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FOREWORD
The Eleventh Symposium on Energy Engineering Sciences was held on May 3-5, 1993,
at the Argonne National Laboratory, Argonne, Illinois. These proceedings include
the program, list of participants, and the papers that were presented during the
eight technical sessions held at this meeting.
This was eleventh annual symposium sponsored by the Engineering Research Program
of the Office of Basic Energy Sciences of the U. S. Department of Energy. As the
title indicates, the central theme of this year's meeting was solid mechanics and
processing emphasizing modeling and experiments. Each year a group of selected
researchers in the DOE/BES Engineering Research Program are invited to present
their research findings in such an open forum. By organizing around a central
theme, principal investigators, their associates, and other interested parties
are able to engage in discussions and share thoughts on subjects of common
interests. This format has been used in the Engineering Research Program instead
of annual contractors' meetings and has been extremely successful since its
inception in 1983.
This symposium was organized into eight technical sessions: surfaces and
interfaces; thermophysical properties and processes; inelastic behavior;
nondestructive characterization; multiphase flow and thermal processes; optical
and other measurement systems; stochastic processes; and large systems and
control.
It is appropriate to restate here the goals and mission of the Engineering
Research Program. The DOE Office of Basic Energy Sciences, of which Engineering
Research is a component program, is responsible for the long-term missionoriented research in the Department. It has the prime responsibility for
establishing the basic scientific foundation upon which the Nation's future
energy options will have to be identified, developed, and built; it is committed
to the generation of new knowledge necessary for the solution of present and
future problems of energy exploration, production, conversion, and utilization,
consistent with respect for the environment.
Consistent with the DOE/BES mission, the Engineering Research Program is charged
with the identification, initiation, and management of fundamental research on
broad, generic topics addressing energy-related engineering problems. Its stated
goals are: 1) to improve and extend the body of knowledge underlying current
engineering practice so as to create new options for enhancing energy savings and
production, for prolonging useful life of energy related structures and
equipments, and for developing advanced manufacturing technologies and materials
processing with emphasis on reducing costs with improved industrial production
and performance quality; and 2) to expand the store of fundamental concepts for
solving anticipated and unforeseen engineering problems in the energy
technologies.

ui

To achieve these goals, the Engineering Research Program supports about 125
research projects covering a wide spectrum of topics that cut across traditional
engineering disciplines with a focus on the following three areas: 1) mechanical
sciences; 2) control systems and instrumentation; and 3) engineering data and
analysis. The Eleventh Symposium on Energy Engineering Sciences covered the
review of approximately one-third of the total activities sponsored by the
DOE/BES Engineering Research Program.
The Eleventh Symposium was held under the joint sponsorship of the DOE Office of
Basic Energy Sciences and Argonne National Laboratory. The success of the
meeting was directly attributable to the active participation of the researchers
involved in the program. Several of the participants also served as session
chairpersons. Local arrangements for the Symposium were ably handled by Ms.
Jacquie Habenicht of the Conference Services Office of ANL. Ms. Mary Hale of the
Technical Information Services Department assembled these proceedings and
attended to their publication. I am grateful to all those who contributed to the
success of the program, particularly to the participants who instilled an
atmosphere of intellectual inquiry and excitement. Interactions with such a
group made this Symposium a stimulating and thoroughly rewarding experience.

Subhendu K. Datta, ER-15
Division of Engineering
and Geosciences
Office of Basic Energy Sciences
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CRYOTRIBOLOGICAL APPLICATIONS IN SUPERCONDUCTING MAGNETS
P.C. Michael and Y. Iwasa
Francis Bitter National Magnet Laboratory
Massachusetts Institute of Technology, Cambridge, MA 02139
E. Rabinowicz
Department of Mechanical Engineering
Massachusetts Institute of Technology, Cambridge, MA 02139
ABSTRACT
We have previously advocated the development of materials selection guidelines for high-performance
superconducting magnets on the basis of steady-state sliding stability. Theoretical and experimental
evidence suggests that inherently stable friction materials may be physically impossible at cryogenic
temperatures. We propose an alternate strategy for improving low-temperature sliding stability
within the framework of available material behaviors.
INTRODUCTION
The crucial role friction plays in the operation of high-performance superconducting magnets has
been recognized for the past 15 to 20 years. Compact, high-current-density, high-performance superconducting magnets are used in such applications as laboratory research magnets, nuclear magnetic
resonance (NMR) spectroscopy, magnetic resonance imaging (MRI), and magnetically levitated (maglev) vehicles. Unlike motors, superconducting electromagnets have no intentionally moving parts;
the extent of motion that occurs within the magnets is extremely limited except when the magnet
is being charged.
The superconducting state is finite; it is bounded by a phase surface consisting of magnetic field,
current, and temperature. Of the three, the temperature is neither completely controllable nor predictable. The heat capacity of a superconducting winding at 4.2 K, its usual operating temperature
is ~ 1/4000 of its room temperature value, hence only a small amount of frictional energy can quench
the winding, that is, to drive it into its nonsuperconducting state. High-performance magnets are
designed without internal cooling to reduce their overall size and weight, consequently, if a resistive
zone does form, it will grow rapidly under the influence of its own ohmic heating, further increasing
the magnet temperature. It then becomes necessary to discharge the current and allow the magnet
to return to its operating temperature before any further attempts can be made to use it.
A principal source of thermal perturbation in high performance magnets in frictional heating, dissipated either because of relative motion between the entire magnet and its support structure, or
because of relative motion between adjacent conductors in the winding. Over the past 15 years considerable effort has been devoted to determining the extent and general location of these motions,!1 ~31
and developing a variety of cryotribological methods for minimizing their consequences^3"6'
Much of our research has concentrated on the premise that thermal stability in high-performance
magnets can be best achieved by selecting construction materials on the basis of their steady-state
sliding stability.i7" i0> In absolutely stable sliding pairs, those which possess a positive friction-velocity

characteristic, motion occurs in a smooth, gradual manner resulting in the low-power dissipation
of frictional energy. By contrast, unstable pairs are those for which sliding occurs as a series of
irregular 'stick-slips'; an extreme example of this instability occurs for materials whose static friction
coefficient is substantially larger than the subsequent kinetic value. Because the speed fluctuates
rapidly during stick-slip, frictional dissipation occurs as a series of high-intensity heat pulses. Henre.
stable motion is sought as a desirable condition for minimizing quench-inducing conductor motions.
ADHESION FRICTION THEORY
The contact between engineering surfaces is concentrated into discrete locations where the asperities,
or high points, on each surface touch. The normal stresses at these asperity contacts are quite high,
often comparable with the flow strength of the softer surface. For engineering materials the flow
strength is typically equated with the indentation hardness. However, for highly elastic materials
or materials with marked time-dependent properties it is not unusual for alternate measures of the
material's flow strength to be ustd, those which more accurately reflect the asperities' deformation
behavior. The asperity contact diameter for most materials typically ranges from 10 to 100 urn}11'
The molecular contact between the sliding surfaces within the asperity junctions produces strong
intermolecular forces, binding the surfaces together. The strength of the adhesive junctions depends
on factor like the chemical compatability and cleanliness of the surfaces, and the time available for
the for the junctions to grow to full strength. The adhesive friction force, F, is represented as the
product of the junction shear stress, s, times the total real area of contact, A: F = sA.
VELOCITY-DEPENDENT FRICTIONAL EFFECTS
Velocity-dependent frictional effects have been observed in several materials. These materials include
low melting point metals like lead, tin and indium,t11'12! boundary lubricants like waxes, soaps
and fatty acids,f11<13J and elastomeric polymers.'14'15-' These materials typically demonstrate small
but finite friction coefficient value at very low speeds; the friction coefficients then increase with
sliding speed and eventually pass through peak values. The magnitude of the friction peak and
corresponding sliding speed depend on the sliding material and test conditions. As the temperature
decreases, the speed corresponding to the peak friction coefficient shifts progressively to lower and
lower values.P-X.is]
According to Luderna, these velocity-dependent frictional effects result because of competition between area and strain-rate-dependent-shear-stress effects.'15^ Figure 1 presents Ludema's model for
the viscoelastic friction peak commonly observed in elastomeric polymers. Because elastomers possess elastic limits typically extending to 100% strain, the contact area is evaluated in terms of the
time-dependent creep modulus, while the junction shear stress is related to the rubber's strain-ratedependent rupture strength. The large elastic modulii observed at high speeds and low temperatures
prevent excessive junction growth, thus maintaining relatively low friction values. At low speeds or
high temperatures, the strain-rate-dependent junction shear stress drops markedly, resulting in similarly low friction values. The peak friction value results during the transition from small-contact-area,
high-shear-stress contact conditions to large-contact-area, low-shear-stress values.
FRICTION-VELOCITY-TEMPERATURE EXPERIMENTS
We have performed friction-velocity measurements at temperatures of 4.2, 77, and 293 K. The slidinp
tests were performed on the rotational pin-on-disk friction apparatus described previouslyJ3-7-8] The
normal force during these tests was typically 7.5 N while the sliding speed ranged 10~ 7 ~10~ l m/s.
Over the past few years these measurements have emphasized materials, such as silicone rubber,
lead, tin, and indium, and boundary lubricants like soaps and fatty acids, which are known to possess
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Fig. 1 Schematic representation of velocity-dependent
elastomeric friction model. (Figure from [15].)
favorable room-temperature friction-velocity characteristics. Two main reasons for examining these
materials were to determine their cryogenics-temperature sliding behaviors, and perhaps more importantly to investigate the fundamental mechanisms of low-temperature frictional stabilization.
A second component of this investigation was the concurrent evaluation of the sliding materials'
low temperature mechanical behaviors. These behaviors were determined principally by means of
time- and temperature-dependent hardness measurements.'3'16-' Hardness measurements are favored
for this determination because of their close similarity to the normal contact conditions that prevail
at the asperity junctionsJ11^
Figure 2 show our velocity-dependent friction coefficients for an indium disk slid against AISI 316
stainless steel pins at temperatures of 4.2, 77, and 293 K. The friction-velocity-temperature results
correspond closely to the behavior proposed by Ludema's friction model. At room temperature the
competition between junction growth and interfacial shear creep produces a peak friction value of
~6 at a sliding speed of ~10~ 4 m/s. Negative friction-velocity characteristics prevail near 77 K; the
friction coefficient value decreases from 1.2 at 10~ 7 m/s to 0.5 at 10~ 1 m/s. At 4.2 K the friction
coefficient appears virtually independent of velocity and equal in value to 0.5. Similar results have
been observed in comparable temperature ranges for several other low-melting-point metals including
copper, lead, tin, and mercuryJ3'12'17'18^
The friction traces from Fig. 2 were compared with the time- and temperature-dependent hardness
data previously obtained by Mulheam and Tabor J19^ Their measurements were performed at several
test temperatures between 77 and 493 K at indentation times ranging 10~ 3 ~10 3 s. Three distinct
regions of material behavior were observed. At temperatures below approximately 20% of the melting
point, ~0.2T m , constant hardness values were obtained. In the temperature range 0.2~0.6T m the
hardness decreased rapidly for low contact times but eventually approached asymptotic limits. Above
~0.6T m the hardness values can be fitted to a thermally activated creep equation, with an activation
energy for the process approximately equal to the metal's self-diffusion activation energy.'19'
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Fig. 2 Friction coefficient vs sliding speed for an indium disk slid against AISI316
stainless steel at 4.2, 77, and 293 K. The normal force was 7.5 N.
Our empirical evidence^2-16] and Ludema's friction model!15] both indicate that positive frictionvelocity behavior is observed only in materials whose shear stress increases with strain rate. The
positive correlation between stress and strain rate is typically observed only at temperatures above
0.3~0.6 of the material's melting temperature, in the viscoelastic region for glassy materials and
the creep regime for crystalline materials, t20] At liquid helium temperatures, the usual operating
temperature for superconducting magnets, all other materials are substantially below their viscous
creep ranges. Thus, we conclude that it is not possible to use absolute steady-state sliding stability
as a means for ensuring superconducting magnet thermal stability.
FORCE-BASED MOTION CONTROL
We have recently developed an alternate approach for improving the thermal stability of highperformance solenoidal superconducting electromagnets. That is, to encourage incipient motions to
occur as early during the magnet charging cycle as possible rather than relying on the construction
materials' intrinsic sliding stability to minimize frictional heating.t6] At the start of operation, a
superconducting winding is far from its critical surface, hence it can tolerate substantially greater
transient thermal disturbances without reverting to the resistive state than are possible as the magnet
nears its rated operating point.
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The geometry of solenoidal windings makes them especially well suited to the force-based motion
control approach.!6] The electromagnetic forces in a simple solenoid are self-constraining. As the
magnet is energized the electromagnetic forces tend to expand it radially and compress it axially.
However, because it is not possible to wind a perfectly defect free winding, the small axial gaps
that are initially present between adjacent conductors allow sufficient space for conductor motions
to occur. Conductor-motion-induced quenches are usually caused by the axial displacement of
short conductor lengths near the ends of a windings innermost layers, where the ratio of its axial
electromagnetic body forces to radial contact forces are often greatest i 6 ' 21 ) Motion is generally
assumed to occur when the ratio of these forces exceeds the conductor's static friction coefficient.
A series of small test magnets were built to examine the effect that the axial-radial force ratio has
on the coils' quench characteristics. The coils were constructed with 0.9 x 1.3 mm Formvar-insulated
multifilamentary copper-composite niobium titanium superconducting wires wound on a 76.2 mm
inner diameter. 126.2 mm long AISI 316 stainless steel coil form. The radial forces in the roils
were controlled in part by externally reinforcing the windings with 0.25x2.5mm beryllium-copper
ribbon. The axial and radial quench initiation locations were determined using the combined acoustic
emissions/voltage technique.I1-3-6!
The axial electromagnetic body forces at the ends of each of the coil's six layers were calculated from
field maps of the magnetic field during various stages of the energization sequence. ^ The radial interconductor forces were determined using standard 2-dimensional plane-stress approximations.t22l
This force distribution was calculated by superposing the effects of the conductor tension during
winding, differential thermal contraction between the winding components, and the radial electromagnetic body force. The magnitude and distribution of these radial forces were varied from coil to
coil using the programmed winding tension approach advocated by Bobrov and Williams.P2^
Figure 3 shows the predicted axial-radial force ratios us peak magnetic induction for a test coii
constructed following the conventional approach, using an extremely high conductor tension to
•'frictionally pin" the conductors in their as-wound locations. The winding tensions for this magnet
consisted of 100 MPa in each conductor layer and 120 MPa in the two beryllium copper overbanding
layers. No wire motions were initially anticipated for this coil because its maximum force ratio of
~0.1 is less than accepted value of 0.26 for the conductors static friction coefficient J2IJ

c

1 .0

o

0.8

1

o

1

c

o

o

a,

o

1

o

o

o layer
• layer
& layer
• layer
• layer
A layer

~m 0.4
CO

o

1

1

o

o

QUENCH LOCATION

0.6 —
X

•

0.2

1
2
3
4
5
6

0.0

0

2

4

6

8

10

Quench Number
Fig. 4 Quench and training behavior for tight wound coil.
Figure 4 shows the quench characteristic for this tightly wound coil during its first ten training
cycles. Its vertical axial presents the peak induction in the winding at quench, Bw, divided by the
conductor's critical point induction, Bc. The plotting symbols indicate that all of the quenches
initiated in innermost layer, layer 1, as the results of transient conductor motions. The first quench
occurred at ~0.775 c . Following this, the coil trained slowly and saturated at a degraded performance
of about 0.92Bc after about 6 charging sequences. A recent study has demonstrated that because of
statistical fluctuations in thickness along the conductor length it is impossible to exactly predict the
ratio of forces acting on any given segment.^ Given the typical range of dimensional tolerances, the
forces needed for frictional immobilization becomes increasingly impractical for large-bore high-field
magnets. In fact, high-winding tensions frequently postpone wire motions until late in the magnet's
charging sequence where it is much more sensitive to transient thermal perturbations.
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Fig. 6 Quench and training behavior for loose wound coil.
Figure 5 presents the axial-radial force ratios vs peak induction for a coil designed to encourage
impeding wire motions to as early in the charging sequence as possible. Each wire motion eliminates
some of the interconductor spaces, hence, these motions eventually become self-limiting as the entire
winding is compressed into a single structural entity. The conductor force ratios in Fig. 5 all pass
above the conductor's static friction coefficient while the peak induction in the winding is below 2T.
The winding tensions for this coil consisted of 21 MPa in layer 1, 38 MPa in layer 2, 32 MPa in layers
3, 4 and 5, 49 MPa in layer 6, and no overbanding layers.
Figure 6 shows quench and training characteristics for this loosely-wound coil. All of the motioninduced quenches in this winding occurred near the top of the outermost layer. The first quench
occurred at ~0.685 c . However, by the second quench it achieved the same performance level as
the tightly-wound coil and then reached its full critical surface limit by its fifth charging cycle.
Critical surface quenches typically occur only in the winding's innermost layer where its magnetic
induction is greatest. Because of the quench initiation location, and our understanding of the coil's
construction technique, we attribute the early training quenches to a poorly designed lead wire
termination method. Steps are presently being taken to relieve this deficiency in the coil's design
before continuing the investigation.
CONCLUSIONS
To advance our understanding of cryogenic-temperature sliding stability, and thereby to improve the
reliability of superconducting magnets, we have initiated an experimental and theoretical program
to examine the fundamental mechanisms of frictional stability. The attainment of absolutely stable,
positive friction-velocity characteristics at cryogenic temperatures appears improbable because of the
lack of thermally-activated steady-state shear creep. We are presently investigating a force-based
approach to magnet design that promotes quench-causing conductor microslips to occur early in the
magnet's charging cycle where their consequences are relatively benign.
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ONE-COMPONENT SURFACE WAVES IN ANISOTROPIC LINEAR ELASTIC MEDIA
D. M. Barnett
Department of Materials Science & Engineering
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Stanford, CA. 94305-2205

ABSTRACT
We consider the possibility that a single partial wave (an inhomogeneous plane
wave) can serve as a free surface (Rayleigh) wave in an anisotropic linear elastic halfspace. The conditions required for the existence of such a wave are derived from a
study of the fundamental eigenvalue problem set by A. N. Stroh for steady plane
disturbances in anisotropic solids. We show by direct computation that such one-component waves are necessarily supersonic; since isotropic solids do not admit supersonic surface wave solutions, these one-component waves are pure anisolropic effects.
A stable solid of triclinic symmetry yielding one-component surface waves is constructed and discussed. In the limit as the supersonic surface wave speed approaches
that of a subsequent transonic state, the one-component surface wave becomes an exceptional homogeneous plane wave.
INTRODUCTION
In general a free surface (Rayleigh) wave in an anisotropic linear elastic half-space is constructed
from three partial waves which are inhomogeneous plane waves whose amplitudes decay exponentially with
distance normal to the traction-free half-space boundary. It is well-known 11,2| that elastic surface waves
polari/ed in a plane of material symmetry (reflection symmetry) consist of only two such partial wn\es.
Thus it is prudent to inquire as to the possible existence of a one componen! free surface wave. i.e.. a single
inhomogeneous plane wave which leaves a half space boundary traction-free. Such a wave, if indeed it can
exis!. is Ihc inhomogencous piano wave analogue of the homogeneous plane waves called exceptional
waves (or surface-skimming hulk waves) which play a prominent role in the theory of subsonic surface
waves. Although the theory of subsonic surface waves is now reasonably established, the development of
the theory has been relatively recent, and (he Stroh formalism on which it is based has not been widely
digested in either mechanics or mathematical circles. Nevertheless, space limitations preclude our
presentation here of either the mathematical preliminaries on which the theory is based or more than a
cursory reference to the Stroh formalism beyond what is absolutely necessary for the one-component surface
wave problem. Therefore, we must assume the reader is at least familiar with the work presented in \3A\We consider a stable anisotropic linear elastic half-space (positive definite elastic stiffness Cjju ).
The unit inner normal to the half-space boundary is n, and m is a unit vector in the half-space boundary (and
thus normal to n) along the direction of propagation of the free surface wave in the boundary. The plane
defined by m and n is referred to as the reference plane. The candidate for a small amplitude surface u av e
solution is a displacement field given by the inhomogencous plane wave
u, = A, exp| ik(m • x + pi(n • x • vt) .

< I)

The above displacement field is a solution to the equations of motion for any wave number k if the
polari/.ation A and the complex constant p<x are chosen to satisfy the fundamental eigenvalue problem set by

A. N. Slroh. whk.i we present in the next section. The surface wave speed v must be selected to ensure that
llie above displacement can exist in Ihe hall-space with no tractions acting on the half-space boundary,
which requires that the three-vector L in Stroh's eigenvalue problem must vanish. In order for (1) to
actually represent a surface wave in the half-space n°x 2 0. the imaginary part of the constant p a must be
positive.
When L vanishes, the polarization vector A of the (presumed) one-component Rayleigh wave is a
solution to the six-dimensional eigenvalue problem

| N | is a 6 x 6 real matrix whose form we shall give shortly. From the identity | 4 |
(m + pn) e L + pv~A • n = 0,

(3)

where p is the half-space mass density, we conclude that A a n =0, i.e., the one-component surface wave is
polarized in the half-space boundary. Furthermore, since p must be complex (fora decaying wave). A must
be complex with linearly independent real and imaginary parts. If this were not the case the two six-vectors
|A 0| and |A* 0| corresponding to the eigenvalues p and p* would be linearly dependent, which is not
possible if p is complex (p * p*. its complex conjugate). Thus, both the real and imaginary parts of A are
orthogonal to n.
ANALYSIS OF THE STROH EIGENVALUE PROBLEM
In order to analyze the Stroh eigenvalue problem associated with the one-component surface wave,
w e adopt (he notation
<ab)jk =aj Cjjki b| = (ba)|y

(4)

where we have assumed the full symmetries of the elastic stiffnesses. The 6 x 6 matrix jN| has the block
form
N,

N\

N,

N:|-

The 3 x 3 matrices Ni . N? , and N3 are real; N2 and N3 are symmetric, and -N2 is positive definite.
The actual forms of these three matrices are
Ni - - ( n n r ' ( n m ) ;

N2 =

( n n H ; N3 = - (mn) (nn)~' (nm) + (mm) - pv : l

(frj

whore v is the (supposed) Rayleigh wave speed.
From the eigenvalue problem (2) we find that
N j A = pA

and

N3 A = 0.

(7)

Now N3 is real and A is complex with linearly independent real and imaginary parts, so that both the real
and imaginary parts of A are null vectors of N3. Since both the real and imaginary parts of A are also
normal ton, any vector in the m-t plane (where t = m x n) is a null vector of N3. In particular,

N3m = 0 and N3t=0.

18)
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As N3 is real and symmetric, its third eigenvector must be n, as can be verified directly in the following
manner. We first note that for any three vectors a, b. and c. the symmetry associated with the elastic
stiffness tensor components is such that
(ab>c = (ae)b
and
c^ (ab) = a ^ (cfo).
(9)
Using (9) and the definition of N3 in (6) it is a simple matter to show that
N ,n = -pv "n

110)

so that in an m-e-t basis the matrix N3 has (at the one-component Rayleigh wave speed) the form
0
0

0

0

0

0

0
0

We now proceed to examine the 3 x 3 block matrix Nj. Post-muitiplyiiig Nj by n yields
(12)

N , n = - ( n n ) ( n m ) n = - ( n n ) (nn)m = - m .
where we have used (9[). Thus, we have that
m ' N , n = -1

(13)

n ' N , n =t'N,n = ().
In addition, from N,A = pA,
(14)

n'N.A = pn'A = p ( n A ) = 0 .

since A is orthogonal to n. Thus n N, is orthogonal to A (and hence to both its liiuarly independent real
<ind imaginary parts) which is possible if and only if
i in

i

i -

n N, = vn .

(

I;M

l'nsi multiplying ( 15) by n reveals that y = 0 by virtue of ( 13). Thus, in addition to ( 13) we find that

n'N.m = n'N,t - 0.

( loi

Hnallv. we have deduced that if a one component surface wave exists, the block Nj expressed in an m-n-t
basis has the form
N,,

-I

N,,

0

0

0

N,,

0

N,,

(17)

Hence, at the one-component surface wave speed, v, the matrix N - pi, where I is the 6 x 6 unit matrix, has
(he form (relative to an m-n-t basis;
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N..-P
()

-p
0

(nn)

0

0

N,,-P
0

0

-pv2

0

N..-P
-1

0

0

0

NM

N,,
0

18)

0
-P
0

0

N,,-p

The Stroh eigenvalues p a (a = 1, 2, ...6) are the six values of p for which the determinant of |N - pi t
vanishes. Using Laplace's method for expanding the determinant, the six Stroh eigenvalues are found from

[{Nll-p}{N,,-p}-N,,NM]:[p2-/w;(p.n);:]=O.

i 19)

The 6 roots are
(20)

and

P=jj(Nll+N11)±^(NI,-N)l):+4Nl,N,,J.

twice.

(21)

The repeated roots represented by (21) reveal that if a one-component surface wave exists, it must be
associated with degeneracy in the Stroh eigenvalue problem. We return to the issue of the type of
degeneracy . i.e., semisimple or non-semisimple degeneracy, later. The more important feature of the onecomponent surface wave problem is the result given by (20). Since the block matrix N2 is negative definite.
the matrix (nn)"' is positive definite |Note that (nn) is the acoustical tensor corresponding to the direction n,
which is necessarily positive definite for a stable elastic medium; actually, the weaker requirement of strong
eilipticity associated with Cjjkl is all that is needed to ensure the positive-definiteness of the acoustical
tensor associated with any crystallographic direction.) Clearly, equation (19) reveals that two of the Stroh
eigenvalues (at the one-component Rayleigh wave speed v) must be real, since the mass density, speed, and
the element ( n n ) ' ' are real and positive. Since the existence of real Stroh eigenvalues corresponds to the
supersonic regime, we have deduced thai
A one-component surface wave is possible only in the supersonic regime.
We also note that if we are to have a true one-component surface wave representing a displacement
whose amplitude decays exponentially with distance from the half-space boundary , the repeated
eigenvalues given in (21) must be complex, which requires that
(22)

4N,,N,1<0.

We have now shown that it is possible for a one-component free surface wave to exist in an anisotropic
linear elastic half-space, provided certain conditions are met. It remains only to construct a medium with
stable elastic stiffnesses which are capable of admitting these conditions to actually be met. We mention
that a necessary, but not a sufficient, condition that (22) be satisfied is that the product N13 N 3] < 0. i.e.,
the pair (N13 . N31) must be oppositely signed.
Before showing that a stable crystal can be constructed so as to yield a one-component surface wave,
it is in order to mention what happens in the event that (a) the inequality in (22) is reversed, or (b) the
inequality in (22) becomes an equality. if the inequality in (22) is reversed, the doubly repeated roots given
by (21) are real, so that all six Stroh eigenvalues are real; the two values of p in (21) now correspond to two
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exceptional limiting waves (two homogeneous plane waves leaving the half-space boundary traction-free)
associated with a subsequent Type 4 transonic state. If the inequality in (22) becomes an equality, all lour
values of p given by (21) are real and identical, corresponding to a subsequent transonic state of either Type
2 for Type HI (a so-called zero curvature transonic state), there are two limiting exceptional waves
associated with each of these subsequent transonic states. G^-ch exceptional transonic states (with two
exceptional limiting waves) are not possible as first transonic states J4|.
In a certain sense one can think of these exceptional subsequent transonic states as arising from
the one-component surface waves in the following fashion. When the inequality in (22) is satisfied, the onecomponent surface wave is of the form (1) with

. lm(p)= ± i J-(N,,-Nj~-4N,,N H .

(23)

The + (-) sign in (23) goes with a one-component surface wave of the form (1) decaying exponentially with
depth normal to the interface in the half-space n»x > 0 (n»x <()). If we now imagine varying the elastic
stiffnesses ol~ the medium continuously so as to maintain a one-component surface wave while the left side
of the inequality (22) continuously increases through negative values toward zero (this can actually be done
as pointed out by Barnett and Chadwick |5]). we reach a set of stiffnesses for which the radical in (23)
vanishes and Im (p) = 0. The two one-component surface waves (one inhomogeneous plane wave in each
of the "upper" and "lower" half-spaces) have degenerated into two homogeneous plane waves. These
homogeneous plane waves are exceptional (they leave the have space boundary traction-free), since each
has inherited that property from the one-component surface waves giving rise to them. These two
exceptional waves are associated with either a Type 2 or Type El subsequent transonic state as explained in
15). depending on whether the Stroh eigenvalue of multiplicity four belongs to one slowness sheet (Type F.I)
or to two slowness sheets making tangential contact (Type 2).
If the stiffnesses are now continuously varied so that the inequality in (22) undergoes a reversal, the
roots given by (21) now form two pairs of real roots. One of the roots in each pair corresponds to an
exceptional limiting wave belonging to a Type 4 transonic state, i.e., the exceptional limiting waves
associated with theTypj 2 or Type El states mentioned in the last paragraph remain exceptional, but these
exceptional waves now belong to two different points on either one or two of the three slowness sheets.
DEGENERACY OF THE ONE-COMPONENT SURFACE WAVE PROBLEM
Clearly, the one-component surface wave exists only when the Stroh eigenvalue problem is
degenerate; two of the Stroh eigenvalues are of multiplicity two. It is interesting to inquire as to the type of
degeneracy occunng. Let us consider the eigenvalue p with positive imaginary part given by (21). If the
degeneracy is semisimple. one eigenvector associated with p is found from equation (2). and a second
linearly independent eigenvector is bv solving the eigenvalue problem

<]$
If the degeneracy is non-semisimple, a second linearly independent eigenvector must be a generalized
eigenvector found from

It was originally believed |5) that a one-component surface wave was always associated with nonsemisimple degeneracy, and, in a certain sense, this is correct. Wang and Gundersen | 6 | , however, have
actually examined the consequence of having the second eigenvector be an ordinary eigenvector defined by
(24). The analysis is straightforward and reveals that a second ordinary eigenvector can be found if and
only it a certain constraint is obeyed. Usually, non-semisimple degeneracy prevails, and the second
eigenvector is a generalized eigenvector. Chadwick | 7 | had unknowingly found a one-component surface
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wave which corresponds to semisimple degeneracy, a fact he uncovered after Wang and Gundersen's
analysis led Chadwick to re-examine his earlier study.
Wang and Gundersen's analysis of the second eigenvector as an ordinary eigenvector actually leads
to a surface wave which can be regarded as the analogue of a "circularly polarized homogeneous plane
wave". From (2) and (24), corresponding to the eigenvalue p of multiplicity 2 are two ordinary eigenvectors
satisfying
(26)
Clearly, any linear combination of the two eigenvectors is an eigenvector, and there is precisely one such
combination that produces
(27)

L =E|

which is the condition for a traction-free boundary. This linear combination cannot be used as a
normalized eigenvector according to the usual Stroh scheme for semisimple degeneracy, namely.
(28)

2A«L=1.
When non-semisimple degeneracy applies, then the ordinary eigenvector satisfies

(29)

2 A-L = 0,

and this eigenvector can be used in the normalization scheme appropriate for non-semisimple degeneracy.
Thus, it seems more reasonable to reserve the term "one-component free surface wave" for the case in which
the associated Stroh eigenvector can participate as a normalized eigenvector. This definition would
preclude semisimple degeneracy, whose associated surface wave would only qualify as a "two-component
surface wave with perhaps less exotic appeal.
A MEDIUM ADMITTING A ONE-COMPONENT SURFACE WAVE
Barnett and Chadwick | 5 | have constructed a one-parameter family of media of triclinic symmetry
which admits one-component surface waves and the exceptional subsequent transonic states discussed
above. Here we present a single numerical example which the reader may use to verify that indeed a stable
linear elastic solid admitting a one-component surface actually is a possibility. The elastic stiffness matrix
given by
2/5
0
-2/5
3/5
0
0

-2/5
3/5
0
0
13/6
-7/8
0
1/24
-4/3
-7/8 977/480 -18/5 -3/32 -1
0
-18/5
72/5
0
0
1/24
-3/32
37/96 -1/3
0
-4/3
-1
-1/3 32/3
0
0

(30)

can be shown to be stable (Mathematica was used to compute its six eigenvalues, all of which are positive).
Furthermore, the eigenvectors of CjjkJc were computed to be distinct from those of Cjkkj* s o l n a t invoking a
theorem and algorithm due to Cowin and Mehrabadi |8|, the stiffness matrix given in (30) is associated with
a stable medium of triclinic symmetry. [C| in (30) is referred to an m-n-t basis and corresponds to x = 0 in
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In addition to the one-component surface wave existing in the supersonic regime, if the mass density
of the medium is taken as unity, there is a subsonic Rayleigh wave with speed v = 0.5668 and a "limiting
speed" marking the transition from "subsonic" to cipersonic" at v = 0.5977. The one-component surface
wave travels at a speed v = 0.6124.
SUMMARY
We have derived the conditions under which one-component surface waves exist, and we have
shown that such waves are necessarily supersonic. Hence, they are only possible in anisotropic linear elastic
solids, since isotropy precludes the existence of supersonic Rayleigh waves. If the eigenvector
corresponding to the one-component surface wave is required to be normalizable in the sense of Stroh. then
such waves are always associated with non-semisimple degeneracy of the Stroh eigenvalue problem. The
elastic stiffnesses of a triclinic solid admitting such a wave have been constructed.
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STRESS-INDUCED ROUGHENING INSTABILITIES ALONG
SURFACES OF PIEZOELECTRIC MATERIALS

Nelly Yung Chien and Huajian Gao
Division of Applied Mechanics, Stanford University, Stanford, CA 94305-4040

ABSTRACT

The possibility of using electric field to stabilize surfaces of piezoelectric solids against stressinduced morphological roughening is explored in this paper. Two types of idealized boundary
conditions are considered: 1) a traction free and electrically insulated surface and 2) a traction free
and electrically conducting surface. A perturbation solution for the energy variation associated with
surface roughening suggests that the electric field can be used to suppress the roughening instability
to various degrees. A completely stable state is possible in the insulating case, and kineticaily more
stable states can be attained in the conducting case. The stabilization has importance in reducing
concentration of stress and electric fields due to microscopic surface roughness which might trigger
failure processes involving dislocation, cracks and dielectric breakdown.

INTRODUCTION

This paper is concerned with a class of stress-induced instabilities which causes material surfaces to
roughen under diffusional mass transport. These instabilities occur, for example, in heteroepitaxial thin films
where the elastic strain energy due to lattice misfit provides a thermodynamic driving force for the onset of the
island-like surface morphology, also known as the Stranski-Krastonov pattern (e.g., [1]), during film growth
or annealing. The conclusion that the strain energy tends to destabilize an initially flat surface and thus
to promote the development of surface roughness has been reached by studying linearized kinetic equations
along a slightly wavy surface [2] [3] and by showing that the strain energy is always reduced when an initially
flat surface is slightly perturbed in an arbitrary manner [4]. Gao [5] [4] also studied the stress concentration
along a slightly undulating surface of a stressed isotropic or anisotropic solid and found that even a slightly
undulating surface can generate significant stress concentration causing deformation and fracture. It appears
that a thorough investigation of the surface roughening instability and the resulting stress concentration is
of importance for understanding the nucleation of misfit dislocations in heteroepitaxial thin films [6] [7] and
general flaw initiation at material surfaces exposed to environmental corrosions. The significance of microscopic
surface roughness is further elucidated by the recent work of Chiu and Gao [8] who adopted a cycloid surface
to model periodic rough surfaces. Chiu and Gao found that the cusped cycloid surface generates a crack-like
stress singularity within a thin surface layer. Under uniform tension this singularity shows identical strength
(i.e. stress intensity factor) as a row of periodic parallel cracks. Even though a rough surface with cusps may
not have been perceived to be as dangerous as a periodically cracked body, application of fracture mechanics
predicts that the two structures should fail at the same stress level.
The essence of the surface roughening instability leading to formation of stress singularities lies in the
competition between elastic energy and surface energy in a stressed material system. The elastic energy can
be most efficiently released by formation of localized defects such as cusps, cracks and dislocations. However,
such strain relaxation must occur at the cost of creating additional free surfaces, thus increasing the surface
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energy of the system. One may show that the elastic energy will dominate over surface energy at relativelj
long wavelengths (However, at long wavelengths, the gravitational energy may also interfere in the instability
process; see [4]). A question that arises is whether other forms of energy such as those of electromagnetic origin
can sometimes be utilized to interfere in the instability process so as to control the development of defects.
As a first study in that direction, we explore in this paper the possibility of using electric field as a control
parameter to minimize or even stabilize the stress-induced surface instabilities in piezoelectric materials.
The subject here is of physical significance. Piezoelectric materials have been widely used as electromechanical transducer, such as ultrasonic generators, filters, sensors, and actuators. Thin films technology plays
an important role in many industrial processes and in the fabrication of solid state components. Recent developments involving piezoelectric thin films include applications such as force-sensing resistors [9], built-in
vibration sensors [10], molecular sensing devices [11], and surface acoustic waves (SAW) generators [12]. As
piezoelectric thin films may be subjected to very large stresses generated by strain sources such as thermal
mismatch and lattice mismatch. Stress concentration effects due to an undulating surface may trigger processes involving nucleation of dislocations and cracks. Electric field concentrations might also occur causing
dielectric breakdown. Thus, it is of interest to investigate the possibility of controlling surface instabilities with
an applied electric field. To achieve our objectives, a perturbation analysis developed in Gao [-1] for anisotropic
elastic solids is extended to the piezoelectric case. The perturbation solution of energy variations is then used
to examine the effects of mechanical and electric loading on the instability wavelength.

CONDUCTING AND INSULATED SURFACES OF A
STRESSED PIEZOELECTRIC MEDIUM

Details concerning the theory of piezoelectricity can be found, for example, in [13] and [14j. The consti
tutive equations of a piezoelectric medium is usually expressed as

Di

=

eMSki

+ HjEj ,

(1)

where Ct]tt are the stiffness constants measured at a constant electric field, e^i) the piezoelectric stress constants, il} the dielectric constants measured at constant strains, S,} the mechanical strains, Tl} the mechanical
stresses, D, the electrical displacements, and £, the electric field derivable from an electric potential <f> by
E, — -</>,,. For linear, quasi-static piezoelectricity in absence of body forces and free charges, these quantities
satisfy the equilibrium equations T tJil = 0 (mechanical) and £>,,, = 0 (electrical). Two types of idealized boundary conditions along the free surface are of importance: 1) a traction free and electrically insulated surface ami
2) a traction free and electrically conducting surface. Fig. 1 shows these two boundary value problems. The
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Figure 1: Surfaces of a Piezoelectric Medium with (a) Insulating Boundary Conditions and (b) Conducting
Boundary Conditions.
electrically insulating boundary condition corresponds to an adjoining medium with zero dielectric constant
and having no free charges residing on the piezoelectric surface. Even though it is not physical to have ;\
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medium with zero dielectric constant, it has been argued in [15J [16] [17] that this condition is approximately
attained if the piezoelectric medium has much higher dielectric constant and stronger piezoelectric coupling
than the adjoining medium such as air. The electrically conducting boundary condition corresponds to an
adjoining medium having much higher electric conductivity. Following Lothe and Barnett [15], we attach a
superscript $ to quantities relating to the insulating case and a superscript F to quantities relating to the
conducting case.
In view of thin film applications, we consider a piezoelectric medium subjected to fixed misfit strains
5n and S33. To illustrate some typical results, 3% biaxial misfit strain is assumed to exist in the absence
of an externally applied electric field. For an insulated surface, we examine the effects of an additional
applied electric field E\ in the longitudinal direction. For a conducting surface, we consider an externally
applied electric field E? in the transverse direction. Before surface instabilities occur, both the stress field
and the electric field quantities are constants, so that the equilibrium equations are automatically satisfied;
the unperturbed solutions can be readily deduced from the constitutive equations using appropriate boundary
conditions.

T H E STABILITY ANALYSIS AND A CRITICAL WAVELENGTH

We now investigate whether the surfaces in Fig. 1 are energetically stable, i.e. whether infinitesimal
deviations from flatness will be magnified by some kinetic processes such as mass diffusion along the surface.
The stability analysis requires the solution to a first order perturbation problem depicted in Fig. 2 where
an infinitesimal cosine wave perturbation with amplitude A and wavelength A is assumed along an otherwise
perfectly flat surface. This problem can be solved following a perturbation method used by Gao [4]. For

(a) (Tijnj=0. Dini=O)

(b) (Tyn j= 0, $=0)

Figure 2: A Cosine Wave Surface with (a) Insulating Boundary Conditions (b) Conducting Boundary Conditions; nt is the Surface Normal.
conciseness, the details of the mathematical derivations are neglected here. Essentially, the undulating cosine
surface problem is converted into a reference flat surface subjected to a distribution of effective surface tractions.
The perturbation problem is then solved using a Stroh-like formalism [18] [15] [19] [20] for piezoelectric elasticity
problems. The most important result for the stability analysis is the energy change as an initially flat surface
(Fig. 1) evolves into the cosine wave surface (Fig. 2). The total energy change (internal energy plus surface
energy) per wavelength is found to be
(2j
The first term on the right hand side represents the change in the surface energy where 7 denotes the surface
energy density constant and the second term is the change in internal energy. Superscript T implies vector
transpose, t 0 is a 4 x 1 loading vector, and Y is a 4 x 4 constant matrix usually referred to as the surface
admittance tensor for a piezoelectric medium [15] [19].
The energy expression in Eq. (2) is formally identical to that derived by Gao [4] for the anisotropic
elastic case. The reader may be referred to [4] for some helpful insights and discussions. In the piezoelectric
case, both the loading vector to and the admittance tensor Y lake different meanings. In the anisotropir
elastic case, t 0 is a 3 X 1 vector and Y is a 3 X 3 matrix. The presence of piezoelectric coupling is exhibited
as an added fourth dimension in these quantities.
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T h e l o a d i n g v e c t o r t 0 d e p e n d s on t h e electrical b o u n d a r y c o n d i t i o n . In t h e i n s u l a t i n g c a s e t o takes tho
form

t* = (r, 1 ,o,r 13 ,i> 1 ) r

en

where Tn and T13 denote the mechanical stresses and D\ is the electric displacement in the xt direction
induced by an applied electric field. In the conducting case, the loading vector becomes
t

(4)

=

where £ 2 is the electric field in the x2 direction. Note that a conducting surface necessarily implies that E\
and £3 vanish.
The admittance matrix Y also has a strong dependence on the electrical boundary condition. Lolhe and
Barnett [15] [19] showed that the calculation of Y can be reduced to an eight-dimensional eigenvalue problem
involving the material stiffness C,JM, piezoelectric coefficients e^j and dielectric constants e v . In the insulating
case, Y is more explicitly written as Y*, while in the conducting case Y F . The properties of Y* and Yf
have been investigated extensively by Lothe and Barnett [15] [19]. In particular, it was shown that both Y*
and Y F are Hermitian matrices with symmetric real parts and anti-symmetric imaginary parts, and have real
eigenvalues; Y* has three positive and one negative eigenvalues, while all four eigenvalues of Y F are positive.
The question of whether a perfectly flat piezoelectric surface is stable amounts to whether the total
energy change AEtot in going from au initially flat to a slightly undulating surface is positive. In other words.
AEtot > 0 implies that the flat surface is stable in that any perturbation would tend to increase the energy
in the system. On the other hand, if AEtot is negative for at least one perturbation wavelength, then a wavy
surface is preferred energetically because the energy can be further lowered by roughening. Following Eq. (2),
a critical wavelength exists so that the stability condition can be stated as A < Acr where
X

=

(5

'

DISCUSSIONS

Having established the stability condition for a stressed piezoelectric surface, i.e. A < A^, we investigate
whether it is possible to suppress surface instabilities by using the electric field as a control parameter. Two
types of stabilization can occur leading to a completely stabilized surface or a kineticaily more stable surface.
The first pertains to applying an external electric field to the system such that AEtot > 0 where any perturbation would increase the total energy of the system. This corresponds mathematically to Acr being negative.
For the second type of stabilization, a kineticaily more stable surface can be achieved by applying an electric
field to the system with a net effect of increasing A^.. Here, the stressed surface is not truly stable but matter
has to diffuse a longer distance in the roughening process, and hence requires a longer period of time. In both
cases, what we hope to achieve reduces mathematically to minimizing the product of t$ Be{Y]to. Since thr
properties of Y for the insulating problem is different from Y F for the conducting problem, we will discuss
these two cases separately.
To stabilize an insulated piezoelectric surface, we try to minimize the following:

tJfo(Y]t 0 = yf1(T1I)2 + 2yf 3 r n r l 3 + 2y?4r11JD1 +y£5(T13)2 + 2y*r 13J D, +y? 4 (A) 2 ,

(6)

where y,y representing the real part of Yij.
There exist three mechanisms for stabilization in an insulating problem. The first arises from the negative
nature of y* 4 . It has been shown by Lothe and Barnett [15] that, for stable materials, the upper 3 x 3 block
of the Y * is positive definite, while i'4* is negative definite. If we increase the external electric loading £ 1 . an
increase in electric displacement D\ will occur in all piezoelectric materials. With a negative v*4 in Eq. (6).
and using Eq. (5), we see that any increase in £>i will enlarge Acr creating a kineticaily more stable state.
Furthermore, if D\ is increased beyond a critical value, A^. will become negative corresponding to AEtot > 0.
and a totally stabilized surface can be realized. This y*4 stabilizing effect exists for all piezoelectric insulated
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surface. As a demonstration, we consider a zinc oxide surface under a 3% biaxial misfit strain. The orientation
in this example is such that the six-fold rotational axis of symmetry of the crystal coincides with the 11 a*'s
in our problem. For plotting convenience, we normalized the critical wavelength with respect to its value in
the absence of an electric field. This normalized critical wavelength ~\CT is plotted as a function of E\ in Fig.
3. From this example, we see that an electric field of the order of gigavolts is needed to completely stabilize

Figure 3: Normalized XCT vs. E\ in Gigavolts for Zinc Oxide in an Insulating Problem
an insulated zinc oxide surface with a 3% misfit strain.
The second mechanism for stabilization can be termed the bulk stress reduction effect where an increase
in Ei may lead to a decrease in the bulk stress Tu. This effect occurs in materials where piezoelectric coupling
exists between the Tn stress and the electric field E\. Lithium Niobate and Li'hium Tantalate, belonging
to crystal class Trigonal 3m, are examples of such materials. In addition to the Y*t stabilization effect, an
insulated surface with this specific coupling behavior can also be stabilized by a reduction of the bulk stress.
It must be noted that this stabilizing effect only occurs within a range, if the electric field is increased beyond
this range, it might destabilizes the system by overshooting. As this behavior also applies to a conducting
problem, additional details and an example on this effect will be presented shortly.
The third mechanism for stabilization occurs in materials, such as quartz of the Trigonal 32 class, where
piezoelectric coupling exists between the shear stress T13 and the electric field E\. This stabilization effect
stems from the cross terms such as 2y*3T'iiT'i3 and 2yy^T\zD\ in Eq. (6). As it is possible to have a i.egativo
shear stress T\z induced by E\ and a negative y j , , the net effect might decrease the product tj/?e[Y]to and
allowing the surface to attain a kinetically more stable state. We call this the shear stress coupling effect. Since
the }'* effect is always present in the isolating case, it is not possible to isolate an example where the shear
stress coupling effect alone accounts for stabilization. Thus, an example on this mechanism is not included in
this paper.
In general, all three stabilizing mechanisms can be present simultaneously. For the materials we havo
considered, the V4* stabilization effect is a much more dominant effect than the bulk stress reduction and tin*
shear stress coupling effect. As the K4* effect can completely stabilize an insulated piezoelectric surface, the
effects of bulk stress reduction and shear stress coupling are relatively unimportant in the insulating case.
However, this is not true in the conducting case.
For conducting surfaces, the product that we try to minimize for stabilization is

tJ*e[Y]t 0 - yfi(ln) 2 + 2yf 3 r, 1 r 13 - 2y[4TuE2 + y^(T13)2 - 2y^TnE2

+ y£,(£2)2 .

(7)

In this case, the 4 x 4 Y F matrix has been shown by Lothe and Barnett [15] to be positive definite. Thus,
unlike the insulating case where the surface can be stabilized by the Y^ effect, stabilization of a traction free
and conducting piezoelectric surface can only be achieved by bulk stress reduction or by shear stress coupling.
These two mechanisms do not completely stabilize a conducting surface, only leading to a kinetically more
stable state.
To demonstrate the effects of bulk stress reduction in a conducting problem, we consider the example of
zinc oxide under a 3% misfit strain. The orientation of the crystal here is identical to that in the insulating
example. The result for the normalized critical wavelength Acr is plotted in Fig. 4. The bulk stress reduction
effect is the only stabilization mechanism present in this example, and we found that an applied electric field
of one gigavolts in the r 2 direction causes a 25% increase in A^-. In several other cases that we have studied.

20

-10

-5

10

Figure 4: Normalized Ac vs. E2 in Gigavolts for Zinc Oxide in a Conducting Problem
the percentage increase in A^ is less than 10%. This seems to suggest that the bulk stress reduction effect is
not particularly effective in controlling instabilities in conducting piezoelectric surfaces. However, in materials
exhibiting quadratic effects such as elect restriction and magnetostriction, an increase in electric or magnetic
field might lead to a significant reduction in the bulk stress. These effects should be investigated as they might
provide better alternatives for stabilization of stressed surfaces.
The shear stress coupling cross terms in Eq. (7) for a conducting surface are identical to that for an
insulated surface in Eq. (6). Therefore, as discussed in the insulating case, shear stress coupling effect is also
a feasible mechanism, mathematically, for controlling instabilities in a conducting surface. However, we are
unable to find a physical example to illustrate this effect. For the materials we have considered, a non-zero
shear stress T13 either has no effect on stabilization or it leads to instabilities.
Both stabilizing mechanisms for a conducting surface depends on piezoelectric coupling between Tu, 7^3
and £"2, thus stabilization is impossible for materials in an orientation where such coupling effect is absent. In
fact, an applied Ei in these cases will only destabilize the system.
Based on the above discussions, it seems possible, at least mathematically, to control the surface stability
of a piezoelectric solid by varying an applied electric field in both the insulating and the conducting case.
However, we must also address the difficulty in applying these electrical loading physically. With a conducting
piezoelectric surface, it might be possible to apply E2 by imposing an electric potential on the surface. Since
12 is the thickness direction, typically small on a thin film, a small potential difference might generate a large
electric field. A possible setup cr this is to grow an insulated thin film on a capacitor plate. Applying E\ to
an insulated surface is an obviously more difficult task, it might be done by setting the surface transverse to
a set of parallel capacitor plates.
Also, as an applied electric field of the order of gigavolts is needed to stabilize surface instabilities in thin
film applications, we must also investigate other possible adverse effects on the piezoelectric medium caused
by an electric field of such magnitude.

CONCLUSIONS

In this paper, we have extended the morphological stability analysis for anisotropic materials by Gao [4]
to address surface roughening in piezoelectric medium. In contrast to the analysis for an anisotropic medium,
where Gao concluded that the surface is always unstable under sufficiently large bulk stress, we found that
the electric field can be used as a control parameter to stabilize a stressed piezoelectric surface. Two sets of
boundary conditions were considered: A traction free and insulated surface and a traction free and conducting
surface.
The stability condition is obtained from analyzing the total energy change associated with roughening
of a flat surface. To completely stabilize a stressed fiat surface, we try to apply an electric field such that
AEtot > 0 in Eq. (2). In this case, any perturbation of the flat surface would result in an overall increase of
energy for the system. The stability condition can also be expressed in terms of a critical wavelength A < A,-,.
If we can increase this critical wavelength ACT by applying an electric field, a kinetically more stable state can
be achieved.
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Three lypes of stabilizing mechanisms are possible. The first is referred to as the V4* effect ami ii iapplicable only to an insulated surface. This effect arises from the non-positive definiteness of the aihnittajn ••
matrix for an insulating problem. With a large enough electric field in the i ] direction, this i'4* effect ran
completely stabilize a flat insulated surface. For a conducting surface, a stabilizing mechanism is the bulk
stress reduction effect. This effect stems from the piezoelectric coupling of the 7\i stress and the electric field
component E\. By applying an optimal E\, we can attain a kinetically most stable state for a conducting
surface via bulk stress reduction. The third stabilizing mechanism is the shear stress coupling effect and it
arises from a coupling between the shear stress T^ and electric components E\ or £2. Mathematically this
effect can be present in both the insulating and conducting cases. However, the influence of this effect in the
insulating case is minimal compared to the F4* stabilization. Furthermore, in the conducting case, a physical
example cannot be found where shear stress coupling stabilizes the surface.
As stress and electric field concentrations associated with an undulating surface might lead to mechanical
failures, the stabilization of stressed piezoelectric surfaces should be an important concern. In the insulating
case, we have shown that a possible mechanism exists, at least mathematically, for complete stabilization of
a stressed surface. For a conducting surface, even though a completely stable surface is not attainable by
the stabilizing mechanisms presented here; we have shown that it is possible, for some materials, to achieve a
kinetically more stable state.
Due to the length restriction imposed on this paper, many of the necessary mathematical theories and
details relating to the derivation of our results are not presented here. They will be reported in another paper
in the near future.
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Effects of Capillarity on Microscopic Flow in Porous Media
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Abstract
Here we study the effect of capillarity on a microscopic problem related to foam flow in porous
media: the transport of a bubble or drop through a constricted capillarity tube. The aim is to
study the snap off process which occurs during the formation of a foam in a porous media. We
illustrate the dynamics of the bubble for different initial data and for several different sets of the
physical parameters.

Introduction
The behavior of a single phase fluid as it flows in a porous medium is governed by the properties
of the fluid and the geometry of the porous material. For a two-phase flow in a porous material, we
have the additional dependence on the interaction of the two fluids. In particular, the surface tension
between the two phases can have a major influence on the microscopic (pore size) dynamics of the
mixture. Hence the macroscopic behavior of the two-phase flow must depend on the microscopic
dynamics of the two fluids. One important type of two-phase flow in a porous material is foam
flow. This is because of its applications to enhanced oil recovery and hazardous waste management.
Our aim here it to study a microscopic problem which occurs in foam flow. In particular here
we will study numerically the generation process of a foam. The dominate mechanism for this is
called 'snap-off'. This is related to the instability of a gas bubble as it moves through a constriction
in the porous material. As the bubble moves through the constriction an instability is initiated
which results in the bubble splitting into two (or more) parts. The result of many of these divisionsoccurring is a foam.
In order to study the basic phenomena of the generation of a foam, we will consider flow in a
capillary tube. This geometry has been used by many others in the study of flow in porous media.
We will first consider the problem of a pressure driven bubble in a capillary tube. There have been
many investigations of this problem. In particular, Bretherton [1] consider the steady motion of a
semi-infinite bubble in a tube. By using lubrication theory, he was able to show that the speed U
of the; bubble exceeds the average speed of the fluid by the amount UW where W is proportional to
the Capillary number to the 2/3 power. There was considerable work to follow this up. For example
Park and Homsy [2] used a matched asymptotic analysis to justify Bretherton's result and later
Schwartz et al. [3] compared the predictions of Bretherton's theory with experiment, and found an
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under prediction of the film thickness for long bubbles but good agreement for bubbles of length
less than 20 tube radii. Also Reinelt and Saffman [4] computed the exact shape and speed of a
steadly moving semi-infinite bubble in a capillary tube numerically. Later Martinez and Udell [5]
computed the steady motion of a bubble of finite size in a pressure driven flow in a capillary tube.
Our primary concern will be with the transient motion of a bubble or drop (both words will
be used here) through a constriction in the capillary tube. There has also been some recent works
in this direction. For example, Pozrikidis [6] has studied the transient motion of a period array of
bubbles in a straight capillary tube. This work was primarily directed to determining the steady
motion although some unsteady cases were considered. The periodicity had a big effect unless the
bubbles were widely spaced. In the case of a constricted capillary tube, Gauglitz and Radke [7] used
a lubrication model to study the dynamics of a semi-infinite bubble. In particular they did observe
snap-off and found that the snap-off times compared well to experiment when the initial data was
taken from an experiment. On the other hand, their lubrication model was not asymptotic in its
treatment of the curvature term. In particular, since the pinching instability for flow of a thin film
in a capillary is primarily due to the effect of the curvature, a careful treatment of the equations
of motion is important to an understanding of the dynamics of the bubble. Our aim is to study
the dynamics of a bubble of finite length as it passes through a constriction (Tsai [8] and Tsai and
Miksis [9]). This will be done numerically using a boundary-integral method.

Formulation
Consider the pressure driven motion of a bubble or drop in a axisymmetric capillary tube (see
Fig. 1). Letting (r,z) be cylindrical coordinates with the z-axis along the centerline of the tube.
Suppose that the suspending fluid of viscosity \i flows at a constant flux Q and that the velocity
profile far upstream and downstream is given by a steady Poiseuille profile. Inside of the tube
suppose that there is a drop of fluid of viscosity A/i of undeformed volume 4ira 3 /3. Here a is called
the effective radius of the drop. The problem is to determine the dynamics of the drop as it moves
within the capillary tube given an initial shape. For straight-sided tubes steady state shapes can be
expected for certain values of the parameters. For tubes with a constriction, steady shapes can only
be expected downstream of the constriction. Denote the region containing the suspending fluid by
fi) and the region containing the drop by Hi-

r=h(z)

Fig.1 Bubble in a Constricted Capillary Tube
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We assume that the motion of the fluid is governed by the Stokes equations. Hence in the fluid
region fi,, the equations of motion
V • v, = 0,
(1)
V • £,- = 0,

(2)

where u, is the velocity vector and S, is the stress tensor for the fluid,
E,:= -p,I + A,;[V{T, + (V*)'] •

(3)

Here p, is the pressure, A! — 1 and A2 = A. The superscript t in (3) means transpose. The boundary
conditions along the tube surface, r — h(z),—oo < z < oo is no-slip,
(4)

W!=0.

Along the unknown interface, F, between the two fluids we have the continuity of velocity,
V\ = V2,

(5)

(Ei - S2) • S = pJ-fV • n)n,

(6)

the stress condition
La
and the kinematic condition
dY
~(r,z,t)-n

= v-n.

(i)

Here, Y(r, z,t) is the position vector of the interface F. In addition we have the upstream and
downstream conditions that the velocity profile becomes parabolic,
w,=2(l-r3)£.

(8)

The variables in (l)-(8) are dimensionless with the tube radius R at infinity as the unit of length,
QJ-KR1 as the unit of velocity, /.IQ/TTR3 as the unit of pressure (and stress) and TTR3/Q as the unit
of time. We have also introduced the Capillary number Ca = fiQ/ir-fft2 where 7 is the surface
tension. In addition z is the unit vector parallel to the z-axis and n is a unit vector normal to F
pointing into the drop. Finally we would like to define the dimensionlcss effective radius of the
drop as re = ajR, our results will be presented as a function of this parameter and the Capillary
number.

Numerical Method
In order to solve the moving boundary problem (l)-(8) with a given set of initial data we will
us a boundary integral method (see e.g., Rallison and Acrivos [10] and Pozrikidis [11]). The idea
here is to reformulate (l)-(8) as an integral equation along the surface of the drop and the tube
walls. Solve this integral equation for the velocities along F and then use the kinematic condition
(7) to advance the moving boundary F. Following Rallison and Acrivos [10] we can reformulate
(l)-(8) as the integral equation over the moving boundary F and the fixed boundary F^ which is
determined by the size of the computational domain. In particular, if the computational domain
is given by K\ < z < K2 then Vw includes that portion of the tube wail for these values of ; plus
the cross sections of the tube at z — K\ and z = AV We will assume that the velocity profiles at.
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z — K,,i = 1 , 2 is given by (8). Following Rallison and Acrivos [10] we find that along the boundary
F or Vw the following integral equation holds.
kCv(x)

-

~
T

f J[

j

Ix

- y) • n(y)][{x - y) - v(y)]dTw(y)

bI
j z - y |J

x- y I
1 1
_ _LJL
f
Sw Ca Jr

(9)

x—y

x—y

Here » represents the unit outward normal along the boundary of Qy pointing out of the region, v
is the fluid velocity vector and T — £2 • n. Also k = I + A if the position vector x is along Y while
k = 1 if x is along P^. In addition the tensor C depends on the smoothness of the boundary, e.g.,
for a smooth boundary point C — —^1 (see e.g., Pozrikidis [11]).
An outline of the numerical method to advance the interface a time step Ai goes as follows.
First select the number of mesh points along the boundaries of the wall Vw and the interface F.
Assume that the initial shape of the drop is given. Compute the total arc length of the drop. Spline
fit the radius and axial coordinates along the interrace in terms of arc length and redistribute the
mesh points along the interface with equal arc length. Solve the integral equations (9) to obtain
the velocities along the interface F. Use the kinematic condition (7) to update the interface. This
equation is integrated by using a 2nd order Runge-Kutta scheme. Hence this involves first updating
the interface by a time step At/2. Then this information is required to update the interface to the
time step A£. Therefore we again need to fit a cubic spline to the interface, redistribute the points,
and solve the integral equation for the updated interface. Then this updated interface is used in the
Runge-Kutta scheme to get the final prediction at the time step A<. The above is then repeated
to advance to 2Ai and beyond. The calculations were all done on an IBM RS6000 workstation
and the results presented here are graphically accurate. The scheme appears to be second order
accurate. This was illustrated by computational checks. In addition the volume of the droplet was
computed as we advanced in time as a check 011 the accuracy of the scheme.

Computational Results
Our aim here is to illustrate some of the types of behavior that can happen to a bubble as it is
flowing within a capillary tube. We will begin with some examples of a straight-walled tube and
then introduce the constriction. In Fig. 2 an initially spherical bubble of re = 0.9 and A = 0.1 was
placed in the flow inside of a straight-walled capillary tube. In Fig. 2a we set Ca = 0.1 and we
see that the bubble approachs a steady state shape which is elongated compared to the initial data
(Note the difference in the vertical and horizontal scales). In Fig. 2b we set Ca = 1.0. in this case
the bubble elongates with the back of the bubble increasing towards the front (a re entrant cavity)
as a function of time. Hence we see that the effect of the Capillary number is to -change the shape
of the bubble significantly.
The effect of the initial data is illustrated in Fig. 3 for a bubble with rc = 0.7667 and A = 0.1
The initial data here is an ellipsoid as illustrated. In Fig. 3a we set the flux Q = 0, hence Ca = 0. A
slightly different scaling of the variables was necessary in order to do this. We see that the pinching
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Fig.2 Spherical Bubble in Straight Capillary
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instability of a long bubble is observed. In Fig. 3b we set Ca = 0.1 with the same initial data
as Fig. 3a. The pinching instability is still observed here but the bubble now moves downstream.
Hence a snap-off can occur because of the initial data, so the results of any study of this instability
will be very dependent on the initial data.. In a random porous material one would think that any
initial data is possible, so all of the observed phenomena should be possible.
Now consider the case of a constricted capillary. Suppose we replace the straight-walled part of
the capillary, i.e., h{z) = 1, in the section — L < z < L by the formula
h(z) = 1 -g[l.0

+ cos{irz/L)].

