ = l/(25kj[)). 

Any experimental device deviates from the idealized assumptions made by 
the theory: the perfect crystal can have slight deviations from its perfect-
ness, and its dimensions may vary slightly; the phase shifter contributes to 
imperfections by variations in its thickness and inhomogeneities; and even 
the neutron beam itself contributes to a deviation from the idealized 
situation because of its momentum spread 5k. Therefore, the experimental 
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interference patterns have to be descibed by a generalized relation 

I oc A + B cos(x + *o) ( L U ) 

where Ä, B and $0 are characteristic parameters of a certain set-up. It 
should be mentioned, however, that the idealized behaviour described by 
equation (1.5) can nearly be approached by a well balanced set-up13). The 
reduction of the contrast at high order results from the longitudinal 
coherence length which is determined by the momentum spread of the neutron 
beam (AX = (26kx)"

1. This causes a change in the amplitude factor of equ. 
(1.7) as (B^Bexp[-(Aj>ski)

2/21. The wavelength dependence of x in egu. (1.4) 
disappears in a special sample position where the surface of the sample is 
oriented parallel to the reflecting planes and the path length through the 
interferometer becomes D0/sineB and, therefore, the phase shift x = 

"2cihJ£lNbQD0 becomes independent of the wavelength. In this case the damping 
at nigh interference orders due to the wavelength spread does not appear as 
in the standard position. Related results of a recent experiment where the 
interference pattern in the 256th interference order have been measured in 
the dispersive and the nondispersive sample position are shown in Fig.214). 
The much higher visibility of the interferences in the nondispersive sample 
arrangement is visible and is caused by the much smaller momentum spread 
perpendicular to the reflecting planes. 

Various post-selection measurements in neutron interferometry have 
shown that interference fringes can be restored even in cases when the 
overall beam does not exhibit any interference fringes due to spatial phase 
shifts larger than the coherence length of the interfering beams15-18). This 
indicates that the simple picture which predicts interference only when wave 
packets spatially overlap is untrue. Interference actually occurs no matter 
how large the optical path difference may be. From classical optics it has 
been known for many years that the coherence properties manifest themselves 
in a spatial intensity variation for phase shifts smaller than the coherence 
length and in a spectral intensity variation for large phase shifts19"23). 
This phenomenon becomes more apparent for less monochromatic beams and can 
cause overall spectral shifts24'25) and even squeezing phenomena26'27). 

The related phenomena for matter waves have been discussed 
recently28'29) and will be elucidated in more detail in this paper. The 
experimental verification has been performed with a perfect crystal inter
ferometer. Figure 1 depicts the general scheme of the measurements. Due to 
the rather low intensity of any neutron source one deals with selfinter-
ference phenomena only. 

All the results of interferometric measurements, obtained up until now 
can be explained well in terms of the wave picture of quantum mechanics and 
the complementarity principle of standard quantum mechanics. Nevertheless, 
one should bear in mind that the neutron also carries well defined parti
cle properties, which have to be transferred through the interferometer. 
These properties are summarized in Table 1 together with a formulation in 
the wave picture. Both particle and wave properties are well established and 
therefore, neutrons seem to be a proper tool for testing quantum mechanics 
with massive particles, where the wave-particle dualism becomes obvious. 
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Figure 2: Interference pattern observed at high order (m = 256) with a 
dispersively (above) and a nondispersively arranged sample14). 
(Dashed lines correspond to measurements at low order.) 

Table l: Properties of the neutrons 

P a r t i c l e propert i e s : 

mass: 
spin: 
magnetic moment: 
half live: 
electric charge: 
electric dipol moment: 
confinement radius; 
quark structure: 

Wave properties: 

Compton wavelength: 
de Broglie wavelength: 
coherence length: 
packet length: 
decay length: 
phase difference: 

*) values belong to thermal neutrons (xB = 1.8 A, v = 2 200 m/s) 

All neutron interferometric experiments pertain to the case of self-
interference, where during a certain time interval, only one neutron is 
inside the interferometer, if at all. Usually, at that time the next neutron 
has not yet been born and is still contained in the uranium nuclei of the 
reactor fuel. Although there is no interaction between different neutrons, 
they have a certain common history within predetermined limits which are 
defined, e.g., by the neutron moderation process, by their movement along 
the neutron guide tubes, by the monochromator crystal and by the special 
interferometer set-up. Therefore, any real interferometer pattern contains 

m0 = 1 .6749543(86) .10" 2 4 

s = 1/2 h 
IL = -1.91304308(54) uK 
Tl/2 = 641i§i S 
g '< 2 .2 .10 2 ° e 
d < 4 . 8 . 1 0 " 2 5 e.cm 
R = 0.7 fm 
n = u - d - d 

x c = h/mc = 1.32.10 -13 
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r, = X2/AX = 1.10"6 C] 
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cm 

'/AX 
AD = V.At 
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cm 
*) 

d = v - T l / 2 
^ 2n 
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single particle and ensemble properties together. In the following chapters 
typical experiments performed mainly by our group within the last 15 years 
will be presented. Time has come to switch from classical to quantum neutron 
optics. 

2. STOCHASTIC VERSUS DETERMINISTIC ABSORPTION 

A certain beam attenuation can be achieved either by a semi-transparent 
material or by a proper chopper system. The transmission probalility in the 
first case is defined by the absorption cross section <ra of the material 
la. =. I/I0. =. exp(-oraND): and the change of the wave function is obtained 
directly from the complex index of refraction (equ.1.1): 

* - *0e
i(n"1)kD = +QeiX e ' ^ 7 2 = eix ^ (2#1) 

Therefore, the beam modulation behind the interferometer is obtained in the 
following form 

I0 « l+Q
1 + +0

i:El2 c [(1+c) + 2^cosx] (2.2) 

On the other hand, the transmission probability of a chopper wheel or 
another shutter system is given by the open to closed ratio, a = t o p e n/ 
("t-open + Closed)' and one °b t ai n s after straightforward calculations 

I « [(1 - a)]^11]2 + fl'+O1 + +0II|23 

K [(1 + a) + 2acosx] (2.3) 

i.e. the contrast of the interference pattern is proportional to Ja, in the 
first case, and proportional to a in the second case, although the same 
number of neutrons are observed in both cases. The absorption represents a 
measuring process in both cases because a compound nucleus is produced with 
an excitation energy of several MeV, which is usually deexcited by capture 
gamma rays. These can easily be detected by different means. 

Figure 3 shows the dependence of the normalized contrast of the 
measured interference pattern on the transmission probability30-32). The 
different contrast becomes especially obvious for low transmission probabi
lities where the interfering part of the interference pattern is distinctly 
larger than the transmission probability through the semi-transparent 
absorber sheet. The discrepancy diverges for a-*0 but it has been shown that 
in this regime the variations of the transmission due to variations of the 
thickness or of the density of the absorber plate have to be taken into 
ccount which shifts the points below the ^-curve33). This can most easily 
be understood if the variation of the beam attenuation due to variations of 
the thickness or density fluctuations is included a = ä + ta, which yields 
after averaging 

vzr'< v T (2.4) 

indicating that the points fall below the vä-curve. 
The region between the linear and the square root behaviour can be 

reached by very narrow chopper slits or by narrow transmission lattices, 
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Figure 3: Sketch of the experimental arrangement for absorber measurements 
(above). (a) stochastic absorption, (b) deterministic absorption, 
(c) attenuation by â  transmission grating. Reduction of the 
contrast as a function of beam attenuation for different 
absorption methods (below)31'32). 

where one starts to loose information of through, which individual slit the 
neutron went. This is exactly the region which shows the transition between 
a deterministic and a stochastic view and, therefore, it can be formulated 
by a Bell-like34'35^ inequality 

Ja'> X > a (2.5) 

The stochastic limit-corresponds to the quantum limit when one does not know 
anymore through which individual slit the neutron went. Which situation 
exists depends how the slit widths t compares to the coherence lengths (A^ ~ 
(24ki)~1) ^n the r el a t e <* direction. In case that the slit widths become 
smaller than the coherence lengths, the wave function behind the slits show 
distinct diffraction peaks which correspond to new quantum states (n * 0), 
which now do not overlap with the undisturbed reference beam. The creation 
of the new quantum states means that those labbeled neutrons carry informa
tion about the chosen beam path and, therefore, do not contribute to the 
interference amplitude36). A related experiment has been carried out by 
rotating an absorption lattice around the beam axis where one changes from 
l. «. A x (vertical slits) to i. ». Ay (horizontal slits), Fig.4, because the 
coherence length parallel to the reflecting lattice vector is much larger 
than in any other directions. Thus, the attenuation factor a has to be 
generalized including not only nuclear absorption and scattering processes 
hut also lattice diffraction effects if they remove neutrons from the 
original phase space. 

