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Abstract
We consider the effect of ray stochasticity on the multipass absorption of lower-hybrid
waves, used to drive current in tokamaks. In toroidal geometry, stochasticity arises as an
intrinsic property of the Hamiltonian ray trajectories for lower-hybrid waves. Based on the
wave kinetic equation, we derive a diffusion equation, with damping and sources, for the
wave energy density in the stochastic layer. This equation is solved simultaneously with
the electron Fokker-Planck equation to describe the quasilinear flattening of the electron
distribution function and the subsequent modification of the wave damping. Steady-state
solutions of this system (obtained numerically) Indicate that the spectral gap is filled
hi a self-regulating manner, so that the boundaries of the diffused wave spectrum are
independent of the level of ray stochastic diffusion. This allows us to develop a simple (semianalytic) model for the self-consistent wave spectrum and the radial profile of absorbed
power.

Present Address: General Atomics, San Diego, California

I. Introduction
Lower-hybrid waves have been used to drive toroidal currents of 1 to 2 MA in large
tokamaks, such as JT-60 [1], Tore Supra [2], and JET [3]. To obtain good current drive
efficiency, the wave-particle resonance condition must be satisfied by energetic electrons [4].
Therefore, the most efficient current drive is obtained by launching a narrow spectrum at
low Ay, where A|| is the component of the wave vector parallel to the equilibrium magnetic
field. When the initial parallel phase velocity of these waves is sufficiently high, compared
to the velocity of thermal electrons hi the center of the plasma, then the absorption is weak
and the waves make many passes through the plasma, undergoing numerous reflections,
before all of the injected power is absorbed. Thus the understanding of lower-hybrid wave
propagation in the multipass regime is essential to modeling current drive hi the present
generation of tokamak experiments.
Although the most basic aspects of the theory of lower-hybrid current drive (LHCD)
have been confirmed by experiments [5], various aspects of the wave propagation physics,
which are important hi calculating the radial absorption profile, are still controversial.
The problem is related to the so called "spectral gap": the gap between the thermal
electron population and the region of wave-particle resonance, as calculated for the source
spectrum, with fcy fixed. In experiments, the wave driven current is carried by a fast
election tail. Within the context of conventional theory, the electron tail is maintained by
wave induced quasilinear diffusion, which balances collisional relaxation. The theory agrees
with experimental observations, as long as the spectral gap is filled by some mechanism, i.e.
as long as the AJJ spectrum is broadened (and upshifted) as the waves propagate through
the plasma.
A certain amount of spectral broadening and fcy upshift is intrinsic to the propagation
of lower-hybrid waves in tokamak geometry. These effects are most simply described by
geometric optics and ray-tracing. It has been shown hi the modeling of many experiments,
that AU can vary substantially along the ray-trajectories and that this is a plausible mechanism for filling the spectral gap [6]. Because of the simplicity of the ray-tracing approach,
both conceptually and for the purposes of making explicit calculations, it has become a
widely accepted method for modeling the absorption. However, when the spectral gap is
large, this approach requires following a large ensemble of rays for many passes through
the plasma [7], This is not only tune consuming from a computational point of view, but
it leads to result., whose physical content is tied to the details of many individual ray
trajectories, each of which appears to be quite complicated. In fact, the ray trajectories
have been shown to be chaotic (in the Hamiltonian sense) for various parameter regimes
of practical interest [8,9,1O]. Furthermore, when the rays make many passes, the presence
of even weak scattering effects, due to density fluctuations hi the edge plasma, can also

be an effective mechanism for broadening the fc|| spectrum [U]. For these reasons, it is
desirable to make an explicit statistical treatment of the wave propagation physics, which
is valid in the multipass regime.
We present a treatment of ray stochasticity and multipass absorption based on the
wave kinetic equation (WKE), which describes the propagation of short wavelength modes
in a weakly inhomogeneous and slowly time-varying medium [12,13]. In the WKE, the
wave action density (or energy density in a stationary medium) is convected along raytrajectories in the six-dimensional (x, k) phase space, where x is the position vector and
k is the wave vector. There is an important difference between conventional geometric:
optics and the WKE, even though both methods rely on the same ray equations. In the
traditional approach, the wave field (in one-dimension) is approximated by the form
[i I

and the ray equations are used to calculate the eikonal phase. In this case, the equation
for A(X) is singular at the turning points, where dk/dx —> oo. However, the WKE is not
restricted to this particular form of the eikonal approximation, which is based on the x
space representation of the wave equation. In fact, the WKE is based on a phase-space
representation of the wave equation, where x and k are treated equally [12]. Since the
Hamiltouian structure of the ray equations gives rise to an incompressible flow in phase
space, the WKE is not singular at either the x space, or k space turning points. It should
be recognized, however, that conventional geometric optics attempts to construct the wave
field, in full detail, where as the WKE ignores phase information. For lower-hybrid waves,
the scalelength of interference effects, which arise from phase correlations, is so small that
they are not of physical significance, so the WKE provides an accurate description.
The full set of equations, consisting of the WKE with electron Landau damping and
quasilinear coupling to the electron distribution function, is discussed in Section IL In the
cylindrical approximation of tokamak geometry, the ray-trajectories are integrable and the
solution of the WKE may be obtained explicitly. The details of this are given hi Section III,
including a comparison to full-wave results (obtained numerically), for both singlepass and
multipass absorption. Ln toroidal geometry, the ray-trajectories are stochastic, which leads
to a diffusive flow of wave energy in the stochastic layer. This is discussed in Section IV,
where the appropriate diffusion equation is derived from the WKE by standard quasilinear
methods. The unperturbed ray orbits are taken in the cylindrical approximation and the
relevant stochastic diffusion coefficient is calculated numerically from the perturbed orbits.
The resulting wave diffusion model is similar to the normal mode master equation derived
in Réf. [8], based on an expansion of the toroidal wave equalo?! in terms of cylindrical
eigenmodes. Solutions of the wave diffusion model, with self-consistent coupling to the
electron Fokker-Planck equation, are discussed in Section V. An important result is that

the boundaries of the wave spectrum are independent of the level of ray stochastic diffusion.
This allows us to develop a simple technique for constructing the self-consistent wave
spectrum and the radial profile of absorbed power density. The effect of mode conversion
and accessibility are discussed in Section VI. In Section VII, we discuss some generic
properties of the ray phase space and various important parameters. In Section VIII, we
consider the effect of parasitic absorption, which can deplete the rf power available for
current generation. Such parasitic absorption processes offer a plausible explanation for
the strong temperature dependent scaling of the LHCD efficiency in the low temperature
regime [1O]. Our conclusions are given in Section DC.
II. The Wave Kinetic Equation
We consider the propagation of lower-hybrid waves in a tokamak. The phase space
energy density of the rf field is denoted by £7(x,k,i), where x is the position vector, k
is the wavevector, and Udx.dk is the energy in the six-dimensional volume element dx.dk.
For simplicity we assume there is no mode conversion to the fast wave, so that every
point in the (x, k) phase space is associated with a unique polarization vector. Also, the
background plasma is assumed to be stationary. In this case, U obeys the WKE

where 7 is the damping rate and 5 is the rf source term. The quantities x and k are time
derivatives of x and k along the ray trajectories induced by the local dispersion relation
tf(x, k,o;) = O, where u is the frequency of the waves. Upon inverting the dispersion
relation to obtain w = fi(x, k), the ray trajectories can be written in Hamiltonian form,
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A detailed derivation and discussion of the WKE is given in Réf. [12].
The source term hi (1) satisfies Pin = f dx.dk 5(x,k), where Pin is the total injected
power coupled to the lower-hybrid wave at the edge of the plasma. Once the source
function is specified, equation (1) can be solved by following increments of injected power
along ray trajectories hi phase space. The ray trajectories are determined by the cold
plasma dispersion relation, as given hi Appendix A. After determining {/(x, k), we can
calculate physical quantities such as the (tune-averaged) absorbed power density,
)

,

(3)

and the (tune-averaged) energy density in the rf parallel electric field,
,k) -

(4)