(10)

This is the same perturbation in capillary tube shape as used by Gauglitz and Radke [7]. It implies
that the length of the constriction is 2L and the gap radius is 1 — 2g. In Fig. 4 we set L = land
g = 0.3, A = 0.1 and re = 0.9. The initial data is plotted in the figures. In Fig. 4a we .set Ca = 0.1.
We see that I he bubble is squeezed through the constriction and it approachs the same steady shape
downstream of the constriction as in Fig. 2a. In Fig. 4b we set Ca = 0.5. We see that as the
bubble passes under the constriction, the back of the bubble advances toward the front as in the
straight tube case of Fig.2b with a larger Capillary number. In a straight tube, a re-entrant cavity
is not expected in this case (see Martinez and Udell [5]). The reason for this re-entrant cavity is
the presence of the constriction and downstream it will disappear. Hence the constriction enhances
this deformation and can possibility introduce an instability. Although, not illustrated we should
note that for all other variables being constant, we find that the bubble motion slows down as A is
increased.
A more interesting case is for a bigger bubble. In Fig. 5 we set Ca = 0.1, A = 0.1 and re — 1.77.
The initial bubble is placed upstream of the constriction, g — 0.3 and L — 9.0. We see that as the
bubble passed through the constriction, a perturbation develops along the interface, downstream
of the constriction. As time marches on, the perturbation moves along with the bubble front and
does not appear to grow in size after an initial growth period. Finally we find that the perturbation
disappears and the bubble passes through the constriction.
In Fig. 6 we set Ca = 0.005, A = 0.1, r e = 1.77, g = 0.3 and L = 9.0. For the initial data we
took a bubble profile from Fig. 5, i.e., not spherical, which was almost entering the constriction.
We see that downstream of the constriction the perturbation to the profile as noted in Fig. 5 is
not observed. Hence decreasing the Capillary number does not enhance the instability. This is
not surprising since the growth of disturbances along the bubble interface should be proportional
to Ca~2. Therefore if a disturbance is growing, it will take longer to grow. We also note that
upstream of the constriction a disturbance along the interface is growing. This is due to the initial
data having a thicker initial film along the wall than would otherwise be there for this value of Ca,
if we had used the same initial data as used in Fig. 5.
In Fig. 7 we set Ca = 0.1, A = 0.1, re = 1.23, g = 0.3 and L = 9.0. The initial data is the
same as in Fig. 6 but with the back truncated in order to decrease the volume. Hence this is a
problem similar to Fig. 5 except the bubble has a smaller volume. Here we again find that there is
a perturbation of the interface downstream of the constriction. The dynamics is similar to that of
Fig. 5. Extrapolating from the experimental curves of Gauglitz and Radke [12] (this value of Ca is
not on their figure), we can expect this bubble to snap-off. This was not observed here. A larger
bubble or other values of the parameters may lead to snap-off for this initial data. Calculations are
now being done to try and verify this remark. Here we have shown that different initial data can
lead to snap-off.
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Fig.5 Large Bubble in Constricted Capillary with Ca=0.1
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EVOLUTION OF LONG WAVE DISTURBANCES IN HORIZONTAL GAS-LIQUID FLOWS
W. C. Kuru, E. D. Montalbano, J. F. Brennecke and M. J. McCready
Department of Chemical Engineering
University of Notre Dame
ABSTRACT
Coherent nonlinear interactions between linearly stable, long wavelength modes and modes that are nezr
the peak of the growth rate are observed in experiments. These "side-band" interactions are suggested as
the mechanism for initiation of long wavelength modes that are otherwise predicted to be stable from linear
stability theory. Quadratic interaction theory is used to provide insight into when long wavelength modes
will appear and how their frequency will be selected. The present work differs from previous side band
analyses in that a low frequency mode is retained as a dominant mode (consistent with observations).
Because of its relevance to continued growth of long wavelength disturbances and possibly slug formation
and owing to its importance in modeling flow regime transitions, a discussion of the validity of the onedimensional macroscopic equations and the boundary-layer equations as models of long wavelength
disturbances for the two-layer stability problem is given in the context of laminar flow of a fluid over a
solid wavy surface.
INTRODUCTION
Formation of slugs in gas-liquid flows is a much-studied problem which is as yet unresolved. The
Taitel-Dukler [17] flow regime model predicts slugs for situations where system is unstable to a slightly
modified Kelvin-Helmholtz instability. While the implications are that slugs form from long wavelength
waves (consistent with earlier work by Kordyban and Ranov, [12] and Wallis and Dobson,[18]) the K-H
model implicitly suggests that slugs form from relatively short waves as can be seen in figure 1. Also
shown in figure 1 is the linear stability for the same situation predicted from the linearized Navier-Stokes
equations, clearly the K-H model does not realistically describe two-layer instability. Lin and Hanratty
[13] use integral momentum equations expected to describe the long wave region and find some agreement
with data. However, it will be shown below that if their "macroscopic" or 1-dimensional equations are
used to predict instability, they do not correctly capture the behavior of important destabilizing and
stabilizing terms in the region of a somewhat greater than 0. Consequently, the linear stability calculation
is in error and agreement with data must therefore be considered fortuitous. This problem not
withstanding, recent works by Brauner and Maron [2],[3], Crowley et al.[6] and Barnea [1] continue to
use 1-D equations as the basis for prediction of the transition between stratified and slug flow. Hanratty et
al. [9] demonstrate that several mechanisms are responsible for slug formation; growth of long wave
disturbances is reaffirmed as one of the mechanisms. Consequently, any linear or nonlinear instability
theory starting with stratified flow can, at best, be considered only a sufficient condition for the observance of slugs. Recent measurements by Fan and Hanratty [7] demonstrate the existence of perioddoubling in a horizontal pipe at conditions somewhat less severe than where slugs are observed. They
suggest that this is a possible (nonlinear) origin of a long wavelength mode which could grow into a slug.
Jurman et al. [11] note that a low frequency mode (i.e. much lower than a subharmonic) can be generated
by nonlinear interactions of side-band modes of the fundamental. This is another mechanism that can generate a long wavelength mode which could evolve into a slug.
This paper examines several issues pertinent to the generation and spatial evolution of disturbances
that are much longer in wavelength than the depth of the liquid or gas phases. The motivation is slug generation when it occurs by the growth of waves from a stratified layer. For the channel flow we are
examining, roll waves serve as a good model for many of the properties of slugs and so these will be
considered. First the existence of a low frequency peak which is coherent in phase with the fundamental
peak (and therefore likely to be generated nonlinearly), is demonstrated. Second, the validity of the
boundary-layer equations and the 1 -D macroscopic equations as models for linear and nonlinear wave behavior is examined by looking at analytical solutions to single phase flow over a solid wavy
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surface. It is shown that the 1-D equations cannot be expected to work for most situations, but that the
boundary-layer equations can be quite useful. Finally, the nonlinear generation of the low frequency mode
is discussed with considerations to conditions that are too severe to be described rigorously.
OBSERVANCE OF LONG WAVELENGTH DISTURBANCES
Figure 2a shows data from Jurman et al. [11] for a sheared layer close to neutral stability, note that
a small low frequency peak is present in the power spectrum. The bispectra (fig. 2b), show contours at
fl=10-12 and f2=l Hz suggesting that the low mode is coherent with modes around the peak. It is seen
that both the strength of the interaction and the magnitude of this peak grow with distance. For this case,
the long wavelength mode will not have any effect on the overall regime stability, even at very long
distances, because the layer thickness is very small. Figure 3a shows new data for an air-water flow
where the liquid Reynolds number is high enough for roll waves to form (given a high enough gas Re) but
at ReG close to neutral stability, along with the linear stability prediction of a two-layer laminar flow. The
unfortunate discrepancy between the peak in the spectra and the fastest growing peak is due to a slight
hydraulic gradient which exists at these low shear conditions; the error is not due to nonlinear effects. The
important feature of the data is that the low frequency peak is coherent in phase with the fundamental as
can be seen by the contour lines in the bicoherence spectra in figures 3b and 3c at fi= 14, f2=< 1 - Note
that this peak is predicted to be stable from linear stability analysis and should not grow nor be phase
coherent with the fundamental if only linear effects are important.
Figures 2 and 3 show low frequency modes that are clearly the result of nonlinear interactions between modes near the peak and a particular low frequency mode. These data are particularly intriguing because we have shown previously (Bruno and McCready, [4]), that roll waves emanate from continuous
growth of a low frequency mode. Figure 4a shows data at a fixed location for three more severe conditions before roll waves where observed (i.e. either a longer distance or higher Rec would be needed).
Note that a low frequency peak is again present for two of the cases. From the linear stability prediction,
figure 4 b(again using a 2-layer laminar flow), it is see- that all wavelengths are linearly unstable and the
only peak is around 15-20 Hz. This suggests the question: What causes a low frequency peak to dominate
and how is its frequency selected ?? Our previous arguments (Bruno and McCready, [4]) using two approximate linear theories that we spliced together are not consistent with the complete linear behavior
shown in figure 4b.
It is certainly possible diat this mode is initially excited by interactions with peak waves, similar to
figures 2 and 3, and it gets larger because of the gas flow. If this is the case, the analysis used to describe
the conditions close to neutral stability should provide insight into the roll wave formation problem. A
second scenario is that nonlinear effects in the gas flow cause this mode to dominate. While there is no
evidence to support this scenario, it should be given consideration in future studies.
COMPARISON OF DIFFERENT APPROXIMATE LINEAR STABILITY PROCEDURES USING
FLOW OF A SINGLE PHASE FLUID OVER A WAVY SURFACE
To describe the formation of slugs starting with weakly nonlinear waves, a complete understanding
of the behavior of the gas flow over long waves of increasing wave slope is needed. As a starting point
for this work which will include weakly-nonlinear analysis (e.g. like Hooper and Grimshaw [10]) and numerical solution of the strongly nonlinear problem, we provide some analytical predictions from linear theories of the pressure and shear variations over waves.
None of the standard procedures for predicting slugs in gas-liquid flows use the Qrr-Sommerfeld
equation as a basis so it is worthwhile to determine the extent of their applicability. Because the linear
stability problems for the simplified equations are still algebraically complex and difficult to compare, we
examine the case of a single phase flow over a sinuous wavy surface centered around y=0. The different
approximations are used to predict the components of the pressure and shear stress over the solid wavy
surface.
Consider a rectangular channel with a sinuous wall centered around y=0. The wave number is a =
2 n hJX, where h is the channel height and A. is the wavelength, the amplitude is assumed to be such that
the wave slope is much less than 1. If the Njvier-Stokes equations are linearized, the average pressure
driven flow will be parabolic and the equation for the disturbance stream function, <j>(y) is just the OrrSommerfeld equation with no wave velocity,
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In this equation R is defined using the average velocity and the channel height, and U(y) is parabolic pressure driven flow velocity. The no slip boundary conditions are applied at the wave surface using domain
perturbation. An exact analytical solution to eq. 1 is not available but because our only interest is the long
wavelength region, we can generate a useful asymptotic solution for <f>(y) is powers of a as,
<i>(y) = 4»o(y) + «<|>i(y)+ a2<|>2(y) +...

.

(2)

When this is done and powers up to a 3 are kept, the perturbation shear stress, x , defined as
= x+ a x Exp[I a x ] , (at y=0)

(3)
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It is interesting to note that as a~> 0, the largest pressure term is out of phase with the wave height and
the largest shear stress term is in phase with the wave height.
If the Reynolds number is sufficiently large a useful approximate solution can be obtained by a
boundary-layer simplification of 1. The resulting equation cannot be solved analytically, but it does yield
to a series solution around y=0. If a sufficiently large number of terms are kept in the series, the results
are
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All of the (R a) n terms match exactly, however none of the other terms are generated. Thus, if a< 0.1,
and R >10, the solutions are effectively identical. There is an upper limit on aR, probably about O(10).
A final approximate solution is to use the macroscopic equations used by Lin and Hanratty [13]
which for this calculation are identical to the 1-D equations used by Crowley et al. [6] and Brauner and
Maron [2],[3]. Only one term can be obtained for the pressure and shear stress. Because the y-direction
is integrated out of the problem, these equations cannot provide a prediction for the disturbance shear
stress. However, the pressure perturbation is

l

p
R a •>
no higher terms can be produced. The first term is exact and the second term is not too bad, but without
the inclusion of any more terms, and no perturbation shear stress, this model is not likely to provide a realistic prediction of the stability of a two-layer flow and therefore slug formation .'!
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THEORETICAL BASIS FOR LOW FREQUENCY MODES
While it is not known apriori why the dominant observed modes are f=5 and the fundamental, we begin
our analysis by assuming this to be the case. Our goal is to determine the conditions under which the low
mode is predicted to be present. The behavior of a weakly sheared liquid layer close to neutral stability is
expected to be well-described by the weakly-nonlinear, weakly-viscous theory of Jurman et al. [11] if the
parameter a R is sufficiently large. For the data of fig. 3, a R is 760 for fundamental and about 5 for the
o mode. For these conditions, the delta mode is a high enough wavenumber that the "low mode" wave
equation recently-derived by Renardy and Renardy [14] will probably not be valid. Previous work on side
band stability (Cheng and Chang, [5]) is also not expected to describe this problem because of the omission of the low frequency mode. Starting with the spatial quadratic equations for 1 = 8, 25, 1-8, 1 1+5 and
2 modes (only terms which will contribute to final equations are shown),
*J A jj

h &

+ ( P A

Ai-8

A*

P A * A

+P A * A )
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+Q5.25A5A5
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where Ui is the group velocity of mode 1, Aj is the complex amplitude assumed to be a function only of x,
the flow direction, X\ is the complex (temporal growth rate), the P's and Q's are the interaction coefficients
for a weakly viscous sheared layer given by Jurman et al. [11] and * denotes complex conjugate. Eq's (1)
can be easily integrated numerically (as can a very large set), but this will not be done here. To uncover
the nature of the interactions thai lead to the low frequency mode, we will proceed analytically using center
manifold theory (Guckenheimer and Holmes, [8]). Because the 2 8 mode is not observed experimentally
and has a negative growth rate, thus it will be projected away. The 2 mode, which is the overtone of the
fundamental is confined to small amplitudes and has a very negative growth rate and therefore it will also
be projected away. It is harder to justify projecting the 1+5 and the 1 - 8 modes. These have positive
growth rates unless 5 is rather large and while they are not seen as distinct from the main peak, could be
contained in it. These will be projected away in this analysis to allow for some conclusions regarding the
behavior of the 8 mode. The consequences of this perhaps unjustifiable projection will be discussed below. The two projected equations are
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These are already in the "double-Hopf' normal form (G&H [8]) as can be seen if they are written in polar
form.
r8
^ - = | i 5 r 5 + an r63 + a i 2 r 5 n 2

(lla)
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ox
where re and rj are the real amplitudes of S and 1 modes. The coefficients ajj are the real parts of the corresponding coefficients from eqs 10, and jij = Real(X]/Ui). These are substantially simpler than eqs 10
because the phase angles and amplitudes are decoupled to this oroer. Eqs. 11 can be transformed to reduce the number of coefficients into the form
-XT = Us r5 + rg3 + b r5 x^

(12a)

A table of values for b,c and d are given below. Note that d is always <0, therefore the fundamental is supercritical. However, the 8 mode is subcritical.
Table 1
Coefficients for Equations (12) for different values of 8

1
2
3
4
5
6
8
11

-.0043
-.00515
-.00594
-.00670
-.00734
-.00796
-.00899
-.0103

.000944
.000944
.000944
.000944
.000944
.000944
.000944
.000944

.000918
.00131
.00288
.00167
.00169
.004
.00262
.00197

25227
4934
1617
646.6
310.9
166.0
59.9
18.4

-1
-1
-1
-1
-1
-1
-1
-1

Results of the integration of eqs. (12) for several different values of 5 are shown in figure 5. It is
seen that the 8 mode always grows with distance even though it is linearly stable. It is interesting that the
rate of growth varies depending upon the value of 8. Consequently, one contribution to the value of 8 is
probably determined by its initial growth rate. This criterion does not work exactly for the case of fig. 3,
where the value of 5= 2/m corresponds to .1 Hz, would not be quite the one with the largest predicted
initial growth.
Two other issues are important here. First is the effect of initial conditions. We have reported
previously (Sangalli et al., [ 16]) that the fundamental wave number is selected to some extent by the noise
present at the initial gas-liquid contact point, although the effect is likely to cause a distribution of values
around the preferred value. Therefore, the value of 8 must also be influenced in this way. Secondly, recall that we have assigned values for the 1+8 and 1-8 modes as O(r\2). In the real system this may not be
true and the amplitudes of the 1+8 and 1-8 modes may also be important. If we consider the case that
these modes have amplitudes of order n then it will, of course, not be possible to use center manifold theory to transform away these modes. However, if this is the case, a second kind of approximation is
tempting. We could recognize that Ai.§ and A1+5 = A i . This would give terms like Aj A*i in the delta
equation. When the two quadratic equations are transformed into the normal form (12), the same r5 rj 2
term appears with a similar coefficient. Consequently, the assumption about the magnitudes of the sideband modes may not be too crucial.
Finally, if it is necessary to do analysis for more severe conditions, such as fig. 4, it may be
reasonable to assume that the same type of qualitative picture exists. However, it will be necessary to use
eqs (12) as a model with coefficients determined (perhaps) by experiment
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FUNDAMENTAL ASPECTS OF BRITTLE DAMAGE PROCESSES
DISCRETE SYSTEMS
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ABSTRACT
The analysis of cooperative brittle processes are performed on simple discrete models admitting
closed form solutions. A connection between the damage and fracture mechanics is derived and
utilized to illustrate the relation between two theories. The performed analyses suggest that the
stress concentrations (direct interaction between defects) represent a second order effect during the
hardening part of the response in the case of disordered solids.

INTRODUCTION
The evolution of damage in disordered microstructures is obviously not a simple, deterministic
process admitting careless application of conventional continuum models formulated originally for the
considerations of ductile phenomena. In general, crack growth will commence when the available elastic
energy release rate exceeds the material toughness at the crack tip. Hence, the damage evolution
(defined here as formation of new internal surfaces in the material through the process of cracking)
depends on the coincidence of local stress concentrations (hot spots) and regions of inferior toughness
(weak links) of the microstructure. Fracture toughness is a random function of coordinates and its scatter
depends on the material itself, previous history and defects attributable to manufacturing processes. The
energy release rate for the observed crack is an integrated quantity which depends on the adjacent
microdefects and microstructure. In the case of many microcracks estimates of their individual growth
are quantified by the change in a continuum measure of damage representing expectations of the growth
of the entire ensemble of microcracks. In order to be useful this measure must be physically identifiable
and measurable in tests.
PARALLEL BAR MODEL
Analytical modeling of processes involving evolution of damage is fraught by pitfalls and open to
ambiguity. For the most part the depth of these pitfalls is proportional to the inherent complexities of the
cumbersome mathematical structure of non-deterministic models which claim both rigor and generality.
A bevy of different continuum damage models, often pretentious and seldom rigorous [1], is a testimony
to this state of affairs.
As a result of the inherent complexity of the problem and the contradicting requirements of rigor and
simplicity the analytical representation of the damage and its evolution is not unique. To clarify some of
the fundamental aspects of the physics of the deformation process dominated by the cooperative action
of microdefects it is advisable to reduce the mathematical complexities by concentrating on simplified
analytical models. Simplification in modeling is typically achieved through discretization of a solid.
Simulations of brittle deformation processes in disordered media are often performed on discretized
networks consisting of nodes interconnected by links. The mechanical properties of the links can be
quite general incorporating complex, time dependent stiffnesses and rupture criteria.
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The parallel bar system is the simplest computational artifice which is typically employed when both
the specimen and the load diffusion pattern are essentially unidirectional. This rather simple and
attractive artifice was extensively and successfully applied in the past to the studies of both ductile [2,3]
and brittle [4,5] phenomena. For certain geometries and materials the selection of the parallel bar model
is fully justified by the structure of the material itself. Cables containing many parallel strands or fibers
and polymeric matrices reinforced by strong continuous fibers are the two most obvious examples. In
other cases the microstructure of a material and the failure mode render the parallel bar model a viable
alternative. The distribution of the external force to individual links may be democratic (each link shares
equally in carrying the external loads) or follow a local load sharing rule. The democratic (loose bundle)
parallel bar models entirely ignore the stress concentrations (spatial correlations). Thus, by assuming
that the failure is controlled exclusively by the distribution of weak links this model belongs to the group
of the "infinite disorder" models.
Consider first the simplest approximation [4,5] of a perfectly brittle solid by a loose bundle parallel
bar system assuming that:
- all extant links share equally in carrying the external tensile load F regardless of their position
within the system,
- all N links have identical stiffness k = KIN and elongation u,
- all links remain linearly elastic until rupture, and
- the rupture strength fr of links is a random variable defined by a prescribed probability density
distribution p(fr).
These assumptions eliminate from considerations all spatial interactions. The exact position of each
particular link is assumed to have no effect on the macro-response. Consequently, the macro-response
(measured by the system displacement u) depends only on the fraction of ruptured bars (n/N) and not on
their location. The above listed assumptions eliminate the size effect since the response depends only on
the fraction of the ruptured bars. The absence of the length parameter renders the theory local.
Application of a loose bundle parallel bar system implicitly assumes that the damage evolution and
ultimately the failure is attributable primarily to the existence of the regions of inferior toughness within
the material. Local stress concentrations are assumed to have a second order effect on the structural
response. In view of the assumptions listed above the parallel bar model is the discrete version of the
popular self consistent model. Thus, the loose bundle parallel bar model is an infinite disorder system.
Link forces are equal and the failure occurs solely as a result of the microstructural disorder, i.e. the
rupture strength distribution p(/r).
During the deformation of the system subjected to a quasi-statically incremented external tensile
load F the tensile forces in individual links/, (i = 1 to /V) keep increasing. When the force ft in the i-ih
link exceeds its strength/r, link ruptures and releases its force. The released force is distributed quasistatically and equally (democratically) to all extant links. The sequential rupture of individual links
slowly degrades the stiffness and the load bearing capability of the system. On the system scale rupture
of individual links can be measured as a gradually decrease of the effective stiffness.
The equilibrium of the system requires that

^ = £/«=*«(l™J = *«(l-0)

(1)

where n is the number of ruptured links at a given magnitude of the externaKv applied tensile force F.
On the micro-scale number of ruptured links n suffices to define the recorded history. The fraction of
ruptured links
D=N

(2)

is a physically appealing measure of the recorded history (i.e. the accumulated damage) on the macroscale. In absence of plastic strains, parameter D defines the state of the material and quantifies the level
of degradation of the material stiffness and, perhaps, even the residual load bearing capability.
Deformation of the system is defined by two kinematic variables: M and D. The loose bundle parallel bar
model makes no distinction between the case when all n ruptured links are adjacent to each other from
the case when they are dispersed. Model provides no information regarding the maximum defect size.
This is consistent with the statement that the considered model belongs to the class of traditional
effective continua models. Failures caused by the critical size of the largest defect (Griffith's instability)
or localization cannot be predicted by this class of models.
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For a very large number of links N a given property can be treated as being equal to its expectation.
The equilibrium equation (1) can be then rewritten in the form of an integral

F = kulN fp(fr )dfr U K(\ - D)u

(3)

where/«« is the strength of the strongest link. The bracketed term in (3) represents the number of the
load carrying links. The expression for the damage parameter D is from above
ku

D= \p(fr)dfr=prob.{fr<ku)

= P{ku)

(4)

Statistically, the damage parameter can be interpreted as the cumulative probability function P(ku) of the
given rupture strength probability density function p(/r). In (£)fmin is she rupture strength of the weakest
link. Expression (4) represents the damage evolution law, i.e. the constitutive relation relating the rates
at which the damage and elongation increase. The incremental form of (4) is
dD = p(ku) kdu = p(u) du .

(5)

Therefore, once the distribution of rupture strengths p(fr) on the microscalt is known, the damage
evolution law can be derived in contrast to being a priori and arbitrarily postulated.
Thermodvnamic Considerations: The energy E used to rupture the links is equal to the difference
between the mechanical work W of the externally applied tensile force F on the displacement u and the
energy cf elastic deformation U that would be released in the course of subsequent unloading, i.e.
u

E = W-U = JFdu--Fu

(6)

o
Numerically the energy E is equal to the area contained within the loading (ascending) and unloading
(descending) segments of the force-displacement curve.
Consider the Helmholtz free energy of the system 0 =4KuJ),T). Restricting considerations to
isothermal processes, the rate of change of the free energy of the system, loaded by a monotonically
increasing tensile force F, can be written using the first law of thermodynamics in the form suggested in
[6J
O = Fu-TA

(7)

where A > 0 is the irreversible entropy production rate.
The free energy is selected to be equal to zero in the initial, unruptured and unloaded state (D=0,
F-0). The free energy of a state defined by some load F>0 and damage D>0 is then equal to the work
done in transforming the body from its initial to current state along an imagined reversible and
isothermal path. Thermodynamic analysis of the quasi-static growth of Griffith cracks in a loaded state
in which at least some of the links are ruptured (£>>0), can be considered [6] as consisting of an
imagined sequence of two steps. In the first step, n=DN links are ruptured quasi-statically pulling
against the cohesive forces bonding together two adjacent layers of utoms. In the second step, the extant
links are elastically stretched until the requested state of deformation u has teen reached. The work
associated with the described sequence of two steps is
<& = Fu-TA

where

y.
EY = 2A \yrp(yT)dyr
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(7)

Thus, Ey is the energy of free surfaces created by rupturing n links, while yr is the link dependent
specific surface energy. In (7.b) A denotes the initial unruptured cross sectional area of the system. The
linear elastic fracture mechanics suggests that the surface energy is a quadratic function of the force in
the link at its rupture. Assuming that a fraction X of the energy is used for new internal surfaces the
expression (7.b) can be manipulated into the following form [5]
(8)
where AT is the surface area of ruptured links. Since ku=fr, the fracture (surface) energy density is
v

-

7r
7

f2

(Q\

f r

(9)

^

AkAr

Assume uniform distribution of link rupture strengths p(fr) = Af ~] where Af - fmca - fmin- The
damage-displacement relationship is from (4)
ku
D=

-fm\o.
6f

(10)

The expression for the entropy production rate can be finally derived [5] using the equilibrium
equation in the following form
(11)
Equation (11), in conjunction with the second law of thermodynamics (requirement of the non-negative
entropy production rate A >0 ), leads to the inequality
(T-R)D>0

(12)

where the thermodynamic forces driving and resisting the damage evolution are
r = — - = -Ku2
and
R = 2Ayr
(13)
oD 2
Inequality (12) is a discrete analogue of the Griffith's condition as generalized by Rice [7].
According to (12) the condition F - R > 0 must be satisfied for the damage to grow D > 0 Conversely,
healing may take place only if the resistive force exceeds the force driving link rupture. Inequality (12)
places a restriction X > I on the energy partition parameter. If the entire energy used in the deformation
process is transformed into the surface energy it follows that X = I and F= R..
Conjugate Measures of Damage and Associated Affinities. The rate of energy used in the course of
the sequential link rupturing process (or damage evolution) is from (6)
^D
3D

= YD

(14)

Since F = dllldu , as shown in [5]
2

2

(15)
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The smallest increment of damage dD is associated with the rupture of a single additional link (dn = 1).
Thus, the product FdD is the elastic energy of Jink (ku^J2) released when a single link ruptures.
The suggested definition (4) of the damage variable is not unique. A different damage variable may
be defined relating its rate of change to the current number of the unruptured links (N-n)
£)„=—?—
such that
D_ = lnf——)
(16)
N-n
VN — nJ
In analogy with the strain measure commonly used in the theory of plasticity, damage variable (16)
can be referred to as a logarithmic measure of the damage. Since 0<,n<N, it follows that 0 < Dn< °° .
In contrast, previously introduced damage variable D-nIN is defined in the interval 0 < D ^ 1. Two
measures of damage D and Dn are related as
D,,=-ln(l-D)

and

D = l-exp(-D f l )

(17)

The relation between the two damage rates, Langrangian and Eulerian damage parameters and their
expressions in terms of the initial and current cross-sectional areas are derived in [5].
The Damage Resistance Curve. The stability of the damage growth can be investigated considering
the energy balance. An alternative method for the examination and interpretation of the stability of
damage growth takes advantage of the damage resistance curve, in analogy to the well known resistance
(/? --curve) of fracture mechanics. Consider first the potential energy in a force controlled test defined by
expression
r-2

= Kff(F,D) + £ y (D) =

2(l-D)K

3K

where Kf(FJ)) represents the sum of the elastic strain energy and the load potential, while E^D) is the
surface energy (8). The energy release rate associated with the damage growth is
L

)

(19)

5
2

dD

2(\-D) K

The thermodynamic force resisting the damage increase is
dEy
aD

SF2D2

(20)

K

For a given value of the force F , the accumulated damage is obtained from the equilibrium
requirement
G(F, D) = R(D) ,

(21)

The corresponding state is one of stable damage growth if, for a given force level, the rate of damage
resistance force exceeds the rate at which the energy is released, i.e.

§<s
The stability condition (22) requires that the slope of the R curve is greater than the slope of G curve at
the point of their intersection. If the inequality (22) is not satisfied the growth of damage is unstable. In
analogy with the fracture mechanics, R curve (20) can be referred to as the damage resistance curve. For
the considered model the damage resistance curve can be determined analytically if the rupture strength
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distribution is known. The shape of the R and G curves depends on the selected damage variable.
Adroit selection of damage variable leads to R and G curves similar in shape to those encountered in
fracture mechanics. Using the Weibull distribution of link rupture strengths the expression for the energy
release rate G and the damage resistance force R
dnf
F2
L
G(F,D) =—- =
*—
dD 2(1-D2)K

and

dEy F2
V(
R{D) = —^- = ^-{aeYa
In l-Dj
dD 2KK
\

(23)

As the shape parametera becomes larger the Weibull distribution (tending in the limit to the Dirac delta
function) becomes increasingly more typical of the brittle response (ordered solids). The corresponding
R curve coincidentally tends to the Heaviside function approaching the Griffith's criterion for
homogeneous, perfectly brittle solids.
Stiffness and System Compliance, If all of the energy used in the rupturing process is
transformed into the surface energy, the complementary workW of the externally applied force F is
(24)

where W*m is the complementary work at maximum force Fn. The tangent compliance of the system
can be derived as the second derivative of the complementary work with respect to the force

(25)

At the apex F = F^ of the force-displacement curve the compliance is infinite and the tangent
stiffness vanishes. At this point a continuous change in the microstructure (gradual removal of links)
results in a qualitative change in the macro response defined as a loss of the ability to sustain further
increases in the load. The stiffness of the specimen can be also be considered a transport property. The
threshold value defining the critical state at which the transport property disappears is in physics
classified as the phase transition. Since the complementary (or Gibbs') free energy (24) is convex in
force F, and since the compliance is the second derivative of the complementary energy, the failure of a
parallel bar model in force controlled conditions is a paradigm of a second order phase transition. This
phase transition is interpreted as a transition in the connectedness. In a load controlled test at the critical
point, or percolation threshold, the remaining links will fail in a rapid succession (avalanche or cascade
mode) in response to a minute increase in the force F beyond Fm. Physically, the system undergoes a
transition from a connected to a disconnected state.
The above sketched discussion of the loose bundle parallel bar model provides a very good
illustration of some of the essential aspects the physics of damage processes. However, the simplicity is
lost in an attempt to generalize the model by including the effect of stress concentrations. It is interesting
that the estimates of the critical state rendered by the hierarchical parallel bar model [7] are in very good
agreement with the predictions of the above discussed loose bundle parallel bar model [8]. This provides
a first but insufficient indication that the stress concentrations (direct interaction of defects) might not
always be significant in the ascending part of the response.
LATTICES
Lattices represent not only a more realistic discretization but also a provide a very natural method of
estimates of the stress concentrations. A truly comprehensive study of rupture in triangular central-force
lattices, consisting of links with identical stiffness and randomly distributed rupture strengths, was
recently completed by Hansen, et al. [9]. At each end the lattice was supplied by a rigid member
ensuring identical displacement of all end nodes. Periodicity conditions were enforced in lateral
direction to eliminate the end effects. Quenched disorder was introduced assuming uniform distribution
of link rupture strengths p(fr) = const, (modeling the initial damage by links of zero strength). On such a
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lattice Hansen, et al. [9] performed repeated computations for a large number of different physical
realizations of the same statistics. The only difference between individual simulations consisted of
different spatial distribution of links strengths. To ascertain the effect of the lattice size Hansen, et al. [9]
considered four different lattice sizes defined by the number of rows in the lattice A.
Computations were performed using conventional truss analyses. Forces in links were computed for
every increment of the externally imposed displacement. Whenever the force in a link exceeded its
rupture strength fr, the link was removed and its force redistributed to extant links in accordance with the
equilibrium and compatibility conditions. Since the lattice geometry was periodic, and analysis
deterministic, the disorder is attributable solely to the non-deterministic distribution of the initial damage
and rupture strengths (quenched disorder).
The macro-variables defining the kinematics of the considered dissipative process are the
displacement u of the lattice (change of the distance separating the rigid members) and an appropriately
defined damage variable D (2). On the micro-scale the history is recorded by the number of broken links
n. Since n, or D, are the only history recording variables, all macro-variables and transport properties
(such as the effective lattice stiffness) must be defined as a function of D or as some other appropriate
function the number of removed links n. To determine the statistics of the process the results of
computations are averaged over the entire ensemble of physical realizations selecting the number n of
ruptured links as the control variable.
TABLE 1: Number nm, density nmIN of ruptured bonds, displacement um,
foTceFm and damage Dm at the apex of the force-displacement curve.

A
%
Dm

4
9

Um

0.280
1.09

Fm

0.54

Oim

0.5
(0.500)

=nmiN

8
25
(26)
0.195
1.83
(1.91)
0.92
(0.94)
0.5
(0.521)

16
85
(86)
0.166
3.08
(3.00)
1.54
(1.56)
0.5
(0.487)

24
173
(168)
0.155
4.17
(4.13)
2.09
(2.15)
0.5
(0.495)

The same lattice was analyzed using the self consistent model in [10]. The analytical results of these
analyses are arranged in the Table 1 while the results of the numerical simulations reported in {9] are
added in parentheses. The remarkable accuracy with which the self consistent method fits the numerical
simulations provides a strong indication that the lattice response during the hardening phase of the
deformation process (i.e. along the ascending part of the force-displacement curve) depends entirely on
the volume averages of the disorder. The exact details of the spatial distribution of ruptured links has a
second order effect on the response. The parallel bar model with democratic load sharing rule
completely ignores the role and the influence of the stress concentrations on the connectivity threshold.
This is a reasonable assumption for the damage tolerant materials, i.e. for deformation processes
characterized by the presence of a large number of small crack-like defects. In the case of ordered
materials, having a narrow band-width of rupture strengths, the failure occurs by unstable propagation of
a single defect at negligible levels of distributed damage. In these cases the stress concentration becomes
a dominant effect requiring introduction of a load sharing rule.
The choice of the damage parameter for the parallel bar model is not unique. The damage is fully
described by the number of ruptured links n which can be, in principle, selected as the damage
parameter. The number of ruptured links can be related to the number of original links D = (nIN) ,
number of surviving links {n/(N-n)), etc.. All of these measures are equally valid and a selection of the
"best" or "most appropriate" damage parameter is largely a matter of taste. This is not so in the case of
lattices. According to the computations in Hansen, et al. [9] both the total number of ruptured bonds nm
and the density of the ruptured bonds (nmIN) at the apex strongly depend on the specimen size. As such
neither of them is a viable candidate for the internal variable. However, the magnitude of the damage
variable aim (defining the reduction of the secant modulus K{a>) = K(l-O))) at the apex depends only on
the selected distribution of rupture strengths (microstructure). In lattices it becomes necessary to make
distinction between the density of ruptured bonds D = (nIN) and the parameter co. Both of these
parameters, as expected, depend on the microstmcture (selected distribution of the link rupture strengths
p(/»). However, only the parameter <y, or more accurately the magnitude of the secant modulus K(a>), is
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invariant of the lattice size. Since the effective secant modulus K(a>) is readily measurable this
conclusion is potentially very important in selection of the internal variable quantifying the damage.
SUMMARY AND CONCLUSIONS
Analyses of damage processes using simple discretized models provides valuable insights into the
essential features of the problem. The most important conclusion relates to the selection of the efferr i^e
secant stiffness as a size independent internal variable (order parameter) which is not only measurable
but depends only on the distribution of rupture strengths in the microstructure. Secondly, identification
of the rupture in load controlled tests as a phase transition suggests that the threshold itself and all
scaling laws are robust with respect to the higher statistical moments of the microstructural disorder.
Consequently, the effective continua (mean-field) models should provide reasonably good predictions of
the macro response during the entire hardening segment of the load-displacement curve.
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ABSTRACT
Fluidization is investigated as an energy efficient method of removing fines in a
machine in which comminution and material transport are integrated features of the design.
Two different conditions are explored. In the first, small mono-disperse particles are
steadily fluidized within a randomly arranged fixed bed of bigger particles. The results
show that the tluidization conditions can be predicted by means of an extension of the
general correlations proposed by Richardson and Zaki, and intended for fluidization of
mono-disperse particles in confined beds. In the second, a uniformly mixed binary bed of
glass spheres is impulsively fluidized. The transient bed behavior is found to be more
complex than what can be projected from our understanding of the steady state. The initial
upward motion of the packed bed forms an upward moving void which is essential for
segregation to occur. These experimental findings can be directly used to integrate an
efficient separation process into new crushing machines. Information on the optimization of
the machine working conditions can be extracted from the obtained results.

INTRODUCTION
Comminution processes find extensive applications in many different fields: mining
engineering, powder technology, and the pharmaceutical industry. There is great potential
for energy improvement in these areas, a.s present comminution processes are highly
inefficient [1]. The program of which this is a part, addresses the design of a crushing
device in an attempt to improve the efficiency of the entire process. Particle fracture and
material transport are integrated features of the machine, the final goal being a periodic
removal of the fine particles created by the crushing action, while new coarse material is
introduced into the system. The necessary size dependent segregation is obtained through
the fluidization of the particle bed. In an attempt to simplify the complexity of the problem
and gain basic insight of the dominant phenomena, two simple cases are considered. At
first, steady fluidization is studied to explore the interactions of coarse and fines in a
fluidized system. Then impulsive fluidization is investigated to understand the mechanisms
responsible for particle segregation.
Although the results can be directly related to a jaw-crusher-like machine operating on :i
vertical wet bed, the fundamental nature of this research provides useful information anu
insight into other paniculate processes.
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STEADY FLUIDIZATION OF FINE PARTICLES IN A FIXED BED OF
COARSE PARTICLES
Spherical fine particles are steadily fluidized within a fixed vertical bed of spherical
coarse particles. Particle diameters are 0.15, 0.2, 0.3 and 0.4 mm for the fine particles, and
2, 3 and 4 mm for the coarse particles. Fines and coarse particles are confined in a test
section with rectangular cross section (10 X 40 mm). The working fluid is water at ambient
temperature and pressure. The coarse particles are packed to a volume concentration of
55%. This is slightly smaller than the random loose packing of 57% [2], and can be
attributed to the presence of the lateral walls which cause the coarse particles to pack less
efficiently.
As the liquid mass flow rate is gradually increased up to a constant value, the fine
particles steadily expand to a concentration value corresponding to the imposed fluid
velocity. The fluid velocity is always kept lower than the incipient fluidization velocity for
the coarse particles, which act as a fixed porous medium. The degree of agitation of the fine
suspension becomes greater at high mass flow rates, but the interface with the clear liquid
above always appears sharp.
The issue of the mobility of the fine particles is fundamental in these experiments.
Cumberland and Crawford [3] showed that, when mono-size spheres are arranged in a
lattice configuration, there is a certain diameter ratio for a small sphere which can just pass
through the pore space. Such a diameter ratio (small/large) is termed the "critical ratio of
entrance". For the tightest systematic packing, where coarse particles are arranged in a
triangular layer structure, the theoretical ratio of entrance is 0.1548. Soppe [4] indicated
that particles with diameter ratios up to 0.15 can percoiate through the sediments of a
random loose packed bed. To ensure a free movement of the fine particles in the pore space
of the coarse bed we observe that a size ratio smaller than 0.1 is required. For diameter
ratios bigger than 0.1, the fine particle do not freely percolate, but agglomerate in clusters
preventing a homogeneous and continuous fluidization.
The results obtained when the fines are fluidized within the bed of coarse particles are
presented in the same manner as used by Richardson and Zaki [5] for fluidization of a
single species. The authors found that the logarithm of the liquid superficial velocity J|
scales linearly with the logarithm of the liquid volume fraction, according to the form:
log j , = n log( ]-v)

+ log U,,

(1)

where n is the slope of the curve and logU; is the intercept on the y-axis corresponding
to a value of v equal to zero (infinite bed expansion). Combining these results and some
dimensional analysis considerations, they correlated the coefficient n in terms of the
Reynolds number Rex based on the settling velocity Um of a particle in an infinite
stationary liquid and on the particle diameter, and the ratio between the particle diameter d,
and the pipe diameter D. For l<Reoo<200, range of interest for the particles of the present
study, the correlation proposed by Richardson and Zaki is:

n =(4.45+ 18—) Re^".
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(2)

Richardson and ZakJ also compared the values of Uj with those for the terminal velocity
IL, and they arrived at the following empiricaJ correlation:
(3)

•logUi+^,

which encompasses wall effects. The difference between U» and Uj is attributed to the
velocity gradient created near the wall. This effect becomes important when the size of the
particles is comparable to the dimensions of the pipe.
This same framework is now extended to the fluidization conditions within the fixed
coarse bed. Fig. 1 shows some of the experimentai data, obtained when 0.2 and 0.4 mm
particles are fluidized alone and
within a bed of coarse particles (3
and 4 mm). For the data in the
presence of the coarse bed, the
liquid superficial velocity and the
fine particle concentration v are
defined with respect to the
interstitial space of the coarse
medium.
In this representation also the
data obtained with the coarse
medium fall along straight lines,
so that an expression of the type
of eq. 1 is a natural choice to
correlate
the
results.
Nevertheless, the slope and the yintercept of these lines are
significantly dependent on the
Log(l-V)
size of the fine and the coarse Fig. 1: fluidization of bi-disperse bed. Experimentai
particles. Namely, the y-intercept
results
decreases and the slope of the
lines increases, as the particle size
ratio (d/d c ) increases. Figs. 2 and 3 show the ratios of the Uj values and of the n
parameters over the corresponding values obtained for fine particles fluidized alone (UTC
and n o ), as a function of the particle size ratio (d/d c j.
In comparing fiuidization with and without coarse medium, the principal difference is in
the geometry of the fluidized region owing to the presence of the coarse bed. It is therefore
proposed that the fluidization parameters Uj and n can be computed with an effective
lengthscale that represents the size of the passages formed by the coarse particle bed and its
meanderous character. The simplest and most natural choice is the hydraulic diameter
derived from the volume ai.d the wetted surface of the coarse pore region. This diameter
can be easily related to the coarse concentration vc and to the coarse particle diameter dc in
the following way:
D=

4xCoarsePoreVolume
WetSurfaceofCoarseMedium

_ 2(I — VL )dt
3v

(4)

When this effective diameter is used, eq. 3 is capable of predicting the values of the
correlating parameter Uj, and the related results are plotted with a continuous line in fig. 2.
For eq. 2, the introduction of the diameter defined in eq. 4 captures the trend of the
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Fig. 4: image sequence of a binary bed impulsively fluidized in a rectangular test section. The fine panicles
are 0.2 mm black coated glass spheres. The coarse particles are 4 mm transparent glass spheres. Frames are
spaced by Mb™ of a second. The distance between the white scale markers on the left of each frame is 10
mm. The imposed superficial li-'uid velocity is 10 mm/s. The bed at first is lifted and the bottom layers of
coarse particles start to rain do tm. An upward moving coarse particle free region is formed. In this region
the fines are fluidiied. When tne binary bed reaches a critical thickness, in this case approximately three
coarse particle diameters, an instability occurs, and the fines break through the plug. In the final condition
the fines are fluidized on top of the cleared coarse bed.
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experimental data, but does not match the values. The same expression is then maintained,
but one of the experimental coefficients is modified according to our measurements. The
following correlation is proposed:

n =(4.45+ 5.74—) Re.*',

(5)

This correlation is plotted in fig. 3. The discussed results represent an extension of the
general correlations for vertical straight walled fluidized beds. Despite the complex
distribution of the flow across the porous medium, the introduction of the hydraulic
diameter for the coarse bed is sufficient to predict the fluidization conditions.

Richardson & Zaki corrected with
effective porous medium diameter

Richardson & Zaki corrected with
effective porous medium diameter

H i

1 1

'

1

HIM

d

/d

d

/ d

Fig. 3: steady fluidization of bi-disperse
bed. n correlating parameter.

Fig. 2: steady fluidization of bi-disperse
bed. Ui correlating parameter.

IMPULSIVE FLUIDIZATION OF BI-DISPERSE PARTICULATE BEDS
The unsteady nature of these tests adds a level of complexity to the steady case
discussed in the previous section. The phenomena observed under impulsive fluidization
show features that are significantly different and unexpected on the basis of the
understanding of the steady behavior.
The experiments are performed with a uniformly mixed bed of coarse and fine particles.
Fines of 0.2 mm with coarse particles of 2, 3 and 4 mm are used. The particles are placed
in a rectangular test section, and the fines fill the void of the coarse medium. From rest, an
upward liquid flow rate is suddenly increased to a constant value by means of a positive
displacement device. Image analysis tools are chosen to extract species concentration and
velocity measurements.
Fig. 4 is a sequence of video images spaced by !/6th of a second which clearly show
the details of the events. The fine particles are dark and the coarse are transparent. Upon
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injection of the working fluid, the mixture of fines and coarse starts to be dragged upward
as a plug and little separation occurs. The lower layers of this plug precipitate due to the
fact that the liquid velocity is always smaller than the coarse particle fluidization velocity.
The upward motion of the plug is followed by a wave-like progression of a region where
segregation occurs between the heavy settling particles and the light particles kept in
suspension. The formation of this void is essential for segregation to occur. The net result
is the accumulation of a cleared coarse bed at the bottom of the test section while the plug is
still being dragged upward. When the depletion of the plug is such that only a few layers of
coarse are left, the process reveals the sudden nature of the final separation with the fines
b r eaking through in an apparently unstable manner. In the final conditions the fines are
fluidized on top of the coarse bed which is sitting at the bottom of the test section.
Measurements of fine concentration left in the coarse bed after the segregation process
show that removal is directly related to the liquid flow rate. Fig. 5 shows the removal
fraction (volume of fines segregated per initial volume of fines in the bed) as a function of
the liquid superficial velocity J[. For values of Jl close to the falling terminal velocity of the
fines the final separation is almost complete. It is proposed that in these conditions the fine
particles released at the lower interface of the plug are kept fully suspended while the coarse
are settling. If the liquid velocity is lower than the particle terminal velocity, the fines
partially settle and a fraction of them is trapped and entrained again in the coarse layers
accumulating at the bottom.
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Fig. 5: final removal fraction of fine
particles as a result of impulsive
fluidization of bi-disperse system.

Fig. 6: bed height-segregation time
relationship for impulsive fluidization .

In relation to the design of a crushing machine it is desired to achieve a high and fast
removal of fines from the coarse bed. The effect of increasing liquid flow rate on the time
required to obtain segregation is also considered in our experiments. It is found that the
segregation time is essentially proportional to the initial height h o of the bed. In fig. 6 it is
shown that the ratio between the initial bed height and the time required to segregation is
constant with J|. This behavior is explained observing that higher liquid flow rates have the
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only effect of raising the plug at a proportionally higher speed. For this reason the depletion
velocity relative to the upward moving plug depends on the characteristics of the settling
particles and the relative velocity with the fluid, but not on the liquid flow rate as measured
in a fixed reference system. In a reference frame traveling with the plug the wave motion
associated with the erosion of the bed is seen to progress at a constant speed.
The net result is that high liquid flow rates do enhance particle segregation, but do not
significantly alter the speed of the process. For elevated mass flow rates the final
segregation occurs with a higher rise of the particle plug. This could be a problem when
design considerations require to confine the bed inside the machine.
The final optimization of the machine parameters and working conditions will have to
combine these and more specific observations in a unified framework of material transport
and fracture analysis.

CONCLUSIONS
Fluidization of binary particle systems is considered in steady and unsteady conditions.
When fine particles are fluidized within a fixed coarse bed, it is shown that the results
can be predicted by means of an extension of the general correlations (2) and (3) proposed
by Richardson and Zaki, and developed for mono-disperse particles fluidized in vertical
pipes. The extension of such general relationships is obtained with the correction of one of
the empirical coefficients proposed by Richardson and Zaki, and the introduction of the
hydraulic diameter for the pipe. This diameter represents an effective size of the passages
formed by the coarse particle bed and can be related to the coarse bed concentration and
coarse particle diameter (eq. 4).
In the unsteady conditions, when the bed of fine and coarse particles is impulsively
fluidized, it is shown that complete segregation between the two species can be achieved,
provided that the liquid velocity is higher than the terminal velocity of the small particles.
For lower liquid velocity values, segregation is still obtained but with a partial removal of
fine particles. The velocity of the segregation process is independent of the height of the
bed or the liquid flow rate.
While these measurements were conducted in simplified conditions, the fundamental
nature of the results is of direst interest to a number of paniculate processes and machinery.
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LIST OF SYMBOLS

D:
d:
dc:
ho:
J|:
n:
ReTC:
icr'.
Uj :
LJ^:
v :
v
c:

pipe diameter or the equivalent pipe diameter defined in (4)
fluidized
particle diameter
coarse particle diameter
initial bed height
liquid superficial velocity or liquid gross section velocity
experimental coefficient defined in (2)
Reynolds number based o n particle diameter and settling velocity
time required to obtain final segregation
antilog of the iogJ| intercept axis at v=0
terminal o r settling velocity of a single particle in an infinite liquid
fluidized particle volume concentration
coarse particle volume concentration
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EFFECT OF CARRIER GAS PRESSURE ON CONDENSATION IN A SUPERSONIC NOZZLE
G. Wilemski, B.E. Wyslouzil, M. Gauthier, and M.B. Frish
Physical Sciences Inc.
Andover MA 01810

ABSTRACT
We performed supersonic nozzle experiments with a fixed water or ethanol vapor
pressure and varying amounts of nitrogen to test the hypothesis that carrier gas
pressure affects the onset of condensation. Such an effect might occur if nonisothermal nucleation were important under conditions of excess carrier gas in the
atmospheric pressure range, as has been suggested by Ford and Clement. Although we
observed a small increase in the condensation onset temperature as the stagnation
pressure was reduced from 3 to 0.5 atm, we cannot attribute these changes to any
non-isothermal effects. To theoretically simulate the observed behavior, we
performed calculations of nucleation and droplet growth in the nozzle that took into
account the change in nozzle shape with carrier gas pressure due to boundary layer
effects and the heat capacity of the flowing gas. We neglected energy transfer
limitations in calculating the nucleation rates. The trend of the calculated
results matched that of the experimental results very well. Thus, heat capacity and
boundary layer effects are sufficient to explain the experimental onset behavior
without invoking energy transfer limited nucleation. Beyond the onset location, the
calculations ovarpredicted the rate of water condensation. Thus, inefficient
cooling of larger, growing droplets may be influencing droplet growth rates. Our
conclusions about the rate of nucleation are consistent with those obtained recently
using an expansion cloud chamber, but are at odds with results from thermal
diffusion cloud chamber measurements.
1.

INTRODUCTION

The condensation of rapidly cooled vapor mixtures has been under investigation
for over 50 years, and a considerable body of information has been amassed. [1,2]
One of the most important concerns is to understand how and why the observed onset
of condensation varies with different experimental conditions. The onset of
condensation is the point in the expanding flow where the density, pressure, and
temperature deviate significantly from the isentropic values. Aside from the
enormously difficult theoretical task of predicting the onset of condensation from
well-founded physical principles, there remain perplexing differences in onset
conditions measured by different investigators that are too large to be accounted
for by experimental errors. While some of these differences can surely be explained
in terms of the non-equilibrium conditions developed in extremely rapid molecular
beam and free jet expansions compared to the much gentler expansions found in Laval
nozzles and shock tubes, many experimental results found with these latter devices
also show unexplained differences in the onset temperature of condensation.
Examples can be readily cited for the condensation of water [3], argon [4], and
nitrogen [5].
Our recent experiments explore the effect of carrier gas pressure on the onset
of condensation in the atmospheric pressure range. This factor has not been
systematically varied before, but it can qualitatively account for a shift In onset
temperature with carrier gas pressure. In principle, larger nucleation and growth
rates (and higher onset temperatures) are achievable at higher carrier gas pressures
because "hot" clusters can be more rapidly thermalized than at low pressures. The
latent heat of condensation significantly raises the internal energy of a cluster
formed by monomer addition. Until this excess energy is removed via gas-cluster
collisions, the cluster is prone to decay by re-emitting a monomer. Barschdorff [3]
previously observed a change in onset temperature due to this effect for high mass
fractions of condensible vapor. Recently, Ford and Clement [6] suggested that a
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similar effect on nucleation rates might be observable under conditions of excess
carrier gas at about 1 atm. The experimental evidence on this subject is confusing.
In diffusion cloud chamber experiments, Katz et al. found a decrease in nucleation
rate of four to five orders of magnitude with increases of carrier gas pressure from
100 to 2000 Torr [7]. An opposite, but smaller, trend was observed in flow
diffusion chamber experiments by Anisimcv and Vershinin [8,9]. Recently, Wagener,
Strey, and Viisanen, [10] using an expansion cloud chamber, reported no intrinsic
effect of carrier gas pressure on the nucleation process.
The goal of our current work [11] is to determine if a reduction in carrier
gas pressure delays condensation onset to a lower temperature in the nozzle which
would be caused by strong non-isothermal nucleation effects. In our experiments, we
have not observed a significant variation in the onset of condensation (with a fixed
low initial concentration of water or ethanol vapor) accompanying a decrease in the
carrier gas pressure. Thus, our results provide evidence that non-isothermal
nucleation effects are unimportant for excess carrier gas in the atmospheric
pressure range even at the high nucleation rates found in nozzles.
2.

EXPERIMENTAL APPARATUS AND DATA ANALYSIS

Our experiments are done with an intermittent, low Mach number, supersonic
Laval nozzle that is equipped to do spatially-resolved light scattering and MachZender interferometry [12,13], The two-dimensional nozzle, with a 0.5 x 1.7 cm2
throat, is defined by two carefully machined aluminum blocks enclosed between two
parallel pyrex glass walls. The 7.27 cm long supersonic portion consists of
straight, diverging walls with an exit-to-throat area ratio of 1.36 that yields a
maximum Mach number of 1.72 for a perfect diatomic gas. During steady supersonic
flow periods of several hundred milliseconds, one-dimensional temperature and
pressure gradients are established in the nozzle. Typical cooling rates are about
0.6 K//is. Temperatures between 225 and 260 K are achieved in the condensation zone
downstream of the nozzle throat. Condensible vapor is controllably mixed with the
nitrogen carrier gas in a pressurized saturator and fed directly into a large supply
plenum. The interferometry data yield a relative density profile in the nozzle.
Pressure measurements made in the supply
plenum and through a pressure tap at the x-0
cm point in the nozzle fix the absolute valuE
of the density ratio. The deviation from
isentropic flow caused by latent heat
release, when sufficiently large, can be
detected with the interferometer by comparing
density ratio profiles obtained under
conditions of dry flow to those obtained with
condensation. The temperature profile of the
expanding/condensing flow is obtained by
integrating the diabatic gasdynamics
equations using the measured dry and wet
density profiles as input data, following a
procedure similar to that of Wegener and
Pouring [14].

3.

EXPERIMENTAL RESULTS and DISCUSSION

Experiments at constant stagnation
pressure with varying condensible vapor
pressure confirm that our supersonic nozzle
results are consistent with those of other
workers generated using a variety of
experimental techniques. The results for
ethanol are shown in Figure 1, where they are
compared with those of Wegener, Clumpner, and
Wu [15] and those of Dawson et al. [16] Of
greater interest are the results unique to
the current work, i.e., the results of
experiments in which the initial pressure of
the condensible species was constant but the
pressure of the carrier gas was varied
significantly. Figure 2 shows raw wet and
dry gas density data measured at total
stagnation pressures of 0.5 and 3 atm. One
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difficulty in working at low pressure is the poorer quality of the interferograms
produced. Despite this It is clear that the location at which the dry and wet
curves deviate is net significantly different.
Temperature profiles obtained by integrating the diabatic gasdynamics
equations are shown in Figure 3. The vertical displacement of the results is due to
the increase in the boundary layer thickness at the nozzle walls with a six-fold
decrease in pressure. In effect the nozzle shape changes slightly, giving rise to a
gentler expansion at low pressure. In the low pressure case, we also note the
stronger departure of the wet temperature profile from the isentrope as well as the
higher peak temperature. These are consequences of the reduced heat capacity of the
lower pressure gas, since condensation adds roughly the same amount of heat to each
flowing gas stream. For the experimental results of Figures 2 and 3, onset occurred
between x-1 and 1.5 cm.
Figure 4 shows the experimental onset temperatures versus total stagnation
pressure.
Theoretical onset temperatures are also plotted. These were calculated
using classical isothermal nucleation theory, with the integral method of
Oswatitsch [1] and the measured effective area ratios at each pressure as explained
in Section 4. Changing the nucleation rate by a factor of ten in the modeling
results in a 3 K shift in the onset temperature. Thus large changes (>100X) in the
experimental nucleation rate due to changes in carrier gas pressure should be
readily observed. Based on the results of Figure 4 we conclude that the small
variation in onset temperature is readily explained by classical isothermal
nucleation theory and the fluid mechanics of the nozzle flow. Thus, strong nonisothermal nucleation effects are not apparent in our results despite onset
pressures that are generally subatmospheric (0.2 to 1 atm). Our recent experimental
results for using ethanol as the condensible species show che same trend as in
Figure 4.
4.

THEORETICAL MODELING OF CONDENSATION

To gain more insight, theoretical calculations of condensation in the nozzle
were performed. Two types of models were used: a discrete-sectional (DS) model and
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an integral steady state (ISS) model first used by Oswatitsch [1]. These models
simulate the nucleation and growth of particles containing up to 10 7 molecules (40
to 60 nm radius) and include the effects of heat addition to the flow through the
diabatic gasdynamics equations [2]. Both models are based on the classical kinetic
model of cluster formation which considers cluster size to change only by monomer
condensation and evaporation [17]. The simpler ISS method uses the steady state
nucleation rate J to compute the number density AN of new particles formed at each
point x in the expansion from the conservation law, AN - (J/u)Ax; u is the local
flow velocity. With an appropriate droplet growth law the condensate mass fraction
can be calculated versus x, and from this the change in flow properties can be
obtained by integrating the diabatic flow equations. This approach has been used
extensively "or simulating condensation in nozzles [2]. In these calculations, the
classical isothermal steady state rate expression, Jcl, was used for J. Following
conventional practice, a multiplicative adjustment factor r was used to bring the
calculated and measured values of the onset temperature into agreement. Thus J is
expressed as J-rJcl. In general, T varies with experimental conditions, but for a
given expansion it is a temperature independent constant.
The DS model solves a coupled set of kinetics equations for the rate of
change, Rit in the number density of clusters with i monomers (i-mers), Hi. The
rate of change
g due to monomer addition and subtraction is Rj-1,.,-1,, where I,-&)N,N<E 11+1
Here pt is the rate coefficient for adding a monomer to an 1-mer, and t is
+ 1 N1+1.
the evaporation rate of an i-mer. Standard forms from classical nucleation
theory [17] are used for &t and Ej. The spatial evolution of the cluster densities
is governed by steady-state conservation relations that superimpose the effects of
the expansion with the above rate processes: d(N1/p)/dx-R1/(up); p is the flow
density. This coupled set of first order non-linear rate equations is solved
subject to monomer conservation. To keep the problem computationally tractable,
only the first 1000 cluster sizes were treated discretely. All of the larger sizes
were treated using a binning procedure in which each successive decade was
subdivided into n bins, with the bins in each decade ten times larger than the bins
in the preceding decade. The principal aim of this exercise was accuracy, not
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efficiency. By working in number space and realizing that the cluster size
distribution varies linearly over modest increases in cluster size, this approach
yields essentially exact results. The results shown here were obtained using 900
bins per decade. The equations were solved using a simple, hybrid implicit
predictor-corrector scheme with a fixed step size chosen to give stable results.
Given the measured area ratio profile for our nozzle, the local flow temperature,
density, and pressure were continuously adjusted by solving the gasdynamics
equations for diabatic flow, thereby accounting for heat addition to the flow from
condensation.
In Figure Sa the size distributions computed from the DS model show how the
droplet distribution evolves from a broad, raonotonically decaying function of size
at condensation onset into a broad, roughly log-normal distribution of growing
droplets accompanied by a molecular vapor consisting mainly of monomers, dimers, and
very small i-mers as condensation nears completion. Figure 5b displays the same DS
results as a function of particle radius and compares them with ISS model results.
The ISS method produces results very close to those of the DS model provided that
both the steady state nucleation rate expression and droplet growth law used are
consistent with the forms of £± and E1 used in the DS model. The ISS model results
in Figure 5b. were obtained using the quasi-steady isothermal droplet growth law
including evaporation, and droplet growth was started precisely at the critical
size. The two particle size distributions at onset, X--0.2, are in good agreement,
with the exact DS results giving a slightly broader distribution. Onset is the
point in the nozzle where the effects of condensation are first evident. These
theoretical results indicate that at onset most of the condensed mass is already
present in very large particles and that substantial droplet growth has already
occurred. The latter observations contrast with the conventional view, developed
for low temperature ethanol condensation, that at onset most of the condensed mass
exists as a cloud of tiny (0.5 run) near-critical nuclei with droplet growth
contributing substantially only after the peak nucleation zone [15].
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As opposed to the above water results, ethanol condensation calculations for
the conditions used by Wegener et al. [15] yield results supporting the picture of
decoupled nucleation and growth. These results are shown in Figure 6a. The size
distribution at onset is very sharp, critically-sized particles dominate, and most
of the mass lies in the smallest sizes. It should be noted this behavior is a
consequence of the exceedingly high nucleation rates achieved in the experiemnts of
Wegener et al. [15]. In calculations simulating our ethanol condensation
experiments, we observe a transition from this decoupled behavior to a regime in
which nucleation and droplet growth are equally important as for the case of water
condensation. Figure 6a also shows the very broad ethanol size distribution
computed for one set of our conditions. Figure 6b compares cumulative mass
distribution curves illustrating this transition. The sharpest distribution
corresponds to the conditions of Wegener et al.; the other two curves span the
temperature range covered by our experiments. We conclude that the magnitude of
nucleation rate achievable under different conditions has an major effect on the
relative importance of nucleation and droplet growth at onset.
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DEVELOPMENT OF A DUAL-SINKER DENSIMETER
FOR HIGH-ACCURACY FLUID P-V-T MEASUREMENTS1
Mark O. McLinden and Nolan V. Frederick2
Thermophysics Division
National Institute of Standards and Technology
Boulder, Colorado 80303, USA

