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Abstract
We extend the notion of a Kac-Moody algebra defined on the S1 circle to super Kac-Moody
algebras defined on M x GN, M being a smooth closed compact manifold of dimension greater
than one, and G/v the Grassman algebra with N generators. We compute all the central extensions
of these algebras. Then, we determine for each such algebra the derivation algebra constructed
from the M x <7/v diffeomorphisms. The twists of such super Kac-Moody algebras as well as
the generalization t o non-compact surfaces are partially studied. Finally, we apply our general
construction to the study of conformai and superconformai algebras, as well as area-preserving
diffeomorphisms algebra and its supersymmetric extension.
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Introduction.

The importance of Kac-Moody algebras has been increasing since 1984 because of the essential
role they play in two dimensional conforma] theories[l], themselves covering a rather wide domain
in theoretical physics. Indeed in string theory, the string develops a two-dimensional surface in the
space in which it is embedded, i.e. the world sheet. Conformai transformations on the world sheet
leave the string action invariant. In statistical mechanics, conformai invariant quantum field theory
describes the critical behaviour of systems at 2 n d order phase transitions. Conformai invariance
is also present in integrable systems. As a (good) example, Toda field theories associated with
simple Lie algebras are both integrable and conformally invariant. Their conformai structure can
be derived from their integrability properties, and directly shows up in the A-matrix solution of
the classical Yang-Baxter equation [2]
In their fundamental paper [3], Belavin, Polyakov and Zamolodchikov have in particular shown
that two-dimensional conformai field theories (CFT) can be treated from a group theoretical point of
view. The basic ingredient is the two-dimensional conformai algebra, which is infinite dimensional,
and its central extension, called the Virasoro algebra V. The infinite dimensional algebras directly
constructed from simple Lie algebras Q as (central extensions of) the set of maps from the circle
S 1 into Ç, and called Kac Moody (KM) algebras are directly related to the Virasoro algebra.
They appear in two-dimensional current algebras when considering a massless spinor (or scalar)
Held, such a model leading to an exactly solvable CPT. They are the two-dimensional expression
of gauge symmetry in string theory : let us remember that in the heterotic string model, string
states are classified in a representation of the Kac-Moody algebra of the gauge group EH x EH or
Spin(32)/Z 2 [4j. The best example of the deep connection between a Kac-Moody algebra and the
Virasoro algebra is without doubt given by the Wess-Zumino-Witten (WZW) models [5], where
both algebras are symmetries of snch field theories.
Prom an algebraic point of view, for each KM algebra <7(5') - where S1 is the one-dimensional
circle and the'denotes the central extension of the loop algebra G(S{), see below for more precise
definitions — one can construct the semi-direct sum : Q(S1 )OV, the Virasoro generators acting
as Lie derivatives on the elements of G(S1). An illustration of this property might be given by
the Sugawara construction, which allows a realization of the Virasoro algebra from a Kac-Moody
one. It is in part because of the semi-direct structure and of the Sugawara construction that one
can determine, through the famous Goddard-Kent-Olive (GKO) construction, the minimal unitary
representations of V from the unitary representations of some G(S1) algebras [6].
Now, we would like to point out the two following properties. First, most of the results obtained
up to now in two dimensions conformai theories need for G only the simple algebra SU(2) (we ignore
now the string models with 2?« or spin(32) unification groups) : examples can be given by the
A.D.E. classification [7] of modular invariant partition functions for "minimal" conformai theories,
or by the GKO coset construction [6] of minimal theories. The use of bigger G algebras, that is
algebras containing SU(2), opens new roads : the W11 algebras, whose interest increased recently,
in particular with their appearance [8] in Toda field theories [9] (based on groups G, bigger than
SU(2)!).
As a second remark, the Virasoro algebra which is actually the central extension of the algebra
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Vect(S') of the diffeomorphisms group on the S 1 circle (see section 2.5 below) acts effectively on
the circle variable of the KM algebra C(S*) and its action is independent of the structure of the
algebra Q. This remark may look naive, but shows explicitly the role of the continuous part of the
KM algebra.
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Therefore, in the same way the "fundamental" SU(2) algebra can be enlarged, it is rather
natural to ask oneself what can be learned when increasing this continuous z-part. Such a program
can be achieved in different ways, for example by :
i) supersymmetrizing the S 1 circle, i.e. replacing it by the supercircle S 1 x GN where GN stands
fur the Grassmann algebra generated by N Grassmann variables 0,,, a = \,...,N.
H) enlarging the S 1 circle to a smooth compact manifold M of dimension bigger than 1.
iii) imposing simultaneously i) and ii) that is considering algebras of the form : C°°(M x G/v )®£
with dimJW > 1.
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As soon as as the loop algebra G(S*) is extended to i) a super loop algebra, ii) a surface algebra,
or iii) a super surface algebra, two main new features, in the context of the previous discussion,
show up. The first one concerns the central extensions problem : contrarily to the usual KM
case, the number of possible central extensions is no more one, up to a multiplicative constant, but
infinite. The second point is relative to the diffeomorphism algebra Vect(A/ x GN) : given a specific
central extension w of G(M x G A ) only some of these super vector fields will share the property of
acting as a derivation on the corresponding extended KM algebra G(M x (7/v)- It follows that only
a subalgebra of Vect(M x GN) - and its central extensions - can be used to build a semi-direct
sum with G(M x GN)-
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These are the problems which will be treated in detail in this review paper, as well as some
applications in superconformai theories, and in (super) membrane theories. Two main sections will
naturally appear hereafter. In Part I, after some reminder about Kac Moody algebras (section 2) a
general construction of central extensions -or one-cocycle w- for extended algebras G(M x GN) are
performed (section 3). Then a study of the diffeomorphisms on M x GN which act as derivations
on the algebras Gw(M x GN) is achieved. The constraints for these diffeomorphisms are expressed
by an algebraic relation allowing to determine the subalgebra generated by such a "(^-compatible"
diffeomorphism (section 4). In these two last sections M is supposed to be a smooth compact
manifold: we relax this condition in section 5. Let us mention for the interested reader that, in
order to leave more explicit the results contained in this first part, the rather long proof of the
general theorem on the determination of the cocycles is given in appendix A. We also remind in
appendix B the OPE formulation for a KM algebra.
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In Part II, are first studied the algebras G(S1 x GN) in connection with superconformai theories
(section 6). We start by recalling [1O) that the Ramond-Neveu-Schwarz (HNS) algebra can be
seen as the diffeomorphism algebra compatible with a particular central extension of G[S1 x Gi).
However it appears that the popular JV -superconformai algebras (SC(N)), also called Ademollo
et al. algebras [11], are not, for JV > 2, derivation algebras of some super KM algebra (L(S 1 x G A ) .
For JV - 2, it is shown that only a t/(l)/v=2 superloop algebra can be extended to a KM
U(I)N=2
one in such a way that the semi-direct sum U(1)N=2°SC(N
= 2) is valid. Such a result prevents
us from constructing directly a WZW model with JV = 2 superconformai symmetry. In a sake of
completeness we also relate the approach based on complex structures and allowing in particular
to construct the algebra SC(N - 2) from only one Grassmann variable. Coming back to our
method, we select for JV < 2 a family of "compatible" algebras which may constitute a new type

Part I
of superconformai algebras. Let us add that a complete list of compatible algebras related to
Gu(S{ x G 1 )Ja given in appendix D, while appendix E shows a possible connection between a
N = 3 Super KM algebra and the SC(2) algebra.
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Then, the case of the algebras Q(M) where M is a smooth compact surface of dimension greater
than one is met (section 7). One may immediately think that the one-dimensional string becomes a
membrane if dimM = 2, or a p-brane if dimM ~ p > 2. Then a basic algebra is the area-preserving
difteomorphism algebra, also denoted by SDiff(M). Such an algebra appears as the symmetry
algebra of a closed bosonic membrane [12]. Arguments to regognize in SDiFT(A/) two types of
SV(oo) algebras, following the topology of M (torus or sphere), have been already developed
[13,14] in connection with the interesting equivalence between the Hamiltonian description of the
spherical bosonic membrane and the SU(N) (N -* oo) Yang-Mills theory. More recently, SDiff(M)
showed up in the framework of Zaniolodchikov Wn algebras, a limit W00 of Wn (n -* oo) being
related to the area-preserving difteomorphisms of a cylinder [ISj. It might also be interesting to
remark that SDJfT(M) had been considered more than twenty years ago as a configuration space
for an ideal fluid filling the domain M [16].
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Moreover, replacing M by a supermanifold M ® G/v leads to superalgebras of the type G(M ®
G/v). Constructing the possible central extensions of such algebras and determining the associated
compatible difleomorphisms will just be a generalization of the problem described above. A detailed
study of the non-supersymmetric case will show that SDi(T(M) cannot be seen as the derivation
algebra of a KM algebra Q111(M), although SDiff(M) enjoys a particular position in Diff(Af) [17].
But introducing supersymmetry, it then appears possible to construct central extensions u> for
G(M ® GN), N = 1 or 2, such that SDiff(M) completely shows up in the associated derivation
algebras [18] (see also appendix F).

Denoti
\z\ = 1, <n

Finally, as an example of KM algebras defined on non-compact surfaces, we study in section 8
the case of two dimensional compact minus two points surfaces (punctured surfaces). Proceeding
as before, we consider the possible cocycles and their compatible derivation algebras. Here, the
Virasoro algebra acting on the circle S 1 is naturally replaced by the so-called Krichever-Novikov
(19] algebras. Generalisation to the supersymmetric case is also presented.

which reai

One may remark that sections 7 and 8 deal with two-dimensional surfaces from two different
points of view: the connections (and differences) of these approaches are commented in appendix
C.

A natural

'

As any Li

>

This a'
Q. Let us
in that ca
(see sectio
To co:
constitute
E*n, whic

The (r-di
Chevalley
1

Note th

any new coi

-J

Part I

Part I

FU
2

FUNDAMENTALS

Th

2

In this
This pedes
2.1

The usual Kac-Moody algebras.

In this section, we recall the basic notions on Kac-Moody (KM) algebras we want to generalize.
This pedestrian section will be taken as a guide for our generalization.

Lo

2.1

Lett; >
the comm

L o o p algebra

Let G be a complex finite dimensional Lie algebra, with generators T", a - 1, ...,dim£, satisfying
the commutation relations :

[T", T6| = ifa\,r

(2.1)

The struci

The structure constants f

Denoti
1*1 = 1, o-i

Denoting by C[«,«~'||a|=i t n e r m 8 °f Laurent polynomials in the complex variable z, with
\z\ = 1, one defines (afRnization) the loop algebra of Ç as the complex vector space :

A natural

As any Li

abr

'

are chosen to be totally antisymmetric.

A natural basis is provided by the elements z"1 ®Ta = T£, (m Ç Z), with

(2.2)

As any Lie algebra, the loop algebras satisfy the Jacoby identity:

(2.3)

I C (Tn6, T;\) + [Tn", [Tpc, T-]] + [T', [T-,
which rea<

=O
(2-4)

which reads for the structure constants'
a, 6, d, e

(2.5)
This a'
G- Let us
in that ca
(see sectio

This algebra may also be viewed as the set MBp(S , G) of functions on 5 ' which take value in
G- Let us also remark that the condition \z\ = 1 may be enlarged to z £ O, the loop algebra being
in that case defined on the complex plan minus the origin, or equivalently on the punctured sphere
(see section 8.1). For more details on KM algebras, see for instance [20].

To co:
constitute;
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To conclude this short paragraph, let us fix the notations for the Cartan basis. This basis is
constituted with the r = rank<7 Cartan generators H', i = l,...,r and (dimÇ/ - r) step operators
E±n, which satisfy

1

\H',E±a}

The (r-di
Chevalley
1

Note th

mny new coi

= ±a' JB±n

i

mm

e(a,(})E
a.H

n+0

if (a + 0) is a root
if Q + 0 = 0

(2.6)
(2.7)

0
otherwise
The (r-dimensional) vectors a = (al,...,ar)
are the roots of the algebra and e(o,/3) = ±1 the
Chevalley 2-cocycles. This basis is (in particular) well adapted for the study of twisted algebras.
1
Note that this constraint is the same as for the finite dimensional Lie algebra Q: the amnisation does not provide
any new constraint.

2.2

Twists of loop algebras.

so that we <i<
are modified

Let us now briefly recall the notion of twist for the usual loop algebras. This notion extends
naturally to KM algebras. These algebras have been introduced by Kar [21) in its classification of
simple Lie algebras of infinite dimension.

The new com
imposes cons

We take an automorphism r of the finite dimensional algebra Q:
Vb\) =

\r(Ta),r(Tb)\

(2.8)

of finite order P (r'' = 1). Then, the twisted algebra QV)(S1) obtained from the loop algebra
?') and r, is constructed from the generators T" ® f(z) such that
T(T") <8> f(z) = T" ® f(ze'2*fl

)

Decomposing Q on the eigenspaces of r : G(m) (m = 1 , . . . , P - 1) with r(T") Ta € {?(„,), we obtain a basis for </('')(£'):
Tr"

with

r Ç m + PZ

(2.9)
2
e

"""/''T" for

when

T" € G{m)

(2.10)

when

Ta G Q(m)

(2.11)

Note that the algebra is isomorphic to the algebra
Tr"

with

r€ m
- +Z

The bilinear
extension is
There ar
algebra is eu
case of a loot

where F is H
the commun
generators
one recogni?

One can then prove[21] that the twisted algebra Ç7('')(5') is not conjugate to the untwisted one
G(S1) if and only if r is an outer automorphism of G(S1). In that case, the twist is called non
trivial. Considering the case of semi-simple Lie algebras, it is known that the outer automorphisms
correspond to the symmetries of the Pynkin diagramm of JJ(S1). They are at most of order 3.
As an example, we consider the (non-trivial) twisted Sf/(3)' 2 ' algebra. Taking the Cartan basis
with the roots
a =-\/2(-,—)
; /3 = y/2(-,
) and 7 = a + /3
(2.12)
2 2
2
2
the outer automorphism r exchanges the roots a and /?. Then, defining
5 * = E±n + E±l}
the basis for 5f/(3)

(2)

and

D* = E±n - E ±lj

.

c±

'ïm+l

2.3

2.4

Kac-

Now, to (!
form on Q. T

(2.13)

is constituted of the elements (r is of order 2)
tri

so that the n
central exten.
are concernée

(2.14)

with $ some
(2.18) and (1

(2.15)

Central extension of a loop algebra.

In this section, we introduce the notion of central extension for a loop algebra G(S]).
We want to enlarge the loop algebra G(S1) by adding a new element e. Since we add a new
generator, we make an extension of the algebra. Moreover, e will be taken in the center of the loop
algebra:
= 0, Vm € Z, Va = l,...,dim0
(2.16)

for f,g, h i
shows that tii
cocycles and
corresponds i
is only one ( u

2.1
2.1

so that we ci<

are modified
< lids

The new com
imposes cons

m of

so that we deal with centra/extensions of the algebra. Then, the commutators of the loop algebra
are modified as
I C ^ ) = 17,"1X1 f „ + «CCX)
e
(2-17)
The new commutators defined in (2.17) are still antisymmetric and satisfy the Jacobi identity. This
imposes constraints on w:

, T;\) + 0/(7* \T;, 7^iJ) + «*(rç, IK, it)) = o

T,

(2.18)

2.8)
The bilinear
extension is

«•bra

There at
algebra is eo
case of a loot

2.9)
Tor

The bilinear forms satisfying (2.18) and (2.19) are called Lie algebra cocycles: determining a central
extension is equivalent to determine the Lie algebra cocycle w.
There are two types of central extensions: a central extension is called trivial when the new
algebra is equivalent to the old one. As an example of trivial central extension, we consider the
case of a loop algebra based on a semi-simple Lie algebra Q, with the extension:

\K> Ï*] = ifab,K, „ + F(\K, I]*|)e
10)

where F is a
the commun
generators

where F is some linear function on G(SX). It is easy to show that F defines a cocycle because
the commutator [.,.] is antisymmetric and satisfies the Jacobi identity. Then, introducing the
generators

f- = K + F(K) e

U)

(2.21)

one recognizes the commutation relations of the (non extended) Lie algebra:

one recogni?

so that the n
central exten
are concerne

(2.20)

• 1 one
• nun
risnis
j.

[K,f>]

='7" 6 X 1 + H

(2-22)

so that the new algebra is isomorphic to the old one. Of course, we are interested in non trivial
central extensions, i.e. those which really extend G(S^ ). As far as the finite dimensional Lie algebras
are concerned, there is no non trivial central extension. But, this is not the case for loop algebras.
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2.4
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K a c - M o o d y algebras and Hochschild (cyclic) cohomology

2.12)
Now, to determine u>, we choose the Lie algebra Q (semi-) simple, and denote by <, > the Killing
form on G- Then, one can rewrite w as

Now, to <i
form on Q. T
2.Ki)
with $ some >
(2.18) and (1

2.14)

•<Ta,Tb > 4f(zm,z")
with $ some bilinear form on C1
(2.18) and (2.19) read for $

f1 ). As the Killing form is bilinear and symmetric, the constraints

2.15)

=0

(2.24)
(2.25)

=-*(*,/)
for f,g, h .
shows that tii
cocycles and
corresponds i
is only one (r

(2.23)

l

a new

for f,g, h € C°°(S ). (2.24) means that $ is a Hochschild 1-cocycle of C°°(5') whereas (2.25)
shows that this cocycle is cyclic. Thus, there is a one to one correspondance between the Lie algebra
cocycles and the (Hochschild) cyclic cocycles [22]. In other words, the cohomology of loop algebras
corresponds to the cyclic cohomology of C°°(Sl). But the cohomology of £7°°(5') is known: there
is only one (up to a multiplicative constant Jb) non trivial cocyle on C°°(S]) [23]. It takes the form
dz

2.16)

f(z)ôd'3(z)

(2.26)

2.6

TIK

Note that a trivial cocycle of C* (S') (also called a caboundary) should be of tlip form [22}:
*triv(/.«) = (<VX/>3) - Vif9) - Vi9f)
(2-27)
I
1
with some form <p on C°°(5 ). But fg = gf, or in other words C^(S ) is an abelian algebra, so
that $ t r j v = 0: there is no coboundary on C™(Sl). Thus, any cocycle is non-trivial. This remark
will be of some help in the proof given in appendix A.