Here an = dd/de^udd/du)*1 follows from the cold plasma dispersion relation, where ey is
the parallel component of the dielectric tensor. The damping rate fe for electron Landau
damping can be written as follows

where /e is the electron distribution function. Unless otherwise stated, we assume that
7 = 7e. In general, however, other (parasitic) sources of dissipation can be significant
when the spectral gap is large, as discussed in Section VIII.
As resonant electrons absorb rf power, the distribution function forms a quasilinear
plateau, which greatly modifies 7e . Thus the WKE is coupled to the electron Fokker-Planck
equation,

where Dqi is the rf quasilinear diffusion coefficient, C(/e) is the collision operator, and I is
the pathlength along a magnetic field line. As usual, one employs flux surface averaging
to annihilate the streaming term v\\dfe/dl in (6). (Note, neoclassical trapping effects are
not considered here, but can lead to modest reductions in the LHCD efficiency when the
waves are Landau damped in the outer portion of the plasma, at small aspect ratio [14,15].
Also, we ignore the effect of the ohmic electric field on the quasilinear electron tail.) The
quasilinear diffusion coefficient is expressed in terms of U (x, k) as follows
2ire
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Ultimately, all the rf power absorbed by resonant electrons is transferred to the bulk electrons and ions through collisions. Since no additional transport terms have been included
in (6), a steady-state is achieved by assuming fixed bulk plasma density and temperature
profiles and taking C"(/e) to be the linearized collision operator. This implies the existence
of an unspecified energy transport process, which balances the rf heating, so as to maintain
the assumed temperature profiles.
in. The Cylindrical Approximation
Appropriate canonical coordinates in tokamak geometry are (x, k) —* (r, 0, <£, fcr, m, n),
where r is the minor radius, B is the poloidal angle, and <f> is the toroidal angle. The

wavevector is decomposed as k = Ave,. + (m/r)eg + (n/R)e^, where R = R0 + r cos 8 and
R0 is the major radius of the magnetic axis. Here kr is canonically conjugate to r, m is
conjugate to 6, and n is conjugate to <f>. In the cylindrical approximation [R —> JZ0, fl —»
ft0(r,fcr,m,n)] both B and <p are ignorable coordinates, so that m and n are conserved;
in which case the ray trajectories are integrable and the solution of (1) can be written
explicitly. We consider the source 5 = Pin(2ir)~26(r — r0)S(kr — fero), where ra is just
inside the low density cutoff near the plasma edge and kro satisfies the dispersion relation
at r = r0. (Here n and m are considered parameters and Pin is the injected power at a
given n and m.) In this case, the solution of (1) is
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where
)/Mr')|

(10)

and

(11)

= P
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Here vp = OfI0 /Ok7. and the dispersion relation (H0 = a;) is used to solve for fcp as a
function of r. The turning points where vr = O are denoted by ri and r2, so that the
ray is- confined to the region T\ < T < TZ, where 7*1 is the caustic and TZ is the cutoff
(see Figure 1). The quantity i/ is the damping decrement per radial transit. The factor
cosh[i/y(r)]/sinhi/ appears in (9) because of multiple reflections, as the ray passes back
and forth between the turning points. To see this, we write
=
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where each term in the sum (JV = 0, 1,2, . . .) represents the contribution of one complete
cycle, from rz to TI and back. Furthermore, each cycle is composed of two contributions,
g-Ki-j) for the ingoing transit and e~"^1+y^ for the outgoing transit [note that y(r2) = 1
and y(ri) = O]. Substituting (9) into (3), we calculate the absorbed power density

sinhi/

.

for

ri<r<r,

.

In obtaining (13), one must integrate over both signs of kr (corresponding to ingoing and
outgoing transits), so that / dkrS(fl0 - w) = 2Mr)I"1. Note that P(T) is proportional to
W-1J which is singular at the turning points. Of course, the singularity is integrable, so
that 47T2JZ0 / rdrP(r) = Pin, expressing the fact that all of the injected power is absorbed.

Similarly one can compute |-B||12 from (4), which is also singular at the turning points.
These singularities arise because U is concentrated on a single ray orbit. If a small amount
of broadening in the distribution of excited n and m numbers is included, then the radial
profiles of P and |-Ej[I are no longer singular.
The above solution of the WKE can be classified into two distinct parameter regimes:
(i) the multipass regime (for v <\), when U tends to be uniform along the entire ray orbit
in the (r,kr) plane and (ii) the singlepass regime (for v> 5), when nearly all the power
is absorbed before the ray reaches the caustic, so that U is peaked at the source. In the
multipass regime, the absorption due to electron Landau damping is strongly peaked at
the caustic. This is due to a combination of vr getting small in the denominator of (13)
and 7 being largest in the center, where the plasma is hottest. Figure 2 shows the radial
profiles of P and |E|||2 hi the multipass regime for a single (n,m) pair, where the solid
curve is determined from the solution of the WKE, as given above. [Here we calculate
7 from (5), with fe assumed to be Maxwellian.] Figure 2 also shows the corresponding
full-wave solution (the dashed curve), determined numerically by a cylindrical full-wave
code [16]. The figure shows three important results: (i) that the full-wave solution in the
multipass regime develops a node structure due to interference between the ingoing and
outgoing waves; (ii) the WKE solution averages accurately over this fine scale interference
pattern; and (iii) the singular behavior of the WKE solution in the vicinity of the turning
points (caustic and cutoff) occurs over a very short scalelength. We have also compared the
full-wave and the WKE solutions in the singlepass regime, in which case the two methods
converge uniformly, as shown in Figure 3.

IV. The Wave Diffusion Model
Thus far we have focused on solutions of the WKE in the cylindrical approximation.
In a torus, intrinsic poloidal asymmetry breaks the invariance of m, typically causing the
formation of a thick stochastic layer in ray phase space. To view the stochastic layer, it is
useful to make a surface of section in the (m, 6) plane. This is done by choosing a surface
at fixed T] each time a ray pierces the designated surface on an inbound transit, the value
of m is plotted versus 8 (mod 2ir). Each surface of section is composed for a given n. In
particular, we assume the rf source launches a narrow spectrum peaked about ny = n\\0
(where njj = ck^/u). The corresponding toroidal number is simply n = n^0uR/c, where
we take R = R0 + o, corresponding to outboard launch at 6 = O. Figures 4(a) and 4(b)
show surfaces of section for two parameter sets in Tore Supra; Figure 4(a) is at low density
(neo = 2.5 x 1019m~3) and Figure 4(b) is at higher density (neo = 5.0 x 1019 m~3). The raytracing is done using the Bonoli-Englade code [6], assuming parabolic density profiles and
parabolic q profiles, where q is the cylindrical safety factor and q = 1 at the magnetic axis.

Also, for simplicity, we have taken the plasma to be surrounded by a perfectly conducting
wall at p = a, where p is the flux surface coordinate. [To be consistent with the BonoliEnglade code, we define p = r + A(r) cos 9, where A(r) is the Shafranov shift in the limit
A « r and T = O is the magnetic axis.] In each surface of section, we chose 15 initial
conditions at various points in the (m, 0) plane and followed each ray for 150 inbound
transits through the surface r/o = 0.8. We see that a source radiating a narrow spectrum
at m ~ O, 0 ~ O, can drive a broad response, with rays carrying launched power to a
large portion of the stochastic layer. This is particularly true when the electron Landau
damping is weak, so that the rays make many passes before being absorbed.
Although the (m, B) surface of section is useful for viewing the stochastic layer, we
are particularly interested in the spectrum as a function of k\\ and p. Recall that the rays
are confined to the dispersion surface fi(0,m,r,A:r) = u for a given n. In the cylindrical approximation, the dispersion surface (£Ï0 = w) defines a region in the (m,r) plane,
TI(TTI) <r< r2(m), where propagation is allowed. (The cylindrical ray orbits remain at
fixed TTI and propagate back and forth between the turning points ri and r2.) The boundary defined by r = TI (TO) and r = TJ(TTI) is shown in Figure 5; notice that the boundary
is closed for negative TO, where TI —» T2. Conversely, the propagation region could be expressed asTO^-(r)<TO< m+(r), where TO_(r) is a closed boundary defining the minimum
m on the dispersion surface (for a given r). For the case shown in Figure 5, the upper
boundary, m+(r) is open, because TO+(r) —^ oo for a range of r (as discussed in more
detail in Section VII.) To obtain the corresponding propagation boundary in the (k^,p)
plane, we follow the simple prescription: r —* p and [n + m/q(r)]/R0 —> fcy. Figure 6
shows the projection of a single stochastic ray trajectory in the (n\\, p) plane. We see that
as the ray wanders throughout the stochastic layer, it remains (approximately) within the
propagation boundary determined by the cylindrical dispersion relation. The propagation
boundary has two important features: (i) it prohibits rays with strongly upshifted (or
downshifted) values of fc|| from propagating to the center and (ii) it prohibits downshifting
below some minimum fey. It is worthwhile mentioning that for the parameter regimes considered above, mode conversion to the fast wave does not play a role in determining the
propagation boundary. (Situations where mode conversion affects the low fey propagation
boundary are considered in Section VI.)
The evolution of the phase space energy density in the stochastic layer can be formulated as a diffusion equation. A straightforward technique for obtaining the relevant
diffusion equation is to apply quasilinear methods to the WKE. One separates the ray
Hamiltonian into two pieces, ÎÎ = f20 + SfI, where fl«, = (2Tr)"1 jd0 fi. The basic derivation involves averaging the energy density over unperturbed orbits, where the unperturbed
orbits are denned with respect to O0- In. particular, the orbit-average of an arbitrary func-