ABSTRACT
A dual-sinker densimeter to very accurately measure the pressure-volume-temperature
(P-V-T) properties of fluids over a temperature range of 80 K to 520 K and at pressures up to
35 MPa is in the final stages of development at NIST. The density of a fluid is determined by
measuring the difference in the buoyancy forces experienced by two sinkers of identical mass,
surface area, and surface material, but very different volumes. The buoyancy forces on the sinkers
are transmitted to a semi-microbalance by means of a magnetic suspension coupling. This paper
reviews the principle of the measurement and describes the overall design of the system.
INTRODUCTION
The pressure-volume-temperature (P-V-T) properties of fluids are the key thermophysical property data
needed for the development of accurate equations of state required to predict the efficiency of working fluids,
to assure equity in the domestic and international trade of chemicals, fuels, and related fluids, and to enable
accurate design and efficient control of chemical process equipment. The Thermophysics Division of NIST
has extensive experience and capabilities in P-V-T measurements. The existing capabilities need to be
upgraded to respond to the increased accuracy demands of custody transfer and model development
applications. The need for accurate, but rapidly determined, properties of alternatives to the CFC refrigerants
and of other ne* working fluids dictates a highly automated apparatus.
In view of these needs, we are developing a new apparatus which will complement the existing PVT
apparatus, cover wide ranges of temperature, pressure, and density, and, most importantly, exiend our
accuracy capabilities by nearly an order of magnitude. The wide temperature and pressure capabilities of the
new apparatus will be of particular value for the alternative refrigerants, fluids for which low temperature, and
also high pressure, data are scarce.
MEASUREMENT PRINCIPLE
The apparatus we are developing is a relatively new type of device for measuring fluid P-V-T properties,
termed a dual-sinker densimeter, which has been pioneered by Kleinrahm and Wagner [ 1 ]. In this device, two
sinkers of identical mass, surface area, and surface material, but very different volumes, are weighed
separately with an analytical balance while immersed in a fluid of unknown density. The difference in
buoyancy forces on the two sinkers yields the fluid density p:

m
'Contribution of the National Institute of Standards and Technology, not subject to copyright.
Rocky Mouniain Electron Video, Inc., Boulder, Colorado.
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where AF is the difference in the net force on the sinkers, g is the local acceleration of gravity, AV is the
difference in sinker volumes, and Am is the difference in the masses of the two sinkers (this quantity will be
small, but it would be very difficult to fabricate two sinkers of absolutely identical mass). By means of
internal electronics and calibration weights, the balance converts the quantity (F/g) to a reading directly in
grams, so the local acceleration of gravity need not be known. The sinkers are suspended from the balance via
a magnetic suspension coupling which isolates the balance from the high pressure measuring cell. The main
advantage of the dual-sinker method is that surface tension effects on the suspension wire, adsorption onto the
surface of the sinkers, and other effects which reduce the accuracy of most buoyancy techniques cancel.
Because of this cancelling effect, this method is particularly well suited for measurements at saturation. A
further advantage of the method is that the measurement yields the fluid nsity directly, without the need for
calibration fluids. The uncertainties in the measured density are expects, to vary from 0.01% for liquids (p =
1 g/cm3) to approximately 0.1% for low density vapors (p = 0.01 g/cm3). These accuracies should be
routinely achievable over wide ranges of temperature and pressure. The apparatus is most suited for singlephase and saturation measurements on pure components, but will also be suitable for single-phase
measurements on mixtures.
The new apparatus is modeled after the Kleinrahm and Wagner device in a very general way, but
incorporates a number of changes to yield what we expect will become the new state of the art for wide-range
P-V-T measurements. This apparatus will operate at temperatures from 520 K down to 80 K (and as low as
30 K with liquid neon cooling) with pressures up to 35 MPa. The control of the apparatus and the
measurement process will be entirely automatic; only the fluid handling operations, such as charging the ceil,
will be done manually.
EXPERIMENTAL APPARATUS
Overall Layout
The apparatus consists of the following key components:
• the two sinkers which together with a semi-microbalance and a mechanism to pick up each sinker
constitute the density measuring system,
• a pressure vessel which contains the fluid of interest,
• a magnetic suspension coupling which transmits the net force on the sinkers from the pressure vessel
to the balance,
• pressure and temperature measuring instruments,
• a thermostat system incorporating liquid nitrogen cooling and electrical heating,
• a personal computer which controls the entire system and record , the measurement data, and
• auxiliary systems such as fluid charging and vent manifolds and a vacuum system.
The overall layout of the First five of these components is shown in Figure 1. The assembly depicted in
this figure is supported on a sturdy aluminum frame which incorporates vibration isolation. An instrument
rack, the vacuum system, and a Dewar of liquid nitrogen for the cooling system are adjacent to the main
instrument.
Sinkers and Sinker Changing Mechanism
Two well-characterized sinkers constitute the heart of the density measuring system. The prime
requirement is that the sinkers be of very different densities. The low density sinker must, of course, be more
dense than the densest fluid that will be measured (otherwise it would become a float). These densities must,
furthermore, be well known over the full temperature range of interest. The volumes of the sinkers at room
temperature can be determined to a few tens of parts per million (0.001 %) by weighing in water [2]. The
sinker volumes (or densities) at other temperatures are computed from the thermal expansivity of the material.
Our design employs a low density sinker of single-crystal silicon. The density of silicon (p =
2.33 g/cm3 at 20 °C) is nearly optimal; it is higher than almost all of the fluids of interest (e.g. many of the
refrigerants have liquid densities from 1.0 to 1.8 g/cm3), and only a few fluids (e.g. xenon, bromine) have
higher densities. The density and thermal expansion coefficient of single-crystal silicon are known extremely
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well [3,4], and since single crystals of ultra-high purity are readily available, the literature values for density
and thermal expansion coefficient can be applied to our specimen with negligible loss of accuracy. The silicon
sinker is essentially a right circular cylinder; this shape gives close to the minimum surface area-to-voiume
ratio. The sinker has a diameter of 31.70 mm and an overall height of 33.56 mm. Its nominal mass is 60 g.
A small (1.9 mm high by 22.9 mm diameter) protrusion on the bottom of the cylinder serves to center the
sinker when it is lowered onto its support pedestal.
The high density sinker is tantalum. Tantalum is a dense metal (p = 16.6 g/crn3 at 20 °C) and is very
corrosion resistant. Some of the precious metals, such as platinum and gold, have higher densities but are
very soft and present fabrication difficulties, and while they are very corrosion resistant they can catalyze the
decomposition of some fluids. In any event, the density of tantalum is high enough to give a large volume
difference between the sinkers; there would be little added benefit in using a higher density material. To
satisfy the requirement of equal surface areas, the tantalum sinker is in the shape of a ring with an inner
diameter of 40.94 mm, outer diameter of 44.20 mm and height of 16.63 mm; its nominal mass is also 60 g.
Placing the ring concentric with the silicon sinker achieves at least two benefits: (1) both sinkers are at the
same height in the cell, minimizing the effects of any vertical Jensity gradients that might be present in the
fluid, and (2) a novel mechanism for picking up and weighing the cylinder and ring is possible, as described
below. The volume of the tantalum sinker at room temperature will be determined by hydrostatic weighing.
For metals, the coefficient of thermal expansion depends on the heat treatment, exact alloy composition, etc.
Fortunately, since the tantalum sinker has a much smaller volume than the silicon sinker, the thermal
expansion coefficient of tantalum does not need to be known as accurately as for silicon.
Both sinkers will be coated with the same material to minimize surface adsorption effects. By having the
same surface area and surface material for both sinkers, fluid should adsorb equally on the two sinkers,
cancelling the effect. We are currently investigating both tantalum and silicon coatings.
To pick up and weigh each sinker, a novel sinker changing mechanism has been developed. The sinkers
are picked up by a "cage" consisting of two stainless steel rings connected by three stainless steel posts; the
bottom ring contains three small "feet" which can pivot to pick up one sinker or the other. The mechanism and
weighing sequence is depicted in a cross-sectional view in Figure 2. In the "reset" position, both sinkers rest
on a pedestal. The cage is at its lowest position with the feei pivoted inward by a ledge machined into the
bottom of the pressure vessel. The cage is raised (by the magnetic suspension coupling, described below) to
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Figure 2. Detail of the sinker changing mechanism showing the four steps in a weighing sequence.
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pick up the silicon sinker. As the cage is raised, the feet "pass through" a set of spring "fingers" arranged
radially in a rosette pattern. (This finger rosette was produced by photo-etching stainless steel shim stock.)
The spring fingers are quite flexible in the upward direction, and the cage feet pass through easily. After the
cylinder is weighed, it is lowered back down onto its pedestal; tapered ledges on the pedestal serve to center it.
As the cage is lowered further, the feet contact the spring fingers, and the feet pivot outward. This motion is
guaranteed by three factors: (1) the feet pivot easily on highly polished axles, (2) the fingers are somewhat
more resistant to downward bending than to upward bending, and (3) the center of gravity of a foot lies above
the axle with the result that the feet have two stable positions. The process of pivoting the feet, with the feet
shown in several intermediate positions, is depicted in the third panel of Figure 2. The cage is again raised,
but this time the feet are facing outward and the tantalum ring is picked up for weighing. The cycle is
completed when the cage is lowered to the reset position.
Magnetic Suspension Coupling
The magnetic suspension coupling transmits the gravity and buoyancy forces on the sinkers to the
balance. The central elements of the coupling are two samarium-cobalt magnets, one on each side of a
nonmagnetic pressure separating wall. The top magnet and a small control electromagnet (termed the
"weighing coil") are hung from the balance, see Figure 1. The bottom magnet (from which the sinkers hang)
is held in stable suspension with respect to the top magnet by means of a feedback control circuit making fine
adjustments in the control electromagnet current. All the lifting force during sinker weighings comes from the
mutual attraction of the two permanent magnets. Currents in the control electromagnet are very small (< 1 pA)
and are entirely for control, permitting the use of extremely fine wires as electrical leads to the weighing coil.
A larger electromagnet, not hung from the balance, is used to lift the lower magnet into the range of the
weighing coil. This large "lifting coil" is able to lift the cage and sinkers over a fairly large range of vertical
positions and makes possible the sinker changing mechanism described above. During Sinker weighings,
control is switched to the weighing coil, and the current in the lifting electromagnet is zero. A further
advantage of a separate lifting coil is that the large (up to 8 A) currents necessary to lift the sinkers from the
reset position do not heat the weighing coil. This avoids the destabilizing effect of convection currents rising
off a warm weighing coil.
The coupling is located approximately 375 mm above the sinkers. The connection between the bottom
magnet of the coupling and the cage consists of several elements. A stainless steel rod 0.76 mm in diameter
and 200 mm long rigidly connects the magnet and a ferrite core which moves within the coil of a linear
variable differential transformer (LVDT) which provides position information to the feedback circuit. (The
ferrite is encased in a short length of thin-walled stainless steel tubing to avoid any possible incompatibilities
with the test fluids.) Another length of 0.76 mm diameter stainless steel rod connects the ferrite to a length of
fine stainless steel wire at the top of the cage. This fine wire penetrates the liquid-vapor interface when
making measurements on saturated-liquid samples; it is very fine (0.10 mm diameter) to minimize surface
tension effects. (Wetting of the suspension wire is not necessarily a repeatable phenomenon, and, thus, it is
desirable to minimize the absolute effect in addition to the cancelling effect of the two-sinker measuring
principle.)
This considerable separation between the coupling and the sinkers is necessary for both the accuracy of
the measurement and practical reasons. The ferrite core in the position-sensing coil and the (slightly magnetic)
stainless steel pressure vessel must be located away from the magnetic coupling so as not to affect the
weighings. It is also desirable to locate the coupling above the main vacuum enclosure to permit easier access.
These benefits come at a cost: achieving the precise vertical alignment of the balance, coupling, sinkers, etc.,
which is critical for the accuracy of the weighings and the operation of the sinker changing mechanism, is a
painstaking process. To maintain alignment, all critical elements of the apparatus are attached directly or
indirectly to a massive stainless steel plate (381 mm diameter by 18.3 mm :hick) attached to a sturdy aluminum
frame.
The final element of the magnetic suspension coupling is the pressure-isolating wall. This isolates the
balance from the test fluid (which may be vi high pressure and/or extremes of temperature). This pressureisolating wall is a small pressure vessel connected to the main pressure vessel by a length of 9.5 mm O.D.
stainless steel tubing. The pressure-isolating wall is located between the two magnets of the magnetic
suspension coupling and must, therefore, be made of an absolutely nonmagnetic material. After testing
numerous "nonmagnetic" materials, including aluminum, stainless steel, copper, and titanium, we have
fabricated this vessel of a beryllium-copper alloy.
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Pressure Vessel and Thermostat
The pressure vessel comprising the measuring ceil is of u fairly conventional design and is constructed of
type 316L stainless steel. The pedestal for the sinkers is in the bottom "lid" of the pressure vessel. The lid is
sealed by a copper gasket. A copper sleeve, shrink-fitted to the outside of the stainless steel vessel, serves to
reduce temperature gradients to a few millikelvins (thousandths of a kelvin). Four separate openings in the top
of the pressure vessel, machined to mate with commercial coned-and-threaded-type high pressure tube fittings,
provide access for the suspension wire and fluid filling capillary as well as two spare openings. An opening
in the bottom of the vessel will connect with a future "reference cell" described below; it also allows a cleaning
solvent to be easily circulated through the vessel.
The primary element of the thermostat system consists of an isothermal shield which surrounds the
pressure vessel. The entire assembly will be in vacuum for thermal insulation. The isothermal shield is
constructed of copper and is maintained 1 K cooler than the measuring cell by a combination of electrical
heating and liquid nitrogen flowing through cooling channels machined into the top plate of the shield. Heat
conduction from ambient to the measuring cell is minimized by thermally anchoring all electrical leads, filling
capillaries, etc. to the isothermal shield. The small (approximately 20 mW) heat leak from the cell to the
shield is offset by electric heat to control the cell temperature to a few millikelvins. A separate liquid nitrogen
cooling channel is machined into the top of the pressure vessel; this cooling circuit will be used only for quick
cooling between runs and will not be used during actual measurements.
The small pressure vessel which is part of the magnetic suspension coupling will not be cooled because
of practical difficulties. It will be maintained at room temperature or about 1 K above the main cell
temperature, whichever is higher. A positive temperature gradient between the main cell and coupling is
desirable to prevent convection and/or condensation. This temperature gradient is confined to a short length of
the tube connecting the main cell and coupling. An upper heating collar is maintained at the temperature of the
coupling. A lower collar is maintained at the temperature of the main cell by a combination of electrical heating
and copper conduction straps connected to the isothermal shield. It is important to note that in the region of
this temperature gradient, the connection between the magnetic coupling and the cage consists of a thin
stainless steel rod of uniform diameter. The movement of an object of varying cross section in a temperature
(and, thus, density) gradient would affect the buoyancy forces detected by the balance and cause errors in the
measured fluid density. For this reason, the position sensing coil, with its ferrite core, is located in an
isothermal region maintained at the cell temperature.
A future feature of the apparatus will be a "reference cell" connected to the main measuring cell. For
vapor-phase measurements near saturation, the pressure in the measuring ceil will be set by the vapor pressure
of a small volume of liquid in the reference cell. By independently controlling the temperature of the reference
cell, saturated vapor conditions can be closely approached in the measuring cell without gross condensation of
fluid onto the sinkers. The effects of the significant surface adsorption which is often unavoidable at
conditions very close to saturated vapor are minimized by the equal surface area and surface material of the
sinkers.
Instrumentation
The first two elements of the density-measuring system, the sinkers and magnetic suspension coupling,
are described above. The other major element consists of a semi-microbalance with a resolution of 10 jig and
a stated accuracy of 30 (ig over a weighing range of 205 g. An additional feature of this balance which makes
it well suited to this apparatus is an automatic calibration mode which can be triggered by a signal from the
control computer.
The primary temperature measuring element is a reference-quality, 25 Q capsule-type platinum resistance
thermometer inserted into the copper sleeve of the measuring cell. The resistance of the thermometer is
measured in a 4-wire resistance circuit by a dedicated precision voltmeter. Two calibrated standard resistors
(10 Q. and 100 Q.) are also measured by the voltmeter. Other temperatures that must be known accurately
(such as the temperature of the isothermal shield) are measured relative to the standard PRT by five-junction
copper-constantan thermopiles. Two additional thermopiles measure the temperature differences between the
top and bottom of the measuring cell and the top and bottom of the isothermal shield; these temperature
differences are used to check for approach to equilibrium conditions upon a change in the temperature set
point. Several inexpensive 100 Q PRTs are used to monitor additional temperatures in the system. The
thermopiles and 100 H PRTs are measured with a nanovolt-level scanner connected to a nanovoltmeter.
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Pressures are measured by three vibrating-quartz-crystal pressure transducers having ranges of
0-0.20 MPa, 0-2.8 MPa, and 0^41 MPa. The fuli range of pressures can be measured within the optimum
range of at least one of the transducers. The pressure transducers are located approximateiy 375 mrn above the
measuring cell resulting in a fluid head that can be significant under some conditions. To permit accurate
correction for this effect, most of the capillary connecting the measuring cell with the transducers is maintained
at either ambient temperature or the cell temperature. The temperature gradient between the cell and ambient
temperatures is restricted to a horizontal section of the capillary inside the vacuum enclosure; this section does
not contribute to the fluid head effect and thus the density gradients resulting from the temperature gradient in
this section do not affect the accuracy of the fluid head correction.
The entire system is controlled and all data is collected by a microcomputer. The balance and pressure
transducers are read over RS-232 (serial) ports. The interface for the magnetic suspension coupling control
circuit is a combination analog/digital I/O board installed in the computer. The remainder of the
instrumentation is controlled over an IEEE-488 bus.
Auxiliary Systems
The densimeter also requires several auxiliary systems. A vacuum system consisting of a mechanical
roughing pump and high vacuum diffusion pump maintains the insulating vacuum within the thermostat as
well as allowing evacuation of the measuring cell. A valve manifold allows charging of test fluids into the
measuring cell, connection of one or more of the pressure transducers to the cell, and discharge of samples to
the building vent system. A hydraulically actuated, diaphragm-type compressor is connected to the manifold
to compress liquid samples up to the maximum working pressure of 35 MPa. The heaters on the isothermal
shield, measuring cell, etc. are supplied by 2, 4-channel DC power supplies controlled over the IEEE-488
bus. Finally, a 160 L Dewar of liquid nitrogen supplies the cooling system.
CONCLUDING REMARKS
The apparatus is nearly complete. The various critical elements have been tested individually and are
now being integrated and tested as a complete system. The final apparatus may differ slightly from the
description given here.
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EFFECTIVE ELASTIC PROPERTIES OF CRACKED SOLIDS
Mark Kachanov
Department of Mechanical Engineering, Tufts University
Medford, MA 02155, U.S.A.

ABSTRACT
The classical problem of effective elastic properties of cracked solids is critically reviewed. The
predictions of the existing schemes are directly checked by computer experiments on a large number of
sample arrays of interacting cracks. The main finding is that the approximation of non-interacting cracks (the
simplest one) actually remains accurate at high crack densities and strong interactions. The underlying
reason is that the competing interaction effects of shielding and amplification cancel each other (provided the
mutual positions of cracks are random).
INTRODUCTION
This paper is a brief summary of the work presented in detail in [1,2].
The theory of effective elastic properties of cracked solids predicts degradation of stiffness, development
of anisotropy, changes in wavespeeds caused by microcracking. Therefore, it is of obvious interest for solid
mechanics, materials science, geophysics; it also constitutes a theoretical basis of various NDE techniques.
Most of the approaches to this problem have roots in the effective media theories of physics. For
example, the approximation of effective matrix (a self-consistent scheme, in terminology of the mechanics of
solids with inhomogeneities), in which a representative inhomogeneity is placed into the effective matrix,
was first used in the problems of electrostatics in the XDC-th century. The method of effective field, and its
simplest version - Mori-Tanaka' s method - in which a representative inhomogeneity is embedded into the
effective stress field, was first developed in 1940' s - 1950' s in connection with wave propagation problems.
At the same time, cracks constitute a distinctly special kind of inhomogeneities: they occupy no volume;
stress fields generated by them are quite complex and have strong orientational dependence. As a result,
cracked solids have many special feature:, the choice of crack density parameter is non-trivial; the effective
properties are, generally, anisotropic; the approximation of non-interacting cracks has a wider than expected
range of applicability. Many of the approximate methods, used in the mechanics of general two phase
materials, degenerate and cannot be applied to a cracked solid. For example, bounds for the effective
moduli, as a rule, cannot be established; Mori-Tanaka's method yields predictions coinciding with the
approximation of non-interacting cracks.
Several approximate schemes for cracked solids have been suggested in literature. Their predictions are
substantially different A researcher or an engineer, trying to use the theory, may be confused by the choice
of several models, yielding different results.
The present work attempts to introduce some clarity into this problem. We briefly review the simplest
approach to the problem - the approximation of non-interacting cracks (developed as early as 1960, by
Bristowp]). We then present the results of extensive computer experiments, in which the problem was
directly solved for a large number of sample arrays of cracks. The main finding is that the approximation of
non-interacting cracks (the simplest one) actually remains accurate at high crack densities and strong
interactions. The underlying reason is that the competing interaction effects of shielding and amplification
cancel each other (provided the mutual positions of cracks are random).
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THE APPROXIMATION OF NON-INTERACTING CRACKS
This simplest approximation, known since 1960, is briefly reviewed here.
In the assumption of non-interacting cracks (in the isotropic matrix material) the effective moduli can be
found exactly, for an arbitrary crack orientation statistics, in both 2-D and 3-D. It is the simplest (and the
only non-controversial) approximation to the problem; at the same time, it has a wider than expected range
of applicability (see the results presented below). It is often called the approximation of small crack density
(in fact, the two names are usually used as synonyms). We refrain, however, from using this term, since
these two assumptions are generally not equivalent [ 1,2].
In the approximation of non-interacting cracks, each crack is regarded as an isolated one: it is embedded
into the externally applied stress field a and does not experience any influence of other cracks. Then the
average crack opening displacement of each crack (COD) <b> for each crack is expressed, in a simple way,
in terms of n-a where n is a unit normal to the crack. Mutual positions of cracks do not matter in this
approximation, hence averaging over a crack array is reduced to summation over orientations. Since the
change in compliance AM due to cracks is a sum of the isolated cracks' contributions, the compliance is
linear ir. crack density parameter. Elastic stiffnesses, obtained by inversion of compliances, will, of course,
be non-linear functions of the crack density, of the form (1 + Cp)~l. Linearization of this form corresponds
to the assumption of small crack density. If, however, this form is left as it is, then, as seen below, the
results remain accurate at high crack densities.
The problem of effective elastic moduli in the approximation of non-interacting cracks was first solved,
for randomly oriented cracks, in both 2-D and 3-D, by Bristow (1960).
Since averaging is reduced simply to integration over orientations, such calculations are easily repeated
for an arbitrary (non-random) orientational distribution. Such calculations were done by a number of
authors, see [1,2] for a review. For the arbitrary orientational distribution of cracks, the results can be
written, in the most general form, in terms of the crack density tensor a (introduced by Vakulenko and
Kachanov,1971, Kachanov,1972, and, in the corrected and most general form, by Kachanov.1980; see
reviews [1,2] for references):
a = -[- X l^

n'n'

(rectilinear cracks of lengths 2/', A is the representative area)

(1)

The use of the crack density tensor yields, in a unified way, results for any orientational distribution of
cracks, without averaging over orientations. It also establishes the symmetry of the effective properties:
since a is a symmetric second rank tensor and it enters the elastic potential through a simultaneous invariant
with the stress tensor, the effective properties are always orthotropic (rectangular symmetry), with the axes
of orthotropy coinciding with the principal axes of a. Moreover, the orthotropy is of a special, simplified
type [1,2]. This fact is exact in 2-D and approximate (with good accuracy) in 3-D.
In the simplest cases of randomly oriented cracks (isotropic effective properties) and parallel cracks
(transversely isotropic effective properties) the results, for a 2-D solid, are as follows.

E= E 0 (l+JIP)- 1 ;
E, =E0(l+2jrp)"1;

v = v o (l+7IP)" 1 (random orientations)
G =GQ[ 1+(2JIG 0 /E o ) p J"1

(para'lel cracks)

(2)
(3)

where EQ, GQand v 0 denote the moduli of the matrix without cracks (Young's modulus, shear modulus and
Poisson's ratio, respectively), and p is the conventional scalar crack density parameter introduced by
Bristow [3]:
^

(4)
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Note that p is the linear invariant of the crack density tensor a.
In the 3-D case, the analysis is similar; a complicating factor is that the orthotropy of the effective
properties holds only approximately, although with good accuracy [1,2].
The fact of orthotropy allows one to establish a "natural" coordinate system - principal axes of a - in
which the matrix of elastic moduli has its simplest form (orthotropic in 2-D and approximately orthotropic in
3-D).
The effect of dimensionality should be mentioned: comparison of the stiffness reduction due to cracks
in2-D and and 3-D shows that, at the same crack density, the reduction is substantially weaker in 3-D.

ANALYSIS OF CRACK INTERACTIONS
Solutions for deterministic arrays of arbitrary geometry, in both 2-D and 3-D, can be produced, by
relatively simple means and with good accuracy, using the method of analysis of crack interactions
developed by Kachanov in 1985, 1987 (see [1,2] for details). This method is briefly outlined below in the
2-D version
The problem of a linear elastic solid with N cracks subjected to stress o at infinity is equivalent to the
problem with crack faces loaded by tractions n' -a (i =l,.,.Jtf) and stresses vanishing at infinity. The latter
problem can be represented as a superposition of N sub-problems, each containing only one crack, but
loaded by unknown tractions, comprising, in addition to the a- induced traction, extra tractions accounting
for interactions (to be found). Thus, traction t' in the j-th sub-problem is a sum of the a -induced traction n'
•a and tractions induced by the other cracks in the remaining sub-problems along the line /'
t'ft') = n' • [a + I &&)]

= »' (0) + At'(V')

(5)

where !;' is a current point on /' and oi is they-th crack-generated stress.
The key simplifying assumption of our method is that a/is taken as generated by a uniform average
traction <tf>, yet unknown; the impsct on the i-th crack of traction non-uniformities t> - <f> along they-th
crack is neglected. Decomposing the average <%i> into a sum of normal and tangential averages, <p'> and
<i>>, we have
t'ft1') = n'-CT + n' - I [ p/> c^ ft1") + <%i> a{

ft1)]

(6)

where a^and o{ are the "standard" stress fields, generated (in an infinite solid) by a single./-th crack loaded
by uniform tractions of unit intensity, normal and shear, correspondingly. These fields (expressed in
elementary functions) are available in fracture mechanics literature.
The unknown quantities in (6) are the average tractions <f > on cracks. They are found by averaging (6)
along the i-th crack Line and thus interrelating them by a system of N vectorial (2N scalar) linear algebraic
equations
N

<tJ> = n'-a + I (AW- 5/' I) • <t>>

(7)

where Sl is Kronecker's delta and the (tensorial) transmission A -factors characterize transmission of the
average tractions from one crack onto another ( A ^ W > is the average traction induced on a line I' in a
continuous material by the y-th crack loaded by a uniform traction <#>). The A - factors are expressed in
terms of line integrals of elementary functions and are easily calculated.
Solving (71 for average tractions, one obtains:
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:

a

(8)

where Q ^ = (25" I - A^)" 1 . The case of non-interacting cracks is recovered by assuming A^= <?" I; then
t'= n' o.
Finding the average displacement discontinuity <b'> as approximately proportional to the average
traction <t'> (Kachanov, 1987, see [1,2] for details) we obtain an explicit expression for the effective
compliancet ensor:
M = M° + (2n/A E^> X ti]1 ft ( ( y) n '• n ;

(9)

where M° is the compliance of the material without cracks and subscript braces denote all the appropriate
symmetrizations (with respect to p*-*q, r<-+s, and pq*->rs for Mpqrs). It incorporates information not only on
the crack orientations and sizes, but, also, on their mutual positions (all these factors are reflected in A 's,
and, thus, in £2's).
The method yields results for any given arrangements of cracks. Such results constitute direct computer
experiments on sample arrays and can be used to verify various approximate schemes. The method is
accurate up to quite close spacings between cracks so that the results are accurate up to high crack densities
(as confirmed by smallness of corrections provided by the alternating technique).

COMPUTER EXPERIMENTS
Sample 2-D crack arrays contained 25 cracks and were generated with the help of random number
generator, as realizations of certain crack statistics.
Two orientation statistics were assumed: randomly oriented cracks and parallel cracks; for each of them,
six crack densities were assumed: p = 0.10; 0.15; 0.20; 0.25; 0.30 and 0.35 (in 2-D, the densities of 0.250.35 can be considered as quite high).
Fifteen sample arrays were considered for each density.
Locations of cracks within the representative area were random, i.e. positions of crack centers were
uncorrelated. For parallel cracks, generation of such arrays was straightforward. For randomly oriented
cracks, crack intersections had to be avoided; this was achieved by generating cracks successively and
discarding the newly generated one if it intersects the already existing cracks and generating it again.
Although such procedure, strictly speaking, violates the condition that crack centers are uncorrelated, we
assume that it does not create errors of a systematic sign.
The sample arrays usually contained several cracks with spacings between them much smaller than the
crack sizes. To ensure the accuracy of the results at such small spacings, the method outlined above was
supplemented by the alternating technique (stress "feedbacks"), until the three digits accuracy for the
effective moduli was reached. It actually produced only an insignificant correction (smaller than 3-4%) of
the method's results, confirming the accuracy of the method.In order to limit the number of iterations in the
alternating technique, the spacings between cracks were not allowed to be overly small. Namely, in the case
of randomly oriented cracks, they were not smaller than 0.02 of the crack length; in the case of parallel
cracks, they were not smaller than 0.15 of the crack length for those crack pairs that had a significant
"overlap", and not smaller than 0.02 of the crack length otherwise.
In the case of randomly oriented cracks, each array was examined for isotropy: the effective Young's
modulus was calculated in two perpendicular directions and only those arrays were kept for which the
difference between these two moduli was smaller than 2%; the Young's modulus was then taken as the
average over these two values. (Note that preferential orientations causing up to 5-7% variation of E with
direction are usually not discernible by a "naked eye").
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Fig. 1 shows some of the generated arrays.

FIG. 1. Two of the crack arrays examined (randomly oriented, p = 0.25 and parallel, p = 0.30).
The representative area A is assumed to constitute a part of a statistically homogeneous field of cracks
(extending all the way to the external boundary) and stresses at the boundary Fof A are assumed constant
and equal to the remotely applied ones. This assumption is rigorously correct for non-interacting cracks,
when cracks inside A do not experience any influence of those outside A. For interacting cracks, stresses
fluctuate along F. The errors due to the mentioned assumption depend on the size of the sample. They cause
scatter of results from one realization of the crack field statistics to another, but are not expected to produce
errors of a systematic sign. Figs. 2 and 3 show that the scatter is relatively small.

RESULTS
Figs.2 and 3 show results for the Young's modulus for randomly oriented and parallel arrays. Vertical
bars show scatter of the results from one sample to another.
1.0

FIG.2. Effective Young's modulus, randomly oriented cracks: results for sample arrays vs predictions
of the approximation of non-interacting cracks, self-consistent and differential schemes.
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FIG.3. Effective Young's modulus, uacallsl cracks: results for sample arrays vs the approximation of
non-interacting cracks and the differential scheme.
For randomly oriented cracks, the approximation of non-interacting cracks provides surprisingly good
results, well into the domain of strong interactions where this approximation is usually considered
inapplicable.
For parallel cracks, the approximation of non-interacting cracks still provides good results. However,
there is a slight but distinguishable tendency for the stiffening overall effect of interactions, indicating a
slight dominance of the shielding mode of interactions. The reason for this tendency is not fully clear. We
suspect that the prohibition for spacings between substantially overlapping cracks to be smaller than 0.15 of
the crack length (that made the sample arrays slightly non-random) may have created a slight "bias" in
favour of shielding.
We also calculated the shear modulus for parallel crack arrays (for two arrays, p = 0.15 and 0.20). It
differed from the predictions for non-interacting cracks by less than 1.5%.
Preservation of orthotropy for interacting cracks. As discussed above, for non-interacting cracks
orthotropy (coaxial to a) is a rigorous result in 2-D. Consistently with the fact that, due to cancellation of
competing effects, the approximation of non-interacting cracks remains accurate at high crack densities,
orthotropy can be expected to hold at high p.
We examined deviation from nrtkotropy in sample arrays of non-randomly oriented (but randomly
located) cracks, by solving the interaction problem for two fr/nilies of parallel cracks of equal density
inclined at 30° to each other. At p = 0.24 (significant interactions) the deviation from orthotropy produced
by interactions was very small: in the principal coordinate system of a the non-orthotropic compliances
AM[ii2 and AM22j2w e r c 10"3- 10"4 of the orthotropic compliances, i.e. within the accuracy of the results.
This means that characterization of crack arrays by the crack density tensor remains adequate even at
high crack densities when interactions are strong, and implies that the "natural" coordinate system (coaxial to
a) remains the system of choice for calculation of the effective moduli.

DISCUSSION
The results show that, well into the interval of crack densities (p up to 0.35) where the interactions
become significant, the approximation of non-interacting cracks remains quite accurate.
The underlying reason for this accuracy is not that the interactions cap be neglected, but that the
competing effects of stress shielding and stress amplification cancel each other.

75

This is a direct consequence of the fact that introduction of traction-free cracks does not change the
average stress in the solid (provided tractions are prescribed on the boundary). Therefore, if a certain
number of "new" cracks is introduced into the environment of the preexisting ones in a random fashion,
these new cracks will, on the average, experience no effect of the preexisting cracks. In the language of
stress superpositions, the additional tractions At' will be of both amplifying and shielding nature on different
cracks; on the average, their impacts will cancel each other.
We emphasize that this conclusion assumes the absence of "bias" in crack statistics towards either
amplifying or shielding arrangements. Otherwise (in "ordered" arrays, for example) the impact of
interactions can be very large, both in the direction of "softening" and "stiffening".
The reported results are for the 2-D configurations. The approximation of non-interacting cracks will
remain accurate in 3-D as well, due to the same mechanism of cancellation of shielding and amplification
effects. Moreover, we expect the scatter of the results to be smaller, since interactions are weaker in 3-D
(see [1,2]).
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POTENTIAL DROP CRACK GROWTH MONITORING IN
HIGH TEMPERATURE BIAXIAL FATIGUE TESTS
B. P. Fitzgerald and E. Krempl
Mechanics of Materials Laboratory
Rensselaer Polytechnic Institute
Troy, New York 12180-3590
Abstract. The present work describes a procedure for monitoring crack growth in high temperature,
biaxial, low cycle fatigue icsts. The reversing DC potential drop equipment monitors smooth, tubular
lypc 304 stainless steel specimens during fatigue testing. Electrical interference from an induction heater
is filtered out by an analog filter and by using a long integration time. A Fourier smoothing algorithm and
two spline interpolations process ihc large data set. The experimentally determined electrical potential drop
is compared with the theoretical electrostatic potential that is found by solving Laplace's equation for an
elliptical crack in a scmi-inlinitc conducting medium. Since agreement between theory and experiment is
good, the method can be used to measure crack growth to failure from the threshold of deteclability.

TEST PROCEDURE
E laboratory equipment consists of a computer-controlled MTS scrvohydraulic testing machine and a computerized
-L DC potential drop system. The potential drop monitoring system was designed by the first author and consists of a
constant current power supply, a passive RC filter bank, a multichannel digital voltmeter, solid state relays, and a 386
personal computer wiih a thermocouple board and a general purpose interface bus.
Testing is performed in strain control, using an MTS high temperature biaxial extensometcr. Smooth type 304
stainless steel tubular specimens with an inside diameter of 15.1 mm and an outside diameter of 18.6 mm arc tested.
The wall thickness was reduced by 10% in the gauge section to promote crack initiation in that region. For ihc initial
lesis, a sinusoidal command signal with strain amplitude of < „ - .005 was used. In foilow-on tes'ts, shear strain control
was slaved in-phasc to the axial channel to achieve proportional loading, in which the axial and shear strain amplitudes
were chosen so us lo sali.sl'y ihc relation
<2

<\efl) "

<2

<

+

y2'-

' •I'ffl

=

-005-

Temperature is maintained at 538°C with a 10 kHz induction heater and controller. The use of thirteen type K
thermocouples provides excellent coverage of the gauge section. Five thermocouples arc located in the gauge section
mid plane, four 12.7 mm above the mid plane, and four arc located below. One thermocouple is used for heater control,
iwo for auxiliary indication, nine for post-test compensation of the voltage data, and one for an installed ready spare. The
desired temperature and temperature distribution is achieved by positioning two heating coils with a threaded reach rod
system designed by (he first author. To prepare for an experiment, a specimen is gripped and heated in manual control
to 538°C, after which the heater is switched to automatic. The heater coils arc adjusted both up, both down, together,
or farther apart, as needed, using the reach rods, until a temperature distribution uniform within ±2.5°C of the desired
temperature is achieved. Over the course of the test, oxidation decreases the material thermal conductivity, resulting in
an axial shift in the temperature distribution; however, no channel changes by more than 3.5°C from its starting value.
A constant 12A direct current is passed through the specimen. The potential drop is measured across the gauge
section with nine voltage probe pairs connected to a multichannel digital voltmeter, and stored on the 386 personal
computer. The voltage probes consist of two 0.127 mm diameter chromel wires spot welded lo the specimen surface
(Figure I). To allow for placement of the cxtcnsomctcr and the thermocouples, the potential drop leads arc arranged in
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three equally spaced groups of three. Electrical noise originating from the induction heater is largely eliminated by an
RC filter bank and by using a long voltmeter integration time. Care is taken to electrically insulate the upper specimen
grip from the load frame to eliminate DC current leakage. In order to compensate for the thermocouple potential arising
from minor changes in gauge section temperature gradients, lhc current is reversed after every reading, using the solid
state relays, and the voltages arc rcmcasurcd. This is called the reversing DC electrical potential drop method 11 ]. After
reversing Ihe current, it is necessary to wait 0.5 s for the RC filler transient to decay before remcasuring the potential
drop. Allowing time for passive filter decay and voltmeter integration, four seconds arc required to obtain the positive
and negative voltage readings. Mechanical test dala (axiai load, torque, axial and shear strain, and command signal), the
cycle count, elapsed time, and thermocouple channel readings are recorded in synchronization with the potential drops.
Approximately five samples arc taken per cycle. To minimize the impact of aliasing on the data, the mechanical cycling
frequency (0.04833 Hz) was selected so that the sampling frcquc icy (0.25 Hz) is not an exact multiple.
To summarize, the data acquisition proceeds as follows:
Mechanical data (load, strain, etc.) is read from the test
controller and transferred to the 386 personal computer. The
current is switched positive, il; • thermocouples arc read, and
following a delay, the potential drops are read. The current
is switched negative and following a delay, the potential
drops are reread. This cycle repeats continuously. Figure 2
(next page) shows the relationship of the test equipment and
instrumentation.

Figure 1: View of potential drop leads and induction coil
arrangement.

During the test, the load (or torque) is plotted on an
x-y flatbed plotter, and the cyclic load amplitude is checked
frequently for a decrease that would warn of a crack formation. In addition, potential drop readings arc displayed
as they arc read and a rough plot of potential drop vs. time
is maintained by hand and checked for suJdcn changes.
Finally, without interrupting the test, the specimen surface
is visually inspected for cracks every 30 minutes using a
portable 25 x microscope. The test is stopped when a crack
can be seen with the microscope, or with 'he unaided eye.
However, the cxlcnsomctcrhcat shield blocks complete visual coverage of the specimen surface. In all tests !o date,
Ihc crack had grown very long before it could be seen. After
the test has completed, the specimen is removed from the
testing machine, and the crack length, depth and location
arc measured.

DATA ANALYSIS
The potential drop dala consist of positive and nega'ivc values. By taking the difference between them, we
compensate for changes in thermocouple cmf 's occurring in the potential drop leads. Also, a temperature correction is
applied to compensate for specimen electrical resistivity changes due to temperature variation.
The voltage oscillates within a 150//V band (refer to subplot ! of Figure 3). The periodic nature of the signal lends
itself to standard signal processing methods |2|. First, we interpolate the dala with respect to time using the lew pass
filler i;f Octkcn 13 j, as shown in subplot 2 of Figure 3. Since we have sampled the signal at .25 H/, which is well above
the Nyquist frequency, the interpolation is accurate, and free of aliasing.
The signal oscillates within a 15();iV range due to the cyclic specimen length change: In a cyclic test with a nonzero
axial strain amplitude, the potential drop oscillates in phase with strain as a consequence of the standard resistance
relation, H - pi /.I, where / is the gauge length. The voltage oscillation dominates the signal, and makes the entire
Fourier analysis possible, but is unrelated to crack size measurement, and musl be accounted for. If a crack is present,

78

(he maximum potential drop occurs at maximum crack extension; therefore we identify withing the interpolated data,
the maximum pcr-cyclc potential drop. Four such maxima are shown in subplot 3 of Figure 3. The maximum per-cyele
potential drop for an entire test is shown in subplot 4 of the same (igurc.
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The i.) values arc interpolated again, this time
wiih icspcct lo time (/) and circumferential angular position (0), accounting for the unequal potcniial drop lead spacing. The two dimensional
tensor product spline of dc Boor was used over
a uniform output grid. The boundary conditions
imposed on o[0.I) arc:
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The per-cyclc potential drop maxima arc then
interpolated with respect to time using a picccwisc
cubic smoothing spline |4|. For a given voltmeter
channel, the ratio of potential drop, * ( / ) to the
starling value, <N0), is given by o - $( /)/<$>(()).
and is shown plotted in subplot! of Figure 4. The
curves for the group of potential drop leads with
the highest reading </> (probes 7, 8, and 9 in this
case) arc centered for clarily.
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Initially, the potential drops measured on all
channels remain nearly level, or rise together. The
rale of increase rises gradually, but uniformly.
Figure 2: Block diagram of test equipment.
The uniform rise in poicniial drop may be due to the increased electrical resistance resulting from progressive surface
oxidation ai high temperature. Other factors, including the dislocation density increase from hardening, the formation
of many uniformly distributed small cracks, or other unknown chemical and physical changes also result in a uniform
potential drop rise. Eventually, a crack grows large enough to be delected and ihc potential drop for the probe pair
closest to the crack begins to rise faster than the others. However, the crack affects the potential drop far away, loo, and
all potential drop readings increase faster as a result (refer to subplot 1 of Figure 4).
Clearly, we need a way to separate the local rise in o due lo crack growth from ihc general rise in o which is
affected by many factors in unknown proportion. Therefore, v~ subtract the lowest o from all ihc others. We define the
incremental normalized potential drop at lime ' as, o,,,, (O.I) = o{0.1) - rnin(o(#. /)). A crack is "detectable" when
a localized rise in <:>,„. is noticeable. As the crack grows, the <:>,„, curve around the crack broadens and grows higher
(refer lo subplol 2 of Figure 4). The highest curve is centered for clarity. The y axis is arbitrarily chosen to originate
from ihc highest curve.
We note that for the longest test (refer to Figure 5) the time required to perform the Fourier interpolation was 7:49
(wall clock, in mm:ss) on a Sun Sparc 10 model 30 with fifty users logged in ai the time. An IBM Powcrslaiior. 32OH
performs the calculations in about the same time. The smoothing spline required 3:11 and the tensor spline interpolation
required 0:07. The raw data consisted of a 15607 x 37 double precision array requiring 4.6 MB (megabytes) of memory.
The largest array used was for the interpolated voltages, and required 11.2 MB of memory. The total memory requirement
for the process was 41.9 MB.
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Figure 3: Fourier analysis. The procedure for performing the Fourier interpolation on one of nine potential drop (pd)
channels is illustrated in this figure, for lest c9. 1. 300 raw data points (approximately 58 fatigue cycles) arc shown.
Note the false wave pattern. There appear to be five overlapping waves shown. This an artifact of the data collection
method. 2. Only 20 raw data points (+) arc shown. The 10:1 Fourier interpolation is plotted with dots. 3. The pcr-cycic
maxima (*) of the Fourier interpolation is plotted. 4. Subplot 3 showed only four potential drop maxima. Subpiot 4
shows an entire test (.\/ = 1464).
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1. Normalized, smoothed pd

2. Smoothed Incremental pd

1 O5-,

ch
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Figure 4 Cubic spline interpolation procedure. 1. The pd maxima shown in subp'ot 4 of Figure 3 are smoothed,
normalized, and interpolated at 101 time points, and plotted for all nine voltmeter channels (ch). 2. The mesh points in
subplot 1 arc interpolated over a uniform mesh in two dimensions, time (/) and position (//). // is measured horizontally
Irom ihc highest curve. The lowest <»per time step was subtracted to obtain <;>,„,.

TEST RESULTS
A iota) of six experiments were performed and arc summarized in Figure 5. Tests c6 and c7 were axial fatigue tests
(-.., = (i). The follow-on tests were proportional loading tests. In tests c8 and c9 the axial and shear strain amplitudes
were both .0043 and in tests dO and d l , the axial strain amplitude was .0025 and the shear strain amplitude was .0075.
It appears that the cyclcs-to-failurc (A'/•) increases as <„ decreases, as might be expected. In all tests, o initially rises
uniformly for all channels, and as a result, <•>,„. remains close to /cm. This is shown on all subplots in Figure 5 as a
"plateau" for the initial portion of the lest. Eventually, a "hill" appears on the plot and grows and broadens. The increase
in <•>,„, corresponds to crack growth. In all cases, the location of the hill corresponds to Ihc position of the crack.
F:or test c6. ihc data is shown truncated after 1443 cycles (8.08 h). After this time, the crack had grown very large,
and the <>,„. for ihosc limes is loo high to plot on the same scale as the portion of the lest shown. For the same reason,
the c7 test data is shown truncated after 265 cycles (2.67 h).
Test c7 was intended to check the effect of introducing a defect of known geometry part way into the test. After 176
cycles a .54 mm diamcicr, .65 mm deep hole was drilled. The result was a slight rise in •;>,•„,., which appears as a small
upward step at (//. /) ~ (0. .97) in subplot c7 of Figure 5. After t = 97h, a crack formed at ihc hole and grew until the
icsi was stopped. This corresponds to the rise and spread of the curve after .97 h in the ploi.

THEORETICAL POTENTIAL DROP NEAR THE CRACK
In this section, we compute the potential drop predicted by electrostatic theory for the mcasurcu final crack geometry.
We will compare our potential drop measurements with Tada'a solution u) Laplace's equation for a scmi-clliptical fiat
crack in a scmi-inliniic body |51 (refer to Figure 6) The potential at any point in the body is given by:
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Figure 5. Experimental results \ / - cycles to failure, ij = lime to failure. 2HJ = (inal crack si/c. <:>,„ - Imal
incremental normalized poicniial drop. Tests c6 and c7 were axial laliguc tests. Tcsis c8, c9, dO. and dl were biaxial
icsis. [after 1443 cycles (8.08 h). {after 265 cycles (2.67 h). In lest c7, a .54 mm diameter hole was drilled aficr
176 cycles (0.97 h) as achec1' on the sensitivity of the experimental lechniquc.
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Figure 6: Crack geometry and Tada's solution to Laplace's equation
where /. , is the electric iicld strength at infinity, /•.' is the complete elliptic integral of the second kind with modulus k,
where /. = \/\ - A2, -\ is the crack "aspect ratio", given by A = /»/"• and I) is the "effective distance" measured from
ihc crack to the position ( <. //, : \, and is found by solving

v-

2

\

)2

/ _
it

where \ = i fa, ) = a I a, and Z - '.jo. For surface potential measurements x = 0, and the solution to equation 2 is:

!){)'./}=

\

Equation 1 gives the nonmali/.cd potential drop from a singic voltage probe pair lead to the crack center, but a
potential drop measurement is taken between pairs of leads. For a crack located at a distance // from (he lower row of
leads, the potential drop is
.-- hi: . < I +

A2

r •

(Ii
2

A)

(It

+ (/

+ A2)

13)

where //',,./, = /> (^ ^j and i)vj-i, = I) {* hr)- The observed potential drop should correspond to equation 3 only
i I the crack is ihc sole factor affecting electrical resistivity. However, it was mentioned in the Analysis section that there
arc many other factors that have a much greater influence on <1> than the crack docs. The theoretical $ of equation 3
includes the general rise noted on all channels, which we subtract to obtain the incremental value.
Let the minimum potential drop be <P,„,,,, calculated from equation 3 using y = ymiir. In the cylindrical geometry,
(/,„„, is half the specimen circumference, or 14.5 mm in specimen c9, for example. If we subtract ihc minimum potential
drop from any other potential drop, we obtain an "incremental" value. If we normalize this potential to the value that
would be obtained if no crack were present, we predict:
,,

'"

/ _ /,

dt

'Jin + n c +A 2 )

(4)

An approximate evaluation of equation 4 is plotted in Figure 6, using the measured final specimen crack geometry for
lest c9. In that test, a HW mm crack formed 4.7 mm above the lowerTOWof potential drop leads. The predicted o for
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a range of crack si/.cs from 2<i = 0.545 mm lo (he actual final value of 2a - 10.9 mm is plotted, for a probe spacing
nl 25.4 mm. By the end of ihe icsi, the crack had completely breached the wall thickness (1.61 mm), so this value was
used for the linal scmiminoraxis, //, of the ellipse shown in Figure 6. A constant crack aspect ratio of b/a - A = 0.29
was assumed for preparing Ihc plot.
In test c9, the final experimentally determined peak value for «*,-„,. was 0.020 (refer to Figure 4). The peak value
shown in Figure 6 is 0.006. We reconsider here the assumptions used to derive the theoretical value. A semi-infinite
medium was assumed. For cracks much shorter than the specimen circumference, an infinite medium in the ±# directions
is a reasonable assumption. Likewise, for cracks much shallower than the wail thickness, a semi-infinite medium in the
- .r direction is reasonable. These assumptions would probably have been valid early in a test when the crack was small,
but arc poor at (he end of a test because the crack is long compared to the circumference, and is completely through the
wall.

CONCLUSIONS
There is qualitative agreement between the experimentally determined potential drop shown in Figure 4 and the theoretical
value predicted by electrostatic theory, as shown in Figure 6. The experimentally determined o,,,, curve has the shape
of a hill symmetric about ihc crack, and broadens and increases as the crack grows. The theoretical o,,,. has a similar
shape, for crack geometry similar lo ihc experimental one.
For ihc example test (c9) ihc final experimental <*>,,,• exceeds the theoretical by a factor of three because a semielliptical crack was assumed, but the actual final geometry was a through crack. Future work will include fitting the
experimental data (o other solutions to Laplace's equation, including a through crack [6|. More tests such as c7, in
which a hole was drilled, will be performed. The measured potential drop will be compared to ihc theoretical value for
the actual hole.
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THE PREISACH MODEL WITH STOCHASTIC INPUT
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ABSTRACT
In previous papers [l]-[2], it has been suggested to use the Preisach model driven
by stochastic inputs as a model for aftereffect. However, in these papers the stochastic
inputs have been modeled by discrete time i.i.d. (independent identically distributed)
random processes. Here, we further extend the aforementioned approach by modeling the
stochastic inputs by continuous time diffusion processes. It is shown that the mathematical machinery of the 'exit problem" is instrumental for calculations of time evolutions
of the expected value of the output of the Preisach model.

INTRODUCTION
It is well-known that the physical origin of hysteresis is due to the multiplicity of metasstable
states. At equilibrium, large deviations of random thermal perturbations may cause a hysteretir
system to move gradually from higher to lower energy metastable states. This phenomenon is
generally referred to in the literature as "aftereffect," "viscosity," or "creep."
Traditionally, the modeling of hysteresis and viscosity has been pursued along two quite distinct
lines. In phenomenological modeling of hysteresis the Preisach approach has been prominent, while
the viscosity phenomenon has been studied by using thermal activation type models. It is desirable
to develop the uniform approach to the modeling of both hysteresis and viscosity. Recently, it has
been suggested to use the Preisach model driven by stochastic inputs as model for aftereffect (see []]['•]}). However, in these publications, the stochastic inputs have been modeled by discrete time i i.d.
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(independent identically distributed) random processes. Beiow, this approach is further extended
by modeling the stochastic inputs by continuous time diffusion processes. From the mathematical
point of view, it makes the problem much more complicated. It is shown in the sequel that these
difficulties can be largely overcome by using the mathematical machinery of the "exit problem."

TECHNICAL DISCUSSION
Consider a deterministic input u(t) of the Preisach model which at time t — 0 assumes some
value w0 and remains constant thereafter. In a purely deterministic situation, the output would remain constant for t > 0 as well. To mode! the aftereffect, we assume that some noise is superimposed
on the constant input. In other words, we assume that the Preisach model is driven by the process:
xt = uo + Xt,

Xt = 0.

(1)

The noise Xt will be modeled by a (continuous time and continuous samples) diffusion process which
is a solution to the Ito stochastic differential equation:
dX, = b(Xt)di + <r( Xt)dWt

(2)

The output /( of the Preisach model

ft=JJft(a,0)%^xldad0

(3)

a>0

will be a random process as well, and we shall be interested in the time evolution of the expected
value, ft, of this output process.
Since integration is a linear operation, from (3) we derive:

/, = J J ii(a,0)E{%,0Xt}dad0.

(4)

a>0

Thus, the problem is reduced to the evaluation of the expected value,

E{iaj)Xt}.

Let
7ajj(«) = Prob{iaJixt

= +1}.

Since 7a,/3X, may assume only two values +1 and —1, we find:

In this way, the problem is reduced to the calculation of qaj3(t). The last quantity can be expressed
in terms of switching probabilities P£(t) and P^(t) which are defined as follows:
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_

prnh

D-i*\ - D kJ
pk (t) - Frob<

switchings of %,0 during
timeinterval (0,0 | %,p x0 k

switchings of %# d u r i n g
, ( O j t ) | ^ p XQ =

timeinterva

(7)

_j

By using the above switching probabilities, we derive:
if

(9)

= -I-

t=o

The last expression is valid because occurrences of different numbers of switchings are nouintersertiug
(disjoint) events.
Next, we shall discuss the mechanism of switching. It is clear from Figure 1 that the first
switching occurs at the moment when the stochastic process xt starting from the point x0 exits the
semi-infinite interval (/?, 00). Then, the second switching occurs at the moment, when the process
xt starting from the point x = ji exits the semi-infinite interval (-roo,a). The third switching takes
place at the moment when the process xt starting from the point x = a exists the semi-infinite
interval (/?, 00). It is apparent that the mechanism of all subsequent even switchings is identical
to the mechanism of the second switching, while all subsequent odd switchings occur in the same
manner as the third switching. Thus, switchings of rectangular loops ^a%p are closely related to the
exit problem for stochastic processes. This problem is one of the most studied problems in the theory
of diffusion processes and the mathematical machinery developed for the solution of this problem
will be utilized in the calculation of probabilities

oc

•i1
. - " •

_ - * •

_ - * •

• • "

ex
ot

Figure 1: Mechanism of Switching
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The exit problems described above can be characterized by exit times rf which are random
variables. In the above notation for the exit times, subscript " i " means that process xt starts from
point j , while superscripts "±" mean that upward and downward switchings, respectively, occur at
these exit times. Next, we introduce the functions:
*>t},
V±(t,x) = e{t)-v±(t,x),

(10)

(11)

where e(t) is a unit step-function. It is clear that,
±

which means that V±(t,x)

±

<t},

(12)

has the meaning of cumulative distribution function for the random

variable T*. This, in turn, implies that

is the probability density function for the random variable T*.
It is apparent from (11) - (13) that />*(<, x) can be easily computed if u ± (t,x) are somehow
found. It turns out (and this is a well known result from the theory of stochastic processes) that
v±(t, x) is the solution to the following initial-boundary value problem for the backward Kolmogorov
equation:

t/(0,*)=l,

v(t,ck)

= 0,

(15)

where c* are the exit points for the process.
Next, we shall show that switching probabilities P*{t) can be expressed in terms of v±(t) and
±

p {t). Note that, according to (11)-(13), p±{t) are related to v±(t) as follows:

It is clear from the very definition of v±(t,x)

that:

/»*(*) = "*(*,<>).

(17)

It is apparent from Figure 2 that the occurrence of exactly one downward switching is the union
of the following disjoint elementary events: downward switching occurs in the time interval (A, A + r/A)
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and then no upward switching occurs up to the time t. Due to the strong Markov property of A'<,
the probability of the above elementary event is given by:
p-{X,Q)v+(t-

X,[l-uo)dX.

(18)

Figure 2: Occurrence of Exactly One Downward Switching
Now, the probability P*{t) of exactly one downward switching can be found by integrating (18)
from 0 to t:

Px+(t) = Jp-(X,0)v+(t

-X,(j-

uo)dX.

0

In o t h e r words, P*(t) is t h e convolution of p~(t, 0) a n d v+(t,0

Pf(t) = p~(t,0)*v+(t,f} - uo).

— uo):
(20)

By using similar reasoning, we can derive:
p-(t)=p+(t,0)*v-(t,a-uo)

(21)

Next, consider the probability P*(t) of the occurrence of exactly two switchings starting from
the initial state ja0Xo — I- According to Figure 3, this occurrence can be considered as the union of
the following disjoint elementary events: downward switching occurs in the time interval (A, A + </A)
and then exactly one upward switching occurs up to the time t. The probability of these elementary
events is given by:
p~(X,0)P-(t-X)dX
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(22)

Figure 3: Occurrence of Exactly Two Switchings
Now, by integrating (22), we find:

(23)

From (21) and (23) we obtain:
P+(t) = p~(t, 0) * p+{tji

(24)

- uo) * v~{t, a - uo).

By using the same line of reasoning, we derive:
P.-(t) = p+(t,O) *p~(t, a -uo)*v+(t,

$-uo).

(25)

For the sake of conciseness, we introduce the notations:
p+(t,P-uo)=p+(t),

p-(t,a-ue)

= p-(t),

(26)

t;±(t,0) = u*(O, v+(t,f3-uo)=v+(t)1

v-{t,a-uo)

= v-(t).

(27)

p*(t,0) = pf(t),

Now, by using the same line of reasoning as before and the induction argument, we can easily
derive the following expressions for the switching probabilities:
2k-2
+

terms

+

p + k ( t , u 0 ) = P ; ( t ) * P ( t ) * p - ( t ) * P ( t ) *••• * / > - ( * ) * P + ( t )

*v-(t),

(28)

Zk terms
+

* P~(t) * P (t) * • • • * p~(t) * p+(t) *V~(t).
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(29)

By substituting (28) and (29) into (9), we obtain the expression for qa0(t) in terms of infinite
series of iterated convolutions. These series can be reduced to geometric ones by employing Laplace
transforms:
CO

p(s) = Jp(t)e-Stdt,

(Tie s > 0),

v(s) = jv(s)e-stdt.

(30)

(31)

o

It is clear that
\p[s)\<\.

(32)

By using these Laplace transforms, from (17), (28), and (29) we obtain:

(34)

From ;35) and (9), we derive:

1 - p-{s)p+(s)
A similar expression can be derived for the case 7Q#x0 = +1.
According to (16)
(37

Thus, the problem of computing cja0 is reduced to the problem of determining u±(.s). This can
be accomplished by using the initial-boundary value problem (14)-(15). The complexity of this task
will depend on the nature of the stochastic process Xt which models the noise in hysteretic systems.
It is natural to require that the stochastic process which models the noise must be a stationary
Gaussian Markov process. According to the Doob theorem, the only process which satisfies the.se
requirements is the Ornstein-Uhlenbeck process. This process is the solution to the following Ito
stochastic differential equation:
dXt =-bXtdt
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+ <rdWt,

(38)

where £ has the meaning of the correlation time.

(This means that Xt and Xt> are only

significantly correlated if | t — t' j< j ) .
The backward Kolmogorov equation for the Ornstein-Uhlenbeck process has the form:
dv±

ff

or = wi
at
2
This equation should be considered jointly with initial and boundary conditions (15). By
applying the Laplace transform to (39) and (15), we arrive at the following boundary value problem
for u*( 5 ):
—
2

—
dxi

svx(s,x) = - 1 ,

bx

(40)

dx

i3 ± ( 5 ,c ± ) = 0,

w ± (5,oo) = - .

(41)

5

The solution to the boundary value problem (40) - (41) can be written in the form:
*2-(e±)3 £ L » ( f )

1

v*{s,x) = -[I - e ~ ^ " f f l ,
where: P _ i ( | ) are parabolic cylinder functions, while X = - ^ - .
Expressions (36), (37), (42) jointly with (4) and (6) outline the main steps of the solution of
the problem posed in this paper.
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SMALL STRAIN HETEROGENEOUS
DEFORMATION IN POLYCRYSTALS
By S.Shi1, E.H. Jordan 1 and K.P. Walker2
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ABSTRACT
A program to study the micromechanics of polycrystalline deformation is outlined. The
viscoplastic stress-strain behavior of a polycrystalline metal was successfully predicted from
the measured single crystal properties of the same metal and the predictions were experimentally verified. Current research focuses on predicting the grain to grain heterogeneity
of the mechanical response. This response has been predicted using both a self-consistent
method and a more detailed method using an integral equation approach. The predicted
response will be compared with a Moire strain analysis and neutron diffraction experiments to be performed on a coarse grained sample of polycrystalline Hastelloy-X metal.
The goal is to produce an experimentally verified model capable of realistically modeling
the heterogeneous mechanical response due to orientation variation of the grains in the
polycrystal.

INTRODUCTION
Engineering metals are made up of many randomly orientated singe crystal grains.
This arrangement leads to locally heterogeneous deformation. A frequently pursued goal
has been to successfully predict the average mechanical response of the polycrystalline
aggregate from the properties of single crystal grains. Nearly all such efforts have utilized
assumed single crystal properties to make predictions of the polycrystalline response. In
the first part of this program both single crystal and polycrystal samples of the same
alloy, Hastelloy-X, were tested so that actual single crystal viscoplastic properties could
be used to make predictions of polycrystal behavior without having the freedom to choose
"reasonable single crystal properties." In this real test of the predictive abilities of the selfconsistent model it was found thtt very good predictions were possible. A representative
prediction is shown in Fig. 1.

MICROMECHANICS MODELS
The self-consistent model is shown in Fig. 2. In this model the very complex threedimensional geometry of randomly orientated grains is replaced by a spherical grain of
single crystal u. erial embedded in an isotropic effective medium, whose properties are
obtained by angle averaging the constrained response of the embedded spherical grain.
Because the isotropic properties depend on the response of the embedded Tain, the selfconsistent model is generally implicit. In the viscoplastic case, if a forward difference
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Nine grains of random orientation in unit cell embedded in either an effective medium or an
infinite periodic lattice.

incremental scheme is adopted, the method is explicit for all quantities except the effective
isotropic elasticity tensor, Df-H. The self-consistent method which produced Fig. 1 is
embodied in the following incremental equations [4]:

fo./J,*) = Diiu{rt,&,4) (Aejfo,/?,*) - A ^ f a , ^ ) )

(1)

and
Sijc}

^

+ Smnkl (
l

UVTa(r),

0 , 4>) ~ D°UVT3) A e U v , 0, <t>)} ,

(2)

where SijW are the Eshelby tensor components which are calculated from the components
of the elasticity tensor, DfjM, for the effective medium in which the spherical grain is
embedded. The tensor components Dijkt(r)-,0,<f>), Aejj(r],0,4>) and Ae£-(»7,/?, 4>) represent
the elasticity tensor and the total and viscoplastic strain increments in the global coordinate
system—to which strains in the polycrystal are referred—and (r), /?, <f>) are the Euler angles
which locate the orientation of the grain's crystallographic axes with respect to the global
system of the polycrystal. Finally, the components Ae£ represent the angle average of
the viscoplastic strain increment, viz.,

£'

^ ( r 7 , frtfsuxridr, df3 d<f>,

(3)

where the viscoplastic strain increment, Aefj(r),/3, <j>), is obtained by integrating a viscoplastic constitutive model [1,5] for the single crystal material based on crystallographic
slip theory. The preceding equations allow the stress, strain and viscoplastic state variable histories in the grain to be updated after each load step. By equating the elastic
and viscoplastic portions of the overall equation governing the constitutive behavior of the
polycrystal, viz.,
^ ? ( 4 7 & )
(4)
we find that [4]

and

s£ = [ 0 ° M ( 5 w r ) - Ipqr,)]~X (Dr,^,

:£;(*?,/?,<£)),

0, <f>) x

(6)

in which the angle brackets denote angle averaging according to equation (3). This model,
which clearly idealizes the actual geometry, made excellent predictions of the average
response as shown in Fig. 1. Further predictions are presented in [4] and [5].
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In the second part of this project this model has been used to predict the grain to grain
heterogeneity. Because neighboring grain effects are represented only in an average sense,
it is expected that the self-consistent model will underestimate the degree of heterogeneity
of the mechanical response. For that reason a second, more complex, model has also been
developed.
The second model represents a finite number of individual two-dimensional grains explicitly. These grains may be embedded in either an effective medium or in a repeating
periodic array of grain patches. This model is more completely described in several of the
authors papers [7,8,9,11,29]. Two variants of the method have been developed: one based
on Fourier series and a second variant based on Green's functions. The Green function
method can be derived from the Fourier series method using a Poisson sum procedure.
Figure 3 show a representative model of a group of randomly orientated grains that in this
particular case are chosen to be square. The method starts with an exact integral equation based on known Green's functions. The equations are than solved approximately by
dividing the body into subvoloumes. The strain increment in each subvolume is assumed
to be constant. This constant strain increment is the volume averaged value of the exact
strain field over the subvolume. In the resulting equations there appear geometric integrals
which have been solved in closed form for squares, rectangles, and recently for triangles
[11]. By using the known closed form representation of these integrals, the computational
effort needed to calculate the stresses and strains in the unit cell has been much reduced.
The complete details of the method are given in [7,8,9,11,29]. The key governing integral
equation has the following form:

(r) = A 4 + Jjjuklmn (r - rO A<, (r') dV(r') v
(r

Vc

"

r/) A e

-(r>)

dV{r>)

in which the eigenstrain increment is defined by the relation

l (r') - (D<mnr, - D%nrs) [ A £ (r') - && (r')J,

(8)

and where D^llnTS and D™nri denote the elasticity components of the crystal and an effective
reference matrix material, respectively. The tensor components Uumn involve the second
spatial derivatives of the Green function for the reference matrix material.
This method has proven to be computationally efficient for small example problems.
For example, the calculation of the transverse stresses in the 7 x 7 array of subvolumes
shown in Fig. 6 takes only a few seconds on a Sun Sparc II workstation.

MEASURES OF HETEROGENEITY
The preceding models and the experimental techniques to be described next will be used
to determine individual grain strains for grains of various orientations and with different
near neighbor situations. We are interested in histograms of the stresses and in their
extreme values. Extreme values are expected to govern the onset of fatigue and are of
special interest. The stress in a grain is characterized by six independent components of
the stress tensor. One must choose one or more specific measures of grain response when
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plotting histograms. We have chosen to use stress and strain quantities volume averaged
over each grain. We will later look at strain and stress variation within the grains. We
have chosen to use two non-dimensional measures of individual grain strains as follows:
1. For uniaxial loading consider the stress (or strain) in the grain in the primary loading direction divided by the average applied stress (strain). We will call this the
normalized pull stress.
2. For the case of crystallographic slip we may focus attention on the maximum resolved
(Schmid) shear stress on potentially active slip systems divided by the average maximum principal shear stress. We will call this the normalized crystallographic shear
stress.
We plan to compare computed and experimentally measured histograms of the two
non-dimensional grain response measures and also to compare measured and calculated
extreme values of these quantities.
PROPOSED EXPERIMENTS
Throughout this program a single phase, solution strengthened nickel base alloy, Hastelloy-X, has been used. This material was chosen because it was available not only in
polycrystalline form, but also in large single crystals made specially for us by courtesy of
Pratt & Whitney. In developing the single crystal constitutive model and in generating
data to check our ability to predict the overall response, the tension-torsion test system
built at the University of Connecticut was used. To enable individual grain strains to
be measured, special large grained (1 to 2 mm) Hastelloy-X specimens have been made
by growing grains from 0.02 mm up to about 2 mm in size via a 30 hour, 1240° C, heat
treatment. This heat treatment was developed through a series of about a dozen trial heat
treatments. The coarse grained material is now being machined into test specimens for
use in the Moire and neutron diffraction experiments.
Moire strain analysis is a full field, high spatial resolution, strain measuring method
capable of giving full field information about strains within the 2 mm grains of our sample.
These experiments are to be performed at INEL by Dr. Epstein and Dr. Reuter. The
data collected will allow a reasonable number of individual surface grain strains to be
determined at room temperature for both elastic and plastic loadings. Histograms will be
constructed for comparison with calculations.
Neutron diffraction experiments will also be carried out in which lattice parameters will
be measured at various loads for both elastic and plastic conditions. These experiments
will sample both surface grains and internal grains and will provide measures of the stress,
rather than the strain, as obtained in the Moire experiments. Accordingly, these experiments will complement the Moire experiments. These novel and challenging experiments
will be done by directing a pulsed neutron beam from the Argonne Pulsed Neutron Source
(IPNS). This apparatus produces diffraction spectra from polyenergetic neutrons having a
variety of DeBroglie wavelengths. The beam size is such that, typically, the spectra from
five grains will be obtained simultaneously. The challenge will be to sort out the spectra unambiguously. Multiple detector banks are expected to aid in this process. These
experiments will be conducted by Dr. Jordan (U. Conn) and Drs. Richardson and Kupperman of Argonne. These experiments will provide histograms of stress for comparison
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Maximum and minimum stress
ratio in self-consistent grains.

Fig. 5.

Stress ratio for different materials versus Zener parameter.
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with calculation. Samples have just been successfully fabricated and the experiments will
be conducted this summer.
C O M P U T E D RESULTS
The variation of normalized pull stress as a function of the Euler angles defining the
grain orientation is shown in Fig. 4. For simple pull experiments only 2 of 3 possible Euler
angles matter. Figure 5 shows the extreme value of normalized stress for various materials
as a function of the Zener parameter, (Dun — JD;I22)/2Z?I212I which is a measure of the
degree of anisotropy of the material.
The integral equation model has been run for elastic crystal arrays as shown in Fig. 3,
in which only one subvolume per grain is used. Many cases have been run. Here we will
mention two of the more interesting ones. Two thousand 7 x 7 grain arrays were run for a
total of 100,000 grains and the extreme values of the normalized pull stress were retained.
The values were found to be 1.5 and 0.7. For comparison, the special arrangement of
Figs 6a and 6b were run, yielding normalized pull stress extreme values of 2.1 and 0.6.
These values may be compared to the self-consistent spherical grain values of 1.2 and
0.8. This series of trials shows that the self-consistent model, as expected, underestimates
the extreme values. The highly unlikely configuration of Fig. 6 shows that in discussing
extreme values, very low probability arrangements—as in Fig. 6—yield extreme values.
The numbers in Figs 6a and 6b represent the transverse stresses in a unit cell when the
structure is loaded "at infinity" with an overall transverse stress, perpendicular to the twodimensional grains, of 1000 kPa. The orientation of the single crystal grains with respect
to the global axes are denoted by the clear and shaded regions in the figures.
CONCLUSIONS
1. The self-consistent model was able to accurately predict the overall average response
of the polycrystal experiments from single crystal properties, using no adjustable
parameters.
2. Prediction of heterogeneity using the self-consistent model significantly underestimates heterogeneity.
3. More extreme heterogeneity was produced by constructing a special, highly improbable, configuration of grains. This special configuration was significantly more extreme
than the most extreme result frcm 100,000 random grains. These results support the
notion that the histogram of normalized stresses has extreme values at very low
probabilities.

W O R K PUBLISHED UNDER DOE PROGRAM
The following papers/reports have been published and document the work performed
under the DOE program on the title and allied subjects. Dr. Oscar P. Manley served as
contract monitor.
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FULLY PLASTIC F R A C T U R E MECHANICS
FOR PLANE STRAIN CRACK G R O W T H
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ABSTRACT
A theoretical framework is given for designing possibly cracked structures to remain ductile
under accidental overloads. For non-hardening, fully-plastic plane strain crack growth in a number
of geometries and loadings, near tip fields are characterized by three parameters: the slip line angle
9, and the normal stress a, and shear displacement Su, across the slip line. These parameters
are found in terms of the far-field geometries and loadings through slip line fields or least upper
bound analyses based on circular arcs. Then the crack growth criterion in terms of the crack tip
opening angle {CTOA) is proposed as a function of near tip parameters and material properties.
Experiments are suggested to determine the dependence of the CTOA on those variables.