These c
the KM aland definr
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Coming back to u/, we write it as
dz < T". -d Th >

(2 28)

We define

It is the only non trivial central extension for G(S]). We denote the corresponding (extended) Lie
algebra $ ( 5 ' ) * . It is called an (affine) Kac-Moody algebra. Its commutation relations read

-m« m+B <T°,Tb>e

(T-,7*] = < r t
2.5

*€R

(2.29)

Then, one i

Derivation algebra

Now that we have introduced the KM algebras Gk(S]), let us study their derivation algebra.
We first consider the algebra of the diffeomorphism group Diff(5 ' ). It is identified with the algebra
of vector fields, VeCt(S1 ), and is generated by:

where X is

Cj = f(z)d,

The opérai

(2.30)

/ being a smooth function of the z variable. Choosing as basis elements
zm+id2

Lm=

(2.31)

we have the commutation relations :
[L1n, Ln] = (m -

n)Lm+n

(2.32)

with

(2.33)

We have a

(2.34)

As an
us to real )7

Vect(5') is of course the derivation algebra of the loop algebra C(S'):
1

but it is also the derivation algebra of the KM algebra Gk(S ):

[L,n,Ln\ -

(m-n)Lm+n

(2.35)
Jb
2'

(2.36)

Calling Derfr(S') the derivation algebra of Gk(S1), we have the property:
Der*(S') = Vect(5')

Vfc

(2.37)

Although it seems obvious, this fact is essential for the connection between KM algebras and the
Virasoro algebra V: it allows us to make the semi-direct sum <5n(5')ûDerjt(5'), and, introducing
V as the central extension of Vect(5') :

\L,n,Ln\ = (m - n)Lm+n +

^

(2.38)

to make the semi-direct sum Gk(S')OV. This semi-direct sum can be viewed as the corner stone
on which the well-known Sugawara construction can be built.
9
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These constructions allow us to realize the Virasoro algebra in terms of product of generators of
the KM algebra Qk[S1). For such a purpose, we embed the KM algebra in its envelopping algebra
and define a Fock space based on a vacuum |0 >. The generators T1", m > O are the annihilator
operators and the other ones the creator operators

The Sugawara and GKO constructions

T,°|0 > = O
We define

if

(2.39)

m >O

We define also a normal ordering
, rrin frib ,

Then, one i

if
if

J

m <O
m >O

(2.40)

Then, one introduces the normal ordered product
,

dinui
Z-,

where A iis

(2.41)

' •" M'III- n •

where A is the Casimir of the adjoint representation of Q
(2.42)

The opérai

.i

The operators £„, satisfy
(2.43)
c
~ ")£in+n + 1
Î2

with

with

(2.44)

fcdimff
C

=

(2.45)

TTX

We have a

..!)

We have a representation of the Virasoro algebra in terms of a KM algebra.

As an
us to real i7

•1)

As an example, let us take & ( £ ' ) = SU(2){.
us to realize the Virasoro algebra as

•5)
.6)
with a cent
of the then
living on .
one intnxi
boson ip(z
read:

M)
he
ing

Ln,=

. .pl<j»l

The generators T£ (a = 1,2,3) of 5(/(2), allow

. I . 7^2712

, , . 71.171:1

.\

(2.46)

with e central charge c = 1. For this value of the central charge, there is an exhaustive classification
of the theories. The theories correspond either to a fret boson living on a circle, or to a free boson
living on a Z j orbifold (plus some discrete theories). To make the contact with this classification,
one introduce the vertex representation of SU(2)t. In this representation, there is a free scalar
boson <p(z) that allows to represent all the generator of SU{2). in the Cartan basis, the generators
read:
=

im<p

(2.47)
(2.48)
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where <pm are the modes o(<p(z) and c+ the so-called Chevalley cocycles ensuring the correct SH(2)
commutation relations.
>m * ""
|V>ro>Pn|

=

(2-49)

for

•— *»H"

(2.50)

m / 0

m

(2.51)

Note that (2.48) shows that <p(z) must be identified with tp(z) + H*, (hat is to say, <p(z) lives on a
circle of radius R — -j-. This representation corresponds to the value c = 1 and (2.46) rewrites

(2.52)

!„, = n(m - n) : <p,t<Pm-n '•
T

these notions <n<
and fields, and '<
To conclude
Q(S1). Then, w
Qk(S*). Finally
semi direct sum
allowed us to rer.i
above introducr
2 or by a super r»
variable! 0,,, o

3

Centra

hus, the iym's are the modes of the stress-energy tensor L(z) = j : 5y?<9<^ : (z) associated to the
theory of the free boson tp(z) that lives on the circle of radius R - -T-.

3.1

Of course, we cannot obtain all the representations of the Virasoro algebra from the Sugawara
construction. To have more representations, one then considers a subalgebra Ho(Q and constructs
the Virasoro algebras associated to these two algebras:

Let us start >
algebra of Q wil

1

Genenu

dimtf

E

V "* . rparpa

din)«

(2.53)

.

\~" , rparpa

E

/

.

' * it • in - ri

•

and a basis of gr

(2.54)

Then, considering the operators
L(<iin) = L{0)
III

_ L(H)
FIl

FH

(2.55)

Then, one c

(2.56)

A "canonical" i>

one can prove that they also obey to the Virasoro algebra with a central charge
kdimQ
k + X(Q)

c(Q/H) = c(Ç)

kdimH
k + X(H)

This construction is known as the Goddard-Kent-Olive (GKO) construction for the coset space
QIH. Used in the case of
Q = SU(2), x SU(2)k

and

H =

SU(2)k+,

(2.57)

it leads to all the minimal unitary representations of the Virasoro algebra
c=l-

6

with

Jb G Z +

(2.58)

Note that all the information about the series is obtained thanks to the SU(2) KM algebra. This
algebra plays a fundamental role in the study of the conformai algebra, as it has also recently
appeared in the classification of the c- \ theories [24,25,26].
Before concluding, let us remark that, instead of using the modes T"n and L,n, almost all what
we have presented in the section 2 can be done directly on the fields Ta(w) = £ „ , T," W-"1"1 and
U

the commutatiu
' dd) number o
intrinsic Z? gra
Now, let us :
as an example t
the two-loop a)

and an obvious

L(w) - Y.,,.
'"~2> ^ e commutation relations being replaced by OPE's: see appendix B where
theie notions are introduced. In the following, we will suppose that the connection between modes
and Reids, and commutation relations and OPE's is known.
To conclude this section, let us briefly summarize it. First, we have defined the loop algebra
G(S1). Then, we have looked for its central extensions u and introduced the notion of KM algebra
Ck(S'). Finally, we have studied the derivation algebra of Ck(S1). This has led us to make the
semi direct sum Ç7*(5')nVect(5'). As an application, the Sugawara and GKO constructions have
allowed us to realize the Virasoro algebra in terms of generators of Gk (S '). We plan to generalize the
above introduced notions when the circle 5' is replaced by a manifold M of dimension greater than
2 or by a supermanifold M x GN, where GN is a Grassmann algebra generated by N Graismann
variables 0,,, Q = I1..., N.

3

Central extensions for generalized loop algebras.

3.1

Generalized loop algebras

Let us start by replacing the circle 5 1 by the supercircle S1 xG\. The corresponding superloop
algebra of G will be defined by :
Superloop(a) = G(S' x G1) = C(z,*-';0)w = l ® G
m

(3.1)

n

and a basis of generators is given by the elements z ® T" = T£ and $ ® z' ® T" = *£, satisfying :
Cyia T^l

i fabrpc.

Then, one considers the 7V-superloop(<7) defined on S] x GN
iV-3uperloop(0) = £(S' x GN) = C(z,z~{;0,...eN)M=l

®G

(3.2)

A "canonical" basis would be constructed with elements
6,0,z'n ® T- = * - . „ (« jt j) ;...; ex92...6Nzm

® Ta = D^

the commutation relations of which follow immediately. Note that elements with an even (respect,
odd) number of 0-variables will be called B bosons (respect. F fermions), and introducing an
intrinsic Z 2 grading g, will satisfy g(B) = 0 and g(F) = 1.
Now, let us turn to the case where 5' is replaced by a smooth closed manifold M, and consider
as an example the case where dimM = 2. Choosing as a first example for M the torus T2 = S1 x 5',
the two-loop algebra of G is defined by :
2-loop(0) = G(S1 X S1) = Cf*,,*,- 1 ;^, j 2 - ' ) , , l M l l | = l ® G

(3.3)

and an obvious set of generators is given by
= 7£, n
12

(3.4)

satisfying :
|/TWI

rpti

1

• /<l(l rpt

(3.5)

Then, KM c\
algebras G(M >
central extensi
infinite number

If M is the two-dimensional sphere S2, one may use the property of any function defined on
the sphere to be developed in terms of the spherical harmonics V,{,(0, y>) to obtain a basis for the
algebra Q(S2) with elements :
^
= ^'.
(3.6)

Of course, ai
as the set Map!

The commutation relations between two such elements naturally involve Clebsch-Gordan coefficients:

3.2

'rfl = i/'"1,

(«' mm'\jk)T£ >

Deteri

(3.7)
When extern

The above definitions can easily be extended to the algebras Q(M X GN). In the general case, we
deal with supcrfunctions F(zi,..,2,,;0|,..,0/v) defined on M x GN, where p - AimM and z\,...,zv
is a set of variables parametrizing Al. Then, a basis for the loop algebra will be constituted of the
elements 2
T,lj = T" ® f,h(zu...,zp)
0,
m = (m
,m,) , / = 0,..,(2^ - 1)
(3.8)

Thus, detenu
tions on u>(X, 1
antisymmetric

where we have introduced a basis of functions {/,a} of C°"(M) and the monomials O/ in the 0's
variables (0,, = 1; 0 , = 0,; ... ; 0 N = ON-, QN + 1 = Orfy, ... ; 0 2 N _ , = 0t..0N).

and to satisfy I ;J

For simplicity, we also introduce the variables x\ (I = l,...,p +• ^V), which are either z, or 9,,.
They have an intrinsic grading
As far as u> is cr
9(*i) = 9{I) = 0 »f
9{*l) = 9(1) = 1 if

= z.

(3.9)

The commutator of two elements otQ(M x GN) will be graded antisymmetric:
(Jf,Kl = -(-)»(-YW»-) [K1JfJ

y X,Y € Q(M x GN)

(3.10)

In order to :

and the (graded) Jacobi identity
= 0

(3.11)

will be satisfied as soon as (2.5) is valid.
Then, from any superfunction1 F(x), we define its "conjugate" F*(x), deduced from F by
changing the sign in front of the odd parts of F. For example, for N = I, F(x) = F(z,0) =
/«(a) + Of,(z) and F'(x) = /,,(z) - 9fi(z).

Then[27|, w( j
G
on

We extend notion of "conjugate" of a superfunction to F*''(x) (/ = 1,..., N + p) defined as :
Again, the *'s a J

F<'>(x)=F(x) if
O
= F-(x) if g(I) =
As a notation, we also write di for ^- and dx for the integration element (2ni)~'' df'z dN6.
2

We u»e the property C°°(Af x GN) S CX(M) ® GN.

3

Z itand* for (ZI,...,Z P 4JV)
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(3.12)

Thus, detent\
aient to finding
Although cyt
objects : we ha.<

Then, KM algebras Q(M x GN) will be defined as central extensions of such generalized loop
algebras Q(M x GN). We will see that, rontrarily to the Q(Sy) case, where only one non-trivial
rentrai extension (up to a multiplicative factor) can be constructed, more than one (actually an
infinite number) central extension can be constructed for the algebras Q(S1 x GN) or Q(M).
Of course, as for the case of usual loop algebras, these generalized loop algebras may be viewed
as the set Map(A/ x GN,Q).
3.2

D e t e r m i n a t i o n o f t h e conditions t o b e verified by t h e central e x t e n s i o n .
When extending a generalized loop algebra to a KM one, the algebra law is modified as :
\X,Y}--[x7Y\

= \X,Y} + u>(X,Y)e X,Y £ Q(M xGN)

(3.13)

Thus, determining a central extension is equivalent to finding the bilinear form u>. The conditions on w(XyY) are obtained by requiring that |.,.| is really a commutator. It has to be graded
antisymmetric :
__
__

[XtY\=
md to satisfy I •

-(-) M ( V ) t f ( ) ) l^^l

V X,Y e Q(M x GN)

(3.14)

and to satisfy the (graded) Jacobi identity :
Z)[Jr1 [y, Z}\ + circ. perm.(Jf, Y, Z) = 0

V X, Y

(3.15)

As far as or is concerned, this means that
(3.16)
jr ; [y,Z])+ circ. petm.(X,Y,Z)

=0

In order to solve such conditions, we "extract" the finite algebra part :
(3.17)
ao

X(zt,...,zl,;9u...,0N)€C (M)<g)GN
Then|27], u(Xa, Yb) can be rewritten as w(Xa, Yb) = Tr(TaTb)*(X,
on C^(A/) ® GN- The cyclicity of the trace operator imposes for # :

(_yrt

(3.18)
Y) with # a bilinear form

,YZ) + circ. perm.(.Y,Y,Z) = O

(3.19)

, X)
gain, the *'s a J

Again, the $'s are cyclic cocycles (for the Hochschild cohomology of C°°(Af x

(3.M)
GA/)).

Thus, determining all the (non-trivial) central extensions on a generalized loop algebra is équivalent to finding all the cyclic 1-cocycles defined on C°°(M)
Although cyclic cocycles are known by mathematicians, there is no explicit realisation of these
objects : we have to compute them.
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3.3

For any ven :

Explicit form of the cocycles.
Taking as a guide the usual KM algebra case, we study the bilinear form
*(X,Y)

= (-)»<*>»(» > JdX(VY)X

(3.21)

for X and Y of well-defined parity, and V beng a vector field V = jT'lt i Rl{x)^l
distributions'.

We compute S = (-)»^^X^{X\YZ)

w tn

'

its divergence,
leads to

Rl(x) some
Therefore,

+ circ. perm.(X,Y,Z) :
is a cyclic 1-con

S = ^ JdZR, {(~)9lxMy\-)»{X)W)+»{*»d,(YZ)X+

arc. perm.}

(3.22)

I»+W

= £ JdxR,

Now that wol
all the cocycles t\
since there is n
in the case of us
element, a reprej

(d,X)YZ\ +
(3.23)
(3.24)
P+N

Z)

/

dxR,d,(XYZ)

To prove tha
as non-commutd
(28). For the pro
Altogether,

(3.25)

I=I

where "D-

Thus,
P+N

(3.26)

circ.

There is a one i |
V. In terms of

is a cocycle if only and if
/

dx.(STdiR\l))X

= Q

VJf G C°°(M x G N )

(3.27)

In the case where the A/'s are all functions, this leads to
P+ N

E

=o

(3.28)

whereas in the case where there are (true) distributions, we must evaluate them as in (3.27). From
now on, we will essentially focus on functions and write (3.28). Note however that all the equations
are still true for distributions, as soon as one evaluates them on functions (as in (3.27)).
4

NoIc that under * chuge of cooidimtt», the fii'i do not have the transformation laws of distributions, but
rather of currents: see appendix A.
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We will denote
call it an exten<|

Let us final i|

For any vector field V - H/d/, we call
divX> =

C)

(3.29)

its divergence. $ is a cocycle if and only if T> is divergence-free. The same kind of computation
leads to

*(X, Y) = -(-)»< v>»(i >#(*',X) - Jdx(d\vV)XY

(3.30)

Therefore,
*(X,Y)
is a cyclic l-coc\

= (-)»<-vto<v>

(3.31)

fdx(VY)X

is a cyclic 1-cocycle if and only if divD =0.
Now that we have proved that * is a cyclic cocycie, we should show that it is not trivial and that
all the cocycles can be written in this way. As far as triviality is concerned, we do not have to worry,
since there is no coboundary for a graded commutative algebra (same (graded) demonstration as
in the case of usual KM algebras). This means that each class of cyclic .cocycles contains only one
element, a representation of which in given by (3.21).
To prove that we have aU the cyclic cocycles is more delicate. It requires mathematical tools
as non-commutative geometry (developed by A. Connes [22]) and a generalized Runneth formula
(28). For the proof we send the reader to the appendix A where these notions are developed.
Altogether, we have shown that any central extension of G(M x G^) takes the form:

w(Ta®X,Tb®Y)
where V -

= Tr(TaTb)(-)9^9^

f

**

JMXCN

(2"KIy'

^

(3.32)

is a divergence-free vector field:
P+N

= 0

(3.33)

/=>
There is a one-to-one correspondance between the cocyciet u> and the divergence-free vector fields
V. In terms of variables Zj and On, if we write V = £>=» Nj(x)dtj + £,? = 1 Q«,(x)9»,,, then

Y1

(3.34)

j=1

O=I

We will denote (L(M x C/v) or Gp(M x C N ) the Lie algebra associated to Q(M x G/v ) and wp, and
call it an extended KM algebra. Its commutation relations are defined through (3.13) and (3.32):

)1 Yb(x))

•CM

(3.35)

• IS

Let us finalil

Let us finally remark that an element of Gv(M x GN) should be written as
(X°(x),fc)

with

X"{x) e G(M x GN)
16

and

Jb

a central term

(3.36)

finite dimeni
number of \>\
of outer an i'I

the commutator in (JL(M x GN) being
(3.37)

One sees that k and k' do not enter in the definition of the commutator, so that for simplicity
we will write (3.35) instead of (3.37), and consider -Y"(x) as an element of QU(M x G\) (without
specifying its central term).

3.4

one can say
second case.<
Let us tij
variable z

First properties of the central extensions.

The simple expression (3.32) allows us to determine the conditions required for the rentrai
extension to vanish between one boson and one fermion. Indeed, if 0 is a monomial in On, we have
/•

dex...d6N

0 ^ 0

(3.38)

if and only if 0 = 0t...ON

where 0/ arl
formed from!

(In that case $d9\...d6N 6^...Ox = 1).
So, just by looking at the number of 6,t in the expression (3.32), one can show that
w(X,Y) = 0

for

g(X) ^g(Y)

if and only if

g(V) = N

mod 2

(3.39)

Note that if B denotes a boson and F a fermion, we know that in the loop algebra Q(M x C,\),
\B,F] = F'. In the KM algebra Qp(M x GN), we want the right-hand side of the commutator
|J3, Fj to be still a fermion : this implies that the central element e must be odd. But, the property
(3.39) shows that V can be splited into two parts :
V - 2>0 + V,

/ 9ipa) = N

with

mod 2
mod 2

.