tion A(0,r,m, kr) is defined as

where
so that (.A) is a function of m and O0. Here vr = OSl0 /dkr and to perform the integration at
fixed m and O0, one must invert the relation O0 = fla(r, fcr, m) to obtain kr = kr(r] Cl0, m).
The radial integration in (14) is then performed over one complete cyclic orbit, from T-L
to TZ and back, where vr is positive on the outgoing transit and negative on the ingoing
transit. (As before, TI and TZ denote the turning points, where vr = 0.) The orbits used
here are closely related to the cylindrical orbits discussed in Section III, except that we have
not imposed the constraint Sl0 = w, but rather consider Cl0 as an independent parameter.
The relevant diffusion equation is obtained by orbit averaging the WKE and adopting
the standard quasilinear closure [see Appendix B]. The result is

where D = ATn2 /2 and Am is the nns step in TTI per transit time T. We will refer to D as
the ray stochastic diffusion coefficient. The partial derivatives in (16) are taken at fixed
f20 and all the coefficients are considered to be functions of both m and fi0. However,
assuming that the dispersion surface is not significantly perturbed from Q0 = w, we take
(17) <x U(m)S(fl0 — u>). Upon integrating (16) over £Î0, one obtains an equation for U,
where T, D, and (7) are all evaluated at ÎÎ0 = LJ. Taking note of the following relation,
/"dxdkA(x,k)= f 8it*Tdndmdno(A)

,

(17)

we assume that (5) = PinS(m)S(fl0 — wJ/fST^r), where fdmS = 1 and Fin is the injected
power at a given n. Accordingly, we may assume that
(CT) = U(m, t)*(no -o;)/(87T2)

,

(18)

so that U obeys the one-dimensional diffusion equation

where i/(m) = 27(7). Physically i/ is the damping decrement per radial transit [as defined
previously in (U)] and v(m)U(m)dm is the power absorbed in the increment dm. The total

energy in the increment dm is T(m)U(m)dm. In steady-state, (19) yields the conservation
relation P^n = f dm v(m)U(m).
Equation (19) is solved on the domain Tnn < m < mj with a no-flux boundary
condition (dU/dm = O) at ma and an absorbing boundary condition (U = O) at mb.
Because the stochastic layer extends all the way to the propagation boundary m_(r), we
take ma to be the minimum m in the allowed propagation region (see Figure 5), i.e. the
minimum value of m_(r). The value of m\, is somewhat arbitrary because v is large at
large positive m, so that U decays rapidly. (Recall that electron Landau damping gets
stronger as the wave phase velocity gets smaller, which corresponds to increasing k\\, or
increasing m.) It is sufficient to chose m& large enough that the power flow across the
boundary is negligible. Note, this assumes that a value for m& can be chosen within the
stochastic layer, which is the relevant case. Otherwise we must impose a no-flux boundary
condition at the appropriate KAM surface [see Figures 4(a) and 4(b)] and the spectral
gap cannot be filled without including additional effects, such as scattering off of density
fluctuations. Since m^ — mB is typically much larger than the width of 5(Tn), we will solve
(19) with S = S(m). In other words, the initial width of the launched spectrum in m is
negligible compared to the diffusive broadening that occurs during propagation.
To solve the electron Fokker-Planck equation (6), we must express Dqi in terms of U.
In the limit v « 1, U tends to be uniform along the direction of the unperturbed ray
orbits in phase space, so that U » (U) (see Appendix B). Substituting (18) into (7) and
recalling that f dkr6(Cla —u) = 2ItIp(F)J"1, one obtains

'

for

*»>*'*•»(-) •

<20>

where m and v\\ are now related by the resonance condition [n + m/q(r)]/Ro = fey =
W/BH and dm/dfc|| = C(T)R,. The expression in (20) gives the contribution to Dgj for
a given n; hi principle, to obtain the complete result, one must solve (19) for each n
in the launched spectrum and then sum (20) over all n. However, we shall continue to
idealize the launched spectrum as being represented by a single n, so that (20) is indeed
the complete expression for Dq\. There is one subtlety involved with the use of (20) for
numerical calculations. Because Dqi should not be singular at the turning points, we
make the replacement |«P| —» (Wr + Sr] /T in the denominator of (20), where Sr « a.
Ultimately, all physical quantities axe independent of Sr. [Note, the singularity can also
be resolved by integrating (20) over a narrow, but continuous spectrum in n.]
To summarize, the WKF< has been reduced to a one-dimensional diffusion equation
for the rf energy density in the stochastic layer. Because the damping decrement in (19)
depends implicitly on fe, one must solve (19) together with the electron Fokker-Planck
equation (6), where Dgi is given by (20). We refer to this coupled nonlinear system of
equations, as the wave diffusion/Fokker-Planck system, or simply the WD/FP.
10

V. Self-Consistent Solutions
The self-consistent calculation of LH wave absorption can bt- simplified by using the
appropriate one-dimensional Fokker-Planck model. 'Because the Landau damping rate
depends only on the perpendicular integral of the distribution function, Fe = f 2iruj_dv±fe,
and the wave-particle resonance typically involves fast electrons with u| » v^_ , one can
obtain an approximate one-dimensional Fokker-Planck model for Fe. (Note, the name
"one-dimensional" refers to the fact that UK is the only velocity space coordinate.) Although
there are one-dimensional models of varying complexity and accuracy [17], here we will
employ the simplest one-dimensional model [5], which ignores perpendicular temperature
effects and radial transport effects and allows the steady-state distribution function to be
represented as follows:

where u = V||/ve(/j), Dc = (Zi + 2)i/0v*/u3, va = n^lnA/^Tre^m^), ve = <jTe(p)/me,
and Zi is the ion charge state. Since there are relatively few electrons in the tail of F,, we
may take N « ne/(ue\/27r)- It is important to mention that the above distribution function
is only used to calculate the rf absorption; it yields poor results when used to calculate
the rf driven current. To cope with this problem, one calculates the driven current density
from the following expression:
, p)

rf(p) = J «

,

(22)

where 5e(v||,p) is the if power density absorbed by electron Landau damping at a given
resonance, Uy = w/fcy, and G(v\\,p) is the appropriate response function. For LHCD, one
may consider the following form for G [5]:
4uj|

+ Zi)

'

(23)

where T(p) = vav*. [Note, (22) and (23) ignore the important effect of fast electron
radial diffusion, which results in a broadening of the driven current profile, relative to
the absorbed power [18].] We have found that by calculating 5e according to the onedimensional model in (21) and then calculating J7./, according to (22) and (23), one obtains
good agreement with previously published results [17] based on numerical solutions uf the
two-dimensional Fokker-Planck equation. Furthermore, the global current driv efficiency
calculated from the above approach is in agreement with experimental results [1O].
To use this approach in the context of the WD/FP, we take the cylindrical limit,
where p = T and \ = [n + jn/c(r )]/#„. Also, we define Se(r,m), such that 5e(r,r(|) =

11

S'e(r,m)\dm/dvn\, where \dm/dvn\ = [uRoq(r]\/v^ follows from the resonance condition.
Assuming U « (17), it is straightforward to obtain
A

5 for n(m) < r < r2(m) .

(24)

It follows that P(r) = / dmS'e(r, m) and Pe = 47T2JZ0 / rdrP(r), where P6 is the total power
absorbed by electron Candau damping. If there are no other dissipation mechanisms, then
Pe = fin-

Our goal is now to find a steady-state solution of the WD /PP, where U, v, Fe, and
Dqi are all self-consistent. La principle, to solve (19) one needs to know the ray stochastic
diffusion coefficient. From toroidal ray-tracing, we find that D is of order 104 for the
parameter sets in Figure 4. (The calculation of D is given in Appendix C.) However, as we
shall discuss in more detail, self-consistent solutions are insensitive to the precise value of
D. Numerical calculations proceed by computing v, assuming Fe is initially a Maxwellian.
[Note, v is calculated according to (11), where 7 ex dFe/dv\\ , as given by (5).] Equation (19)
is then advanced one time-step and U is computed using a fully implicit finite difference
method. Once U is known, we compute Dqi and update Ff and v accordingly. This
process typically requires .20 to 30 tune-steps to converge to a steady-state. The fact that
we evolve (19) in time is simply a numerical approach to calculating the steady-state, since
the solution at intermediate tune-steps is non-physical. (This is because we have discarded
the time dependence of the Fokker-Planck equation, so that Fe responds instantaneously to
changes in Dqi.) Alternatively, one can solve (19) with dU/dt set to zero at each iteration
(i.e. with very large time-steps), but in this case the results tend to oscillate about the
steady-state solution and may require many more iterations to converge.
An example of a steady-state solution of the WD/FP is shown in Figures 7(a)-(d).
Here the parameter set is the same as in Figure 4(a), with Teo = 3 keV, Pjn = 2 MW, and
D = 10*. Also, we have assumed temperature profiles of the following form:

where we have taken £e = 2.15. (In this case, the ratio of the central to volume average
electron temperature is 3.) Figure 7(a) shows U(m) as a function of m, for both the selfconsistent solution and the solution obtained when Fe is taken to be a fixed Maxwellian.
The differences between the self-consistent results and the fixed Maxwellian results are
quite dramatic, particularly if one compares the absorption vU and the damping is, as
shown in Figures 7(b)-(c). Figure 7(d) shows the resonant region in the (u,r) plane
where quasilinear diffusion modifies the distribution function. When compared to a fixed
lasma, quasilinear effects tend to increase the damping at high phase velocities
12