INTRODUCTION
Under monotonic loading, structures should ideally be ductile, in order to provide both a
warning before initial crack growth and continued resistance during crack growth. Such fully plastic behavior is of interest in design against collisions, tank car accidents, earthquakes, and ship
groundings.
For brittle structures in tensile (Mode I) loading across a crack, only a criterion for initial growth
is needed, because the crack is immediately unstable. The criterion is based on the discovery in the
1950's that there can be a region around the crack tip, large compared to either a plastic zone or to
the microstructural fracture process zone, and small compared to the distance to the next nearest
boundary, in which the stress and strain are uniquely defined in terms of a single parameter, the
stress intensity factor Ki (see [1]). At a critical value for a given material, A/c» the crack begins to
grow unstably. (At lower values of Kj, the growth is negligible unless loading is repeated thousands
of times as in fatigue.) The value of the applied K\ is determined from the fai-field geometry and
loading [2,3]. Thus for a brittle structure (one with a crack tip plastic zone small compared to any
characteristic dimension of the part or to a crack in it), unstable crack growth occurs under the
local condition
/sT/(geometry and loading) > Kjc{material).
(1)
For more extensive plastic flow around a crack in a structure, it was found in the 1960's that for
power-law strain hardening with a = <Txen and with a sufficiently high strain hardening exponent n,
the stress and strain fields around a crack tip are characterized by another coefficient J , such that
stable crack growth occurs under the local condition
//(geometry, loading,(Ti,n) > ,/JC(material).
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(2)

For crack growth large compared to the region in which a J-neld dominates, the J-concept is
no longer valid because it would have to be based on the current crack tip, and would not include
the prior history which has left residual stresses and strain-hardening.
Asymptotic solutions have been found for an elastic-plastic growing crack, but the region in
which the fracture strain dominates the yield strain turn out to be of sub-atomic size for the low
strength alloys of interest here (see [4]).
For initial growth, the singular expansions giving the first-order coefficients K and J have been
extended to higher stress levels (toward general yield) by including second-order coefficients T or
Q [5,6], but the difficulties with finite crack growth remain.
For fully plastic flow in the limiting case of a vanishingly small strain hardening exponent n,
the governing equations become hyperbolic, unique singular solutions do not exist, and the effects
of far-field loading and geometry penetrate all the way to the crack tip in manV[7]. For ductile
alloys, elastic strains are negligible, and the fields of strain increments and stress for growing cracks
are the same as for stationary cracks. The strain fields are then found by superposition of the strain
increments for successive crack tip positions. Thus the known slip line fields for stationary cracks
are applicable to growing cracks. The distortion of non-hardening fields by strain hardening is less
in growing than in stationary cracks, because the advance of the fields through the material smooths
out the discontinuities. Even in annealed aluminum, with a ratio of tensile to }neld strength of 2.5,
the deformation field around a growing crack (shear bands around a rigid wedge in front of the
crack) shows a strong resemblance to the non-hardening field (see [8], p. 378).
Here we review the extension of fracture mechanics to the limiting case of non-hardening, plane
strain crack growth. It turns out that for Mode I loading, many of the infinite variety of nonhardening stress and strain fields can be usefully approximated by just three parameters. (For
unsymmetrical fields, see [9].) While three parameters are more than for brittle structures or for
the ductile initiation of crack growth discussed above, this theory should provide a guide for the
design of crack-resistant structures of common low-strength alloys.

NEAR-TIP FIELD CHARACTERIZATION
FROM SLIP LINE FIELD ANALYSIS
Fields of stress and displacement increments for cracked structures of rigid-plastic, non-hardening
materials have been found for a variety of geometries and loadings (see [7,10]). At the crack tip,
a number of these fields consist simply of a pair of slip lines surrounded by rigid regions, e.g., the
single-face-cracked specimens under bending (Fig. la). Other fields consist of a pair of deforming
fans surrounded by regions with less concentrated plastic flow, e.g., the doubly grooved specimens
under tension (Fig. lb). To simplify the problem, regard the deformation in the fan at the crack
tip as being concentrated on a single slip line which is surrounded by rigid regions.

Fig. 1. Slip line fields (a) for a deep, single-face-cracked plate under pure bending,
and (b) a symmetric doubly-cracked plate in tension.
For symmetric geometry and loading, the near tip fields are now characterized by just three
parameters: the slip line angle 0, and the normal stress <r, and shear displacement 6u. across the
slip line. This three-parameter characterization of near tip fields in fully plastic fracture crack
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growth mechanics presents a contrast to the one-parameter (K) in elastic fracture mechanics or
the two-parameter (A' or J and T or Q) characterization in linear or non-linear elastic fracture
mechanics.
If pairs of slip lines are available for the problem at the hand, they describe a local field, (as
does A') as a function of loading and geometry:

*' 1
a,

> = | / } (far-field geometry, loadings, and their increments).

(3)

Su, J
Now consider forms of (3) for cases in which the slip line fields are not available or are more
complicated than pair of slip lines.

NEAR-TIP FIELD CHARACTERIZATION
FROM LEAST UPPER BOUND ANALYSIS
Finding 0, and Su,
The least upper bound (LUB) field with a circular arc provides an estimate not only of the
limit load, but also of the slip plane angle B, and displacement 8u,, all in terms of far-field geometry
and loadings. For example, consider a single-face-cracked plate with shear strength &, subject to
combined bending and large tension (Fig. 2a). For given net section shear Vn(= 0) and tension Nn,
the LUB to the moment Mn can be found by minimizing Mn determined from relative sliding along
the circular arc with respect to two independent arc parameters, a and j3. The yield locus from
the LUB analysis is shown in Fig. 2b, including that where slip line fields are known [ll]. Figure
2b also includes results from finite element limit analysis by Lee and Parks [12]. For predominant
bending (0 < Nn/(2kb) < 0.55), FEM results are consistent with the SLF solutions. For combined
bending with large tension (0.55 < Nn/{2kb) < 1.0), the locus from the LUB analysis is no more
than 3% above the FEM results.
The LUB field also provides Su. (or the crack tip opening displacement increment 8CTOD) in
terms of far field increments of displacement Su and rotation 86 (Fig. 2a):

— LUB analysis
. . SLF analysis
o o FE analysis
-1
-0.5
0
0.5
Normalized net-tension Nn/(2kb)
Fig. 2. (a) Circular arc for an upper bound in a deep, single-face-cracked specimen
under combined bending and large tension, and (b) limit loads from the least upper
bound field and FEM results.
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(4)

Finding &,
It is very difficult to glean information on the local stress from lower bound stress fields
satisfying equilibrium, the yield condition, and traction boundary conditions. We show hsre a
new method of approximating a, from the least upper bound.
Consider rigid-body rotation across a circular arc extending from a crack tip across a ligament of
width b in a plate with shear strength k (Fig. 3), subject to general loading with three components:
V, TV, and M. Suppose that two loading components are specified and that the circular arc for the
LUB to the unspecified loading component has been found. Along the arc, the shear component of
traction is k. Then the following theorem holds, as proven in [13].
Assume that the normal component of traction, a, on the LUB arc satisfies the first Hencky
equation of equilibrium with one unknown (the reference stress oT) evaluated at V> = 0:
do- — 2kdi> or

cr — err + 2ktj;.

(5)

Then if <rr is chosen to satisfy force equilibrium in any other than the chordal direction (the 1direction in Fig. 3), the tractions on the L UB arc satisfy global equilibrium.

Fig. 3. Kinematically admissible plane strain deformation field consisting of
rigid-body rotation across a circular arc in a cracked plate.
80
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Fig. 4. Near tip slip angle 9, and crack tip stress triaxiality cr,/(2k) for deep,
single-face-cracked plates under combined bending and tension.
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The normal stress across the LUB arc at the crack tip, a,, can be approximated from the
Hencky equation (5) with the determined reference stress ar. Therefore the LUB arc provides an
approximation to the stress and deformation fields at a crack tip, consistent with global equilibrium.
To test accuracy with an example, consider again the single-face-cracked plate under combined
bending and large tension (Fig. 2a), for which exact sl;p line field solutions are not known but
finite element results are available [12]. (As shown in Fig. 4 for various bending-to-tension ratios,
at the ends of the curves where SLF results are available, 9, and crjlk are consistent with the SLF
values, except that cr,/2k is 5% low at Mn/{bNn) = 0.64.) For bending with large tension, the LUB
values of 9. and a,j2k appear accurate within 5%. The accuracy of the third parameter, 6us, is
not available from the FEM results, but for pure tension and for the modified Green and Hundy
field with Mn/{bNn) - 0.60, 8u, from the LUB is exactly that from the SLF. (This agreement is
somewhat coincidental, because for pure bending 8u, from the LUB is 1.4 times that from the SLF.)
The accuracy of the LUB analysis has also been considered for three cases with known SLF [13].
For a single-face-cracked plate in pure shear, 9, from the LUB analysis is zero compared to ±8.2°
from the SLF analysis; cr,/2k is zero compared to ±0.14, and 8u, is exact. For a three-point bend
plate with a total length to ligament ratio of 6, 9, from the LUB analysis is 56° compared to 68°;
a,12k is 1.06 compared to 1.22, and 8u, is 2.4 times the SLF value for the same end displacements.
As here, the agreement is worst with fields involving constant state regions or fans. For the classical
double-face-cracked plate in tension, the fan runs from 45" to 135" with <r,/2k falling from 2.1 to
0.5; 9, from the LUB analysis comes in at a reasonable 0, = 68°, but cr,/2k is high at 2.54, Su, is
low by a factor of 0.5 to 0.67, depending on whether the Prandtl, Hill, or Neimark displacement
field is used for comparison. In this case, improved agreement would require more parameters in
the fracture criterion. In other cases, values from the LUB analysis might be improved by extend
the LUB fields to include constant deformation fields, as well as arcs.

CRACK GROWTH CRITERION
With the local field characterized by 9,, a,, and 6u,, we turn to the response of the nateriai
by crack growth 8a in terms of those parameters. The response can be expressed in terms of the
crack tip opening angle CTOA:
6a(9.,tr,,Sv.)=-

" ' " " ' ,

where CTOA($.,<r,,material).

(6)

tan(C 1 (JA/i)
The functional form of CTOA should ultimately be determined by experiment, just as is A'/c- Such
experiments are outlined below, but for insight, first consider a micromechanical model.
A sliding off and shear-cracking model for a growing crack
Consider zig-zag crack growth, sliding off by s and cracking by c along a shear band befcre
changing direction (Fig. 5). The geometry gives the form of CTOA in terms of 9, and s/c:
(CTOA\
tan I —— j =

jsinfl,

—=

1
—

tan P..

Geomtery also gives the relation between the fracture shear strain in the band 7/, and .s and c:
7/

=

s
• c) sin 29,'

Eliminating (c/s) in (7) with (8) gives
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(7)

CTOA
Fig. 5. Sliding off and shear cracking model for a growing crack.
Equation (9) gives the CTOA in terms of 9, and 7 / . The fracture strain 7/ vail depend on the
mean normal stress in the shear band, <r,, and on material properties such as hardening and an
initial volume fraction of holes, which will be discussed next.
Fracture strain in the shear band
Accounting for micromechanisms for crack growth such as hole nucleation, hole growth, and
linkage by localization or fine cracking, McClintock et al. [4] proposed
17

(l-n)A
sinh[(l-n)(T,/

(10)

where A and B are parameters and n is the strain hardening exponent in k ~ kofn with fco=constant.
The first term on the RHS of (10) can bs viewed as a strain for hole growth to linkage by localization
or by fine cracking [14]. The second term, B{<T,), can be viewed as a strain for hole nucleation,
which is generally a function of mean normal stress [15]. For preliminary insight, assume the nucleation strain is negligible (B = 0). Figure 6a shows an inverse exponential dependence on <r,/k for
non-hardening (n = 0) flow and for typical "allies of A, ranging from 0.2 to 1.2, along with limited
available experimental data on CTOA from the literature [16,17]. Hancock et al. [18] performed
fully plastic (crack initiation and growth) tests providing a wide range of crack tip triaxiality: three
point bending, compact tension, and center cracked panel (CCP) test. (Their CCP test specimens
did not meet plane strain requirements, so the resulting crack tip triaxiality would be lower than
that for single-face-cracked specimens in tension.) Their results also showed a dramatic decrease in
CTOA with increasing <rjk as in Fig. 6a. Figure 6b shows a higher order parabolic dependence on
9, (45° < 9, < 72°) for non-hardening (n = 0) and for two values of A = 1.0,0.5. Therefore, to a
first order for small n, (9) with (10) suggests that the CTOA has inverse exponential dependence

Low triaxiality

High triaxiality

o experimental
data [17]

to

v
-a
O

0.5

1
1.5 1.5
2
Crack tip triaxiality <r,/2k

2.5
Slip line angle 9, (deg)

Fig. 6. Dependence of the estimated crack tip opening angle (CTOA) on <r,/(2k)
and 9.. Equation (9) and (10) with n = 0 and B - 0.
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on <r,ik and higher order parabolic dependence on 9, for 45° < 9, < 72°'.
Note that (10) is analogous to K\c(material), and therefore the parameters A and B in (10) reflect material properties and should be found from fully plastic crack growth experiments, as follows.
Suggested experimental determination of CTOA
The functional dependence of CTOA(9,,cr,), on the parameters A and B of the fracture criterion of (9) with (10), can be found by fully plastic crack growth tests. For example, at 9, = 45°,
cr,/2k can be increased from 0.5 to 1.547 in the unequally grooved specimens of Fig. 7a by decreasing the back-angle 2<p from 180° to 60° [7]. Solving (9) with (10) from the experimental data
would allow fitting the constants A and B. For higher values of 9,, consider the 4-point bending
specimen of Fig. 7b. According to the SLF analysis [19], decreasing the back-angle 2<j> from 180"
to 90° would increase a,/2k from 1.177 to 1.543 with 9, nearly constant in the range from 67° to
72°. The constants A and B found from fitting these data should be the same as those from the
unequally grooved tensile tests.

r

-4—^

1

r

i^V

1

Fig. 7. Slip line fields for unequally grooved specimens (a) under pure extension,
and (b) under pure bending.

CONCLUSION
For designing possibly cracked structures that must remain ductile under accidental overloads,
we present a practical theory for fully plastic, plane strain crack growth. The one or two parameter characterization in linear or nonlinear elastic fracture mechanics must be extended to three
parameters for the near tip fields of a growing crack in fully plastic, plane strain conditions: the
slip line angle 9, and the normal stress a, and shear displacement 6u, across the slip line. These
parameters are found for the geometry and loading condition either from slip line field analysis or
from least upper bound analysis based on a circular arc using only a programmable calculator. This
is analogous, for example, to the /^/(geometry and loadings) of linear elastic fracture mechanics.
The material function analogous to iffc( material) \s expressed as the dependence of the crack
tip opening angle (CTOA) on <?,, 9, and material properties. This dependence should be determined from fully plastic crack growth tests, which are suggested.
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FRACTURE TOUGHNESS AS A FUNCTION OF CONSTRAINT FOR SIMULATED WELDMENTS

W. G. Reuter, W. R. Lloyd, and J. S. Epstein
Idaho National Engineering Laboratory
Idaho Falls, Idaho 83415 U.S.A.

ABSTRACT
One of the primary needs in structural design is the ability to predict structural integrity using fracture
toughness data obtained from small, standard test specimens. Sufficient understanding of the fracture process in
homogeneous, isotropic materials has been gained to extend the research into weldments, which are considered to be
the primary region of fracture for structural components. Weldments have a great many parameters that influence
fracture, and it is very difficult to isolate their effects on the fracture process. Specimens of a "model system" were
fabricated to reduce this complexity. This paper provides preliminary results of fracture toughness testing of these
simulated wcldments.

INTRODUCTION

Fracture mechanics technology may be used in alloy development, in improving fabrication procedures, as a
basis for purchasing materials, and to predict structural integrity. Predicting structural integrity is the purpose of Ihe
research described in this paper. Methods have been developed to predict some of the fracture process (crack growth
initiation, subsequent crack growth, and failure) for homogeneous, isotropic materials. A schematic of the fracture
process is shown in Figure 1. Structural design criteria may be
based on one of these stages of fracture, such as initiation of
crack growth (Point C); conditions associated with subcrilical
Final
Crack
crack growth, e.g. the crack penetrating the wall thickness (in
Failure
Initiation
Region B); or failure (Point X). For each stage, very complex
issues must be addressed, such as identifying the critical
parameters that describe the fracture process and developing
"C"
the ability to normalize these parameters as a function of
specimen size, configuration, and loading.
1

A

Region B
Research in this Idaho National Engineering Laboratory
(INEL)/Massachusetls Institute of Technology (MIT) program
has led to numerical capabilities, verified by experiment, for
predicting crack growth initiation for a structural component
based on test data generated from small, standard fracture
Displacement
toughness specimens.1 Sufficient understanding of the
Figure
1
Schematic
of Fracture Process
fracture process in homogeneous, isotropic materials, as well
as capabilities in both numerical analysis and experimental
techniques, has been developed to extend the research into weldments. Weldmenis often contain defects and residual
stresses and are considered to be the primary region of failure for structural components.
Wcldments consist of a base metal, heat affected zone (HAZ), and a fusion zone, see Figure 2. These three
regions each contain different microstructures; furthermore, the microstructurc of the HAZ will range from coarse
grained adjacent to the fusion line to fine grained near the base metal. Local changes in microstructurc also occur due
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Weld Metal
Embrittlement
Weld Defects
Blow holes
Lack of Penetration
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Weld cracking
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Embrittlement
Strain Aging
Age Hardening
Weld Defects
Cracking
Mechanical Properties
Softening
Hardening
Variability

Figure 2 Diagram of a Weldment
to subsequent passes in a multipass welding process. The different microstructures generally exhibi; different
mechanical properties. Their nonhomogeneous nature puts weldments outside the realm for which fracture mechanics
concepts have been developed. Some of the technology developed for homogeneous, isotropic base metal can be
extended to wcidments, hut it is necessary to identify its limits of applicability.
Fracture toughness testing of as-welded Type 304 stainless steel (SS) was attempted at the INEL, but difficulties
were experienced in producing acceptable fatigue prccracks (too much crack front curvature), in placing the tip of the
fatigue prccrack in the microstructure of interest, and in performing single specimen unloading lests 10 measure J ic .
(Various complications associated with fraciurc toughness testing of real weldmcnts of Type 304 SS are reported in
Graham ct a I. ) It was obvious that many parameters could influence the lest results and that it would be very
difficult to isolate their effect on the fracture process in weldments. Therefore, a model system of Ti-6AI-4V diffusion
bonded to commercially pure Ti (CP Ti) was chosen for study. This paper provides preliminary results of fracture
toughness testing of ihcsc simulated weldmcnts.

EXPERIMENTAL APPROACH

Pieces of CP Ti 3.2, 6.4, or 12.7 mm thick were sandwiched between two pieces of Ti-6A1-4V and diffusion
bonded. The mechanical properties of the two titanium alloys after the diffusion bonding cycles are provided in
Table 1. Because the two materials have essentially the same elastic constants, it is assumed that very little residual
stresses were generated during diffusion bonding. There arc only very narrow zones at the interfaces where elements
could diffuse; therefore, the "HAZ" in these simulated weldmcnts is nonexistent. However, the yield strength of the
weld metal is less than thai of the base metal, so these specimens simulate "undermanned" welds.
SE(B) specimens, shown schematically in Figure 3, were machined from the diffusion-bonded pieces. The crack
was located in the center of the weld. These specimens were tested using four-point bending to quantify the effect of
constraint on the load-displacement curve, apparent J| c and dJ/da, and the extent of stable crack growth. The
constraint has not yet been quantified for any specimen, but is assumed to range from a high for the "thinnest weld"
(H = 3.2 mm, see Figure 3) to a low for the "thickest weld" (H = 12.7 mm). The constraint is due to the Ti-AA1-4V
behaving as an elastic body that limits the ability of the CP Ti to deform.
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Table 1
Mechanical Properties of Titanium Used for Diffusion Bonding21
CPTi

Ti 6A1-4V

Coefficient of thermal expansion, CTE (21 to 871°C)

10.3 x 10"Vc

10.3 x 10"*/°C

Modulus of elasticity, E

112 GPa

123 GPa

0.2% offset yield strength, ao (also called <r )

366 MPa

886 MPa

Ultimate tensile strength, auls

486 MPa

925 MPa

Strain-hardening coefficient, n

7.8
63 kJ/m"

a. 3.45 MPa pressure at 870 to 900°C for 60 min in argon, followed by furnace cooling.
^

Ti-6AI-4V

T>-6AI-4V
M

CP Ti

III

I

M
•<—H

Figure 3 Schematic of Simulated Weldmcnt Specimens
Moir6 interferometry techniques were used to measure the displacement fields at the crack tip as a function of
the applied load. These data will be compared with results of finite-element analyses.

TEST RESULTS AND DISCUSSION

Plots of moment versus bend angle (four-point bend test) are presented in Figure 4 for the three specimens
tested to date. The specimen with H = 3.2 mm was able to carry the maximum load, which may be beneficial for a
structural design controlled by plastic collapse. The J-Aa plots arc summarized in Figure 5 and the estimated values of
J lc and dJ/da arc summarized in Table 2. The magnitude of the tunneling observed for all three specimens is such that
lest standards ASTM E 813 and E 1152 are not satisfied and a valid J lc cannot be measured, thus the energy density
values given in Figure 4 and Table 2 are based on specimen dimensions and the total area under the applied moment
versus bend angle curve. Although these energy density values arc not true "J" values (based on ASTM E 813-89) and
cannot be directly compared to J | c for the component materials, they arc useful for comparison of the behavior of the
three different specimens. It is expected that the tunneling will not have a significant effect on J ( c but will affect dJ/da.
Additional problems were encountered in identifying the appropriate flow stress for use with each constraint condition.
It is apparent that for a thinner weld zone (H), "Jlc" is lower, dJ/da is lower, and there is less stable crack growth. The
decrease in J [c with increasing constraint is consistent with Reference 1. For a design based on fracture mechanics, the
use of the smallest weld width is not considered to be beneficial.
Work of McClintock et al. 3 and of Kim et al. 4 shows a basis for concern about the ability of dJ/da to describe
the crack growth process. This is especially true when aa is greater than 2 to 3 times CTOD. Therefore, the fracture
surfaces of the test specimens were examined using microtopography, a technique developed at the 1NEL to
reconstruct the fracture process. With microtopography, CTOD at initiation of crack growth and CTOA as a function
of crack growth (aa) can be measured. The values of CTOD arc presented in Table 2.
The increase in constraint due to reducing weld width led to: (1) a substantial increase in the load carrying
capability, (2) a decrease in *J|C" and "CTODinil", and (3) a significant reduction in dJ/da and in &a associated with
failure (or significant pop-in). For engineering applications, the reduction of the width of the weld metal may provide
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1.6

1.8

2.0

Table 2
Summary of Test Results for Simulated Weldments
Weld thickness, H
(mm)

V.

2

dJ/da b
(kJ/m3)

&a
(mm)

CTOD lnil
(mm)

=0

0.18

0.10-0.12

3.2

(kJ/m )
95

6.4

175

=105 000

0.68

Not determined

12.7

=175

105 000

>2.0

0.18-0.2

a. Estimated values based on area under f-'-9 plot (Figure 4).
b. Estimated by drawing straight line on plots in Figure 5.

a way to obtain a stronger, though more bridle, weld. It is conceivable that an optimum "weld" width may be
developed by combining the requirements for strength and fracture toughness.

CONCLUSIONS

J [c decreased with increasing constraini and &a (prior to failure) decreased with increasing constraint (Table 2).
dJ/da decreased with increasing constraint. The dJ/da data did not satisfy E 813 or E 1152, which means that
comparisons can only be made on a qualitative basis.
CTOD for crack initiation decreased with increasing constraint.
Reduction of the width of the wcldment results in an increase in the load carrying capability.
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MEASUREMENTS OF THE ELASTIC CONSTANTS OF SUPERLATTICE FILMS
BY LINE-FOCUS ACOUSTIC MICROSCOPY

J. D. Achenbach, J. O. Kim, and Y.-C. Lee
Center for Quality Engineering and Failure Prevention
Northwestern University
Evanston, Illinois 60208

ABSTRACT
The effective elastic constants of single-crystal TiN/NbN (001) superlattices have been
determined using line-focus acoustic microscopy. Two independent procedures to determine
the elastic constants of the superlattices are discussed. The first procedure calculates the
effective elastic constants of the TiN/NbN superlattices from the elastic constants of the
constituent TiN and NbN layers and verifies the calculated elastic constants by comparing the
corresponding calculated SAW dispersion curves with measured dispersion curves. In the
second procedure the effective elastic constants of the TiN/NbN superlattices are determined
from the measured SAW dispersion data of the superlattices deposited on MgO substrates.
The accuracy of each constant is estimated by considering the sensitivity of the dispersion
curves to changes of each constant. The results of the two procedures are compared and
advantages and disadvantages of each procedure are discussed.

INTRODUCTION
A superlattice film consists of a number of alternating thin layers of different elastic constants with
period A, as shown in Figure 1. It has been shown that transition-metal nitride superlattice films, such as
TiN/NbN, exhibit much higher hardness than homogeneous nitride films and show hardness peaks ai
particular values of the period A [ 1 ]. It has been suggested that the hardness peaks may be correlated with
peaks in the elastic moduli, the so-called supermodulus effect [2J. A supermodulus effect, if present, i.s
anomalous since analytical expressions for the elastic moduli of superlattices show that these quantities are
independent of A. Recent Brillouin scattering measurements for TiN/NbN superlattices did not show a
dependence of the Rayleigh wave velocity on A [3]. While these results show no anomaly, a more complete
set of experimentally-determined superlatrice elastic moduli is required to dismiss the possibility of elastic
anomaly effects.
In the quantitative mode of acoustic microscopy the velocity of surface acoustic waves (SAWs) is
measured [4]. Unlike point-focus acoustic microscopy, by which the velocity of SAWs averaged over all
directions is measured, line-tccus acoustic microscopy allows the measurement of the SAW velocity in a
prescribed direction [5]. Hence line-focus acoustic microscopy has been used to measure the elastic
properties of anisotropic materials. Measurements of anisotropic SAW dispersion curves for single-crystal
thin films deposited on single-crystal solids have been reported in Ref. [6]. Recently, this technique has
been applied to determine the elastic constants of single-crystal transition-metal nitride films [7) and
amorphous carbon films [8]. The technique has also been used to verify the effective elastic constants of
TiN/NbN superlattice films calculated from the elastic constants of the constituent layers (9).
In the present paper, a complete set of the effective elastic constants of TiN/NbN (001) superlattice
films are determined by two independent procedures. Figure 2 is a flow chart of these procedures. Both
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Figure 1. Schematic diagram of a line-focus acoustic lens and a TiN/NbN superlattice specimen. A number
of alternating TiN and NbN layers were epitaxially grown on a cubic-crystal MgO substrate.
procedures are based on the SAW dispersion data obtained by line-focus acoustic microscopy for the films
deposited on subsumes.
The first procedure (referred to as Calculation Procedure) consists of several steps. The elastic
constants of homogeneous TiN and NbN films deposited on MgO are determined from measured SAW
dispersion data, according to the inversion method of Ref. [10]. From the so-obtained elastic constants of
single-crystal TiN and NbN, the effective elastic constants of TiN/NbN superlattices are calculated. The
calculated effective elastic constants are subsequently verified by comparing the corresponding calculated
SAW dispersion curves with measured dispersion data for the TiN/NbN superlattice films deposited on
MgO substrates.
In the second procedure (referred to as Measurement Procedure) the effective elastic constants of the
TiN/NbN superlattices are determined directly from the measured SAW dispersion data of the superlattices
deposited on MgO substrates. The inversion method is similar to but slightly modified from the method
discussed in Ref. [10]. The accuracy of each constant is estimated by considering the sensitivity of the
dispersion curves to changes of that constant.
Calculation Procedure
TiN
f

)

(

NbN

Measurement Procedure

(

)

Ref. [7]

elastic constants of
elastic constants of
NbN C?i,C&,c£
N CT1.CT2.CI1
FORMULA

1

I

effective elastic constants of TiN/NbN
CALCULATION
dispersion curve of
TiN/NbN on MgO

COMPARISON

)

EXPERIMENT
SAW dispersion data of
TiN/NbN on MgO

I

INVERSION

effective elastic constants of TiN/NbN
Cu(=C33), Cl2(=Cl3). C44(=C66)
CALCULATION

C l I , C33, Cl2, Cl3, C44, C66

(

TiN/NbN

dispersion curve of
TiN/NbN on MgO

)

COMPARISON

)

Figure 2. Two procedures to determine the effective elastic constants of single-crystal TiN/NbN (001)
superlattices.
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The results obtained by these two procedures are compared. Advantages and disadvantages of each
procedure are discussed.

EXPERIMENTS
The TiN/NbN superlattice films were deposited on cubic-crystal MgO substrates using an ultra-high
vacuum reactive magnetron sputtering system [11]. In-situ low energy electron diffraction from the
specimens yielded spot patterns, indicating that epitaxial films were grown [1]. The period A was extracted
from the x-ray diffraction results and when multiplied by the number of periods, yielded an estimate of the
film thickness h. The film thickness h and the superlattice period A of the specimens used for the
experiments are listed in Table 1. The fraction of the TiN layer thickness dx to the period A is constant
(dt/A = 0.3) for all superlattice specimens.
The experimental results reported in this paper were obtained with a Honda AMS-5000 ultrasonic
measurement system. The principle of this system and its hardware have been described in detail by
Kushibiki and Chubachi [5]. The acoustic probe is schematically shown in Figure 1. The frequency of
operation is around 225 MHz. The quantitative mode of acoustic microscopy is based on the measurement
of the V(z) curve, which is a record of the transducer voltage output V with the variation of the distance z
between the focal line of the acoustic lens and the surface of the specimen. The V(z) curves display
oscillations due to interference between the specular reflection of the incident waves from the surface of the
specimen and radiation of leaky surface waves generated by critical-angle-incident rays,.
The surface wave velocity u has a functional relationship to the spacing Az of the valleys of the V(z)
curve [12], which is given by the following equation [5,13):

v = vw / [ l -(l -vw/2fAzf]V2

= [vw • f- A*) 1/2 /(l -vJ4fAz)V2

(1)

where vw is the wave velocity in the coupling water and/"is the wave frequency. The spacing A2, and thus
the SAW velocity of the specimen, is obtained by processing the V(z) data. The processing procedure
consists of three main steps: subtraction of the geometric effect of the acoustic lens from the V(z) data, a
digital low-pass filtering to reduce the component of high frequency noise, and fast Fourier transform
analysis.
SAW velocities were measured on the (001) plane along wave propagation directions varying
incrementally from the [100] to the [010] directions. The diamond-shaped symbols in Figure 3 are the
results for 0.43, 0.91, 1.37 and 2.36 nm TiN/NbN superlattice films, as well as for bare MgO, measured at
225 MHz. The angle represents the direction relative to the [100] crystalline axis. Figure 3 shows the
anisotropic dependence of the SAW velocities on the propagation direction for TiN/NbN (001) superlattice
films epitaxially deposited on cubic-crystal MgO substrates. The results represented by solid lines and
dashed lines (with circles) in Figure 3 are discussed in the next section.

CALCULATION OF THE EFFECTIVE ELASTIC CONSTANTS
Effective Elastic Constants Formula
The effective elastic constants of a superlattice film have been derived in terms of the elastic
constants of the constituent layers. The effective elastic constants of a superlattice composed of isotropic
layers can be found in Ref. [14]. For the more general case, i.e. a superlattice composed of single-crystal
layers, the effective elastic constants were derived by Grimsditch [15].
Consider a superlattice which consists of cubic-crystal layers, all with the same orientation. The
superlattice is considered to be tetragonal-symmetric because the properties along the direction vertical to
the layer planes may be different from those along the layer planes. For an anisotropic material of
tetragonal symmetry the stress-strain relations are
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Figure 3. Anisotropic dependence of the SAW velocity at 225 MHz
for the TiN/NbN (001) superlattices on MgO substrates.
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As shown in Figure 1, the thicknesses of the TiN and NbN layers are d j and dN, respectively, and the
fractions of TiN and NbN are
and

+ dy) =

dy — dyAdx + dy) = dy/A .

(3a,b)

The formulas to calculate the effective elastic constants of the tetragonal-symmetric superlattice can be
obtained from Grimsditch's general results as:

C l l

C33 = - = -

N

d

eft
I1 +

C12 = - - "

Cl3 =

:7i eft
c44 = —
ddx

Cg6

(4a-0

=

y

j
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where (cjj, cj2, C44) and (c^, c ^ , C44) are the elastic constants of the constituent layers of cubic symmetry.
The effective mass density of the superlaitice is
P =dTPT+dNPN.

(5)

Equations (4a-f) predict that the effective elastic constants do not depend on the superlattice period but do
depend on the fraction of the two constituent layers.
The elastic constants of cubic-crystal TiN and NbN films have been determined from measured
SAW dispersion data, according to the inversion method, and have been obtained as cjj = 625, cj2 = 165,
and c j 4 = 163 GPa for TiN and eft = 556, c& = 152, and c& = 125 GPa for NbN [7]. The mass density of
TiN is 5.39 g/cm3 and that of NbN is 8.43 g/cm3 [16]. The TiN fraction of the superlattices used in the
experiment is df/A = 0.3. The effective elastic constants of TiN/NbN superlattices (dx/A = 0.3) calculated
using Equations (4a-f) are en = 577, C33 = 575, e n = 156, c ] 3 = 156, C44 = 134, and c66 = 136 GPa. The
effective mass density of the superlattice obtained by Eq. (5) is 7.52 g/cm3.
Verification of the Calculated Constants
As discussed in Ref. [6], the theoretical SAW velocities can most easily be compared with the
measurements along the [100] and [110] directions. The velocity of SAWs propagating along a symmetry
axis, either the [ 100] or the [110] direction, on the (001) plane of a tetragonal-symmetric film deposited on a
cubic-symmetric substrate, can be calculated by equations presented in Ref. [9]. The measurements were
carried out for the specimens of various thicknesses as listed in Table 1 at 195, 225, and 255 MHz. The
SAW velocities calculated and measured for the various values of the film thickness and the frequency have
been displayed in Figure 4 as functions of the normalized film thickness h/Xs, where h is the film thickness
and Xs is the wavelength of a transverse wave in the substrate. Since the thicknesses of the films are much
smaller than the SAW wavelength (-20 (im), the surface wave penetrates through the film into the substrate.
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Figure 4. Dispersion curves of SAWs propagating along the [100] and [110] directions on the TiN/NbN
(001) superlattice films deposited on MgO substrates. Specimen numbers are as shown in Table
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The results in Figure 4 show the effect of dispersion, i.e., the dependence of the velocity on the film
thickness normalized by the wavelength of the transverse wave in the substrate. The dashed lines in Figure
4 are the dispersion curves for a TiN/NbN superlattice film deposited on an MgO substrate, calculated from
the elastic constants and the mass density of the superlattice film determined in this section and the known
elastic properties of the MgO substrate. The symbols are the measured SAW velocities. The experimental
results show good agreement with the calculated results.
The SAW velocities for the superlattice films used in this work have also been calculated from the
analysis of the V(z) curves in Ref. [17]. Solid lines in Figure 3 represent the results calculated using the
effective elastic constants obtained above. Dashed lines with circles are the results calculated by
considering the superlattice as a multilayer and using the elastic constants of the constituent TiN and NbN
layers. Solid lines and dashed lines (with circles) in Figure 3 agree very well. It is, therefore, shown that
the effective elastic constant approach is a sufficient accurate way to study the elastic properties of
superlattice films.

MEASUREMENTS OF THE EFFECTIVE ELASTIC CONSTANTS
The Measurement Procedure determines the effective elastic constants of the superlattices from the
SAW dispersion data obtained experimentally and displayed in Figure 4. However, it is not necessary to
determine six independent elastic constants from the given data. Based on the calculated effective elastic
constants, which yielded Cn = C33, C\2= Cj3, and C44= c^, it is assumed that the superlattice is a cubicsymmetric structure, which has only three independent elastic constants.
With known elastic constants and mass density of the substrate and known mass density of the
superlattice, three independent elastic constants of the superlattice have been determined from the inversion
of the experimental SAW dispersion data displayed by symbols in Figure 4. The inversion procedure
consists of seeking a set of the constants that minimizes the sum of the squares of the deviations between
measured and calculated velocities of SAWs propagating in TiN/NbN superlattice films deposited on MgO
substrates. The sum is given as a function of en, C12 and C44, as follows:

y = l
q=l

where V c q = V(/iq, c n , C12, C44) and h is the normalized film thickness h/Xs. The superscripts A and
B refer to the [100] and [110] directions, respectively, the subscripts m and c denote measured and
calculated results, and N is the number of data points for each direction. With initially estimated values of
the elastic constants of the superlattice, the velocities of SAWs propagating either in the 1100j or the [110]
direction on the (001) plane of a cubic-symmetric film epitaxially deposited on a cubic-symmetric substrate,
are calculated by the equations presented in Ref. [6|. The iterative calculation for minimizing the sum v is
carried out by a systematic function minimization algorithm known as the simplex method [ 18].
The elastic constants of TiN/NbN superlattices have been determined by this procedure as C[ 1 = C33
- 587, C12 = Cj3 = 127, and C44 = c&6 = 135 GPa. These measured elastic constants are compared with the
calculated elastic constants in Table 2 and discussed in the following section. The dispersion curves
calculated from the effective elastic constants determined in this section are displayed by solid lines in
Figure 4. They show good agreement with the measured dispersion data.

DISCUSSION
Accuracy
It is desirable to investigate the influence of each elastic constant on the SAW dispersion curves.
The influence of the elastic constants determined in the previous section on the SAW dispersion curves for
the TiN/NbN superlattices deposited on MgO substrates is shown in Figures 5(a) and 5(b). In Figure 5(a)
the wave propagation direction is [ 100| while it is [1101 in Figure 5(b). Figures 5(a) and 5(b) display the
dispersion curves for the cases that one of the elastic constants is increased by 10%. It is observed that all
elastic constants contribute to the change of the dispersion curves (a) and/or (b). It is, however, noted that
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Table 2. The elastic properties of TiN, NbN, and TiN/NbN (dT/A = 0.3).
Effective elastic constants (GPa)
Cll

TiN
NbN

C33

625
556

(Ref. [7])
(Ref. [7])

577
TiN/NbN (calculation)
(measurement)
587
(discrepancy, %) 0-2)

Cl2

Cl3

156
127
(-19)

C66

163
125

165
152
575
587
(+2)

C44

156
127
(-19)

134
135
(+1)

mass
density
(g/cm3)
5.39
8.43

136
135
(-D

7.52

the dispersion cu've is more sensitive to changes of e n and C44 and less sensitive to changes of C12
Inversely the calculated values of C12 may, therefore, be less accurate than the calculated values of the other
constants.

Comparison of the Calculation and Measurement Procedures
The Calculation Procedure can determine six independent elastic constants of tetragonal-symmetric
superlattices. This procedure consists, however, of several steps, and the accuracy of the measured elastic
constants of the constituent layers affects the accuracy of the effective elastic constants of the superlattices.
The procedure also depends on the validity of the formulas for the effective elastic constants. For example,
if the interfaces between the layers are not perfect, the calculation of the effective elastic constants may not
be accurate.
The Measurement Procedure can be used only when the symmetry of the superlattice is similar to the
symmetry of the individual layers. If this assumption is valid, this procedure can determine the effective
elastic constants of the superlattices more simply than Calculation Procedure.
The results of these procedures are compared in Table 2. It appears that the values of cj 1, C33, c44
and C66 obtained by the two procedures show agreement within 2% deviation. The values of C12 and ci3
obtained by the procedures show, however, deviations of about 20%. These larger deviations are consistent
with the anticipated inaccuracy of these constants for the individual layers as discussed above.
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Figure 5. Influence of changes of en, C12, and C44 of TiN/NbN on the SAW dispersion curves of the
superlattice films on the MgO substrates: (a) the [100] direction, (b) the [110] direction.
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SUMMARY AND CONCLUSION
The effective elastic constants of single-crystal superlattices have been determined by using SAW
dispersion data obtained by line-focus acoustic microscopy. Two different procedures to obtain the elastic
constants have been described. The first procedure calculates the effective elastic constants of the
superlattices from the elastic constants of the constituent layers and verifies the calculated elastic constants
by comparing the corresponding calculated SAW dispersion curves with measured dispersion curves. The
second procedure determines the effective elastic constants from the measured SAW dispersion data of the
superlattices deposited on substrates. Advantages and disadvantages of each procedure have been
discussed. The accuracy of each constant has been estimated by considering the sensitivity of the dispersion
curves to changes of that constant. The results for en, C33, C44 and C66 obtained by the two procedures show
good agreement with each other, while the results forcj2 and C13 show significant deviations.
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SUPERCONDUCTING PROPERTY MEASUREMENTS
IN TAPE GEOMETRY
K. L. Telschow
Idaho National Engineering Laboratory
EG&G Idaho, Inc., P.O. Box 1625
Idaho Falls, ID 83415-2209

ABSTRACT
Fabrication of the new high T c superconductor materials into useable long-length
wires or tapes has proven difficult, often resulting in low critical currents. The ability to
measure critical currents in high T c superconducting tapes on a local scale can be valuable
for assessing the microstrucrore resulting from the fabrication process. This paper describes the results of research on using induced currents from a small noncontacting
electromagnetic probe to determine the critical current density in high T c tapes on a local
scale. The technique forces full-field penetration into the tape locally and infers the local
critical current density from the "critical state" model for flux penetration. Difficulties
encountered with the tape geometry and demagnetization effects are overcome by an
analysis procedure that provides comparative measurement of the critical current density
with the contacting DC transport probe method. Results for several tapes with different
critical currents are discussed.
INTRODUCTION
The new high T c materials are extreme type II superconductors where, in the presence of an
external magnetic field and/or a transport current, magnetic flux exists in the material in the form of flux
lines distributed on a lattice [1]. Individual flux lines are pinned at microstructural inhomogeneities such
that only under a sufficient force, caused by locally high current flows, will they become depinned and
flow throughout the material. The value of local current density at which depinning occurs, the
microscopic critical current density (J c ), is directly proportional to the pinning force strength. Intergrain
junctions form the weakest spots in polycrystalline samples. Flux penetrates the sample relatively easily
along the intergrain junctions, and these pinning sites are responsible for the low critical currents
observed to date in macroscopic tapes. The critical state model [2] describes the pinned flux line
distribution within the material quasistatically, assuming the equilibrium distribution is achieved at each
value of the externally applied field on a time scale that is short compared to experimental times. Flux
lines penetrate the material to a flux front boundary, which eventually penetrates the sample completely
at a particular value of the external field (H*). Ampere's law relates the full-field penetration value H*
at the surface to the critical current density and layer thickness (d) by H* = Jcd/2 for a layer
superconducting geometry in a parallel applied field.
This paper describes noncontacting AC measurements of H* in a set of 12 tapes of
(Bi,Pb)2Sr2Ca2Cu3Ox with silver cladding produced with varying pressing parameters. The tapes exhibit
a variety of critical currents resulting from various microstructural defects. The measurement results
presented can be described in terms of the single parameter H*, which is a function of tape thickness,

124

temperature, and microstructure. An analysis procedure is described to quantitatively compare the AC
induction results with contact DC transport measurements.
EXPERIMENTAL RESULTS
A set of 12 Ag-clad (BiJPb^SrjCajCujOx (2223 phase) tapes, fabricated from polyphase
2212/2201 starting powder, were used for this study [3]. The tapes were approximately 1 cm wide by
3 cm long, with thicknesses of about 0.1 mm each for the superconducting and silver layers. The
composition of these tapes has been previously described [4]. Local magnetization was measured with
small concentric solenoidal coils. The drive field coil had a radius of 1.25 mm and was wound with
12 turns of #38 wire; balanced pickup coils were wound over the drive coil with 5 turns each. The
calculated peak magnetic field strength parallel to and at the sample surface ranges from approximately
350 A/m, in the absence of a sample, to 700 A/m with a fully superconducting sample, for an excitation
current of 100 Ma. Response of the induced current was recorded by a lockin amplifier at a frequency
of 1 KHz. Measurement geometry and cryostat have been previously described [5,6]. The coil position
was fixed at approximately the center of the sample surface at an elevation of 0.1 mm to the lowest
winding. The probe was used by increasing the AC excitation field until full penetration of the critical
state region through the tape was achieved locally under the coil. The effect of the eddy currents
induced in the silver coating was subtracted by an external signal dividing circuit balanced at 120 K,
well above the onset of superconductivity of about 110 K found for these samples.
AC measurements described are similar to laboratory AC magnetic susceptibility measurements
that are performed with cylindrically shaped samples in parallel externally applied magnetic fields.
However, in the geometry employed for the tape measurements, the externally applied field is
nonuniform, and significant demagnetization effects occur. Figure 1 shows the AC signal response for
four representative tape samples. The measured DC transport critical currents for the sample set ranged
from 520 A/cm2 for #4A to 2,200 A/cm2 for #4C, all at 77 K and the earth's magnetic field. Results
shown in Figure 1 are very similar to those obtained from the laboratory AC susceptibility
measurements, except that the demagnetization effects preclude quantitative comparison between theory
and experiment using the critical state model. The same features caused by intergrain and intragiain
critical currents are observed both in the demagnetizing geometry and in the laboratory geometry. In
particular, all samples show a transition temperature of about 110 K, where the inductive (imag) signal
drops abruptly due to the onset of superconductive shielding currents developed within grains of the
material. This initial drop is followed by a more gradual drop, with temperature caused by the onset of
intergranular shielding currents. When 70 K is reached, all samples provided essentially complete
shielding due to both intergranular and intragranular currents. Samples with the highest critical currents
at 77 K also exhibited the most rapid drop in inductive signals with temperature as illustrated in
Figure 1.
A great deal of information about a sample is contained in the data of Figure 1. However, for
nondestructive evaluation of tape processing, measurements are needed as a function of position along
the tape while the tape is at one temperature. These measurements are most conveniently taken at liquid
nitrogen temperature, with the tape submerged and with a small local probe that can be scanned along
the tape. The AC susceptibility measurements described can be used in this manner [5,6]. Probe coils
are small and can be easily scanned along the tape surface. The task of determining the local critical
current density then can be performed by varying the excitation field and recording the change in
response of the tape as the critical state penetrates the tape thickness. Figure 2 shows the AC signal
magnitude as a function of the excitation coil current for the four samples considered. Results shown
are for sample temperatures from 30 to 110 K. The applied field has been subtracted by the balanced
coils, such that the net sample magnetization signal magnitude is shown. At the lowest temperature, the
response for the best samples (1A and 4C) is jroportional to the excitation field (or AC current) and
corresponds with that for a completely shielded sample, i.e., the basic probe response. These results are
independent of the sample, since fields applied arc much less than the upper critical field at this
temperature. Figure 2 also shows results for varying penetrations of the flux line lattice into the sample
that occur as the temperature is changed.
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Figure 1. AC Measurements of Four Tape Samples with Critical Current Densities at 77 K of 520
A/cm2 [4A], 873 A/cm2 [IE], 1,133 A/cm2 [1A], and 2,200 A/cm2 [4C]

H* DATA ANALYSIS
To use the results of Figure 2 for quantitatively determining the local critical current, the critical
state model is invoked to obtain the local full penetration field strength. The basic probe response was
eliminated by dividing the results by the data at the lowest temperature. This yields the normalized
results of Figure 3 for the temperatures where the sample was superconducting. The critical state model
prediction for flux penetration is a geometric calculation based on one parameter: the full-field
penetration value, H*. For the given probe/sample geometry, there is a well-defined H*(T,d), which
depends on sample microstructure, temperature, and layer thickness. In principle, H* can be calculated
directly; however, this calculation has proved amenable only in situations where the externally applied
field is uniform and the sample shape is sufficiently simple that no demagnetization effects are present
[7,8]. Calculations of References 7 and 8 are for a slab geometry in a parallel field where the
demagnetizing factor is zero and assume a 1/HLOCAL dependence of the local critical current density.
Results reported here are very similar, even though the geometry is more complex. Recently,
calculations have been reported for sample shapes (sphere and cylinder) exhibiting demagnetization
effects in a uniform field [9,10]. The geometry used here \s that most practical for actual measurement
on tapes; it uses a source coil producing a nonuniform field throughout the sample exhibiting
demagnetizing effects. At the present time an acceptable method for calculating the extent of the critical
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Figure 2. AC Response for the Four Sample Tapes of Figure 1 as a Function of the Excitation Field
(AC Current) and for Temperatures Ranging from 30 to 110 K
state region in geometries with nonuniform external fields has not been developed. With an appropriate
model, the complete signal response could be calculated and an accurate determination of H* obtained
directly from the measurements. In the absence of this calculational approach, an empirical approach
was taken to provide the required normalization [11]. Since the critical state model suggests the
response should be a function of only one intrinsic parameter, H*, all results should scale with this value
at a given temperature and sample thickness.
Figure 3 shows the data of Figure 2 redrawn at scaled drive current values such that all the data
overlap on one curve, a reference curve shown in Figure 3 for sample 4A. The reference curve was
obtained from the data of sample 1A and accounts for the probe/sample geometry. The reference curve
also provides a method with which to compare data for other temperatures and samples in a quantitative
manner to that of sample 1A. Scaling factors for the current that align the data depict the ratio between
the full-field penetration values for a given sample to that of the reference. Results of Figure 3 show
that the scaling renormalization works best for samples with high critical currents. This was generally
found for the entire sample set. Low critical currents are caused by poor intergrain junctions,
nonalignment of the grains, variation in layer thickness, and impurities. All of these characteristics are
present in these tape samples to some degree and have been previously described [4J. Presenting the
data in the form of Figure 3 appears to more selectively illustrate samples with these problems than
presenting the data in the form of Figure 2. Most deviations of Figure 3 occur for the higher external
fields, when the critical state is extending throughout the tape and reaching the lower layer boundary.
To obtain the critical current value for any other sample, the relationship between H* and J ^
must be known quantitatively. This relationship can be obtained through measuring critical current and

127

•a

10'
10-3

io-2

io-i

loo

iQi
AC current (Arms)

Scaled AC current (Arms)

1
to

1O1 3
10-

i

i i 11tin

10-2

t

i i i i mi

io i

i

• i 11 mi

i

10 1 3
10-

i i i nil

100

Scaled AC current (Arms)

10-2

10-i

10°

10i

Scaled AC current (Arms)

Figure 3. Normalized AC Signals for the Four Samples of Figure 1 as a Function of the Scaled
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layer thickness - J^ and do for one sample at some known temperature, To, by the DC transport
technique and by measuring AC probe results, compared to the reference curve as before,
H*(T0)/H*(TR). The critical current for the unknown sample is then given by:

Jc(T)d

H\T)IH\TR)
H\T0)IH'{TR)

Figure 4 shows the resulting scale factors for the entire set of 12 samples at 77 K. The scaling
factors are proportional to the full-field penetration value (H*) for that sample. Data from sample 1A at
TR = 91 K was used as the reference curve. Theoretically, there should be a linear relationship between
critical current density (Jc) and full-field penetration value (H*). Results in Figure 4 are shown
compared to a least squares fit straight line, which serves as a guide to the eye. There are several
reasons why there may be considerable scatter in the results. The critical current densities were obtained
by the contact DC transport method, which averages more than at least 1 cm of tape length, whereas the
AC probe is more local. The two measurements were not taken at exactly the same location along the
tape, as the samples tested here are cuttings from a longer tape. Also, the superconducting tape
thickness used to determine the DC transport critical current density could only be approximated by
taking one-third of the total tape thickness, since there was no way to obtain this value without
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sectioning the tape samples. Results are better correlated when one sample is used to find comparative
values of J c at different temperatures.
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Figure 4. Results for the Entire Set of 12 Samples Comparing the Full-Field Penetration Values
Obtained from the Scaling Factors Used in Figure 3 with the Independent DC Transport Critical Current
Density Measurements at 77 K

SUMMARY
This paper described a procedure, using induced screening currents, to measure the transport
critical current in high T c superconductors. The method is quantitative and applicable to practical
geometries, such as tapes. Data shown are consistent with the DC transport results and illustrate how
the local AC probe can be used to compare various locations along a given tape or to compare different
tapes. Either a full analytical determination of the critical state response in the probe/sample geometry
or a normalization with a DC transport J c measurement of a reference sample is required. The small
size of the probe allows spatial measurements within a resolution determined by coil size. The utility of
the method was demonstrated by measuring a set of 12 samples prepared by the powder-in-tube method
using varying pressing parameters.

129

ACKNOWLEDGMENTS
The author would like to thank M. T. Lanagan and D. Y. Kaufman at Argonne National
Laboratory for providing the high T c tape samples and the DC transport critical current density results.
Efforts of T. K. O'Brien in obtaining measurement results are appreciated. This work was supported by
the U.S. Department of Energy, Office of Energy Research, Office of Basic Energy Sciences, under
DOE Idaho Field Office Contract DE-AC07-76ID01570.
REFERENCES
1.

A. M. CAMPBELL and J. E. EVETTS, Critical Currents in Superconductors, London: Taylor &
Francis Ltd., 1972.

2.

C. P. BEAN, "Magnetization of High-Field Superconductors," Rev. Mod. Phys., 36, pp. 31-39,
January 1964.

3.

Tape samples and DC transport critical current measurements were provided by M. T.
LANAGAN at Argonne National Laboratory.

4.

K. L. TELSCHOW et al., "Local Critical Current Measurements on BiSrCaCuO/Ag Tape with an
Electromagnetic Probe," to be published in IEEE Transactions on Superconductivity, and
presented at the 1992 Applied Superconductivity Conference, August 23-28, Chicago.

5.

K. L. TELSCHOW and T. K. O'BRIEN, "Noncontacting Alternating Current Surface Probe
Measurements of Transport Critical Current in a Slab Geometry," Appl. Phys. Lett., 59,
pp. 730-732, August 1991.

6.

K. L. TELSCHOW and T. K. O'BRIEN, "Critical Current Measurements of High T c
Superconductors in a Scanning Low-Temperature Cryostat," in Reviews of Progress in
Quantitative NDE, Bowdoin, ME, July 1991, Vol. 11B, pp. 1,853-1,859.

7.

L. JI et al., "Critical-State Model for Harmonic Generation in High-Temperature
Superconductors," Phys. /tev.,B40, pp. 10,936-10,945, December 1989.

8.

T. ISHIDA and R. B. GOLDFARB, "Fundamental and Harmonic Susceptibilities of
ujO^," Phys. Rev., B4J., pp. 8,937-8,948, May 1989.

9.

K. V. BHAGWAT and P. CHADDAH, "Magnetization Curves of Hard Superconductor Samples
with Non-Zero Demagnetization Factor," Pramana-J. Phys., 33, 4, pp. 521-540, October 1989.

10.

R. NAVARRO and L. J. CAMPBELL, "Magnetic-Flux Profiles of High T c Superconducting
Granules: Three-Dimensional Critical-State-Model Approximation," Phys. Rev., B44, pp.
10,146-10,157, November 1991. (See also P. CHADDAH and K. V. BHAGWAT, Phys. Rev.,
B46. p. 14,926, December 1992, and R. NAVARRO and L. J. CAMPBELL, Phys. Rev., B46, p.
14,927, December 1992.

11.

K. L. TELSCHOW, "Single Parameter Analysis of Hysteretic Magnetic Flux Trapping in High T c
Superconductor Ribbon," in Reviews of Progress in Quantitative NDE, D. O. Thompson and D.
E. Chimenti (eds.), Plenum Press, New York, 1993, to be published.

130

Photothermal Measurements of Superconductors
G. S. Kino, X. D. Wu, A. Kapilulnik, and I. Fishman
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ABSTRACT
We have developed a new photothermal technique to investigate electronic phase transitions
of high temperature superconductors. The phase shift of the thermal wave yields the anisotropic
thermal diffusivity coefficient of the sample. The amplitude of the photothermal signal is sensitive
to electronic phase transitions of the second kind. The technique is completely noncontacting and
nondestructive, and is well suited to measure small and fragile single-crystal high-Tp superconductors. The measurements give good agreement with fluctuation theory near the transition temperature. We have studied diffusion in and superconducting fluctuations of single crystals of
YBa2Cu3O7-5 and Bi2Sr2CaCu2Og. Both systems show fluctuation effects beyond Gaussian fluctuations. While YBa2Cu3O7_5 behaves as a three-dimensional anisotropic superconductor, results on
Bi2Sr2CaCu2Og indicate strong two-dimensional effects.

INTRODUCTION
High quality single crystal specimens of the newly discovered high-temperature superconductors are small. Their anisotropic thermal properties are often difficult to measure with standard
bulk techniques, and the effect of electronic phase transition on the thermal properties is often
masked by the dominant thermal properties of the bulk material. Therefore, a method that can measure thermal properties on a very small scale, and is sensitive to electronic phase transitions, is desired.
In this paper, we describe a new photothermal technique that has the following capabilities:
1)
2)

It can measure anisotropic thermal diffusivity within an area of ~20 Jim2 .
It can measure a quantity that is proportional to the specific heat; hence, it
can provide useful information about the specific heat anomaly through the
transition.

The photothermal technique uses a modulated focused light beam to periodically vary the
temperature of a superconductor on which the beam impinges. The thermal waves excited, periodically vary the refractive index, and hence the optical reflectivity R , of the sample. The rate of
change of optical reflectivity with temperature dRlcfT of the sample is detected with a second focused light beam. From the phase of the thermal wave, we can directly determine the anisotropic
diffusion coefficient of the material. Since the light couples energy directly to the electrons in the
material at the probe spot, the amplitude of the reflected probe beam is sensitive to the electron den-
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sity of the sample. This makes photothermal microscopy an extremely useful technique to investigate directly the thermodynamic fluctuations of the electron density and density correlation near a
phase transition. The periodically-varying amplitude of the reflected detecting beam shows a large
peak near the critical temperature Tc _ and this amplitude can be shown to be proportional to the singular pan of the specific heat. The results can then be compared with the Ginzburg-Landau fluctuation theory for phase transitions of superconductors.
The technique is completely noncontacting and nondestructive. More importantly, since we
focus light down to spot sizes of 2 |im in diameter, with a 10-15 \im separation between the heating spot and probing spots, we can measure directional thermal diffusivity locally within one domain of a single-crystal high-Tc superconductor. Similarly, the fluctuation measurements are made
in a very small region, a few cubic micrometers in extent.

DIFFUSION THEORY
In an anisotropic medium, if we align the coordinate axes along the principal axes so that the
anisotropic thermal diffusivity xv/ = 0 for / * j , the homogeneous diffusion equation becomes:

dxf

^ dt

where T is the temperature, p is the density, and C is the heat capacity. This equation can be
written in a familiar isotropic form by changing the independent variables to x', = X^KI' KU

•frf dx'f

D dt

where D = KlpC is defined as the isotropic thermal diffusivity in the new coordinate system. For a
periodic temperature variation, exp/tut, the solutions for a point excitation are in the form of damped
thermal waves: {IIr' )exp- (1 + j)r' -JcoIlD. If the phase delay A0, of the temperature variation at
a distance Ac, away from the excitation source is measured along the ith directioji, the thermal diffusivity can be determined along this direction by writing D' u = (<a/2)(Ax ; /A^) . To account for
the finite size of the heating and probe beams, we have used a full three-dimensional model with a
Gaussian beam excitation to solve for the temperature variation, using the primed coordinate system
defined above. However, with a spot size of 2 ^im, and separation distances between the exciting
and detecting beams over 12 Jim apart, the simple approximation of a point source and point detector beam yields results very close to the full three-dimensional solution.

EXPERIMENT
The experimental set-up is shown in Fig. 1. An argon laser beam (514 nm) is acousto-optically modulated at a frequency of a few kiloherz and focused onto a sample; this beam periodically
modulates the temperature of the sample and excites a thermal wave with a diffusion length of the
order of 10-40 (im. At a known distance away, typically 10-15 (im , another infrared semiconductor laser (780 nm) is focused onto the sample and is used as a probe beam; a semiconductor laser is
chosen because of its low noise. The reflected infrared laser light is selected with a dichroic filter
and beamsplitter and impinges on a PIN photodiode whose output signal is measured with a lock-in
amplifier. The amplitude of the detected signal is proportional to dR/dT , where R is the reflectivity of the sample and the phase relative to the modulation of the incident beam is the result of thermal wave propagation from the heating spot to the probe beam spot.. As already discussed, we use
the phase information to determine the anisotropic diffusion constant of the sample in the direction
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Fig. 1. Experimental setup for photothermal measurement of high-Tc superconductors.
between the two laser spots. Phase measurement has the great advantage for this purpose that it is
independent of the incident signal amplitude or the reflectivity of the sample.
To measure the amplitude and phase of the output signal as a function of temperature, the
sample is mounted on a cold finger in a cryostat. The pressure inside the cryostat is kept below
2 x 10 7 torr to limit the ice build-up on the surface of the sample. The optical beams are focused
by a 0.33 NA long working distance lens onto the sample through a 100 |im thick sapphire window, made this thin to minimize aberrations of the focused beams.
During the cooling or heating process, the tip of the cold finger tends to move as a result of
mechanical contraction or expansion. Therefore, an autofocusing mechanism is employed to adjust
the z-position of the objective to ensure that the surface of the sample is always in focus. A
focusing error of ±1 |im, well within the depth of focus (5 |im) of the focused beam, is easily
achieved in our measurements . The photothermal microscope is also used as a conventional microscope. A tungsten lamp is added to the optical path of the system to illuminate the sample surface, and a high-pass filter is placed in front of the lamp to reduce its heating effect on the sample,
which is imaged with a CCD camera. This makes it possible to compensate manually for the
movement of the sample in the x- and y-directions with a motorized stage, and to select a crack-free
region of the sample for the measurement.
To ensure an accurate temperature measurement of the sample, we reduce the static heating
effect of the lasers. The laser power of both the heating and probe lasers is limited to only a few microwatts. The optical beams are focused to spots of 2 microns in diameter. A three-dimensional
theoretical simulation indicates that the temperature rise due to heating by the beams is less than
1 K . The temperature reading of a silicon sensor attached to the sample mount is verified with an
in-situ magnetic susceptibility measurement. As shown in Fig. 2, two coils are embedded inside the
sapphire sample mount underneath the sample. The larger coil is driven with an ac current and the
induced voltage in the smaller coil is measured with a lock-in amplifier. At the transition temperature Tc , a sharp change in the induced voltage is observed.
The measured temperature dependence of the thermal diffusivities along the Cu-O plane and
the c-axis of an 87 K phase of BijS^CaG^Os is shown in Fig. 3 . The superconducting transition
appears in the ab-plane diffusivity as a large change in the slope with temperature.1 Very little
change in the diffusivity along the c-axis is obsen/ed, and the diffusivity in this direction is much
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Schematic of the cryostat used in the measurement. Two coils are placed underneath the
sample inside the sapphire mount to conduct an in-situ susceptibility measurement of the
sample to calibrate the temperature reading of a silicon diode.
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Fig. 3.

Thermal diffusivity measurements of single-crystal Bi2Sr2CaCu2Os along the Cu-0 plane
and the c-axis. The heavy line shows the in-situ measurement of the induced voltage in the
pick-up coil underneath the 87 K crystal. The sharp transition in the induced voltage
indicates the superconducting transition.

smaller than along the a-b plane. These are the first direct measurements of diffusivity rather than
thermal conductivity in these materials. Such measurements are convenient as a check on the theory, since they are not dominated, as the thermal conductivity measurements are, by the rapid decrease of heat capacity below Tc. The increase in the thermal diffusivity below Tc is caused by a
drop in electron-phonon scattering as the electrical carriers condense into superconducting pairs,
since estimates based on electrical resistivity measurements and the Wiedemann-Franz Law indicate
that the major part of the heat flow is transmitted by the lattice. Therefore, the loss of the electronic
component of diffusivity below Tc more than offsets the bulk diffusivity and contributes substantially to the increase in the phonon mean-free path. Further discussion of these results is given by
Wuetal. 1
Another set of measurements of the diffusion as a function of temperature in
3g
is shown in Fig. 4. A major advantage of measuring within a small volume is demonstrated by these
results, where the diffusivity measurements were conducted for a 10 nm spacing between the excitation and the probe areas in a single YBCO domain, and across the twin boundary. For comparison, the diffusivity measurements for thin YBCO films using another optical technique, the transient
grating method, in a region 200 UMTI across, are also shown. It will be seen that, above the transition
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Fig. 4. Measured diffusion in YBa2Cu3C>7_5.
temperature, the thermal diffusivity decreases slowly with temperature. The diffusivity measured
over large-area thin film samples (200 (im across), and across a grain boundary, agree with bulk
measurements, but the diffusivity measured within a grain is approximately twice as large as the
measured value across a grain boundary. This result indicates that there must be a large change in
temperature across the grain boundary, and tends to indicate that phonons (presumably optical phonons) and normal electrons (which contribute to diffusion) are reflected at the grain boundary.2
Further measurements with variable spacing between the two beams confirm this hypothesis.
Below Tc, the data for different samples differs dramatically. For the single domain for
T <TC , diffusivity increases sharply over two orders of magnitude. This diffusivity enhancement
can be explained only by removal of free carriers from the conducting state into the superconducting
condensate. For samples of lower quality, the enhancement is less sharp, especially for the thin film
sample where the superconducting transition has almost no effect upon the diffusivity. The measurement through the twin boundary is intermediate between the other two curves. The twin boundary, though thin compared to the beam spacing, creates significant additional resistance for heat
transfer. The diffusivity enhancement is evidence of the phonon mechanism of heat transfer inside a
single domain. In thin films, scattering by point defects independent of the free carrier density probably dominate. We have shown2 that the experimental results indicate that the scattering rate of
phonons is proportional to the number density of normal electrons at temperatures below Tc .
Furthermore, the number density of normal electrons varies with temperature, much like the predictions of BCS theory, although there are considerable experiment-theory differences near Tc .
Figures 5 and 6 show raw data for the measured dRIdT of a YBa2Cu3O7_$ and
Bi2Sr2CaCu2Og crystals, respectively. Both figures clearly indicate a sharp divergence of the amplitude of the photothermal signal at the superconducting transition above a slowly-varying background amplitude, as indicated by the accompanying inductive measurements.
The optical method described below has the advantage that it measures a volume small
enough, typically much smaller than a single crystallite, to avoid gross inhomogeneities. Following
our analysis of the nature of the divergence, we conclude that for YBa2Cu3O7, Gaussian
fluctuations are observable for a temperature range as wide as ±35 K around Tc, while close to the
transition critical fluctuations are observed. The critical region is established to be of the order of
(T - TC)ITC ~ 0.05 , in good agreement with other published data. For Bi2Sr2CaCu2Og, the result is
more consistent with quasi two-dimensional behavior, similar to that in thin superconducting films.
Using Ginzburg-Landau theory, with Gaussian fluctuations as the first correction, we expect
the excess specific heat to diverge as C±[(T - TcyTcYa , where a = (4-d )/2 , the + and - signs
denote above and below the transition, respectively, and d is the dimensionality of the interaction.
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Amplitude response of the photothermal signal measured on a 93 K phase single-crystal
YBa2Cu3O7-5 superconductor. The full line is the induced voltage of the ac in-situ susceptibility measurement.
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Fig. 6.