A very similar situation exists if a very fast chopper produces beam 
bursts (packet lengths) shorter than the coherence time Atc = A/v. In this 
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Figure 4: Lattice absorber in the interferometer approaching the quantum 
limit31'36). 

case; diffraction in time occurs which also removes neutrons out of the 
original phase space. This limit is very difficult to reach with a 
mechanical chopper but it can probably be tackled with a high frequency spin 
flipper. 

3. NEUTRON JOSEPHSON EFFECT 

This phenomenon is based on the dipol coupling of the magnetic moment £ 
of the neutron to a magnetic field B (H. =. -HS) which causes the famous 
4n-symmetry of spinor wave functions, as measured in early neutron inter
ferometer experiments37'38^. The change of the wave function reads as: 

* - +0e-i(
Ht/h) = w'UvBt/A) m +0e-i-/2 = + ( a ) (3.1) 

where a represents a formal description of the Larmor rotation angle around 
the field Ö (a = (2ji/lî)fBdt =- (2u/îiv)jBds). This enabled also the realiza
tion of the spin superposition experiments where spin-up ( i T>) and spin-down 
states ( 11>) are superposed producing a final state perpendicular to both 
initial states39'40). It is interested to mention that in the case of spin 
reversal by means of a resonance flipper the spin term is accompanied by an 
energy exchange equal the Zeeman energy AUK.. =. 2pB. This provided the basis 
for the observation of a new quantum beatT effect; the magnetic Josephson 
analog. 

A double coil arrangement can be used for the observation of a new 
quantum beat effect. If the frequencies of the two coils are chosen to be 
slightly different, the energy transfer becomes different too (AE = hfo^ -
w-o)). The frequency difference can be made very small, if high quality 
frequency generators are used for the field generation. The flipping 
efficiencies for both coils are always very close to unity (better than 
0.99). Now, the wave functions change according to 

Therefore, the intensity behind the interferometer exhibit a typical quantum 



321 

beat ef fec t , given by 

I « 1 + cos[X + (cur! - 0^2)*3 (3 .3) 

Thus, the intensity behind the interferometer oscillates between the forward 
S 5 QT

V14arfd J 0 * ? . without a ny apparent change inside the inter
ferometer^ . The time constant of this modulation can reach a macroscopic 
scale which is correlated to an uncertainty relation AEAt « ft/2. Fig 5 shows 
* /î. t of an exPeriment, where the periodicity of the intensity 

ï2£î£?J-ï/ 2n/(<V l\2h momitS t0 T = (47'90 * °' 1 5) s caused *Y a frequency difference of about 0.02 Hz. This corresponds to a mean difference 
AE of the energy transfer between the two beams, AE = 8.6 x 10"17eV, and to 
an energy sensitivity of 2.7 x 10"19eV, which is better by many orders of 

RESONANCE FLIPPER 

INTERFEROMETER 

Figure 5: Quantum beat effect observed when the frequencies of the two 
flipper coils differ by about 0.02 Hz around 71.89979 kHz 4 1). 

magnitudes than that of other advanced spectroscopic methods. This high 
resolution is strongly decoupled from the monochromaticity of the neutron 
beam, which was AE B =« 5.5 x 10"

4ev around a mean energy of the beam E R = 
0.023 ev in this case. It should be mentioned, that the result can also be 
interpreted as being the effect of a slowly varying phase A(t) between the 
two flipper fields, but the more physical description is based on the 
argument of a different energy transfer. The extremely high resolution may 
be used for fundamental, nuclear and solid state physics applications. 

The quantum heat effect can also be interpreted as a magnetic Josephson 
effect analog. In this case, the phase difference is driven by the magnetic 
energy y 

5 1 
££ (A2-Ai)

 = tur2"UJri = -7 2 ^ o (3.4) 

and, therefore, 

A(t) - A2-AT_ = (üjr2-wrl)t = 
2uBfi 

(3.5) 

This yields the observed modulation (compare equ. 3.2) 
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I oc (1 + cos A(t)) (3.6) 

where A(t) = 2{zB0t/n\ This is analogous to the well-known Josephson-effect 
in superconducting tunnel junctions42), where the phase of the Cooper-pairs 
in both superconductors is related according to 

_ (02-*!) = - (E2-E!) = - 2eV 
6t 

(3.7) 

which is driven by the electrical potential V between both superconduc
tors. This gives 

_ 2 e V 
<t>(t) — <t>2"~<J>j_ — —— • t 

a 

and a superconducting Josephson current 

xs = IsMax s i n (î)(t) 

(3.8) 

(3.9) 

4. POSTSELECTION OP STATES 

In the course of several neutron interferometer experiments15""18) it 
has been established that smoothed out interference properties at high 
interference order can be restored even behind the interferometer when a 
proper spectral filtering is applied. The experimental arrangement with an 
indication of the wave packets at different parts of the interference 
experiment is shown in Figure 6. An additional monochromatization is applied 
behind the interferometer by means of various single crystals brought into 
Bragg-position. 

MSNOCHOMATCR 

SKEW-SYMMETRIC 
NEWTON NTEFFEROMETER 

Figure 6: Scheme of the experimental arrangement with a skew-symmetrically 
cut perfect crystal interferometer and a post-selection analyzer 
crystal18'28). 
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The interference pattern behind the interferometer is given by the wave 
functions originating from beam paths I and II which are equal in amplitude 
and phase for the forward direction (0) and an empty interferometer because 
both beams are twice reflected and once transmitted (TER. = RRT). A phase 
shifter with an effective thickness Deff. =. D/(Jcs) changes the related wave 
function by a phase factor exp[i(n-l)kDeff]. =. exp(iS.Ic) and one gets for the 
individual plane wave components an intensity 

I0(r,lc) = l+5(r,E) + ^(r+A,*!
2 

s la(K)]2 )1 + cos(£(£).£)I2 (4.1) 

and for the overall beam 

I0(20) « 1 + lr(K0)l cos 20.S0 (4.2) 

where 2 0 represents the spatial phase shift for the Jc0-component of the 
packet. Equ. (4.2) describes the interference fringes when t0 is varied. The 
formula also shows that the interference fringes disappear for spatial phase 
shifts larger than the coherence lengths [A*. ». A£. =. l/(25k£)T (see equ. 
(1.10)). This behavior is shown in Fig.7 arid has been verified experi
mentally by several investigations for Gaussian and non-Gaussian nautron 
beams43"45). 

SchrodlR{*r-cat-llka ttaUi 
A Q - 1 0 0 A 2 

(A? '" °° k*Ä-) '" 

3 
«k/ko=0.02 

III'" Ao(A) 
" » i " • > t i i t t i . . 1 1 . i • . . . | . , • , | 

50 
t 

100 

-150 -50 

X 

m_ 1 
50 150 2.60 3.10, 3.60 

(A) k (A"') 

Figure 7: Interference pattern as a function of the relative phase shift and 
related wave packets and momentum spectra behind the interfero
meter18). 

In our experiment we deal with the coherence properties along the 
interferometer axis (x), where the tangential components of the momentum 
vectors (and coherence length) does not change due to Bragg diffraction. 
According to basic quantum mechanical laws, the related momentum distribu
tion follows from equ. (4.1) and for Gaussian packets it can be rewritten in 
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the form (k = kx, ky, kz) 

I0(k) oc exp[-(k-k0)
2/28k2]. 1 + cos hr) (4.4) 

where^ the mean phase shift is introduced (XQ =• ̂ oA0-=- Nbcx0Deff) • T h e 

surprising feature is that Io(k) becomes oscillatory for large phase shifts 
where the interference fringes described by equ.(4.2) disappear (see Fig.JK 
This indicates that interference in phase space has to be considered46'4') 
rather than the simple wave function overlap criterion described by the 
coherence function (equ.(l.lO). The second beam behind the interferometer 
(H) just shows the complementary modulation (IH = Itotal

_Io)• 

The amplitude function48) of the packets arising from beam paths I and II 
determines the spatial shape of the packets behind the interferometer 

I0(x) = l+(x) + +(x+A)l
2 

« exp[ -x 2 /2Bx 2 ] + exp[- (x+A 0 ) 2 /28x 2 ] (4.4) 

which separates for large phase shifts into two peaks (Fig.7). For Gaussian 
packets, sx corresponds to the coherence length A„ and fulfills the minimum 
uncertainty relation 8xsk. =. 1/2. For an appropriately large displacement 
(A. ». Ac) / the related state can be interpreted as a superposition state 
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Figure 8: Interference pattern of the overall beam (8k/k0 = 0.012) and the 
beam reflected from a nearly perfect crystal analyzer in the anti-
parallel position (8k«/k0 = 0.0003)

18). 
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of two macroscopically distinguishable states, that is, a stationary 
Schrbdinger-cat like state49*59), but here first for massive particles. 
These states - separated in ordinary space and oscillating in momentum space 
- seem to be notoriously fragile and sensitive to dephasing effects51"54). 