(because Fe is increased), while reducing the damping at low phase velocities (because
dFcl dv\\ is reduced). This effect broadens the absorption channel over a wider range in m,
as shown in Figures 7(b)-(c). The flattening of Fe at low phase velocities is accompanied
by the flow of rf energy density to higher m, where a boundary layer forms as U goes to
zero and v increases rapidly. Also shown in Figure 7(d) is the radial profile of the absorbed
power P(T)', we see that P(T) is strongly peaked where the resonant region comes closest
to the electron bulk (u< 4), thus pulling out the largest tail. The absorption profile is
hollow because the upshifted spectrum (with resonant phase velocities for u < 4) cannot
penetrate to the center, due to reflection at the caustic. Finally, in this example, 730 kA
of current is driven by 2 MW of rf power.
Approximate solutions of the WD/FP can be constructed in a straightforward manner,
by considering the large Dqi limit. Thus we calculate S(T, v^) from the general relation
S = — mev\\DqidFe/dv\\, assuming Dqi —> QQ for VI(T) < vy < V2(T) and Dqi = O for all V||
outside of this region. [The boundaries UI(T) and VZ(T) will be denned below.] Evaluating
(21) in this limit, yields the result

] ; for
where PO(T) = menev0v1. Integrating (26) over «|| yields

»a(r)

P[

~

where the total power absorbed is Pe = 47T2IZ0 /rdrP(r). [Jrffr) is easily calculated from
(22) and (26) .J Thus far we have simply reproduced the standard one-dimensional large
Dqt result [5].
We now give a prescription for calculating VI(T) and VZ(T) that incorporates the relevant physics from the wave diffusion model. First, we consider the propagation boundary
in the (m, r) plane, as shown in Figure 5, and we assume this boundary is closed at positive
m by an additional constraint m < m0, where ma is a constant (to be determined below).
To obtain U|| = VI(T) and Wy = VZ(T), one maps the complete boundary from the (m,r)
plane into the (V\\,T) plane according to the resonance condition, v\\ = WJFZ0[Ti + m/q(r)]~1.
This yields
. + m+(r)/g(r)]
[U + m_ (

1

, otherwise,

where T1(Tn) < T < T2(Tn), or Tn1(T) < m < Tn2(T), denotes the propagation boundary, as
denned in Section IV. [The boundaries UI(T) and VZ(T) are shown as solid curves in Figure
13

7(d).] Physically, m Kt ma corresponds to the position of the boundary layer, where v
becomes large and U becomes small (as shown in Figure 7). However, we may determine
a precise value for m0 by imposing the constraint Pe = Pin, where Pe is calculated by
integrating (27). Thus as the injected power increases, m0 increases and ui decreases,
allowing more power to be absorbed. In practice, for a given parameter set, and a specified
value of Tn0, the boundaries UI(T*) and VZ(T) are determined and P6(Tn0) is calculated
numerically. Imposing the constraint Pe = P,-n typically requires a few iterations to find
the desired value of m0.
To complete the calculation, we return to (19) and define the normalized absorption
W(m) = vU /Pe, so that JdmW = I. We may calculate W from the relation
W(m) = ^5^ f rdr(se\dVl{/dm\)
Je

J

^

,

(28)

' m

where the integration is performed at fixed m and the resonance condition is used to relate
m and v\\. Since 5e is specified by (26) and ma has been determined (so that Pe = Pin),
W may be calculated directly. Thus, in the large Dqi limit, vU may be taken to the right
hand side of (19) and treated together with the source term. The steady-state solution for
U is easily found by integration:
V,

P
r"*b
U = ^dm'
*" Jm

/""*'

dm" [S(m") - W(m")]

.

(29)

Jma

Figure 8 shows W and U determined by the above method and compared with the exact
(numerically computed) solution. Notice that the exact result for W does not go to zero
abruptly at m = Tn0, but rather decays across the narrow boundary layer, where U is too
small to flatten the electron distribution function. In practice, we are not concerned with
the details of the solution inside the boundary layer, so the above method is a very useful
(and numerically efficient) way to construct approximate, self-consistent, solutions. Note,
if Tn0 is too small, (29) yields a non-physical (negative) result for U, implying that the
large Dqi approximation does not give the correct form for W. [For example, if we take W
to be a box function for m\ < m < Tn0, where m\ is negative, then it is easy to show that
(29) gives a negative result when Tn0 < |mi|.] A case like this is shown in Figure 9. Notice,
that the actual solution for U becomes small for negative Tn, as m —> ma. In this case,
the wave energy density is noi large enough to justify the large Dqi approxim?iion for the
entire resonant region, VI(T) < V|| < VZ(T). In practice, this occiirs * '-.•;•..• the temperature
is sufficiently high.
We now discuss the role of the ray stochastic diffusion coefficient D *n. determining
the solutions of the WD/FP. In the large D^1 limit, when Fe forms a saturated quasilinear
plateau, the absorbed power density Se(r, v\\ ) is rigorously independent of D, which implies
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that the rf driven current density is also independent of D. To understand how this comes
about, first note that in the large D,j limit dFe/dv\\ oc D",1. Since 7 « dFe/Ov\\ and
D9i oc U, one finds 7 oc U""1, so that the product vU is independent of U. Thus W(m),
defined as vU/Pe, can be brought to the right side of (19) and treated together with the
source term. This yields U oc D"1, as given by (29), which also implies Dqi oc D"1. To
be self-consistent, we must require Dqi to be large enough for Fe to have indeed formed a
plateau [a good criterion for plateau formation is that D9i/(v0Vg) > 1], which means that
D cannot be too large. For the parameter sets in Figure 4, we find that the large JD5;
limit is valid for D < 10s, which is a factor of 10 larger than the computed values of D
in Appendix C. It is interesting to note that the absorption on a fixed Maxwellian is not
independent of D, since in this case v remains fixed in (19), as opposed to the product
vU. If the distribution nineties, is held fixed and D is increased, the absorption will peak
at increasing values of m.
In the large Dqi limit, the radial profiles of absorbed power and driven current density
are insensitive to the level of injected power. Although Tn0 is implicitly a function of Pjn,
the strong exponential dependence of Se with respect to v\ allows large changes in Pjn
to be compensated by relatively small changes in m0. Thus Se(r,v\\)/Pin and therefore
W(m), P(r)/Pjn, and Jrf/Pin are all approximately independent of Pin. This is quite
useful, since the linear scaling of Irf with respect to Pjn allows one to easily determine the
amount of injected power required to drive the entire plasma current.
It is interesting to compare solutions of the WD/FP with conventional ray-tracing/
Fokker-Planck (KT/FP) simulations. An RT/FP simulation solves the WKE by following
increments of injected power along the "exact" ray trajectories in phase space. Here,
RT/FP simulations are carried out with the one-dimensional Fokker-Planck model for Fe,
as given by equation (21), where the method for calculating Dqi from the ray trajectories
has been previously described [6,19]. First consider the low density parameter set with
neo = 2.5 x 1019 m~3 [as in Figure 4(a)]. In this case, a detailed comparison of the results
obtained from the WD/FP and the RT/FP over a range of Teo from 1 keV to 5 keV,
show excellent agreement [see Figures 10(a) and 10(b)]. On the other hand, hi the high
density case, neo = 5.0 x 1019 m~3 [as in Figure 4(b)], we had to go to lower temperatures
to obtain good agreement [see Figures 10(c) and 10(d)]. In this case, at Teo = 3 keV,
the radial absorption profile obtained from the RT/FP is both broader and peaked farther
from the center than that obtained from the WD/FP. Let us define the "number of passes"
made by an individual ray as N = a"1 /J° dt \f(i)\, where ta is the time it takes for the
ray's increment of power to damp to 1 percent of its initial value. We also define N as
the ensemble average of JV over all rays launched in the RT/FP. In the low density case,
N = 32 for Teo = 5 keV and N > 50 for Teo = 1 keV (in this case, only 72 percent of the
power was absorbed after 50 passes). In the high density case, N = 29 for Teo = 0.75 keV,
15