I

Uini ff. F l =r 0

with

Its generatoi

(3.40)

where Iyi is
special role ij

in such a way that the corresponding central extension also splits into two parts
w — u>(, + w\

Note that J
defined by.

(3.41)

The finii1
associated (<

Thus, the expression u>(X, Y)e has to be understood as :
w(X, Y)e = Wj1(Jf, K)e0 + «i(Jf,K)e,

(3.42)

e,, (e|) being an even (odd) central element.

This automo

We stress that the existence of an odd central element is ensured by the Schur lemma for
superalgebra (29] : such an element exists if and only if the number of bosons is equal to the
number of fermions, which is an obvious property of the extended KM algebras (when N > 1).

Such a twif

3.5

Twists of extended Kac-Moody algebras: an introduction.

We want to give some notions about the new twists one can study on our extended algebras.
The introduction of the 6 variables allows us to consider either the twists constructed from the
finite dimensional algebra Q with "continuous" variables z,, On or the twists constructed from the
17

Finally,
twist
'We thank i

finite dimensional (super) algebra Q ® GN with the continuous variables z,. In the first case, the
number of possible periodicity conditions can be enlarged, whereas in the second case, the number
of outer automorphisms increases. Note that1 considering the isomorphisms:
X

GN)®Ç = C^(M) ®GN® Q =

CXJ(M;Ç®GN)

(3.43)

one can say that in the first case, we consider twists of the algebra C* (M x GN; Q), while in the
second case, it is the algebra C°°(M\Q ® GN) which is involved.
Let us first consider Q ® GN as a finite dimensional algebra and the case of one commuting
variable z (M - 5'). The generators of Q ® GN take the form
Tf = T"®Q,

a = l,...,dimÉ! a n d / = 0 , . . . , ( 2 ^ - 1)

(3.44)

where O/ are the monomials introduced in section 3.1. Then, new outer automorphisms will be
formed from any transposition T,,,J of the variables O1, and QQ (a f P):

and
T,,a(0u)

-

0

8j

= 8n

(3.45)
(3.46)
(3.47)

Note that r,,tj is of order 2 and exists only if TV > 1. The twisted algebra associated to r,,j is
defined by:

/(*) = 17 » / ( - * )

(3.48)

Its generators are (we take a — I and /3 = 2)
(3.49)
[Ox-O2)T"

i

OxO2T*

(3.50)

where I\2 is such that ^i and O2 do not appear in 0 / , , . This twist, in the case N - 2 will play a
special role in the construction of the /V = 2 superconformai algebra (see section 6.4).
The finite dimensional Lie algebra Q % GN admits also as new outer automorphism the one
associated to the linear forms an defined as

_

in

^("n)

This autom<]

\

A

—

~"n

(3.51)
(3.52)

This automorphism exists as soon as N > 1 and is of order 2. The twist condition reads
(3.53)

Such a twif

Such a twist will also be introduced for TV = 2 in section 6.4.
Finally, we can combine the two types of automorphisms O11 and r,t/) to obtain a more general
twist
Wz)
(3.54)
'We thanks F. Thuillier for hii pertinent remark on thele Uomorphiim»
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where £ (of order P) is any composition of r,,t) and (T1,.
1

Now, if Af is not the circle S , the periodicity condition of the twist (3.54) can be modified. If
we define P(}%r), j = l,...,pas

A com I^
fkation of .
has also to j
algebras to ]
3.6

Divi

(3.54) becomes:
E(T1") »/(*,,...,«,,) - Tf 9 f(Kr(Z1,..,z,,))

(3.56)

where 7?/> is any product of the pyj^'s and E (of order P) is the same as above. To some extend,
72/» defines the commuting variables on which the twist will be defined.
If now we take Q as the finite dimensional algebra and consider an outer automorphism r (of
order P) of this algebra, the twist can be defined as:
;*i,...,*pi*
where 72/> is any combination of the r o / j, (T11, and
its order is P.

ON))

(3.57)

previously defined, with the restriction that

As an example, let us take the S 1/(3) KM algebra constructed on 5' x GV We consider the
same outer automorphism r as in section 2.2, but take as "periodicity" condition the one associated
to the exchange of the Grassmann variables: T12(Bx,B2) = (B2,Bx). The twisted algebra is defined
by
r(Ta) ® f(z\ Bx, B2) = Ttt® f(z; B2,01 )
(3.58)

Before
comments,
in his stud
of simple fit]
Cartan typ
is the Lie n\i
subalgebr«ij
Then
defined as t|
mutative va
the subalgrjj
1-cocycles
Let us
However, o

With the same notation as in section 2.2, a basis for the twisted algebra will be:

Hjn ; Si(Ox+B2)
B2) ; E^(O1-O2)

;
;

Hln(O, + B2)
Hl(O1-B2)

(3.59)
(3.60)

which prove
the work off

(3.61)

Finally, let us mention that, in the case where dimM > 1, we can consider outer automorphisms
which involve the continuous variables z}. If we introduce the transposition t,* of two commuting
variables z} and zt, we can demand the generators of Q(M x GN) to satisfy:
Ta ® /(«>*(*,,..., z,,); O1,...,BN)

= T"

..., zp; B

,BN))

(3.62)

where IZ (of order 2) is the same as before. We point out that the finite dimensional part of the
algebra do not play any role in that case. For instance, if one considers the 3-dimensional torus T t ,
one can take as twist condition

Ta®f(ti2(zltz2,z:{))

=

Ta®f(p9>2)(zuz2,z:i))

4

Diftn

4.1 Whi

(3.63)

which means
T" ® f(z2, Zy , Zi) = T" Qf(Zt, Z2, - Z1)

and the traij

(3.64)

and leads to the basis

Now tha
algebra, we;
adding the

m

T" ® (Z1 + z2f (zx

2

-

z2) '"(zx 19

(3.65)

If

A complete study of these twists still remain to be done. In particular, an exhaustive classification of all the twists has to be performed. The introduction of simple extended KM algebras
has also to be studied (see (30] where the torus case in treated) and the connection with twisted
algebras to be understood.
3.6

D i v e r g e n c e free v e c t o r fields a n d K a c s u p e r a l g e b r a s .

Before continuing the study of extended KM algebras, the above result (3.32) suggests some
comments. First, divergence-free vector fields were already introduced by Kac, some years ago,
in his study of finite and infinite dimensional algebras [29]. Let un recall that in his classification
of simple finite dimensional superalgebras, Kac separated the clasnical Lie superalgebras from the
Cartan type ones. This second class of superalgebras contains the algebra denoted W(N), which
is the Lie superalgebra derG/v (with elements of the form £ i 1 i Qt^o,, Qt € G/v), as well as special
subalgebras of W[N).
it a

he
Led
lned

Then Kac introduced a class of infinite dimensional superalgebras based on the algebra W(m, N)
defined as the derivation algebra derA(m, N), where A(m, N) is the polynomial ring with m commutative variables and N Grassmann ones. In this class stands the algebra S(m,N), defined as
the subaigebra of VT(Tn1AT) whose elements are divergence-free. Therefore, the space of cyclic
1-cocycles of C°°(M)® G/v with dimM - p can be easily compared with the Kac algebra. S(p, N).
Let us point out that there is no reason, a priori, for the space of cocycles to be an algebra.
However, one can remark that this space is indeed an algebra thanks to the formula :
div([2\D']) = [V,(dWV')) - [{d\yV),V')

1-59)

ho)

(3.66)

which proves that if V and V are divergence-free, then V" = [V, T>'\ is divergence-free too. Due to
the work of Kac, we can also give a set of generators of this space. It is formed by the operators

hi)

= l,...,p

A™ = (d,f)da - (dnf-)d,

= l,...,p

(3.67)
a= I,...,N

a,p = l,...,N

(3.68)
(3.69)

/ superfunction defined on M x GN
and the translation operators P1 = 8Zt when the> exist.

and the traij
iiie

4

Diifeomorphisms compatible with a central extension.

4.1 What is a compatible algebra ?
S3)

H)

Now that we have obtained all the possible extended KM algebras from any generalized loop
algebra, we want to go a step further in our study. Thanks to the introduction of vector fields on
C°°(M) <g> GN, it is always possible to extend a loop algebra C(M x G/v) to a bigger algebra by
adding the set of vector fields Vect(Af x

15)
20

There is a "natural" action of the vector fields on the stiperfunrtions of C*'(M)®G'/y. For each
vector field £ , we have

c(\x,y\) = [C(x)tr\ t (

compatibility t-H
section 6.
Two remai;]
First, if C .i{

(4.1)

v*,r

[C",

The algebra Vect(M x G N ) is the derivation algebra of G(M x GK). As a vector field acts on the
generalized loop algebra by the adjoint operation, (4.1) is nothing but a Jacobi identity. It allows
us to transport the algebra structure from G(M x GK) to G(M x GK)C] Vect(M x G/v).
It is tempting t o do such an extension on an extended KM algebra, but, in general, one cannot
do the semi-direct sum of Gw(M x G/v) with Vect(A/ X GK)' In fact, when one considers the
extended KM algebra Gw(M x G/v), the commutator [.,.] is modified to [.,.|, so that (4.1) is no
longer valid.
Imposing (4.1) for the new commutator leads t o non-trivial constraints on the vector fields L.
Indeed, introducing the definition (3.13) of [.,.] in (4.1), and the property of [.,.) to satisfy (4.1),
one gets'':
c

w(CX,Y) 4 (-Yl W>*(X,CY) = 0

but

so that

(4.2)

This equation expresses the invariance of the cocycle under the diffeomorphisins C, so that the
shift [.,.j -» [.,.J is not "seen" by the difteomorphisms satisfying (4.2).
Thus, C" f
Using the (graded) antisymmetry of the cocycle, we rewrite (4.2) as :
u>(CXyY) = (-)s{}i)9{y)u)(CY,X)

(4.3)

For the given central extension associated with u>, only a subset of Vect(A/ x G/v) will satisfy
(4.3) : we call this subset the compatible algebra Derw(M x G/v) or Derp(M x G A ) . Due to the
constraints (4.2), we have:
D e r P ( M x G N ) C Vect(M x G/v)
(4.4)

Secondly, i
third one V =

one has :

This algebra is such that one can make the semi-direct sum:
GP(M

X GKpVeTp(M x GN)

(4.5)

The goal of this section is to determine and study the different compatible algebras associated to
each central extension u>.
4.2

(Der,>,(n|

As we k
subalgebra) of j

T h e c o m p a t i b i l i t y e q u a t i o n a n d its c o n s e q u e n c e s .
Introducing the differential operator V associated with w, we can rewrite (4.3) as :
f_ )(»(£)+»(* ))»(*') f dx(VY')(CX) — ( —)(fl(£)+*C ))»(V)+si(V)</(.V)

J

In other wo]

J

[dx(VX)(CY)

on the V11.
Finally,
F(JB,,...,*,,+A'\1

7

which leads to :
This equation has to be understood as the vanishing of a differential operator. Projecting it on
each component di (I = I 1 ..., TV + p) give us (N 4- p) equations : we call these equations the
'This is main ITJ

"We emphasise that we always take vector fields of well-defined parity.
'We recall that if 1D is made from distributions, the relation has to be evaluated on functions.

21

compatibility <>tl
section 6.
I

compatibility equations. An example of resolution of the compatibility equation(s) will be given in
section 6.

n

Two reniai im
First, if £ .M

I

)£",.. JI

he

|"

[C", V] + (div£")2? = \\C,C% V\ f div([£,C))V

WS

I

•mot
ihe

(4.7)
! 1

- \C,[C\V]]-[-^Wi[Ct[CV])
[ C ) V )

II

>ut

Two remarks follow from (4.6) :
First, if £ and C satisfy (4.6), then for £" = [C, C],

+ (|£,div£']-(-) ' ''

)9|t l

' (£' ) divC])p

+ (-)»lc>»<c'>[£\(div£)7>] + ((£,div£'l - (-)"(i:>9<i'>|£/,div£]) P (4.9)

but
(4.10)
(4.11)

-|£,(div£')2>]
: C,
so that

so that
• 12)

[C,V]

I

+ (div£")27

I he

I

Thus, C" ( I

£€

I [he

[C, aVi + 0Vj^k

((-) ff < £ > 9 < f/) (div£)(div£') - (div£')(div£)) V

=

0

(4.12)

Secondly, if one takes two divergence-free differential operators V\ and Vt, and constructs a
third one D = a©! + 0V2 (a,/3 € C). Then, for any vector field

I sfy
M

=

Thus, £" 6 Derp(M x GN) ' this set is an algebra.

Secondly, ; •
third one P = J

one has :

(4.8)

1'4)

I

(4.13)

Derp,(Af x G N ) n

one has :
= Q{[£,X»,]+(div£)î>,}

I
In other w « l

- 0 (4.14)

In other words
(Derp, (M x

GN)

ODeTp2(M x

GN))

C Der,,/>, +HP,{M

x

GN)

V a, 0 € C

(4.15)

As we ki
subalgebra) of !

As we know a set of generators of S(p,N), this inclusion gives us a subset (and indeed a
subalgebra) of Derp(M x GN) as soon as we know Der p / (M x GN) and the decomposition of V

on the V\,.

on the Vflr
Finally, for any V, the compatible equation for the special class of diffeomorphisms £/. =
F(x\,...,xv+N)V
(where F is a superfunction on G x G/v) reads"

Finally, fo,

(4.16) then shoj
algebra of X>[3
"This is main

fi)

F[V,V] + (1 - (-)9<p>)div(F2?)2> = 0

(4.16)

(4.16) then shows that for any V of even parity, Cy = F(xi,...,xv+N)V
algebra of î>[31].

belongs to the compatible

"This is mainly due to the fact that div2> = 0 implies that div(FZ>) = -[F 1 D]
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4.3

Compatibility equations for V1,,,

we have Il

Before giving the compatibility equations for any cocycle associated with a V11, we introduce
"generalized" Poisson Brackets.
For two superfunctions / ( x ) and /t(x), and two variables x/ and xj, we set :

In ternn
(4.17)

Using the variables a,'s and 0,,'s, this reads :
{/,M,,, = (d,f)(d}h)-(dj)(d,h)
{ / . * > , „ = (d,f)(dnh)

for i , i = l , . . . , p

- (d,J-)(d,h)

for i = l , . . . , p

= l

iV

The first line shows that for commutative variables and functions (not superfunctions) we have
the usual Poisson Bracket (PB). Note also that, due to the form of the D J1, we have
(4.18)
(4.19)
but such a relation is not valid for D'tn. For instance, if
(4.20)
we have
(4.21)
whereas
(4.22)
These "generalized" PB satisfy the properties that any PB should possess (except that they are
degenerate):
{/. h}u = -(-yA'W)
{f,k}j,
{/,/,},, = - ( - )yU)9(h) {h,f)u

(for any superfunctions / and h)
(f and h of well-defined parity)

but the (graded) Jacoby identity is satisfy only for D{} and D^ (as it can be guessed from (4.18)
and (4.19) ):

(_)»(/)»<*) {/,{A,*}.,}., + circ. p«m.(/,M) = »

(4.23)
(4.24)

Then, for a derivation
P
— £j

I=I

N
I I

^

-

O=I

23

p+N
I» «

£_j

/.= |

(4.25)

we have t\

we

jj a v e

tne

following compatibility equations associated with a cocycle generated by Df..

-

K=I

(4.26)
in term

• D><

I n terms of variables zx 's and On 's, this reads

• D'u = Vl1n
P

N

O+ E
7 =1
P

/V

*=»

7=)

°

for * ^ t() and k # ;.,

X>(4^-/') + E
*=l

7=1

'»o. r}.o,«o = - E 9 * (^^«o/*) - E 9^ (B;Ô«»J
*=l

7=1

-E
7=1

*=l

=0

7=1

for 7 5^ <*o a n d 7 ^ /3(,
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5

Generalization to non-compact surfaces (without boundaries)

5.1

where we \\-t
= 0).
Using t :

Coining back to compact surfaces with no supersymmetry

We want in this section to give another way of obtaining the central extensions of generalized
loop algebras when there is no supersymmetry. This method has been given in {23} and expliciled
in 117]. In the case where M is the !/-dimensional torus Tv, the result has also been given in [29).
In [23], it is shown that the complex central extensions of the algebra G(M), for Q semi simple
algebra and Af smooth compact manifold, are defined by:

Xa,dYh>

(5.1)

where X", Yb € G(M), < .,. > is the Killing form on Ç, C is a closed one chain on Af (C : 5 1 -» M)
and dYb is a Lie valued one form: locally, dYb = £ J _ , djYb dz} with (z\,..,z,,) parametrizing the
p-dimensional manifold Af. We don't want here to give the demonstration of the theorem: we just
use the form (5.1) to explicit the importance of dM = 0 (i.e. Af has no boundary). Let us mention
that the demonstration of the theorem explicitly uses the compactness of Af (to show that there
exists a cocycle invariant under G(M)).
Extracting the finite dimensional Lie algebra part X" = Ta ® X (see section 2.4), (5.1) rewrites
b

a

b

u>c(X'\Y ) =< T ,T > *c(X,Y)

with

*c(X,Y) = i XdY

(5.2)

To each closed one chain on Af, one can associate a (p - l)-closed current rj such that:
/ .YdI' = / XdY A T)
Jc
JM

which is not
no more tm
is not equal
at the

5.2

Gen

Mimicku
compact ma

where C is
demons t rat u
To make
tion over C
cannot be it)
have to imp
Thus, we lia

(5.3)

Setting

Writing

ij = 21(-V1Nj

dzi A ..A dzj A.. A dzp

(5.4)

(the symbole v means that the term below has been taken away), the closure condition reads
dr\ -

(5.5)

A .. A dzv = 0

Let us show how the equations (2.24) and (2.25) are satisfied in that case:

Finally, i

$ ( * , r ) = / XdY A i ) = / Xd(Yt)) = / {d(XYi)) - dX Y A ij}
J ht

= f

J UM

J fit

XYr1 -

Then, the <ii
found.