Measurements of the wavelength spectrum were made with with a narrow 
mosaic silicon crystal which reflects in the parallel position a very narrow 
band of neutrons only (5k'/&k ~. 0.05) causing an enhanced visibility at 
large phase shifts (Fig.8). This feature shows that an interference pattern 
can be restored even behind the interferometer by means of a proper post-
selection procedure. In this case the overall beam does not show inter
ference fringes anymore and the wave packets originating from the two 
different beam paths do not overlap. 

The momentum distribution has been measured by scanning the analyzer 
crystal through the Bragg-position. The related results are shown in Fig. 9 
for different phase shifts. These results clearly demonstrate that the 
predicted spectral modulation (equ.(4.3)) appears when the interference 
fringes of the overall beam disappear. The modulation is somehow smeared out 
due to averaging processes across the beam due to various imperfections, 
unavoidably existing in any experimental arrangement. The contrast of the 
empty interferometer was 60%. 

Spectral DistriDution 
S« («eg) 

22.4 22.2 22.0 21.S 

integrctec 
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4000 
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f\IV\ 

2 cm Bi 

^ 
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0.8 0.0 0.8 

« (dtg) 

2.34 2.3B 2.38 2.40 
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2000 F 

<0OO 

0 • 

-0.8 0.0 0.8 

• (dtg) 

Figure 9: Measured spectral modulation of the outgoing beam and the residual 
interference pattern for different bismuth phase shifter "thick
nesses. The wavelength resolution of the analyzer was 0.002 fi18). 

5. DISCUSSION 

All the results of the neutron interferometric experiments are well 
described by the formalism of quantum mechanics. According to the comple-
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mentarity principle of the Copenhagen interpretation, the wave picture has 
to be used to describe the observed phenomena. The question how the 
well-defined particle properties of the neutron are transferred through the 
interferometer, is not a meaningful within this interpretation, but from the 
physical point of view it should be an allowed one. Therefore, other inter
pretations should also be included in the discussion of such experiments. 
The particle picture can be preserved if pilot waves are postulated or if a 
quantum potential guides the particle to the predicted position. Belated 
calculations have been performed for a simplified interferometer system55). 
Unfortunately, the results of these calculations are identical with the 
results of ordinary quantum mechanics and, therefore, to decide between both 
points of view remains an epistemological problem. 

The newly discovered persisting phase space coupling in cases of large 
spatial shifts of the wave packets may bring some attendance to the action 
of plane wave components outside the packet. 

The results clearly demonstrate that a spectral modulation can be 
observed in neutron interference experiments at high interference order and 
that interference has to be treated in phase space rather than in ordinary 
space. It looks like that the plane wave components of the wave packets, 
i.e. narrow band width components, interact over a much larger distance than 
the size of the packets. This interaction guides neutrons of certain 
momentum bands to the 0- or H-beam, respectively. These phenomena throw a 
new light on the discussion on Schrbdinger-cat-like situations in quantum 
mechanics and, therefore, on the discussion about the EPR-experiments 
too 2 8' 5 6 - 5 8). Spatially separated packets remain entangled in phase space 
and nonlocality appears as a result of this entanglement. The analogy with 
optical experiments performed in the time-frequency domain is striking23)* 
An analogue situation exists in neutron spin-echo systems where multiple 
spin rotation plays an equivalent role as high order interferences 
discussed here59). 

Each peak in the momentum distribution corresponds to a different 
number of phase shifts experienced by the neutrons of that wavelength band 
during its passage through the interferometer. In that sense, the minimum 
quantum unity of the incident wave packet becomes a new quantity 
respresenting different quantum states vith distinguishable properties. This 
kind of labelling shows that constructive interference is restricted to that 
wavelength band only; a situation similar to that where new states have been 
created due to lattice diffraction inside the interferometer36). 

The new quantum states created behind the interferometer can be 
analyzed with regard to their uncertainty properties. Analogies between a 
coherent state behavior and a free but coherently coupled particle motion 
inside the interferometer have been addressed previously32). In such cases, 
the dynamical conjugate variables x and p minimize the uncertainty product 
with identical uncertainties (AX)2. =. (Ak)2. =. 1/2 (in dimensionless units). 
Using I0(k) and I0(x) (equs. (4.3) and (4.4)) as distribution function we 
get in our case 

<(AX)2> = <x2> - <x>2 = (6x)2 + Lj (5.1) 

and (for 5k/k0 « 1) 
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<(Ak)2> = <k2> - <k>2 (5.2) 

= (sk)2. 1-
25X 

2 -(A0/2SX)V2 cos(A0k0)+e 
-(A0/2sx)

2 

1 + e -(A0/25X)V
2 

cos(A0k0) 

These relations are shown in Fig. 10 indicating that for (Ak)2 a value below 
the coherent state value can be achieved, which in quantum optic termino
logy means squeezing35'60'61). One emphasizes that a single coherent state 
does not exhibit squeezing, but a state created by superposition of two 
coherent states can exhibit a considerable amount of squeezing. Thus highly 
nonclassical states can be made by the power of the quantum mechanical 
superposition principle. 

<A kVôkz 4: 

Figure io: Spatial and momentum uncertainties of the outgoing beams with the 
indication of squeezing in the momentum domain18). 

We have always tried to perform unbiased experiments and do not wish to 
interfere with any epistemological interpretation of quantum mechanics. 
Perhaps in the future new proposals for experiments will be formulated, 
which permit a unique decision between different interpretations. As an 
experimentalist, one appreciates the pioneering work of the founders of 
quantum mechanics, who created this basic theory with so little experimen
tal evidence. Now we have much more direct evidences, even on a macroscopic 
scale but, nevertheless, one notices that the interpretation of quantum 
mechanics goes beyond human intuition in certain cases. Only few aspects of 
the experiments discussed before should be mentioned again: How can every 
neutron have information about which beam to join behind the interferometer, 
when a slightly different energy exchange occurs in both beams inside the 
interferometer and the time constant of the beat effect is by many orders of 
magnitudes larger than the time of flight through the system? How can the 
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interference pattern be influenced in a pulsed beam when the mean occupation 
number of a single pulse is in the order of 10"4 only? How can the wave 
packet influence each other when they are shifted more than their 
dimensions? These are the speakable and unspeakable questions of quantum 
mechanics. 

Some recent experiments of our group which are related to fundamental 
physics problems have been discussed in this article. Several review 
articles can supplement a broader scope about the status of neutron inter-
ferometry62"66). 
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NEUTRON SOURCES 

G.S. Bauer 

Paul Scherrer Institut, CH-5232 Villigen PSI, Switzerland 

1 Introduction 

It became quite obvious during this school that there is an almost unlimited range of science 

in which neutron scattering plays an essential role in solving difficult and important problems. 

Unfortunately, suitable neutrons are not readily available. Although about half of our world 

is made up of neutrons, they are tightly bound deep inside the atomic nucleus and quite 

difficult to set free. Facilities that accomplish this task in a manner useful for scientific 

and technological applications are commonly called neutron sources. The energies of free 

neutrons can span many orders of magnitude. Table 1 gives a summary of terms commonly 

used to characterize different neutron energy regimes. 

Energy range 

< IkeV 

1 keV -j- 0.5 MeV 
0.5 MeV + 10 MeV 
10 MeV -r 50 MeV 
50 MeV -r 10 GeV 

> 10 GeV 

Classification 
Nuclear 
Physics 

slow 

intermediate 
fast 

very fast 
high energy 
or ultra fast 
relativistic 

Neutron 
Scattering 

ultra cold + 
very cold 

cold 
thermal 

epithermal 
resonant 

Energy range 
subdivision 

< 0.5 meV 

0.5 mev -f- 2 meV 
2 meV -r 100 meV 
(around 25 meV) 
100 meV -=- 1 eV 
1 eV -r 100 eV 

Table 1 : Approximate limits of neutron energy regimes classified by names 

In the present context we are ultimately interested in providing "epithermal", "hot", "thermal" 



332 

and "cold" neutrons. Obviously these temperature ranges do not really characterize thermal 

properties of the neutrons themselves, but rather the temperature of the substance those neu

trons were in thermal equilibrium with before leaking out through its surface. The exception 

are "epithermal" neutrons, which leak out during the slowing-down process before reaching 

thermal equilibrium. 

In what follows we will deal with ways to set free neutrons from the nuclei in the first 

place and to slow them down to useful energies afterwards. Actual designs of some types 

of "neutron sources" will be described in the light of their suitability for neutron scattering 

experiments and their prospects for further progress. 