while N = 8 for Teo = 3 keV, in which case the absorption profiles calculated from the
WD/FP and the RT/FP are appreciably different. To summarize, we generally find good
agreement between the WD/FP and RT/FP for JV > 20.
The validity of the wave diffusion model depends on a separation of timescales: the
characteristic timescale for the divergence of neighboring trajectories in the stochastic
layer must be short compared to the .time scale for absorption. Satisfying this requirement
tends to restrict the model to the weak absorption, low temperature regime. In addition,
to justify the approximation U fa (U), the timescale for absorption must be long compared
to the radial transit time r, which is satisfied as long as v « 1. In the large Dqi
limit, one may calculate i/(m) by combining (28) and (29) and using the relation i/(m) =
W(m)Pin/U(m). A reasonable estimate is obtained by taking W = l/m0 for O < m < m0
and W = O otherwise, which yields i/(m) = 2D(Tn0 — m)~2 for O < m < m0 — 8m,
where Sm « ma. Here 8m denotes the width of the boundary layer where the damping
is strong and the large Dqi limit breaks down. As long as m% » 2D, the criterion
i/(m) « 1 is satisfied throughout most of the stochastic layer, except near the boundary
layer as m —> Tn0. Note, m^ » 217 also insures that the rays make many radial transits
before reaching the boundary layer, i.e. the number of transits is roughly ma/^/2D. First
consider the low density parameter set [as in Figures 10(a) and 10(b)]: one finds m0 = 888
at T60 = 1 keV, m0 = 318 at Teo = 3 keV, and m0 = 156 at Teo = 5 keV. Thus for
D = 5.1 x 10s (see Appendix C), the criterion m* » 21? is well satisfied for Teo < 3
keV. On the other hand, for the high density case [as in Figures 10(c) and 10(d)], one finds
ma = 760 at Teo = 1 keV and m0 = 270 at Teo = 3 keV. In this case, wefindD = 1.4 X104,
so that ml » 2D is well satisfied for Teo < 1.5 keV. [The scaling of m0 with respect to
Teo can be obtained from the resonance condition u/k\\ ~ aveo, where a is typically
between 3 and 4; see equation (40) of Section VIIL] It is noteworthy that a factor of 3
increase in D, relative to the low density case, has a strong effect on reducing the upper
limit of the temperature range where the wave diffusion model is expected to be valid. In
general, for a given value of D, one can always reduce Tec to find a regime where the wave
diffusion model is valid, assuming that m0 remains within the stochastic layer. In the high
density case, our RT/FP simulations show a distinct transition as Teo is increased into the
regime where m* » 2D is not well satisfied and the wave diffusion model breaks down
[see Figures 10(c) and 10(d)]. However, no such transition was observed in the low density
case [see Figures 10(a) and 10(b)], where it appears that the WD/FP remains applicable
beyond its expected range of validai y.
VI. Mode Conversion
Thus far we have only considered cases for which mode conversion to the fast wave
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does not play a significant role. However, it is often the case that the launched spectrum
is close to the mode conversion limit, because these waves have the lowest n\\ which are
accessible to the core of the plasma. From the cold plasma dispersion relation in Appendix
A, mode conversion is found to occur when Pj — 4Po^ = O, which reduces to the familiar
criterion, n\\ w e1^2 + wpe/wce, in the limit w*e » u%e [2O]. Because n\\ oc (n + m/g),
mode conversion tends to occur when TTI is either small, or negative. Figure 11 shows
the allowed propagation region hi the (m,r) plane, including both the slow wave and fast
wave branches, where the fast wave propagation region is enclosed by the dotted curve.
[Note, the parameters are the same as in Figure 4(b), except that the toroidal magnetic
field B0 has been modified.] In Figure ll(a), the fast wave propagation boundaries are
completely surrounded by the slow wave boundaries and the criterion for mode conversion
is never satisfied. In Figure ll(b), there is a region along the inner propagation boundary
where the slow wave and fast wave meet; in this case, the criterion for mode conversion is
satisfied along the propagation boundary shared by the two branches. In the cylindrical
limit, a ray at fixed TTI, originally propagating inward on the slow wave branch, reaches the
mode conversion boundary, where it changes branches and propagates out to the fast wave
cutoff. At the fast wave cutoff, the ray is reflected and returns to the mode conversion
boundary, where it goes back onto the slow wave branch and propagates back out to the
slow wave cutoff. At some value of m (say m = m,} a separatrix occurs; just below m,,
the two branches of the dispersion relation are connected and ray trajectories propagate
back and forth through the mode conversion boundary; just above m,, the two branches
separate into two distinct surfaces in phase space. Ray trajectories near the separatrix are
very sensitive to perturbations'in the dispersion relation and become stochastic easily [21].
Thus we expect stochastic diffusion to transport wave energy across the separatrix, onto
the fast wave branch.
A precise formulation of the WKE in the presence of mode conversion, can be achieved
by splitting the wave energy density into two parts, one for each polarization, making sure
to include the appropriate flux continuity conditions across the mode conversion boundary
in phase space (similar to the treatment given in Réf. [22]). However, because the fast
wave branch occupies a relatively small phase space volume, with weak damping, energy
flowing from the slow wave to the fast wave does not have a significant effect on the power
deposition or current generation. Thus, in the wave diffusion model for LHCD, we may
ignore the fast wave and treat the mode conversion boundary in the same manner as the
slow wave caustic.
Although the concept of "accessibility" has no precise meaning in a torus (because
fc|| eventually upshifts allowing rays to propagate into the core), poor accessibility has
the effect of raising the lower boundary of the fy spectrum, which degrades the current
drive efficiency. This point is illustrated by the two examples in Figure 11. Note, all
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the parameters in Figures ll(a) and ll(b) are the same, except for the toroidal magnetic
field, which has been reduced in Figure ll(b). As we see, this has a critical effect on the
slow wave propagation boundary. Comparing Figures 1 ;'a) and -ll(b), we see that the
boundary in Figure ll(a) extends to much lowei TO, corroipoii:i\r;;: to lower &||. Solutions
of the WD /FP for both of these cases are similar to thone JSiscx •?• .ad in Section V. For
Tf0 = 3 keV and Pin = 4 MW, we find that Jr/ = 830 kA for the case at 4.5 Teslas [Figure
ll(a)], while Irf = 460 kA for the case at 2.0 Teslas [Figure ll(b)]. Although there is
about a factor of 2 difference in the current drive efficiency, the deposition profiles are
nearly the same (both are peaked near r/a ~ 0.1). The difference in the current drive
efficiency is. caused primarily by the difference in the lower boundary of the fy spectrum
(recall that the efficiency goes as fcjT2).
VII. Generic Properties of Ray Phase Space
To understand the range of applicability of the wave diffusion model for LHCD, it is
important to consider some generic aspects of lower-hybrid wave propagation. To do this
we focus on the electrostatic limit. (Electromagnetic effects are important in determining
the lower bound of the &|| spectrum, especially in the case of mode conversion, as discussed
in Section VI.) In the electrostatic limit, the dispersion relation isfcj_ej_+k Jf ey = O. In the
cylindrical approximation, we take k^_ « k2 + m2/r2 and fe|| « (n 4- m/q)/ R0, so that the
dispersion relation can easily be solved for kf. After defining rescaled variables, M = m/n,
K = fcra/n, and x = r/a, and introducing the quantity h(x) = — e||a2/(e-L-Eo)> one finds
that
K2 = h(x)[l + M/q(x)]2-M2/x2

.

(30)

The allowed propagation region in the (M, x) plane (where K2 > O) is given by M-(X) <
M < M+(X), where
M+(X) = { 3^VV(C - xV/i) , for q- xVh > O,
I oo,
otherwise,
M_ (x) = -xqVh/(q + xVh)

(31)

.