Amplitude response of the photothermal signal measured on an 87 K single-crystal
I^Sr^CaC^Og superconductor. The full line is the induced voltage of the ac in-situ sus
ceptibility measurement.

The amplitude of the fluctuating specific heat obeys C+/C. - 2 ' ^ n , where n is the number of
components of the order parameter.
We have argued above that the intensity of the reflected light is proportional to dRIdT,
where R is the reflectivity of the sample. In general we can write:

dT~ dxdT

da dT '

where X = Xn+Xs and a = on + Cs ,X and a are the dielectric response and the electrical conductivity, respectively, and the subscripts n and s, denote normal electrons and superconducting
electron pairs, respectively. Assuming that Xn and an are smooth functions of temperature, we
have shown that at optical frequencies the dominant singular term is:
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which indicates that dRIdT diverges at the phase transition in the same way as the specific heat.
The above simple analysis is the basis of our understanding of the diverging part of the photothermal data. However, the amplitude response we measure is not entirely due to fluctuation effects. Note that in both Figs. 5 and 6 there is a well behaved background above Tc which is clearly
not associated with superconductivity, resulting from some temperature-dependent material properties in the normal state. Figure 7 shows the amplitude response for YBCO with a linear background, as extrapolated from high temperatures, subtracted from the curve of Fig. 5. The result
indicates a very broad temperature range from 45 K below the transition up to 60 K above Tc
where fluctuations are detected.

T-T c [K]

Fig. 7.

Amplitude response of photothermal signal measured on a 93 K phase single-crystal
YBa2Cu3O7-§ superconductor with a linear background subtracted. The solid lines are
power-law fit with C+/C. set as 0.7. The dashed line indicates the mean-field step jump
needed for, he best fit.

For YBa2Cu3O7.§, with a dimensionality of d = 3 , fitting the data to the above relation, we
find that, as in specific heat measurements, a small background jump AC must be subtracted from
the total value of C. The solid line in Fig. 6 represents the best fit for n = 2 , allowing the background to have a different slope below and above Tc . Closer to Tc , the data indicate that a different, weaker, divergence has to be involved. In fact, by using a slowly-varying parabolic background, we can fit the data to a logarithmic function of reduced temperature. The fit is good over a
decade in reduced temperature (from 0.005 to 0.05), especially for data above the transition. The
crossover to the critical region occurs within
about 5 K around Tc, in good agreement with simple
estimates based on material properties.3
There is a qualitative difference in the raw data between YBa2Cu3O7-§ and
Bi2Sr2CaCu2Og (Figs. 5 and 6). The divergence is weaker for Bi2Sr2CaCu2Og, although the onset
is much steeper for this crystal. Since the Bi2Sr2CaCu2O8 system is much more anisotropic, we expect two-dimensional behavior in all of the accessible temperature range near Tc and, in fact, can
fit the data away from the peak with a value of d = 2 and an amplitude that varies as \(T - Tc)
using similar procedures to those already described. An analysis of the data indicates good
agreement with theory for the specific heat of Rickayzen et al,4 which solves the Ginzburg-Landau
Hamiltonian for the two-dimensional case. Figure 8 shows the data of Fig. 6, now the normalized
amplitude divided by the temperature, is plotted against temperature. The solid line is a good fit to
Rickayzen's theory. Note that the data indicates a slightly sharper feature than the theoretical one.
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Amplitude response for Bi2Sr2CaCu2Og divided by temperature. The solid line indicates
a fit to theory for the 2D superconductor (see text).

CONCLUSIONS
We have described a photothermal microscope that can measure anisotropic thermal diffusivity and investigate diffusion and electronic phase transitions of high-temperature superconductors. Since we use focused laser light to excite and detect thermal waves, the technique is completely noncontacting, nondestructive and well suited for small high-Tc samples.
We have made the first measurements of thermal diffusivities along the Cu-O superconducting plane and the c-axis within one domain of single-crystal samples of Bi2Sr2CaCu2Og and
YBa2Cu3O7-g. The ab-plane diffusivity undergoes a sharp increase below the transition, which is
evidence of the decoupling of electrons and phonons. A similar effect is not observed along the
c-axis. Since thermal diffusivity near Tc is a direct measurement of the electron-phonon scattering
process, accurate measurement of thermal diffusivity without the interference of grain boundaries
can supply important information about the superconductivity mechanism.
The amplitude of the photothermal signal shows a strong divergence at the superconducting
transition. This divergence in the modulated signal above Tc is a direct observation of the thertnodynamic fluctuations of the electron density and density correlation. We have shown that the amplitude signal diverges in the same way as the electronic specific heat We have seen similar effects at
the charge density wave phase transition in NbSe2- It is apparent that photothermal microscopy can
also be used to observe other electronic phase transition processes with unique sensitivity and selectivity.
This work was supported by the Department of Energy (DOE) under Contract No.
DE-FG03-90ER14157.
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ABSTRACT
We have used a reentrant radio-fiequency (rf) cavity as a resonator operating near 375 MHz to
measure changes in the dielectric constant of fluids within it. The utility of these measurements was
demonstrated by determining the dipole moment of 1,1,1,2,3,3-hexafluoropropane, a candidate
replacement refrigerant (denoted R236ea) and by detecting the phase boundaries in the mixture
((I-JOC2H6 + XCO2), for the mole fraction x = 0.492. The densities of the coexisting phases of the
mixture were determined using the Clausius-Mossotti relation which has errors on the order of 0.5 %
in this application. To test the accuracy of the present techniques, the rf resonator was calibrated with
helium and then used to redetermine the molar polarizability Ae of argon. The results were in
excellent agreement with published values. Our design of the reentrant resonator makes it suitable for
use with corrosive fluids at temperatures up to 400°C.

1. INTRODUCTION
In the present work, we are extending techniques for measuring the dielectric constants of fluids
at radio frequencies (rf). The primary objective is to develop a versatile, reliable, automated method
of detecting the density changes associated with the onset of phase transitions in fluid mixtures. Such
a method would be an economical alternative to those tedious conventional experimental
investigations of dew and bubble curves that rely on visual observation of the first onset of liquid or
vapor. Conventional investigations often involve sample volumes on the order of 500 cm3 and suffer
uncertainties arising from "dead" volumes. Sometimes, these apparatus use mercury to vary the
volume. If so, they cannot be used at high temperatures. The methods developed here use samples on
the order of 60 cm3 and are applicable to high temperatures.
Capacitors that can be easily filled with various test fluids have a capacitance of no more than a
few hundred picofarads in vacuum. Thus, at audio frequencies, they are high-impedance electrical
sources (typically 0.1-1 Mii). It follows that the measurement of the dielectric constant at audio
frequencies puts great demands on the insulators that are used to maintain the stable mechanical
spacing between the conducting plates. Furthermore, even the slight conductivity that results from
polar impurities in normally insulating fluids may interfere with the measurements. As the
temperature is raised, the conductivity of most fluids increases and the difficulties in measuring the
dielectric constant at audio frequencies increases.
At rf and microwave frequencies, the source impedance of capacitors is much lower; therefore, a
greater parallel conductivity can be tolerated. Furthermore, as shown below, rf capacitors can be
designed that do not have insulators in critical locations. 'iTiis avoids metal-insulator joints that are
often troublesome when they are subjected to stresses from either thermal expansion or applied
pressure.
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2. REENTRANT CAVITIES
Reentrant if cavities have been used to accurately measure the dielectric constant and losses of
solid insulators [1,2] at frequencies of 50- 1000 MHz. They have been used by Van Degrift as
pressure sensors and he proposed that they be used as thermometers, accelerometers, and liquid-level
indicators. [3,4].
In a first approximation, reentrant cavities function as a parallel LCR network with a resonant
frequency given by
1
^,
(1)
where L is the inductance and C is the capacitance. For a resonator constructed from non-magnetic
materials, both L and C are determined by the geometry of the cavity and by the electrical properties
of the fluid within it. L is proportional to the relative permeability & of the fluid and C is
proportional to the dielectric constant of the fluid e,. For almost all fluids, (/Vl) « fe-1); therefore,
the changes i n / are dominated by the changes in the capacitance. (As an example, we mention
difluorodichloromethane at 298 K and 0.1 MPa for which (^-1) = lxlQ- 8 [5] and (5.-I) = 3xl0"3}
Thus, the problem of measuring changes in the dielectric constant is reduced to the easier problem of
measuring changes in a resonance frequency.
A cross-section of one reentrant resonator used in this work is shown in Fig. 1. Most of the
resonator was comprised of two metal parts. The lower part was a hollow cylinder closed at the
bottom. It had an internal radius b = 25 mm and a wall thickness of 10 mm. The upper part of the
resonator served as a lid to the cylinder and had a bulbous coaxial extension into the cavity. Near its
top, the extension to the lid had an outer radius c = 5 mm and an effective length / = 18.5 mm. The
bulbous portion of the extension had an outer radius a = 24 mm and a length M = 20 mm. The
assembled resonator had an internal volume of approximately 60 cm3.
When the resonator was assembled, an annular gap 1 mm wide separated the bulbous extension
of the lid from the inner surface of the cylinder. To a first approximation, we measured
Co-axial cable — _
the dielectric constant £, of the fluid in this gap.
Thermometer
; ,—Th«rmnm«t«r
well
The capacitance of the gap was estimated from
27 pF ,
Seal

(2)

where £Q is the permittivity of vacuum. This
estimate for C is approximately 10% too small
because it neglects the capacitance of the volume
Gold o-ring beneath the bulbous extension. The inductor L
inductor was formed by the upper part of the cavity and
has the approximate value:
Bolt

L = no&l laCb/c) I {2n) = 5.96 nH,
Capacitor w{jere /lo is the permeability of vacuum.

(3)

The amplitudes of the rf fields decay
exponentially within the metal walls of the
resonator. At 375 MHz, the decay length is:
*•

a

6.8

mm

(4)

where /i,. and a are the magnetic permeability and
FIGURE 1. Cross-section of the reentrant cavity. the conductivity of the wall, respectively. For the
brass resonator, we used the electrical resistivity
from [6].
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The resistance R that appears in series with the inductor and in parallel with the capacitor was
estimated from

Here /'= 17 mm was the length of the inductor at its inner radius c and / " = 40 mm was the sum of
the length of the inductor at its outer radius b and a length M to account for the effective current path
in the capacitor.
The resonance frequency predicted by Eq. (1) is 394 MHz; however, it was found to be
375 MHz. This 5% difference is not surprising because the dimensional measurements and the model
for the reentrant resonator represented by Eqs. (1) - (5) are very crude in comparison with the
precision of the frequency measurements. Furthermore, we expected corrections to C on the order of
5% resulting from fringing fields [(b - a)/M = 0.05] and comparably sized corrections from the volume
below the gap. Corrections to L and C from the rf decay length are on the order 5/(dimensions of the
cavity). For the smallest dimension of the capacitor
they are 5/(b-a) ~ 1 |im/l mm = 0.007. There are
also corrections to Eq. (1) on the order of l/Q2, depending on how the resonance is excited and
detected.
In the simple model presented here, the quality factor for the brass resonator at 375 MHz is
estimated to be:
= 1155.
(6)
The measured value of Q was only 604. Some of the excess loss was traced to excessive coupling of
the rf out of the resonator. The coupling loops in the prototype resonator were approximately
semicircles 5 mm in diameter and in a plane through the axis of the resonator. In future work, the
coupling will be reduced by rotating the planes of the loops.
Both parts of our first reentrant resonator were machined from a single cylindrical billet of
yellow brass (65% copper, 35% zinc). The parts met at an interlocking step. The step ensured
accurate concentric alignment of the parts when they were bolted together. The assembled resonator
was sealed with a gold O-ring; thus, its outer shell acted as a pressure vessel. The data reported
below were obtained this brass resonator. Subsequently, we have manufactured a resonator from
Inconel 625 [7] for use at high temperatures.
In the prototype resonator, the two electrical feedthroughs were formed from stainless-steel,
PTFE-insulated, coaxial cables that were sealed into the lid with high-pressure conical fittings
machined from nylon. In the high temperature version of the resonator shown in Fig. 1, special hightemperature coaxial cables were welded into plugs that were themselves welded into the lid of the
resonator. The seals in the high-temperature cables are the only insulators in that resonator. Such
seals are often used in high vacuum systems which are baked at 450°C. In the rf resonator, the
electrical resistance of the seals can be much smaller than the resistance required of spacers used in
capacitors at audio frequencies. Furthermore, the dimersional stability of the seals is not critical.
In our prototype work, the resonance frequencies / and quality factors Q were measured with a
network analyzer. When the network analyzer excited the resonator at 0 dBm, the signal detected at
resonance was -14 dBm. The complex transmission coefficient S21 was measured at a series of
frequencies near the resonance at 375 MHz and the data were
fitted to determine / and Q. Typically,
8
the standard deviation of the fit
was
fractionally
5xlO~
x/,
and / and Q were determined with
precisions of approximately 10~7 and 10"4, respectively. The next higher frequency resonance was a
microwave mode near 2.1 GHz; its overlap with the 375 MHz rf mode was negligible.
During future routine applications, we anticipate that the reentrant resonator will be used as the
frequency-determining element in an oscillator and that a comparatively inexpensive frequency
counter will be used to monitor changes in the fluid's dielectric constant.
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3. EXPERIMENTAL PROCEDURES AND MATERIALS
3.1 Gas handling procedures: Measurements on the pure fluids discussed below were obtained
along isotherms. To obtain phase boundaries of a fluid mixture under precisely controlled conditions,
the following operations were used: (1) The resonator and capillary filling lines were baked at 360 K
under vacuum; (2) the homogeneous sample was slowly expanded into the cavity; (3) when the
required pressure had been attained the resonator was sealed and its contents remixed until the
frequency / and pressure p had been stable to within pre-set limits; (4) the apparatus was cooled to
within => 5 K of the known phase envelope, and the isochore commenced; (5) at each of the 0.25 K
temperature steps the frequency, temperature, and pressure was measured; (6) after the phase
transition had been determined, the cell was returned to a temperature = 20 K above the transition, and
the sample was heated asymmetrically to remix it convectively; (7) when the sample was
homogeneous, as indicated by / and p, a small quantity of fluid was expanded out of the resonator;
and (8) steps 4 through 7 were repeated until data were obtained.
3.2 Additional capacitance measurements:
The phase boundaries of the mixture
{(l-jr)C2Hg + XCO2) (with x = 0.492) that were determined with the reentrant resonator were
compared with additional capacitance measurements that used a conventional capacitor and a
capacitance bridge operating at 1 kHz. The capacitor used for these additional measurements had
been constructed by Younglove and Straty [8]. The electrodes were coaxial cylinders held in place by
cones at each end and insulated with a 12 /zm thick Kapton [7] polymer sheet.
3.3 Thermostat and thermometry: The entire resonator as well as the valve used to seal the test
gas within it, were suspended inside a stirred fluid bath that was thermostatted to 1 mK. The
temperature of the sample was determined with an industrial-grade stainless-steel-sheathed platinum
resistance thermometer and is reported on ITS-90. As indicated in Fig. 1, a blind hole was drilled into
the lid of the resonator to accept the thermometer. Resistances were measured with a d.c. digital
multimeter operating at a current of 1 mA, with a resolution of 0.1 taSl and a fractional accuracy of
4.5xlO~5. When the current was reversed, no differences were observed in the multimeter reading.
The short term accuracy of the multimeter was continually determined by comparison with a standard
resistor.
3.4 Pressure measurement Two pressure gages were used for these measurements. For the
dielectric constant measurements, pressures were measured with a fused-quartz bourdon-tub"
differential pressure gage. The manufacturer's calibration data indicated that the gage had a full scale
of 10 MPa and was linear to lxl0~ 5 . However, the zero pressure indication of the gages varied by up
to 1 kPa between checks. The reference port of the gage was continuously evacuated by a mechanical
vacuum pump and monitored with a thermocouple vacuum gage. For the phase boundary
measurements another quartz pressure gage was used. It had a precision of 0.01 kPa and the
manufacturer stated that its accuracy was 5.3 kPa. It was mounted in the thermostat fluid with the
sensing element in the same plane as the center of the capacitor. When we compared this device to
the fused-quartz bourdon-tube differential pressure gage, we found differences of 4.29 kPa at pressures
between 0.1 MPa and 6 MPa. When this offset was accounted for, the discrepancies were reduced to
less than 0.1 kPa, a level more than adequate for our purpose and well within the manufacturer's
quoted accuracy.
3.5 Characterization of gases: The gaseous mixture (I-JOC2H6 + JCCC>2 with x=0.492 was
prepared gravimetrically by Magee [9] and was used by him for specific heat measurements and by
Weber [10] for equation-of-state measurements. We used a diaphragm pump to compress this sample
from its low-pressure (=700 kPa) storage containers into a 1000 cm3 vessel at a pressure greater than
9 MPa. During the compression, the temperature of the gas manifold was maintained at least 20 K
above the cricondentherm. After pumping, the mixture was convectively remixed. The carbon
dioxide and ethane were both research grade materials supplied by Matheson Gas Products, Inc. [7]
with a stated minimum mole fraction purity of 0.99995 and 0.9996, respectively.
The sample used to determine the dipole moment of R236ea was supplied by PCR Inc. [7] which
claimed that it had a minimum purity of 0.995 on a mole fraction basis. No information was provided
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concerning possible water and air impurities. We analyzed the manufacturer's sample with a gas
chromatograph fitted with a thermal conductivity detector and 3 m column packed with Carbopack
and 5% Fluorcal [7] as the stationary phase operating at a temperature of 383 K. Four impurities were
detected: one was air with a mole fraction of 0.025 and the remaining three were not identified.
Presumably they were other halogenated hydrocarbons. The ratio of the area of the unidentified peak
to that of the sample was 0.0013. Before use, the sample was degassed by vacuum sublimation and
dried over 0.4 nm molecular sieve.
During the course of a set of measurements on each isotherm, aliquots of R236ea were cryopumped from the reentrant resonator into an ampoule. The sample recovered from the ampoule at the
conclusion of the experiment was analyzed with the same gas chromatographic techniques described
above and no air was detected in it.

4. RESULTS AND ANALYSIS
4.1 The empty reentrant resonator When the prototype reentrant resonator was assembled in
ambient air, its quality factor Q was approximately 400. At this stage the surfaces of the cavity had
turning marks left from the machining process. The interior surfaces of the resonator were then
polished with successively finer grades of emery paper and cutting oil and finally a commercially
available brass polish. After polishing, most of the tooling marks had been removed and the Q had
increased to approximately 600. We then detennined the resonance frequency of the evacuated
resonator/(p=0,T) at 13 temperatures between 280 K and 340 K. The results can be represented as a
function of the Celsius temperature t by:
f(p=O,t) = (374.9679 ± 0.0004) MHz x [1 + (19.04 ± 0.07)xlO~6f - (5.8 ± 0.9)xl0-9r2]

(7)

The linear coefficient of thermal expansion, 19.04 ± 0.07, was in excellent agreement with a value
from the literature [11]. Measurements obtained while increasing and decreasing the temperature
differed by less than 2X10-6 demonstrating the short-term mechanical stability of the resonator.
However, measurements of f(p=Q) following application of pressure to the resonator differed from
Eq. (7) by as much as 45 ppm (parts per million). Presumably, a steel resonator would have less
hysteresis.
4.2 Calibration of the resonator with helium: The capacitance associated with the rf resonance
is determined by the small gap in the reentrant resonator; thus, it is particularly sensitive to the
dilation of the resonator that occurs when unequal pressures are present inside and outside the
resonator. The pressure dependence of the capacitance C(tj>) was detennined from measurements of/
with helium in the resonator at pressures spanning the range 10 kPa to 300 kPa at 7 temperatures
between 280 K and 340 K. For this analysis, we used the dielectric constant of helium from
measurements of the temperature and pressure by using the virial equation of state together with the
expansion of the molar polarizability P in terms of the density:
P = (e, - IMS + 2)p] =As + BeP +Cep2 • • •,

(8)

We used the value Ae = (0.5196 ± 0.0002) cm3-mol-i from [12] and the value B = 11.59xl0-6 nWmol
from [13] for the second virial coefficient of helium. The results of the calibration were expressed as
a calibration factor a:
a(tj3) = C(t,0)/C«,p) = [1 + 5.463xl0-10(p/Pa) x (1 + 4.48xl(Hr)].

(9)

For subsequent measurements with other gases, the dielectric constant e, was deduced by multiplying
the square of the resonance frequency ratio fiOJOy/ftitjf) by a(t,p). We compared Eq. (9) with a
simple model for the resonator that used the elastic constants of brass [14]. The model overestimated
the pressure dependence of a{t,p) by 30%.
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4.3 Dielectric constant of argon: We measured the dielectric constant of argon on 6 isotherms
at temperatures between 280 K and 330 K and pressures spanning the range 20 kPa to 280 kPa. For
these measurements we used Eq. (9) to account for the resonator's dilation and redetermined /(7>=0)
on each isotherm. Fig. 2(a) shows the dielectric constant of argon as a function of density p. As
expected, ^ is a linear function of p and independent of temperature.
The 52 measurements of e,
were fitted by Eq. (8) with the result Ae = (4.1350 ± 0.0004) cm 3 mol- 1 . For the fif, the density was
calculated correct to the third virial coefficient with values obtained from [13J. Our results are
illustrated in Fig. 2(b)3 as deviations from this fit. Our value of Ae is 0.11% smaller than the value
(4.1397 ± 0.0006) c m m o H reported by Bose and Cole [15]. We expect that a more sophisticated
model for the resonator will resolve the difference.
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FIGURE 2. (a) Measurements of the dielectric constant ^ for argon as a function of density p. (b)
Fractional deviations of the measured total polarizability P from the value 4.135 cm3/mol.
4.4 Dielectric constant of R236ea: The reentrant resonator was used to measure the dielectric
constant of R236ea at nine temperatures between 273.2 K and 350 K. The greatest pressures were
restricted to 0.6 times the vapor pressure to avoid the effects of precondensation; none was observed.
The results are shown in Fig. 3(a). The data for R236ea reveal temperature-dependent e^ in contrast
with the data for argon. Molecules such as R236ea have several conformal isomers with different
dipole moments. The populations of the isomers vary with temperature leading to a temperaturedependent dipole moment ]i{T). We deduced fi(T) from the Debye equation
e

(10)

= Ae(a\om.)

where Ae(atom.) and Ae(elec.) are the atomic and electronic contributions to the molar polarizability, NQ
is Avogadro's
constant, and k is Boltzmann's constant. We obtained the value Ae(elec.) =
15.9 cm 3 -mob 1 from measurements of the refractive index n of liquid R236ea using methods and an
apparatus that has been described in detail elsewhere [16]. The measured refractive index was
corrected to zero frequency using the empirical observation [17] that n(f=0) = 0.99n(f) to obtain
n = 1.2359. Then /4e(elec.) was deduced using the Lorentz-Lorenz relation
2) = p(p,7>4e(elec.)

(11)

together with a measurement of the molar density of liquid R236ea reported by others [18]. In the
absence of spectroscopic information with which to determine Ae(atom.), we resorted to the observation
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FIGURE 3. (a) Measurements of the dielectric constant e, for R236ea as a function of density p. (b)
Dipole moment fi for R236ea as a function of the temperature T.
that Ae(atom.) = 0.17Ae(elec.) [17]. For R236ea, Ae(atom.) contributes less than 6 % to Ae and a 5 %
error in <4e(atom.) would lead to a fractional error in /i of only 0.001 in the worst case. The values of
the dipole moment n(T) are shown in Fig. 3(b).
The dielectric constants of polar molecules such as R236ea are frequency-dependent. To estimate the
scale of this effect, we remeasured the dielectric constant of 2-(difluoromethoxy)-1,1,1 -trifluoroethane
(E245). At 335.84 K and 33.3 kPa, we obtained the value e, = 1.002512 at 377 MHz. This value is
0.000048 smaller than the value ^ = 1.00256 obtained at 1 kHz under similar conditions [19]. The
difference is 2.4 times the uncertainty in the 1 kHz value and has the sign expected of dielectric
relaxation. If extremely accurate values of ^ are required near zero frequency, attention should be
paid to dielectric relaxation.
4.5 Phase diagram for the mixture (0.508 C2H6 + 0.492 CO2): To detect the onset of phase
separation in mixtures, we confined each sample to the resonator and monitored the resonance
frequency as the temperature was reduced. To a good approximation, the density of the sample (and
the resonance frequency) did not change until a second phase (either a bubble or a drop) formed. The
formation of a second phase was accompanied by flow of some of the parent phase into or out of the
capacitor.
Fig 4(a) shows the results for the binary mixture (0.508 CO 2 + 0.492 C2H6) when the density
was 4.687 mol/dm3 and when the temperature was in the vicinity of a dew point at which a droplet of
liquid formed in the resonator, presumably near its bottom. As the temperature was reduced in steps
of 0.25 K, each lasting one hour, the droplet grew and the density of the remainder of the sample,
including the sample within the annular capacitor, decreased. The frequency increased as the
capacitance decreased. The onset of condensation
was determined with a precision of ± 0.06 K. (At
the phase transition
dfldT- -1 MHz-K-1, and the fractional precision in each frequency measurement
8
was about 5xlO~ .) At precisely the same temperature that df/dT had a discontinuity, the derivative of
the half-width of the resonance frequency dg/dT also had a discontinuity. The half-width is a function
of the rf decay length 8 which itself depends upon the frequency through Eq. (4) and through other
effects.
The values of/near a bubble point at a density of 12.508 moldm 3 are shown in Fig. 4(b). They
provide further evidence for the extraordinary precision with which phase changes can be detected
using a reentrant resonator. At this density, df/dT = 1.5 MHz- K~i.
From our measurements of e, and Ae for each component, and assuming Ac(x) is equal to the
mole fraction sum, we estimated the density p of the fluid within the capacitor. We used the coaxial
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capacitor [8] and 1 kHz bridge to determine
/4e(CO2, 1.45 MPa, 293.1 K) = 7344 cm3 • mob 1 and
3
^e(C2H6, 2.77 MPa, 293.1 K) = 11150 cm • moH. Based on the vapor-liquid equilibria and dielectric
constant measurements for helium and carbon dioxide systems of Burfield, el al. [20], we conclude
that our values of p have an accuracy of approximately 0.5 %.
In Fig. 5(a) we show the experimental values of the pressure p(T) at the onset of phase
separation for this mixture. We have included our results obtained with the reentrant resonator and
those obtained with the 1 kHz coaxial capacitor, together with those reported by Weber from
conventional equation-of-state measurements [10]. Also shown are two correlations of other
experimental information independent of ours based on Leung-Griffiths-type equations of state
[21,22]. The level of agreement is quite remarkable. The density values are illustrated in a p(T)
projection in Fig. 5(b), along with values calculated from references [21] and [22]. Again, the
agreement is very good. It demonstrates the utility of the present method as well as the accuracy of
the assumption that Ac(x) for this mixture is equal to the mole fraction sum.
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FIGURE 5. Phase borders for the mixture (0.508 C2H6 + 0.492 CO2). o, This work, reentrant
resonator; •, this work, concentric cylinder capacitor; a, equation-of-state measurements from [10];
, correlation of literature data [21];
; correlation of literature data [22].
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PARTICLE VELOCITIES IN C O N C E N T R A T E D
SUSPENSIONS U N D E R G O I N G SHEAR
Bir Kapoor and Andreas Acrivos
The Levich Institute
City College of C U N Y
140th Street & Convent Avenue
New York, New York 10031

ABSTRACT
A theory is described for modeling the flow of concentrated suspensions.
This theory has been successfully tested by measuring the particle velocities
in such suspensions flowing under gravity along an inclined plate.
INTRODUCTION
Consider the flow of a concentrated sediment which forms along an inclined plate undernealli a monodispeise suspension of spherical particles of
radius a which sediment under the action of gravity. Such a flow lias important implications in the efficient operation of superset tiers, i.e. settling tanks
with inclined walls, where the production of clear fluid is much larger than
if the walls were vertical [1]. A schematic of such a supcrsettlcr is shown in
Fig. 1.
This problem was studied theoretically by Nir and Acrivos [2] who
modeled the sediment as an effective continuum Newtonian fluid with concentration dependent physical properties. But whereas in the earlier analysis
[2] it was assumed that the downward flux of particles due to gravity was
counter balanced by a shear-induced particle flux due only to gradients in the
particle concentration, the theory has now been extended to include shearinduced particle diffusion due to gradients in the shear stress as well as the
effects of a slip velocity along the surface of the plate.
In addition, a series of experiments were performed to test the theoretical predictions.
THEORY
Since under ordinary conditions, the concentrated sediment is very thin
and the flow is laminar, the basic equations of continuity of momentum and
of particle flux reduce, in the conventional lubrication approximation, to [2j:
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(1)
vy i
&u

dv

„

vy)
,„.

where, as shown in Fig. 2, x and y are the longitudinal and transverse coordinates, u and v arc the corresponding bulk velocity components, p(<f>) is (.lie
bulk density, p(<i>) the effective viscosity, ^ the local particle concentration,
<f>, the particle concentration in the ambient suspension, Ap the difference
between the particle density and that of the fluid, ut the Stokes settling velocity of an isolated sphere, f{4>) the hindrance function, a the particle radius,
and 0(<f>) and a(<f>) the dimensionless coefficients of shear-induced diffusion
due respectively, to gradients in the particle concentration and in the shear
stress [3]. Here, the particle Reynolds number has been taken to be v.ttiishingly small. In addition, the inertia term in the momentum equation is
generally negligible relative to the buoyancy and viscous forces [2], hence rq.
(1) reduces to:

T" W ) T H

+ 9(<t>-<f>.)Apsin9 = 0

(4)

The appropriate boundary conditions are that, at y — 0, i.e. along the
surface of the plate:

which refers *.o the zero particle flux condition into the plate, together with
the requirement that v = 0 and the slip condition
u = aC(»~
at y = 0
(C)
ay
where £{<j>) is the slip coefficient evaluable at ^o, the a priori unknown particle concentration at the wall.
The conditions along y = 6, the interface between the concentrated
sediment and the ambient suspension are that, [2], du/dy = 0 and that the
particle concentration suffers a jump from «j>t to fa according to:
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H-)

cos 0 + a'^T^W ~ ^)<Vsin 0\
= \~u~ + v- f{*.)ut cos *J

*.

(7)

Finally we require thai d> should remain regular aay -» 5(z) from below,
or, more generally, that

It is easy to show that, given the effective properties /i(<fr), / ( ^ ) , a(4>), 0{<f>)
C(^), the system of equations (2) — (4) subject to the boundary conditions (5) — (8) contains only two dimensionless parameters, specifically <f>3
and 9, the values of which completely determine the flow phenomenon in
question, at least according to the present model.
If the slip velocity is set equal to zero, i.e. for £($) = 0, the above
system admits a similarity solution [2] in which 6 = So{(f>t,0)a2^3x1/:i. On
the other hand, in the presence of slip, similarity ceases to apply except
near the leading edge, x —• 0, where 8 is found to be proportional to z ' / 2 . In
the general case, the partial differential equations must be solved numerically.
Such numerical solutions were constructed [4] for the following choice
of effective parameters:

<f>m = O.J>8

The expressions for a,/3,(i and / are identical to those used previously
[3,5,6] while C(^) was obtained by adapting an effective medium theory [7]
together with experimental determination [4] of the numerical coefficient £.

EXPERIMENTS
The experiments were performed in a continuously operated inclined settler shown schematically in Fig. 3. The particles were Diakon CAC03 spheres,
of mean diameter 90/im, and the fluid consisted of a mixture of turpentine
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(63% by volume) and tetraiine (37% by volume) the refractive index of which
almost perfectly matched that of the particles.
The local thickness of the sediment layer, S(x), was easy to measure
experimentally by means of & cathetometer or by employing a video imaging
technique. On the other hand, the determination of the particle velocity
profile presented a much more difficult undertaking which was eventually
overcome through the use of a Dantec Laser Ooppler Anemometer. The details of the experimental set-up and of the measuring techniques are available
elsewhere [4].
COMPARISON OF THEORY A N D EXPERIMENTS
Shown in Figs. 4 and 5 are typical profiles for the sediment thickness
S(x) and of the particle velocity within the flowing sediment. In view of the
fact that the theoretical predictions did not entail the use of any adjustable
parameters, the agreement between theory and experiment should be viewed
as excellent.
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A: Clear fluid reservoir
B: Clear fluid layer
C: Suspeasion-clear fluid interface
D: Suspension
E: Sediment layer

Figure 1

A sketch of an inclined settler.

153

I

Figure 2

I

\

I

Sketch of the sediment flow on an inclined plate.
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Figure 3

Sketch of the e;; erimental setup [4].

155

Figure 4

Figure 5

Sediment layer thickness profile for $ s = 6.5%,
8 • 35° and a * 0.045 mm • theory; x-experimental
points.

Velocity profile within the sediment layer at
x = 324 mm and for $s » 6.5% and 8 = 35° • theory
with partial slip; — theory with no slip; t -experimental points.
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Coupling Effects in Multiphase Free Shear Flows

T.R. Troutt, C.T. Crowe, and J.N. Chung
Washington State University

ABSTRACT
The primary goal of this research program is to examine the effects of two-way multiphase
coupling on the development of organized vortex structures in free shear flows and the resultant
multiphase dispersion. Previous research studies have determined that one-way coupled particle
dispersion in free shear flows is strongly dependent on the vortex structures present in these flows
and their interactions as well as the ratio of the particle aerodynamic response time to the time
scale of the dominant vortex structures. Current research efforts are directed towards exploring the
effects that two-way momentum, mass and energy coupling have on the multiphase dispersion
processes previously uncovered. These efforts involve analytical, numerical and experimental
investigations. Recent analytical and numerical results indicate that momentum coupling effects
can significantly alter the global stability and potentially the large scale features of the multiphase
flow field. These multiphase coupling effects may have significant importance with regard to
predicting the performance of many energy conversion systems.

INTRODUCTION
Multiphase mixing in turbulent flows is a key element in many practical energy conversion,
chemical mixing and pollutant dispersal problems. Numerous important technological and environmental
processes could be better addressed with improvements in understanding in this area. Progress in
developing understanding of this field, however, has traditionally been difficult because of the complexities
involved with the turbulent flows employed to provide the mixing mechanisms. To address t!sis problem
from a new perspective several years ago this research group initiated an ongoing investigation concerning
the potential connections between organized turbulent vortex structures and the particle dispersion process.
Organized vortex structures in single phase free shear flows have been studied extensively in the
recent past Ho and Huerre1 because of their apparent importance in the global flow development.
However, the relationship between organized vortex structures and the particle dispersion process was
largely unknown. A simple physical concept which identified the Stokes number, a time scale ratio
between the particle aerodynamic response time and the characteristic organized vortex motion time, as
a controlling parameter for the paniculate dispersion process was used to initially guide this new approach
Crowe, Gore and Troutt2, Chung and Troutt3, Crowe, Chung and Troutt4. The Stokes number can in fact
be shown to be the controlling parameter in the particle motion equation for situations where the particle
material density is much greater than the local fluid density and the particle Reynolds number is small
Chung and Troutt3.
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To emphasize the role organized vortex motions play in the particle dispersion process this research
program has focused on free shear flows such as mixing layers, jets and wakes since the organized vortex
structures in these single phase flows are probably the most clearly characterized and understood Ho and
Huerre1. Although these flows do exhibit instantaneous, three dimensional, small scale structures, their
primary global development is closely tied to the large scale, quasi two-dimensional structures Browand
and Troutt5.
The overall results from these analytical, experimental and numerical research efforts concerning
particle dispersion in free shear flows have yielded several interesting insights into the dispersion process
and its connection to the organized vortex development. These findings can be summarized as follows:
a) The qualitative and quantitative character of the particle dispersion patterns in mixing layers, jets and
wakes are strongly dependent on Stokes number and can be instantaneously highly anisotropic and
nonhomogeneous Crow, Chung and Troutt4; Chung and Troutt3; Tang et al.1.
b) For mixing layers a stretching and folding operation associated with vortex structure development and
pairing appears to be a dominant intermediate Stokes number particle dispersion mechanism Wen8.
c) For wakes where vortex pairings ^rely occur, the dispersion process focuses intermediate Stokes
numbers particles into extremely :hin sheet-like regions near the boundaries of the vortex structures
Tang7.
The previous results have addressed primarily flows for which the effects of the particles on the
flow were neglected, one-way coupling. Of considerable scientific and technological interest is the more
complex situation where two-way coupling effects between the particles and the flow exist. This situation
has been initially addressed quite recently by our group using stability analysis involving momentum twoway coupling effects Yang et al.9, and Yang et al.{0. The present research program addresses the two-way
coupling situation involving mass, momentum and energy coupling between the flow and particles or
droplets. This type of coupling is of high technological interest and has the potential for greatly affecting
the resultant flows.
Analytic Procedure for Implementing Coupling Effects
One objective of the present research is to extend the existing modeling effort to include
compressibility effects and energy coupling. This development can be viewed as a logical precursor to
including heat release due to chemical reaction and the analysis of multiphase combustion in large scale
turbulent structures. The technique is an extension of that reported by Ghoniem et al.u for compressible
reacting flows using the discrete vortex method together with transport elements.
The velocity field in the model is decomposed into three parts; the field corresponding to the basic
potential flow, the velocity induced by the vortices in the field and the field produced by the mass release
from the droplets. Including compressibility effects leads to a change in the strength of the mass sources
and also affects the circulation of the discrete vortices.
The continuity equation for the gas phase of a droplet-laden flow with void fraction near unity is

9

pDt

where Sm is the mass source per unit volume due to droplet evaporation or condensation. For low Mach
numbers, one can make the assumption that the pressure level is constant so, for an ideal gas, the
continuity equation becomes
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continuity equation becomes
V

* ~~p~* TDt
where T is the local temperature. The right side of this equation represents the strength of the mass source
term associated with each droplet. The last term represents the local expansion of the flow due to local
heating or cooling.
The momentum equation for the gas phase of a dispersed phase flow at high Reynolds number and
void fraction near unity is

Dt

=dV-^W
-* H
p
p T

where / is the ratio of the drag coefficient to Stokes drag, XA is the aerodynamic response time of the
droplet, p^ is the bulk density of the droplets and ? is the velocity of the droplet phase. It is assumed
that the viscosity is important only in the immediate neighborhood of the droplets. The last term in the
above equation is due to momentum coupling and is calculated from the droplet trajectories. For
convenience this term is simplified to C

so the equation can be rewritten more simply as

Dt

p

p

Taking the curl of the momentum equation and limiting the solution to two-dimensional flows yields
Dt
p Dt p r [p
p ) p
In the discrete vortex approach the flow field is subdivided into material elements with circulation P.
Since the mass of a material element is constant, the derivative of the density can be related to the area
change of the element (in planar flow) by
1 P p _ 1 DA
p Dt
A Dt
Substituting this expression into the vorticity equation and using the momentum equation leads to

v9X
Dt
p
Dt
p
The product of the vorticity and the area is the circulation of the vortex. If low Mach number is assumed
the density variation is associated with the temperature change only and the expression for the change in
circulation of each discrete vortex is

x
Dt
p
T
Dt
p
where (A p) 0 is the initial cross-sectional area times the density of the material element. This product,
which is proportional to the mass of the element, remains constant. The first term on the right side is the
effect of density change on the vortex strength and the last term is that due to multiphase coupling. The
coupling term is to be evaluated in the same manner used previously for the mass and momentum
coupling. That is. the droolet trajectories trovide locations and properties of the droplets in the field. The
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properties are area-averaged to nodal points on a grid and the coupling term is evaluated and distributed
to each vortex in the cell. To calculate the change in circulation, the temperature and density fields are
needed. These are obtained from the transport-element method introduced by Ghoniem et al."
Numerical Results
Numerical simulation results for momentum coupling effects in a temporally developing free shear
layer have been recently computed over a range of particle concentration levels. For base flow comparison
purposes Figure 1 presents the time development of the flow structures for a one-way coupling situation.
The time evolution of the vortex structures in the free shear layer for a two-way momentum
coupled situation at a particle mass concentration ratio of 0.3 is shown in Figure 2. Although the flow
develops in a qualitative similar fashion the vortex pairing process shows little change and the lateral flow
dispersion process is only slightly inhibited. At higher particle concentration levels the flow development
is slowed significantly. A comparison between flow vortex structure development at similar times for the
non-coupled and momentum coupled flow at a concentration level of 3.0 is shown in Figure 3.

Figure 1. Time development of flow structures one-way coupling

A quantitative evaluation of the effect of momentum coupling on rate of growth of the free shear
layer is presented in Figure 4. This figure compares the momentum thickness of the shear layer as a
function of time for three different particle concentration levels. The significant change in the
development of the free shear layer at the high concentration level is quite apparent.
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Figure 2. Time development of flow structures
two-way momentum coupling, particle
mass concentration = 0.3

0

Figure 3. Time development of flow structures
two-way momentum coupling, panicle mass
concentration = 3.0

1

Figure 4. Development of momentum thickness for different mass particle concentration levels.

ExpcriinepMl Research Program
Currently experiments concerning vaporizing droplet dispersion are being carried out in a recently
installed heated wind tunnel. The flow configuration involves a heated two-dimensional plane wake into
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which lower temperature liquid H,O droplets are injected, the temperature of the air stream is adjustable
between T-\00°C to 400°C. the vaporizing droplets then release both mass and energy into the wake flow
creating the potential for significant two-way coupling effects between the droplets and the wake flow.
Two major experimental techniques are being pursued in conjunction with this research. Global
multiphase flow information will be obtained by employing laser light sheet visualization techniques with
digital particle image position and velocity analysis. Local point multiphase flow information involving
droplet size and velocity will be obtained using phase doppler anemonetry techniques. Both of these major
experimental techniques are presently being carried out. in this laboratory.
Figure 5 displays the results from a laser light sheet visualization of solid particles in a plane wake
flow. After acquisition the image is then digitized and the spherical particles identified through shape
analysis. Instantaneous particle locations and velocities using multiple light pulse control, can then be
determined from the results. The results for particle concentration contours and velociti-s obtained from
the image are also shown. Similar techniques are now being pursued for vaporizing droplets in the heated
plane wake environment.

'fe&ii^' V*./>
a) particle dispersion pattern

b) particle concentration contours

s^

3

>

5

K/C

c) particle velocity vectors
Figure 5. Experimental results for particle dispersion in a plane wake flow St=O(l)
SUMMARY
An analytical, experimental and numerical investigation of the effects of two-way momentum, mass
and energy coupling in multiphase free shear flows is underway. Stability results indicate that two-way
momentum coupling effects decrease the amplification rate of disturbances in plane mixing layers and
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change the instability mode from absolute to convective in plane wakes. The magnitude of these effects
increase with particle concentration levels in a nearly linear fashion.
Numerical results for a temporally developing free shear layer demonstrate that two-way momentum
coupling effects slow the development of vortex structures and their subsequent pairing interactions. This
slowdown effect in the vortex interactions causes decreases in the momentum thickness development of
the free shear layer.
Experimental efforts using laser visualization techniques and phase doppler velocity and droplet
sizing techniques are presently evaluating two-way coupling effects for comparison to the numerical
results.
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WAVELENGTH SELECTION IN TRAVELING-WAVE CONVECTION
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ABSTRACT

The mechanisms by which a one-dimensional pattern of traveling waves changes wavelength
(i.e. the Eckhaus instability) is studied in a binary fluid mixture. Propagating wavelength
modulations develop when the Rayleigh number of the system is decreased below a wavelengthdependent threshold, commonly referred to as the Eckhaus boundary. These wavelength
modulations increase in amplitude and narrow in spatial extent until they trigger the creation or
annihilation of convection roll pairs and thereby change the average wavelength of the system.
We find qualitatively different dynamics for wavelength-increasing events and wavelengthdecreasing events; these differences are due to the strong wavelength dependence of the group
velocity.

INTRODUCTION
Nonequilibrium systems form an important part of our physical world. An important class of
nonequilibrium systems is those in which traveling waves play a central role. The work discussed here has
relevance to systems such as lasers, ocean waves, atmospheric flows, and certain kinds of crystal growth.
A fundamental question in pattern selection and dynamics concerns the mechanism by which a periodic
pattern changes wavelength in response to changes in control parameter. In the Eckhaus instability, a
wavelength instability results when the control parameter is lowered below a wavelength-dependent
threshold. The case in which the underlying pattern is stationary has received considerable experimental and
theoretical attention [1,2,3]. In contrast, wavelength instabilities in pattern forming systems in which the
underlying state consists of traveling waves have only recently been studied. The first experimental studies
of the Eckhaus instability for traveling waves were done by Janiaud et al [4]. They studied wavelength
instabilities on wave trains which resulted from the oscillatory instability in a convecting gas. While their
results were interesting, experimental constraints limited their work to a small aspect-ratio system.
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Furthermore, the fact that the wavelength modulation in their experiment is a tertiary instability made detailed
theoretical analysis of their system difficult. Recently the Eckhaus instability for traveling waves has been
investigated in the binary fluid system by both our group and by complementary experiments
elsewhere [5,6].
Binary fluid mixtures of ethanol and water provide a model system in which to study nonequilibrium
pattern-forming systems, since the underlying fluid equations are well understood and the control parameters
of the system can be precisely controlled. The binary fluid system has been the subject of extensive study in
recent years and consequently much is known about the nonequilibrium behavior of this system.
Binary fluid convection is closely related to convection in a pure fluid. In pure fluid convection, by
heating from below, a temperature difference is imposed across a horizontal fluid layer, causing the fluid to
expand and rise under the buoyant force. The Rayleigh number, R, is proportional to the imposed
temperature difference and is the main control parameter in convection experiments. Due to the stabilizing
effects of heat diffusion and viscosity, the onset of convection occurs only after a minimum temperature
difference is imposed across the fluid layer at a critical Rayleigh number, R c . (In this paper we use the
reduced Rayleigh number r = R/Rc) In binary fluid mixtures, two additional parameters are required to
describe the system. The Lewis number, L = D/k, is the ratio of diffusivity of concentration to the thermal
diffusivity and thus characterizes the relative time scales on which concentration and heat diffuse. The
"separation ratio", ¥ \ is a measure of the concentration-driven density changes due to the Soret effect which
couples the temperature gradient to concentration gradients [7]. For 4* < 0, the lighter component diffuses
toward the colder region and a linear concentration gradient develops which stabilizes the fluid layer against
convection. Consequently, the Rayleigh number at which the onset of convection occurs in the mixture is
greater than that in a pure fluid with the same fluid properties.
When the Rayleigh number is increased above threshold, the linear concentration gradient is destroyed by
the onset of convection; the fluid is well-mixed in the interior of the rolls and the concentration gradients
occur only in boundary layers at the top and bottom of the fluid layer [8,9,10]. Concentration from these
horizontal boundary layers is fed asymmetrically into the vertical upflow and downflow regions at the roll
boundaries, producing a lateral modulation in concentration. In ethanol-water mixtures L « I; and for
*¥ < 0, the convection patterns are generally found to piopagate laterally as traveling waves. It is the small
phase shift between the lateral concentration and temperature fields which is predicted to cause the translation
of the convection roils.

(a)

soc

Conduction - •*
r
s
Rayleigh Number

r

co

TWs

Figure 1. Shown in (a) is a schematic of the bifurcation diagram for pure and binary fluid convection: pure
fluid (long dashed line), binary fluid mixture at *P = - 0.25 (solid line), and unstable branch in the binary
fluid (short dashed line). The bifurcation is supercritical in the pure fluid and subcritical in the mixture. The
Eckhaus instability is encountered in the small range of Rayleigh numbers indicated as "El". Shown in (b)
is a schematic of the experimental geometry.
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In this paper, we report results for a fluid mixture at *F = - 0.25. The bifurcation diagram for this value
of 4* is shown schematically in Fig. l(a). For this value of 4*, the bifurcation is subcritical. Convection
begins at r = rCo as a Hopf bifurcation. The convective amplitude grows via a long transient to a state of
slow-moving traveling waves (TW) with a perod of approximately 1/30 the period of the Hopf bifurcation.
As r is decreased, this nonlinear state remains stable until the Eckhaus instability (El) is reached. The
instability is encountered in a small region of Rayleigh numbers near the saddle-node bifurcation. If the
initial wave number corresponds to the minimum of the Eckhaus boundary, the saddle-node bifurcation
point is encountered at r = r s , where the amplitude of the pattern becomes unstable. As the Rayleigh number
is decreased, the convective amplitude decreases, and the phase velocity increases monotonically. If r is
increased, the phase velocity decreases and goes to zero at a point denoted by r*, resulting in a state of
stationary overturning convection (SOC)[11].

DESCRIPTION OF THE EXPERIMENT
The experiments are conducted in a large aspect ratio annular channel of rectangular cross-section which
is depicted schematically in Fig. l(b). The cell is constructed of plastic sidewalls sandwiched between a
mirror-polished rhodium-plated copper bottom plate and a sapphire top plate which provides optical access
from above. The height of the cell is d = 0.309 ± 0.002 cm and the width and mean circumference are, in
units of d, 1.288 and 67.09 respectively. The convection rolls align radially and propagate azimuthally, thus
the annular geometry provides periodic boundary conditions in the direction of roll (TW) propagation. The
top plate temperature is maintained at 25.000 ± 0.001°C, and the bottom plate temperature is varied from
29.6°C to 32.0°C with similar regulation. The working fluid is a water-ethanol mixture which is 8% ethanol
by weight. At the onset of convection, the mean fluid temperature is 27.53°C and the fluid parameters are
*P = - 0.25, Pr = 9.16, and L = 0.008 [12]. The fluid is visualized from above using the shadowgraph
technique. The image of the convection pattern is recorded by a 720 element annular CCD array.
The Eckhaus boundary is experimentally determined by starting the system in a state of uniform
wavelength and slowly decreasing the Rayleigh number until the wavelength of the pattern becomes
unstable. By starting with different initial numbers of rolls in the cell, we can determine the points at which
each possible wavelength becomes unstable and thus map the Eckhaus boundary which is shown in
Fig. 2(a). This stability boundary is approximately parabolic and has a minimum at a wave number which
we denote by ko- For experimentally realizable initial wave numbers, kj, the range of Rayleigh numbers at
which the Eckhaus instability is encountered is in a small region near the saddle node bifurcation, as is
shown in Figs. 1 (a) and 2(a). One of the most striking features of our results is that the dynamics of wave
number changing events are qualitatively dependent on the value of the local wave number relative to ko.
The technique of complex demodulation [13] is used to follow the dynamics of the Eckhaus instability.
In this technique, small changes to the phase and amplitude of a slowly-varying sinusoidal signal can be
computed. From this information, we can calculate the space-time evolution of the frequency, wave number
and amplitude of an unstable state. By mapping the wave number of the pattern to a gray scale, the spatiotemporal dynamics can be easily visualized, as is shown for the data in Fig. 3.
In the state shown in Fig. 3(a), which has an initial wave number kj > ko, a sinusoidal modulation in the
wave number grows in from zero amplitude. The wavelength of this modulation is the longest wavelength
which can fit into the annular cell. The evolution of this state, and all experimentally observed states with
kj > ko proceeds in this manner (i.e., that the instabilities grow from an initial modulation wave number
q = 0), which is identical to the Eckhaus behavior seen in pure fluid convection. However, in contrast to
the behavior of the stationary wavelength modulation in the pure fluid system, the wavelength modulation in
the binary fluid system propagates. The speed of the modulation is approximately twice the phase velocity
of the underlying traveling waves and in the same direction as the phase velocity. The initially sinusoidal

166

modulation grows in amplitude and narrows in spatial extent, until a roll pair is destroyed in the highly
compressed region of the modulation, as shown in Fig. 3(b). Our experiments indicate that this is the
generic mechanism by which wave number changes occur for cases where kj > ko-

NUMBER OF ROLL PAIRS. N
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Figure 2. In panel (a), the experimentally
determined Eckhaus stability boundary is
shown. The wave number is measured in
units of d, the cell height. In (b), the
dispersion relation is shown. Units of CO are
ID"2 rad/s.
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When the initial wave number kj < k o , the evolution of the system is qualitatively different, as can be
seen in Fig. 3(c). In this case, the modulation does not grow from long wavelength, but instead a region of
localized dilation develops. This region becomes increasingly dilated and, in contrast to the case where
kj > k o , propagates in a direction opposite the phase velocity with a very slow speed (approximately 1/1 Oth
the phase speed). When the amplitude of the wave number modulation grows sufficiently, a new roll pair is
created. This newly created roll pair has a local wave number which is greater than ko, and the resulting
wave number modulation propagates away from the point where the new roll pair was created.
Caption for Figure 3 (figure appears on next page)
Figure 3. (a), (b) Evolution of the local wave number in space and time for k{ > ko at r= 1.543, for two time
intervals in the same data set. The local wave number is mapped to a gray scale, and the solid lines indicate
the motion of a roll boundary, (i.e., the phase velocity of the rolls). The annihilation of one roll pair occurs
at t= 19.6 x 10^ s. (c), (d) Evolution of the local wave number for values of initial wave numbers kj < ko at
r = 1.521, for two time intervals in the same data set. Roll pairs are created at several times, and a roll pair
is lost at t = 19.6 x 103 s.
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The dynamics of wave number changes can be quite complicated, as can be seen in Fig. 3(d). In this
case, the creation event produces r localized region of increased wave number which propagates out of the
dilated region. This pulse does not reach the dilated region again until it propagates around the entire length
of the cell. For this reason, the dilation continues to be a source for the creation of new roll pairs until they
propagate back to the dilation. Thus the dynamics of this wave number-unstable state is dependent on the
aspect ratio of the system and the growth rate of the instability. The fact that the wave number compression
pulse is advected out of the dilated region gives rise to complicated dynamics. This is evident in the state
shown in Fig. 3(d), in which the system over corrects the wave number when the Eckhaus instability is
encountered. Instead of increasing the overall wave number by adding one roll pair and bringing the state
back into the Eckhaus stable regime, the system over corrects by adding three roll pairs, as the compression
pulse propagates out of the dilated region. In an infinite system, we conclude that it is likely that this
mechanism will not successfully readjust the wave number, and thus, in such a system, the Eckhaus
unstable states with ki < ko could not be stabilized by this mechanism. In the infinite case, the dilated region
is likely to continue to create a series of wave number compression pulses.
The dispersion relation which characterizes the system can be determined experimentally by computing
the wave number and frequency at each space-time point and calculating co(k) by averaging the value of to
within small bins in k [5]. A dispersion relation calculated in this manner for the data shown in Fig. 3(c) is
shown in Fig. 2(b). The group velocities predicted by the dispersion relation are consistent with the
observed modulation group velocities. The qualitatively different behavior for k > ko and k < ko can be
attributed to the nature of the dispersion relation, which has different characteristic slopes for k > ko and
k < ko.
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Figure 4. The shadowgraph signal (which is
related to the convective amplitude) is shown
during an annihilation event. This figure
illustrates the rapid time scales on which the
annihilation takes place.
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It is also interesting to note that the time scale on which creation and annihilation events occur is quite
short, as can be seen in Fig. 4, which shows the shadowgraph amplitude when a roll pair is annihilated.
For the data shown, this is of the order of one half of the period of the traveling waves. This indicates that
diffusion of concentration plays at most a minor role in the annihilation of a roll pair. The creation of a roll
pair (e.g., Fig. 3(c) near time 2,000 sec) occurs on a similar time scale. We note in passing that there is
information about the concentration field [14] in the shadowgraph signals (e.g., Fig. 4 ) regarding the
concentration field. We have not yet studied this in detail. In contrast to the experimental results of Janiaud
et al, we do not see a standing wave near an annihilation event

SUMMARY AND CONCLUDING REMARKS
In this paper we have presented an overview of our experimental results on wavelength selection and
wavelength changing events in traveling-wave convection in a binary fluid mixture. We have found that the
wave number changes via propagating wave number modulations. The behavior of wave number selection
is qualitatively different depending on the relationship of the initial wave number relative to the most stable
wave number, ko- For initial wave numbers kj > ko, the wave number modulation grows from zero
amplitude at the largest wavelength that can fit into the system. This modulation is propagates at a group
velocity that is consistent with the measured dispersion relation. The wave number modulation increases in
amplitude and narrows in spatial extent and eventually triggers the annihilation of a roll pair. For initial
wave numbers, kj < ko, the evolution is markedly different. A localized dilated region grows in amplitude
and propagates slowly at a speed consistent with the measured dispersion relation in a direction opposite the
phase velocity. This region eventually becomes so dilated that a new roll pair is created.
There are numerous open questions raised by our work. Powell and Bemoff have investigated the
properties of traveling waves near a saddle-node bifurcation [15]. In an extension of this work, M.C. Cross
has developed an amplitude equation analysis based on an expansion about saddle-node solutions [16]. This
analysis makes several predictions which can be tested experimentally such as predictions for the growth rate
of the instability and the group velocity. The non-linear evolution of the wave number modulation deserves
further study and there are speculations that it may exhibit the amplitude-width scaling of a Korteweg - de
Vries soliton [4]. The fact that dilations do not grow from q = 0 when kj < ko but are spatially localized is
presently unexplained theoretically and deserves further study. Finally, as we have noted above, another
area yet to be explored is the relationship of the wave number modulations to modulations of the underlying
concentration field [14J.
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ABSTRACT

Radiant transport involving arrays of discrete surfaces constitutes one of the major unresolved
problems in the field of radiation heat transfer. This paper discusses the requirements for experimental
validation of a general Monte Carlo solution to this class of problems. This work is a collaborative
effort between Oregon State University, where the experimental portion is being accomplished, and the
Pacific Northwest Laboratory, which is responsible for the Monte Carlo simulation.
The design and calibration of a simple, compact, and flexible instrument for direct measurement
of bidirectional reflectance are presented in some detail. The capability to measure full bidirectional
reflectance, as provided by this instrument, is essential to an accurate portrayal of surface properties in
a Monte Carlo simulation. Measured data for a common fiat white paint are presented and clearly
demonstrate the need for accurate and complete surface property information.

INTRODUCTION

Arrays of fixed, discrete absorbing and reflecting surfaces arc encountered in a variety of circumstances of
practical interest. Examples include ceramic fabrics, fiberglass insulation, and the absorbing section of a central
solar receiver.
A consideration of ceramic fabrics, for example, concerns a material which is fabricated from yarn that is
composed of small ceramic fibers. If radiant interaction with these small fibers is considered, Mie scattering is
encountered. When yarn is evaluated, the dimensions are sufficiently large that photon/surface interactions can be
modeled at the geometric limit.
Individual fibers can have many cross-sectional shapes and a wide range of surface coatings. These fibers can
then be formed into yarns with various dimensions. In turn, the yarns can be woven into fabrics with a range of
yarn spacings and orientations. This range of variability in construction, in addition to the range of properties that
individual fibers may have, indicates the wide range of optical properties thai can be built into these materials.
The example of ceramic fabrics illustrates the broad spectrum of characteristics that may be encountered in
surface arrays. When the array elements are very small in physical size, are closely packed, and are completely
random in orientation, they may be treated as a continuous absorbing/scattering medium and modeled using
techniques similar to those employed for gases and aerosols. When the individual array elements become large, and
separated by distances which are large relative to the wave length of the thermal radiation, then the resulting radiant
transport will be much different, and will vary principally on the array geometry and the properties of the surfaces
involved.
An approach for solving these discrete surface problems, using Monte Carlo techniques, is described by Drost
and Welty [1] and Drost and Palmer (2]. The Monte Carlo approach has become popular in recent years due to the
development of more advanced — principally faster — computer hardware. Using such an approach, full advantage
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can be taken of the detailed surface property descriptions of the surfaces involved. One such property, which is
fundamental to a complete description of radiant transport in an array, is the bidirectional reflectance. It is the ability
to evaluate this property which is the subject of the remainder of this paper.
Bidirectional reflectance is a material surface property that is fundamental to many types of radiative transfer
calculations. An indication of the importance of this property is given by the fact that there are literally hundreds
of archival publications describing methods for analytically estimating reflectivity, explaining and modeling the
effects of variables like surface roughness and polarization, and describing the results of experimental measurement
of reflectance properties (see for example, [3,4]). Although analytical methods have been developed for predicting
surface properties [5,6], their application is often of limited value for use with materials that have been abraded,
oxidized, or had some other action change their surface properties. In these cases, experimental data are required.
Many types of radiative transfer problems are modeled in a such a way that reflectance properties are used
only once for each surface. A simple case would be a flat plate with a beam impinging at a particular incident angle
with the resulting absorption and reflection being functions of the surface properties. The uncertainty associated with
these models includes the uncertainty of the reflectance only once because any given photon hits a surface only once.
In more complex cases the situation can be quite different. For example, in the case of parallel plates in which the
incident beam reflects many times between the surfaces, or with an array of surfaces through which radiative transfer
takes place, each photon may strike a surface many times and the surface properties must be used each time. Monte
Carlo models are often used in circumstances such as this, where a photon (or bundle of photons) may go through
many surface interactions before it is either completely absorbed or it leaves the region of interest. In this case, the
uncertainty associated with reflectance may be compounded several times in the calculation of overall uncertainty.
To the best of our knowledge, there have been no Monte Carlo codes reported that make use of full
bidirectional reflectance data. Virtually al! codes that model in three dimensions assume at least one, and sometimes
two or three axes of symmetry. A common assumption is to assume azimuthal symmetry for the incident beam; i.e.
reflectance properties don't change with respect to the azimuth angle of the incident beam, only with respect to the
incident beam polar angle. This is a reasonable assumption for many types of surfaces that are smooth either because
the surface has been carefully prepared (as in a laboratory), or because of a filling process, such as painting, which
naturally results in a smooth surface. However, this assumption of azimuthal symmetry does not seem reasonable
for many common engineering materials containing non-random surface features, such as brush-finished stainless
steel, extruded aluminum, any material that has been machined, or materials that have been sanded in one direction.
For these materials, a full set of bidirectional reflectance data is required to accurately describe the material
reflectance properties and it is for this reason that the bidirectional reftectometer described in this paper was
developed.
In the sections that follow, a detailed description of the bidirectional reflectometer, its operation, and some
example data are presented. The apparatus is described in detail, including its construction, the alignment and
calibration procedures, operational procedures, and a discussion of uncertainty

NOMENCLATURE
The nomenclature used in this discussion follows convention (see for example [7]). The word reflectivity is
reserved for describing an optically smooth uncontaminated surface; reflectance is used with measured properties
where there are no constraints on surface conditions. Geometric descriptions are based on a reference system that
is attached to the surface of interest; the incident beam and the reflected beam directions are defined by two angles
each (Figure I). The bidirectional spectral reflectance is then defined as

where:
p
X
6
0

reflectance (BDRF in this definition)
spectral quantity (i.e., wavelength)
polar angle as measured from a normal to the surface
azimuthal angle as measured from a reference on the
surface

1

intensity
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directional (superscript)
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incident (subscript)
reflected (subscript)
spectral quantity (subscript)

incident radation

FIGURE 1
Definition of Angles Used in Nomenclature for Bidirectional Reflectance

Examination of this definition reveals that the reflectivity defined in this way can be greater than 1. For this
reason, the nams bidirectional reflectance function (BDRF) is usually used for this quantity.
In addition to BDRF, the directional-hemispherical spectral reflectivity is also a useful quantity. It can be
obtained by multiplying the BDRF by cos $., the area of the sensor, and the solid angle of the reflected beam and
then integrating over the entire hemisphere [7]. The result is given by:

Approximating the integral with a summation of bidirectional data over the hemisphere will allow comparison
with the results from an integrating sphere.

DETAILS OF THE REFLECTOMETER

As implied in the introduction, there have been numerous devices built for measuring BDRF (see for example
[8-11]). The design of the reflectometer used in this project evolved from an apparatus similar to the one developed
by Hsia (10] to a completely new apparatus based in part on the approach used by De Silva [8]. The features that
make this reflectometer particularly useful are (1) resolution of 1/2 degree for each of the four angles (0;, <£,, 0r <t>T),
(2) complete hemispheric coverage with the exception of a small cone around the incident beam and a small band
at the base of the hemisphere where 6r approaches 90 degrees, (3) high sensitivity for use with low reflectance
materials, (4) the ability to easily use virtually any type of source for the incident beam, and (5) direct reading of
the four angles that define incident and reflected directions.
The entire apparatus is shown schematically in Figure 2 and details of the goniometer are shown in Figure 3.
The reficctometer can be considered in terms of three major subsystems: the source, the goniometer, and the
detection system. In the course of subsequent descriptions., note that the reference coordinate system is located on
the sample of interest. The incident beam is fixed and the sample/sensor apparatus rotates around the point at which
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-(Jh, incident azimuth angle
<|>r, reflectance azimuth angle

6 i incident cone angle

FIGURE 2
A schematic representation of the apparatus
(1) goniometer; (2) collimating lens; (3) spatial filter; (4) chopper; (5) HeNe laser

FIGURE 3
A photograph of tht goniometer. The source for the incident beam is mounted out of the photograph on the optical
rail just showing in the lower left corner of the photograph. The inset is a drawing of the reference frame as it
would be positioned on the sample surface (E).
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the incident beam intersects the front plane of the sample. Figure 1 (the standard notation for BDRF) has been
redrawn in the inset of Figure 3 to match the orientation of the sample in the goniometer.
The Source

One of the advantages of this arrangement is that the source is fixed in position; bidirectional measurements
over nearly the entire hemisphere are accomplished by moving only the sample and the sensor. This means that
virtually any source can be used because there are no size, weight, or orientation constraints as might exist if the
source was a moving part of the goniometer system. In fact, a 0.5 mW HeNe laser, a 5 mW HeNe laser and a
Quartz-Tungsten Halogen (QTH) source have already been used with this apparatus and a 2 W Argon laser is
mounted on the same table and available if needed. The source used for the work reported in this paper was a 5
mW HeNe laser operating at 632.8 nm.
As described in detail in the section on the sensor, two source configurations were evaluated for use with this
apparatus: a small-diameter nonuniform beam and a large-diameter uniform beam. In both cases, the beam was
coilimated and monochromatic. When the source was a laser, the output of the laser was used directly for the
narrow band beam. This beam had an output of either 0.5 or 5 mW depending on which laser was used, the
wavelength was 632.8 nm, the beam diameter was on the order of 1 mm, and the beam intensity distribution was
approximately gaussian. For the large-diameter beam, a spatial filter consisting of a focusing lens, a 0.03 micron
pinhole, and appropriate positioning verniers was used to expand the beam. An additional lens was used to
recollimate the center portion of the beam to provide a monochromatic, collimated beam of approximately 25 mm
in diameter with uniform intensity. Only the higher power laser (5 mW) was used for the wide beam.