The generic representation of a neutron scattering arrangement given in Fig. 1 includes 

the primary neutron source and the associated spectrum shifter (or moderator) for exactly 

the reason that neutron scattering requirements have an increasingly significant effect on the 

design of these components. This aspect, rather than technical details will be dealt with 

predominantly in this paper. 

PS 

PS 

ss 
PO 
SE 
s 
SD 
DP 

SS PO' K©> PO'4 

= primary source 
= spectrum shifter 
= (selective) phase space operator 
= Sample envrironment 
= Sample 
= Signal detector 
= D ata proce ssing 

=* SD DP 

The match between these components 
determines the degree of neutron 
utilization 

Figure 1: Generic representation of a neutron scattering setup. 
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2 Primary neutron sources 

2.1 Neutron releasing reactions 

The term "primary neutron source" is used to designate the arrangement that effects die release 

of free neutrons from nuclei. This may be as simple as spontaneous radioactive decay or as 

complicated as a high power accelerator witfi an associated neutron releasing target. In all 

cases we are dealing with nuclear reactions. Some nuclear reactions with a potential to serve 

as useful primary neutron sources are listed in Table 2. 

Reaction 

T(d,n) (0.2 MeV) 
W(e,n) 35 MeV) 
9Be(d,n) (15 MeV) 
Fission (235U(n,f)) 
(T,d) fusion 
Pb spallation (1 GeV) 
^ U spallation (1 GeV) 

Yield 
n per particle 
or per event 

8 x 10-s n/d 
1.7 x lO"2 n/e 
1.2 x lO"2 n/d 
~ 1 n/fission* 
~ 1 n/fusion 
20 n/p** 
40 n/p*" 

Deposited 
Heat 

MeV/n 
2500 
2000 
1200 
200 

3 
23 
50 

* The yield per fission event is 2.4 but ~ 1.4 neutrons are required to 
maintain the reaction and compensate for parasitic losses. 

""* For 60 cm long targets, 20 cm 0 for Pb and 10 cm 0 for 238U 

Table 2: Neutron yields and deposited heat for some neutron producing reactions [1] 

Fig. 2 gives the spectral distributions of the neutrons released in some of these reactions. 

Since the goal must be to release as many neutrons as possible in as small a volume as possible 

to achieve a high luminosity, the heat deposition going along with the neutron release is an 

important feature and has been included in Table 2. In fact, cooling problems are a limiting 

factor in practically all neutron source designs. 

From Table 2 the obvious choice would be (T,d)-fusion witfi only 3 MeV per neutron deposited 

in the neutron source. However, apart from a remote prospect of using muon-catalyzed fusion 
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for these purposes [3], no way of designing a compact fusion source is known. The two most 
commonly used reactions are thermal nuclear fission in 235U and spallation by protons in the 
energy range around 1 GeV. We will restrict ourselves to these reactions. 

Neutron Energy- MeV 

Figure 2: Neutron spectra resulting from various nuclear reactions [2] 

2.2 Thermal neutron fission 

Fission of the uranium isotope 235 by slow neutron capture is the most frequently used reaction 
in neutron sources. The reaction can be made self-sustaining because it is exothermal and 
releases more neutrons per fission process than are needed to initiate the process. If a slow 
neutron is captured by a fissionable nucleus, the resulting deformation can cause the nucleus 
to break up into two fragments (Fig. 3). Very often a neutron is released directly during 
this process but mostly the neutrons "evaporate" off the surface of the fragments. This is 
a very important feature because a small fraction of these evaporation neutrons are released 
with a time delay of the order of seconds and thus enable a critical arrangement to be run in 
a controlled fashion. The fraction of delayed neutrons in 235U is ß = 0.6% and the average 
decay constant of the parent nuclei is A = O.0785 s -1. 
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Figure 3: Schematic representation of fission and spallation 

The spectral distribution of the fission neutrons can be well described by a Maxwellian 
distribution 

with a characteristic energy Er = 1.29 MeV. This characteristic energy is § of the mean 
energy E of the neutron which leads to a mean energy of fission neutrons of about 2 MeV. 
A calculated spectrum of fission neutrons is shown in Fig. 4. 

2.3 Spallation 

The term "spallation" is applied to a sequence of events that take place, if target nuclei are 
bombarded with particles of a de-Broglie wavelength A = yJh2/2mE which is shorter than 
the linear dimensions of the nucleus. In this case collisions can take place with individual 
nuclides inside the nucleus and large amounts of energy are transferred to the nuclides which, 
in turn, can hit other nuclides in the same nucleus. The net effect of this intra-nuclear 
cascade is twofold: 
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1. Energy is more or less evenly distributed over the nucleus leaving it in a highly excited 

state 

2. Energetic particles may leave the nucleus and carry the cascade on to the other nuclei 
(inter-nuclear cascade) or escape from the target. 
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Figure 4: Logarithmic representation of calculated neutron spectra from fission and spallation 
[4] 

The excited nucleus left behind will start evaporating neutrons - and to a lesser extent protons 
and other light nuclei - from its surface. The spectrum of these evaporation neutrons is quite 
similar to the one resulting from fission, but as a consequence of the neutron escape during 
the intranuclear cascade, the overall spectrum extends to energies up to that of the incident 
particles (see curve in Fig. 4). The release of spallation neutrons takes place within less 
than 10~15 sec after the nucleus was hit. This means, that the time distribution of spallation 
neutrons is exlusively determined by the time distribution of the driving particle pulse. 
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3 Moderation of neutrons 

3.1 The slowing-down process 

The energy spectrum of neutrons released in the primary neutron sources (reactor fuel or 

spallation target) is in the MeV range whereas meV or at most eV neutrons are required for 

scattering experiments. Therefore a shift of several orders of magnitude is necessary, which 

is accomplished by collisions with the atoms of a "moderator"-substance. The goal in the 

layout of a moderator is to create the highest possible flux of moderated neutrons either in 

the shortest possible time (pulsed neutron sources) or in the largest possible volume (steady 

state neutron sources). It is therefore desireable that as many collisons as possible occur in 

the shortest possible time. An important quantity to characterize a moderator is its mean 

logarithmic energy decrement per collision, f, which is for all practical purposes given by 

2 

£ = lnE0 — InEx » < A + 2/3 fOT A ^ 2 (3.1) 
1 for A = l 

with E0 and Ex being the neutron energies before and after the collison and A the atomic 

number of the moderator atom. So, hydrogen is the most effective moderator in terms of 

energy transfer per collision. 

This allows to calculate immediately the average number of collisions x, to shift the spectrum 

from one mean energy value to another. For EQ = 2 MeV and Ej = 25 meV, one has for 

example: 

x = I • z„|2 = I . /n(8 . io
7) = i|H. (3.2) 

Ç Ef f £ 

Table 3 gives values of A, £ and x for several commonly used moderator atomic species and, 

for comparison, for Uranium. 



Parameter 

A 

î 
x (2 MeV -+ 25 meV) 

Element 
H 
1 
1.000 
18 

D 
2 
0.725 
25 

Be 
9 
0.209 
86 

C 
12 
0.158 
114 

0 
16 
0.120 
150 

U 
238 
0.00838 
2172 

Table 3: Slowing-down parameters of various elements [5] 

In a mixture of nuclei, f is given by 

1 = è~ • D U , - (3-3) 
^ i = i 

with Ea being the macroscopic scattering cross section. 

The important quantities to characterize the performance of a moderator for steady state 

neutron sources are called its "slowing-down power" £ • Es and its "moderating ratio" 
f-Es/Ea with Ea being the mean absorption cross section. Values for the moderator substances 

of practical importance are given in Table 4. 

Moderator 

H20 
D20 (pure) 
D20 (99.8 mole %) 
Graphite 
Beryllium 

Density 

(g/cm3) 
1.00 
1.10 
1.10 
1.60 
1.85 

Slowing-Down 
Power 

e-SJcm-1) 
1.35 

0.176 
0.178 
0.060 
0.158 

Moderating 
Ratio 

« • S./£f l) 
71 

5670 
2540 

192 
143 

Table 4: Slowing-down power and moderating ratio of common moderator substances [5] 

3.2 Time characteristics 

If we are dealing with neutron sources with a pronounced time structure of the neutron flux 

("pulsed sources") the time characteristics of the slowing-down process and the life time of 
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neutrons in equilibrium with the moderator are of importance. During the slowing-down 

process, the time interval during which a neutron "lives" at a certain velocity is the mean 

time between collisons 

ti = —, or t{ • u: = A = const (3.4) 

with A being the mean free path between collisons (A = ^- in the absence of absorption). The 

spatial extension of the slowing-down neutron field is rather limited and the approximation 

valid, for an infinite moderator can also be used for small moderators. The time and energy 

dependent neutron spectrum is then given by [6] 

# £ , * ) = £ % * f — E . - t / . i ) n ' • e x p ( - £ - Z , - v t ) (3.5) 
E \ 7 / \ 7 

where C is a normalization constant and 7 is given by 

1 for A = 1 

3A 
' " i w>i (3'6) 

This allows to calculate the average slowing down time ts (i.e. the time required to shift the 

spectrum to the energy E = l/2m • v2) and the standard deviation of the slowing-down time 
s 

Ats (i.e. the "width" of the time distribution of the neutron reaching the energy E or velocity 

v). 