J fit

I YdX A»?=

-i(Y,X)

(5.6)

JM

*(XYt Z) + #(KZ, X) + *(ZX, Y)= f [(XYdZ + YZdX + ZXdY) A rj}
J lit

= [ d(XYZ)Ai]= f d(XYZt))= f
JM

JM

JUM

25

XYZq = O

we obtain tl:
support. Lei
that all the .

(5.7)

where we have used in both cases the fact that M has no boundary (dM - 0) and that i} is closed
(dr, = 0).
Using the explicit form of dY and t] we can rewrite the cocycle of G(M) as
w(JTa, Vb) =< T",3* > 1 ] / XNjdjY dzi A .. A dz,,

with

£«,JV> = 0

(5.8)

which is nothing but the formula (3.32) with no Grassmann variables. Note that this calculation is
no more true when we have supersymmetry, because the integral element dO (such that J dO9 ~ 1)
is not equal to the external derivative S acting on $\ dO ^ 66. This is easily guessed when one looks
at the grading of these objects: g(d$) = 1 and g(60) = 0.

5.2

Generalization to non-compact surfaces

Mimicking the case of compact surfaces, we define the central extension of G(M) for M non
compact manifold by the formula:

*{XtY) = jXdY

(5.9)

where C is a closed cochain on M. (5.9) defines a cocycle because C as no boundary (same
demonstration as in section 5.1, replacing M by C).
To make the connection with the form given in previous section, we have to replace the integration over C by an integration over all the manifold. Since M is not compact, the p-form ,YdI' A TJ
cannot be integrated on M for all the closed ( p - I)-forms rj. For the integral to be well-defined, we
have to impose tf to have a compact support. In other words, T) is in the dual of the 1-form XdY.
Thus, we have:
u>(X,Y)= I XdYhT)

with

TJ closed (p - l)-form with compact support

(5.10)

JM

Writing
»?=j2 N î(-y~' d *i

A

•• dzi •• A dzp

(5u)

we obtain the same formula as in (5.8) with the restriction that the coefficients Nj have a compact
support. Let us point that, although we know that we have non-trivial cocycles, we have not proved
that all the cocycles of Q(M) can be written in such a way when M is non-compact.
Finally, note that, instead of considering G(M), we can work with the (constraint) loop algebra
= G ® S(M), where S(M) is the subset of rapidly decreasing smooth functions on M.
Then, the dual of XdY is the space of all the closed (p - l)-forms and the formula (5.8) is exactly
found.

26

5.3

Part II

Supersymmetrization.

Now that we have, thanks to the (p - l)-forms with compact support, expressed the cocycles
in function of an integral over all the manifold M, the supersymmetrization is easy: for A/ x Gs,
we define
)d,

APP
6

Appil

(5.12)
In this K
On. This is il
of fundameuj

with Ri(x) distributions with compact support on M satisfying
(5.13)

6.1

The

Then, cocycles will take the form:
Wp(Jf1V) = ( - ) 9 ( V W ]f

dx(VY)X

with

div2? =

(5.14)

As in section 5.2, we know that (5.14) is a non-trivial cocycle, but we have not proved that we
have all the non-trivial cocycles of C(M x GN) when M is non-compact. The expressions (5.9) and
(5.14) will be used in section 8 for the case of Krichever-Novikov algebras.

leading to til

with ro, n Ç
A naturu
in a consisU
algebras [11 Sl

satisfy the cJ

where A" —
The SC(TV)
KM algebr.j
details on ti
the Neveu-h'l
N = 4 case. I
Now, coil
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Part II
,clos

APPLICATIONS
6

Application to the superconformai case.

In this section, we restrict ourselves to one commutative variable z and N Grassmannian ones
0,,. This is the case of superconformai theories, where (for N = O) the Virasoro and KM algebra are
of fundamental importance: we want her* to consider the supersymmetrization of these algebras.
8.1

T h e s u p e r c o n f o r m a i algebras

SC(N).

Considering the case S ' x G i, the N = 1 Super Virasoro algebra, also called the Ramond- NeveuSchwarz (RNS) algebra, appears as a (central extended) subalgebra of Vect(5' x G\) generated
by:
(6.1)
L111 = -z"'(zdt + 1H-^Od0) ; Gn =
leading to the commutation relations :
nLn]

=

(m - n)Lm+li

f —m(m

-

r)G fn+r

= 2Lr+, + -(r2 - ~)6r+.

{Gr,G,}

3

(6.2)

4

with m, n € Z and r, s € Z + « and K = O (Ramond sector) or /c = J (Neveu-Schwarz sector).
A natural generalization of the RNS algebra to extended supersymmetries (N > 1) combined
in a consistent way with conformai transformations are the A'-superconformal algebras, or SC(ZV)
algebras (H]. The SC(AT) algebra is the subalgebra of VeCt(S1 x GN) whose elements

c = A(z-,e

(6.3)

satisfy the condition :

B' = j(

Bi)A"

= l-

(6.4)

where A' = A+-A
if one decomposes A into its even part A+ and its odd part A' (see section 3.1).
The SC(W) algebra contains 2N sets of generators, and among them can be recognized an SO[N)
KM algebra. For example, at N = 2, an 50(2) KM algebra shows up (see section 6.4 for more
details on this case). One can also recognize the finite simple superalgebra 0Sp(N\2) generated in
the Neveu-Schwarz sector (K = 1/2) by the PSl(2, R) generators !±1,0, the fermionic generators
G' ±1/2 (t = I,...,N) and the 0(N) ones : T,1/ = -T^ 1 = { G J / 2 , G i I / 2 } . More, in particular for the
N = A case, can be found in the work of Sevrin et al. [40].
Now, comes a natural question :
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6.2

Derp(M

Are the SC(N) algebras compatible algebras ?

!

We have introduced the SC(JV) algebra as the set

{£,» - Ad1 + -(DltA')D,t ; A ç C'X'(S^)®G^}
D1, = 0,,d, + dn being the covariant derivative in the direction 6n, such that {D,t,Dii}

(6.5)
- 26,,itdt

They are also the solutions of the equation
[C, Dn] = SjD1,

(6.6)

with 5,,'' some coefficients to be determined. In that sense, we can say that the superconformai
symmetries transform homogeneously the covariant derivatives Dn (since dt does not appear on
the r.h.s. of (6.6)). Solving (6.6) for C = Ad, + B"Dn leads to
B,t - -DnA'

and Snfi = -DnDaA

2

This rei
limiting car
Lie algebra
back to it i'lj
6.3

N

We have
example of

(6.7)

We stai I

(6.8)

Its conir

2

Thus, the SC(JV) algebras satisfy :

Dn]= I

[CA,

If C.\ = Ad1 + \(D,tA")Dn

were compatible with some cocycle up, then it would also satisfy
[£..,,V] = -(div£,,)î> = (1 - -)(d,A)V

(6.9)

so that we would have (inserting dt = pj Y.a •

A vector

N

[CA,

Dn]

(6.10)

=
H-I

that is

and
N

(6.11)
Thus, i]
for a n y superfunction A { z \ O 1 , . . . ,
A special case immediately shows up : N = 1 and V-^D=
T1(Bd1 +do).
In that case, (6.10) and (6.11) are the same equations, and the compatibility equation is automatically satisfied. We will treat this case in the next section.
For N^l,
(6.11) brings additional equations : they will be satisfied only for particular superfunctions A. That means that we will not get the SC(TV) algebras when Q is (semi-) simple. In
fact, inserting C,\ = Ad1 + \(DnA')Dn
into (6.11) and taking some special functions (A(z,6) = 1,

A(z,0) = z, A(z,0) = zO) shows that :
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so that th

Derp(M x (?/v «.*-), /T > 1 and N > 2, contains the SC(N) algebras if and only if
=•• 2

N

(6.12)

This result is of course valid up to a rotation of the 0,,'s. The SC(2) algebra appears as a
limiting case : it is not the derivation algebra of some Af — 2 KM algebra (based on a semi simple
Lie algebra Q), but can be found in some derivation algebra of N > 3 KM algebras. We will come
back to it in section 6.4.
6.3

N=\

case : the R N S algebra.

We have seen that the RNS algebra is compatible with V - D = 9d, + do. However, as an
example of the notions developed in sections 3 and 4, we completely solve the case N ~ 1.
We start with the loop algebra
7',? = z" ® T"
(6.13)

tf = zn0 ® T"
Its commutation relations are :

(6.14)

A vector field V = (o + kO)dz + (e + bO)de is divergence-free if
9 (a+ -<
^
2

(6.15)

that is to say,

d,k = 0

(6.16)

Thus, the most general cocycle reads
(6.17)

« I V **^2

2*i
so that the commutation relations of the super KM algebra are :
cab

" r Tî+m + j}
a6
a6

= */ r 1>1>n+m + ""»«+
=
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(6.18)
anticommuting parameter)

(6.19)
(6.20)
(6.21)
(6.22)

The difleomorphisrns £even = M2) &* +B(z)
if they satisfy

6d

o and £ O( j d - C(z) Od1 + D(z) On are compatible

and V1I!a r e

(dta)A - aB = 0

The operatoi

- 2eB = 0
(6.23)
- ad,D = 0
eC -Y *D - 0

To solve equations (6.23), we have to fix the central extension, i.e. to specify which of the
parameters a,6,e vanish : we call Der(a) the compatible algebra of V = ad, + (d,a)0do (a only
non-vanishing parameter) ; Der(a,e) the compatible algebra of V = ad, + (d,a)0do 1 ed() (a and e
non-vanishing parameters) and so on... We just present here Der(Jfe,e) which is related to the RNS
algebra. A complete lint of the compatible algebra for JV = 1 is given in appendix D. We point out
that this is just a special value of the cocycle which leads to the RNS algebra, and that (many)
other algebras are at your disposal.

Thus, we \\t\\
fermions.
To this rl

The compatible algebra associated to Der(fc,c) is:
%

Gc = C(-0dt-ed,,)

(6.24)

and vérifie;

Taking t - § z*K~{ (K = 0 or 1/2), we obtain the RNS algebra as announced:
[Ln, Lm\ = ( n - m ) L n + m

m.neZ

_

(6.25)

(6.26)
r, s € Z + K

= 2Lr +.1

As an e:|
commutât ir

i

(6.27)

The boson i i

It acts on the KM algebra as"
[Ltll,T«] = -nT-l+n
[Gn,, V,] = (m - B)

\LmAan\ = -if + "Wn+,,
{C7 m ,<} = T- + n

(6.28)

Thanks to the property of the RNS algebra to be a derivation algebra, one can enlarge the
Sugawara and GKO constructions to obtain all the representations of the unitary minimal representations series for the RNS algebra. For such a purpose, one has first to get the representations
of the JV = 1 KM algebra &(£')•
We define

They obey

dimti

-t

TE E
"

(6.29)

b,r= I

where A is the Casimir in the adjoint representation of Q
(6.30)
"From now on, we do not mention where the indices m, n, ... run: for boaoni, they belong to Z, while for fermions,
they belong to Z or Z + J , depending on the periodicity condition! of these fermions.

31

The associi

and «/'I! are fermions in the adjoint representation oft?
(6.31)

2
The operators 7^| satisfy
I'm» AJ

-

l

/

r AJ+ in + r"» «n + rn «

(6.32)
(6.33)

/rib

(6.34)

Thus, we have a representation of the N = 1 KM algebra with a central charge A, in terms of free
fermior*.
To this representation (called minimal representation in [1Oj), one can associate the generators
diim;
) ! VWm-ri

:

(6.35)

_ « . dim»;
V'nV'^V'm-n- » •
and verifies I

(6.36)

and verifies that they obey the commutation relations (6.25-6.27) and (6.28) with a central charge
(6.37)

As an example, let us study the case of 5(/(2) 2 . We take three fermions
commutation relations:
>£,,«/>*} = 6>k6m+n
with j,k = 1 , 2 , 3
The boson id

(j = 1,2,3) with
(6.38)

The bosonic generators are defined as
(6.39)
(6.40)

Til

(6.41)

= <

They obey the commutation relations
(6.42)
(6.43)
The associi

The associated RNS algebra reads
(6.44)
(6.45)
n,p
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From this N

with a central charge
c=?

(6.46)

I

This value of the central charge has being exhaustively studied for the RNS algebra. Il corresponds
to the theory of one boson and one fermion living on different supermanifolds. To make contact
with this classification, we introduce a vertex representation of the algebra. At the level k - 2, we
need a boson <p(z) and a fermion rp(z) and define:
(6.47)

(•1

which realize

(6.48)
with

1
m
Then, it is easy to show that the /,,,,'s are the modes of the stress-energy tensor

[<P

(6.49)

(6.50)

Finally, I ti|

whereas the G m 's are associated to
(6.51)
so that <p(z) and 4>(z) are the fields we were looking for. Note that for
(6.52)

RNS algebr;

we recognize the minimal representation of the super KM algebra 51/(2)2 with

= tf'(*) ± itfi*)

and

1>\z) = ^z)

where SU(2):

(6.53)

In that sense, the vertex operator representation (6.47-6.48) of the bosonic SU(2)t KM algebra
already contains the fermions of the super N = I KM algebra 5[/(2) 2 .

which are
SU{2) is the

To obtain the other values of the central charge for the RNS algebra, one must get the other
levels k OfQi1(S1). Thus, one introduces a representation of level (Jb - A) of the purely bosonic KM
algebra Gk-\(SX). Denoting by Qfn its generators, we have

Finally,
construct in
6.4

The

(6.54)
(6.55)
(6.56)

Wm, C 1 ] = 0
Then, for

(6.57)

•s. = \j\rm

We have
included in s<.
for any valunew type of :
The centr

(6.58)

one obtains
It is natul
(6.59)
(6.60)
(6.61)
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and to ask tr

From this N

From this N - 1 KM algebra Sn(S1), on constructs the generators
• dims»
k

,

:

.

:

}:

:

E E ( QiQi » • (« * 2 *»*•« - •

2: 7

K

^"- » :J

(6.62)

dims;
(6.63)
which realize

which realize the RNS algebra with a central charge
(* - A)dim<7
c

This central

_ __

(6.64)

This central charge is just the sum of the central charge of a "minimal representation" for Gx(S1 x
G\) and the one of a (bosonic) representation for Gk
Finally, the unitary minimal series is obtained from a GKO construction. Taking the coset
SU(2h x SU(2)k
SU{2)kri

(6.65)

where SU(2)2 is the / V = I KM algebra based on SU(2) in its minimal representation, and SU(2)k
and 5C/(2)*+2 are usual (bosonic) KM algebras, one gets for the central charge of the corresponding
RNS algebra
3
8
--)
(6.66)
ra

which are exactly the central charges of the minimal unitary series. Note again that the algebra
SU(2) is the only one needed for this series.
Finally, we remind that the N = I supersymmetric version of the WZW action has been
construct in [32].
6.4

The N = 2 case :

tf(l)DSC(2).

We have seen that the SC(2) algebra appears as a limiting case of the SC algebra : it cannot be
included in some Der_,(5' x G 2 ), but there exist cocycles W0's such that SC(2) C De^ 0 (S 1 x G2^K)
for any value of K > 1. If we compare the N - 1 loop algebra to the /V = 2 one, we see that a
new type of generator appears : X" = B\6izn ® T".
The central extension of the N = I loop algebra leading to the RNS algebra is :
6°b

(6.67)

It is natural to look at a generalization of this central extension of the form:
(6.68)
and to ask U

and to ask this extension to lead to the SC(2) algebra.
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In view of section 6.2, it should be surprising to find a result, but the computation shows that

with roinii l |

l>k)

for
(6.69)
the compatible algebra is just the SC(2) algebra !(33]
The link with section 6.2 is made when one remarks that f(m) - j£ does not define a cocycle,
and thus we do not have a central extension. It is explicitly seen when one computes
w(X; [Y, Z\) + circ. perm.(*. Y, Z)

(6.70)

which does not vanish : the Jacobi identity is not satisfied, as far as the finite-dimensional Lie
algebra Q is (semi) simple. Note that $(X,Y) associated with u> cannot be realized as an integral,
proving once more that, in general, u> does not correspond to a central extension.
To have a central extension, we must choose the finite Lie algebra Q to be Abelian and relax
the condition of simplicity : in that case, all the Jacobi identities are trivially satisfied, and u> has
just to be graded anticonunutative (which is the case of (6.67) and (6.68) when f(m) ~ J1' ).
Thus, the SC(Z) algebra is a compatible algebra for G = U(I) and

and a centrM

• •<';
• Lie

Notice tha 1•ntl,
appears. TB
•
o f 5(7(2).

ours.

I1 1 ' I X
I

'UlS

Anotli) M
is the non M
allowing a m
"trivial". I

u>(Tm>T,,)= §m«, 1+m
(6.71)
u>(Xm,Xn)

=

0) ;

^6,,

w(Xih X11) = 0

This result enlightens the construction of Di Vecchia et al. [34], who were able to construct the
SC(2) algebra with & N = 2 superfield. This N -2 superfield is nothing but our TV = 2 super KM
based on U(I). Let us emphasize that the Grassmann variables that enter in the construction of
the N = 2 superfield have nothing to do with Ox and O2 introduced above for the definition of our
N = 2 KM algebra (see appendix B).
Considering our N = 2 KM algebra, we can make a Sugawara construction for the SC(2)
algebra. It reads
r.

".

=

I 1)
• the

For surMI KM
the subalgelIn of
• <>ur

1I

One recH
algebra is
•

I : T » T '"- n : + \n(m - n) : XnX,n.n
V

G

Moreovl
(36] as t i l - 1
algebra w i c l
the T (twii.B
can all be s i

2

/ . Yl,""ri.rn-n

•

V

2'

(6.72)
(6.73)
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It is st
twisted I

(6.74)
(6.75)

which is t'i
In the
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with roriuj JH i it

II

I

with commutation relations:
(I n , l/ n ,| = (« - "») L l l + m

[Ln,Gm] = (n/2-;

I
j;;J
II

W».Gl)=-Gi,+m

(6.76)

• ' C1

Wm1Un] - fjm£,,1 +r,

and a centra

I• Lie
Notice t h a iIr ;il

and a central charge
c= 3

(6.77)

ofSC(2). I
ours.
I

Notice that, contrarily to the cases of the Virasoro and RNS algebras, it is not SU (2) but U(I) that
appears. This result is also valid when we consider the GKO construction for the minimal series
of SC(2). This series is obtained via a coset U(I) x SU(2)/U(l) [35]. This U(I)-is also related to
ours.