The Goniometer

The incident beam is horizontal and impinges directly on a sample mounted in the goniometer apparatus
(Figure 3). The entire sample/sensor apparatus sits on a rotation stage (A); changing the orientation of the apparatus
with this stage changes the incident beam polar angle, 0j. Mounted on stage (A) but oriented vertically is another
rotation stage (B). The sample (E) is mounted directly to this stage so that rotating (B) changes the azimuth angle
for the incident beam, 0 ; .
This arrangement effectively allows the angles defining the reflected beam direction to remain unchanged as
the incident angles are varied; i.e., the sensor rotates with the sample and is therefore maintained in the same
position relative to the (sample) coordinate system as both $t and <t>x are changed.
Coupled directly to rotation stage (B) is rotation stage (C) for changing the sensor azimuth angle, <t>r This
stage has a hole through its center to allow the sample post to come directly out from the center of stage (B).
Finally, mounted on the sensor azimuth stage (C) is an arc (D) on one end of which the sensor is mounted. This
arc can be moved through 90 degrees to change the sensor polar angle, 0r
For convenience, to speed alignment, and to be able to accommodate different-thickness samples, stage (A)
is mounted on an X-Y positioner, stage (B) is mounted on a vertical positioner, and the sample is held in an
adjustable-height post holder.

The Detection System

The detection system consists of a chopper to modulate the incident beam, a photodiode mounted in a baffled
sensor housing, a lock-in amplifier, and a computer used both for control of the lock-in amplifier and to record data
as they are collected. For purposes of discussion, the system is considered in two parts: the sensor and the amplifier.
Although some researchers have used a 'bare' photodetector [8], this apparatus makes use of a sensor housing
to increase the directional sensitivity of the sensor. As described in Nicodemus et al. (12), there are two practical
approaches to the geometric relationship between source, sample, and sensor size. First, the incident beam (source)
can have a small area, in which case the sample and sensor must have areas large enough to encompass the entire
beam at the largest incident polar angle (0;) to be used. Alternatively, the sample and sensor can be small, in which
case the incident beam must be bigger than the area on the sample from which the sensor receives radiation. Both
approaches have been evaluated with this apparatus.
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FIGURE 4
Results of BDRF Measurements Taken for Krylon Flat White Paint (No. 1502) on a Smooth Alum?,;um Substrate.
The top plot shows BDRF for cases where the incident and reflected beams are in the same plane (i.e.,
<>; = (f>r # r +180). The BDRF is ploned as a function of incident polar angle and reflected polar angle. The bottom
plot shows out-of-plane BDRF. Here the variation is in reflected azimuthal angle at specular reflection angles of
30 and 80 degrees.
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In the case of the first approach, a laser beam of approximately 2 mm diameter was aimed at the sample. The
sensor, a 10 mm" photodiode, was just large enough to accept the entire beam. Although a larger sensor would be
desirable, this was adequate for evaluation of the large area approach.
The second approach, using a sensor with a small acceptance angle, was tested using the same 10 mm2
photodiode, but with a series of baffles in the sensor housing to restrict the acceptance angle to approximately 1.9
degrees (plus or minus 0.94 degrees), which corresponds to a solid angle of 0.00084 sr.
In both cases, the sensor was mounted on top of the goniometer arm. As can be seen in Figure 3, this arm
is below the azimuthal axes of rotation W>r 4>T) so that when the sensor is mounted on the arm surface, the sensor
axis is coincident with the other three goniometer axes and the center of the incident beam. Having the arm offset
from the axis of rotation allows the incident beam to reach the sample for all goniometer positions except when the
sensor is directly in line with the incident beam.
The output of the sensor, a voltage that would be dc except that it is being modulated by the chopper, is fed
directly into die lock-in amplifier. A reference frequency generated by the chopper is also connected to the
amplifier. Because the frequency of the signal of interest (the photodiode output) is known precisely, the lock-in
is able to act as a filter with a very narrow bandwidth. When coupled with a high gain amplifier, the result is an
ability to amplify and extract signals that are below the ambient noise level. In this particular case, even though the
output of the photodiode was in the nanovolt range, use of the lock-in amplifier aJlowed work to be conducted in
ambient light conditions. The only constraint resulting from the use of a lock-in under these conditions is that the
time constants required for accurate readings result in periods on the order of minutes for each data point.

SAMPLE DATA

A number of materials have been tested using this reflectometer. As described in the introduction, BDRF data
are necessarily voluminous in nature. Therefore, only partial results for a common flat-white paint are included in
this paper. These results have been selected to demonstrate the importance of considering full BDRF data when
modeling common types of materials.
All of the BDRF data shown is for Krylon Flat-White paint (No. 1502). Two coats of the paint were applied
to a smooth aluminum substrate. The sample was then allowed to age in the laboratory for two weeks prior to the
start of BDRF measurements. The incident beam is from a He-Ne laser operating at 632.8 nM with random
polarization.
The example BDRF data is shown in Figure 4. It is particularly clear in the bar plot that this paint is mostly
diffuse for angles of incidence less than about 60 degrees, but that reflection becomes increasingly specular as angles
increase above that value. The conclusion to be drawn is that if these circumstances of coated surface and incident
beam are to be used in a situation where multiple reflections are likely, the model used for analysis should not ignore
the change in specularity of reflection as a function of incident angle.

CONCLUSIONS

An apparatus for the measurement of BDRF has been described in detail. The key features that set it apart
from previous work are: (1) direct reading of all angles involved, (2) nearly complete hemispheric coverage, (3)
the ability to measure incident flux directly with the same sensor as used for reflected flux, (4) a goniometer that
moves the sample and sensor about all four axis therefore providing great flexibility in the source used for the
incident beam, (S) linear response over five orders of magnitude in intensity, and (6) a minimum of custom
machining (only one axis required a custom rotation machined stage). The opportunities for improvement fall into
the categories of operational improvements and accuracy improvements.
Improvements in accuracy can be achieved by improving the quality of the source beam both in terms of
uniformity and stability, by using a more precise method of measuring the area of the sensor and its distance from
the sample, and by increasing the resolution of the scales used on the goniometer. All of the operational
improvements relate to further automation of the data collection process. Specifically, each of the axis of rotation
could be motorized and the existing computer program for data acquisition could be extended to include control of
the goniometer motion.
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This reflectometer has been used to evaluate the BDRF of several types of common engineering materials.
It is clear that for some materials the traditional practice of assuming azimuthal symmetry, and perhaps even the
practice of modeling reflectance as a linear combination of specular and diffuse components, needs to be re-evaluated
in light of the common availability of computational resources with the power to complete numerical analysis without
those simplifications.
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ABSTRACT
Arrays of fixed discrete surfaces are encountered in a number of
important applications. Evaluating radiant heat transfer in an array of
fixed discrete surfaces is challenging because array optical properties are
often nonhomogeneous and anisotropic. This article presents the results of
a Monte Carlo simulation of radiation heat transfer in several array
geometries. The results show that for the array geometries included in the
study,* the extinction coefficient is strongly anisotropic and that optical
properties are dependent on both the geometric arrangement of the elements
and the scattering characteristics of individual elements.
INTRODUCTION
Arrays of fixed discrete surfaces can be encountered in a range of applications.
Examples include volumetric air heating solar central receivers [1], ceramic fabrics
[2], and fibrous insulation [3]. In most applications involving radiative heat
transfer in participating media, optical properties such as extinction coefficient and
anisotropic scattering are treated as being independent of incident angle. When the
orientation of an absorbing array element is fixed, the scattering phase function
depends on the angle of incidence, as well as the angle of reflection [4].
The objective of this research was to evaluate radiation heat transfer in a range
of array geometries. A typical array is shown in Figure 1. Monochromatic collimated
radiation impinges on an array of isothermal fixed discrete surfaces at a variable
incident angle. The array is enclosed in either specular or black boundaries.
Radiation between isothermal array elements and from the array to the surroundings was
not included in the analysis.
The research documented in this paper developed and applied an innovative Monte
Carlo model to evaluate radiation heat transfer in arrays of fixed discrete surfaces
[5]. The Monte Car]o model was used to simulate radiation heat transfer in a range of
array geometries with varying surface properties. The results give an indication of
the challenges associated with modeling radiation heat transfer in arrays of fixed
discrete surfaces.
(ajOperated for the U.S. Department of Energy by Battelle Memorial Institute under
Contract DE-ACO6-76RLO 1830.
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MONTE CARLO MODEL
Monte Carlo modeling has been widely applied to radiation heat transfer problems
and the method is well documented [6,7,8]. The Monte Carlo simulation used in this
study divides the array into computational cells where each cell contains one array
element. The cell-to-cell transport algorithm of Drost et al. [1] was implemented in
the MCLITE computer code for simulating two-dimensional arrays. A photon is initially
emitted into an exterior cell and interacts with the element in that cell, resulting in
the photon being absorbed, reflected out of the array, or transmitted to an adjacent
cell. The procedure is repeated, tracking the photon as it moves from cell to cell,
until the photon is either absorbed or exits the array.
The cell-to-cell transport scheme divides the array into a set of parallel zones
each of which has the same width as the array, L and then divides the zone into
cells. Each cell has the same height as the zone but the cell width is arbitrary The
only constraint is that the sum of all cell widths within a zone is equal to the zone
width. The array is assumed to be enclosed in a rectangular boundary in the xy plane.
The faces of the array through which photons enter and exit are oriented parallel to
the x axis. The y axis points into the array. The face of the array through which
photons enter is located at y=0 and the left hand boundary of the array is fixed along
the line x=0. The right hand boundary is located at x=L . The sum of the zone heights
is equal to the height of the array, /.. , and photons exit the array by crossing the
line at y=Lu. The geometry of the cells and zones is illustrated schematically
in
J
Figure 2.
The boundaries of the array at x=0 and x< can be treated as either regular
surfaces or periodic boundaries. If the boundaries are treated as regular surfaces
photons encountering them can be absorbed, specularly reflected, or diffusely
reflected. If the boundaries are periodic, a photon that exits one side of the array
enters the array from the other side traveling in the same direction and with the same
\y,z) coordinate.
Cell-to-cell photon transport requires two sets of calculations. The first set
determines the movement of the photon from one cell to the next; the second determines
the outcome of a photon/cell interaction. The cell-to-cell tracking calculations
identify which cell in the array the photon currently occupies. The photon is
initially emitted into an external cell in the array. At the beginning of the
photon/cell calculation, the photon is located at the edge of the cell with a known
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location and direction. The photon is directed towards the interior of the cell.
When the photon/cell interaction is complete, the photon is again located on the
boundary of the cell with a known location and direction. The photon trajectory is now
directed towards the exterior of the cell. The cell-to-cell computation then
identifies the cell that the photon enters next, the data is reorganized so that the
photon is poised on the boundary of the cell that it enters next, with a known location
and direction, and the next photon/cell interaction calculation is performed. This
process is repeated until the photon is absorbed or exits the array. The cell-to-cell
tracking scheme is independent of the photon/cell calculations, which gives the MCLITE
code a convenient, modular structure. Additional array element types can be added to
the code by writing the corresponding photon/cell interaction routines, without
seriously modifying any other portions of the program.
A photon's trajectory within a cell is determined by a series of cell models
where each cell contains a single element. MCLITE currently supports routines for
calculating photon/cell interactions in cells containing elements with circular,
rectangular, and triangular cross sections. It also has a routine for calculating the
trajectory of a photon through an empty cell. As part of the calculations, the
location and results of interactions between photons and solid surfaces in the cell are
determined.
The use of computational cells simplifies the calculation of photon trajectories
by reducing the number of surfaces that need to be considered as candidates for the
next photon/surface interaction. For each photon/cell interaction, the program only
needs to consider the surfaces of the array element contained within the cell and the
surfaces representing the cell boundary. At the expense of additional program
complexity, the number of surfaces that must be considered can often be reduced even
further, depending on where the photon enters the cell in relation to the array element
contained within the cell.
Most of the calculations required to evaluate the trajectory of a photon inside a
cell consist of finding the intersections of various straight lines. The plioton
trajectory, as well as most of the elements within the cell and the cell boundary
itself, are composed of straight line segments. The only exception is for cells
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containing circular elements. The most convenient method for performing these
calculations is to express the straight lines as parameterized vector equations of the
form
X(T) = f + T S
(1)
where s is the direction that the photon is traveling. The intersection of two line
segments in two dimensions can be computed by solving the two simultaneous equations
for each line segment. This is a straightforward algebraic calculation that avoids any
trigimetric functions, so it is performed quickly on most computers.
For cells containing circular elements, the intersection of the photon trajectory
with a circle is also a relatively simple calculation. The circle is defined by the
equation
2\x - fo\ = a 2

(2)

where the a is the radius of the c i r c l e . The intersection of the photon with the
circle can be found by solving Equation (2) for r
if + x§-fo\2=a2

(3)

If the photon trajectory intersects one of the solid surfaces in the array, the
program accesses a subroutine that computes the outcome of the photon/surface
interaction. The input for this routine is the direction of the incident photon, the
normal vector to the surface at the point of intersection (h), a parameter representing
the photon's energy, and the relevant surface properties. The subroutine calculates
the direction and energy of the outgoing photon. For specularly reflected photons, the
direction of the outgoing photon is given by the formula
Sf = 3 i - 2 ( 3 ^ ) A

(4)

where s^ and s^ are the pre- and post-collision directions of the photon. For diffuse
reflections, the calculation is more complicated because a local coordinate system
needs to be constructed at the location of the surface/photon interaction. The output
from the calculation is the same as for specular reflections. The choice of diffuse or
specular reflection is random, with the relative probabilities determined by the
diffuse and specular reflectivities.
In addition to calculating trajectories through the array, MCLITE has options
that allow the user to specify different source configurations for illuminating the
array. The program also collects a broad range of data on the simulation including
total reflectivities, absorptivities, transmissivities, and zone absorbtivities. The
intensity of transmitted photons as functions of position and direction are also
calculated.
RESULTS
Sample results from the Monte Carlo simulation are presented to illustrate the
complexities associated with modeling radiation heat transfer in arrays of fixed
discrete surfaces. Three array geometries were considered. The first array is shown
in Figure 1 and includes fin-shaped elements with an element aspect ratio of 3. The
second array is shown in Figure 3 and consists of widely dispersed elements with square
cross-sections. The third array is similar to the array shown in Figure 3, except that
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the square elements are replaced with cylindrical elements. The cylindrical elements
are assumed to have a diameter equal to the width of the square elements used in the
second array. It was initially assumed that widely spaced cylindrical elements would
be most likely to exhibit homogeneous array optical properties.
The array geometries were simulated using the Monte Carlo code for three sets of
surface properties: a specularly reflecting case, a diffusely reflecting case, and a
case that included absorption by array elements. The cases are summarized in Table 1.
Each case involved calculating the transmission of radiation through the array for six
incident angles (a = 0, x/16. w/8, 3*/16, */4, 3 W 8 ) .
TABLE 1. Characteristics of Cases

Case
4

Case
8

Case
9

Case
10

Case
1

Case
2

Element
Width

1

1

1

1

1

1

j(a)

j(a)

!<a)

1

1

1

Flnment
Length

3

3

3

1

1

1

!(a)

j(a)

!(a)

3

3

3

Element
Spacing

4

4

4

4

4

4

4

4

4

4

4

4

Row Spacing

1

1

1

2

2

2

2

2

2

1

1

1

Specularity

0.0

1.0

0.5

0.0

1.0

0.5

0.0

1.0

0.5

0.0

1.0

0.5

Emissivity

0.0

0.0

0.5

0.0

0.0

0.5

0.0

0.0

0.5

0.0

0.0

0.5

Case
3

Case
5

Case
6
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Case
7

Case
11

Case
12

Transmission of Radiation Through the Arrays
Transmission of radiation through the array is presented in two forms: the array
transmission and array extinction coefficient. Array transmission is the fraction of
incident radiation that passes through the array. Array extinction coefficient is
defined as

where K equals array extinction coefficient, i equals radiation flux transmitted
through the array, ^o equals radiation flux incident in the array, and s equals
apparent array width.
The array extinction coefficient includes the effect of apparent array depth on the
transmission of radiation. Apparent array depth is defined as
s = 1/coscc
where a is the incident angle of the beam radiation impinging on the array.
for the nine cases are summarized in Table 2 and are discussed below.

(6)
Results

Array Transmission
In cases involving diffuse reflection, array transmission generally decreases
with incident angle but the decrease is not monotonic. The specular cases show large
variations in array transmission as incident angle is increased, without any clear
trends.
If the arrays were being modeled as a participating medium, one would generally
expect the transmission to decrease with incident angle because the apparent depth of
the array increases as incident angle increases. The nonmonotonic behavior of array
transmission as a function of incident, angle is caused by the fixed geometric
arrangement of elements in the array. When the array incident angle is 0, any
radiation not impinging on an element passes through the array. As the incident angle
increases, generally less radiation will pass through the array without encountering an
element. However, occasionally an increasing incident angle will produce an
arrangement of elements that results in a photon path that will pass through without
encountering any elements. The existence and magnitude of these unobstructed optical
paths through the array is the most important determining factor for array
transmission. In cases 1 and 3, an incident angle of 3*716 results in an increase in
the number of unobstructed optical paths through the array.
The specular cases (cases 2, 5, and 8) show more complex behavior. When specular
reflection is considered, unobstructed optical paths may result from photon
trajectories through the array that include specular reflections from array elements.
As incident angle varies, the geometric arrangement of elements forms a number of
photon paths that, while involving multiple specular reflections, result in the photon
being transmitted through the array.
Case 5 illustrates the impact of specular reflection on array transmission. The
diffuse case (case 4) shows a small increase in transmission when the array incident
angle is increased from 3 W 1 6 to T / 4 , but the specular case shows a much larger
increase. The increased transmission for the specular case is caused by the formation
of specular reflecting photon paths through the array.
Array Extinction Coefficient
The array extinction coefficient includes the impact of apparent array depth.
Ignoring scattering from array elements, the length of a photon pat'i through the array
will increase with incident angle. If the array were being modeled as an absorbing
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medium, transmission shoula decrease with increasing photon path length, but the
extinction coefficient should be constant for a homogenous medium.
Table 2 shows a significant variation in extinction coefficient as a function of
array incident angle. When specular reflection is not considered and ignoring the
cases with normal incident radiation (a - 0.0), variations in the extinction
coefficients are as low as 48% (case 1) and as high as 75% (case 9) for the range ot
incident angles examined. Variations with incident array angle are also large for the
specular cases where the array extinction coefficient can vary by as much as 70%.
Clearly, the two array geometries cannot be assumed to be isotropic.
Results included in Table 2 show that the sparse array of square elements and
cylindrical elements had the same nonmonotonic relationship between array transmission
and array incident angle that was observed in the array of fin-shaped elements.
Extinction coefficient values show the same magnitude of variation with incident angle
for both array geometries. Contrary to expectations, the array of sparsely distributed
square and cylindrical elements appears to be as strongly anisotropic as the array of
fin-shaped elements.
As Howell [4] observed, when the orientation of an array is fixed, the scattering
phase function for an element depends on the angle of incidence, as well as the angle
of reflection. However, the results of this study suggest that the problem may be even
more complicated because it appears that optical properties of an array will depend on
the geometric arrangements of the elements, in addition to the scattering phase
function of individual elements. The nonmonotonic relationship between array
transmission and incident angle and the anisotropic extinction coefficients shows that
the relative location of array elements can have a strong impact on array optical
properties.
TABLE 2. Array Transmission and Extinction Coefficient
Case 2

Case 1
Array
Incident
Angle
(.}

Array
Extinction
Coefficient

Array
Transmission

CO

Array
Transmission

w

Case 3
Array
Extinction
Coefficient

Array
Transmission

w

Array
Extinction
Coefficient

0.0

62.6

-0.4687

60.0

-0.5100

60.0

-0.5100

»/16

25.9

-1.326

31.6

-1.130

-2.326

-0.923

ir/8

24.5

-1.298

20.0

-1.48?

9.3
5.6

3./16

43.7

-0.688

47.3

-0.6229

23.0

-2.671

»/4

19.6

-1.151

20.0

-1.138

1.4

-3.025

3»/8

13.8

-0.7580

78.2

-0.0939

0.9

-1.763

0.0

61.4

-0.4863

60.0

-0.5100

60.0

«/I6

14.8

-1.874

0.6

-4.987

»/8

14.2

-1.805

19.5

-1.511

3»/16

23.1

-1.217

52.6

-0.5349

0.5
0.6
1.7

»/4

29 •

-0.8609

80.0

-.1578

3*/8

15.5

-0.7137

9.5

-0.9007

0.0

52.8

-0.465

66.4

-0.409

60.5

it/16

19.6

-1.598

36.8

-0.980

2.4

-3.658

W8

25.6

-1.259

26.4

-1.230

13.0

-1.885

3./16

27.2

-1.082

35.2

-0.868

./4

37.8

-0.688

58.1

-0.384

-1.680

3*/8

26.4

-0.510

38.3

-0.367

3.3
9.3
9.4

Case 5

Case 4

'

Case 6

Case 8

Case 7
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2.3
0.8

-0.5100
-5.238
-4.701
-3.370
-2.655
-1.848

Case 9
-0.503

-2.836

-0.905

CONCLUSIONS
Radiation heat transfer in arrays of fixed discrete surfaces is a poorly
understood phenomenon encountered in several important engineering applications. As
part of a larger study to investigate radiation heat transfer in arrays of discrete
surfaces, a Monte Carlo model using cell-to-cell photon transport was used to conduct
parametric studies on three arrays. The results of the parametric evaluations showed
that array transmission generally decreases with incident angle but the decrease is not
monotonic and significant variation in extinction coefficient will occur as a function
of array incidence angle. Optical properties of arrays will depend on the geometric
arrangements of the elements in addition to the scattering phase function of an
individual element. Assuming the arrays are isotropic will likely result in
significant error.
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Nommaging Reflectors as
Functionate of the Desired Irradiance
Roland Winston and Harald Ries1
The University of Chicago, The Enrico Fermi Institute & Department of Physics
Chicago, Illinois 60637

Abstract
For many tasks in illumination and collection the acceptance angle is required to vary along
the reflector. If the acceptance angle function is known, then the reflector profile can be
calculated as a functional of it. The total flux seen by an observer from a source of uniform
brightness (radiance) is proportional to the sum of the view factor of the source and its
reflection. This alio.vs one to calculate the acceptance angle function necessary to produce
a certain flux distribution and thereby construct the reflector profile. We demonstrate the
method for several examples, including finite size sources with reflectors directly joining the
source.

1

Introduction

Nonimaging optics was developed to solve a well posed but narrow set of problems [1]. A
prototypical example is the concentration of a light beam with divergence half-angle 8 and
cross-sectional area A\ into the minimum possible area /4j without loss of throughput or
conversely, the design of illumination systems that convert a larnbertian source into a beam
with divergence lialf-angle 8 and no stray light without loss of throughput. Two classes
of algorithms have been found which solve these problems exactly or nearly so. These are
summarized here; the details can be found in Ref ;2] The first is the "string" or "edgeray" method. The "Hottel string" is a useful concept for calculating radiative transfer
between lambertian surfaces [3j. It may be succinctly characterized as: fndl=: constant
along a string, where n denotes the index of refraction and dl the path length. Notice that
replacing "string" by "ray" gives all of imaging optics. The second class of algorithms places
reflectors along the lines of flow of a radiation field set up by a radiating source. In cases
of high symmetry such as a sphere or disc, one obtains ideal solutions in both two and
three dimensions. In either case, reflecting and sometimes refracting elements are shaped in
specific ways in combination to solve the problem.
A wider class of problems can not be solved by the known methods. Here are a few examples:
'Permanent address: Paul Scherrer Institute, CH-5232 Villigen, Switzerland
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It is well-known that the irradiance on a distant plane at an angle 9 from a long, cylindrical
lambertian source of uniform brightness falls off with cos2(0). Strip radiators and spherical
sources produce a cos3(9) irradiance on a distant plane, while circular disc radiators produce
an irradiance proportional to cos4(#). The angular power density of the flat sources (disc
and strip) falls off as cos(S) while the power density of cylindrical and spherical sources is
constant. But suppose one desires a predetermined far-field power or irradiance pattern e.g.
uniform irradiance? The classical designs will not suffice; they simply transform a lambertian
source radiating over 2ir into a lambertian source radiating over a restricted angular range.
The limitation of the old designs is that they are too static and depend only on a few
parameters, such as the area of the beam Ai and the divergence angle 6. One needs to
introduce additional degrees of freedom into the nonimaging designs to solve a wider class
of problems. The purpose of this communication is to indicate the lines along which this
additional freedom can be introduced.

2

Determining the reflector profile for small sources

In the usual design methods the profile of the reflector is determined by the given constant
acceptance angle 9 and the geometry of the entrance and exit surfaces. Thus we can regard
the reflector profile R as a function of 9, R(9). However, in certain situations a "constant
acceptance angle" design is unduly restrictive. But suppose 9 is itself made a function of
some other parameter of the problem say, <f>. Then R is determined only after the functional
relationship of 9 and <f> is known i.e., R is now a functional of 9, R = R{9}.
For illustrative and j. Jagogical reasons, we will consider first the simple case when the
size of the source is much less than the closest distance of approach Ro to any reflective or
refractive component. Thus the angle subtended by the source at any reflective or refractive
component may be regarded as small. Our approximation of small source dimension d and
large observer distance D amounts to
d « Ro<< D.

(1)

In this limit the illumination problem has been solved earlier [4] We briefly review the
classical solution before we introduce a novel approach capable of deriving in closed form
the reflector for large sources.
Polar coordinates are used to represent the reflector profile by R - R(<j>), with the source
at the origin. The angle of th- reflected ray with the optical axis is denoted by 9, and
the incidence angle at the reflector with respect to its normal is denoted by >.- as depicted
in Fig.l. The geometry shows that the following relation between the reflector profile and
incidence angle holds:

Note, that the underlying assumption for this equation is, that the edge rays incident onto

189

Figure 1: The reflector profile is represented in polar coordinates R(</>) with the source at
the origin. The reflected radiation has an angle 9 with the optical axis y and a with the
normal to the reflector.
the reflector travel along the vector i2. Clearly,
(3)

a =
Equation 2 is readily integrated,

(4)
so that,
(*>

(5)

This determines the reflector profile R(<f>) for any desired acceptance angle function 9{<j>).
Suppose we wish to radiate power with a particular angular distribution P"(8) from a source
which itself radiates with a power distribution P'{4>)- The angular characteristic of the
source is the combined result of its shape, surface brightness, and surface angular emissivity
at each point. A distant observer viewing the source fitted with the reflector under an angle
9 will see a reflected image of the source in addition to the source itself. This image will
be magnified by some factor \M\ if the reflector is curved. Ideally both the source and its
reflected image have the same brightness, so the power each produces is proportional to the
apparent size. The intensity perceived by the observer, P°{9) will be the sum of the two
P°{9) = P*{6) + \M\P'{4>).

(6)

The absolute value of the magnification has to be taken because, if the reflected image and
the source are on different sides of the reflector and we therefore perceive the image as
reversed or upside down, then the magnification is negative. Actually, at small angles, the
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source and it3 reflection image may be aligned so that the observer perceives only the larger
of the two. But if |M| is large one can neglect the direct radiation from the source.
Thus one is concerned with the magnification of the reflector. A distant observer will sec a
thin source placed in the axis of a trough reflector magnified in width by a factor

This can be proved from energy conservation The power emitted by the source must be
conserved upon reflection: P'd<j> = M P'dO.
For a rotationally symmetric reflector the magnification Mm as given in Eq.(7) refers to the
meridional direction. In the sagittal direction the magnification is

M. = p = ^ ,
dpi

(8)

sin(ff)

where now fit and fij are small angles in the sagittal plane, perpendicular to the cross section
shown in Fig 1. Equation (8) can be easily verified by noting that the sagittal image of an
object on the optical axis must also lie on the optical axis. The reason is, that because of
symmetry, all reflected rays must be coplanar with the optical axis.
The total magnification Mt is the product of the sagittal and the meridional magnification

Actually Eq.(9) could also have been derived directly from energy conservation by noting
that the differential solid angle is proportional to dcos{8) and <ico3(^>) respectively.
Thus inserting the magnification given in Eq.(9) or Eq.(7), as the case may be, into Eq.(6)
yields the relationship between 6 and <fr which produces a desired power distribution P°(8)
for a given angular power distribution of the source P'. This relationship then can be
integrated as outlined in Eq.5 to construct the shape of the reflector which solves that
particular problem.
There are two qualitatively different solutions depending on whether we assume the magnification to be positive or negative. If Mm > 0 this leads to CEC-type devices, whereas Mm < 0
leads to CHC-type devices. The te m CEC refers to Compound Elliptical Concentrator and
CHC to the so called Compound Hyperbolic Concentrator [5, 6, 7, 8].
Now the question arises of how long we can extend the reflector or over what angular range
we can specify the power distribution. From Eq.(5) one can see that if >j> — 8 — IT then R
diverges. In the case of negative magnification this happens when the total power seen by
the observer between 6 = 0 and 9 = 0"*°* approaches the total power radiated by the source
between ^ = 0 and ^ = IT. A similar limit applies to the opposite side and specifies 8mm.
The reflector asymptotically approaches an infinite cone or V-trough. There is no power
radiated or reflected outside the range 6min < 6 < 0miX.
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For positive magnification the reflected image is on the opposite side of the symmetry axis
(plane) to the observer. In this case the limit of the reflector is reached as the reflector on
the side of the observer starts to block the source and its reflection image. For symmetric
devices this happens when <j> + 8 = TT. In this case too one can show that the limit is actually
imposed by the first law. However, the reflector remains finite in this limit. It always ends
with a vertical tangent. For symmetric devices where 8""" - -8min and #""" = - ^ m m the
extreme directions for both the CEC-type and the CHC-type solution are related by
<f>ma* + 8na* = ir.

(10)

In general CEC-type devices tend to be more compact. The mirror area needed to reflect
a certain beam of light is proportional to 1/ cos(a). The functional dependence of 8 and
# for symmetrical problems is similar except that they have opposite signs for CHC-type
devices and equal signs for CEC-type solutions. Therefore a increases much more rapidly for
the CHC-type solution which therefore requires a larger reflector, assuming the same initial
value Ro-

3

Reflector adjacent to a finite planar source

We have now developed the analytical tools to solve the real problems which involve reflectors
close to the source. We do this by combining the above technique with the edge ray method
which has proved so effective in nonimaging designs [2]. That is, we apply the above methods
to edge rays. As a first example, we design a reflector for a planar, lambertian strip source
so as to achieve a predetermined far-field irradiance. We design the reflector so that the
reflected image is immediately adjacent to the source. This is only possible in a negative
magnification arrangement. Then the combination of source and its mirror image is bounded
by two edge rays as indicated in Fig. 2. The combined angular power density for a source of
unit brightness radiated into a certain direction is given by the edge ray separation
Rsin(2a) = P°{8).

(11)

By taking the logarithmic derivative of Eq.(ll) and substituting Eq.(2) we obtain

This describes the right hand side, where 8 < 0. The other side is the mirror image.

3.1

Deriving the reflector shape directly for a finite source

For 2a = r, R diverges just as in the case of the CHC-type solutions for small sources.
Thus in general the full reflector extends to infinity. For practical reasons it will have to
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Figure 2: The reflector is designed to produce a reflected image adjacent to the source. The
combined intensity radiated in the direction —9 is determined by the separation of the two
edge rays: i? sin 2a.
be truncated. Let's assume that the reflector is truncated at a point T from which the
edge ray is reflected into the direction <?r- For angles 9 in between ±9T the truncation
has no effect because the outer parts of the reflector do not contribute radiation in that
range. Therefore within this range the truncated reflector also produces strictly the desired
illumination. Outside this range the combination of source plus reflector behaves like a flat
source bounded by the point T and the opposite edge of the source. Its angular power
density is given by Eq.(ll) with R = RT = constant. The total power PT radiated beyond
B? is thus
PT = R(0T) r

sin7^7 = R(9T)(l + cos(2aT)).

(13)

In order to produce an intensity P"(9T) at 9T, R{9T) must be
(14)

sin(2a T )'

The conservation of total energy implies that the truncated reflector radiates the same total
power beyond 9r as does the untruncated reflector
+

CO3(2OCT)

= B(9T)

sin(2ar)

(15)

This equation must hold true for any truncation 9 = 9j It allows us to explicitly calculate
a, and with it <f> and R, in closed form as functions of 9, if B{9), that is the integral of P°{9)
is given in closed form. The conservation of total energy also implies that the untruncated
reflector radiates the same total power as the bare source. This leads to the normalizing
condition

(16)
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This condition may be used to find fl"""; it is equivalent to setting 8T = 0, 2ay = 7r/2 in
Eq(15). Solving Eq.(15) for a yields
2a = arccos
Substituting Eq.(3) yields the acceptance angle function
<t>{6) = 6 + 2a.

(18)

From Eq.(ll) the radius is given by

These equations specify the shape of the reflector in a parametric polar representation for any
desired angular power distribution P°(6). A straight forward calculation shows that Eq.(17)
is indeed the solution of the differential equation (12). In fact Eq.(12) was not needed for
this derivation of the reflector shape. We have presented it only to show the consistency of
the approach.

3.2

Example - constant irradiance

For example to produce a constant irradiance on a plane parallel to the source we must
hcive P°(9) = l/cos 2 (fl) and thus B(8) - cos2(0)(tan(0) - tan(0 mas )). Using Eq.(16), we
find Qmtu = - i r / 4 , so that B(9) = cos2(0)(tan(0) + 1) with no undetermined constants.
The resulting acceptance angle function and the reflector profile are shown in Fig.3 and
Fig.4 respectively.
The reflector shape is close to a V-trough. Though, the acceptance
angle function is only poorly approximated by a straight line, which characterizes the Vtrough. In Fig.5 we show the deviation of the reflector shape depicted in Fig.4. from a
true V-trough. Note, that a true V-trough produces a markedly non-constant irradiance
distribution proportional to cos(0 -f- :r/4)cos(0) for 0 < -6 < ir/4.

4

Conclusions

The classical nonimaging reflector shapes can be viewed as functions of an acceptance angle
which is constant along the reflector profile. A variety of problems, however, require variable
acceptance angles. In these cases the reflector profile is a functional of the acceptance angle
function or the function describing the desired power density distribution. For the calculation
of the reflector based on the variable magnification there are in general two different types of
solution, depending on whether the meridional magnification is positive or negative: a CECtype, characterized by positive magnification in which the reflection of the source appears
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Figure 3: Acceptance angle function which produces a constant irradiance on a distant plane
from a finite one-sided lambertian strip source. There is only a CHC-type solution.
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Figure 4: The reflector profile which produces a constant irradiance on a distant plane from
a finite one-sided lambertian strip source of width two units. Note that there is only a
CHC-type solution and it is truncated.
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Figure 5: Deviation of the reflector depicted in Fig.4 from a true V-trough.
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on the side opposite to the observer, and a CHC-type, of negative magnification, where
the reflection is on the same side. The CEC-type reflector is finite and always ends with a
vertical tangent, while the CHC-type solution is infinite and approaches a constant slope.
The end point of the CEC-type solution and the asymptotic slope of the CHC-type reflect
the conservation of total radiant power.
For a finite size source, we have shown how to calculate a CHC-type reflector profile touching
the source. For a flat source the solution can be given in closed form. The method presented
here does not entail in any way an optimization procedure. It yields the reflector profile
which produces a desired irradiance distribution from a given source by straightforward
calculation based on first principles.
This work was supported in part by the U.S. Department of Energy Office of Basic Energy
Sciences under contract DE FGO2-87ER 13726 and by the Swiss Federal Office of Science
and Education (BBW).
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MICROSCOPIC IMAGE PROCESSING SYSTEM FOR MEASURING NONUNIFORM
FILM THICKNESS PROFILES: IMAGE SCANNING ELLIPSOMETRY
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ABSTRACT
The long-term objective of this research program is to determine
the stability and heat transfer characteristics of evaporating thin films. The
current objective is to develop and use a microscopic image-processing
system (IPS) which has two parts: an image analyzing interferometer (IAI)
and an image scanning ellipsometer (ISE). The primary purpose of this paper
is to present the basic concept of ISE, which is a novel technique to measure
the two dimensional thickness profile of a non-uniform, thin film, from
several nm up to several um, in a steady state as well as in a transient state.
It is a full-field imaging technique which can study every point on the
surface simultaneously with high spatial resolution and thickness sensitivity,
i.e., it can measure and map the 2-D film thickness profile. The ISE was
tested by measuring the thickness profile and the refractive index of a
nonuniform solid film.

I.

INTRODUCTION

The effects of interfacial stress (which is a function of film shape and interfacial
intermolecular forces) and temperature on the stability and dynamics of nonisothermal
thin liquid films have been extensively studied because of their generic importance to
multiphase flow technology. See, for example, the extensive review of the literature on
the effects of interfacial forces on the dynamics and stability of thin evaporating liquid
films on heated surfaces by Bankoff [1]. In these small thin film systems, the complex
microscopic details of fluid flow and film shape are of paramount importance to the
change-of-phase heat transfer process [2]. Needless to say, many experimental studies
have been reported in the literature. For example, in a companion paper to the theoretical
paper on thermocapillary flow by Tan et ai. [3], Burelbach et al. [4] experimentally studied
thermocapillary flow in a thin liquid layer. The electrical impedance measurement of the
film thickness was accurate to 1 urn.
In small nonisothermal systems, the interfacial
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intermolecular force field controls fluid flow and change of phase heat transfer. This was
discussed by Wayner et al. [2,5] who used classical change-of-phase kinetics and
interfacial concepts like the Kelvin, Young-Dupre, and augmented Young-Laplace equations
to evaluate and compare stress (shape) and thermal effects.
These results demonstrate
the central importance of the augmented Young-Laplace equation to the understanding of
the dynamics of both completely wetting and partially wetting thin liquid films.
Experimental confirmation of the central importance of the augmented Young-Laplace to
describing the stress field in thin liquid films was obtained using the image analyzing
interferometer, IAI [e.g., 5]. However, these and other recent results demonstrate that
more powerful and convenient microscopic experimental techniques are needed to
decrease the lag in the development of evaluative experimental ttchniques. Thinner and
smaller dynamic systems need to be studied at higher magnification. For this purpose, a
new experimental technique, ISE, which uniquely combines ellipsometry, image
processing, and a specific algorithm, has been developed and is described herein.
If the physical properties of the evaporating liquid films are known, the film
thickness profile, measured experimentally, can be used to calculate the heat transfer
characteristics of thin liquid films. Therefore, one of the major experimental objectives of
thin film heat transfer research is to determine the film thickness profiles as a function of
the experimentally varied evaporation rate. In order to experimentally measure the film
thickness profile of an evaporating, non-uniform thin film, the following equipment
characteristics are required: (1) The instrument should be able to measure non-uniform
films as well as uniform films from several nm up to several u.m in thickness; (2) The
instrument should be able to measure the thickness profile in the transient state as well as
in the steady state; (3) The instrument should be able to measure every point on the
liquid surface simultaneously instead of an average value over the measured surface.
Many different optical and non-optical techniques have been developed to measure film
thickness profiles. However, none of these techniques had all the required characteristics
mentioned above. One disadvantage of non-optical methods is that they can disturb the
films during measurement. The optical methods based on interferometry, in general, can
measure non-uniform films but cannot accurately measure film thicknesses under 1000 A
nor are they appropriate for uniform films. Image Analyzing Interferometry (IAI) [5] is a
new technique based on interferometry which was developed to measure non-uniform
film thickness profiles.
IAI not only has very good thickness sensitivity and lateral
resolution but can also be used to study every point on a surface simultaneously by using
image processing technology and a low-light-level CCD camera. However, IAI is not well
suited for transient state studies because it uses a standard, time consuming, null
ellipsometer, to extrapolate the film thickness beyond the first dark fringe.
The optical
methods based on standard ellipsometry, in general, can measure uniform film thicknesses
from 1 A up to several urn but not spatially varying film thicknesses. They are also not
suitable for transient state studies. Dynamic Imaging MicroeHipsometry (DIM) [6] is the
only new technique based on ellipsometry developed to measure a film thickness profile
in a transient state.
However, with DIM, the optimal settings of the ellipsometric
components change with the film thickness and so accurate measurements over wide
thickness ranges are difficult. Due to this complication, DIM is basically restricted to the
measurement of
more uniform films with thickness variations within certain, narrow
ranges, but not for thickness profiles ranging from several nm up to several urn.
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II. THEORY AND DESIGN OF ISE

ISE is a new optical technique based on null ellipsometry for studying non-uniform
film thickness profiles in the transient state as well as in the steady state. It is a full-field
imaging technique which can simultaneously study every point on the. surface with high
spatia1 resolution and great thickness sensitivity. Moreover, ISE uniquely results in a 2-D
mapping of the film thickness profile. The theoretical development of this approach is
based on the null ellipsometer.
The measurements of null ellipsometry are quite routine,
involving the rotation of a polarizer and an analyzer to cause extinction of a beam of
polarized light reflected from the surface of the sample. The extinction point is called the
null point. At the null point the values of the measured azimuths of the polarizer (P), the
analyzer (A), and the compensator (C), measured from the plane of incidence, are
recorded.
All these angles are measured positive counter-clockwise from the plane of
incidence when looking into the light beam.
The relative phase. A, and relative amplitude, 4*, of the two orthogonal electric field
components of the polarized light can be determined from the measured angles of P, A,
and C using the standard equation for ellipsometry:
p = Tan (4*) x Exp (i A)

( I)

where i is (-1) 05 , p is the ellipticity, the ratio of reflection coefficients of parallel
components over perpendicular components, Tan (4*) is the ratio of the amplitude of
reflection coefficients of parallel components over perpendicular components, and is the
phase shift between the parallel and perpendicular components. The values of T and A
can then be used to calculate the refractive index of the substrate or the film thickness
and film refractive index. Due to multiple reflections of light across the film-vapor and
the substrate-film interfaces, the measured values of 4* and A exhibit an interference
effect. In other words, V and A are cyclic functions of the film thickness. The cyclic
behavior is governed by
6 = X/2 [n| - n^ Sin2 (<Di)]05

(2)

where A. is the wavelength of the light source, nF is the refractive index of the film, where
n m is the refractive index of medium and O, is the angle of incidence. When the measured
thin film is non-uniform, rotating the polarizer and analyzer can only partly extinguish the
beam of polarized light reflected from the surface.
The image appears as a set of
destructive fringes representing various film thicknesses. In Fig. (I), the locations of the
destructive fringes are presented as a function of film thickness and polarizer setting for
A=0.00 and C=45.00. Combining this null ellipsometer with an image processing system, a
long-working-distance microscope, and a low-light-level CCD camera with manual gain
control, forms a system capable of easily measuring the thickness profile of a non-uniform
film. By fixing the analyzer and compensator settings and rotating the polarizer, the
ellipsometric null points, which have a minimum reflectivity, can be observed to sweep
across the whole measuring area.
Based on a knowledge of the pixel intensity and
magnification of the system, the exact position of the null points can be determined. Using
a series of ellipsometric images the film thickness profile from several nm up to several
u.m can be calculated. This thickness profile includes the thin film region, under 1000 A,
that the IAI cannot measure.
The measurement process varies the polarizer setting,
recording an ellipsometric image for each point.
The more settings we use on the
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Figure 1. Calculated film
thickness at the null point versus
position for various polarizer
settings.
System was a particular
TI1F4 solid wedge deposited on a
Si wafer.

Figure 2. A schematic sketch of
the Image Scanning Ellipsometer.

polarizer, the more points we have in the film thickness profile, i.e., the more detailed our
measurements will be. The image processing system enables us to study the transient
state phenomena and to find all the null points in the measured area.
We can then
construct 2-D contour maps to describe the non-uniform film thickness profiles.
The ISE measures the profile only using the null points instead of the intensity itself.
By considering only reflectivity minima, there will be little or no interference from
imperfections in the optical components, instability of the light source, sensitivity
variations of the camera, or the presence of dust particles, finger prints, and other
contaminants in the optical path. The accuracy and spatial resolution of ISE depends on
the resolution of the imaging microscope and the slope of the thin film profile.

III. EXPERIMENTAL DESIGN
ISE includes the following major components which are organized schematically in
Fig. (2): a null ellipsometer, step motor driver and step motor, long-working-distance
(LWD) microscope, low-light-level(LLL) CCD camera with manual gain control, PC
compatible computer, Frame grabber with 4 MB onboard memory, and Frame coprocessor
for accelerating image processing.
Our ISE was constructed using a standard, manually-operated, null ellipsometer,
with vertical sample holder, manufactured by Rudolph and Sons, Inc. in 1970's. In order
to monitor transient liquid films in situ from the TV screen, magnification of the light spot
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after the analyzer is needed. The minimum distance between the analyzer and surfaces of
the samples is 22" in this system and so an ordinary microscope could not be used. A K2single port LWD microscope from Infinity Photo-Optical Company was used because the
working distance of this instrument is 12" to 96". The actual magnification also depends
on the distance between the eyepiece and the camera. Ideally the longer this distance, the
higher the magnification.
Unfortunately, the resolution decreases dramatically as the
distance increases due to an overall decrease in the intensity of the images projected onto
the camera. The best spatial resolution in our system was found to be 2 fim (vertical) x
7.5 urn (horizontal). The actual film thickness resolution depends on the nature of the film
measured.
The intensity and contrast of the ellipsometric image decreases sharply as the film
thickness increases. This problem is especially acute for film thicknesses beyond 1 urn. To
achieve the highest spatial and film thickness resolution, a high resolution, low-light-level,
CCD camera was used in our system. This camera had wide dynamic range, 52 dB, and
manual gain control. Adjustable gain is important to control image intensity and contrast
as the liquid films drain. The dark current of the camera must also be adjustable to insure
accurate detection of the null point.
If the dark current is set too low, the intensity
minima may be buried below the resolution of the frame grabber/digitizer and accurate
null point locations cannot be found.
A computer controlled step motor was used to rotate the polarizer. The rotation was
synchronized with the frame grabber so that images were captured at known polarizer
settings.
Using only the frame grabber's storage capability, a complete film thickness
profile, composed of 15 separate images could be obtained in 3 sec. Using a VCR to store
the images decreased our capture time to 1.5 sec and increased the number of images to
45.
The current speed of our system is limited by the frame processing speed of the
frame grabber and camera system and the sheer mass of the ellipsometer components we
are using. Significant improvements are possible in those two areas.
To test the ISE, a special custom wedge, ThF 4 on Si wafer substrate, was obtained.
The film thickness changed linearly from 0 nm up to 870 nm within a distance of 20 mm.
The thickness profile of this wafer was measured by fixing the compensator at 45.00, the
analyzer at 0.00, and then varying the polarizer angles. The destructive fringes (minimum
pixel value) were thereby moved across the surface. The images of the reflection patterns
and therefore the location of the null points were captured and digitized into 480
(vertical) x 512 (horizontal) space pixels and assigned to 256 possible gray values
representing an intensity from 0 (black) to 255 (white).
In order to reduce the data
processing time and the memory needed, non-uniform interval settings on the polarizer
were used, 360, 350, 340, 330, 320, 310, 285, 260, 235, 210, and 185. These choices were
selected because the relationship between polarizer angle and film thickness is non-linear
(See Fig. 3). The choice of the best angles depends on the optical properties of substrate,
the film, and the characteristics of the thin film profile.
Although the choice of the
polarizer angle does not make too much difference for a profile with a constant or nearly
constant gradient such as a wedge profile, the choice of the polarizer angles will affect the
sensitivity and accuracy of the measurements for a large, variable, gradient such as a
draining liquid film. The rule of thumb is to use as many null points as possible and make
the null points as equally spaced as possible within the first thickness cycle. This means
that polarizer angles should be concentrated in regions I and HI of Fig, 3. Beyond the first
cycle, the null points are spaced closer to one another because of the increase of ihe film
thickness gradient.

201

Region I

2000

-

Region II

Region HI

aooa->

-

\

600C"

-

\

1500

4000-

i

Film thickn

1
\
2000-

500

n
180

200

220

240

260

280

300

320

340

360

Polarizer settings (degress)

5

10

Distance along film

Figure 3. Calculated film
thickness at the null point versus

polarizer

IS

20

(mm)

Figure 4. Experimentally
measured film thickness profiles.

settings.

IV. RESULTS
To demonstrate the capability and accuracy of the ISE, the 2-D thickness profile of a
non-uniform solid film of ThF4 on a Si substrate was measured and compared with the
profiles obtained by us using interferometry and measured by the manufacturer of the
films (Reynard Company).
The measured wedge profiles obtained from each method
discussed above were analyzed using a regression program and the results are listed
below:
From the Reynard company:
Standard wafer #1:

TH (A) = -0.432 (A/um) * X(um) + 8661.1 (A)

From the interferometer:
Standard wafer #1:

TH (A) = -0.426(A/um) * X(um) + 8532.0(A)

The measured results obtained using our interferometer are almost the same as those
reported by the manufacturer. Therefore, it is certain that the measured film thickness
profiles on the standard wafers are correct. By the layout of the colored bands on the
standard wafers the film thickness profiles can also be estimated by eye and used to
verify our other measurements. A correction of the raw ISE data is required in the
horizontal direction, because the imaging system is not oriented perpendicular to the
substrate. This results in a non-uniform magnification in the horizontal direction. The
vertical direction requires no corrections and the magnification there is uniform across the
substrate. The 1-D film thickness profile measured by ISE an.i our interferometer is
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Figure 6.
The comparison among
different methods for standard
wafer # 1, where the measured
results from Reynard and the
interferometer are overlaid.

presented in Fig. 4. The 2-D film thickness profile measured by ISE after correction is
shown in Fig. 5. The regression results from ISE after correction are listed below:
From ISE :
Standard wafer #1:

TH (A) = -0.429(Mim) * X(um) + 8708.7(A)

Comparison among the three methods, for the standard wafer, is presented in Figs. 6. The
percentage differences, assuming that the measurement from the manufacturer is the
accurate base, are also listed below:
Standard wafer #1:
Interferometer:

Differences in slope = 0.72 %
Differences in intercept = 3.09 %
Accumulated differences in film thickness within 20,000 urn distance = 82 A

ISE:

Differences in slope = 0.69 %
Differences in intercept = 0.55 %
Accumulated differences in film thickness within 20,000 urn distance = 47 A

Based on the above differences calculated from
results from the ISE after correction (calibration)
well within the accuracy of any other techniques
were purchased and analyzed. The results from the
to the results presented above for wafer #1.
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the regression program, the measured
due to non-uniform magnification are
used. Two identical standard wafers
ISE for wafer #2 were nearly identical

V. CONCLUSIONS
A new experimental technique for measuring film thickness profiles, Image Scanning
Ellipsometry, was developed and tested. The technique is based on conventional null
Ellipsometry. The experimental results, presented in this paper, established and confirmed
the accuracy of full-field imaging for measuring the film thickness profile of a nonuniform film by sweeping the null points across the sample surface. The ISE system has
been shown to require an additional correction (calibration) in the measured horizontal
distance, which might be due to four factors: (1) the imaging system is not oriented
perpendicular to the substrate and so the horizontal magnification varies in this direction,
(2) the allocation of the exact position of the dark fringes is limited by the ability to
accurately digitize and analyze the images, (3) the sensitivity of the polarizer settings with
respect to the film thickness limits the number of null points possible, and (4) the limited
magnification of the ISE hinders the exact location of a null point. Factors (2) and (4) limit
the location of the null points to +. 1 pixel width. In this study that is ± 7.5 u
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CHARACTERIZATION OF THERMAL PLASMAS BY LASER LIGHT SCATTERING
S. C. Snyder, G. D. Lassahn, '.. D. Reynolds, and J. R. Fincke
Idaho National Engineering Laboratory
EG&G Idaho, Inc., P. 0. Box 1625, Idaho Falls, ID 83415

ABSTRACT
Characterization of an atmospheric pressure free-burning arc discharge and
a plasma jet by lineshape analysis of scattered laser light is described.
Unlike emission spectroscopy, this technique provides direct measurement of
plajma gas temperature, electron temperature and electron density without the
assumption of local thermodynamic equilibrium (LTE). Plasma gas velocity can
also be determined from the Doppler shift of the scattered laser light.
Radial gas temperature, electron temperature and electron density profiles are
presented for an atmospheric pressure argon free-burning arc discharge. These
results show a significant departure from LTE in the arc column, contradicting
results obtained from emission spectroscopy. Radial gas temperature and gas
velocity profiles in the exit plane of a subsonic atmospheric pressure argon
plasma jet are also presented. In this case, the results show the plasma jet
is close to LTE in the center, but not in the fringes. The velocity profile
is parabolic.
INTRODUCTION
It is not possible "to determine thermal plasma gas temperature from
emission spectroscopy unless the plasma is in local
thermodynamic equilibrium
(LTE). Because electron densities are high (> 10 23 m' 3 ), kinetic processes of
atmospheric pressure free-burning arc discharges and thermal plasma jets are
dominated by electron collisions. It has therefore been generally assumed
that LTE exists in these plasmas [1-3], and emission spectroscopy could be
used to accurately measure the gas or kinetic temperature of the plasma. A
more realistic description of the plasma is probably that of partial local
thermodynamic equilibrium (PLTE), which assumes that the free electrons are in
equilibrium with the populations of the upper excited states, but not
necessarily with the ground state [4,5]. If the plasma is in PLTE, emission
spectroscopy can determine the electron temperature, but not the gas
temperature.
Analysis of the lineshape of laser light scattered by the plasma is
probably the only direct and unintrusive method of determining gas
temperature, eltctron temperature, electron density, and gas velocity without
the assumption of LTE and with a high degree of spatial resolution. We
describe in this paper the characterization of thermal plasmas by lineshape
analysis of scattered laser light. Radial gas temperature, electron
temperature and electron density profiles determined by this technique are
presented and discussed for an atmospheric pressure argon free-burning arc
discharge. Radial gas temperature and gas velocity profiles in the exit plane
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of a subsonic atmospheric pressure argon plasma jet are also presented and
discussed.
THEORY
Scattering of electromagnetic radiation by a medium is due to density
fluctuations within the medium [6], In the case of ionized gases, density
fluctuations of the atoms and ions give rise to Rayieigh scattering, while
density fluctuations of the free electrons give rise to Thomson scattering.
The total scattered light signal from a thermal plasma is therefore a
combination of Rayleigh scattering from atoms and ions, and Thomson scattering
from free electrons. The lineshape of Thomson scattered light has two
components. One component, called the electron feature, is due to the density
fluctuations of the free electrons themselves. The other component is known
as the ion feature and is due to the electrostatic influence of the density
fluctuations of the ions on the free electrons. The lineshape of Rayleigh
scattered light is Gaussian for our experimental conditions [7]. The spatial
radiation pattern of both Rayleigh and Thomson scattered light is that of the
oscillating electric dipole.
The Thomson lineshape can be written as [6]

* (f)

S(k,ia) = -y-

(1)

where k is the magnitude of the difference between the scattered wavevector
and the incident wavevector (k* = £ a - £ o ) , w is the difference between the
angular frequency of the scattered light and the incident laser (u = u, - u o ) ,
and e » 1 + G. + Gj is the longitudinal dielectric constant of the plasma. The
functions G. and Gj are screening integrals defined by

u>-

and
r

_ lim

f
IR.JC2

dv

(3)

where the f's are the generalized one dimensional velocity distribution
functions for electrons and ions, denoted by the subscripts e and i
respectively, the m's are the electron and ion masses, the n's are the
electron and ion number densities, e is the electron charge, and Z is the ion
charge, equal to one for this experiment. It is assumed that the electrons
and ions have Maxwellian velocity distributions characterized by electron and
ion temperatures T, and Tj. We have in one dimension for electrons

and for ions
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where k8 is Boltzmann's constant. It is also assumed that the ion temperature
equals the gas temperature. The first term in Eq. (1) is the electron feature
and second term is the ion feature. The electron featurexn is considerably
broader than the ion feature, scaling roughly as (mjmo
.
Plots of the
electron feature and ion feature where the scattering angle is 90° and the
incident laser wavelength is 532 nm for a hypothetical argon plasma with
T. = 15000 K, T; = 13000 K, and n0 = 6.40 x 10 22 m 3 are presented in Figs. 1
and 2, respectively. The two peaks in the electron feature are due to
scattering from electron waves in the plasma. The effect of scattering from
ion-acoustic waves is seen in the two humps of the ion feature.
The plasma gas velocity v can be determined directly from the Doppler
shift of the ion feature relative to the frequency of the incident laser by
= £-v .
(6)

EXPERIMENTAL
Lineshape measurements were made in a vertical free-burning arc and in the
jet of a commercial subsonic plasma spay torch, both operated with argon at
atmospheric pressure (640 mm Hg). The arc was generated by a standard gastungsten arc (GTA) welding torch using a 2.4 mm diameter thoriated-tungsten
cathode ground to a 60' included tip angle, and was operated over a watercooled copper anode. The cathode-to-anode gap was 9 mm and the arc current
was 100 A. 1 The plasma spay torch was operated 900 A with a gas flow rate of
35.4 1 min' . The torch nozzle diameter was 8 mm.
Because of the intense plasma background radiation and relatively weak
signal strengths, the use of a high-powered pulse laser and gated detection is
necessary to measure the scattered light signal.
Resolving the electron feature does not require high resolution
spectroscopy. For these measurements, a frequency-doubled pulsed Nd:YAG laser
generating 10 ns pulses at a wavelength of 532 nm and a scanning 1.3 m
monochromator with a 1200 groove mm' grating were used. The laser pulse rate
was 10 Hz. The scattered laser light pulses were detected with a
photomultiplier tube (PMT) and boxcar averager synchronized to the firing of
the laser. The output of the boxcar averager, averaged over 10 laser shots,
was digitized by an analog-to-digital (A-D) converter and stored on a
computer. A spectral range of ~ 16 nm centered about 532 nm was scanned for a
typical electron feature. The laser beam was normally incident to the flow
axis of the arc discharge and the scattering angle was 90* to the flow axis
and incident laser beam. The GTA torch was mounted on a translation stage,
and radial positions were determined by translating the torch relative to the
incident laser beam. The spatial resolution of the measurements was
~ 3 x 10"3 mm3. A half-wave plate was used to rotate the polarization of the
incident laser beam to maximize the scattering signal and to verify that the
dependence of the signal intensity on the polarization angle was
characteristic of oscillating electric dipoles and not stray light. A
schematic of the setup to measure the electron feature is given in Fig. 3.
Measurement of the ion feature does require high resolution spectroscopy.
The use of a high-powered pulse laser and gated detection is still necessary,
but in this case, the incident laser bandwidth must be less than the bandwidth
of the ion feature. The fairly recent availability of injection-seeded Nd:YAG
lasers fulfills these requirements. Accordingly, the

207

0.005

-25 -20 - I S -10

-5
0
5
10
FREQUENCE (GHr)

15

20

0.000
-6000 -4000 -2000
0
2000
FREQUENCY (GHz)

25

Figure 1. Ion feature for a
hypothetical plasma with
T. = 15000 K, 22Tj = 13000 K, and
n. = 6.4 x 10 m \

*000

6000

Figure 2. Electron feature for a
hypothetical plasma with
T. = 15000 K, Tf = 13000 K, and
n. = 6.4 x 10 22 m 3 .

experimental setup for resolving the ion feature was similar to the electron
feature experiment, except that a pulsed frequency-doubled injection-seeded
NdrYAG laser operating at a wavelength of 532 nm with a pulse duration of
10 ns and pulse rate of 20 Hz was used as the laser source. The bandwidth of
the laser is < 100 MHz. Furthermore, a scanning tandem Fabry-Perot
interferometer (F-PI) was used for spectral analysis of tiie scattered light.
The scattering angle for ion feature measurements made in t!,e free-burning arc
was also 90* and normal to the flow axis and incident laser beam. The plasma
jet was operated vertically with the scattered light collected at an angle of
10* from the flow axis in the plane formed by the flow axis and the incident
laser wave vector which was normal to the flow axis. This gave a scattering
angle of 80*. More details about the measurement of the ion feature can be
found elsewhere [7]. The schematic for the ion feature experiment is
presented in Fig. 4.
RESULTS AND DISCUSSION
Both electron and ion features were recorded in the free-burning arc, but
only the ion feature was recorded in the plasma jet. An experimentally
resolved electron feature taken in the free-burning arc is shown in Fig. 5.
The electron temperature and electron density were determined from a nonlinear
least squares fit of Eq. (1) to this data. This fit is represented by the
solid curve. The value of T, stated in Fig. 5 is strongly influenced by laser
heating, and the data must be corrected for this, as described elsewhere [8].
Ion temperatures and electron densities are not effected by laser heating. A
typical experimental ion feature from the plasma jet is shown in Fig. 6. In
general, these lineshapes are treated as a superposition of Thomson and
Rayleigh scattering. The solid curve now represents a nonlinear least squares
fit of Eq. (1) superposed with a Rayleigh component described by a Gaussian
function to the raw lineshape data. In this case, the contribution from
Rayleigh scattering to the total lineshape is < 1%. The ion or gas
temperature was determined from this fit. The peak in the center, which was
fitted by a Gaussian superposed with the total lineshape function, was the
response of the F-PI to the incident laser light. This provides a reference
frequency from which Doppler shifts are measured and a measurement of the F-PI
instrument response function for deconvolution purposes. The lineshape shows
a definite Doppler shift due to the flow velocity of the jet relative to the
reference frequency. The gas velocity was determined from this shift using
Eq. (6).
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Radial profiles of gas temperature and electron temperature, corrected for
laser heating, of the free-burning arc at 2 mm below the cathode determined
from analysis of scattered laser light are presented in Fig. 6. A
significant departure from LTE is evident throughout the arc, especially at
the center. These results clearly contradict the generally accepted
assumption that LTE exists in the column of atmospheric pressure arcs [1-3].
The radial profile of electron density at 2 mm below the cathode tip
determined from analysis of the electron feature of the scattered laser light
is presented in Fig. 7. These results agree reasonably well with electron
density profiles of similar arcs determined from Stark broadening, which is
independent of LTE [3].
The radial gas temperature profiles of the plasma jet with an operating
current of 900 A determined from lineshape analysis is compared with the
radial temperature profile determined from standard emission spectroscopy [7]
in Fig. 9. It is evident from this data that the plasma jet is close to LTE
in the center, but not in the outer regions. This is probably due to
radiation trapping by ground state argon atoms and electron diffusion [4].
Until now, reliable exit plane velocity profile data of plasma jets has
not been available. By analogy with incompressible laminar flow in a
cylindrically symmetric channel, computational modelers [9] postulate that the
velocity profiles are nearly parabolic. To examine this, the radial velocity
profile at 2 mm downstream from the torch exit from r « 0 to r • 3 nun was fit
to a parabola after being reflected about the flow axis, and is plotted in
Fig. 10. As can be seen, the fit is quite good and justifies the assumption
of parabolic velocity profiles.
CONCLUSIONS
Lineshape analysis of laser light scattered by a plasma allows the direct
measurement of plasma gas temperature, electron temperature and electron
density, and plasma gas velocity. This method is unintrusive, has a high
degree of spatial resolution, does not require an Abel inversion, and, most
importantly, does not rely on an assumption of LTE to interpret the data.
Using this technique, we have for the first time, to our knowledge, directly
investigated the existence of LTE in atmospheric pressure free-burning argon
arcs and atmospheric pressure, subsonic argon plasma jets. We have found
strong evidence that LTE does not exist in the arc column of the free-burning
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argon arc, contrary to expectations. We have also found that the core region
of an plasma jet is close to LTE, but there is a severe departure from LTE in
the fringes. The radial velocity profile in the exit plane of the plasma jet
is very nearly parabolic, as postulated.
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Figure 6. Experimental ion feature
from the plasma jet at 2 mm
downstream from the exit and at
r - 0 mm. Ji - 12630 K ± 7% and the
gas velocity v = 1095 m s 1 + 3%.