<-<1 + 2^'(F^) (3-7) 

Ats = (1 + 2/7)1 / 2 • 7 7 - ^ — T (3-8) 
(Ç • ^s • v) 

This shows that in the slowing-down regime the products v • ts and v • Ats are essentially 

constant, which is an important feature of intrinsically pulsed sources relative to chopped 

beams, because it means that the time-of-flight resolution is constant down to thermal 

energies on pulsed sources. Values of the relevant quantities for the most commonly used 

moderator materials are given in Table 5, where i1/2 is the full width at half maximum of the 

slowing-down time distribution. This shows, that for neutrons of 2.2 • 105 cm/sec (thermal 
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energy), it takes about 11 (is to slow down from the primary fast spectrum in H20. The FWHM 
of the time, during which neutrons reach thermal energies ("transient" regime) is about 11 
(is. There is no way to achieve shorter thermal neutron pulses with an H20-moderator! 

Material 

H20 
CH4 

D20 
Be 
C 
Fe 

Density 

1 
0.94 
1.1 
1.7 
1.8 
7.9 

2 , 
(cm-1) 

1.5 
1.8 

0.35 
0.75 
0.43 
0.75 

£ 

0.92 
0.9 
0.51 
0.21 
0.16 
0.035 

7 

0.99 
0.98 
0.56 
0.15 
0.11 
0.024 

v -ta 

(cm) 
2.17 
1.84 
14.3 
13.6 
30.7 
77.1 

v- Ata 

(cm) 
1.25 
1.05 
6.71 
3.61 
7.0 
8.4 

v • i1/2 

(cm) 
2.4 
2.0 
14.2 
7.9 
16.0 
19.2 

Table 5: Neutron slowing-down properties of some materials [5], [8] with slowing-down 
times calculated according to [6] 

Methane can be seen to be about 20% better, but in practice it can only be used on very low 
power sources due to its susceptibility to radiation damage. 

3.3 Asymptotic distributions 

After reaching the energy corresponding to the temperature of the moderator, neutrons start 
diffusing around and spreading out in space without further changing their mean energy until 
they either are absorbed or leak out of the moderator. This manifests itself in two ways: 

a) In addition to the contribution from the "transient" neutrons to the pulse shape as 
described above, there is a contribution from the "asymptotic" or "stored" neutrons, 
resulting from the finite life time without change in mean energy. If the transient pulse 
were a square function (pulse of duration t3 at constant level), the pulse shape of these 
neutrons would be given by: 

<f>(t) = F° • (l - exp ( -^)) for t < ts 

<f>(t) = <j>as • (l - exp ( - ^ ) ) • exp ( - ^ ) for t < t3 , 
(3.9) 
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Here <j>as is the flux level that would be reached, if the supply of neutrons from <f>tr 

were on at all times. In real moderators 4>{t) is a convolution of eqn. 3.9 with the 

shape of <j>iT. 

Fig. 5 shows a measured neutron pulse analyzed in terms of a transient and a storage 

component. This pulse is from a moderator where the storage time was kept short 

by adding absorber material. Without such absorbing material and if the moderator is 

surrounded by a reflector, r would be of the order of 120 /zs and would clearly dominate 

the pulse shape and duration. 

6985.0 7005.0 7025.0 7045.0 7065.0 7085.0 
Time, microseconds 

Figure 5: Measured thermal neutron pulse from a poisend (CH-On moderator analyzed in 
terms of the slowing down (transient) and storage component [7] 

b) Depending on the properties of the modeartor the neutron field may spread out in 

space over long distances (low absorption and large moderator, e.g. D20-tank) or the 

distribution may remain virtually unchanged from <£<r if the mean free path between 

collisions is small and absorption is relatively high (H20). To illustrate this, Fig. 6 

shows the spatial distributions 4>tr obtained for the "transient" thermal neutrons (just 

reaching thermal energies) and the asymptotic distribution <f>as resulting from diffusion 

in the moderator for a point neutron source inside a 10 cm radius sphere surrounded 

by different materials. While <j>as and 4>tr are very similar in H20, (j>as is much more 
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spread out in D20. This explains, why in a large D20 moderator much purer thermal 
spectra can be obtained by moving beam tubes away fre^ die primary source, which 
is not possible in an H20 moderator. 

E 
U 
"5. 

-9? 

10 20 30 40 50 60 70 
r, cm 

Figure 6a: One-dimensional diffusion theory 
estimate of the epithermal neutron flux distri
bution in infinite media of various materials 
outside a 10 cm radius void normalized to unit 
neutron source strength. 
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Figure 6b: Thermal neutron flux distributions 
for the epithermal source distributions and ge
ometry of Fig. 6a [8]. 

4 Examples of practical neutron source designs 

4.1 Steady state fission reactors 

4.1.1 Principles of a controlled chain reaction 

Any system of finite dimensions and composed of fissionable and non fissionable materials 
has a so called "multiplication factor" k, which gives the ratio of neutrons released in the 
system and removed from it per unit time. For a stationary neutron population to exist in 
the sytem, k must be exactly 1. Some useful insight in the parameters affecting k, may be 
gained with the help of Fig. 7, which depicts schematicaly the processes affecting the neutron 
population. 
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keo(1 
number of n 
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number of n 
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thermal 
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Figure 7: Neutron cycle in a critical thermal reactor. L and B are the 
linear dimension and the buckling coefficient respectively 
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The various loss factors shown depend on the geometric arrangement as well as on the 

materials chosen for moderation, control absorbers and the supporting structures. These 

problems will not be dealt with here in detail. Since thermalization and recapturing of neutrons 

only take less than a msec after a fast neutron is released, the possibility to affect k by inserting 

or withdrawing neutron absorbing material into or from the assembly relies heavily on the 

fraction ß of delayed neutrons mentioned before. I what follows, we will briefly outline 

different reactor concepts, but the main emphazis will be on their characteristics relevant to 

neutron scattering. 

Figure 8: Schematic horizontal section through the reactor block and core region of the Swiss 
research reactor SAPHIR 
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4.1.2 H20-moderated and reflected fission reactors 

Although H20 has a superior slowing-down power (cf. Table 4) its moderating ratio is 

relatively poor. Nevertheless, with a suitably high volume density of fissile nuclei, it is 

possible to sustain a nuclear chain reaction in an H20-moderated assembly. In fact, many 

of the early research reactors used for neutron scattering were of the pool type and H20 

moderated. SAPHIR at PSI is a good example. First critical in 1957 it continues to serve the 

Swiss neutron scattering community up to date. A schematic horizontal section is shown in 

Fig. 8. Four beam tubes running radially from the core out through the reflector are occupied 

by neutron scattering instruments, a fifth one hosts a radiography facility. 

The fact, that the thermal flux falls off quite steeply as a function of distance from the core 

(cf. Fig. 5) does not permit to use beam tubes which run tangentially to the core. As a 

consequence, the contamination with fast neutrons and 7-rays in these beams is high. In most 

reactors of this type some improvement could be obtained from the use of beryllium reflector 

elements at the outer core positions, but filters are still required in the beams to reduce the 

unwanted background. Table 6 gives some flux data for reactors of 4 and 10 MW power. It is 

obvious that the ratios of thermal to epithermal and thermal to fast neutrons are considerably 

improved by the use of the Be-elements (compare inside and outside of Be-elements). 

Position 

centre of core 

edge of core 
inside beryllium 
reflectors 

edge of core 
outside beryllium-
reflectors 

Flux <j>th for 
E < 0.6 eV 

(thermal) 
5 • 10" 
14 • 10" 

3 • 10" 
7.5 • 10" 

2 • 10" 
8.5 • 10" 

Flux <f>epi for 
0.6 eV < E < 0.1 MeV 

(epithermal) 
5 • 10" 

2 • 10" 
6.3 • 10" 

5 • 10" 
20 • 10" 

<!>th 

4>cpi 

1 

1.5 
1.2 

4 
4.3 

Flux <f>j for 
E > 0.1 MeV 

(fast) 
5 • 10" 

12 • 10" * 

2 • 10" 
8 • 10" ** 

2 • 1012 

4>th 

1 

1.5 

10 

(F) 
(S) 

(F) 
(S) 

(F) 
(S) 

Table 6: Flux density in n/cm2 s at various positions of the reactor core for the H20 moderated 
reactors 
(F) FRM Garching, Germany, 4 MW [10] and * average over core 
(S) SAPHIR Würenlingen, Switzerland, 10 MW [11] ** determined by activation of P 
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4.13 D 20 reflected reactors 

In order to improve the neutron flux situation outside the reactor core, several less absorbing 

materials than H20 can be used to surround the core. Candidates are Beryllium, Graphite 

and D2O or a combination thereof. As can be seen from Fig. 5, D20 has the best potential 

to build up a high asymptotic flux and we will restrict ourselves to this case. 