I •! as
Anothi m
is the non M
allowing a M
"trivial". I

Another consequence of the appearance of the U(I) algebra instead of any (simple) algebra,
is the non-existence of super WZW models when N = 2. Indeed the only Kac-Moody algebra
allowing a semi-direct sum with the SC(2) algebra being U(I), the corresponding WZW model is
"trivial".

appears. 'i'l

I

II
I

I

II

Moreovd

Moreover, we can remark that the three usual kinds of SC(N = 2) algebras, denoted following
[36] as the P (periodic) algebra with integer modes for all the generators, the A (antiperiodic)
algebra with integer modes for L n ,, Tn, but half-integer modes (m G Z + J) for GJn (i = 1,2) and
the T (twisted) algebra with integer modes for L1n and Gm and half-integer modes for GJf11 and T11n
can all be seen from the super U(l)N=2 algebra.

[36] as the I
algebra wicfl
the T (twisfl
can all be s i

II
J

line
For surMI KM

the subalgeflIn of
1 our

1I

I j 2)

r

One recH

algebra is I

For such a purpose, let us restrict the U(I)N=2
algebra with generic element f(z\Ot,02)
the subalgebra generated by the elements satisfying the condition:

® / to
(6.78)

One recognizes the transposition operator
algebra is :

introduced in section 3.5. A basis for this twisted

=(O1 +02)zn®I
if,-

=

(0, - O

It is si<!
twisted V(, 1

73)

74)
which is I hi

fc.75)
In the 1

(6.79)

n+

72)

It is straightforward to deduce a basis for the diflfeomorphism algebra compatible with this
twisted U(l)N=2:

Ln ; Gt ; G~ « and T

..

(6.80)

which is the usual basis of the T (twisted) SC(N = 2) algebra.
In the same way, imposing on the U(l)N=2

elements the constraint :
(6.81)
36

one gives rise to another twisted U(\)^=2
J111 =
n+

algebra generated by :
2"®/

J

7

i

(6.82)

=

5

The difTeormorphism algebra compatible with this twisted algebra is generated by the elements:
Ln ; G1 j ; G2 1 and T n .

Then, we 1

(6.83)

One obtains the A (antiperiodic) SC(N = 2) algebra.
We point out that, although the three KM algebras (untwisted, twisted with rVi, and twisted
with a change of sign on the 0's) are not conjugate, two of three associated derivation algebras are
conjugate (P and A) (37].

to be tin
antisymniJ

Finally, we remark that the SC(3) algebra cannot be treated in the same manner. A direct
calculation of the generalization of the central extension (6.67) to the N = 3 case shows that this
extension must be set to zero if one requires the compatible algebra to contain the SC(3) algebra.
6.5

Relation with complex structures.

We have proved that the SC(2) algebra is not the derivation algebra of some (semi simple) KM
algebra. However, there are constructions which allow to get this algebra in terms of KM one. This
section is devoted to a short review of these constructions and to the relation with our point of
view.
Instead of regarding the 5C(2) algebra as a derivation algebra, now one looks directly at the
possible Sugawara construction. We start with a JV = 1 KM algebra. Introducing the associated
RNS algebra
where we
(6.84)
(i=i
j-i I

G

=

n

9

dimi;

*

V~*

— n=l
>

dimi;
V

,nrra

>n : \b T

. *

:+-

V~*

V^ *

Ki ifc ir

>
> fnh.- : ib ibib
<i,b,t = l ",P

:

(6.85)

one asks whether it is possible to extend this construction to a new spin j generator Gfn in such a
way that the set {G,',,,Gn} generates the SC(2) algebra.
As a toy case, let us start with a N = 1 KM algebra in its "minimal representation", together
with the associated HNS algebra:

One can se
Let us I
tangent st
J is defincl
Using

\
Wm* Vn)
T

=

~6

tfm+n

_•

(6.86)

dimi;

" = T E E /V = V-^n-,,
n

fe,r=l
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(6.87)

'"One »ho
discusiion.

(6.88)
• dimg'

-2«

E

(6.89)

n,b,r-|

Then, we ask the operator1

Then, we

• dimt;
-2t

(6.90)

«i,6,r=l " .

to be the second j -generator of the 5(7(2) algebra. This imposes constraints on the totally
antisymmetric tensor t"'" :

to be the
antisymii!

dim*;
(6.91)
b,i=l

din»;
«''V'' e ) = 0

(6.92)

r —I

dimy
(t"b, f'dt. + &',/'", + tda,f'br + îttbrtcdf

+ fM.t'"r

+ /1V*,) = 0

(6 93)

r=l

1
liis

of

<Pb + d6" = 0
dime;

E

t ja

(6.94)

gbed i JT /Mn i jr/ rar\

*ttcd

*

(6.95)

dinu;
5 2 (d°6t''"i + «fel"" + ^b'"') = Z""'

(6-96)
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+«6/ )

6=1
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b=l

where we have introduced

where we

, dimt;
<f*6 = - Y^ /" t
A

One can s
Let us
tangent s
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Using
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•• a

her

(6.97)

6,r=l

One can solve these constraints if Q is such that it admits a complex structure J"b.
Let us first recall that a complex structure J on a manifold M is an automorphism of the
tangent space of M, such that J 2 = - 1 . In our case, M is the Lie group associated to G, so that
J is defined on the algebra G- It can be taken antisymmetric: Jab = -J 6 ".
Using this complex structure, one can prove that if fabr is such that
dimu'
jab,b,

1

=
=

+ Jr,iJ\fdrb)

(6.98)

d,c,g=l

discussion.

'

"'One should also include terms of the form - ( m + 2
discussion.
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but there mre not relevant in the following

then, fur
dimii
(6.99)
all the constraints (6.91-6.96) are satisfied. This allows us to construct the 5(7(2) algebra with a
central charge

c = «f

(6.100)

Tor all G that have a complex structure such that (6.98) is satisfied.
A more interesting case comes from the GKO construction [38]. Considering a JV - I KM
algebra Gk(S1 x G|), one makes the coset GfH, where H n a subalgebra of G- As a notation, we
call AyB,... the indices of the adjoint representation of Ç\ a, 6,... the indices for Ti; and a,6,... the
indices of the coset GfH- The associated RNS algebra reads

which lead
lead to a r<
detailled st
Of cour
This can b
However fo.
to a 5C'(A
extensions
To conr
section 6.2.
instance, cc

-n+g):O*.«:+j/ u *, •' t<*X.-,,-,, : (6-101)
it appears

- n+ J)|
(6.103)
where we have introduced the Casimir X of G and
(6.104)
To get the 5(7(2) algebra, we construct the j-generator

Gl, = ^ (^fc = CT71U : - ^ W : C^i n -,,-,, :)

and, applyi
so that we
In fact, on i
algebras: ti
the 5C(2)
complex str

(6.105)
6.6

N

where Jnt> is a complex structure and
(6.106)
The constraint equations on J and / then read
Jahf

cd

~

(6.107)

fdà Jbe

br + Adf ra + ^rdf

The res
3) are not
algebras wii
Der w (5' x
Among

(6.108)

ab

(6.109)
One can study the general solution of these equations, but a nice particular case comet, when
imposing

(6.110)

These a
generalizat)

In that case, one deals with hermitian symmetric space, a complete classification of which can be
found in [39]. Among, these spaces, there are three coset spaces

Moreov*
KM algebr.

0

SU(m + n)
SU(m) x SU{n) x 1/(1)

'

S0(m + 2)
S0{m) x 50(2)
39

and

Sp(m)
SU{m)xU(i)

(6.111)

11

We thank

'-')
i a

which lead t o a generalization of the minimal unitary series Tor the SC(2) algef ra (35]. Other coset
lead to a central charge of 9 [38], value of fundamental importance for supe- strings. For a more
detailled study of these models, see [38).

v

Of course, one can think of a generalization of this method to obtain other SC(N) algebras.
This can be done for Af = 3 and N = 4 for the construction of supersymmetric a-models
[40,41|.
However for greater values of TV, there is no non trivial spaces (we exclude the case U(l)N)
leading
to a SC(N) algebra. This has t o be related t o the fact that SC(N) algebras cannot have central
extensions when N is greater than 4 [42].

. A
ve
.it»

To conclude, let us remark that the above results are not in contradiction with the ones of
section 6.2. Indeed, the SC(2) algebra is not a derivation algebra of the N = 1 KM algebra. For
instance, computing {Gfn,ip',\} in the minimal model, one gets
dinitf

!

[GlM = i E E <"<«• =

rô*m-n

(6.112)

It appears a new type of generators
_•

dinu;
n

' '

6,r=l

and, applying the whole SC(2) algebra, we obtain all the envelopping algebra of the KM algebra1 ',
so that we cannot form the semi-direct sum of the SC(2) algebra with the N = I KM algebra.
In fact, only constrained WZW models might show up for the study of TV > 1 superconformai
algebras: this approach has been recently developed in [43], in connection with the realization of
the SC(2) algebra in terms of a N = 1 super KM algebra in which the simple part G carries a
complex structure[38j.

1 )5)

6.6
());\

07)

N > 2 : New super conformai algebt
>ras.

The result of section 6.2 is disappointing, since it implies that the SC(AT) algebras (N >
3) are not compatible algebras. However, the compatible algebras are new types of conformai
algebras which have (by construction) the property of allowing the semi-direct sum C(S* x G/v)D
Der w (5' x GN).
Among these algebras, we present a special series associated with a cocycle :
/

i<>9)

N

2

IP 1 =AI?,

i

N

l

N > 2

with

!ion

.
• ' be

;

These algebras have the particularity of containing the RNS algebra: they can be seen as a
generalization of this algebra, alternative to the SC(AT) algebra.
Moreover, the cocyclei VN have the nice property of keeping the central extension of the bosonic
KM algebra :
[T-X)
= if'tbc Tn%ra + km 8 n + r i l Sab.
(6.115)
" We thank F. Delduc for drawing our attention on this point.
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Furthermore, these algebras are all included one into each other:
Derp N (S'

DWPN+1(S1

XGN)C

feon

xG/vH)-

Let us note that the study of the central extensions for such algebras have not yet been performed,
except in some perticular cases|31| (see appendix D). There is no reason a priori for the obstruction,
just above mentionned, concerning the usual SC(N) with /V > 4 to be valid for these new algebras.
As an example, we give the algebra compatible with Derpv (see [44) for other examples).

I/, = hd, + f (O1O1 +
Bh =
},

T/, =
Wh =
D}t =
Dn =

G n = hO2 O1 -

M2Ox
M2O2
MxO2Ox
MxO2O2

[Wn, T1n]
[Wn, Bm]
[Wn, D)n]
[Bn,G)n]

= T n+111
= B n + ,,,
= D],+n,
= G n + m + nl? n + 7 1 1

to preserve

{Gn,Gl\ = 2In+11,
{G),,Dm} = -Tn+m +

-TnBn+,,,

= (n/2 [ I n , Dfn] = - ( n / 2 + m)Dn
[Wn, G)n] = - n 0 n + m
[T n , Dfn] = - D),+n,
[Wn, Gl,] = G n+TO + n
[T n , G)n] = G n+111

(6-117)
C'onsidf

(6.118)
,+fll

{G,',,Gni} = (m - n)Tn+m
D n i } = -Wn+,,,

= -Gn+fn

IfMis

h(zx,z2) su
(6.119)

Note that the generators Ln,Gn and Tn form a subalgebra of Derp.^S1 x G2) which is a
contraction of the SC(2) algebra. Indeed, let us recall the commutation relations of the SC(2)
algebra:
( I n , I n ,] = (n - m) Ln+m
[I n , Tn,] = -mTn+m
[Ln, G]n] = (n/2 - m)Gn+m
[Ln, GnJ = (n/2 - m)Gi+m

{G n ,G n ,} =

Let us I-.
greater thai
for an infini

J,, - ( a s , ) '

with h(z) smooth function on S .
The non-trivial commutation relations between the generators are
Bm] =

The

(6.116)

1

l^in^m) = (it - m) 1,, + r
(1,,,W111] = - m W ' n + r n
(1,,,G n J = ( n / 2 - m ) G n + , H
( I n , D]n] = - ( n / 2 + m ) D n + m

7.1

(6.120)

The inn

1»)

and theref
We note th

where {,} i

} = 2In+rn

Then, defining the generators Ln = I n , Gn = G',, Gn = eG'n, Tn = eT n , one obtains in the
limit e -» 0
[ I n , Lm] = (n - m) I n +m
(In 1 T n ,] = -mTn+m

Choosi

he

[Ln, Gl] = (n/2 - Tn)G^n, [Ln, GnJ = (n/2 - m)Gu+m
(6.121)

\tn,G\n] = G n+m
= 0
which is just the subalgebra formed by I n , , G)n, Gn, and Tn,
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Application to (super) membrane and the area-preserving diffeomorphisms.

feon
7.1

The

7.1

Let us u
greater thai
for an infini

The aera-preserving diffeomorphisms algebra

Let us introduce the area-preserving difTeomorphisin algebra over a manifold M of dimension
greater than 1. The variables z\,Z2, •••> Zp (p = dim A/) parametrizing the manifold Af, the condition
for an infinitesimal difleomorphism x on M
(7.1)

= z,
to preserve

to preserve the volume can be expressed by the constraint on the Jacobian of the transformations
Jtj - (dz,)/{dzj) to be of determinant equal to one :

if *
Considr

B

A

Considering the case where dim M - 2, one has to solve, for each x~.
d, Xi +02*2 = 0.

IfM is

and theref
We note th

9)

The infinitesimal diffeomorphism corresponding to h(zt, z2) is :

and therefore the area-preserving diffeomorphism algebra is generated by the £/, when h is varying.
We note the commutation relations :
, Lk\ =

where {,} i

(7.3)

If M is the two-dimensional sphere S 2 , the general solution of (7.3) is given via a scalar function
!2) such that:
Xi =d2h
and Xi = -0th
(7.4)

, 2 2 ) SU

The inn

(7.2)

(7.6)

where {,} is the usual Poisson bracket :
(7.7)

Choosi

Choosing for h the spherical harmonics K,{i(^» v)> the generators

JLl

ILL

flcos^ dip
satisfy the

(7.8)

d,^

satisfy the commutation relations :
• ifc
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(7.9)

7.2

with the structure constants defined in |45] and such that :

The t

(7.10)
Turning to the genus-one torus S[ x S1 ~ T2, the general solution of (7.3) is, if instead of the
modulus one variables Z1 and zit one uses the angle 4>\ and <p2 w ' t n zi - e"*' > •** - e"h :

Now, lei
dimM > 1. i
in correspond

(7.11)
with C{ and C^ constants.
One
In more mathematical words, any closed one-form is an exact form on the two-dimensional
sphere, while harmonic forms have to be added to get the general solution in the T* torus case (see
in particular [46), for elementary notions of differential geometry). Then, using a Laurent series
expansion for h(z\,Zi) the generators of the area-preserving diffeomorphisms associated with :

(7.13)

When A/
has already
both cases,
to the asson

(7.14)

that is also.

(7.12)
are (12) :

with

£,_ = ih-i

n=

preserving rii
on M detent

which satisfy the commutation relations :
[ £ , - , 1 - 1 = (m x n ) L - -

with

m x n=

>4)

while the constants in (7.11) are associated with the translations
P1 = -id*,

P2 =

-id^

(7.15)
where A^, }'

such that :
IPj1L-]

=

m,!-

[PuPi)

= 0.

J = 1,2

(7.16)
one gets :
(7.17)

Finally, let us remark that we have defined the aera preserving diffeomorphisms corresponding
to a flat metric. If one uses a general metric gt), then the aera preserving diffeomorphisms still
correspond to the algebra of divergence free vector fields, but the divergence of a vector v now reads

d

i

i ding

In the t
express the

E

.18)

so that there is a priori one set of divergence free vectors for each metric: we note it SDJfT9(Af).
Let us first remark that the property
div s ([v,wj) = |div fl v,w] + (v,div 9 w)
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where h is
Develo

(7.19)

•hows that SDiIf9(Af) is really an algebra. Moreover, if one introduce a new metric g,}, one can
associate to each vector v in SDIfT9(Af) a vector v such that:
v = z-js-v => divrv = 3TSdI
V9
V9
Thus, the two set of divergence free vectors are isomorphic.

still
»%

(7.20)

(Af).
,.19)
.a can

leads to :
?.2O)

7.2

The t

Now, lei
dim A/ > 1. 1
in correspond

7.2

The bosonic case.

ill)

!tie

Now, let us focus our attention on KM algebra defined on a closed, compact surface M with
dimM > 1. The possible central extensions which could be associated with the algebra G(M) are
in correspondence with the differential operators T> — N}d} satisfying
(7.21)

1)
One coti I '
IJ-(JV1,....
preserving <ii
on Af deter 11
When A/
has already
both cases,
to the assori

nal
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•i i e s

12)

One could also say that to any central extension of G(M) is associated a (p - 1) closed current
T} = (N\,...,Nf1).
Thanks to the remark of section 7.1 mentioning that an infinitesimal volumepreserving diffeomorphism is divergence-free, one deduces that a volume-preserving diflfeomorphism
on M determines a central extension and vice versa.
When M is either the two-dimensional sphere 5 2 or torus T* = 5' x S\ the solution to (7.21)
has already been given in section 7.1. Let us write down explicitly the general onecocycle w in
both cases. Using again the property of any closed form to be an exact form on the sphere S'1 leads
to the association to each central extension of a two-variable function such that :

13)
that is also.

'J 11 ,,dzt dz2 >

(7.22)

that is also, after integration by parts and since the sphere has no boundary :
.14)

u>h(X,Y) = < Jh{X,Y}lll7dz>dz2
where JT, 1'

15)

>

(7.23)

where Jf1K € C(S2) and <, > is always the Killing form on Q, Choosing for
(7.24)

one gets :

7.16)

one gets :

-, 17)
uling
In the c
express the

still
Vd1

In the torus case, the presence of harmonic forms in the decomposition of i) [17] leads us to
express the general central extension of C(T2) as (<^i and fa belong to (O, 2JT]):

18)
where h is
Develo

M).