Figure 5. Electron feature in a
free-burning arc at 2 mm below the
cathode at the radial position
r « 0 mm. T. - 28240 K ± 3% and
n8 = 1.62 x 10 23 m 3 ± 3%.
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Figure 8. Radial profile of
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APPLICATION OF HYSTERESIS MODELING TO MAGNETIC TECHNIQUES
FOR MONITORING BIAXIAL STRESS
M. J. Sablik, G.L. Burkhardt, and H. Kwun
Southwest Research Institute
P.O. Drawer 28510
San Antonio, TX 78228-0510

ABSTRACT
A probe, consisting of two excitation coils and a detection coil wrapped around a core with a Hall
probe between the pole pieces, has been used to measure indirectly the influence of biaxial stress on
Ihe magnetic properties of a ferromagnetic specimen, in this case annealed SAE-4130 steel. Properlies measured indirectly included remanence, coercivity, and first, third and fifth harmonic amplitudes. The properties were extracted from the voltage measured across the detection coil and incorporate the magnetic influence of the soft iron core, but with the effect of air gap variation between pole
piece and sample kept to a controlled range. Results were compared to a mkromagnetic model for
the effect of biaxial stress on hysteresis and on magnetic properties. The micromagnetic model is a
modified version of a model previously employed by Schneider el al. The experimental remanencc
variation due to biaxial stress compared very well to the predictions of the model. Furthermore, the
model predicts, and experiment bears out, lhal the remanencc wilh the field along one stress axis minus ihe remanence with the field along the other stress axis falls in a straight-line band of values when
plotted against the difference of the two stresses. This suggests a possible NDE technique for detecting differences in biaxial stresses at a given location in a steel specimen.
INTRODUCTION
The effects of biaxial stress on magnetic properties is important to understand if one is to use magnetic NDE techniques for detecting stress in pipeline. Stress in pipeline consists of perpendicularly acting biaxial stresses, namely circumferential stress about the pipe and longitudinal stress along the length of the pipe.
The magnetic properties of a steel pipeline at a given location will be affected by both stresses, longitudinal
and circumferential. Thus, if one is to use in pipeline a magnetic nondestructive evaluation (NDE) stress
detection technique, one needs to first understand the precise way in which biaxial stresses affect magnetic
properties.
Stress in pipeline is caused by internal pressure in combination with stress from external pipeline
conditions. In very cold climates, such as in Alaska, the ground freezes and thaws and in the process, the
resulting ground movement exerts great stress on pipeline. In regions such as in California, where there is
often sudden crustal plate motion along faults, ground movement can again produce great stresses on pipeline. Ground settling in swamplands such as Louisiana and desert sand motion such as in Saudi Arabia can
often expose pipeline and cause stresses on the pipeline owing to its own weight. Silt motion at bay bottoms
can also expose pipeline and even set up a situation where a pipeline might snag a passing ship. All of these
situations could lead to pipeline rupture and need to be detected before the danger becomes reality.
Thus, it is important from an energy engineering point of view, to protect against high stress conditions in pipeline and to monitor biaxial stresses in pipeline. The purpose of the present study is to develop
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an understanding of the way in which biaxial stresses affect magnetic properties so that magnetic NDE techniques can be utilized in monitoring stress in pipeline.
This paper represents a progress report for an ongoing study of the effect of biaxial stresses on various
magnetic properties in steeis. It is basically divided into two sections - (1) experimental work and (2) theoretical work confirming experimental observations.
Experimental results in mild steel on the effect of biaxial stress on hysteresis loop parameters were
studied recently by Langman.[ 1 ] However, discussion was restricted to equal biaxial stresses. Other researchers have studied biaxial stress effects on various magnetic properties! 2-5], but to date, there has not
been a systematic study presented on variation of d.c. hysteresis parameters under general, unequal biaxial
stress conditions. This paper in part addresses that
Theoretical models for the effects of biaxial stress on magnetic properties have been published by
Schneider et al|6] and by Kashiwaya[7]. In this paper, we modify Schneider's micromagnetic model for
biaxial stress effects by borrowing some ideas from Kashiwaya, but modifying those ideas so that a better
description of biaxial tensile effects on magnetic properties is possible.

EXPERIMENTAL MEASUREMENTS

The biaxial loading apparatus is shown in Fig. 1. It is designed so as to exert stresses independently
along two perpendicular axes. The stresses are exerted on a cruciform (cross-shaped) specimen. The central
region of the specimen experiences the effect of biaxial stresses.
The specimen used was made of SAE-4340 steel and was 0.2" thick in the central region. At the end
of each arm, the specimen was 0.4" thick Also, in the 0.4" thick portion, a 0.75" diameter hole was drilled
for attachment to a pin in the biaxial stress fixture. Each arm was 1.5" wide and 2.25" long and the central
region of the specimen would have been 1.5" square, except that, to smooth out the corners, a 90° circular
arc of 0.5" radius of curvature was cut tangent to the arm edges joined by the arc. The specimen was chamfered where it changed from 0.2" to 0.4" thick at a place 1.5" away from the arm end.
A finite element study showed that under 1:1 load conditions, the ratio of perpendicular stresses G2'Oi
varied from 1.08 to 0.92 in a center region that was 0.75" square. Thus, under a 1:1 load condition, the
stresses in the center were uniform to ±H%. Our probe was designed to fit across that region with a distance
of 0.6" between pole centers. Thus, we could expect a maximum error of the o r der of less than ±H% owing
to the slight nonuniformity of the stress distribution.
A diagram of the sensor probe is seen in Fig. 2. The sensor consisted of excitation coils wound about
both arms of a C-core, and a detection coil wound tightly at the end of one of the arms. The coils were held
in place by a plastic fixturt, which also held a Hall probe centered between the pole pieces and close to the
sample surface. Pole piece ends and plastic Fixture were all carefully machined so as to be flush against the
specimen surface. A weight was then placed on top of the probe so as to press the probe against the specimen
surface, and thereby minimize variations in liftoff from the specimen surface.
A second plastic fixture was designed to allow the probe to be rotated into one of three fixed position*;:
0°, 45°, and 90°. Thus, a magnetic field would be generated by the probe excitation coils in one of three
directions - parallel to the 02-axis, parallel to the Oj-axis, or at 45° with respect to either of the two stress
axes.
The experiment performed was to hold the magnetic field fixed in each of the three positions
(0°,45°,90°) while varying the biaxial stresses in 16 combinations per position (<T] = 0,70, 140, 210 MPa;
a 2 = 0, 70, 140, 210 MPa) [Note: 6.9 MPa = 1 ksi, and, further, positive stress is tensile stress).
For each field alignment and each stress combination, a hysteresis loop was taken using a quasi d.c.
signal of 5 Hz. From the loop were extracted values for Br (re.nanence), Hc (coercivity), and harmonic amplitudes A|, A3 and A5, using appropriate instrumentation.
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Figure 1. Photograph of biaxial stress fixture.
Cruciform specimen (not visible) is in the fixture
held by clamps. The sensor probe on the surface
of the specimen is obscured by a plastic fixture.

CORE

1
p

U
SENSOR COIL

Figure 2. Diagram of the basic components of
sensor probe. (Dimensions in inches).

Repeat measurements indicated a possible range of uncertainty in the measurements of ±6%, in the
worst case. Most of this seemed to be due to liftoff variations despite efforts to minimize liftoff variation.
Experimental results will be discussed after presentation of the theoretical model.

THEORETICAL MODEL

A discussion of the basic micromagnetic model used by Schneider et al may be found in Ref. X. In
that model, the change in magnetization AM at the end of a process in which magnetic field H or stress a
varies is

f, x (

w//,

where the sum / is over domains with magnetization oriented in different directions. There are a finite number of different domains to consider in single crystals and a very large number to consider in polycrystals.
The weight factor fj is an appropriate weight factor for each domain, which for polycrystals is equivalent
to different cos 6, for equally spaced 6,. The x (Hj) is the magnetic susceptibility dM/dH, associated with
change dH, in internal field H,, which is computed from
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//, = // - CU, acosfl, / B,) - £>„ M.

[21

where the middle term is the stress contribution H a to the internal field and - D a M is the stress demagnetization contribution. D a is a function of stress which behaves as in Fig. 1 of Ref. 8. In eq. (2), Xs is the saturation
magnetostriction, B s is the saturation flux density, and D o is the stress demagnetization factor.
In eq. (1), the susceptibility x (Hi) = dM/dH; can be obtained from the equation

and the change dHj can be obtained from
dli, = an j (l +x (//,) '->»)

I41

for processes in which H varies while a is held constant, or from
*--

da [3 q, / fi,)cos 0,]
(I +*<//,) D.)

I5i

for processes in which a varies while H is held constant. The reader is referred to Ref. 8 for details.
Schneider and Richardsonf61, in treating biaxial stress effects, asserted that the above model may be
still used, but with o replaced by aeff = O] - 02 and d a by daeff = dG\ - da 2 in the case where H is parallel
to the (Ti-axis. and by a 2 - G\ and do 2 - dC\ respectively when H is parallel to the 02-axis. This, however,
does not prove to be satisfactory.
Kashiwaya[7J proposed a formalism which in effect would require that a be replaced by either aea
= C7i - a m a x or aeff = a 2 - cj m a x , depending on the field direction, where a m a x is the larger of the two stresses.
This would require that oe{{ < 0 and that if a m a x = a 2 , then with H pointed along the a 2 -axis, a 2 has no magnetic effect regardless of its value. This is a bit extreme. For a polycrystal, it is found from the Schneider
formalism that the contribution from H o = - 3 ^ 0eff cos St/Bs tends to average out over all domains / as H
is varied with a e rr constant and that the dominant contribution to AM is from the demagnetization term
-D a (a c ||) M in the internal field. For positive values of a e fr,D a (o c rr) is very small but finite, staying approximately constant between 0 and 100 MPa, and then becoming larger but at a slower rate than is found at negative stresses.|S|
Thus, for positive aefr, it is found at effective stress values aefr ^ 100 MPa, there is little change in
the magnetic properties, in agreement with Kashiwaya's general predictions, but that for oeff > 100 MPa,
there begins to be fo;jnd a noticeable change in magnetic properties. The key therefore is to find an appropriate expression for cre(T.
In evaluating aefr, it is important to consider the relative stress with respect to the third axis, along
which there is no stress. Thus, the magnetic properties are affected by relative stresses with respect to all
the axes. Since compression tends to push moments away from the stress axis and tension tends to pull moments toward the stress axis, one should also expect that the magnetic properties would be affected differently depending on whether the field is parallel to an axis of tension or compression. Thus, if the field is parallel
to the O|-axis, and O| is compressive (i.e. negative), then aefr = (1/2) \(O\ - a 2 ) + a\]. In other words, with
field parallel to the Oj-axis and with O\ compressive, the effective stress contributing to magnetic properties
is the average of the relative stresses with respect to the other two orthogonal directions (viz. O\ - a 2 and
O] - 0 ). On the other hand, if O\ is tensile (i.e. positive), then from relative stress O] - a 2 , one subtracts off
the i°lative stress between the o 2 -axis and the perpendicular zero stress axis. Thus, for tensile CTi acfr = (1/2)
\(C] - vT2) - CT2|. With CT2 = 0, then a c n = O\ and with O\ = 0, then aeff = -o 2 , in accordance with what is
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known about uniaxial stress| 81. Making the above substitutions for aefi into the Schneider model constitutes
the new micromagnetic model for biaxial stress.
RESULTS
In this section, experimental results are compared to theoretical results. Just as experimental magnetic parameters were extracted from experimental hysteresis loops, modeling results for magnetic parameters
were obtained from hysteresis loops generated by the model.
We present here only results for remanence Br. Since the experimental changes in B r due to stress are
scaled by the additional contribution to B r due to the probe core, it was found necessary to compare normalized results for experiment and theory. Fig. 3 shows results for Br/Br(0,0) vs. G\, where Br(0,0) is B r for O\
= 0 and O2 = 0. and where H is parallel to the ai-axis. Four plots are shown, each for a different 02- The fit
between experimental points (x) and modeling results (o) can be tuned by scaling the variation of D o with
aefr (from Fig. 1 of Ref. 8) by a constant factor. It is seen that a very good fit is indeed attainable. Using the
same scaling for D o with aeff, Fig. 4 displays Br/Br(0,0) vs. d\ for H parallel to the O2-axis for both model
and experiment Since the new experimental results have some liftoff error built in, the fit between experiment and model is still good, but not quite as good as in Fig. 3.
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Figure 3. Comparison between model and experiment Figure 4. Comparison between model and experiment
of normalized remanence values when the field is
of normalized remanence values when the field is
parallel to the G\-axis.
parallel to the 02-axis.
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Fig. 5 displays Br/Br(O,O) vs. O[-a2 for both theory and experiment, for the two cases where H ||
01-axis and H|| 02-axis. It is noted for each case that the points all fit within a band. In the case of H || O] -axis,
both model and experiment exhibit an increasing band of essentially constant positive slope at negative
O]-O2, rising to a peak at positive O1-O2. The bands for model and experiment are approximately the same
width. In the case of H || 02 axis, the bands for model and experiment are again of approximately the same
width, but this time the peak occurs at negative O1-O2, and the bands decrease in value at essentially constant
negative slope at positive O| - 02.
Fig. 6 exhibits a more interesting result. When the difference in values (Br/Br(0,0)) between when
the field is parallel to the Oj -axis and when the field is parallel to the 02 -axis are plotted against the stress
difference O1-O2, a straight line band is found, both for theory and experiment. However, band widths and
slopes differ slightly, possibly due to the slight experimental liftoff variation appearing in Fig. 4, which
would affect the fits slightly.
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CONCLUSIONS
That a straight-line correlation can be found between aj-02 and algebraically manipulated values for
magnetic properties is quite useful. It means that an NDE magnetic technique can be constructed for obtaining the biaxial stress difference O|-O2 to within a certain band of error.
In this case, the difference between normalized values for remanence when field is parallel to one
axis and then the other can be used to determine G\-O2 to within a certain error range (in this case,
15
ksi (105 MPa) based on experiment and
10 ksi (70 MPa) based on the model). It remains to be seen whether
these error ranges can be reduced both experimentally and theoretically, or whether other magnetic properties might exhibit smaller error ranges when the same procedure is used for them.
It is anticipated that the results presented here will be expanded to other magnetic properties and to
compressive stress as well as tensile stress.
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ABSTRACT
Modern metallurgical processes produce metal from ore in a single converter operated in horizontal
mode to permit staging of bath and oxygen potential by utilizing bottom-blowing of oxygen and fuel. The
submerged injectors must create sufficient turbulence to provide excellent gas-liquid contact in order to
maximize heat and mass transfer in the bath, but this turbulence must be selectively localized so as to
provide adequate phase separation zones of metal and slag between the active turbulent zones.
It is important to know the behavior of gas and liquids in the bubble plume, the nature and paths of liquids
and entrainment into the plume, and separation phenomena including travel and behavior in the settling
zones. Such knowledge is of fundamental value in designing reactors for continuous direct metal making.
In this work the mixing caused by submerged injection of gas into a bath simulating a converter and
subsequent phase separation of two immiscible liquids representing slag and metal respectively, are being
studied experimentally and analytically. First results of experiments and of the numerical analysis are
presented.
INTRODUCTION
Tonnage oxygen is now employed to increase process efficiency in a great variety of both
ferrous and nonferrous smelting and refining operations [1,2]. Metal is produced directly from ore
concentrates in single elongated reactors using submerged gas injection. These reactors promise
substantial fuel savings in metal production and much better control of pollutants than common
practice, such as the blast furnace for steel production or the reverberatory furnace for copper
production. Bottom blowing of oxygen made possible by Savard-Lee submerged injectors [3] was
first employed in the OBM/QBOP steel converters and then in combined top- and bottom-blown steel
conveners [4, 5], Bottom-blown oxygen converters arc now employed for lead production in the QSL
reactor [6,7], see Figure 1. This reactor is also suitable for copper production and can be modified for
continuous steel making [8]. The horizontal mode of the operation permits the staging of bath oxygen
potential for continuous iron and then steel making in a single reactor and enhances scrap recycling. It
has the capability for lower carbon and lower iron in the metal and slag products respectively than
reactors in the vertical mode [9].
Oxygen and fuel are bottom injected into the molten bath of these essentially horizontal reactors
in large volumes and at high velocities but in controlled rates required for heating, physical mixing and
chemical reaction purposes. Sufficient turbulence is generated to maximize heat and mass transfer
rates. However, such bath turbulence is opposite to the process requirement for continuous
countercurrent flow of liquids at specific temperature, compositional and oxygen potential gradients
[10]. The powerful stirring effect by submerged gas injection has to be judiciously localized so as to
provide adequately calm settling zones in a staged mixer-settler configuration [11]. The behavior of gas
in the liquids is of great significance in reactor design, i.e. the jetting, formation and travel of the
bubble plumes in liquids, the bubble sizes within the plume, the liquid entrainment into the bubble
plume and its transport upward into the lighter liquid, and the separation of the heavier liquid and
subsequent settling.
However gas injection and related phenomena are of generic interest to other processes, e.g. the
current major DOE-AISI direct steclmaking process [12] and e.g. severe accident analysis of nuclear
reactors.
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Figu:<; 1:QSL-Reactor
Thus, the ongoing work is concerned with gas injection into a liquid bath consisting of two
immiscible layers of liquid having roughly the same viscosities as slag and metal or matte and with
roughly comparable density ratios. Little previous work has been done on high velocity gas injection
into two immiscible liquid layers [13].

BACKGROUND
The mixing and separation of two immiscible liquid layers due to submerged gas injection or
generation has been of significant interest for many years. In potential severe accident analysis of
nuclear reactors it is anticipated that the liquid core melt will interact with the concrete floor of the
containment building, creating a pool of oxidic and metallic phases which might undergo chemical
reactions and form gases. These gases rise through the liquids and might create homogeneous mixing
of the two liquid phases or, if the bubbling is weak, might allow liquid phase stratification. The mixing
is a strong function of the gas generation rate [14]. This complicated three phase behavior is difficult
to analyze, but assuming a rather uniform bubble generation rate across the bottom of the bath, simple
bubble rise velocity and wake models were used as a first order analysis of the mixing phenomena of
both liquid phases [IS to 17].
A more complicated picture arises in modem metallurgical reactors. The requirement for these
reactors is the injection of tonnage oxygen plus a fuel or reducing agent through submerged injectors
into the bath consisting of liquid layers of high density, low viscosity metal and lower density but
higher viscosity slag. Not only is submerged injection suggested for modem copper reactors [7], it is
already practice in lead production [18] and e.g. in the Q-BOP reactor for steel making. The gas
injection has to be fast enough to prevent liquid metal from clogging the injectors and should enable
chemical reactions to occur within the bath. Thus jetting of the gas through the bath is detrimental to
the process.
The chemical reactions are oxidation of the metal sulfide in the oxidation zone and reduction to
metal in the reduction zone of the reactor. Since the reduction to metal cannot be established in one gas
injection, a staging process along the reactor has to occur, where the metal oxides and sulfides in the
slag are gradually reduced. Thus, a multitude of submerged injectors is needed with varying reduction
potential. There must be sufficient space in the reactor between injectors to permit settling of the
heavier metal after intensive mixing. To assure such behavior the reactor has to have sufficient
horizontal elongation. Therefore those reactors are often called mixer-settler. The mixing zones can be
further constrained by installing baffles [8].
It is extremely important to develop analytical models capable of predicting jetting, bubble
formation, the development of bubble plume, the mixing of liquids, i.e. metal and slags, and gas, and
heat and mass transfer between the phases. Such information is necessary in the design of modern
metallurgical processes from basic principles.
In fundamental research bubble formation at the submerged injector has been studied in detail
by many researchers e.g.[ 19,20]. At higher gas velocities a jet will be produced which breaks up into
a bubble plume when sufficient jet momentum is dissipated. Jetting might be necessary to avoid
creation of solidifying material at the mouth of the nozzle [21], but extensive jetting particularly in
shallow baths can lead to splashing and wave agitation.
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Several researchers attempt to predict the amount of liquid entrained by the gas jet or bubble
plume e.g.[22,23]. A bubble plume with a Gaussian velocity profile is conceptualized in which liquid
is entrained in the lower pan of the plume and shed close to the surface [24,25]. Numerical analysis of
stirring of a single liquid due to gas injection was pei formed already very early [26-28].
Submerged gas injection into layers of two immiscible liquids has apparently been studied by
only a few investigators and all of them assume such low concentration of bubbles that individual
bubbles can be considered. A simple model to describe the transport of the heavier liquid with gas
bubbles into the fighter liquid was developed by [29]; it was concluded that when the density of the
heavier liquid is more than three times the lighter liquid no heavy liquid transport takes place across the
interface. In contrast, it was observed by [30] that even in a mercury-water bath a thin film of mercury
is dragged up into the water layer. If the upper liquid has a higher viscosity it was noted that the film
was drained smoothly but large globules of mercury were drawn up in the wake of the bubble. More
detailed studies of the bubbis wake behavior are discussed in [31 ]. The transport of heavier liquid into
the lighter liquid and subsequent shedding and settling in a turbulent bubble plume is not well
understood.
EXPERIMENTS
The goal of the experiments is to try to make observations and take sufficient data to aid in the
development of a numerical analysis.
The test facility constructed for this work is a 1.2 m high, 2.4 m long, variable depth Plexiglas
test section to simulate a channel reactor, see Figure 2. A removable plate was installed in the middle of
the bonom section, in which different injectors could be installed. The compressed air supply allows
flow velocities at the nozzle exit up to sound velocity. The liquids chosen to represent the two
immiscible liquids are salt water and soybean oil. Their density ratio and viscosity ratio is in the correct
order of magnitude for some metallurgical applications; other liquids were considered but discarded
because of environmental or toxic reasons.
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Figure 2: Test Facility
A powerful 2 Watt Laser-Doppler Velocirneter (LDV) is being used to measure liquid velocities
throughout the test section with particular emphasis on measuring the liquid velocities in the vicinity of
the bubble plume to evaluate bubble plume liquid entrainment and deentrainment. The optics of the
LDV can be rotated to allow measurements of both components of the velocity vectors in the central
axis of the channel reactor. Experiments were first performed with a single liquid measuring velocities
and the effect of baffles on bath circulation. It was found that the total liquid entrainment and the speed
of circulation decreased due to the presence of baffles.
First experiments were performed with a channel width of only 2.5 cm. Ideally this could be
considered as a thin axial slice through the reactor. But it was quite obvious that wall effects were
dominant in this case. Entrainment and plume development could only be considered qualitatively,
since the bubbles in the plume were flattened. Nevertheless, the narrow channel permitted an excellent
opportunity for visual observation, in particular with two immiscible liquids, which tend to get opaque
in the vicinity of the bubble plume. Thus, good three-phase flow behavior observations were possible
as well as first quantitative measurements of fluid velocities with the LDV. Figure 3 shows the
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velocity vectors in the vicinity of the bubble plume and the approximate boundary between the two
continuous liquid phases.The circulation can be clearly detected. Figures 3a and 3b differ only in the
density ratio of the two liquids. It is clear from these first measurements that the mixing zone gets
narrower with an increase in density ratio as one would expect
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Figure 3: Liquid Circulation in the Vicinity of the Bubble Plume
In the second round of tests, ongoing now, the channel width was increased to 20 cm, still
narrow, but this channel width represents a balance between more realistic three dimensional behavior
and the observation difficulties expected in an even wider channel. Already in this channel the mixture
becomes partially opaque requiring a specially transparent cone to guide the laser beams to the center
plane, where measurements are performed, and to guide the reflected light back to the optics and the
receiving photomultiplier.
An electric conductivity probe was developed, similar to the one described by [32] and
employed to measure the void fraction in the bubble plume, but an attempt to make the oil sufficiently
conductive with an additive failed, since the noise level was too high to discern oil from air.
Finally, an isokinetic sampling probe was developed, which is now in operation. It takes
samples in the bubble plume and measures the void fraction of all three phases, gas, heavy and light
liquid.
In Figure 4 the void fraction profiles of water and air are shown in and around the bubble
plume. The two different graphs are for different gas injection velocities.

JO cm

iBLiZi

Owtwl W^A
SOVOKM Oti

DtmiiT Ratio

20 c *
t)cm
4 ] cm
1 23
1910 ccA

*0cm

O U U M I Wtdtfi
Sovbcu Oil
Sad Wucr
Demuy Ratio
G u figrn I M
sotot v

L
13 en

Noon vctocar

*

g

.

(a)

(b)

Figure 4: Void Fraction of Water and Air in and around the Bubble Plume as a
Function of Injection Rates
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NUMERICAL ANALYSIS AND RESULTS
The goal of the numerical analysis is to predict mixing and settling in elongated reactors with
two immiscible liquids stirred by submerged injection.
The computer code FLUENT [33] with some modifications was used to perform the
calculations. In the program the bubbles in the plume are tracked as they move through the
computational domain. Initial axisymmetric calculations and comparison with predictions and
experimental results of others [34,35] showed good agreement.
Since the channel reactor in our experiments is not axisymmetric, three-dimensional (3D)
computations were necessary and the result were compared with velocity measurements in the test
section. Figure 5 shows this comparison of calculated and measured axial and radial velocity
distributions as a function of distance from the plume axis for a specific gas injection rate.
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Figure 5: Comparison of Measured and Computed Axial and Radial Velocities in the Test Channel as a
Function of Distance from the Plume Axis and Plume Gas Row Rate
The agreement is good considering the highly turbulent nature of the bubble plume at the high
experimental gas flow rates. The flow rates used in the experiments are several times higher than the
flow rates previously studied by others [34]. The effect of baffles was also studied and the results
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were compared to the experimental data. The model was able to predict the velocities and the turbulent
energy near the baffles.
Figure 6 shows calculations of the velocity vectors in the channel reactor with baffles in place.
Difficulties arise when there is a highly turbulent bubble plume penetrating two liquid layers of
different density and viscosity. Previous models dealt either with only one liquid and a bubble plume
or with individual bubbles penetrating the interface between two immiscible liquids.
At the present we are pursuing two different approaches:
Using FLUENT, we are splitting the computational domain into regions of
heavy and light liquid. The bubbles in the plume and the dispersed heavy phase are
tracked as they were in the single liquid calculations. The bubbles entrain
predominantly the heavy liquid and transport it upward into the upper light liquid.
As the bubbles rise, the heavy liquid is shed from the bubble's wake and settles
back to the heavy phase. Coupling between the two regions is accomplished
through the shear stresses and velocities at the interface. Initial results for
prediction of behavior in the light phase are shown in Figure 7.
We are also modifying the two phase two-fluid code, K-Fix[36] to include
appropriate interphase interaction terms and allow Lagrangian coupling of the air
phase in the same way that is currently employed for single liquid calculations.
These two numerical methods haven't been used before for this application mainly because
little has been done with three phase liquid-liquid-gas mixtures. The two methods approach the
problem from different sides and hopefully much will be leamed not only about the behavior of the
three phases but also about the applicability of the numerical methods themselves.

Figure 6: Calculation of the Liquid Velocity in the Test Channel in the Presence of a Baffle

Figure 7: Row Behavior with Two Liquids in Flow Channel
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CONCLUSIONS
In the experiments the dependency of entrainment on gas flow rates confirmed previous work
[24]. The baffles affect the rate of entrainment in the single liquid plume and effectively decrease the
width of the bath recirculation zone. The numerical model has been found to predict the flow behavior
in the test channel both with and without baffles. Void fraction distributions for oil-water experiments
have been taken for several gas flow rates and illustrate entrainment characteristics of a bubble plume
penetrating two immiscible liquid layers. The size of the mixing zone is reduced with increasing
density ratio of the two liquids. Research and initial work has been done on models which will allow
calculation of behavior in the oil-water bubble plumes. Validation of the final model will be done with
comparison to experimental data. Comparisons with actual reactor process can then be accomplished.
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EXPERIMENTS ON SCALAR MIXING AND TRANSPORT
Z. Warhaft
Sibley School of Mechanical and Aerospace Engineering
Ithaca, New York 14850, U.S.A.

ABSTRACT
We provide an overview of our recent work on passive (temperature) scalar mixing in
both homogeneous and inhomogeneous turbulent flows. We show that for homogeneous
grid generated turbulence, in the presence of a linear temperature profile, the probability
density function (pdf) of the temperature fluctuations has broad exponential tails, while the
pdf of velocity is Gaussian. However in the absence of a scalar gradient the pdf of
temperature is Gaussian. This new result sheds insight into the fundamentals of turbulent
mixing as well as to the nature of the velocity field. We also show that the spectrum of the
temperature fluctuations has a scaling region that is consistent with Kolmogorov scaling
although a similar scaling region is absent for the velocity field in this low Reynolds number
flow. Finally, we describe our results concerning the mixing and dispersion of scalars in a
jet. We show that although initially the scalar mixing is strongly dependent on input
conditions, the mixing is rapid and that the correlation coefficient asymptotes to unity by x/D
-20.

INTRODUCTION
The understanding of scalar mixing and transport in turbulent flows remains a vital issue because of
its fundamental importance, both in its own right and also in the way it sheds light on the basic
characteristics of the velocity field itself, and because of its obvious practical significance in combustors,
chemical mixers and the environment. At the fundamental level, a full statistical description has not
emerged, even for simple flows although very recently much progress has occurred in our understanding of
the nature of the probability density function (pdf) of the scalar fluctuations. Our contribution to this will
be described in pan 1 below. There are, however, still complex problems concerning one of the oldest and
most studied statistical descriptions; the one dimensional scalar spectrum Both experiments (e.g. Warhaft
and Lumley 1978) and computation, (Metais and Lesieur 1992) show anomalous scaling regions in the
scalar spectrum in isotropic turbulence. They are anomalous since they occur in the absence of such
regions in the velocity spectrum. Although the experimental observations are quite old there has been no
systematic study of the scalar spectrum as a function of Reynolds number and thus it has not been possible
to determine whether these scaling regions are artifacts of the initial conditions in these low Reynolds
number flows or whether they are fundamental to a statistical description of the flow. Our recent
experiments towards an understanding of this problem will be described in part 2. We will show there is
indeed a scaling region of constant slope close to -5/3 and its width increases systematically with Reynolds
number. We also continue to be interested in the effect of initial conditions on the rate of mixing of scalar
fluctuations. We have recently been studying scalar dispersion from heated wires in a jet. We have
examined both single and two scalar mixing. Here we will describe our results and relate them to mixing in
grid turbulence.
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Thus our paper is concerned with three distinct topics: the pdf of passive scalar fluctuations, the
spectrum of scalar fluctuations, and mixing and transport in a jet. Necessarily, because of space, only a
brief summary can be provided and the reader is referred to Jayesh and Warhaft (1992, 1993), Warhaft
(1992) and Tong and Warhaft (1993) for details, including descriptions of experimental apparatus.

1 THE PROBABILITY DENSITY FUNCTION (PDF) OF A PASSIVE SCALAR
IN GRID TURBULENCE
Until our recent study (Jayesh and Warhaft 1991, 1992) there appeared to be no published
experimental data on the details of the passive scalar pdf in homogeneous isotropic turbulence, particularly
its tails that describe the higher-order moments. Possibly, this is due to it having been assumed that the
scalar fluctuations are purely Gaussian, reflecting the velocity field, which early on was shown to have a
Gaussian pdf, at least up to the fourth moment. Perhaps more pertinently, there has been no theory (until
recently, see below) that suggested universality in the tails of the scalar pdf and thus experimental
motivation has been lacking.
The principal impetus for our study came from the theory of Pumir, Shraiman and Siggia (1991).
They argued using a one-dimensional phenomenalogical model for a passive scalar advected by
turbulence, that in the presence of a mean scalar gradient, the scalar pdf will have exponential tails but in the
absence of the gradient (i.e. with uniform mean temperature) the scalar will have a Gaussian pdf. The two
techniques we have developed over the years (the mandoline, Warhaft and Lumley (1978) and the toaster
Sirivat and Warhaft 1983) were ideal to test their theory since the mandoline provides temperature
fluent rions without a mean temperature gradient while the toaster can produce a linear temperature
gradi.nt. In our experiment (Jayesh and Warhaft 1991, 1992) we systematically varied the Reynolds
number and other flow parameters.

an-

Figure 1 a) Pdf s of longitudinal velocity, u. Lower curves are at x/M = 4, upper curve is at x/M = 62.4.
The solid line is Gaussian. The upper curve has been shifted one decade with respect to the lower one. b)
Pdf of temperature at various x/M U=8.9 m/sec, 0=6.06 K/m.
M=2.5 cm.
0:x/M=36.4;d:x/M=62.4;O:x/M=82.4;X x/M= 102.4;A x/M=l32.4.
Each curve has been
shifted one decade with respect to the lower one. A Gaussian curve is shown at x/M=36.4 and a straight
line fit to the tails (!8/8'l>2) is shown at x/M=82.4. Here U is die mean speed, p is the temperature gradient
and M is the mesh length. The pdf s have been nonnalized by the tempeaturc rms, 9". Reproduced from
Physics of Fluids A.
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Figure 1 shows the velocity pdf and the temperature pdf in the presence of a mean scalar gradient.
While the velocity pdf is Gaussian deep into its tails (note the logarithmic plot) the scalar pdf is distinctly
non-Gaussian, showing exponential tails (linear on the log plot). Our study has shown that these tails
weaken slightly with downstream distance (Figure lb) but always remain broader than Gaussian. They
were observed in the integral scale Reynolds number, Re/, range 60 < Re/, < 1100. On the other hand, in
the absence of a mean gradient, the scalar pdf is close to Gaussian (Jayesh and Warhaft 1992). The
qualitative difference between the gradient and no gradient case appears to provide confirmation of the
Pumir, Shraiman, Siggia theory and, for the gradient case are consistent with recent work of Gollub et al.
(1991) and Kerstein (1991).
We have also studied other statistics such as the conditional scalar dissipation rate, the pdf of the
temperature derivative and the effect of filtering on the scalar pdf. These are described in Jayesh and
Warhaft (1992).
Our findings should have particular significance in the fields of turbulent mixing and combustion
since they show, for the linear profile case, that enhanced thermal dissipation occurs in the presence of the
large, rare temperature fluctuations that are responsible for the extended tails of the pdf. Thus more rapid
smearing (mixing at the molecular level) will occur, enhancing reaction and combustion rates.
2. TEMPERATURE SPECTRA IN GRID TURBULENCE
The Corrsin-Obukhov (Corrsin 1957, Obukhov 1949) extension of the Kolmogorov (1941)
similarity theory shows that for high Reynolds numbers the spectrum of a passive scalar in the inertial
subrange has the form
Ee(k)=pe-1/3eek-5/3

(1)

Here Ee(k) is the one dimensional spectrum defined by 8^ = \ Ee(k)dk where 6^ is the scalar variance and
k is the wave number in the x direction; P is a universal constant and e and ZQ are the average dissipation
rate of energy and average rate at which 6^ is smeared at the molecular diffusive scale respectively.
Measurements indeed show scaling regions but their slope is dependent on the type of flow and the
Reynolds number. Sreenivasan (1991) has compiled various data from shear flow experiments (wakes and
jets and boundary layers, both in the laboratory and in the field) and shows that the scalar scaling exponent
increases from about 1.3 for a micro-scale (Taylor) Reynolds number, Rex, of about 200 to about 1.63 at
Rex = 2000. The data seem to suggest an asymptotic limit of -5/3 although the Reynolds numbers have not
been high enough to properly confirm this. It appears that for these strongly anisotropic shear flows R\
must be significantly greater than 2000 before a locally isotropic region is sufficiently well established to
fulfill the similarity requirements of the Kolmogorov-Corrsin-Obukhov theory.
Recently we (Jayesh and Warhaft 1991, 1992) have employed both the toaster and the mandoline to
study passive scalar fluctuations (principally the scalar probability density function (pdf) and related
statistics) in grid turbulence. In that work, for the mean gradient experiment, we varied the mean speed, U,
and the mesh length M thereby varying the integral scale Reynolds number. Re/ from 60 to 1,100. Here
Re/ s u/ /v where u is the rms longitudinal velocity, / is the turbulence integral scale (close in value to the
mesh length, M) and v is the kinematic viscosity. This corresponds to a significant (but modest) variation
of the micro-scale Reynolds number, R^, (= uX/v, where X is the Taylor micro-scale) from approximately
30 to 130. These experiments have provided a broad data set from which passive temperature spectra, as a
function of Reynolds number, can be studied.
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Fieure 2(a) shows four temperature spectra, for different Reynolds numbers, using the toasxervo
generate the oassive thermal fluctuations (i.e., in the presence of a mean temperature gradient). I he
Reynolds numbers are given in the figure caption. The spectra show that there is a scaling region (a region
of c o n S s l o p T o n a log-log plot) and that it increases with width as the Reynolds number increases.
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Figure 2 Temperature spectra in grid turbulence with a linear (passive) tempeature gradient, a) "Raw"
spectra, b) spectra of a) multiplied by f» where n is the slope of the scaling region in a). The Reynolds
number for the four spectra are (i) Re/ = 856, (ii) Re, = 282, (iii) Re/ = 67, (iv) Re/ = 59.

In order to more clearly display the scaling region we multiplied the ordinate of the raw spectra of
Figure l(a) by f (where f is the frequency and n is the scaling exponent). These spectra are shown in
Figure 2(b). We determined n by fitting a least square best fit straight line to the scaling region of the raw
spectra of Figure 2(a). The scaling region must be horizontal in the plot f ^ f ) if the choice of n is correct.
Figure 2(b) shows a clear scaling region of more, than a decade for the high Re/ cases and no scaling region
for the lowest Re/ case.
Figure 3 shows n as a function of Reynolds number for all of our experiments. Although there is
quite a bit of scatter within each experiment (for a fixed ReM), it is quite apparent that n does not have an
overall variation with Reynolds number: its value for all the data was found to be 1.58 with a standard
deviation of 0.07. Given the scatter the result is not inconsistent with the Kolmogorov scaling value ol
1.67.
The data set of Figure 3 is mainly from the toaster experiments, for which there is a linear
temperature profile. However we also obtained one data set for the mandoline and this gives the same
scaling exponent as the toaster data (Figure 3). Note that although the velocity field is isotropic in both
cases the thermal field is not; for the mean gradient there is a heat flux and thus large scale anisotropy in
the thermal field (Sirivat and Warhaft, 1983) while for the mandoline therefis no heat flux (no mean
gradient), suggesting approximate isotropy for the large scale thermal field (Warhaft and Lumley 1978).
The same value of n obtained from these two different ways of creating the thermal field suggest it is the
large scale structure of the velocity field (rather than the thermal field) that is relevant in determining the
slope in the scaling region.
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The width of the scaling region for all of our data as a function of Reynolds number is shown in
Figure 4. The monotonic increase of the width with Reynolds number is consistent with fundamental
notions of scaling (e.g. Tennekes and Lumley, Chapter 8) and implies that our data are not "anomalous" as
was earlier thought from measurements done at a single Reynolds number. Note that here too, the
mandoline data are consistent with the toaster data. Kolmogorov scaling shows mat the width of the
scaling region should increase as Re/3/4 since / M~Re/ 3/4 where / is the integral scale and r\ is the
dissipation scale (note for our experiment of Prandtl number 0.7, Tje ~ T| where is the thermal smearing
scale). We have plotted a line of slope 0.75 on Figure 4 and it reasonably represents the trend in the data,
given its scatter.

100

1000

Re/

Figure 3. The slope of the scaling region for all experiments as a function of Re/. The mean value is 1.58
(solid line). It is within one standard deviation of the Kolmogorov value of 5/3. The S symbols are for
no tempeature gradient (mandoline), all other symbols are for the toaster.

100

Re/

1060

Figure 4. The width of the scaling region as a function of Re/. The solid line has a slope of 0.75, the value
075
predicted using Kolmogorov scaling: //T) - Re,' .

233

3. THERMAL DISPERSION AND MIXING IN A JET
Despite the importance of turbulent mixing in a jet, there appears to be no previous work on
diffusion and dispersion from point or line sources; all previous experiments have introduced the scalar
evenly throughout the flow (e.g. heating the jet (Corrsin and Uberoi 1980) or having a jet of pure species A
mixing with the surroundings of pure species B (Dowling and Dimotakis 1990)). Thus there has been no
information on how quickly one or two species mix in such a flow, an issue of fundamental importance.
Here we extend the inference method of Warhaft 1984, which consisted of placing two line sources in grid
turbulence, to placing two circular thin heated wire rings in a jet (Figure 5a). A single wire ring is
analagous to a single line source; from it we can determine how long the fluctuations take to smear and fill
the whole jet. Two line sources (or rings) enable us to determine, by inference, the cross correlation
between the fluctuations, thereby providing information on the mixing rate of two independent species
(Fig. 5b).

(a)

(b)

v

J
Figure 5a) Side and plan view of the jet of diameter D showing the fine wire rings (of diameters dj and
d2). The rings were placed concentrically above the jet, both in the same plane. They were suspended in
the flow by means of their leads which were held by a clamp, outside the j*n. The wires for the rings were
0.127 mm nichrome. b) Instantaneous thermal fields for two thermal line sources in a turbulent flow
showing the region of overlap or interference (hatched region). This situation was studied by Warhaft
1984. Here we present the jet analogue using two fine wire rings.
As in our previous studies (Warhaft 1981, 1984) the cross correlation, p, between the thermal
fields coming from each ring is determined by operating ring 1 and ring 2 separately and then operating
them together. Under the assumptions of statistical stationarity, and that the scalar fields are passive, we
determine the cross correlation from the relation
(2)

where 6fc = (61 + 02) 2 is the variance with both rings operating and 6j and 6, are the variances of each
ring operating separately. Figure 5b shows a sketch of a region of overlap (mixing of 2 scalars) for 2 line
sources. Our interest is in determining p for this region, when two rings are used to generate the
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thermal field (Figure 5a). A practical realization of our experiment would be two species in concentric
pipes, mixing in a jet formation (Kerstein 1990).
We have carried out a systematic investigation of ring placement which was varied relative to the jet
exit, and of Reynolds number. We have also studied the effect of the rings on the flow since they tend to
slightly suppress the velocity fluctuations by inhibiting vortex paring. Our studies will be reported in Tong
and Warhaft 1993. Here we show the effect of initial conditions on the evolution of p and compare it to
grid turbulence.
Figure 6a shows p vs. x/D (where D is the jet diameter) for rings placed concentrically at x/D=9,
i.e. at the beginning of the turbulent region. D for the jet was 30mm and the Reynolds number was
18,000. Notice that in spite of the large early differences in p, they all asymptote to unity very quickly, by
about x/D = 20, which is equivalent to an eddy turn over time S \= x\

I «

-j-JT °* a^out 2. (Here U and

)

u are the mean and fluctuating velocity respectively /, is the integral scale and xo is the virtual jet origin).
On the other hand, in grid generated turbulence, without mean shear, the evolution time for p is v-ry long.
Figure 6b compares the jet to the grid turbulence. Notice for comparable wire spacing complete mixing has
not occurred by 4 eddy turn over times for the grid turbulence showing the important role of mean shear
(and anisotropy) in the mixing process.
A systematic study of the evolution of p as well as temperature spectra and cospectra, pdf s and
conditional dissipation is given in Tong and Warhaft 1993.

0.1

0.4

•0 5

to

15

25

Figure 6a) p vs. x/D and S (the eddy turnover time) for the rings placed at x/D=9 for a 3 cm jet, Rej= 1.8 x
104. The ring diameters for the circles are 35 and 40 mm, for the triangles they are 30 and 40 mm, and for
the squares they are 20 and 40 mm. b) The data for the circles and squares of part a) compared with
experiments carried out in grid turbulence for comparable wire spacing i.e. for comparable d// where d is
the distance between the wires and / is the integral scale of the turbulence (Warhaft 1984).
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ABSTRACT
An overview is presented of research that focuses on slow flows of suspensions in which colloidal and
inertial effects are negligibly small. We describe nuclear magnetic resonance imaging experiments to quantitatively measure particle migration occurring in concentrated suspensions undergoing a flow with a noniinifortii
shear rate. These experiments address the issue of how the flow field affects the microstructure of suspensions. In order to understand the local viscosity in a suspension with such a flow-induced, spatially varying
concentration, one must know how the viscosity of a homogeneous suspension depends on such variables
as solids concentration and particle orientation. We suggest the technique of falling ball viscometry, using
small balls, as a method to determine the effective viscosity of a suspension without affecting the original
microstructure significantly. We also describe data from experiments in which the detailed fluctuations of
a falling ball's velocity indicate the noncontinuum nature of the suspension and may lead to more insights
into the effects of suspension microstructure on macroscopic properties. Finally, we briefly describe other
experiments that can be performed in quiescent suspensions (in contrast to the use of conventional shear
rotational viscometers) in order to learn more about boundary effects in concentrated suspensions.

INTRODUCTION
Many industrial processes include the transport of suspensions of solid particles in liquids, such as coal
and other solid feedstock slurries. Oil, gas, and geothermal energy production rely on the transport of
suspensions such as muds, cements, proppant, and gravel slurries in the drilling and completion of a well
Suspensions are not only ubiquitous in energy production, but also in high-energy-consumption industrial
processes such as found in pulp and paper manufacturing. The complex Theological response of suspensions
often limit the efficiency of the design of such processes, causing loss of productivity, increased cost, and
increased energy consumption. Because of the importance of paniculate two-phase flows in the applications
described above, the study of suspension rheology remains an important component of the technical research
directed by a national energy policy.
This overview of our recent research supported by the Department of Energy, Office of Basic Energy
Sciences, will focus on slow flows of suspensions of relatively large particles, in which colloidal and inertia]
effects are negligibly small. There is growing evidence that even in this restricted range of flows, the
rheology of a suspension with a nondilute particle concentration cannot be characterized by a single viscosily.
Instead, the microstructure of the suspension determines the overall macroscopic properties, and the flow
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history of the suspension determines "aspects of the uiicrostructure. (A good overview of flow-induced
microstructural changes can be found in an article by Acrivos [1].) Hence, conventional viscometers, which
impose macroscopic flow fields, may not measure the viscosity of the homogeneous suspension originally
introduced into the viscometer, but rather may represent a property governed by the nonhomogeneous
structure created by the flow. Such structures may be intrinsically different for various classes of flow fields
associated with different viscometers.
Advances in the ability to predict the Theological response of concentrated suspensions depend on answering three broad questions: 1) How does the macroscopically imposed flow field affect the mirrostriirture
of a suspension? 2) How does the microstructure of a suspension affect the rheological properties? 3) How
do boundaries, such as walls, affect the microstructure and properties? Aspects of these questions are being
addressed in our work.
In the following section we will illustrate the existence of flow-induced microstructural changes with
data on the time evolution of concentration and velocity profiles in suspensions undergoing flow between
counter-rotating concentric cylinders (similar to the geometry found in "cup and bob" or "Couette" viscometers). We will show that the resultant profiles in these one-dimensional flows can be predicted well by
the expressions describing "hydrodynamic diffusion" originally developed by Leighton and Acrivos [2, 3, 4].
However, additional phenomena arise in more complex flows, such as the two-dimensional migration of
particles seen in the eccentric annular gap of a "journal bearing" flow. This illustrates that the complex
interaction of particles cannot be adequately described by the one-dimensional theory originally proposed
by Leighton and Acrivos, and it suggests that other avenues be taken to relate the macroscopic behavior
to the evolution of microstructure. One such avenue recently suggested in the literature is to use a kinetic
theory approach, which hauj been applied successfully in granular flows (5, 6]. In this theory the intensity
of the velocity fluctuations, caused by particle interactions, is characterized by a "granular temperature"
analogous to the temperature in classical kinetic theories and governed by a balance of fluctuation energy.
Kinetic theory approaches emphasize the importance of obtaining experimental data not only on average
behavior of suspensions but also on the fluctuations about those averages.
In the third section we will discuss the use of falling ball rheometry as a means to circumvent the
problems encountered with using conventional rotational devices to measure suspension viscosity. If the size
of the falling ball is of the order of the characteristic length of the suspended particles, the ball disturbs the
original microstructure of the quiescent suspension only slightly as it falls. He/ice, one can use this technique
to determine the viscosity of a homogeneous suspension (or likewise one with any set microstructure}. One
can then incorporate this information into a constitutive relationship to determine the local viscosity in a
flow field, given that the local concentration is known [4]. Furthermore, falling ball rheometry is not limited
to the measurement of macroscopic average viscosities. The velocity fluctuations experienced by the falling
ball can also be measured and can give insights into the importance of particle interactions.
We have also proposed use of quiescent suspensions in other apparatus to provide further insights into the
rheological behavior of concentrated suspensions, especially the effects of boundaries. Rolling ball rheometry
could be explored as a means to determine the effect on the local viscosity of the microstructure imposed by
the wall. Measuring the torque on a ball spinning in an otherwise quiescent suspension has been proposed
as a sensitive measure of slip at the wall. These ideas will be addressed in the fourth section of this article,
and the results of preliminary measurements will be discussed. In the final section we will summarize our
conclusions.

EFFECTS OF FLOW ON THE MICROSTRUCTURE OF SUSPENSIONS
Flow-induced migration and ordering of suspended particles have been hypothesized to create viscosity
measurements that vary with the total strain to which a given suspension has been subjected [7, 3], This
migration is thought to occur whenever particle interactions are stronger or more frequent in one part of
a flow field than in another, as could occur in the presence of spatially varying shear rate, concentration,
or viscosity fields. A Newtonian fluid in the annular domain between rotating concentric cylinders (i.e.
wide-gap Couette apparatus) possesses perhaps the simplest flow field of any realizable rwnhoinogcncoua
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shear flow. As such, this is a useful device in which to study the effects of nonhomogeneous shear on the
uiicrostructure of a concentrated suspension.
The spatial distribution of suspended particles present in concentrated suspensions is difficult to measure
because most suspensions are opaque even at relatively low particle concentrations. However, under the
auspices of the Department of Energy, Office of Basic Energy Sciences, noninvasive techniques based on
nuclear magnetic resonance (NMR) imaging have been developed by Fukushima and coworkers to study
both concentration and velocity profiles in multiphase flows [8, 9]. We have employed these NMR imaging
techniques to study the flow-induced migration of particles in a suspension undergoing flow in a widegap Couette apparatus. The details of the experiments can be found elsewhere [10, 1 Ij. However, some
results of these studies will be briefly discussed here in order to illustrate how dramatically a suspension's
microstructure can be affected during flow.
The primary data obtained from these experiments are NMR images of the concentration and velocity
fields. Representative examples of the concentration images are shown in Figure 1. As shown on the left, the
initial image of a bimodal suspension (60 vol% neutrally buoyant spheres, of which 65% are :j.l7o mm and
35% are 780 fim in diameter, in a viscous Newtonian liquid) is essentially uniform. Dark areas represent areas
of high solid concentration. Individual large spheres can almost be distinguished, although the thickness
of the iinaged volume (2.4 cm) results in a blurring of the particles. After 3600 revolutions of the inner
cylinder, the final image was taken, shown on the right. In this image the fluid fraction is significantly
higher near the inner rod (the region of highest shear rate) and lower near the outer cylinder. It is apparent
that the particles have migrated from the region of highest shear to the region of lowest. Furthermore,
distinct shells of larger spheres, interspersed with fluid and smaller spheres, can be seen in this image.
From visual observations of the particles near the outer wall of the apparatus, the larger spheres appear
approximately hexagonal close packed within the outermost shell. That is, the arrangement of the large
spheres is two-dimensional hexagonal close packed in concentric sheets. This structure begins to appear very
quickly: significant migration can be detected after only .50 revolutions of the inner cylinder. It is important
to note that this migration does not appear to be caused by inertial effects, which are negligible at the
rates of rotation, the viscosity of the suspending liquid, and the particle sizes involved here. Subsequent
experiments with suspensions of unimodal distributions of large spheres revealed that this shear-induced
structure was not unique to bimodal suspensions.
The concentration can be quantified in any region of the image by recognizing that the fluid in the imaged
slice gives a full-intensity signal and the particles give no signal. The normalized value of the image intensity
is proportional to the density of the liquid phase protons in a volume element. By using an imaging sequence
with a slice selective refocusing pulse, as proposed by Cho and coworkers [12J, the relative phase shift can
be made proportional to the velocity. By using such a technique we can also find the velocity in each region
of an image of a flowing suspension. Figure 2 shows velocity measurements for a suspension of 50 vol% of
675 nm spheres undergoing flow in a wide-gap Couette apparatus after a steady-state microstructure has
formed. The velocity profile falls off much more rapidly than in a Newtonian fluid (shown for comparison
by the solid curve). The particle concentration approaches maximum packing near the outer wall, and the
velocity profiles reveal that the suspension is almost stagnant in this region.
In addition to expanding our general understanding of the microtnechanics of shear-induced migration,
the primary purpose of the NMR imaging studies was to determine the dependence of the particle migration
on a number of experimental parameters. These parameters included strain, shear rate, and viscosity of
the suspending fluid, as well as concentration and diameter of the suspended particles. The results of a
constitutive model based on Leighton and Acrivos' scaling arguments compared very favorably to these
experimental results [4].
This constitutive model consists of both a Newtonian constitutive equation, in which the viscosity depends on the local particle volume fraction, and a diffusive equation that accounts for shear-induced particle
migration. Two adjustable parameters arise in the diffusive equation, which describe the relative strength
of the mechanisms for particle migration. These two rate parameters were taken to be constants and were
evaluated by comparison to the experimental measurements of velocity and concentration profiles in the
wide-gap f'ouette apparatus for one suspension at one strain. With these parameters fixed, predictions for
particle concentration profiles were then compared to the experimental results for suspensions with a wide
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Figure 1: NMR images of a cross section of a suspension of 60 vol% bidisperse spheres between concentric
cylinders. The image on the left represents the initially well dispersed state of the suspension. The image
on the right was taken after rotating the inner cylinder until a steady state was achieved. The bright area
near the inner cylinder represents a higher fluid fraction, indicating that the particles have migrated away
from this area of higher shear rate.
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Figure 2: Steady-state velocity profile for a suspension of 50 vol % spheres with a mean diameter of 675 pm.
The azimuthal velocity was measured along one diameter of the image. The solid curve is the velocity profile
for a Newtonian fluid.
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Figure 3: Transient profiles of the particle concentration for a suspension of 55 vol% particles with a mean
diameter of 675 /im compared to predictions. Results are shown for the initial profile (o) and after the
number of revolutions of the inner cylinder (n) equals 50 (x), 100 (D), 200 (O), 800 (A), and 12000 (•).
Model parameters used are those that best fit the data at n=200. Both model and data show that steady
state is reached by the time the inner cylinder has rotated about 800 times.
range of particle sizes and concentrations.
Figure 3 shows the remarkably good comparison between the predictions of this model and the transient
concentration profiles obtained for a suspension of 675 /zm spheres at a volume fraction of 0.55. Figure 4
shows the steady-state concentration profiles for suspensions of either 100 or 675 /an particles compared with
the predictions. The agreement between model and experiment is again excellent, with the theory fitting
the experimental data for the suspension of 100 /*m particles nearly as well as it did for the suspension of
much larger particles used to calculate the two rate parameters.
Excitement generated by these results must be tempered by the results of ongoing research in more
complicated two-dimensional flows. NMR imaging has also been used to study the flow of concentrated
suspensions in the gap between a rotating inner cylinder placed eccentrically within an outer fixed cylinder
(a journal bearing). With a Newtonian fluid, the majority of the flow will be in a cell concentric with the
inner cylinder; however, with certain placements of the inner cylinder, a second cell, which rotates in the
opposite direction, forms near the region of the outer wall furthest from the inner cylinder [13]. We have used
NMR imaging to confirm that similar behavior occurs in concentrated suspensions. Here, particle migration
creates a region of maximum solids concentration in the low-shear-rate region of the second cell (away from
the wall).
The constitutive expression previously described was subsequently expanded to two-dimensional flows
by describing the flow in terms of the strain rate tensor D and the migration in terms of gradients in the
generalized shear rate 7=V2trD 2 . The equation set was then again solved numerically and the predictions
compared to the NMR imaging data. Unfortunately, this model failed to predict that the steady-state
maxjmum concentration is not always at the outer wall, but in many cases is at a location within the gap
The failure of the simple expression for one-dimensional hydrodynamic diffusion to capture the qualitative nature of this two-dimensional flow suggests that it has not been appropriately generalized to multiple
dimensions and that other avenues should be explored in attempting to relate the macroscopic behavior to
the evolution of microstructure. One such avenue recently suggested is to use a kinetic theory approach
which has been applied successfully in granular flows [5, 6]. In this theory the intensity of the velociu
fluctuations, caused by particle interactions, is characterized by a "granular temperature" analogous to the
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Figure 4: Measurements and predictions of the concentration profiles for suspensions of 50 vol% of pithpr
100 /mi (•) or 675 fxm (D) particles. Botii results are shown for 8000 rotations of the inner cylinder. Model
parameters are unchanged from those used in Figure 3.
temperature in classical kinetic theories and governed by a balance of fluctuation energy. This approach
emphasizes the importance of measuring not only average behavior of suspensions but the details of the
fluctuations about those averages.

FALLING-BALL RHEOMETRY IN SUSPENSIONS
In previous work, we have shown that falling ball rheometry is an excellent tool to probe the rheological
properties of a suspension without changing the properties through the very act of measuring them. Unlike
conventional viscometers, which employ flow fields that tend to influence the microstructure of the suspension, falling ball rheometry can be used to deteimine the macroscopic viscosity of a suspension with little
effect on the microstructure [14].
The discrete nature of the suspension is readily apparent in falling ball experiments. One expects a very
large ball to fall smoothly through a suspension of tiny particles and its velocity to appear fairly constant.
However, when we observe the passage of a b?Jl of the same diameter as large suspended particles, WP see
that actually the velocity is not constant. Periods of almost no motion, as the falling ball approaches and
"rolls off" suspended particles, alternate with periods of almost free fall in the interstices between suspended
spheres. However, a statistical analysis reveals that the average terminal velocity of the ball, measured over
a distance usually between 100 and 1000 suspended particle diameters, is reproducible. Furthermore, if tlii.s
average terminal velocity, corrected for Newtonian wall effects, is translated into a viscosity, this viscosity
is independent of the diameter of the falling ball relative to the diameter of the suspended particles over a
wide range of falling-ball sizes.
We are also exploring the possibility of using the fluctuations in the terminal velocity, as the ball interacts with individual suspended particles or clusters of suspended particles, to give information about
the suspension microstructure. Whereas the mean settling velocity predicts the continuum behavior of thp
suspension, the dispersivity around the mean velocity allows insight into the non-continuum behavior of the
suspension caused by the presence of the macroscopic suspended spheres.
We performed experiments which focused on the thre^-dimensiona) dispersion of a. single ball settling
through a suspension of neutrally buoyant particles. The detailed paths of falling balls were rerorded from
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direct observations in transparent suspensions (in which the refractive index of the suspending fluid was
matched to that of the suspended particles) and using real time radiography in opaque suspensions. The
primary experimental parameters wer« the relative size of the settling ball and suspended particles, and the
concentration and geometry of the suspended particles.
A principal objective of these experiments was to test whether the observed variations in the l>all\
settling velocity were the result of a Fickian (random) process. For sufficiently long times, the variances
grew linearly with time, as predicted for a Fickian process. Ilecau.se the falling ball in these experiments
was similar in size to the suspended particles, it was possible to see the transition between the deterministic
effects of a sphere settling past a particular arrangement of particles and the random process associated with
a sphere settling past many such arrangements. The deterministic effects resulted in a quadratic growth
in the variances for short times. The short-time nonlinear variances of Brownian tracer particles can be
described in terms of particle inertia [15]. However, the short-time behavior of a ball falling in a suspension
was not caused by the inertia of the falling ball, but rather by the time needed for the ball to change its local
environment. T'nis conclusion was supported experimentally by the ob^rved insensitivily of the dispersive
behavior to the falling ball's density. To determine the dispersivity when the variances were deterministic,
we estimated the time scale on which it takes the settling ball to change its local neighborhood. (Because
the settling ball tends to d-ag the suspension along with it, this time scale is greater than the time to travel
just a few ball diameters.) This time scale was then used in a model, similar to that for Brownian tracers,
relating the measured short-time variances to the dispersivity.
The resulting dirnensionless vertical dispersivities are shown in Figure 5 as functions of falling ball size
and volume concentration of suspended spheres. For moderately concentrated suspensions, the vertical
dispersivity decreased with increasing ball size, but always less rapidly than predicted by Davis and Hill for
dilute suspensions [16]. This effect decreased with concentration, until, for a suspension with a solids volume
concentration of 50%, the dispersivity was independent of ball size. At a constant size of falling ball relative
to the suspended spheres, the vertical dispersivity increased approximately lineariy with concentration. For
example, for falling balls the same size as the suspended spheres, the dimensionless vertical dispersivity D"
was observed to depend on the volume fraction of solids, 0, as D" = 0.600' 08 . The measured horizontal
dispersivity was at least 25 times smaller than its vertical counterpart (and below the experimental resolution
for suspensions with only 15 vol% solids).
Vertical dispersivity was also measured in suspensions of randomly oriented rods. Here, the dispersivity
was always vrtually independent of ball size (however, one should note that the balls tested were always
significantly larger than the rod diameter). The vertical dispersivity in these suspensions increased linearly
with the specific viscosity. Because the viscosity was approximately linear with volume fraction for the
suspensions tested [17], this parallels the theoretical behavior in dilute suspensions of spheres [16].
We have recently begun to observe not only the velocity of, but also the pressure drop across a ball falling
in a quiescent suspension. For a ball falling in a single-phase Newtonian liquid, this pressure is constant,
independent of viscosity (at low Reynolds numbers), and can be described analytically [18]. Although the
pressure drop is independent of viscosity in a Newtonian liquid, it is reasonable to speculate that in a
suspension the pressure drop may b-- dependent on the mien structure. Therefore, like the local viscosity, it
may vary due to the discrete nature of the material.
We first tested this speculation by modeling a falling ball rheometer numerically with the boundary
element method [19]. In this technique, the boundary integral equations for Stokes flow, coupled with the
equilibrium equations for the solid particles, are discretized and solved numerically. Fully three-dimensional
simulations of suspensions of spheres in a Newtonian liquid bounded by cylindrical walls were performed.
The number and size of individual suspended spheres were varied to give volume concentrations ranging from
zero to 5%. In these simulations, the pressure drop was influenced only weakly, if at all, by the introduction of
neutrally buoyant particles. Furthermore, the arrangement of particles affected the pressure drop negligibly.
In contrast, the relative viscosity in these simulations varied by over 10%. These results were consistent
with the hypothesis that, despite the noncontinuum nature of these suspensions, each suspension could be
treated as a Newtonian liquid with an effective relative viscosity. It also implied that the fluctuations in
the velocity of the falling bal! would be far more indicative of microstructural variations than would the
corresponding fluctuations in pressure drop. However, the suspensions studied were all relatively dilute, and
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Figure 5: The dimensionless dispersivity as a function of the ratio of the radius of the settling ball (a) to the
radius of the suspended spheres (b) for various volume concentrations of solids: 15 vol% (O), 30 vol% (•),
or 50 vol% (x). The error limits shown are based on the nonlinear analysis which assumes that the time
scale is known exactly, so they represent a minimum for the actual 95% confidence limits.
ihis behavior may not be present at high concentrations.
In laboratory experiments we have begun to measure the pressure drop across balls of various sizes falling
in more concentrated suspensions. Preliminary data indicate that the pressure drop occurring in a suspension made with 30 vol% uniformly sized spheres is identical to that predicted to occur in a single-phase
Newtonian liquid. Like the viscosity measurements in moderately concentrated suspensions, the pressure
drop behavior is independent of the relative sizes of the falling ball and suspended spheres. (However, the
absolute measure of pressure drop in both single- and two-phase fluids is directly proportional to the weight
of the falling ball.) Experiments are planned to look at suspensions of higher concentrations, as well as at
falling balls much smaller than the suspended spheres.

OTHER EXPERIMENTS IN QUIESCENT SUSPENSIONS
In the falling ball experiments described in the section above, the drag on the ball appeared to be that
found in a Newtonian liquid with no slip at the boundaries. Instead of measuring the mean velocity of a
falling ball, we could instead measure the mean torque on a spinning ball. This geometry is more sensitive
to slip at the ball boundary. Whereas the force F on a ball moving slowly through an unbounded Newtonian
liquid without slip can be described as F = 6wfiav (where y. is the viscosity of the liquid and a and v are
the radius and velocity of the ball, respectively), the force with perfect slip is 4irfiav. In contrast, the torque
T on a ball spinning slowly in a Newtonian liquid is 8ir/ia3fi (where ft is the angular velocity of the ball):
however, the torque on a ball with perfect slip at the boundaries is zero [20].
Kunesh and coworkers studied the torque on balls spinning in single-phase Newtonian liquids, verified
the formula above, and quantified the effects of the free surface [21]. We propose similar experiments to
measure the torque on balls spinning in otherwise quiescent suspensions. We will analyze the data for any
apparent slip at the balls' boundaries.
Figure 6 is an illustration of the apparatus we have built with this goal in mind. A calibrated torque
wire holds a ball on a rod while the suspension is rotated on a motorized platform. The number of rotations
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Figure 6: Apparatus to measure the torque on a ball spinning in a suspension.
of the platform is recorded automatically. A mirror at the bottom of the torque wire reflects a laser beam
to a detector. The data from the detector is fed to a stepper motor holding the torque wire from abovp.
The controller on the stepper motor uses this information to correct the position of the stepper motor and
torque wire so that the reflected laser beam is maintained at the center of the detector. The corrections are
recorded so that one knows how much the torque wire has twisted as a function of time. The twist can be
directly related to the torque experienced by the ball and rod. We plan to measure this torque as a function
of R on balls of various sizes relative to the suspended particles and in suspensions of various concentrations.
One must note that this flow geometry has the potential to induce structure over time. This will result
in a decrease of the measured torque over time. However, the apparatus will allow us to record any time
history associated with the torque, and the short-time behavior should still be an indication of any apparent
slip at the ball's surface. The time history obtained will also allow us to study the fluctuations of the torque
about the mean, which again may be indicative of the suspension microstructure.
The presence of the walls of a container can also induce structure. Another proposed study is of the
behavior of a ball rolling down the wall of a inclined container holding a concentrated suspension. In rolling
ball viscometry, a dense ball is allowed to roll/slide down an inclined surface, and its rate of travel is compared
to that in a fluid of known viscosity. In a suspension, we can ratio the time it takes for the ball to travel a
known distance in the suspension to that in the suspending liquid alone and, from this ratio, estimate the
apparent relative viscosity. This procedure is similar to estimating the apparent viscosity with falling ball
viscometry; however, the immediate region of the suspension seen by the moving ball is not uniform but has
structure determined by the proximity of the bounding wall.
Preliminary studies have been performed with a suspension of 30 vol% 0.318-cm-diameter spheres neutrally buoyant in a viscous Newtonian liquid. The mean velocity of balls of three sizes ranging from 0.23X
to 1.905 cm were first measured as they rolled down an 11° incline in the suspending liquid alone. Then the
suspended particles were added, the suspension mixed well, and the measurements repeated. Again, as in
the falling ball study, the moderately concentrated suspension behaved as a single-phase Newtonian liquid
with an effective viscosity. The viscosity implied by the mean velocities of the rolling balls was independent
of the ball size and was statistically indistinguishable from that measured in the falling ball experiments.
If one assumes that the suspension microstructure closest to the ball influences most the ball's velocity,
then these results imply that in a moderately concentrated suspension, the microstructure near the bounding
walls is similar to that in the bulk suspension. (The assumption of nearest-neighbor domination has been
shown to be a good one in boundary element method calculations of the effect of neutrally buoyant particles

245

various distances from a falling ball. Here, particles beyond about 5 ball diameters away exerted negligible
influence on the ball's velocity. In other words, the ball fell at the same velocity whether or not the far-field
particles were present [19].) Further experiments in very concentrated suspensions are planned. Here, the
walls are more likely to induce structure (as seen with NMR imaging near the outer walls of the wide-gap
Couette apparatus after the particles have migrated and concentrated to near maximum packing).