A very successful family of D20 reflected reactors are the DIDO-PLUTO type reactors de

veloped in Great Britain during the late 50ies. They have a rather loosely packed core which 

results in a flux peak inside the core. This, together with the fact that they have either radial 

beam tubes (DIDO) or tangential through tubes (PLUTO) limits their usefulness for neutron 

scattering. 

A real break through was achieved when reactors were built, which were specifically designed 

for neutron scattering experiments. Early examples are the HFBR at Brookhaven and the RHF 

at Grenoble where a rather compact core of highly enriched uranium is cooled and reflected 

by D20. Fig. 9 gives the flux distribution as a function of distance from the core of the RHF 

for various energy groups. It can be seen, how rapidly the fast and epithermal flux drop off 

while the thermal flux stays high. 

A similar situation prevails at the H20-cooled but D20 reflected reactor ORPHEE in Saclay, 

a horizontal section through which is shown in Fig. 10. As a special feature, the beam tubes 

are arranged in pairs, ending in a common thimble in the reflector in order to minimize flux 

perturbance while maximizing the nuber of extracted beams. 

In addition to the ambient temperature reflector supplying beams of thermal neutrons, all 

modern research reactors are equipped with low temperature moderators, mostly liquid hy

drogen or deuterium, to enhance the supply of long wavelength ("cold") neutrons. Some also 

have so called "hot" sources which is a small mass of thermally insulted and radiation heated 

graphite to rethermalize neutrons at a higher mean energy. Fig. 11 shows the neutron energy 

spectra obtained from the thermal, cold and hot moderators at the RHF in Grenoble. 



347 

m1 ,15 

10 ,14 

,13 ë 10 
c o 
w 

1 1012 

edge of the —t-
D,0 reflector I 

epithermal flux 
' n/cm2-s-eV 

atiev 
l _ _ 

100 
distance from core centre line (cm) 

Figure 9: Distribution of différent neutron energy groups in the reflector of the RHF at the 
ILL Grenoble [12] 
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Figure 10: Horizontal Section through the block of the D20-reflected reactor ORPHEE at 
Saclay [14] 
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Figure 11 : Neutron spectra obtained form different moderators at the RHF in Grenoble. Curve 
2 is obtained by rethermalisation and does not yield into curve 1 b, which is in the D20 close 
to the core, (after [15]) 

42 Steady-state spallation neutron sources 

Heat dissipation in the reactor core has long been recognized as the limiting factor to the 
flux that can be achieved. In view of the lower heat release per neutron in the spallation 
process, it was suggested as early as 1962 to build a very high flux neutron source using 
spallation in a liquid lead-bismuth eutectic. The Chalk River ING-project [13] aimed at a 
thermal reflector neutron flux of 1016 cm_2s_:1 but was terminated in 1968. Mainly because of 
the lack of a suitable accelerator no further attempt to build a steady state spallation neutron 
source was undertaken, until, in 1987, the Swiss government approved plans of the then SIN 
(Swiss Institute for Nuclear Research, now part of PSI) to upgrade its successful isochronous 
cyclotron from 250 juA to 1.5 m A and to add a spallation neutron source to it. 
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The concept of SINQ, as the new project was called, takes into account much of the knowledge 

about modern beam hole reactors. The horizontal section through SINQ (Fig. 12) shows that 

this source,which is in an advanced state of construction at the moment^will feature a large 

D2O thermal moderator, twin beam tubes, a D2-cold source and neutron guides much like 

a modern research reactor. Fig. 13 shows the expected spatial flux distribution for various 

energy groups in the D20 moderator. In addition to what is present at a reactor, there is a 

high energy group which, although several orders of magnitude lower than the other groups, 

causes some concern, because these neutrons are difficult to moderate and to shield. It is 

therefore crucial to have beam tubes not viewing the spallation target in order to avoid direct 

sight onto the high energy neutron source. The expected thermal flux regime for SINQ is 

1014 cm~2s -1 and thus compares favourably with many of the existing research reactors. 
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Figure 12: Horizontal section through the SINQ-target block 
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Figure 13: Flux distribution for different energy groups in the SINQ moderator 

4.3 Pulsed spallation neutron sources 

An important feature of the spallation reaction is that neutron release occurs practically in

stantaneously as the driving beam hits the target. Since it takes as little as 10 /xs to slow these 

neutrons down to thermal energies, spallation neutron sources can be operated in a pulsed 

mode, if accelerators with suitably short pulses are available. The required pulse duration 

depends on the upper energy limit to be used. For example, if energies up to 100 eV « 

1.4 • 107 cm/s) are to be used with good time resolution, it follows from Table 5, that a pulse 

duration of 100 ns would be desirable. Moderators on pulsed neutron sources should allow 

neutrons to leak from their surface fast, which requires small linear dimensions. Typical size 

moderators are 10x10x5 cm3. This allows to place several moderators of different character

istics near a spallation target. A schematic drawing of a target-moderator arrangement with 

several moderators is shown in Fig. 14. 
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In order to keep pulses short also in the energy regime around 25 meV, where thermal 

equilibrium with an ambient temperature moderator prevails, two options exist: 

a) make the "aparent" size of the moderator even smaller by placing a layer of absorbing 

material at a certian depth (typically 2 cm) below its radiating surface or 

b) use a cryogenic moderator to shift the slowing-down regime into the thermal energy 

range. 

Figure 14: Schematic representation of a spallation target with associated moderators (of 
different design). In order to accomodate as many moderators as possible along the penetration 
length of the proton beam without direct view on target material the target is split and "flux 
trap" modrators are placed in front of the open space. 

Moderators which are designed for very short pulses must also be neutronically decoupled 

from their surroundings to prevent neutrons to be scattered from them after having rattled 

around for some time elsewhere. 

Fig. 15 shows typical spectral distributions and pulse widths for various types of pulsed source 

moderators. Also included is the case for a "coupled" moderator, i.e. without poisoning and 

decoupling. Depending on the instrument to be attached to it and the resolution required, 

such a moderator may be preferable because it yields much better intensities. 
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Figure 15b: The pulse width (FWHM /xs) for 
the above moderators. The pulse shapes are 
asymmetric with a sharp rising edge and long 
time tail [16]. 

Although successful also in the cold neutron regime, the particular strength of pulsed sources 
lies in the epithermal and hot neutron range. Such neutrons escape in copious numbers from 
the small moderators of pulsed sources with a pulse length inversely proportional to their 
velocity (cf. eqn. 3.8 and Table 5). This does not only lead to extraordinarily high peak-to-
average flux ratios (Fig. 16) but also makes it possible to use these neutrons in time-of-flight 
techniques, whereas small scattering angles from crystals with the associated resolution and 
background problems must be used on steady state neutron sources. 

Since the advent of pulsed neutron sources and in particular since the startup of ISIS at the 
Rutherford Appleton Laboratory, the potential of these facilities has been widely recognized 
and has continuously improved with the implementation of matched spectrometer designs. 

Superior resolution in diffraction, accessibility of higher neutron energies with the corre
sponding increase in accessible Q-w-space and a much better utilization of the neutrons make 
these sources increasingly competitive to even the most powerful steady state neutron source 
available. 