(7.25)

j, m, ,

", K) =

d<t>2

X (-ad2Y

(7.26)

where A is a periodic function on T2 and a and /3 arbitrary constants.
Developing A(<£i,<£2) in Fourier modes :

19)
(7.27)

.<* c a n
leads to :

leads to :
7.20)

(4»* 2 )(am 2 44

Jf",X b >

(7.28)

Now, let us determine the diffeomorphism subalgebra DeT(Q1^(M)) compatible with w/,, that
is with a central extension relative to an exact form : expressing condition (4.2) one obtains as
generators :

d,hd2)

A =

when

d,hd2h / 0

(7.29)

where the two-variable function F is varying. Thus, apart from the A generator, the w/,-compatible
diffeomorphism algebra is made of elements LJ1, which can be seen as a product of a (fixed) areapreserving transformation
(7.30)
Lti = F-Lh.
It is an easy exercise to determine the diffeomorphiims compatible with a harmonic form in the
torus case. We get:

C1 = A((fn,

faW

C2 = A(4>x,4>2)di

if

a 5*0

and

/3 =

if

Q= O

and / 9 ^

(7.31)
(7.32)

and also the
indeed it is ;

But from tli
compatible

7.3

The

Ex tend in
cocycles su< 1
us consider
that the cot

and therefo-

leading to "Virasoro-like" algebras. In these special cases also, one recognizes the product of a
"translation" by a dilatation
L1 =

, <f>2)P}

- -

(7.33)

where m is
algebra gen-;

with P3 (j = 1 , 2 ) already introduced in section 7.1.

Such a result (i.e. (7.30) and (7.33)) shows that we have a direct generalization of the dimM - 1
case. Indeed the Virasoro algebra is the (central extension of ) diffeomorphism algebra on 5 ' : any
generator appears as the product of a translation — or length-preserving transformation - and a
dilatation : Lt = ^zdt
(\z\ = 1).
Even if we are repetitive, let us remark that the only cocycle for a KM algebra G(S1) reads :
w((X,Y)

= f

<X,zd,Y>^r

where h, F
Let us
the generato
the supersy

(7.34)

Z1KlZ

J.S'l

involving the generator zdt, while when M = S 2 or T2 the cocycle

wh(X,Y)

= f

JM

< X,(d,hd2 - d2hd\)Y >

(7.35)

involves the area-preserving operator L/,.

Restrict i
from the ab
analogous U

Now, we remark that when h and F vary, the elements L)1 generate the whole Vect(M) algebra
the general commutation relations being :
Ir'•'
t1'] - I
\Lh » ^ * J = ^k

'"

~

L

h

(7.36)

we note in particular the action of SDiff(M) on
(7.37)
45

iimpi:
M.

and also the
indeed it is ;

'i at

: as

and also the action of SDJfF(Af ) on the set of rocycles u>/, from the action of SDiR-(A/) on Gi1(M) :
indeed it is straightforward, using (7.23) to get :
wk[e'-"Xte'-"Y)

But from tl.
compatible
7.3

•MO

Y)

(7.38)

But from the above results, it is clear that SDiff(M) cannot be seen as the difleomorphism algebra
compatible with a particular cocycle.
7.3

The

= ^1.^X,

T h e supersymmetric case.

<•• a -

Extend i n
cocycles su< i
us consider t
that the co<

.JO)
i lie

Extending M to a supersymmetric surface M x Gs, it is possible to determine special non-trivial
cocycles such that the compatible diffeomorphism algebra contains SDiIT(M) as a subalgebra. Let
us consider for example the case N-I, and M a two-dimensional manifold. Then one can verify
that the cocycle associated with the differentia] operator :
V-a

and therefo-

.Jl)

and therefore to the KM algebra

12

dg with a € C

(7.39)

1

Gu1[T' x G\)

Tt) = iff r;n+n
*î] = if?* *+*

t'a

where ft, F
Let us
the generato
the supers y

J3)

1
any
da

s :

(7.41)
116

{»3». * « } where m is
algebra gen?

(7.40)

1

-a*™,+»,...*™,+»,.!!*

(7.42)

where m is a two-vector m = (Tn^,m^i) with m\,m2 € Z, leads to a compatible diffeomorphism
algebra generated by the elements :
L'h

=

G1,

=

U O0

Pj

=

dtj

(7.43)
for

j = 1,2

where ft, F and U are functions of the two variables z\ and Z2
Let us point out that the above generators L'b can be viewed as the supersymmetrisatioii of
the generators L^ defined in (7.29) in the same way the bosonic generators of the RNS algebra are
the supersymmetric version of the usual Virasoro generators. This is illustrated in the diagram :

34)

S<: L, = f(z)d,

—. S1XGy.

Lj = /(*)«, + \[dt,f(z)\B O0

M : L£ = FLh

—* MxGx-.

L£ = FLn + \[Lh,F)0 do

(7.44)
Restrict i
from the ab
analogous t

35)

Restricting F to be a constant, one recognizes the T 2 area-preserving generators L/,. Finally,
from the above diagram it seems natural for the Lf1 elements to satisfy commutation relations
analogous to the one given in (7.36). Indeed, a direct computation leads to :
[LhLki

rura

L

[hk\ + Lk

~

L

(7.46)
36)

(7.47)
(7.48)

'For simpi:

Af.

7

37)

7

For umplicity, we present the caie M - T , but the calculation extendi trivially to any two-dimen*ional surface

Af.
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Let us add that for N = I1 the cocycle identified by (7.39) is the only one leading to a compatible
diffeomorphism algebra containing SDiff(M). For JV - 2, more than one rocycle will share such a
property.

which lut
mutaliuit

It can be proved that the most general cocycle whose compatible algebras contain SI)IfT(A/)
takes the form:
in(Bxdt

-B2O2)

o, /3, 7 , A,/i € C

(7.49)

We will not study this general cocycle here: we just look at the cocycle V =• d#, and give
the
ve the
other derivation algebras in the appendix F (see [18) for a complete study).

As a
construed
can prop(

The compatible algebra of such a cocycle takes the form11:
Lf

=

F(z,w){{dth)Ôw-(dwh)d,)+-{h,

Gf

=

F(z,w)$ x ((d,h)dw - {dwh)dt)

H)

=

F(z,w)d,

K1.
S1.

=
=

F(z,w)0xd2
F{z, W)(O2O2 - 2O1O1)

for

This
also |48| >
particular

F)B2O2

(7.50)

- l-{h, F)OxO2O2

(7.51)

Thus,
basis of n

(7.52)

i=l,2

(7.53)
(7.54)

with m -

Its commutation relations are :
( I /"

f''l

_

//•'('

r'^C1-")

I

L

L

— t'fJfc,!"-'}

~ Lh

IH t H J

-

{h,k) + k

IrI-' Ui 1
\Llhia(n

_ ui
~"l{h,l')

(/•/•' //2 1 _ if I
l^/i >"(/! ~ " / { / . , C }

\Llh\Kv]

=2*"/'{M'»

ULSv]

\H},, S1,]

= -2Hlv[Hl,

\Ki--,Sti]

— —iKfti

= S11

S11] = Hl1,

with the c

|iif«/,Gf] = 0
l

{H,\,G'h } = If" -

[5,,,Gf]

We al.

2S,,{hj,}

= -Gf"
(7.55)

Now, .

This cocycle has the particularity of admitting as a subalgebra the algebra :
Lh =
O/,

=

L)1 ~
OJ1

— (dzh)dw -

(dwh)d,

4

+ Hh — " i \\0zn)ow — {owti)oz) + a(2,w)c/2

now on, we do not mention the translations PJ: one has to add them when they exist.
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(7.56)
(7.57)

and :

. ,)

which has been suggested as the natural supersyinmetric extension of SDiIT(M) in [47]. Its commutation relations are

which h<*>
mutatior

\Lh,Gk)
{Gh,Gk}

=
=

L,,,, M

(7.58)
(7.59)
(7.60)

This
also [ 4 8 M
particular

This algebra can be compared with the algebra denoted by //(2,1) in Kac's classification (see
also [48]). Indeed the algebras H(m,n) form a special class of W(m,n) superalgebras and in

As a
construct i
can propc

As a first application of the above result (for N = 1), one may think at a "Sugawara like"
construction for SDiff(M). Although we did not succeed in solving completely this problem, we
can propose a formal construction, and make the difficulties precise.

Thus,
basis of (i

Thus, let us start by treating explicitly the super-torus case M x G\ = 5 1 x S ' x G\. A natural
basis of generators for the KM algebra associated with the cocycle relative to V = do is given by

particular H(2,1)

is included in the "divergence-free" algebra 5 ( 2 , 1 ) .

<l

with m

•t I

with rh — (mt,m2)

,Ml

_ 0g'

(7.61)

and the commutation relations are :
(7.62)

[IS, TSl = iff T

(7.63)
(7.64)
We also recall the usual basis of SDiff(5' x 5 1 )

We ai.

Ln = i M « i d i - n2d2)

with hn = «•("•••+»»*»)

P, = -idt

with the

; P2 =

-id2

(7.65)
(7.66)

with the commutation relations (m x n = m | i i j - ^n2Ti\) :
(7.67)
\Pj,L,n)

[^1,PaI
Now, .

=

mj LA

=

0

j = 1,2

(7.68)
(7.69)

Now, let us formally set
dtmO

and :

(7.70)

2 *-?

•»)

')

and :
j = 1,2
O=I

r1
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(7.71)

then, one can directly check

with
(7.72)
Setting :

(7.73)
and also :
[I,B,£,I]

CM

= («* x n)L,T,+n
= rnjL^

(7.74)
(7.75)
(7.76)

Ci.ftl = 0
Such a construction can be extended to the bosonic KM generators :

one can check
and g]ki = ./
Then, del

we easily clue
(7.77)
and

as well as to all the fermionic generators of the V- compatible algebra :
(7.78)
However we have not been able, up to now, to realize the above construction in terms of a
Foch space, and to define a normal ordered product. As a consequence, central extensions of
SDiff(S' x 5') cannot be provided.
Let us remark that the above "formal" construction can be done for any closed compact:t twodimensional surface M. Indeed, denoting by {A}}j€,\ a basis of smooth functions defined on A/,
we define :
(7.79)
{A,,Akh.2 = [di Aj)[O3Ak) - [62A1)[O1Aj) = g'lkA,

Note thai
basis being ti

8

Appi:

Wepresc i
in the frame •
non-compact

1 rms
Tisio

vd 01

Case

(

We want
algebras defii

(

8.1

and :
/

A1 Ak dz\ dz2 = qjk = T)k)

(7.80)

JM

The generators of the super KM algebra Gu(M x G\) with

ui(X, Y) = JdOd2Z <X,deY

>

(7.81)

The cylin
V>€ 10,2*1. /•

(7.82)

Then our lo<>

(

will be written as

j Tf = A1(Z1, Z2) ® T"

(

and they satisfy the commutation relations :
Central exten

\T?,Tbk] = iff Fjk T[ with AyAk = F1J
WA)

= if? F'jktf
(

(7.83)
where 7/ is a •

The "exact part" of area-preserving diffeomorphism will be generated by :
L1 =

(O1A1)O2
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(7.84)

(

with

with

(7.85)

(7.72)
Setting :

Setting :

(7.73)

9jkt

one can rhecs
a n d 9jM = >.i

Then, del

(7.74)
(7.75)
(7.76)

'\l

~ Jdz{dz2{AJtAk}\:i

(7.86)

A1

one ran check that these quantities are completely antisymmetric (gjki - ~9kjl from the definition,
and gjici = - gikj after an integration by parts).
Then, denning :
(7.87)
we easily check :

we easily clu-c

(7.88)

(7.77)
and

and

[Lj1Lk] = QJk1Ll

(7-89)
2

Note thai
basis being tt

8

Appi:

Wepresea
in the frame',
non-compact

(7.78)
i -ras of a
usions of

•jact two-

i-d on A/,

Note that this general framework can be immediately applied to the case M = S , the natural
basis being the spherical harmonics Y,'n(<p,<p)

8

Application to the Krichever-Novikov algebras

We present here the results obtained in [19,49,50) concerning (super)Krichever-Novikov algebras,
in the framework of an extended KM algebra [51]. These algebras are defined on two-dimensional
non-compact surfaces, so that we apply the results of section 5.

Case

(7.79)

8.1

We want
algebras defi.

(7.80)

We want here to use the results of the section 5.2 to the case of the usual KM and Virasoro
algebras defined on the sphere minus two points, or equivalentIy to the cylinder.

8.1

The cylin

(7.81)

C a s e o f t h e cylinder: t h e V i r a s o r o algebra

The cylinder C" we consider is parametrized by the variables (r, elvs) with r € R + (r ^ 0) and
ip € [0,2*]. A basis of functions for this space is:
(8.1)

y>€[0,2ir]. /
(7.82)

Then our loop algebra Q{C") will be generated by the elements
(8.2)

Then our lo< >

Central extensions for such an algebra will be of the form:
Central exten

< T^dTln > Aij

(8.3)

(7.83)
where IJ is a compact closed current, that is to say: r\ - dp with dp(r,e'v) compact. Writing

where IJ is a •

(7.84)

PW)

= E PnW
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(8.4)

we obtain
" , , ( ^ 1 , 0 - - 2t*Tr(7'"T'') j T {q(m f n)r"+"- V-,,, -,,(r) 4 nr"f«0,p. ,„..,,(r)}dr

(8.5)

As an example, let us take for p the Heaveside function associated to some real r,, > 0:
(8.6)

where
H{r

r,,) = 0
1

if r < r{,
if r > ru

(8.7)
(8.8)

Let us Wr
two-dimensi<
study the v<>
is the set ot
holomorphii

(the minus si
isomorphir i
Roch theoiv

then,
dpfae"*) = k6(r - ro)dr

(8.9)

is compact. It is the current associated to the circle r = r u on the cyclinder. The central extension
writes:
"Vn(T1;,,, T,b«) = 2ixkTr(T<lTWm6m+n,l,
(8.10)

Then, the cc>

Let us now consider the analytique functions on C*: they depend only on the variable z — re1*3,
and the associated KM algebra is generated by the element T"nm = T1',1,. The above central extension
becomes:
VrAWnX) = 2iirWr(Tllï*)r™+Bm«w+,,,ll - 2tV*Tr(T"T(')mfim+II,l)
(8.11)

•-th

It does not depend on ru anymore: we have only one (up to a multiplicative constant) cocycle.
This is the well-known result of section 2 for the KM algebras.

Moreover, IJ

Let us now consider the derivation algebra of the above algebras (with central extension based
on the Heaveside function). The compatibility equation for C = A(r, f)dr + B(r, <p)d^ reads:

H{r - r.0^4 = 0
dT(H(r - rlt)A) = 0

(8.12)
(8.13)

The derivations have the form

On the p

aH(r -

£ = <(l-JÏ(r-

(8.14)

where A(r, <p) and B{r, ip) are smooth functions and a is a constant. Let us point out that to obtain
the derivation algebra of the (usual) KM algebra, we cannot simple ask the vector fields (8.14) to
be analytic, but compute directly the compatibility equation for the analytic KM algebra (as in
section 2). The results are different, because the compatibility equation has to be evaluated on any
function on C* in one case, whereas it is restricted to analytique functions in the second case.
8.2

(with R a Sc
of the KN a

with a cocvt

where 7 is ?

Punctured surfaces of genus g > 0: the Krichever-Novikov algebras.
where we Iu

We extend now the above results to any compact Riemann surface punctured with two points.
This two-dimensionnal surface can be describe with a variable z and its conjugate z (see appendix
C).
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Let us Ii r
two-dimensi
study the vo
is the set oi
holomorphii-

Let us first recall how the Krichever-Novikov (KN) algebras are introduced (19]. We consider a
two-dimensionnal Riemann surface of genus g. On this surface, we distinguish two points z± and
study the vector fields meromorphir on the surface and holomorphic outside z±. The KN algebra
is the set of these vector fields. Taking a basis An(z) (n 6 Z + g» with glt - \g) of functions
holoniorphir outside z±, a basis for the KN algebra is constituted of the elements
(8.15)

en = -

(the minus sign has to be compared with L1n = -zm + ldt, the vector fields on M x (7/v being antiisomorphic to the Lie algebra of the group Di(F(Af x G/v))- One can show (thanks to the Riemann
Roch theorem) that the functions An(z) can be chosen such that

(the minus si
isomorphir i
Roch theory-

An(z)

~

2Î"+»I-I

iMO-a-*--*- 1

an< j

id)

(8.16)
(8.17)

Aga(') =
i4. o ,,(z) ~ 2"1
and
, the Co

for |n|

,-1

(8.18)

Then, the commutator [e m ,e n ] is decomposed on the basis {e,,} with a finite number of terms as
90

lem,en) = Ê (9u,nr ~ 9,nnr) «„+„-,
th

with
AMbAn(Z)=

I)
Moreover, t!

-Ie.

£

w

(c c ) = L t
"" '

ÉL s \ ( A (z)d*A

12/f. + 2irt

13)

On the p

where 7 is :•

An(z)dAM)}

(8-21)

(with R a Schwarzian connection that ensure that the integral is well-defined) is a central extension
of the KN algebra with a finite number of terms.
On the punctured surface, let us introduce a (holomorphic) KM algebra:

T?n(z) = AM®T"

14)
with a cocvi

(8.20)

( z ) - A (z)d*A (z))

2

z) 12)

ganrAm+n.r(z)

Moreover, there exists a special contour C+ around z+ (or z- ) such that the bilinear form

sell

(with R a Sc
of the KN a

(8.19)

(8.22)

• ain
) to
.s in

with a cocycle

any

where 7 is a contour around z±, which may be different from C+ The commutation relations are

X) = * I §-.Am(z)dzAn(z)
f/f»n rnfti

• tab p

r /»»r

, Liab

I'm» ^nI = •/< 'inn -«m+n-r + *«
where we hi

9»

\ •* _

ro+H-r

Z-, ^ n

(8.23)

» aJ .