While for negative M the propagation region is always bounded, for positive M, the
propagation region can be unbounded (M+ = oo for a range of x), as pointed out by
previous authors [9]. The parameter sets hi Figure 4(a) and 4(b) both correspond to the
unbounded case. It is also interesting to consider cases for which the propagation region
is bounded. If the boundary at M+ is too low, then the spectral gap cannot be filled by
diffusion in m alone. In this case, non-axisymmetric effects (which allow coupling in n)
must be taken into consideration.
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In the electrostatic limit, we may do.a systematic parameter scan by specifying the
form of h(x) and q(z), which enter (30). Here, we assume the following forms for h and q:
2

q(x) = q0(l + s,ajz)

(32)

,

where O < S^ < 1 and, for typical tokamak operation, sq = (qa — qa)/q0 > 1- Defining A =
i/Jï^/qo and appropriately rescaling Jf and M, results in a three-dimensional parameter
space (A, s/i,s,). The physical significance of A and JA can be seen by taking the high
frequency, strong magnetic field limit, in which case £\\ ~ — (wpe/o;)2 and ej_ ~ 1. In this
limit, h(x) oc ne(x) and
W / r=0

It is also useful to express Si1 in terms of the volume average density (ne), so that s& =
2(1 — (ne)/neo), for density profiles satisfying 1 > (ne)/neo > 1/2.
In terms of the above parameters, the criterion for a bounded propagation region
(q — xi/h > O for x < 1) is simply A < 2(sq + sji)1/2, assuming S9 > 1. Figure 12 shows
the surface of section for such a case, where the plasma parameters are the same as in
Figure 4(a), except that we have decreased the total current (i.e. increased aq). The most
striking feature in Figure 12 is the large island structure, corresponding to rays that are
trapped on the high field side of the tokamak (0.75 ,< 0/ir < 1.25). Such an island can only
exist when the appropriate resonance condition is satisfied (see Appendix D). In this case,
we must have Ad = O, where A0 is the amount of poloidal rotation during one complete
radial cycle, from caustic to cutoff and back, along the unperturbed ray trajectory. In the
electrostatic limit, we may express A0 as follows:
- 2 r Jx (M/x2)-(h/q}(l
- 2
^
2 _

+ M/qj
2

2

1

2

•

(33)

Here I1 and Z2 are the turning points, where the denominator of the integrand vanishes.
[Note, because of the form chosen for h(x), when Si1 > O and M is sufficiently small, the
cutoff is not inside the plasma. In this case, we assume the rays are reflected at the plasma
boundary, so that X2 = I.] Analysis of (33) shows that AO = O at some value of M, when
both of the following conditions are satisfied: (i) the propagation region is bounded and
(ii) Afl(M) < O as M —> O from the positive side. This occurs when
,

where
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(34)

For sq > 1 and O < a^ < 1, a very good approximation to I is given by the following:

where z = s/i/a,. (This is just the first two terms in the series expansion for z < 1.)
For a fixed value of a, and s^, when A > 2(sq + s^)1/2 the propagation region is
unbounded and the surface of section plots are very similar to those shown in Figures
4(a) and 4(b). In this case, we expect the wave diffusion model to be valid in the low
temperature regime, when m^ » 2D, as discussed in Section V. On the other hand,
if A^ 2(aq + s/i)1/2, so that (34) is satisfied, then there is typically a large island of
trapped rays, as shown in Figure 12. In this case, the assumption that U ss (17) is not
strictly valid. Rays in ilia stochastic layer have to propagate around the island structure,
which leaves a .hole in U on the high field side and therefore a corresponding dip in (U).
However, even in this case, solutions of the WD /FP and RT/FP show a surprising amount
of similarity. This is because the rf energy density on the low field side is sufficient to
sustain the quasilinear plateau. (Of course, this assumes that the rays are not launched
inside the island.) Finally, if A is sufficiently small, then the propagation boundary M+
is low enough to prevent the rays from filling the spectral gap. The overall situation is
summarized by the parameter space plot in Figure 13.
VIII. Parasitic Absorption

Thus far, we have considered electron Landau damping to be the only absorption
process. However, if the electron Landau damping is sufficiently weak, then other weak
absorption processes can be competitive. Let us consider the presence of some parasitic
absorption process, which damps the rf waves but does not transfer energy, or momentum
to fast electrons. Additional damping mechanisms can easily be included in the wave
diffusion model. Recall that the damping decrement per pass is i/, where v = 2r(f). We
now decompose v into two parts, i/ = i/e +vnr, where i/e is the part due to electron Landau
damping and vnr is the non-resonant (parasitic) part. In general, one must solve the
WD/FP numerically, including the additional damping term. However, we may use the
large Dqi limit to help us construct approximate sett-consistent solutions. Once again, we
define the normalized absorption due to electron Landau damping, W = veU/Pe. Since,
in the large Dqt limit, W is independent of U [see Section V, equations (28) and (29)], Jre
may combine veU with the source term, so that the steady-state diffusion equation can be
written in the following form:
U = S(m) - \W(m)
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,

(37)

where v* = vnr/D, U = UD/Pin and A = P,/Pin. We are primarily interested in determining the fraction of input power lost to parasitic absorption, which is 1 — A. This is done
by imposing the appropriate boundary conditions on (37). First, we impose the usual noflux boundary condition, dU/dm = O at m = m0 [see Section IV, following equation (19)].
Then, because W = vJJ/Pe = O for m > m0 [see (26)-(28)], we must impose U(Tn0) = O.
Puthermore, requiring that all of the injected power be absorbed leads to the additional
no-flux constraint dû/dm = O at m = Tn0, Finding a solution of (37) which satisfies all
three boundary conditions determines a unique value for A. Assuming that v* is constant,
and solving (37) with the appropriate Green function, we find that
f

/""Ib

f /

_

\-l

dm W(m) cosh[(m - ma)vV*]J

-

(38)

» TTIa,

To construct an approximate self-consistent solution, we begin by assuming a value of m0
(which determines Pe), so that the form of W(m) is completely specified by (26)- (28). We
then calculate A from (38), which determines the corresponding value of Pin. To check
that the solution is self-consistent, one calculates U for the specified value of A and verifies
that U is large enough to justify the large Z?,j limit.
In the multipass regime, damping in the edge plasma can deplete the if power available
for current generation and is a plausible explanation for the observed temperature scaling
of the LHCD efficiency (for low electron temperatures) [1O]. This effect can be recovered
from (38) by making the following simplifications. By taking W to be a box function for
m
o < Tn < m0 and then taking ma\/i^ « 1, one obtains
0

A ~ — -7=7 •

, 39.

( J

Even for fixed v*, there is an implicit temperature dependence in (39), because m0 scales
like
nq0

,

fAn\
(40)

where a is a constant, typically found to be between 3 and 4, depending on the density, the
temperature profile, and the value of Pe. In Figure 14, the fractional power lost to parasitic
absorption (1 — A) is plotted as a function of Teo for three values of v*'. To make a rough
estimate of v* = vnr/D, we consider non-resonant damping due to electron-ion collisions.
• The local collisional damping rate is strongest near the cutoff, in the edge plasma, as can
be seen through its dependence on the plasma parameters -fnr ex UgT^3 Zeff, where
Zeff is the effective ion charge state. Consider the Tore Supra parameters in Figure
4(a), but now including a scrape off layer of 10 cm, where the electron temperature is
constant and the density decays linearly. We assume the following edge plasma parameters:
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neo = 0.5 x 1019 m~3, Tea = 10 eV, and Ze// = 6 throughout the scrape off layer. (In
the core of the plasma we assumed a single ion species with Zi = 1.) Calculating the
integral in (11), we find vnT ~ 3 X 10~2. Combining this with D = 5 X 103 (as obtained
in Appendix C), yields v* ~ 6 X 10~8. Because v* is so small, the fraction of lost power
is only significant when ma is large, which corresponds to low temperature (Teo < 3 keV),
as shown in Figure 14. Physically, as the central temperature is lowered, the spectral gap
grows and the rays make many more passes through the plasma, which results in stronger
parasitic losses, even though v* is held fixed.
IX. Conclusions
We have developed a method for describing stochastic wave propagation and multipass
absorption hi LHCD. The main result of our analysis is the identification of a multipass
regime where the spectral gap is filled in a self-regulating manner. In this regime, the
electron distribution function forms a saturated quasilinear plateau in the resonant region
(as given by the large U9/ limit) and the boundaries of the diffused wave spectrum are
independent of U, where D is the level of ray stochastic diffusion. [D •— Am2/2, where Am
is the rms step in m per radial transit and k\\ = (n+m/q)/Ro\. In this case, the mechanism
involved in producing D need not be specified, since the value of D does not affect the
absorption profile, or the fast electron tail. Although we have specifically considered the
case when stochasticity is an intrinsic property of the Hamiltonian ray orbits hi toroidal
geometry, one .may also include additional stochastic effects, such as scattering due to
density fluctuations. (Note, scattering produces a rotation of k at fixed fc|| [11]. Because
q is largest hi the edge, this process tends to conserve n, so that it can be included within
the axisymmetric formulation.) Therefore, the modeling of current drive in the multipass
regime tends to be insensitive to the details of the toroidal equilibrium and edge plasma
turbulence.
Of course, multipass absorption is not the only case of interest in LHCD. For a high
temperature, high density reactor grade plasma, mode conversion restricts the accessibility
of lower-hybrid waves with low fc||, while high fc|j waves suffer strong singlepass absorption
and poor penetration. Also, present day experiments often achieve intermediate parameter
regimes, for which the absorption is neither (strong) singlepass, or (very weak) multipass.
In this case, the results can be sensitive to the amount of fcy upshift along specific ray
trajectories, placing emphasis on the poloidal position and extent of the waveguide ai
ray. Ultimately, even with sophisticated equilibrium models, the results obtained in this
intermediate regime may depend on additional effects, such as scattering due to density
fluctuations. This is hi contrast to the limit, of extreme multipass absorption, which yields
very robust results, as described by the wave diffusion model.
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Radial transport processes can lead to a nonlocal relationship, or decoupling, between
the absorbed power density and the wave driven current density [18,23,24]. The extent
of this decoupling depends on how far the current carrying electrons can diffuse radially
before collisionally slowing down. Since the radial transport of electrons in tokamaks is
anomalous and not well understood, the relevant parameters needed to develop a complete
current drive model will have to be deduced from experimental measurements (for example,
using hard Xray imaging [25]). In light of this, the identification of a multipass regime,
where the absorption profile is robust and insensitive to various model assumptions, may
be very helpful in deducing the appropriate radial diffusion coefficient for fast electrons.
Because lower-hybrid waves are expected to have poor penetration in a high density,
high temperature plasma, fast Alfvén waves are being considered as a possible method for
providing current in the center of a tokamak reactor [26,27]. The polarization of the fast
wave is such that electron absorption is typically weak, even when the waves are resonant
with thermal electrons, so that multipass absorption is an important issue. Although fullwave codes have been developed to model fast wave absorption [28], they do not include
various effects which can lead to scattering (such as density fluctuations, or MHD activity).
It is possible that a statistical approach, similar to that developed here for LHCD, will
provide a useful, more robust model for fast wave current drive in the multipass regime.
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Appendix A: The Dispersion Relation
For LHCD it is sufficient to consider the local cold plasma dispersion relation:

PQ
where

_
„
P0 = C11[CnJ -ej.)2- «y

,

(Al)

,

(Al)

,

P2 = (6j.+e || )(n|- Ei ) + e|y

P4 = ej. •
Here e\\, ej_, and exy, are related to the elements of the cold plasma dielectric tensor [29]:
Kxx = Kyy = ex, KZJS = CH , and Kxy = —Kyx = iezs. Also n± = cfcj./w and ny = ck\\/u.
In the lower-hybrid range of frequencies, the following expressions may be used:

-" (£)'-(?)' WWc

The dielectric tensor elements are all functions of x through their dependence on the local
plasma parameters. Also, fcy = k • b(x) and k± = |k X b(x)|, where b(x) is the unit vector
parallel to the equilibrium magnetic field. Although the Bonoli-Englade code [6] (which we
use to do the toroidal ray-tracing) includes warm plasma effects, these effects are negligible
for typical LHCD parameters.
Appendix B: The Quasilinear Treatment of the WKE
The quasilinear treatment of the WKE proceeds by separating the ray Hamiltonian
into two pieces, fl = fl0 + SSl, where Sl0 = (2^r)"1 fd& ft. The WKE is then subjected to
the appropriate orbit averaging. Although the orbit average can be done directly in the
(0,r,77i, fcP) coordinates, the qu^oilinear prescription is more familiar when carried out in
action-angle coordinates [30,31]. The actions are defined as Ji = m and
kr(r',m,no)

.

(Bl)

In principle, one can invert (Bl) to obtain ÎÎ0 = Sl0(Ji,^)- As usual, the canonically
conjugate angles (Ci, C2) are denned by a mixed variable generating function,
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where,
G(J1, J2,0,r) = J dr'^]J1, J2)+ J1O

.

(53)

ii action-angle coordinates, the ray equations are

i

d „

i

9 __

where i = 1, 2. In these coordinates, the orbit average denned in (14) is simply an angleaverage, (A) = (2ir)~2 § § dÇid&A. The WKE is easily transformed into action-angle
coordinates and angle-averaged to obtain
(U) + - - (JiU) + (27U) = (S) ,

(55)

where a sum over repeated indices is implied. To obtain a closed equation for (U), we
assume U = (U) + SU, where SU is small (of order SCl /a). To insure this, we require
v — 2r(y) « 1, so that U is smoothed out by phase mixing in the (Ci, Cz) plane on a time
scale that is fast compared to the absorption. In this case, (JiU) is given by the usual
quasilinear flux
,

(BG)

where the diffusion tensor D*' is given by the familiar expression
D*= [°°dt (Ji(z) jj[z'(t)})
Jo

.

(57)

Here z denotes an arbitrary point in phase space and z'(t) is the backward propagating
unperturbed orbit satisfying z'(0) = z.
Substituting (B6) into (B5) and making the approximation (fU) « (7) (17), one obtains
%-(U)--^DV1Jt-(U)+2(-V)(U)
= (S) .
(58)
This equation can be simplified to a one-dimensional diffusion equation, because the ray
motion is constrained to the dispersion surface ÎÎ = w. Thus at any given value of Ci and C2»
there is always a relation between Ji and J2- As we know, the diffusion tensor D'-7 in (B7) is
singular along isolated resonances in phase space (and must bfc smoothed by the appropriate
coarse-graining); it is straightforward to show that the resonant contributions to D** are
confined to the curve ÎÎ0( J1, J2) = constant, which defines the diffusion path. Accordingly,
we transform (B8) from the coordinates (JIjJ 2 ) to the coordinates (Tn1H0), whereupon
the transformed diffusion tensor has no components in the ÎÎ0 direction. Recalling that
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Ji = m and using the relation dfl0/dJ2
obtain
•
„

= TT/T [which follows from (15) and (Bl)], we
„

where the partial derivatives are now taken at fixed O0. Substituting D = rDil yields
equation (16).
Appendix C: Calculating the Ray Stochastic Diffusion Coefficient

Here we will use toroidal ray-tracing to calculate the appropriate diffusion coefficient
for the stochastic rays. First, consider (19) in the limit v —» O,

Although we have set v = O, we will still impose an absorbing boundary condition at
m = mfc, so that (Cl) is solved on the domain m0 < m < mj, with the boundary
conditions dU/dm = O at ma and U = O at TOI,. In this case, the power lost through the
boundary is
m=TTIb

In the ray tracing method, the quantity Pi(t) is straightforward to calculate. At t = O we
launch an ensemble of rays, all with m = O in the stochastic layer. We define N (t) as the
fraction of the total number of rays which have reached the boundary m =TOJ,by time t.
Since each ray is carrying an increment of the total injected power and the damping has
been set to zero, we know that P/(i) = PinN(I).
To relate N(t) to the diffusion coefficient D, we consider a decomposition of U(m, t)
into the basis of eigenfunctions Z7,-(m) exp(—fit), with real positive eigenvalues 7,-, satisfying
the equation
0

.

.

(C3)

We know that as t —> oo, Pj(i) « Pjn[I — a exp(—70*)], where 70 is the smallest eigenvalue
and a is a constant. Thus we can obtain 70 from the slope of In[I — N(t)] versus t in the
long time limit, as shown in Figure 15. It is important that the calculation of 70 from N(t)
does not impose any constraints on the functional form of D with respect to m. However,
to relate 70 to D, we will assume that D is a constant. Then, by defining 70 = fo/D, we
can solve (C3) for 7^. [In practice, since T(TTI) is a numerically determined function, we
calculate a precise value for 7^ from the time asymptotic behavior of Pj (t), obtained by
solving (Cl) numerically, with D it to unity.] Therefore, the value of 70 determined from
N(t) can be used to calculate the diffusion coefficient as D = 70 /70- Thus by focusing on
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the long time behavior, this method defines an appropriate global value of D, which can
easily be related to the stochastic orbits.
Based on the above method, we find the following results for the parameter sets in
Figure 4: D = 5.1 X 103 for neo - 2.5 X 1019 m~3 [as in Figure 4(a)] and D = 1.4 X 104 for
neo = 5.0 x 1019 m-3 [as in Figure 4(b)].