It is in recognition of this fact, that the Commission of the European Communities is presently 
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in the process of launching a new study that aims at the provision of a pulsed neutron source 

comparable in average flux to a high flux reactor but with pulse length suitable for the most 

demanding time-of-flight techniques. 
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Figure 16: Comparison of neutron energy spectra for sources of different types. HFR: High 
flux reactor; IMNS: Intensity modulated neutron source (spallation source with proton pulse 
duration of 250 /us, 100 Hz) SPNS = Short pulse, neutron source (proton pulse duration 
< 1 fis, 50 Hz). Power (MW) refers to thermal power for HFR and proton beam power 
for spallation sources. CH4 is a liquid methane moderator and AP designates an ambient 
temperature poisoned water moderator 

5 Prospects for development 

5.1 Reactors 

The history of reactor development was impressive in the 40ies and 50ies but progress was 

levelling off in the 60ies, as shown in Fig. 17. The main reason for this is the difficulty of 
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removing the heat from the reactor core. Modern core designs have a power density up to 

4 MW/1 and grading of the fuel inside the plates must be used to avoid higher peak power 

density which would lead to boiling, channel blockage and fuel burnout. Another problem is 

the growing consciousness about the risk of nuclear weapons proliferation which prompted 

the Carter administration in the US to insist on an enrichment reduction to a level of less than 

20% 235U wherever reasonably achievable. This makes it difficult to surpass the performance 

of existing high flux reactors even with the newly developed high density silicide fuel. 
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Figure 17: Development of flux levels of steady state neutron sources and pulsed reactors as 
a function of time (from [16], with points for ANS and SINQ added) 

Even in the "Advanced Neutron Source" project (ANS) presently under study at Oak Ridge 

where these restrictions do not apply, the problems of achieving the design goal of 5 to 

7-1015 cm~2s -1 are enormous. Two dimensional fuel grading, a horizontally split core and a 

coolant pressure and flow rate of 35 bar and 2000 litres/sec are required to run the 330 MW 

reactor. Radiation damage on the central pressure boundary tube surrounding the core will 

require it to be changed every year and the estimated life time of the beam tube thimbles is 2 

years. If built, this reactor will be a step forward but there is little perspective of a continuing 

development. 
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5.1.1 Spallation Neutron Sources 

The roughly 10 times lower heat dissipation per useful neutron in a spallation target suggests 

that the achievable flux limit should be ten times higher than in a reactor. However, this will 

probably not be the case because it is very difficult to achieve as even a power distribution 

in a spallation target as in a reactor core. The proton beam will always enter the target from 

one side and since the interaction with the target nuclides is governed by a practically energy 

independent cross section, there is a more or less exponential decrease of heat deposition 

along the proton beam path leading to rather severe peak power densities. Also, in order to 

create similar numbers of neutrons in a non-fissile spallation target as in a 100 MW reactor 

a proton beam power of 15 MW (i.e. 15 mA at 1 GeV) would be required, which, although 

not unconceivable, is presently not available. However, development work is under ways in 

several locations around the globe and significant progress may be expected. 

Time average flux may be an important criterion for some applications, but the option of 

imposing a time structure on the neutron flux is the real joker of spallation neutron sources. 

The relative merit of the time structure varies from one experimental technique to the other. 

An approximate picture may be gained from Fig. 18. 

While short neutron pulses open up new fields of research when available, it should be notet 

that they may be difficult to provide at very high power levels, due to target problems as 

well as to difficulties in compressing the proton beam into short enough pulses. However, 

even for proton pulses of several hundred microseconds duration, as obtainable from a linear 

accelerator without pulse compression, significant advantage can be drawn from the time 

structure. In this case, the pulse shapes are governed by eqn. (3.9). Methods to use this time 

structure in a suitably designed set of instruments have been developed during the German 

SNQ projekt [18]. The estimated advantage over a cw-source of similar average flux was 

between 3 and 50 [19]. 

The merits quoted for neutron sources with time structure represent the present state of 

instrument development but, since pulsed spallation neutron sources have only been around 

for a short time and at relatively low flux levels, more progress may also be expected in this 

field. If the 5 MW beam power ESS will be built, its scientific potential will be far above 

anything that has so far been available. Although target problems become increasingly severe 

as the power goes up, it would probably be overly pessimistic to claim that 5 MW would be 

the limit of technical feasibility. This field is still open for innovative ideas! 
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Figure 18: Approximate range of equivalent steady state reactor power required to match the 
performance for of pulsed neutron sources with a proton beam power of 200 kW resp. 5 MW 
for different kinds of uses (after [17]). 
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Panel Discussion 
on 

The Relative Merits and Complementarities of X-Rays, Synchrotron 
Radiation, Steady State- and Pulsed Neutron Sources 

Members of the panel (discussion leader: G. Bauer) 
G. Heger 
B. Dorner 
G. Kostorz 
G. Lander 
H. Rauch 

Structure Determination by Diffraction Methods 
Excitations 
Elastic Disorder Scattering 
Magnetic Structures and Excitations 
An Outlook 

A school on neutron scattering is biased towards neutrons. This is trivial. Courses 
held by reactor users emphasize reactor neutrons. This is natural. In this situation 
the organizers of the school considered it appropriate to give the audience at least a 
flavour of what other scattering methods can be used in the general field of research 
which was the topic of the school and to provide some guidance as to what method 
is most appropriate for which problem. This was the goal of Thursday evening's 
panel discussion. Of course, the same people who hsd tought lectures before (or 
afterwards) were on the panel and the views they expressed were nolens volens still 
biased. This may be excused. However, they sincerely tried to do justice to the other 
methods which virtually all of them had some experience with. This should be 
appreciated. 

In order to avoid introducing even more personal views, I have refrained from trying 
to summarize the discussion in a "coherent" way, which would have been difficult 
anyway since no recordings were taken. With one exception, the following is a 
transcript with as little editing as possible of the material the panel members 
provided me with. 

However, there are two remarks I would like to make: 

Firstly, it was agreed that the discussion should be based on existing and available 
facilities and instruments and with minor exceptions would not include all the great 
things that could still be done. This may have lead to a slight underrating of pulsed 
neutron sources which clearly still have more development potential than the other 
techniques. Secondly, not all fields of science persued by scattering techniques were 
equally well or at all represented. For example, chemical spectroscopy and 
reflectometry were not considered at all. This may also somewhat distort the image. 

So, while certainly not complete, the general picture that emerges from the 
discussion contributions is that each of the techniques has its merits and there is no 
need to try and accomplish with great effort what the others can do easily. It is a 
privilege to have all or several of these techniques at one's disposition and we 
should all endeavour for this to remain so in the future. This should be remembered! 

G. Bauer 
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G. Heger: 
Structure Determination by Diffraction Methods 
The different interactions of neutrons and X-rays (electromagnetic radiation) with 
matter lead to complementary information not obtainable by one single method 

A Methods, General Characterisation 

A1 Powder Diffraction 

+ complete information, simple, rapid, needs only powder samples 

-» temperature / pressure dependent studies 

-» chemical reactions 

- limited number of individual Bragg intensities => limitation in structural 
details, background separation, line shape description 

A2 Single Crystal Diffraciton 

+ individual Bragg intensities with large dynamical range lmax/'min > 1u3> 
large Q-range 

-» structural details 

-> solution and refinement of complicated crystal structures up to 
macromolecular system 

- time consuming => stability of measurement, sample, needs single 
crystals 

B Effect of Source Characteristics 

B1 Powder Diffraction 

B1.1 Steady-State Neutron Sources 

+ well defined line shape => real samples, standard method with possible 
improvements => D20 + D2B (ILL), HRPD (SINQ) 

- limited Q-resolution (Q dependent) 

B1.2 Pulsed Neutron Sources 

+ good Q independent resolution, easier environments => pressure 

- line shapes, frame overlap => limited individual d-ranges, X, dependent 
corrections 
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B1.3 X-rays from Synchrotrons (or High Power Tubes) 

+ very good separation of individual Bragg peaks (of Bragg peaks and 
diffuse scattering), very fast measurements possible (< 10"4 sec). 

- reliable intensity measurements difficult, line shapes, small sample 
(defined) volumes => grain size distribution, textures, background, 
environment problems 

B2 Single Crystal Diffraction 

B2.1 Steady-State Neutron Sources 

+ good intensity measurements and data corrections. 

- limited Q-resolution, large crystals, long measuring times (may be 
improved by 2 dimensional detectors and Laue method) 

B2.2 Pulsed Neutron Sources 

+ Laue technique with 2 dimensional detector 
=» to follow structural developments (phase transitions, chemial reactions) 
=» faster data acquisition 

- quality of data, X dependent corrections, Q-resolution, large crystals 

B2.3 X-Ray Sources 

+ very high Q-resoIution + very high intensity 
=t> symmetry determination (space group, cell parameters) 
=* real structure (strain, defects, twinning) 
=*• absolute configuration for non-centrosymmetric structures (anomalous 
dispersion) 
for very short X (- 0.2 À) no absorption-extinction problem 

- quality and stability of intensity measurement over the long acquisition 
times, but 2 dimensional detector (image plate) are available for 
biological crystals 

C Guidelines to the Use of Different Sources of Radiation for 
Structure Determination 

1. Symmetry r̂ > space groups + cell parameters by X-rays (high power X-ray tubes 
and X-rays from synchrotrons) on powders/single crystal 

2. Structure model => direct methods (high power X-ray tubes), AX difference 
methods (anomalous disperion - X-rays from synchrotrons) using single crystals 

3. Standard structure refinement on single crystals (high power X-ray tubes) and 
powders (steady state neutron sources and pulsed neutron sources) 
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4. High precision structures with single crystals (steady state neutron sources), 
including reliable mean square displacement 

5. Macromolecular systems need single cyrstals (X-rays from synchrotrons), the 
interest in H-bonding =» steady state neutron sources/ pulsed neutron sources 