J

* 4

'.\

f TT-.^rn+n-r (*/

(8.24)

where we have introduced the decomposition of the product of two functions A,,,(z)
nits,
ndix

9o

Am(z)An(z) = £
r=-9u
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F ran r ^+«.,.(z)

(8.25)

Its commiit

The compatibility equation for an holomorphic vector C = X(z)d,
w(CX,Y)

- u>(CY,X) = / ~-.{(X(z)d X)(OY) - (X(z)dY)(dX)}

r-. Q

yX, Y fc Q

(8.26)

is then automatically satisfied. Thus, the KN algebra is the derivation algebra of the KM algebras
defined on the punctured surface whatever the contour 7 is. Note however that if 7 ^ C + , there
will be an infinite number of terms in the central extension term. Moreover, we can introduce the
central extension of the KN algebra K and still make the semi-direct sum £( 1/C, since the central
extension of the KN algebra does not affect the commutation relation
n] — ~9mn -«rn+ri-r

(8.27)

In view of these results, it is tempting to make a Sugawara construction of the KN algebra in
terms of the KM algebra. This can effectivelly be done [49] for any surface, thanks to differential
geometry. Of course, as the central extension of the KN algebra will be related to the one of the
KM algebra, one must choose 7 = C + . Introducing the normal ordering
• "•«!•il ' "

I

li

IO

if

> -1 -

They can l>

where R a S
We aga

(8.28)
with the c<>

one defines the product
c

"

=

F

~

P.9 a

qn

(8.29)
and whose

and shows that they obey the commutation relations
|cm»-"rjj

~

(8.30)

wmn •'rn + n-r

(8.31)
with

_ Ifedimt?

c

~ TTT

(8.32)

Note that, defining the fields
e{w) = JT A.n{w)en

and

Ja{w) =

Then the co
(8.33)

(8.29) can be rewriten as
(8.34)

Tlie solutio

which is just the right form of the stress-energy tensor associated to the current algebra J"(w).
8.3

Supersymmetrization.

the derivati
algebra out

The supersymmetrization of the above results is strickly equivalent to the passage from the
Virasoro algebra to the RNS algebra. We define the super-KN algebra as the set generated by
(8.35)
bm

=

(8.36)
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Its commutation relations are:
1

|e,iM<?,,] ~ {gum* - 9mnr)*min-t

JfJ)

~ {z9nmr - 9mn')Knn-r
*
= 2F,nn'em+,,-r

|em»6»i)
uras
|(.re
(he
,
!irai

{*m,6B}

(8.37)
(8.38)
(8.39)

They can be extented thanks to the cocycle

•7)

\ll(Am(z)dAn(z)

- An(z)dAm(z))}

«*(*», A ) = 5 / . , ^ d i *™W a 4 -^)

aill

(8.40)
( 8 4 1 )

> tial

, I10

where R a Schwarzian connection.
We again introduce the super-KM algebra generated by

;28)

!£(*) = i U « ) ® T -

ft(î)

= W m (:)®T»

(8.42)

with the cocycle

«(JT,n = * ( - ) * ( - V ) ' ( V ) / ^ l ( ^ + * ) * ' l ^

-29)

(8.43)

and whose commutation relations reads
.30)
'
8.31)

IT"» fb\
I'm»1»»]

_ ifabp
rrr,r
, ira6 V^
m+n+jjll
- »/r r « i "J m + n r + K0
^ Jrtim
r=-gn

(8.45)
32

)

33)

{€,,^} = ^ E ^ ^ ' / ^ n - r W

(8.46)

Then the compatibility equation for C = Lt(z)d, + L2(z)9do and G = G, (z)0dt + Gj(z)do imposes:
8,L1 - 2L2 = 0

(8.47)

Gi + G2 = 0

(8.48)

34)
The solutions are of the form
)-

n the
v
H.35)

C = L,(z)d, +

1

^dxLi)Bd6

and

G = Gy(Z)(Od1 - O0)

(8.49)

the derivation algebra of this KM algebra is just the super-KN algebra. The action of this derivation
algebra onto the KM one reads:
«
l«m,Tal = -0mn r 2£ + n _ r
[e, n , ^ ] = -(gmnr + r P , , r o r ) C + n - r
(8.50)
2"
r
(8.51)

s.36)
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One more time, one can perform (50) a Sugawara construction associated to this super KN algebra
by defining
1
»-„.., -9%,n)--V^n-p~9-

(8-52)

2t
3A
(8.53)

^n-p-q

The associated central charge is
(8.54)

c = Jfe + A
As for the bosonic case, one can define the fields
A.,,(w)gtl

(8.55)

'4.,,(w)t/.;;

(8.56)

and recognize in (8.52-8.53) the stress-energy tensor and its super-partner associated to the supercurrent {ipa{w), Ja(w)):

(8.57)
g(w)

=

Cone
As a con:]

It might
using the ro !
the case of ti1
complete clas]
can be found.
Actually
a particular(j
enough, it \u
WZW model
after some
to the prop?|
point of vie
this context
to (a general]
This co
action in ti;J
precisely thel
of which coiil

(8.58)

-

«,<>,<•
Note that one can also introduce a "minimal representation" for the super KM algebra of level
it = A. In that case, the generators T," are represented by a product of fermions
71a _

or

9

- t• ta

pp

.

b
-x
Ta{v,)=-f\.:1>
W':(w)

(8.59)

(8.60)

Finally, let us remark that, following once more the case of superconformai algebras (section
6.5), it should be possible to construct an W = 2 super KN algebra with the help of an /V - 1
super KM algebra defined on a punctured surface and associated with an algebra Q which allow
the realization of complex structure. To our knowledge, this exercice is still to be done.

From an c
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Conclusion and outlooks.
As a conclusion, let us just point out some of the directions which deserve some investigations.

It might be interesting to construct WZW models based on an extended Kac Moody algebra
using the co-adjoint orbit method (52,53]. Note that this technics has been successfully used in
the rase of the N - ] super KM algebra compatible with the RNS algebra [54). In appendix D a
complete classification of the N = I super KM algebras with their associated derivation algebras
can be found and furnishes a framework for a detailed study of such models.
Actually the WZW models on the one hand and the Toda field theories on the other hand play
a particularly important role among two dimensional solvable conformai theories. Interestingly
enough, it has been remarked [55] that Toda theories can be regarded as constrained (or gauged)
WZW models. N = 1 super Toda theories could also be deduced from N = I super WZW models
after some constraints [56) if one starts from a simple superalgebra. Indeed one must pay attention
to the property of super Toda theories to involve superalgebras instead of algebras. From this
point of view, it might be interesting to compute the cocydes for "superloop superalgebras". In
this context, the co-adjoint orbit method with superalgebras could lead under certain conditions
to (a generalization of) Super Toda theories.
This co-adjoint orbit method could also allow some speculations on the supermembrane M x G/v
action in the light of the properties presented in paragraph 7.3 of the previous section. More
precisely the method stiould be applied on the super KM algebra (7.40-7.42) the derivation algebra
of which contains the area preserving diffeomorphisms.
From another point of view, one may imagine the construction of W11 algebras from extended
KM ones. In the case of the usual KM algebra, the Miura transformation |57J directly involves
the differentia] operator dz related to the central extension [58]. Note that the notion of super
Miura transformation has already been introduced in [59]. A general study using divergence free
operators could be considered. Of course such a discussion is not completely independent with our
previous remarks on super Toda theories.
Naturally one may think to develop mathematical properties of such extended KM algebras, in
particular the representation theory. Let us quote at this point [60] for the concept of "extended
affine root systems" (i.e. extension of an affine root system by one dimensional radical) and mention
again [30] for vertex representations of such extended affine Lie algebras. Another interesting
property, already discussed in sections 3 and 6 on some examples, is the notion of twist for our
extended algebras which appears richer than in the usual case due to the greater number of variables:
a general study has also to be performed.
One may also imagine that our extended KM algebras constitute the first step of a more general
and promising program. We will end by mentioning a new class of Z-graded contragredient Lie
algebras which generalizes to some extend our approach. These algebras contain infinite dimensional
Cartan subalgebras and a continuous set of roots, and they are called by the authors "continuum
Lie algebras" [61,62]. Usual KM algebras as well as algebras of vector fields on a manifold constitute
special examples in this class of algebras. The study of non linear dynamical systems associated
with continuum Lie algebras leads to some interesting models. A good example is given by the
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"heavenly" equation which appears as a particular case of a continuous analogue of two-dimensional
(finite, non periodic) Toda lattice (Gl] and its supersymmetrk extension [63].

A Detei

Acknowledgements
It is a pleasure to thanks R. Coquereaux, F. Delduc, L. Frappât, G. Girardi, M. Knecht, R.
Stora and F. Thuillier for many fruitful discussions.

A.I

Demi

We have a I

is a cyclic co< J
(A.I). For stjj
elements $/>
On the on!

we remark th.

whereas each

The divergent
Writing

we see that e;:J
are not couplcj
H

We recall t l j
there are cocycl.:

57

APPENDIX
A

Detd

A.I

Denn-

A Determination of the cocycles of generalized KM algebras.
A.I

Demonstration of the general theorem

We have showed that the bilinear form

JdSt(VY)X
is a cyclic coo]
(A.I). For suj
elements *p

with

divZ> = 0

(A.I)

is a cyclic cocycle of C 0 (Af ) ® GN- We need now to proove that any cocycle can be written as in
(A.I). For such a purpose, we will show that the space of cocycles is isomorphic to the space of
elements $ p defined in (A.I)1'1.
On the one hand, we can look at the space of elements $ p . Rewriting ^p as

'/te

N

,dzj(dtjY)X
(A.2)

«=l

we remark tha

we remark that the N}'s are associated to the (9 valued) (p - l)-form
N =

whereas each

> NJ

^dZj..Adz,,

(A.3)

whereas each Qn is associated to a (0 valued) p-form Q11 = Qndz\ A ... A dzt,

*P(X,Y) = (-y*xW)JdNejh

A dY X +£ Qn A (OnY)X J

(A.4)

The divergence-free equation of (A.I), projected onto the monomials G/ leads to 2 A equations.
Writing
2<v-l

(A.5)
zP\
i , •••> *p>

we see that es
ire not couple!
14

We recaU t l j

here are cocycls

= Y,

V\,•

(A.6)

we see that each ry ' and T), appears in at most one of the 2N equations, so that these equations
are not coupled, i.e. independent.
14
We recall that there U no coboundary for the cyclic cohomology, so that there are a* many elaiies of cocycles as
there are cocycles.
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The equation associated to 0-^N_, - 0|...0/v involves only the terms r/j

A.2

'', j •--• l,...,p:

Classe

(A.7)

We have dei
section, we wai
cohomology. Ti;

_

(A.8)

where il belong

\.8

The other (2 W ••• 1) equations allow us to express some of the coefficients I,, in terms of
(derivative) of the coefficients ijj ;) (/ ? 2N - 1), while the N2N - (2 A ' - 1) = (N - 1)2* + 1 other

where we havo i

Vn* are left free, as well as all the ijj ' but ijj2 "'', ; = 1,..,p.

and a collection

This equation is just the closure condition of the form
p

!«,.

Thus, the coefficients 17j ~ ' are associated to a closed (p - I)-form.

Altogether, the space of #/> is isomorphic to
•fj ( / ) (/ £ 2 N - 1) -• (2N - 1) times the space of (p - 1) - forms
1 times the space of (p — 1 ) - closed forms
•free f,, -» ((N - 1)2 N + 1) times the space of p - forms

(A.9)
(A.10)

Altogether,

(A.11)

On the other hand, a generalized Kunneth formula can be used (44] to show that
J/J(C°°(M) ® GN) = Au(M) ®Wl

+ H[(C™(M)) ® C + A,(M) ® W1'

(A.12)

where H^(A) is the space of cyclic m-cocycles of A, A n ,(M) is the space of current of degree m on
M, and W" is defined through H^(GN)
= H^'(C) + W". In mathematical words, formula (A.12)
connects the cyclic cohomology of a tensorial product to the cyclic cohomology and the de Rahm
cohomology of each term of the product.
The cyclic cohomology of GN is well-known, and dimW1 = (N - 1)2W + 1 whereas dimW" -- 2 A
(see (44) for a realisation of H^(GN ) , and references therein for the cohomology of (7/v ). Futhermore,
the space of m-current on M is isomorphic to the space of (p - m)-current on M (Hodge duality),
so that we have
•A,,(M) ® W1 -• (2* - 1) times the space of (p - 1) - forms
l

•H x(M) ® C -» 1 times the space of (p - 1) - closed forms
• A , ( M ) ® W " -+((N- 1)2" + 1) times the space of p - f o r m s

Looking at the
the finite dimen
the trace is ay
structure const
A.3

Covari

Until now,
In fact, the abo
field V but inst
one looks at a <

(A.13)
(A.14)
(A.15)

This is just the space generated by the #/> (with divl> = 0). As we know that the $;> are (nontrivial) cyclic cocycles, we deduce that we have all the cyclic cocycles of 0""(M) ® G,\.
where we have
N,,
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A. 2

Classe

A.2

We have deiI
section, we wa J
rohomology. 'J >>J

Classes of the cocycles

We have determined a représentant for each class of the cohomology of Lie algebras: in this
section, we want to determine all the cocycles, that is to say to find the coboundaries for this
rohomology. They take the form:
h
n
l
r
b
(dil)(T"®XJtT ®Y) = n([T ®.Y,T '®Y ]) = il(\T\T \®XY)

where Q belong J H \.8)

where ft belongs to the dual of C(M x GN). It can be written as

dx(Y.RbTb)(Ta®X)

>*)= /
where we have ifl

I n s of
I I her

and a collection •

Tb{Ta)

= 6ah

(A.18)

and a collection of p-fonns {dx Rb). Then, (A.16) becomes:

I A-9)
• viO)

»

I

A.3

irt on

\.12)
I' alun

Covarit

u(Ta ®X,Tb®Y)

= tr(TaT6)(-)»<-vW1

dx (VY)X

dx R'(x)XY

(A.20)

Looking at the graded antisymmetry of this cocycle, we remark that it is alternatively carried by
the finite dimensionnal Lie algebra part or by the integral part: in the first term of the sum (A.20),
the trace is symmetric and the integral is graded antisymmetric, whereas in the second term, the
structure constants are antisymmetric and the integral is graded symmetric.
A.3

2V
hnore,
laiity),

(A.19)

Altogether, any cocycle of Q(M x G/v) can be written as

+ET6C /
A.12)

dx R'\x)XY
JMX(IN

r

• v.ll)

Looking at the
the finite dimenj
the trace is »yr
structure constl

(A.17)

where we have introduced the dual basis {Tb} of the generators T" of Q

(dft)(T° ® X, T6 g Y) = V ifa\. I
Altogether,

(A.16)

Covariance o f t h e c o c y c l e s

Until now, we have not looked at the covariance of our cocycles under a change of coordinates.
In fact, the above demonstration shows that the definition of a» does not really involve a vector
field V but instead the (p - I)-form N and the p-forms Q,t, a = 1,...,/V. This is explicited when
one looks at a change of the coordinates z} (j = 1, ...,p):

«i —* w A-l

u..., zp)
(A.21)

,...,Zp)

N,

^ 1 ( H , . . . , * ) — Ni

,,,-(«M

«V) =

E
*,

where we have

S - T ^

*-,(•

•,)

(l,2,..,p)

(A.22)

1

*„_, "V2*.-••>*>„-,)

where we have introduced the (partial) Jacobians T,/ " '"'"*'* y and the notation
*-.
Nj

Jp_,

=(-)''" 3 Nj

with

(j,ji,-,jp-i)

circular permutation of
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These transformation laws are much different from the one of a veclor field v = YLj vJ
...x

^

dwk_kl

x

B

KM alp]

B.I

Kac Mo]

(A.23)

We will call with some abuse V a vector field and R/ functions (or distributions), keeping in mind
that there transformation laws obey to (A.21) and not to (A.23).
Finally, let us remark that one can make appear "true" distributions or functions with the help
of a metric g,}. In that case, the integral rewrites
From the commul

/

dx(£Rid,Y)X= [

(A.24)
one computes for I

o

where now Ri transform as functions, the p-form being ^/gdx. In that case, the cocycle condition
reads

P) = ^

(A.25)
where the dots ..
extending the def

which as to be related to the definition of the divergence of a vector in a non flat metric:

v=

div9(v) = -L £ dj

(A.26)

V9 j

one can show th il

Note that, wi
in section 2.6 tha
algebras, has beeij
The product
its irregular part

Once we get the ij
integrals. The g e |
are defined as

where the contoi
are obtained via
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$
kl

I

B

K M alpl

Kac M o l
I \.2:tj

FVom any K f •
!iterators of t IH-BI i mind

I

B.I

KM algebras, fields and OPE's
Kac Moody algebras and current algebras

FVom any KM algebra Qk(S1), one can construct a set of fields as follow. Let us denote T?n the
generators of the KM algebra and define the field :

Ta{w)= Y,

I i • help

•om the roinmiiH

I

T r >- m -'

(B.I)

C"

rnf Z

Prom the commutation relations o

\.24)

ie computes f o i l

•uiition

I

(B.2)

km
one computes for \w\ > \w'\

T"(w)Th(w') = if*,. - ^ + *r—"TM
w - w'
(w - w'Y

I A 25)

(B.3)

where the dots ... stand for the regular part (in (u; - u>')) of the product Ta(w) !^(w').
extending the definition of the normal ordering on the T",'s to the fields Tr(z) through

iere the dots . .H
tending the doifl

A.26)

: Ta{w) TV) ==

:

In fact,

(B.4)

"'"'"" '

m,n

e can show thai

one can show that the regular part in (B.3) is just the normal ordered product : T"(w)Tb(w') :

T"(w)

(B.5)

Note that, whereas there are many possible normal ordering», this is just the one introduced
in section 2.6 that satisfies this condition. This property, well-known for the KM and Virasoro
algebras, has been extended to any type of Lie (super) algebra in [65,64].
The product (B.5) is known as Operator Product Expansion (OPE) of T"(w) and Tb(w') and
its irregular part as the contraction of Ta(w) and Tb(w') and denoted
Ta(w)Tb{w')

= Ta(w)Tb{w')-

: Ta(w)Tb{w')

:

(B.6)

Once we get the fields Ta(w) and their OPE's, we can recognize the KM algebra thanks to contour
integrals. The generators T"n are now the modes of the fields Ta(w) in a Laurent expansion, and
are defined as

T?n = jf 2 ^ . T"(w)wm

(B.7)

where the contour integrals §x are performed on a small circle around xu. Then, the commutators
are obtained via the OPE's and

-i a £ a
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..'m

(B.8)

Note that oniy the contraction of T"(w) Th(tu') contributes in (B.8). Thus, knowing a KM algebra
or the fields T"(w) (with their OPE's) is completely equivalent. This method can be extended to
the Sugarawa and GKO constructions when one introduces the stress-energy tensor
w'

-a

L1n = /il/ 2jrt
P-. L(u.K" +l

and

Then, one can
(' with W = ( t

(B.9)

C(W) F'(\

The Sugarawa construction reads
(B.10)

c

/2
(w — H;'] 1

2LIw)
dL(w)
,,
(w — w)*
w— w

,,.