Appendix D: Resonances
A systematic treatment of resonance conditions, trapping widths, and the overlap
criterion, can be given in terms of the action-angle coordinates defined in Appendix B
and has been discussed in Réf. [8]. To do this one must expand 6£l (the perturbed ray
Hamiltonian) as a Fourier series with respect to the canonical angles Ci and £2- The
stationary phase condition is Z1^1 + /2Cz = constant, where Ii and Zj are integers. Taking
the time derivative of this condition and using the unperturbed Hamiltonian to evaluate
£1 and £2, leads to the resonance condition:

The amplitude of the (Ii, Iz) Fourier component of SSl determines the trapping width, which
may overlap the trapping widths of neighboring resonances, to form a thick stochastic layer
[31]. Carrying out this calculation in full detail is beyond the scope of this manuscript.
[Instead, we have established the presence of a stochastic layer, by making the appropriate
surface of section plots, based on the numerical integration of the ray equations.] However,
some very useful information can be obtained by simply analyzing the above resonance
condition.
The resonance condition can be rewritten in the form Ad/(27r) = — Z2/Zi, where Ad
is the amount of poloidal rotation after one complete radial cycle, from caustic to cutoff
and back, i.e. Ad = f dt d(i), where the integrand is evaluated along the unperturbed
orbit. Figure 16 shows Ad as a function of m for a given parameter set. (The surface
of section for this case is shown in Figure 12). For each integer value of Ii , there is a
series of resonances with various integer values of I2. The (Z1) = 1 resonances correspond
to terms in the dispersion relation that are first order in the inverse aspect ratio a/ R0.
In the case of Figure 16, there are only two resonances with |Zi| = 1, one at negative
m, for (Zi = 1,Z2 = 1), and one at positive m, for Z2 = O. Futhermore, as discussed in
Section VTI, the lz = O (or Ad = O) resonance is restricted io a relatively small region
of parameter space. The fact that there are so few (Z 1 ) resonances is a very important
property of lower-hybrid wave propagation, indicating that the formation of a stochastic
layer generally depends on the presence of higher order terms in the dispersion relation
•[terms of order (0/.R0)2 and higher]. Thus in circular plasmas, the Shafranov shift is
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important in providing a perturbation structure that can give rise to resonance overlap
and stochasticity. In noncircular plasmas, the ellipticity and triangularity also play an
important role.
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Figure Captions

Figure 1: A single ray trajectory in 'the (kr, T) plane, as determined by the cylindrical dispersion
relation. The ray is confined to the region TI < r < TZ, where fcr = O at the turning
points. Length scales are normalized to the minor radius a and the parameters are
typical of Tore Supra.
Figure 2: Radial profiles of P(T) [in (a)] and \E\\\2 [in (b)] for multipass absorption of a single
field harmonic (TU = 100, n = 450) in the cylindrical approximation. Here v = 0.76
and Teo = 4 keV. The solid Une is the solution of the WKE [as in (9) and (13)] and
the dashed line is the corresponding full-wave solution, determined numerically. The
absorbed power density is normalized to Pin/(4ir2a2R0) and \E\\ |2 is given in arbitrary
units. The parameters are typical of Tore Supra.
Figure 3: Radial profiles of P(r) [in (a)] and \E\\ |2 [in (b)] for singlepass absorption of a single
field harmonic in the cylindrical approximation. All the parameters are the same as
in Figure 2, except that v — 23, corresponding to Teo = 6 keV. The solid line is the
solution of the WKE and the dashed line is the corresponding full-wave solution.
Figure 4: Surfaces of section in the (m, 8} plane for two parameter sets on Tore Supra. The
parameters for (a) are neo = 2.5 X 1019 mT3, B0 = 3 T,.JP = 1.3 MA (qa = 3.1),
R0 = 2.4 m, a = 0.8 m, /r/ = 3.7 GHz, and n\\0 = 1.8. The parameters for (b) are
the same, except neo = 5.0 x 1019 m~3, B0 = 4 T, and Ip = 1.73 MA (qa = 3.1).
Figure 5: Slow wave propagation boundary in the (m, T) plane determined from the cylindrical dispersion relation, which confines rays to the region TI(TTI) < r < Tz(m). The
parameters are the same as hi Figure 4(a).
Figure 6: A single ray orbit in the (n\\,p) plane (dotted curve) determined from the toroidal
ray-tracing code and followed for about 50 passes. The solid curve is the cylindrical
propagation boundary [as in Figure 5] mapped into the (n\\,p) plane according to the
prescription: r —> p and [n + Tn/q(r)]/R0 —* k\\. Note, the ray remains hi the slow
wave polarization.
Figure 7: Solution of the WD/FP for the parameter set in Figure 4(a), with Teo = 3 keV, Pin = 2
MW and D = 104. Figures (a)-(c), show the energy (UfPin], the absorbed power
(i/U/Pin), and the damping (logf), respectively, as functions of m. The solid curves
are for the self-consistent solution and the dashed curves are for a fixed Maxwellian
electron distribution. Figure (d) shows the resonant region in the (u, r) plane, where
u = v\\/ve(r) and the dots correspond to all grid points where Z?gj/(i/0vf ) > 1; the
dashed curve is the absorption profile P(T), superimposed in arbitrary units.
Figure 8: Comparison of the approximate solution (dashed curve) and the exact solution (solid
curve) of the WD/FP, for the same parameters as in Figure 6. Here vU/Pin [in
(a)] and UfPin [in (b)] are plotted as functions of m. The approximate solution is
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determined in the large Dqi limit, following equations (26)-(29).
Figure 9: Comparison of the approximate solution (dashed curve) and the exact solution (solid
curve) of the WD/FP [(a) is vU/Pm and (b) is U/Pin], for the same parameters as in
Figure 7, except that Teo has been raised from 3 to 5 keV. The approximate solution
breaks down at large negative m, where U is too small to validate the large Dqi limit.
Figure 10: Comparison of the absorption profiles P(T) determined from the WD/FP (solid curves)
and KT/FP (dashed curves) for four different cases: (a) neo = 2.5 X1019 m~3, Teo = 1
keV, (b) neo = 2.5 x 1019 m"3, Teo = 5 keV, (c) neo = 5.0 x 1019 m"3, Teo = 0.75
keV, and (d) neo = 5.0 x 1019 m-3, Teo = 3 keV. In the low density case, Pin = 2 MW
and the remaining parameters are the same as in Figure 4(a). In the high density
case, Pin = 4 MW and the remaining parameters are the same as in Figure 4(b). The
absorbed power density is normalized to Pjn/(47T2a2JZ0) and is plotted as a function
of r/a (for the WD/FP), or p/a (for the KT/FP).
Figure 11: Propagation boundaries in the (m,r) plane, including the fast wave, for two magnetic
field strengths: (a) B0 = 4.5 T and (b) B0 = 2.0 T. The remaining parameters, in
each case, are neo = 5.0 x 1019 m~3, qa = 3.1, R0 = 2.4 m, a = 0.8 m, frf = 3.7 GHz,
and n||0 = 1.8. The region of fast wave propagation is enclosed by the dotted curve.
The solid curve is the slow wave boundary. In the low field case, the two modes share
a common boundary, where mode conversion occurs.
Figure 12: Surface of section in the (m, 9) plane for the same parameters as in Figure 4(a), except
that g» has been increased to 5.0 (corresponding to Ip = 0.8 MA).
Figure 13: Parameter space plot (A,qa) for the electrostatic dispersion relation. Here, A =
28.4(A/neo//P/)(a/50), where neo is expressed in units of 1019m~3 and frf is expressed
in GHz. Above the upper curve, the propagation region is unbounded for m > O. In
between the two solid curves, the criterion in (34) is satisfied, giving rise to an island
of trapped rays, as shown in Figure 11. Below the dashed curve, m < n is always
satisfied, limiting the amount of fcy upshift that can occur at fixed n. [Here, we have
taken q0 = 1 and (ne) = neo/2.]
Figure 14: Fraction of power lost due to parasitic absorption (1—A), as a function of Teo (in keV),
from equations (39) and (40), for i/* = 2.0 x 10~5 (upper curve), v* = 1.0 x 10~5
(middle curve), and v* = 0.5 x 10~5 (lower curve). Here, we have evaluated (40) for
typical Tore Supra parameters, assuming a = 3.
Figure 15: Plot of In[I — N(t)} versus t, where JV is the number of rays that have reached the
boundary m& = 500 by time t, divided by the total number of rays in the ensemble
(all launched at m = O). Here t is normalized to u;"1 and the radial transit time for a
ray at m = O is UIT ~ 1.6 X 103. The x's are data points from the ray-tracing and the
solid une shows the best linear fit to the data in the long time regime (t > 1 x 104).
The slope of the line is used to determine the ray stochastic diffusion coefficient D.
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The plasma parameters are the same as in Figure 4(a).
Figure 16: Plot of A0/(27r) versus m, showing resonances at A0/(27r) = —1 and O. In general,
resonances occur when A0/(27r) is a rational number, but the lowest order resonances
(first order in the inverse aspect ratio) correspond to integer values of this parameter.
Note, AO is the amount of poloidal rotation after one complete radial cycle along the
unperturbed ray orbit. The discontinuity at m = O, where Ad jumps by 2ir, is a
generic feature of ray motion in cylindrical geometry.
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