6. Structural development and chemical reactions => powder high power X-ray 
tubes and X-rays from synchrotrons as well as steady state neutron sources and 
pulsed neutron sources and single crystals on pulsed neutron sources 

7. e~-density =>combined high power X-ray tubes and X-rays from synchrotrons 
measurements on single crystals with steady state neutron sources 
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B. Dorner: 
Excitations 

A Overview of energy range and resolution 

X-rays 

Neutrons from Reactors 

Neutrons from Spallation 
Sources 

E-Transfer 

10 meV < Tia< 5 eV 

20 neV<£CD<200 meV 
t 

(limitation) 

5u.eV < h co< 2eV 
t 

(limitation today) 

hca up to 200 eV 

E-Resolution 

AE =10 meV 
= const 

AEmin =20neV 
==5 MHz 

AEmin =5ueV 
= 1.2 GHz 

AE 
=2 % 

E 
(due to pulse length) 

AE = 20 eV 
(resonance absorption) 

B Instruments 

Bl "INELAX" (backscattering technique) for X-rays 

Monochromator 

Analyzer 

Synchrotron 

Premonochromator 
to take the heat load 

E|«13.8keV AE »10meV 
AE _6 —<10 6 

E 
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B2 High resolution spectrometers for 
Diffusion, Rotational Jumps, Tunnelling 

ISIS 
ILL 

IN10 IRIS 

better resolution larger energy transfer 

Spin Echo no counterpart 

Time of flight with cold neutrons 

IN5, IN6 no counterpart 

At the ILL the intensity is - 200 times higher than on the cold moderator of ISIS due 
to pulse repetition and pulse length 

B3 Pulsed neutron sources instruments for structural excitations 

B3.1 PRISMA 

ki sample 

not useful, because resolution too bad for large kp's -J 

impossible, because large Bragg angles ©A for small kp's not available 

purely "longitudinal" or purely "transvers" not possible 

B3.2 HET, MARI, MAPS 

—> constant angle scans 

Signals for g's not on symmetry directions. Acceptable if only a small number of 
branches. Computers can calculate phonon and mangnon frequencies at any g 
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£ i| Comparison between MARI and IN4 

MARI is a TOF spectrometer on the liquid CH4 moderator. It can operate at 
lower incoming energies than HET which looks to the water moderator. 
Therefore MARI, and not HET, is the instrument to be compared to IN4. MARI 
works well from high incoming energies (1 eV) down to energies of about 
20 meV. The chopper has to be changed for big changes in incoming 
energy. 

IN4 is conceived as a thermal TOF spectrometer with maximum incoming 
energies of about 140 meV. This limitation in energy (anyway related to the 
reactor spectrum) favoured the installation of a focusing doubly curved crystal 
monochromator. 

IN4 has a higher intensity for several reasons: 

1 ) The focusing monochromator provides about a factor of 5. 

2) The repetition rate of the pulses is about 5 times higher. 

3) The solid angle covered by the detectors at 2 m distance from the 

sample, is about 4 times bigger. 

Note to point 3) that MARI has secondary flightpaths of 4 m length. Therefore 
the resolution on the secondary spectrometer is better on MARI than on IN4. 
This provides a particular advantage at high neutron energies after scattering. 

The overall gain is then about a factor of 100 in favour of IN4. In addition 
MARI requires large samples, while IN4 can work with small ones. 

If one would build an IN4 type instrument at ISIS, the incoming energy might 
be increased to a few hundred meV, but no more due to the performance of 
the crystal monochromator. Such an instrument would lose at least a factor 5 
in intensity due to the repetition rate, if it were working in the same region of 
incident energies as at the reactor. 

The numbers given above are rough estimates. The implicit assumption, that 
the intensity in the pulse is comparable, is not necessarily correct, because 
the divergencies provided by the primary beam tubes may be different. 
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C. A hypothetical question: 

What would be the performance of ILL instruments on a spallation source with a flux 
comparable to the reactor, if the moderators are not poisoned. 

1) In the thermal range the pulse length will be in the order of 100 usee with a repetition 
every 20 msec. In consequence the countrate in a detector would be 200 times higher than 
at the reactor. If one assumes that the present detectors are free of dead-time losses up to 
104 counts/sec than one can conclude, that experiments which do not exceed count rates 
of 50 counts/sec on the reactor, will equally well or better be performed on a spallation 
source. 

2) Thermal and hot Three Axis Spectrometers (TAS), as pointed out before, would benefit. 

3) Single crystal (probably not powder) diffractometers have to be excluded, because the 
count rates are too high. 

4) A Time of Flight (TOF) spectrometer, such as IN4, would win a factor of 200 due to the flux 
increase, but would loose simultaneously a factor up to 5 because the repetition rate of the 
spallation source is lower than the chopper frequency. A net gain of about a factor 40 could 
be obtained, probably connected with an improved suppression of higher orders. 

5) The average cold neutron flux will probably be about 20% of the ILL level, if the pulse 
repetition rate is only 10 Hertz, as foreseen for ESS. Therefore instruments such as Spin 
Echo, Backscattering, TAS, Small Angle Scattering are better off at a reactor source. 

6) TOF instruments on the cold source will benefit only little. The pulse length will be about 
300 u.sec, i.e. 3 times longer than for thermal neutrons, and the flux will be diluted 
accordingly. In addition the repetition rate of instruments such as IN5 and IN6 is about 30 
times higher than 10 Hertz. The flux gain in the thermal region was 200. For the cold region 
it is 3 x 30 times lower. That is IN5 and IN6 would gain only about a factor 2. 

In conclusion : instruments as mentioned under 3 and 5, and as they exist, are not suited for 
a spallation source. New conceptions, compatible with the characteristics of a spallation 
source, have to be implemented. 
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G. Lander: 
Magnetic Structures and Excitations 
Typing code: bold face typing: very good 

standard typing: medium 
ithalics: poor 

A Structural Investigations 

Powders Single crystals 

Steady State neutron 
sources 

Pulsed neutron source 

X-rays 

B Excitations 

Steady State neutron 
source 

Pulsed neutron source 

X-Rays Synchrotron 

very good 
lowQ 
high int. 

not so good 
needs high resolution at 
small Q 
but if very long repeat 
cold neutrons can be 
used 

no good 
too weak 
even TDS stronger! 
resonance has too much 
absorption tried & failed 
BNL, July 92 

Powders 

OK for E < 50 meV 

best for I < E < 100 meV 
resolution can be better 
than steady-state 
machine 

Hopeless, crazy 
- go home! 

very good 
polarized beam M (r ) 

SXD 
Resolution not too good 
M (r ) difficult 

Best for high resolution 
(weak off resonance) 
New information on 
surfaces critical 
scattering M (r ) 
? Separation L & § 

Single Crystals 

3-axis still best 
instrument 

not yet good analogue to 
3-axis. 
BUT: choppers work well 
for 2d-systems 

very difficult, might work 
for 

_ >500meV 

no kinematic problems but 
not much else in its favour! 
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H. Rauch: 
An Outlook 
(reported by discussion leader) 

H. Rauch's contribution stressed the possibilities of applying advanced techniques to 
pulsed or intensity modulated neutron sources in such a way that "useless" neutrons 
are converted to "useful" ones. This way it should be possible to increase the supply 
with neutrons of the desired energy, filling a larger fraction of the time between 
pulses than the natural pulse length . 

The methods were only previously described in various papers, e.g. H. Rauch, 
"Novel beam bunching methods by perfect crystals and electromagnetic means" in 
Neutron Scattering in the Nineties, IAEA, Vienna, 1985, from where the following 
example is taken. 

By arranging a certain number of magnetic resonance coils along a neutron guide, it 
is possible to change the neutron energy by the Zeeman energy AE = ± 2 uB0, 
depending on the spin state of the neutron. Doing this repetitively as a function of the 
starting energy of the neutrons, a wider energyband spread out in time on a pulsed 
source can be narrowed down to give the desired energy over a longer time. 

The Zeeman energy is enough to move the neutron energy away from the back 
scattering condition of a crystal or make it fulfill this condition, if it otherwise would 
just miss it. The situation shown in the left figure requires very Jong flight paths. In 
the situation shown in the right figure, neutrons reflected from back scattering 
crystals at different temperatures (lattice spacings) that had originally gone through 
the RE-back scattering crystal are shifted in energy in such a way by successive 
activation of the resonance coils that they all fulfill the back scattering condition upon 
returning to the RE-crystal. Hence, after the original pulse has gone by, there will be 
n bunches of neutrons of identical energy travelling down the neutron guide and this 
time passing through the crystals at T0 + ATn with their magnetic field switched off. 

This example was meant to illustrate the fact that new opportunities trigger new 
ideas and that the potential of exploiting a time structure on a neutron source is far 
from being exhausted at present. 
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