,,

.D)

or OPE's with th
conformai weight

The OPE L(w)L(w') being computed through a "modified" Wick theorem [65,64).
r/ xr/ it

ia

(B.ll)

whereas the action of L(w) on T"(w) redas:

The normal or
of a product of fi
written as the (rr
GKO ronstructioi

(B.12)

I)

12)

Let us also remind that the general action of L(w) on a field $(w) reads

where the number </<» is the conformai weight of #(u>). If the field Dj(w) — 0, $(w) is called
quasi-primary, and if we have Dn(w) — 0 Vn, #(w) is a primary field. (B.12) shows that T"(w)
is a primary field of conformai weight dya = 1, and ( B . l l ) that L(w) is a quasiprimary field of
conformai weight d/, = 2.
To conclude let us emphasize that the variable w in 7"*(w) has nothing to do with the variable
z introduced for the definition of C[S*). In fact, the identification T',), = T" ® z"' realizes a
representation of the loop algebra G(S1) and the KM algebra Gk(S]) but considering the generators
T", as modes of the fields T"(w) is another representation of Gk(S').

B.2

Once again, w

IiOd
••«,)

i of

;i t)le

'.'. a
iors

Superflelds and N = I Kac Moody algebras.

The same procedure can be adopted for the N — \ KM algebra : introducing w € C" and £ a
Grassman variable, from the TV = 1 KM algebras Gk(S* x G 1 ) (see section 6.3), one constructs the
superfields :

F°(tt»,0 =
C(w, ()

=

the

IHw)
l

-G(w)

(B.14)

M)

where the second superfield is constructed from the RNS algebra

L(w) =

G(u.) =
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(B.15)

15)

Then, one can
£' with IV - ( i

!il
IO

Then, one can make either super OPE's in function of the intervals W - W = w - w' - (P and
£' with W = (u>, É) and D = ('#„,- + d^ (covariant derivative):
ft1

"Kt-P

C[W)C(W

dc{w>)

c/fi

w W'
C(W) F"{\

±:JL
= ifab, y^—F'W)

OPE's with th
nformal weight

+ ûrrw>

or OPE's with the component fields as in section B.I, G(w) and xj>"(w) being primary fields of
conformai weight d(; = | and </w, = j respectively.

The normal or
a product of Ji
ritten as the (rr
KO ronstructio!

The normal ordering in the modes extends also to fields in such a way that the regular part
of a product of fields is exactly its normal ordered product, the super-stress-energy tensor being
written as the (regularized) product of generators of the super-KM algebra for the Sugawara and
GKO constructions. For the Sugawara construction, it reads:
12)

L{w)

(B.17)

=
••(*>)+

Once again, v/

(B.18)
a,b,r

Once again, we emphasize that the Grassman variable £ has nothing to do with the variable 6.
-w)
i of

aille

-.s a
u>rs

the

14)

15)
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C

Parametrization of two-dimensionnal surfaces.

D

In this appendix, we make clear the connection between the (usual) parametrization of a twodimensionnal surface in terms of z and z and tht variables z,, i - 1,2 we used. To be simple, we
present the case of the torus, but the connection is possible for all other two-dimensionnal surfaces.
If we describe the torus as S 1 x 5 ' , a natural choire of variables will be Z1 and z2 complex
numbers such that \z\\ = |z 2 | = 1, as used above. But the torus may also be viewed as C/L(w|,w 2 ),
where L{u>iyw-i) is the lattice generated by W| and Ui2 (u>i, ^ E C with -^ £&)• Points on 7'' will
be characterized by

f Z}

[z] = {w G C/z - ui =

(Cl)

and functions will depends on [z] and [z].

The
First, we

Then, wii

a basis :
The cominuu

2

To make the connection between these two formalisms, we write Z1 = e '""', j - 1,2. Then,
we have the relation:
S1XS1

—>

C/L(u>i, V2)

with

ai,or 2 6 [0,1|

(C.2)

A KM generator Ti - T" ® z"" z2"2 will then be writen as T 0 ® /([z], [z]) with

with

m =

and

m = —

W1Ci)2 — W(W 2

— TTl 2 W 2

Note the.
(given by tli •
ghost associa

(C.4)

W2W1 — W2W1

It is easy to show that any function / of the form (C.3) satisfies

f([z\ + 2*w,, R
R + 27TWj) = f([z], fz
f]

[Ln

J = 1,2

(C.5)

/ is doubly périodique. Moreover, if one requires / to be analytique, then one must have m = 0, so
that m = 0 and / is a constant: any analytique function on the torus is constant. This well-known
result leads to the study of punctured surface (i.e. Riemann surfaces minus a discrete number of
points). On these surfaces, there are more analytique functions, so that one can define analytique
generalized KM algebras together with there derivation algebras: see section 5.
To conclude, we remark that these two formalism can be viewed as the two possible applications
of two dimensionnal surfaces, that is strings or membranes. With the variables Z1 and Z2, we study
the surface M and the aera-preserving diffeomorphisms (see section 7), whereas the variables [z]
and \z) make appear the conformai properties of the functions on M, so that the KN algebras are
naturally involved (as shown in section S). Note also that in the first case we study general KM
algebras defined on M, while the second case is devoted to the study of analytic (i.e. depending
on [z] and not on (zj) KM algebras.
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Although
our study, w<>

[D,,
where A and
and the levei
• Der(n)

The conn

D The
First, we

D

The compatible algebras !related to

x

First, we recall that the general cocycie for S 1 x G\ corresponds to a differential operator :
V = adt + (0*a)00fl + ed0 + kOdt

Then, wii
•

Der

(*)

L , - Ai:

(D.I)

Then, with the notation introduced in section 6.3, we get the compatible algebras:
• Der(fc)

a basis :

L i - Ad1 , G< - COd, and Kn ~ DOdo are the compatible diffeomorphisms. They admit as
a basis :
Ln = - z"+ld, Gn = z""9d, Kn = / 1 ^ 0
(D.2)

The commit i

The commutation relations of this algebra are:
[£IM£III]

= (n - vn)LnJrm

[Zfn, Gn,] = G n+ril

i^n, Km\ = - m «•„+,„

1If11, lfm] = 0

(Ln,Gro] = (n - m) Gn ^m

(G n , G n J = 0

(D.3)

Note the.
(given by thghost associa

Note that this algebra possesses an anticommutating generator Gn whose conformai weight
(given by the commutator [Ln, G111]) is an integer and equal to 2. This object may be seen as a
ghost associated with L n .

Although
our study, we

Although the computation of the central extension for the derivation algebras does not enter in
our study, we can calculate, in this special case, the most general central extension of Der(Jfc).
(Ln, Lm] = (n-m) L n + m + ^(n2

- I) Sn+m

[Gn,Gm) = 0

[L11.

| L n t D1nI = -mDm

[Ln,Gn,] = (n -

[Dn

[Dm,Dn]

[D n , G,,,] = G n + m

where A and
and the level
• Der(a)

= Am 5,,+m

m)Gn+m

where A and c are complex constants, to be related to the Virasoro algebra (generated by the Lm's)
and the level of the U(I) KM algebra (generated by the D n ,'s).
• Der(q)
L.., = A(z)d, + —A(z)8d0 ; Gr = C(z)9d, Kk = k a O0 * € C
a

The coin i

(DA)

(D.5)

The commutation relations are :
{L..|,L#J = LjD1H-HiKA

[L.4, Kk] = 0

[LA, GH] = G.^H-BO.A

{GC, GO} = 0
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(D.6)

Note that L,\ and Gc correspond to the "super-dilatations" of V •-- adt 4 (d2a)0do expected
from the final remark JR section 4.2

E

TV = 3
gebra

• Der(e)
L1 = A(z)d, + 1^Bd0

From the re
algebra contai i

and G11 = B(z) O0

[Li,L H \ = L,WJ«-»,U {G,.,GH) = 0
(D.7)
[L,,,G H | = Gc

with C = A6tB - B'H^

This algebra (for e - ziK ' ' ) is a contraction of the RNS algebra: defining

ZZ = L n and G^ = XG1n

(D.8)

one can compn

where L1n and G1n obey the commutation relations of the HNS algebra, we obtain the algebra
Der(f ) when A —> 0.
• Der(q, *)

The compatit),

L 1 = A{z)d, and Gc = C{z)0d2
\L.\,Ln] = L UW-MiA

|L.I,GH]

= G,uw-HiiA

{GAyGn] = 0

(D.9)

This algebra is a subalgebra of Der(Ar).
• Der(ifc,c)
read:
1

L,, = Ad1 + ^Bd8 and G« = B(JbO^ - ed0)

W, = W '

[LMLH\ = L.,««_«;,,, {G,,,G H } = 2Lc with C = -keAB
(D.10)
[LA, GH] = Gr with

C = 4dfl - BdA + B ' ^

K* = 2'

Taking as gen

2K

This algebra leads to the RNS algebra when e(z) = Jb2 ~', see section 6.3.
• Der(a, Jb, e)
J-A = £ ( f ) 2 ( Ô , + ^ ^

e

) and

GA

= Af ( J b ^ - td0) A e C

We have a 2-dimensional algebra generated by L = LA= I and G = GA= I, the commutation
relations being
[L,G) = 0
{G,G}=-2L
(D.ll)
Note that these relations are just the ones satisfied by the subset {Lu; Go} of the Ramond algebra.
• Der(q,£)
LA = A^(O1 + Tpfldfl) and GA = Xade A e C
[LA,,LA ? ) = 0

[LA 11 GA 7 I = O

{GA, ,GA 2 J = O

(D. 12)

This algebra is a contraction of Der(a, Jk, E). (L = L1G = AG, with L G Der(a,Jfe,e),G € Der(a,£,e)
and A -» 0)
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The conform

E

N ~ 3 Kac-Moody algebra defined on S1 leading to 5C(2) algebra

From the result of section 6.2, we know that there is only one KM algebra whose derivation
algebra contains the SC(2) algebra. Its cocycle reads V - kdo3. Introducing the generators
T m - zm ® T-

a1

C m = *m** ®Ta{a

= 1,2,3)

I 2 > ' % < M m ® T" C

0 M " ' ® T"

(E.I)

(E.2)

one can compute the commutation relation»;
!•«'lira

Mnii1ArC1J

K i Tn] ~ if^m-Hi

=

l/Jb^o.ro

The compatibility equations for the vector fields
. + (^(*)«fc+|*fi(*)»iM:i)ai
Q =

(Cj(Z)^ + B(Z)O1O2Oz)d, + ( f i ^ ) + |e m W I> j m (*)Mi) ^

(E.3)
(E-4)

read:

f IUO)

IV, = IV2 = AT,,, = Hn = K1 = Ki = O C3 = B = Dn = D12 = D22 = D2, = 0
//i i + #M + 2ff.,;, = d, A
Dn + 2.D32 = 9,C7,
Ki = \d,W%
Dn + 2£>.,, = - f l , C 2
Taking as generators

and Ht = zn

dl

Un = z"{0ldy
Iltation

- O2O2)

Tn = zn(0ld2

- 02O1 )

5 s , = 2"(01O2 + O2

Kn = Z11O1O2O11 + ^"-'tf 1 *? 2 !? 1 ^

'* - 0 . ) + (n+2 )2 "~

.gebra.

i

+l 2

Gi = z" < {0% -O2)

l

-{n+ -)z'"
and

l

n

1

2

= z"~ O O O.,

)

,a,/fc,e)

The conformai weights are d* = 0 for A n , d* = \ for VT1J1, W^, Hjn and //*,, d^ = 1 for T111

5 r a , B1n, Km, El, A* = I for G]n, Gjn, Ejn, E*m.
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(E.5)

F

The nun trivial commutation relations between the generators are
[Tn, SJ = 2{/, l+nl
I'm "ml

=

[Un, Sm\ — 2 J n+ 111

~"tif»n

N =2
SDiff(A

P m *'rnl ~ "fi | i "

U

[«„,//,'„] = -2//,;,,,,

A priori, we j
the constants a,
to be relevant, ir

IT 1 n E n J = -E'Um
P m " m l — "ti + m

Wn, GJJ = G j + m + 2EU,n

[Hn, Eln] = [HZ,

Wn, W1J1] = -W n + ,,,

Efn]^-

where #, = do,
the case where i
dilatations" of 1 '
We start by givi
the area-preservi

U

= GU,n +

+ 'jWU,n

= -GJ+rn [Tn, UJ — -2Sn^tIi

[Bn, KJ — -2Jïri+m

(Trntfin] = #fU m
[Un, H^J= -HU,,,

[Sn, Hm] =

fT

fT1 W ' ' 1 — — I V '

/^2 1 — — f '

I ' m u mJ "" *Jrri + in
[ i n . »ml - ^ri + in
(Jn, rrmj — "

l*nirrml ~
" n +m
Pn» « m l ~ «ri+ni
l^m-'-'mJ ~

n + m

u
Wn,l*m\n+m
[I/ p2 1 _ 1^2

£a

^n + ni

\un, " m l — " n + m
(B r*2 I — f7 2

n+m

[Bn W2) = - I V 2
[ £ D J = -3Dnn++"n

• We first st
The compati

[x9n,xS2] = 152
[Hi, W\] = 3D n + n i
n-tn c

"2"-511+Mi

n

«n

n,

(Zn+111 - B n + , n

{G?.,

=

=
{El,Dm} =
(GJ 1 GJ 1 ) =
(GJ,£;„,} =

- T n + 0 1 _ S, ) + m - 2/f n+m
T n+ ,,, + Sn+m
- HUn,
{Gl,GL) = 2I 1 I + m
- ^ T n + , , . - a^S,1+M

l)

Um

Wn) = Tn+,,, - 5 n + m +
Wl} = -T n+11 , + 5 n + m
„ + Fn+111

[Gln,Dm} = H
[G1^Eln] = -I n + 1 1 1 - *f*t/,, + , H
(GJ,£„,} = m/Yn+f/,

The SC(2) algebra embedded in this compatible algebra is generated by Ln,, T111, Gj 1 and G n ,.
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H1, Qf, and Q-,
the area-preserv
tation relations

N =2
SDiff(A
priori, we 1
oust ants a.
relevant, n

F

TV = 2 Kac-Moody algebras defined on M compatible with
SDiff(M)

A priori, we have 2r> - 32 different cocycles, corresponding to each possibility of annulation of
the constants a, fl, 7, A and /i (see section 7.3). We present here a study of the cocycles we think
to be relevant, namely :
V1n

= Q0, +

V nx =
e O1 = do,
ase where i
ations" of 1 '
tart by givi
rea-preservi

where d} - doi j = 1,2. Note that the first operator is odd whereas the last two are even. In
the case where the operators V are even, we already know that Zty - F{zi>zi,9\,6i)V
("superdilatations" of V) are compatible difTeomorphisms, but we will see that they are not the only ones.
We start by giving the CR. of the most general KM algebra whose compatible algebra contains
the area-preserving one.
=

If6Tt-,

/.

IT;,

117,
[X], $] = f6abw(f,g)

\X°f,1,bg\ = a6abu,(f,g)
= 06ab«,(f,g)

$}

We first st
he compati

(F.I)

• We first study the cocycle associated to V1,.
The compatible algebra is then

Ll = TLh + J(A 1 TJ 12 (M, + M2)
Djt = T(Z1,Z2)OJ2({d,,h)dZ2

Q1Q) and Qea-preserv
n relations

P. =

- (ft,fc)ft, ) HT =

Q1T = T(zuz2)0i02dx

- O2O2)

(F.2)

Q\ =

Hi, Q) and Q^ correspond to the superdilatations of V1, (they are solutions, as expected). Again,
the area-preserving diffeomorphisms appear for T = 1: L/, = Lh "''. The (non-vanishing) commutation relations for this algebra are
/'

rlh

HLk\

_

wTV

= L[h

T{h,l)),j

rV{k,T),j

(F.3)
(F.4)
(F.5)

Kti\ =

(F.6)
for

(F.7)
(F.8)
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= Qk1H
[QJt,//,,| =
)
\P»QH\

\p»K»\

= *»..

(F-9)
(IMO)

Finally, we

• For P , n , we obtain
,T)V2(0,d,)
P,

=

«t.

(FM)
(F. 12)

(« = 1,2)

Gl

= T{zuz2)0- ((dt[h)dt7

(F.13)

*+

=

(F.14)

If/
AT 7

= T(Z
= T(Z

(F. 15)

5/

= T(3

(F-17)

T(zu

Since Dux is ev».
are:

(VM)

where we have defined

(F. 19)
With these simplifications, the commutation relations read

(F.22)

.,,

(F-23)
(F.24)
(F.25)

[Ll, K11] = ^/, h ,,; )i}

(F.26)

[12',5,/J = 5 r { w / } | ï

(F.27)
(F.28)
[P,, K1]

=

KiW,

=

SihJ

(F-29)
(F.30)

(F.33)

Gjf"

(F.34)
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,4)

Finally, we

.

"
>ix

evt

'
-)
'

J)

F i n a | J y ) w e stU(Jy p

^
L'h
P.
I>,
K,
<?V

=
=
=
=
=

T(H 1 ,u a )((O 111 A)^ -(0 u ,A)0 U l )
dH,
T(U 1 , U2)OiB2 ((d,,, h)duv -(d,,,k)dUl)
T(/3^a, + A0,0 2 )
TOxOA
for • = 1,2

(F.35)
(F.36)
(F.37)
(F-38)
(F.39)

Since P^A is even, the super-dilatations again appear. The non-vanishing commutation relations
are:
II'1 / " l -

/'''''''"Ju

-

JfriM/»,,

[PJif-fl
, Ql]

=

^/(MZ),

=

DL^DI^

= Ko..r
= -AQ? n /

/'M*.'Ji3 , iTV

(F-42)
for

»=1.2

(F.45)
\P,,Q>,\
\P,,Q>,\=
= Qkj
[A-/, Q?,] = -a<?J-,,

21)

•••')

••6)
7)
-8)
'»)
•<0)

U)
•12)
•»3)
14)
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(Vi(W

((FF- 4 6 )
(F.47)
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