CONCLUSIONS
We have performed a variety of experimental and numerical studies to elucidate the linkage between
the microstructure and the macroscopically observed responses of suspensions of particles in liquids. NMR
imaging studies and visual observations have confirmed that a suspension's inirrostnicture can change dramatically during flow: large concentration gradients can be formed from regions of low shear rate to regions
of high shear rate, ordered structure can form at the walls in regions of high concentration, particle of
aspect ratio greater than 1.0 can align, etc. Conventional rotational viscometers may induce such changes
in the microstructure over time, and, therefore, the data from them may not be accurate measurements of
the viscosity of the suspension originally introduced into the viscometer. In fact, a suspension cannot be
simply described by a single effective viscosity.
Falling ball viscometers, on the other hand, can be used (with small falling balls) to determine an apparent viscosity of a. homogeneous suspension, without significantly affecting the microstructure during the
measurement. Such a measurement can then be combined with information about the evolving tnicrostructure in a flow to predict the spatial variations in viscosity and the global behavior. However, further studies
of the details of particle interactions are needed before definitive predictive capabilities can be developed.
Measurement of the detailed fluctuations of the velocity of a ball falling through a suspension is an example
of one such study.
Quiescent suspensions can also be used to examine effects of boundaries. We propose to complete two
such studies: measurements of the torque on a spinning ball and the drag on a ball rolling down a wall. The
former should be a more sensitive measure of apparent slip at the ball boundaries. The latter may elucidate
the effect of structure induced by the proximity of walls.
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MOLECULAR MIXING IN TURBULENT FLOW
Alan R. Kerstein
Sandia National Laboratories
Livermore, CA 94551-0969

ABSTRACT
The evolution of a diffusive scalar field subject to turbulent stirring is investigated by
comparing two new modeling approaches, the linear-eddy model and the clipped-laminarprofile representation, to results previously obtained by direct numerical simulation (DNS)
and by mapping-closure analysis. The comparisons: indicate that scalar field evolution is
sensitive to the bandwidth of the stirring process, and they suggest that the good agreement between DNS and mapping closure reflects the narrowband character of both. The
new models predict qualitatively new behaviors in the wideband stirring regime corresponding to high-Reynolds-number turbulence.
INTRODUCTION
The advection of a passive, diffusive scalar field, whether by a deterministic or a stochastic
stirring mechanism, is a process whose richness becomes increasingly apparent as various configurations are investigated. Diverse models of this process have been formulated, motivated by their
interesting mathematical properties or by their implications for turbulent mixing.
Here, results previously obtained by two methods, direct numerical simulation and mappingclosure analysis, are reassessed in the context of two new models that are proposed. One of the
new models is based on the linear-eddy approach, in which mixing is simulated in one spatial
dimension by means of a stochastic process that emulates turbulent advection [1]. The other
new model is the clipped-laminar-profile representation (CLAPR), a geometrical construction that
subsumes the results of mapping-closure analysis as a special case and generalizes the class of
advection processes that is treated [2j. The comparison of the two previous and two new methods
leads to new insights concerning both the mathematical properties of diffusion-advection and the
phenomenology of turbulent mixing.
Before introducing the new models, the DNS and mapping closure results are summarized. The
particular DNS configuration that is considered [3] involves a statistically steady advection process
based on numerical solution of the Navier-Stokes equation with stochastic low-wavenumber forcing.
Both the advection process and the initial scalar field are homogeneous and isotropic, to a sufficient
approximation, within a periodic box. The probability density function (pdf) of the initial scalar
field approximates the double-delta-function form /(</>; 0) = (\/2)[6{<t>-1) + 5{<j>+1)] corresponding
to two initially unmixed streams. Under the influence of advection and diffusion (with Schmidt
number 5c = 0.7), the pdf f{<f>; t) evolves toward the large-* asymptote 6(0). The evolution of the
pdf is the principal focus of the present investigation.
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Mapping-closure analysis [4j has been used to predict the family of pdf shapes obtained during
this evolution, parametrized by a time variable whose relation to physical time is undetermined [5].
The method of analysis is not discussed here, but a new geometrical interpretation of the result
that is obtained is outlined shortly.
Figure 1 shows families of pdf shapes obtained by DNS and by mapping closure. Prior to the
present investigation, no mechanistic interpretation of the good agreement between these families
had been offered. The new results presented here suggest an interpretation and provide additional
insights.
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CLIPPED-LAMINAR-PROFILE REPRESENTATION
A purely geometrical construction is used to obtain a family of pdf shapes. The mechanistic
significance of this construction is inferred by comparing the results to those of other models.
A pdf of the scalar <p is obtained by taking the spatial domain to be a collection of line segments.
The length 2w of a given segment is obtained by randomly sampling w from a pdf h(w). Denoting
spatial location within a segment by x, where —w < x < w, the spatial profile of 4> on each segment
is assigned to be

where a has the same value for all segments. For given h(w) and a, the pdf of 4> for the scalar field
thus defined is given by [6]
(2)

>=

where H(w) is the cumulative distribution function (cdf) corresponding to h(w) and the functional
dependence x(<p) is determined implicitly by Eq. (1).
In Eq. (2), the pdf is parametrized by a. Variation of a generates a one-parameter family
of pdf's, indicating that a plays a role analogous to the time parameter of the mapping-closure
analysis.
For (7 = 0, the spatial profile on each segment reduces to 4>(x) = sign(x), so f(<p:O) is of
double-delta-function form for any h(w), corresponding to the initial condition for the mixing
problem under consideration. In the limit a —* oo, 4>{x) becomes identically zero, indicating that
the physically correct final state is reached. For finite a, the concentration profile on each segment
corresponds to a solution of the diffusion equation on an infinite one-dimensional domain. This
does not in itself justify the adoption of this functional form on clipped (finite) domains because it
neglects interactions between neighboring interfaces, not to mention the effect of advection.
The motivation for the error-function ansatz is that it allows a result of mapping-closure analysis to be reproduced. Namely, if the cdf of the segment-length parameter w is taken to be
H{w) = 1 — exp(—w2), then Eqs. (1) and (2) yield a family of scalar pdf's that is identical to
the mapping-closure family [6]. Moreover, by parametric variation of the functional form of H{w),
other families are obtained that may be compared to the mapping-closure family in order to identify
the mechanistic origin of particular behaviors.
For this purpose, cdf's of the form
H(w) = 1 - exp(-u; n )

(3)

are considered, where the case n = 2 corresponds to the mapping-closure result. The key property
of Eq. (3) is that the bandwidth of H(w) increases with decreasing n. The family of scalar pdf's
corresponding to n = 1 is shown in Fig. 2. Unlike the pdf's in Fig. 1, this family exhibits a regime
of trimodality during its transient evolution.
This behavior can be understood as follows. A wideband segment-size distribution corresponds,
for intermediate a values, to a large number of segments much smaller than a and a few segments
much larger than a. The many small segments have <p profiles entirely contained within a small
neighborhood of 0 = 0, therefore contributing a peak in the vicinity of <p = 0 to the pdf of <t>. The
large segments, though few in number, contain a large enough fraction of the total scalar domain so
that their contribution to the pdf is significant. On these segments, a is so much smaller than w that
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the scalar on these segments is predominantly unmixed, corresponding to the double-delta-funrtion
form of the scalar pdf. The combination of the two contributions accounts for the intermediate
trimodality.
Though this reasoning relates properties of the scalar pdf to geometrical properties of CLAPR.
it does not assure that these considerations are pertinent to turbulent mixing. A qualitative justification of this extension is as follows. High-Reynolds-number turbulence consists of eddies spanning
a wide dynamic range, including large, slow eddies responsible for initial length-scale breakdown and
numerous small eddies that rapidly complete the homogenization process. Due to intermittency,
different localities within the flow will be at different stages of length-scale breakdown at a given instant. Some fluid parcels will have achieved a degree of breakdown such that rapid homogenization
occurs, while others will be in a largely unmixed state.
Thus, a connection between trimodality and eddy dynamic range is plausible in the turbulent
mixing context. The quantification of this connection by means of a mixing model is now considered.
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Figure 2. Scalar Pdf Families from CLAPR with n = 1 (Left) and Multi-Scale Linear-Eddy
Simulation (Right)
LINEAR-EDDY MODEL
The linear-eddy model is a stochastic simulation of advection-diffusion formulated so as to
capture the essential mechanistic features of the process in a computation that is affordable at
high Reynolds number (Re). The modeling strategy is to maintain full spatial resolution, so that
molecular diffusion can be correctly implemented, but to simplify the computation by reducing the
problem to one spatial dimension. Since continuum flow cannot be implemented in one dimension
(except for trivial Galilean transformations), advection is represented by a random sequence of
instantaneous events. Each event involves spatial rearrangement of a randomly selected interval of
the spatial domain. The rearrangement is a mapping, denoted the "triplet map," of the interval
onto itself.
This mapping is conveniently defined as a two-step process. First, the scalar field within the
chosen interval is replaced by three compressed copies of the original scalar field within the interval.
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Each copy is compressed spatially by a factor of three so that the three copies fill the original
interval. Second, the middle copy is spatially inverted ("flipped").
Graphical illustrations and a formal mathematical definition of this map, as well as a mechanistic rationale for this formulation, have been presented [lj. The triplet map captures, in one spatial
dimension, the essential properties of the baker's map as commonly applied to mixing problems. In
particular, a spatially homogeneous, statistically stationary sequence of triplet-map events induces
exponential growth of material-surface area. In this and other respects, the rearrangement process
emulates compressive strain effects in turbulent flow [1].
Operationally, the linear-eddy model is implemented as a Monte Carlo simulation. Molecular
processes evolve in a conventional manner based on deterministic finite-difference solution of the
governing equations. Thif deterministic evolution is punctuated by the stochastic rearrangement
events.
In the simulations considered here, the size of the mapping interval either is fixed or is randomly
selected for each rearrangement event based on a size-versus-frequency distribution corresponding
to the eddy-size distribution in inertial-range turbulence. These are denoted the single-scale and
multi-scale formulations, respectively. Viewing each mapping event as the model analog of an eddy,
comparison of these formulations allows an assessment of the impact of eddy dynamic range on
mixing properties.
Scalar field statistics are gathered from the simulation by running an ensemble of realizations for
a given initial condition and mapping interval size-versus-frequency distribution. Each realization
constitutes a scalar field time-history. Thus, the time evolution of quantities such as the scalar
variance and scalar dissipation, as well as the family of pdf shapes, can be extracted.
For comparison to the DNS results, the initial scalar field and molecular diffusivity are assigned
in conformance with the DNS calculation. For the multi-scale formulation, the size-versus-frequency
distribution is determined by matching the turbulent diffusivity and dynamic range of the DNS flow
field. For the single-scale formulation, the eddy size is chosen so that kurtosis of the linear-eddy
scalar pdf converges to the same large-t asymptote as the DNS scalar pdf. The eddy frequency is
chosen to match the DNS turbulent diffusivity. The rationale for this procedure, and additional
details, are presented elsewhere [2,7].
The scalar pdf evolution obtained in this manner for the single-scale formulation is shown in
Fig. 1. It is in close correspondence with the pdf evolution indicated by DNS and mapping closure.
The multi-scale formulation yields the pdf evolution shown in Fig. 2. That formulation is seen to
be in close correspondence with the CLAPR result for n = 1. Several aspects of these comparisons
are noteworthy.
First, the linear-eddy results exhibit the relationship between trinaodality and eddy dynamic
range that was discussed in the previous section. This supports the mechanistic interpretation of
trimodality as an intermittency effect arising in flows with disparate times scales governing initial
length-scale breakdown and mixing completion, respectively. Moreover, the agreement between
CLAPR and linear-eddy pdf families indicates that pdf evolution may be insensitive to other aspects
of scalar field structure or evolution mechanisms.
Second, the connection between pdf evolution and dynamic range, in conjunction with the
good agreement between DNS and single-scale linear-eddy results, suggest that the DNS calculation
corresponds to a narrowband rather than a wideband mixing process. This inference is supported by
additional comparisons of DNS and single-scale linear-eddy results. For example, scalar variance and
scalar dissipation time-histories obtained from the single-scale linear-eddy simulations are in good
agreement with corresponding time-histories obtained from the DNS calculation [2j. The multiscale linear-eddy results do not agree as well [7], and the nature of the discrepancies suggests that
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this is due to higher stirring bandwidth in the linear-eddy simulations than in the DNS calculations
[2]. This implies that, for the moderate Re at which the DNS is implemented, it does not capture
the qualitative features of mixing at high tu bulence intensity. In particular, it does not exhibit
intermittency effects associated with wideband mixing processes. Linear-eddy simulations indicate
that stirring bandwidth influences not only the transient evolution but also the large-/ asymptotic
form of the pdf [2,7).
DISCUSSION
The comparisons among diverse representations of turbulent mixing indicate the likelihood
of high-i?e effects that are not apparent at Re values presently accessible using DNS. This raises
the following question concerning the interpretation of DNS results. DNS may be viewed as a
representation of a small region within a large flow, and as such, should capture the fine-scale
properties of that flow (e.g., molecular mixing), however large the flow Re may be. This is true
especially when scalar fluctuation length scales are small compared to the DNS box size, so that
large-scale entrainment intermittency does not play a role in the mixing process. What, then, is
the difference between mixing in a small region within a large flow and the DNS representation of
mixing in that region?
The difference is a consequence of the statistics of the low-wavenumber forcing adopted in DNS
computations. The low-wavenumber energy input rate corresponds to the mean energy dissipation
rate of the flow, incorporating order-unity random fluctuations of the instantaneous input rate
relative to the mean. In high-i?e turbulence, however, the variability of the energy dissipation rate
at a small scale corresponding to the DNS box size is much larger than the mean energy dissipation
rate. This extreme variability is a manifestation of the concentration of energy in a small, ostensibly
fractal subset of the flow volume [8].
To represent this extreme variability within DNS. it would be necessary to adopt a lowwavenumber forcing consisting of long periods of near quiescence interspersed with brief periods
of intense activity. Though it is impractical to implement this computationally, a thought experiment readily indicates its consequences for mixing. If an ensemble of initial-value problems were
computed in this manner, at intermediate times (i.e. several large-eddy turnover times based on
the mean energy dissipation rate), most realizations within the ensemble would experience little
advection and therefore would remain unmixed, but a few realizations would experience intense
advection and become well mixed. Gathering the pdf over this postulated ensemble of DNS realizations, it is plausible that the pdf would more closely resemble the wideband results obtained using
CLAPR and the linear-eddy model than the results of DNS as implemented to date.
As yet, there is no direct experimental or computational evidence of the validity of this conjecture. If this picture of turbulent mixing holds true, then it is necessary to incorporate the influence
of fluctuations at all length scales in order to obtain a turbulent mixing model with the physically
correct fluctuation properties. The linear-eddy model is an economical formulation that satisfies
this requirement. For flows whose multidimensional large-scale structure cannot be represented
within the linear-eddy framework, a modeling approach that is presently being pursued involves
the use of the linear-eddy model as a subgrid model within large-scale flow computations such as
large-eddy simulations [9,10].
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ENSEMBLE PHASE AVERAGING FOR DISPERSE TWO-PHASE FLOWS
A. Prosperetti and D.Z. Zhang
Department of Mechanical Engineering, The Johns Hopkins University, Baltimore MD 21218
ABSTRACT

The ensemble-averaging methods used in this paper differ from conventional ones in the use of
phase averages (in which only configurations such that the point of interest is in a specified phase
are considered) and of averages over quantities defined at particle centers. The first feature hads to
rigorous equations of motion of the general two-fluid type, and the second one renders a straightforward
derivation of the disperse momentum equation possible even in the presence of degenerate constitutive
relations for the particle material. We present numerous applications of this method to: (i) rigid
particles in inviscid incompressible flow; (ii) spherical bubbles in inviscid incompressible flow; (Hi)
rigid particles in Stokes flow; (iv) heat transfer in high-diffusivity fluids. While most of the results
are for the dilute limit, some numerical results for finite volume fractions are presented for the linear
problem.
INTRODUCTION
In Ref. [1] we have developed a method to derive disperse two-phase flow equations by ensemble
averaging over the individual phases. The results are useful to obtain approximate closures in the dilute
limit, to interpret numerical simulations at finite volume fractions, and possibly to derive approximate
closures. Here we give a very brief summary of the method, and illustrate its capabilities by means
of several applications, most of which are the result of work in progress.
Some our results coincide with others available in the literature while others are new. In any
event, an important point that we wish to stress is that our approach provides a rigorous unifying
framework by which a large number of disparate results can be systematically obtained without ad
hoc approximations.
Among the advantages of the present approach one may mention the fact that the phasic averaging
leads directly to a two-fluid formulation of the type generally used in the engineering literature. The
disperse-phase equations are derived without recourse to the artifices usually needed when dealing
with degenerate equations of state, such as negligible density. The closure problem presents itself
in the form of computable quantities, for which approximate methods or direct numerical simulation
are suitable. Finally, as compared with the calculation of averaged properties, such as the effective
viscosity or thermal conductivity, the present approach has the virtue of systematically providing all
the terms in the equations.
AVERAGING RELATIONS
A detailed exposition of the averaging techniques and theorems used in this paper is given in I.
Here we summarize the essential results omitting the proofs.
Consider an ensemble of two-phase flows in which each realization contains N particles, drops, or
bubbles arranged in a time-dependent configuration CN. We use this word and
symbol in a technical
a
sense as short-hand for the
set
of
position
vectors
of
the
particles'
centers,
y
,
a
= 1,2,..., JV, their
translational velocities w a , their radii a", and any other set of parameters necessary for a complete
specification. Thus, for each member of the ensemble, with suitable initial conditions and dynamical
equations for the particles and the continuous phase, and conditions "at infinity" for the latter, the
exact microscopic problem is uniquely specified given the initial configuration.
For brevity here we develop the equations only for equal rigid particles and therefore a configuration
of the system is given by a set of positions y° of the particle centers, a set ^a of orientations
of a
system of particle axes with respect to the laboratory frame, a set of translational velocities wa, and
a set of rotational velocities fi°. We refer to the first two sets as generalized positions, denoted by
the symbol q°, and to the second pair of sets as generalized momenta, denoted by p°. The case of
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variable radius will be dealt with in the examples. To simplify the formulae the rotational degrees of
freedom are not explicitly indicated although, of course, they are accounted for where necessary.
Let P(N;l) be the probability of a specific configuration CN at time t. This quantity evolves in
time according to
^p w
\
+ £ [?q- • (q a P) + Vp<, • ( P a P)] = 0 .
(1)
We take the particles to be indistinguishable, so that N\ different arrangements of the N particles correspond to each physically distinguishable state of the system. It is convenient therefore to normalize
the integral of P to Nl.
Let Xc(x]N) and XD(X;N) be the indicator functions of the continuous and disperse phases so
that, for example. \c — 1 when, with the particles in the configuration CN, the point x is in the
continuous phase, and equals 0 otherwise. Note that these are geometrical entities that depend on
time only indirectly through the time evolution of the configuration. The volume fractions of the two
phases are defined by
1 / »,

0c.D = —{JdCNP{N;

0XC.D(X,

N).

(2)

The particle boundary is assumed to have zero measure so that \c + XD = 1 and, as a consequence,
0C + 0D = 1.

For equal rigid spheres of radius a one has

XD(X; N)=J2

#(« " lx - yD = 1 - Xc(x; N),

(3)

a=l

with H the Heaviside distribution. With this expression the definition (2) gives

[

d3yn(y,t),

n(y,t)=

\x-y\<a

f <P* [<PwP(l;t).
J

(4)

J

Here n is the particle number density. It will be noted that, in the presence of gradients of the particle
distribution, the relation j3o = nv, with v = 3^a 3 the particle volume, is not strictly valid.
The phase ensemble averages for a field /C,D(X, t; N) pertaining to the continuous or disperse phase
are defined by averaging over all the configurations such that the point x is in the appropriate phase:

fcj> > (x,t) = p^fdCNfcMx,t\N)xcj>(x;N)P(N;t).

(5)

A similar definition is used for the conditional averages, i.e. averages over all configurations such that
some particles occupy a specified configuration.
By the same method used in [1] it is readily shown thet
V(0c < fc >) = 0c < V / C > + /

dSyu f <PwP(l;t) < fc > , (x,i|l).

(6)

Here where < fc >\ denotes the conditional average with one particle fixed. Similarly, for the time
derivative,

^.(0c<fc>)

= 0c<^>-

Ot

dSy fd3wW-nP(l,t)<fc>u

I

Cft

J\x-y\=a

(7)

J

and for the Laplacian operator,

V2 (0c < fc >) = 0c < V2fc > + V • /

dSvn f <PwP(l; t) < fc >,

•/|x-y|=o

+

f
J\x-y\=a

J

dSv • n fd3wP(l;t) < Vfc >, .

(8)

J

In the present approach averaging and differentiation do not commute as in the methods where
averaging is carried out irrespective of the phase occupying the position x [2j. The counterpart for
this technical inconvenience is a much greater flexibility in the type of quantities that can be averaged
as they do not necessarily have to be defined in both phases.
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The integrals in (6) and (7) are over all the particles touching x for all of which the velocity field
satisfies the kinematic boundary condition n • w = n • Uc(x, t\N). Therefore, upon combining the two
relations, the two integrals cancel so that

<fc >)+ v

(/?

+ v

( / ? c< fcuc

>) = /3c<

at

+ v

at

Thus, though not commuting, averaging and convective differentiation satisfy a simple relation that
plays a central role in the derivation of the averaged equations of the following section.
The general definition of averaging for the disperse phase is given above in (5). This type of
average is however of limited usefulness (see [l]). We make extensive use, rather, of a different kind
of average appropriate for quantities g^(t;N) defined at particle centers. Examples are the centerof-mass velocity, momentum, radius, and others. For such quantities we define the ensemble average
over all the configurations such that the center of one particle is at y at time t. On the assumption
that g^ does not depend explicitly on the configuration of the other particles, the definition is
>,()•

(10)

As in [1], it is easy to show for such particle-centers averaged quantities that
a

og* i

where dg^/dt is the time derivative following the motion of the particles. Since the field #(1) is
defined only at particle centers, this result is the same as in kinetic theory, where the finite size of the
molecules is disregarded. We now use the previous relations to derive the equations of motion of the
phases.
AVERAGE EQUATIONS
With the neglect of compressibility, the equations of motion of the continuous phase are
V - u c = 0,

(12)

^ + V ( u c u c ) = Vl ~p c
~°ic+g.
(13)
at
pc
Upon taking fc — 1 in (9) and using the continuity equation (12) we find the averaged continuity
equation for the continuous phase as
^

+ V - ( / ? c < u c > ) = 0.

(14)

Similarly, upon taking / c = uc, we have from (9) and (13)
Pc-Q-tiPc <uc>)

+ PcV • (/3c < VLC >< u c >) = - # c V

<pc>

Bc + Pc? • WcMc) + Pcpc%,

(15)

where we have introduced the "kinematic" Reynolds stress tensor
Me = < u c >< uc > - < u c u c >- — < ( u c - < uc >)(uc— < uc >) >,
and we have set

. , ,x _,
„,
Ac(x,i) = V <PC > - < Vp c >,

(16)
.
(17)

or, from (6),
0cAc(x,t)= [

dSvn [d3wP(l,l)[<pc>-i(x,t\l)-<pc>(x,t)}.

(18)

Furthermore,
dSvnP(l;t) < u c >i - /
< Vu c >i -nP(l;t)dSy.
-/|x-y|=a
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(19)

Equation (15) has been written in terms of the gradient of the average pressure as in the standard
two-fluid models. This choice introduces the quantity Ac which must evidently contain all the local
phase momentum interactions. This procedure is similar to that of [3] but, rather than relying on
separation of scale arguments, has been effected by introducing a clear operational prescription that
enables the phase interaction term Ac to be evaluated. An explicit expression for this quantity valid
in the dilute limit is given later.
If we were to follow the same procedure to derive the averaged equations for the disperse phase,
the result would involve the constitutive relations of that phase's material. This is undesirable for
situations where such a relation is degenerate, as for rigid particles or massless bubbles. In order to
avoid this problem, we use the particle-centers averages defined in (10). We start with the number
density of the particles. By setting g^ = 1 in (11) we have
~ + Vy-(nW)

= 0,

'

(20)

from which a conservation equation for the part'de volume or mass (assumed constant) is readily
obtained. In the case of variable v or m, the appropriate procedure is to set g^ = v or m in (11).
Similarly, by setting g^ = mw, we find the averaged particle momentum equation in the form
—(nfnW) -f Vv • (nmww) = n m w .

(21)

The last term in the right-hand side may be rewritten by recalling the equation of motion of the
particle center of mass which, neglecting collisions, is
mw = f

[~pc(x, t; N) n + TO(X, t; N) • n] dSt + m g ,

(22)

J\x-y\=a

where re is the viscous stress tensor. The integral is over the surface of the particle centered at y.
Upon substituting this expression into the the right-hand side of (21) we find
/|x-y|=a

dSxn- (<Pw<-pcI + TC>l(x,t\l)P(ht)

+ g,

(23)

J

or, with the definitions
= w w - w w = - ( w — w) (w — w),
AD

= -—/

ndSs Id*wP{\\t)

<pc> - [
and po = m/v,
driW
PD
~dT +

PDVV

(24)

[< pc >i ( x , * | l ) - < Pc > (x,t)]

n < pc > [x,t)dSt\ ,

' (nW™) = ~ n V " <Pc> +Px)V • (nMc) + nAz) + npDg + /3DBD.

(25)

(26)

SMALL-PARTICLE APPROXIMATION
The equations derived in the preceding sections contain several terms involving integration over
spheres with a radius equal to the particle radius a. When the macroscopic quantities vary slowly over
this scale, these integrals may be approximated by Taylor series expansions. The detailed calculations
are given in I. Here we simply note the pertinent results.
The volume fraction /?£> and average velocity < up > of the disperse phase are approximately
given by

0D(x, t) = v n(x, 0 [1 + Oi^/L2)},

< u o > (x, 0 = W(x, t) + O(a/L),

(27)

where L is the characteristic length for the variation of macroscopic quantities and v = l^ci3 is the
particle volume. To the same accuracy, the quantity A D introduced in (25) is given by
/

dSxn[<pc>iix,t\y,w)-<pc>(x,t)}.

(28)

\x-yl=a

Notice that, even after this approximation, this quantity remains different from Ac defined in (17)
because the integration is carried out over the surface of a particle centered at y rather than over the
258

particles with center at y such that \y — x| = a. It can be shown that, with an error of order 0oa2/L2

M
where

Tc{x,t) = ~

(3cAc = -0DAD(x,t) + V-pDTc,
I <Pw I
dSynnP(l;t)[<pc>i(yJ\l)-<Pc>(y,t)}.

PD J

(29)
(30)

J|y-x|=o

It will be seen in the following that T c affects the average motion of the continuous phase in the same
way as an additional stress tensor.
If Ac and AD were to be considered as "internal" forces of the mixture, then, on the basis of
a naive interpretation of the action-reaction principle of Mechanics, from the momentum equations
(15), (26), one would expect T c to be zero. However, in the next sections we give examples of explicit
calculations of T c that give non-zero results. The reason is that, while the action-reaction principle
must of course hold at the microscopic level, there is no reason for it to hold for the averaged quantities
Aq and Ao which are evaluated by integration over neighboring, but different finite surfaces. For
uniform mixtures, however, V • T c = 0 and /3cAc = — PDAD as expected. Hence the finite size of
the particles is seen to play a crucial role in the derivation of (29).
With the previous approximations the averaged equations of the previous section may be written
in a slightly more familiar form as follows. For the continuous phase, Eq. (14) is unchanged and will
not be repeated. The momentum equation (15) becomes instead
{P < u c >)) + V {0c < u
)
z:{Pc
at
<pc > -0DAD{x,t) + V • (PcpcMc + Tc) + Pcpcg,

(31)

With (27), the number density conservation equation (20) becomes
^

= 0,

(32)

while the momentum equation (26) remains unchanged.
T H E DILUTE LIMIT
The set of averaged equations derived before is not closed as the right-hand sides contain averages
with one particle held fixed and averages of products that must somehow be related to products of
averages. This is the well-known closure problem that is unavoidable in any averaging method.
The simplest closure can be effected in the dilute limit (i.e. with an O(0D) accuracy) as follows.
The integrals containing the conditional averages < . . . >i in the right-hand sides of the unconditionally averaged equations give a contribution of O(0o)- For accuracy to this order, therefore, these
conditionally averaged fields are only needed with 0(1) accuracy. To this accuracy the conditionally
averaged equations are a closed system and can be solved subject to the condition of matching to
the unconditionally averaged fields at large distances from the particle held fixed. The solution thus
obtained can be substituted into the right-hand sides of the unconditionally averaged equations to
give a closed set.
In principle this procedure can be applied to find averaged equations correct to 0(0$) for arbitrary
K, although for most problems K — 2 appears to be already the practical limit or possibly beyond.
An alternative is to use direct numerical simulation. Finally, one may attempt to find heuristic
approximations to calculate the conditional fields.
We now present several examples of dilute-limit and numerical closures. Since from now on all
quantities are averaged, we drop the averaging symbols. Furthermore, we write up in place of w
which is permissible to O(0D) on the basis of (27).
For all the examples discussed below the continuity equations (14), (32) are necessary to close the
system and will not be repeated.
RIGID PARTICLES IN P O T E N T I A L FLOW
For rigid particles in inviscid flow the rotational degrees of freedom are unnecessary and the particle
configuration only depends on y° and w a , a = 1,2,..., N. In [1] we have found the results

AD =l-pc Vj£ + u c • Vu c - ~- - uD • VuD + J-V(/?DMD)j ,
Tc - \pc [fa [2(UC - uDfl-j(uc

(33)

- u D )(u c - uD)] J - 1-PC&D [2(Tr M D )I - ^MD] , (34)
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Mc = ~

[3(uc - uD) • (u c - u D ) I + (u c - u D )(u c - uD)] + ^

[3 (Tr MD) I + M D ]. (35)

Aside from the Reynolds-stress-like term Mo, the result for A/j agrees with the expression of the
force on a single sphere immersed in a flow obtained by several researchers and, most recently, in [4].
The first group of terms in Me is the same as the result obtained in [5] where however the particles
were implicitly taken to move with the same velocity so that Mo = 0.
Since the previous results have been obtained on the assumption of potential flow, they cannot
contain the effect of a rotation. If frame indifference is postulated, however, they can easily be
corrected for this effect as shown in [1] with the result A'D = A/j + \pc[^ x uc) x (u© - uc), where
the first term in the right-hand side is given by (33). The corresponding expression of A^. follows from
(29) with A'D in place of A Q . The additional terms are the familiar lift force [4]. This result has been
obtained by assuming that a potential flow is viewed from a rotating coordinate frame. Hence, strictly
speaking, it is only valid provided V x u p has a spatially uniform value throughout the flow field.
However, with the usual assumptions about scale separation, it may be considered as approximately
applicable to more general situations as well.
Combining the previous results we have the final form of the momentum equations. For the
continuous phase the result is

+ (u c • V)uJ + 0cVpc = -^PCPD
^PCPD \~f
\ f

+ "c • Vu
Vucc - ~-

- uD • V u J

(V x u c ) x (uD - u c ) + -/>cV
• [fa [(UC - uD)2I - 2(uc - uD) (uc - uD)]}
4'

1
— ~pc^ [/3o(TrM£))] + $cpc%4
Similarly, the final form of the disperse-phase momentum equation is

\d\xD , ,

1

\d\ic

v

l

(36)

_

5

L

1
^

l

n

" i (V x uc) x (uo — uc) + (PD + nPcW ' \0DM-D) + PDPDS-

(37)

The final closure of the system requires an expression for the fluctuating particle volume flux tensor
[6]. This missing information cannot be supplied internally by the theory without a specification
of the initial conditions imposed on the particle probability distribution. This point was noted in
[7] where it was explicitly assumed that, at each position and time, the particle velocity probability
distribution is strongly peaked around its local, instantaneous mean value. In this case M c = 0. A
similar assumption - whether explicit or implict - seems to be present in all of the previous work.
It is shown in [1] that the preceding expressions coincide with those of [8-10] to the present O{0D)-

SPHERICAL BUBBLES IN POTENTIAL FLOW
For masslesa spherical bubbles in inviscid flow the rotational degrees of freedom are again unncessary but the particles instantaneous radii and radial velocities must be added to the set of variables
that define a configuration.
In a paper in preparation we study this problem allowing for a spectrum of bubble sizes. Here, for
simplicity, we quote only the results applicable when the probability distribution is strongly peaked
about an average radius a and an average radial velocity a. Again upon dropping the averaging
symbols, the momentum equation for the Dubbles is
duc

_

£ ++ Uc
uc " Vuc
V Uc
at

dup
5

at

U/}

uD-Va
x (uD - uc) + -pcV
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• (0DMD).

(38)

For the continuous phase

+

[due
1
PcPc \—xr + (uc • V)uc + ficVpc = same as rhs of (36)
_3_
2a
(39)

The equation of motion for the bubble radius generalizes the well-known Rayleigh-Plesset equation in
the form
s2
3 '*
= — \PB - — - Pel - T(U D - u c ) • (uD - uc) + - T r M o .
pc I

a

}

4

(40)

4

RIGID PARTICLES IN STOKES FLOW
In this case the probability distribution only depends on the position and angular orientation of
the particles. One
finds
a gn
0CVPC = V • (/*-Vum) + ~t*(uD - uc)
(41)
where p' is the effective viscosity 1 + 5/2 0o and um = 0D^D + &c^c the volumetric velocity. The
equation of motion for the particles is
PD I - «

1- uo • Vuo J1 =
- - UD
j ( u o ~— uc).
= —Vpc
-Vp c —
- 2^

(42)

THE ENERGY EQUATION
The same averaging method may be applied to the energy equation for an incompressible fluid
dTc/dt + uc • V7c = £>cV2Tc, where Tc is the temperature and D the thermal diffusivity. Upon
averaging the result is
7T

1- V • (pcuclc) = v • ( l / c v / c ) +

j — II + — I {ID - lc)

- TD)\ + 1 (l - jgj V • [/3D(TD - Tc)(uD - nc)},

(43)

where KQ, KC are the thermal conductivities, D'c is the effective thermal diffusivity

a n d P e t h e p a r t i c l e P e c l e t n u m b e r Pe = 2 a | u o — \ic\fDcU p o n averaging t h e microscopic energy e q u a t i o n for t h e particles A"/jV 2 7ij +qo =
p
p
/
,
where qo is t h e i n t e r n a l v o l u m e t r i c h e a t source a n d Cpp t e h specific h e a t , o n e finds t h e averaged energy
e q u a t i o n for t h e disperse p h a s e in t h e form

^) m, - 7b,
LINEAR PROBLEM AT FINITE VOLUME FRACTIONS
We now consider the case of finite volume fractions for the linear problem for homogeneous suspensions of rigid spheres in potential flow. On the basis of standard Continuum Mechanics argument
(Galilean invariance, isotropy, etc.), it is possible to show that AD must have the form [1]
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A D = r pc fie C (PD,PDJ' PC) jr (uc — UD) I

(46)

where C is scalar coefficient dependent on the ratio of the densities and the volume fraction. The
corresponding form of A c is given by (29) with V • T c = 0 due to homogeneity. The well-known
Zuber approximation corresponds to C = 1 and Wallis's "exertia" E [8] is given by E = \PDC In [1]
we have calculated C by carrying out ensemble-averaging numerically. Some results are shown in the
figure on the left. The figure on the right shows instead an example of the probability distribution of
the values of C obtained from different simulations for 0D = 0.4 and po = 0. It is interesting to note
that the spread of this distribution is such as to obscure any dependence of C on its variables.
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PARTIAL CONTROL OF COMLEX CHEMICAL PROCESSES I.
CONTROL OF FLUIDIZED CATALYTIC CRACKER

R. Shinnar and I. Rinard
Dept. of Chemical Engineering, City College of New York
138th St. at Convent Av., New York, NY. 10031, U.S.A.

SUMMARY

A detailed dynamic model of a fluidized catalytic cracker has been developed that allows
evaluation of the impact of different designs, control configurations, catalyst and feed
composition and control strategies on the control of a fluid cracker The present paper desis with
the existence and the topology of multiple steady states. It is shown that in some cases five
steady states can exist. Further, some of these can be close together in terms of the input
operating space. Present trends in operating conditions (higher regenerator temperatures and
higher catalyst activities) increase the likelihood that desirable operating conditions are in the
regions where such multiplicities occur It is shown that catalytic combustion promoters can
eliminate or reduce this problem. The paper also shows that conventional control structures can
lead to input multiplicities and that the choice of additional control variables in the primary
matrix should depend on operating conditions

INTRODUCTION

The goal of our research program is to provide a more rigorous framework for designing control
systems for complex chemical processes First or' all such processes are nonlinear. Second, the number of
variables that need to be controlled is often much larger than the number of manipulated variables at our
disposal. This gives rise to the concept of partial control
In the conventional sense, controllability means keeping all controlled variables at specified values.
For partial control, controlfability means that we can keep the vector of controlled variables in a given space.
One can use the information obtained from all measurements to adjust simultaneously all manipulated
variables via a detailed process model Alternatively one can use a square matrix by choosing measurements
indicating the state of the process One can then use the information obtained from measurement of the
complete output vector including process constraints as well as product specifications to adjust the setpoints
of the primary square control matrix The latter, if properly done, requires less model sensitivity and
requires less detailed process information It is often used in industry and is here our primary concern.
As the first example of our study we chose a fluidized catalytic cracker (see Fig. I and Ref. 1). In
such a unit fluidized catalyst circulates between a reactor and a regenerator. In the reactor the hot catalyst
heats up the high boiling fraction of crude oil and cracks it to gasoline and gaseous products. Coke is
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formed on the catalyst during cracking. This catalyst goes to the regenerator in which the coke is
combusted with air. This supplies the heat required for the process and the process is adiabatkally heat
balanced.

Products
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Steam
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Regenerator
Makeup
Catalyst

Freeboard
Region

Catalyst
Withdrawel

Air Heater

Riser
Regenerated
Catalyst

Blower
Air

Feed
Preheat

F i g u r * 1 : S c h e m a t i c Diagram o f FCC.
The feed can be preheated in a separate fumace and in some units heat can be removed from the
regenerator via a catalyst cooler In some older units catalyst circulation is fixed and can only bs slowly
adjusted by changing catalyst inventors- In new designs it can be adjusted. These design changes have a
strong impact on controllability
The flue gas from the regenerator normally contains a large fraction of carbon monoxide; many units
have a CO boiler to combust the remaining CO in the flue gas. In the last twenty years, catalytic
combustion promoters have been introduced which allow complete combustion to CO: at temperatures below
1300T This increases the heat generated from the coke which, in the absence of a catalyst cooler, either
lowers conversion cr limits the type of the feed that the unit can handle.
Catalysts and feedstocks have changed strongly over the years which necessitates changes in
operating conditions. Feedstock quality and desired operating conditions can change drastically in a given
unit during any given year In recent years, tighter product specifications have also increased the demand
for better control as the FCC is the kingpin of a modern refinery. It is the unit in die refinery which is the
most flexible and which can operate over the widest range of feed and operating conditions.
In the initial phase of our study we have developed a detailed model of the FCC, and have looked
at the basic features of the system such as multiple steady states and the input multiplicities of those control
configurations currently used m :he indusirv
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FCC MODEL DEVELOPMENT

There are a number of detailed models for the FCC that would be satisfactory for our purposes, but
all are proprietary. None of the published models [2,3, 4] have enough detail, especially on the reactor side,
to serve our purposes. In our method we use a detailed nonlinear model to serve as a substitute for the
system studied, and our design methods assume that the model if not completely accessible.
Ail the published models do not allow computation of the complete product specification vector.
Some of them do not allow the existence of the observed multiple stcvly states [8,9]. The model developed
up to thir point will serve as a basis for future studies, but after further refinements in predicting product
properties are added to it.
A detailed description of the model is impossible within the short space allocated and will be
published separately. As the senior author has extensive experience with industrial FCC operation, the
model was checked as to its capability to predict the observed trends in real operation.

NONLINEARITIES OF CONTROL SYSTEMS

Most chemical reactors are nonlinear systems. Despite that, linearized transfer functions generally
serve quite well for the tuning of control loops There are however, several features of nonlinear systems
which are important to understand:
1)
Steady state control almost always requires nonlinear models [5].
2)
The linearized transfer functions can depend quite strongly on the operating conditions.
Steady state gains and other parameters can even change sign as the result of small changes
in the operating conditions
3)
The system can have multiple steady states or exhibit stable oscillation? [6, 7].
4)
A given control matrix may exhibit input multiplicities.
In this paper, we focus on Items 3 and 4

MULTIPLE STEADY STATES

The existence of multiple steady states as determined by both computation and observation has been
discussed in the literature [9, 10] Ref 9 however does not give the details of the model used and there has
been no thorough discussion of the topology of these multiple states or of die impact of design, catalyst
properties and operating conditions on them
Any adiabatic system such as an FCC has the potential for five steady states. If the feed is not hot
enough to cause ignition, there is only one steady state in which the unit remains cold. If the catalyst with
a specific feed does not generate enou«h coke to maintain operation at a high temperature the unit will crash
to this state (see Fie 2) Otherwise there ire three stead\ states
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Figure 2: Multiple Steady States in Heat Balance.
The potential for the two additional steady states is created by the consecutive reaction of CO
combusting to CO ; which, in the absence of a promoter, is a homogeneous reaction. At temperatures below
1200°F this reaction is stopped by the presence of catalyst Therefore, if the flue gas contains oxygen, it
will ignite after leaving the cyclone This will show up as a temperature difference across the cyclone. At
higher temperatures (above 125O"F) the inhibition decreases and the reactor can take ofTeven in the presence
of a catalyst.
We have approximated this complex relation by using a high activation energy (70 1 » cai/g mole)
m the presence of a catalyst This can lead to five steady states. Previously moit FCC's operated at
temperatures below 1200"F Modern, more active catalysts require higher regenerator temperatures due to
lower circulation rares and the desire for higher octane and more alkylate feed. This increase in temperature
makes the existence of five steady states more likeiy
Fig. 3 gives a plot of the different regimes as a function of open loop inputs of manipulated variables
(catalyst circulation ra;e and air flow rate) In Fig 4 we show that the impact of feed properties (intrinsic
coking rate) on the existence regions of both three and fi\ e steady states. Fig. 5 gives the impact of catalyst
activity and Fig 6 gives the impact of a catalyst promoter Decreasing the coking rate or catalyst activity
limits the range of stable operation (3 steady stales) whereas increasing either one increases the likelihood
of five steadv states
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Figure 3: Multiple Steady States in Figure 4:Effect of Coking Rate on
FCC's.
Multiple Steady States in FCC's.
Coking Rate is xl.25 of base case.

Figure 5:
Effect
of
Catalyst
Activity on Multiple Steady States
in FCC. Catalyst Activity is x2 of
basic case.

In Fig. 6, we show the impact of a catalytic
combustion promoter
Promoting the catalytic
combustion of C0: reduces the area where five steady
states exist.
It also moves it to higher operating
temperatures. This can be seen from Fig 7 where we
superimpose on Fig. 6 the temperature isoclines of the
reactor and the regenerator outlining the normal operating
range for both cases Wa note that the catalytic promoter
moves the operating range into the region where only
three steady states exist
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Figure 6: Effect of Combustion
Promoter
on Multiple
Steady
States in FCC's. Coicbustion rate
is xlS.5 of base case.

Figure 7: Temperatures Operating
Range in FCC with Combustion
Promoter.

There is a special characteristic of these multiple steady states in our system. In the desirable
operating range, there is a chance that these multiple steady states are close to each other. If they are far
apart one still has to know about their existence but their impact on controllability is usually larger when
they are close together.

INPUT MULTTPLICILTIES

In Fig. 8, we show some typical control configurations for an FCC. For brevity, we concentrate on
the case without a catalyst cooler Feed temperature is manipulated only for steady state control. Dynamic
control focuses on air rate and catalyst circulation rate. Catalyst circulation rate is controlled to adjust the
reactor riser top temperature. (All the cracking takes place in the riser which functions as an adiabatic
reactor).

-^Products
SET'

AT
Tris
Reactor

SET-*

SET

Steam

Figure 8: Major Control Loops of FCC.

Air rate is used to adjust one of the following (11 regenerator bed temperature, (2) the temperature
diffe;ecne across the cyclones, or (3) the flue gas temperature leaving the cyclones Regenerator bed
temperature is the one of direct importance as it is the only one that can intuitively be used to adjust
operaung conditions to achieve the right conversion
However, temperature difference or flue gas
temperature control have a faster response This is useful to protect the cyclones from metalurgicai damage
due to overheating At high temperatures the cvclone temperatuare difference is small and therefore not
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suitable for control. One can use iither regenerator or flue gas temperatures instead.
In the case where enough promoter is added to achieve complete CO combustion, oxygen in the flue
gas is used to control air rate. In Fig. 9, the air rate as a function of the controller settings for these four
different cases is shown for a fixed reactor temperature of 980 F. This is shown in the base case in Fig. 3.
We note that there are input multiplicities for each of the cases. However, they occur in different operating
regimes. This must be taken into account in the design of any control strategy.
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Figura 9: Input Multiplicities in Air/Oil Ratio.
Triser is 980F.
Our results also show that for some operating conditions the eigen values of the linearized control
matrix can vary strongly over reasonable changes in se; points.
Previous control studies [ 12,13 ] have emphasized the speed of the response. Our results clearly
indicate that in some operating ranges this is less important than the need to avoid large changes in the eigen
values for small changes in set points and also the need to avoid input multiplicities.
In a real system, catalyst properties and feed properties as well as operating conditions vary over a
wide range. For good control, it is not necessary to be able to reliably model the exact occurrence of
multiple steady states and input multiplicities But a thorough understanding of their nature and potential
topology is essential and will be incorporated in our design approach.
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ABSTRACT
Magnitude and phase related issues of modeling of ocean wave kinematic? are addressed. Causal and non-causal
filters are examined. It is shown that if for a particular ocean engineering problem only the magnitude representation
of wave spectra spatial relation is critical, analog filters can be quite useful models in conjunction with the technique
of statistical linearization, for calculating dynamic analyses. This is illustrated by considering the dynamic response
of a simple model of a guyed tower.
INTRODUCTION
A rational analysis of offshore structures exposed to wave-induced loads requires the estimation of the fluid
kinematics at different spatial locations along the structure. In fact available kinematics information at one point on
the water surface, must be propagated on a spatial grid that is commensurate with the structural analysis procedure
used. Both vertical and horizontal kinematics propagation are important in this context. However, each of these
propagations features a peculiar behavior not present in the other. For example, the vertical propagation is not
accompanied by any phase shift, while the horizontal propagation features no attenuation. It is obvious, therefore,
that no single filter can be used in addressing both the horizontal and the vertical propagation issues. Examples of
filter approaches to wave kinematics representation can be found in other references [1-5]. For the vertical propagation
case, a filter should be designed possessing a phase that is independent of depth. This criterion will relinquish the
traditional control over the magnitude of the transfer function, in favor of control over the phase. It will be shown
that this criterion can only be satisfied if a non-causal filter is used, thus resulting in a symmetric Moving Average
(MA) design. In contrast, the horizontal propagaf'on problem can be best accomplished using a filter with constant
magnitude, but with a phase that approximates the known phase of the wave propagation. This latter can be
obtained based on the dispersive character of horizontal kinematics propagation. The propagation of horizontal
wave kinematics is accomplished using an all pass filter with a nonlinear optimization criterion to match the phase
response function.
Once filters have been designed for representing the wave kinematics, they can be used efficiently not only for
synthesizing time histories, but for conducting, as well, dynamic analyses of offshore structures. Attention to the
analytical advantages of filter approaches to ocean wave kinematics representation has been called in references such
as [5].
In this paper, the analytical advantages are demonstrated, in conjunction with the technique of statistical linearization [6] for predicting the random response of a guyed tower.
FILTER DESIGN
The analysis of the propagation of wave kinematics at intermediate water depth relies on the Airy, or linearized
wave theory. First, an analysis of the vertical propagation of wave kinematics, from a perspective of amplitude and
phase, will be considered.
Vertical Propagation of Wave Kinematics
The spectrum of the horizontal velocity of particles at any location z measured from the bottom is given by the
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equation [5]

where S , , denotes thfi spectrum of the surface particle elevation. The above equation can be normalized using the
following substitutions,
2

(2)
a = - ,
9
where d denotes the local water depth, and g denotes the acceleration of gravity. The resulting normalized equation
has the form
(3)

9 Snn{

Adopting the procedure described by [3,6], equation (3) can be approximated using the rational function
4

-

-

4

u7W">

_ - ^ — ^ - — ^

,

(4)

where u>i, wj, fi, (2 are coefficients dependent on a. The right-hand side of the above equation can then be factorized
as
5u(a>) = J B J (iw)J3r«(-i0) ,

(5)

where HUJ denotes the frequency response function of the kinematics propagation iilter at depth z and is given by
the equation,

The impulse response function corresponding to the function Hux(s) is given by

l -

(7)

where
(8)

- C?) [(w? -

(9)

< fa < 1
(11)

h=

- wf) - 2Ca«j
^ ;

- | < * 2 < | -

(12)
(13)

The vertical propagation of the vertical velocity component can be treated in a similar fashion, starting with the
following nondimensional form of the spectrum,

which is replaced by the following rational approximation,
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$ , ( « ) * 5,(«) =

(15)

- i/2)2 + (2/3wS)2] [1 + (ai) 2 ] '

This spectrum can again be factorized using the transfer function Hvl which is given by the equation,
.,2

(16)

t n

' ~ [w2 -»* + J2j3uw\ [1 + jew] '
where u, /?, and c are functions of a. Again, the coefficients in the above rational approximation are usually evaluated
so as to minimize a measure of the error between the target spectrum and its approximation, and are therefore a
function of the fractional depth a. The impulse response function corresponding to the transfer function of this
spectrum can be shown to be equal to,

+*)

(17)

where

(18)

The above formulations using cascaded single-degree-of-freedom models are based on an optimality criterion that
minimizes the error between the magnitude of the target and approximating spectra. Filters developed in this fashion
have a number of desirable properties, including a rational form of the spectrum which can be realized in the time
domain using cascaded differential operators. By restricting the error norm to the magnitude of the approximating
function, however, control is lost over the behavior of its phase. The implication of this fact on the simulated
process, is that although the magnitude of particle velocities are adequately reproduced, their phase relations are
arbitrary. This phenomenon can be crucial in designing structures to accommodate fluid-structure interaction where
the cross-correlation of the exciting force along the length of the structure is important. Based on this argument, it
is apparent that a constant phase is a desirable feature of a simulated process along the depth. Phase information
can be incorporated into the design of the filter by recasting the problem into a single-input-multi-output (SIMO)
framework [7] with the surface elevation being the input, and the kinematics at the various locations along the depth
being the outputs. In case the surface elevation is not a white noise process, it can always be considered as the
output of a digital filter to white noise input, and the system equations can be augmented accordingly. Based on the
kinematics propagation equations presented above, it can be shown that the phase transfer function for the vertical
propagation of the horizontal and vertical velocity components can be approximated by the following functions,
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rdadt,

M) = tan
for the horizontal component, and

for the vertical component. Both of the above expressions for the phase responses of the filter feature nonlinear
dependence on frequency and depth. Figures (1) and (2) show these phase spectra for different vertical locations.
Note that as much as 2ir rd phase difference can occur between values of a given realization at different water depths.
This is in contrast with the desired situation of zero-phase shift of the simulated process along the depth coordinate.
Such an ideal situation can be accommodated by using the following real transfer functions relating the kinematics
at the surface level to those at a specified depth.

and

The above functions are obtained by considering the square root of the spectrum for the propagation of the associated
kinematic, prior to making a rational function approximation. These transfer functions cannot be realized using causal
filters since they do not satisfy Kramers-Kronig relationships which require the real and imaginary parts of a transfer
function to be Hilbert transforms of one another. Infinite impulse response (IIR) filters cannot therefore be utilized
in this case, and only finite impulse response (FIR) filters are adequate for this task. This conclusion is expected
since the purpose of the filter is to simulate spatial variability of various kinematic quantities, and causality is a
property inherent only in processes with a preferred direction of propagation, this not being the case for the vertical
propagation of wave kinematics. As will be demonstrated below, this non-causality does not apply for the horizontal
propagation of wave kinematics, which again is expected in view of the preferred propagation in the direction of the
wave motion.
Coming back to the vertical propagation of wave kinematics, a two-sided, moving average (MA) filter can be
designed, based on an algorithm by Borgman [1]. The algorithm provides a mean for simulating the time evolution
of a specified wave kinematic at a specified vertical propagation distance, and a specified water depth and wind
velocity. The algorithm can be realized using the following equations,
(23)
f"Q

1

tlTU)

B« = — /

—-)<L>

(24)

a_ n = An - Bn .

(25)

We Jo

ao = Ao,

a n = i4B + B n ,

In the above equations, the subscript * on H is used to represent either of the horizontal or the vertical component,
and »(.) and $>(.) denote the real and imaginary components of a complex quantity, respectively. Once the above
coefficients have been calculated, the simulation can be performed using the following equation,
N

W =

Y,

an*i-n;

k = N + l,N + 2 , . . . ,

(26)

where n denotes the nth time step. The time step A being related to the cut-off frequency uic through the Nyquist
relation, At = —. For the particular case at hand, and since the transfer functions involved are real, the coefficients
Bn above are identically zero, and the coefficients of the filter thus obtained are symmetrical about the origin. Figure
(3) shows a typical result for the transfer function associated with a filter designed according to the above criteria.
Note that the filter features zero phase response over the entire frequency range.
Horizontal Propagation of Wave Kinematics
The above treatment is specific to the vertical propagation of water wave kinematics in intermediate water depth,
and it relies on the particular form of the transfer function. The above recommendations are intimately associated
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with the fact that along the vertical direction, wave kinematics should be subject to pure attenuation with no phase
lag. For the horizontal propagation of wave kinematics, the picture is quite different. In this case, no attenuation is
expected, and the propagation is expected to be dispersive. The transfer function for any kinematics of interest in
this case, is given by the following equation,
n x (w, OkX) — e

—e

,

/x — — ~ .
a

\£i)

In general, the cut-off frequency for the Pierson-Moskowitz wave spectrum is a function of the wind velocity. The
transfer function, and therefore, the coefficients of a digital filter will in general be a function of the local water depth
and the wind velocity, as well as of the propagation distance Ax.
All-pass filters provide an attractive alternative for the horizontal propagation problem. These filters have a
constant transfer function over all frequencies, thus providing no magnitude attenuation, which is commensurate
with the horizontal wave propagation phenomenon. These filters have the feature that their poles and zeros are
complex conjugate of one another. Stability requirements are satisfied provided &(p>) < 0 where pj are the zeros
appearing in the expression for the transfer function,
+ P i ) •••(

(28)

The phase spectrum corresponding to the all pass filter can be evaluated using the following expression,
(29)
where D(u) is the complex denominator in the expression for the transfer function. The filter coefficients are
evaluated to approximate the phase of the desired transfer function. This is a significant departure from the more
common problem of matching the magnitude of the transfer function. The determination of ihe coefficients based
on this criterion involves a nonlinear optimization problem which can best be solved using the Levenberg-Marquardt
algorithm. As an example, the transfer function of a second order all pass filter is given by the equation,

where wo, C> a n d
respectively.

w

represent the natural frequency, the critical damping, and the independent frequency variable,
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The phase of this second order system can be expressed as,
(31)
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The target phase, based on the transfer function for the horizontal propagation is given by,
0,(u) = -<c(w)Ai ,

(32)

where «(w) is a frequency dependent wave number. Thus the optimization problem involv.s computing the filters
coefficients so as to minimize th.- error given by the following expression,
(33)
A number of properties of this procedure are notable. In particular, the distance over which the filter can
successfully propagate the wave kinematics depends on the filter order. An nth order oscillator model can feature a
phase shift of up to TIT. Thus the maximum phase shift attainable by the filter imposes limitations on the distance
through which the propagation can be carried out. Also, for a given wind velocity, the maximum propagation
distance is restricted since the product KAS must lie within the maximum phase delay of the filter, and the value o(
K is dependent on the wird velocity. Figure (4) shows the matching between the target and the approximate phase
response for a typical set of parameter values.
STOCHASTIC D Y N A M I C ANALYSIS OF A G U Y E D TOWER
It has been shown in the preceding section, that both magnitude and phase characteristics of wave kinematics
spectra can be captured by filters. If only magnitude characteristics are important, the analog filters, such as the
ones associated with equations (4) and (15) can be useful for expeditious studies of offshore structures. This point
will be addressed in this section by considering the dynamic response of a guyed tower to random waves.
The governing equation of motion of the guyed tower considers its rigid body motions about the base hinge. The
motion in a plane can be obtained by taking equilibrium about the base. Thus, the governing equation is [8],
JQ9 + cd29 + Rxzea + (FiZh - Wze, -Rtzce)9

= F{t)h.

(34)

In the above equation, Jo denotes the mass moment of inertia of the platform about the base, including the added
mass effects, d is half the depth of the idealized tower, W denotes the combined weight of the platform deck and
of the tower. Also, Ft denotes the buoyancy of the platform, zCf and *» denote the distance from the base of the
centers of gravity and buoyancy of the tower alone without the deck, and zca denotes the distance from the base of
the attachement point of the cables. All of the above distances are measured parallel to the tower centerline. The
symbol F(t) denotes the total wave force acting on the tower and A is the center of action of this force. Furthermore,
Rx and Rt denote the horizontal and vertical restoring forces, and are given by
Rr = ciO + CJ03

(35)

R, = ei + c792 ,

(36)

where 9 denotes the rigid body rotation angle of the tower. Substituting the above expressions results in the following
equation of motion,
Job + cdH + (z^ci - Wtc, - r ea ci + F»r») 9 + zca (c2 - £j) 9s = F(t)h .

(37)

The above equation of motion is simplified using the technique of equivalent linearization [5,6], and is rewritten in a
non-dimensional form as
9 + 200*09 + u>lt8 = M(t),

(38)

where u>o, denotes the natural frequency of the equivalent linear system. The wave elevation is considered to be
a random process, stationary in time and homogeneous in space. In addition, it is considered to be a zero-mean,
Gaussian process, specified by the Pierson-Moskowitz spectrum. The wave field kinematics are assumed to follow
the linear wave theory. The force on the structure is estimated by the use of the Morison equation. Using ail of the
above assumptions and the equivalent linearization technique for the non-linear drag term, an approximate model
for the spectrum of the wave-induced moment M(t) about the base can be obtained as [8],

Cbw)' '

(39)

where the coefficients Go, A"o, and Co are obtained through least-squares approximation to the Pierson-Moskowitz
spectrum as discussed by [5]. It can be shown that a process whose spectral density function is a rational function
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can be realized as the output of a linear system of appropriate order excited by a generalized derivative of white
nokie. In this case, the process M(i) is the solution to the following equation, where VV(i) denotes a white noise
process,
M + C0M + K0M=\/GlW(t)

.

(40)

Differentiating the equation of motion twice with respect to time, the equation (40) can be incorporated into equation
(38) yielding the following fourth order equation,
6IV + aA9'" + azS11 + a26' + ax0 = \/G~0W(t) ,

(41)

where the various coefficients are given by the following equations,
va\

=

a^

=

2/do^o ~H Co •

(42)

The above formalism involves the derivative of a white noise process, a quantity that is defined in a generalized sense
From an engineering perspective, the parameter 8 is merely the derivative of the response of a fourth order linear
system with characteristic equation in the Laplace domain given by
A(*) = s 4 + a 3 s 3 + O2« 2 +ais + ao

(43)

and excited by a white noise process with constant power spectrum equal to Go- Thus, the variance <r| can be
determined t y the equation

-L

(44)

where i = %/—1, and |.| denotes the modulus of a complex function. Clearly, the power spectrum of 0 is
a

(Cow)'] '

] l(K0 -

(45)

from vhicii its variance can be calculated to be

<crj > =

2

2

(46)

The analytical form of the integral in equation (44) belongs to the class of integrals which can be calculated
analytically as described in [9]; particular attention for its application in offshore engineering has been called in [5].
NUMERICAL EXAMPLE
The approach described in the previous section is applied to an example featuring an idealized guyed tower. The
details of the specific values of the various parameters used can be found in [7]. The details of the regression analysis
to obtain the polynomial representation for the restoring forces can also ba found in that reference. The physical
set-up is shown in Figure (5). Table (1) shows the standard deviation at the deck-level of the guy tower for a number
of wind speed and associated wave height.

f Hodil of lrf(*l!z«d Cuytd Tourer
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Wind (ft/s)

H. (ft)

Ho

30
40
70
80

5.81
10.38
31.84
41.58

0.84
0.52
0.20
0.16

0.11
0.88
0.062
0.041

Go (1011)

°xD (ft)

0.44
1.68
1.41
1.55

1.45
4.45
29.73
39.02

Table 1: Filter Parameters and Response Statistics
CONCLUSIONS
The problem of wave kinematics propagation was reviewed and new related concepts were introduced. Specifically, it was shown that causal filters cannot be effectively used to model the vertical propagation of water particle
kinematics. Moving average filters are found to be quite efficient for this situation. Filters were developed for the
propagation of both horizontal and vertical kinematics along a vertical line into the water. The horizontal propagation problem is complicated by the dispersive nature of gravity waves. This dependence on frequency of the velocity
of the waves was adequately modeled using an all pass filter. This filter featured non-attenuation of magnitude
while providing a nonlinear phase to represent the nondispersive nature. The filter was designed so that its phase
matches the theoretical phase of the kinematics propagation. The ease with which the various filters introduced can
be implemented was demonstrated in conjunction with the dynamic analysis of a simple model of a guyed tower.
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INTELLIGENT SENSING AND CONTROL OF GAS METAL ARC WELDING
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ABSTRACT
Intelligent sensing and control is a multidisciplinary approach that attempts to build adequate sensing
capability, knowledge of process physics, control capability, and welding engineering into the welding
system such that the welding machine is aware of the state of the weld and knows how to make a good weld.
The sensing and control technology should reduce the burden on the welder and welding engineer while
providing the great adaptability needed to accommodate the variability found in the production world.
This approach, accomplished with application of AI techniques, breaks the tradition of separate
development of procedure and control technology.

INTRODUCTION
Conventional, automated processing generally involves sophisticated sensing and control techniques
applied to various processing parameters. In arc welding, for example, these parameters may include
current, voltage, welding speed, and various other factors deemed important to process reproducibility. The
attributes actually desired in the product, such as properties and quality, are normally controlled by some
form of statistical process control. Thus, we can think of conventional practice in terms of real control
(implemented by hardware-based systems) applied to the process, and virtual control (implemented by
people/paper systems) applied to the product.
The prime objective of intelligent sensing and control is to make a good product the first time. The
approach involves integrating off-line inspection into the process via sensors for both process and product
state, in combination with appropriate control technology to drive the product state to the desired point. Of
course, the objective is the same as for existing conventional technology; the difference is that the time
constant of a real control loop should be orders of magnitude shorter than that of a virtual loop. Thus, fewer
rejects should be produced. In addition, intelligent sensing and control should be less expensive, mainly due
to reduced labor cost.
We can now examine the tools necessary to implement intelligent sensing and control. These include (in
no particular order) control theory, process modeling, sensing, and artificial intelligence, in addition to the
normal tools of welding engineering and materials science.
Control Theory provides a formal means of developing a strategy to obtain the desired product stale and
suitable process dynamics. The foundation of control theory is a body of techniques that allow convergence,
stability, robustness, frequency response, and other factors to be predicted and obtained. Thus, design of a
controller has a mathematical engineering basis.
Process Modeling provides a means of incorporating both first principal and empirical information into a
control strategy. Models may be used off-line to evaluate and tune a controller in a simulation. They may
also be used to develop transfer functions of a process for use. in formal controller design, or to provide maps
279

between input and output parameters. Process models are an important bridge between what is known and
what is desired.
Process Sensing is the necessary means of identifying the state of both the process and the product.
Controllers operate by comparing actual process output (in terms, for example, of product attributes) to the
desired output. The difference or error is used to calculate the appropriate control input to the process. Thus
sensors are normally needed for each of the various parameters or attributes chosen as system outputs in the
design of the controller.
Artificial Intelligence (AI) is a body of techniques that attempts to mimic biological intelligence. These
various techniques, including expert systems, artificial neural networks, and fuzzy logic, are used for a
variety of interesting applications including image and signal processing, selection of nominal parameters,
and dynamic control. More is said about this topic in the next section.
Intelligent sensing and control involves application of all of the above tools to control of both the desired
operation of a process and the attributes of the product of that process.

THE ROLE OF AI TECHNIQUES
Before turning to the question of what this means to welding, we believe it is worth while to comment on
some of the AI techniques mentioned above. Although a well balanced paper would expound on all four of
the above tools, we have selected AI techniques for comment because we believe that some simple
observations are of sufficient value to include in this short paper. We apologize for the fact that what follows
is in no way a comprehensive review of this vast field; there is a story to tell, and we have selected references
accordingly.
Papers and presentations on AI methods and applications generally discuss the nuts and bolts of the
machine, but gloss over what it is that the machine does. Consider, for example, artificial neural networks.
Anderson and Rosenfeld [1] and more recently Simpson [2] provide excellent starting places for the study of
artificial neural networks, while MacGregor presents an excellent overview of biological neurons and neural
networks [3]. Anderson a/id Rosenfeld provide an historical view, and Simpson gives possibly the best
presentation now available of the most important algorithms being used, based on classification into four
groups in terms of feed forward and recursive network structures and supervised and unsupervised learning
methods.
Perhaps the most popular algorithm for artificial neural networks is the feed forward network using
backpropagation for learning of the interconnection weights. In one of their introductory papers on
backpropagation, Rumelhart et al. [4] employ the XOR Boolean logic problem as a test case. In this
problem, there are two binary inputs and one binary output; if the inputs are both Is or Os, the output will be
0 and if the two inputs are not both the same (i.e.. ;,0 or 0,1) the output is 1. A feed forward network
having two binary inputs (XI and X2), three artificial neurons in the hidden layer, and one output neuron,
where all neurons include the nonlinear sigmoid activation function, is taught the XOR problem. This
network is able to lesm a good solution to the problem in several hundred iterations of supervised learning.
The neural network output OUT in the above example may be calculated algebraically from:
O U T = f ( V l * f ( X l * W l l + X 2 * W 1 2 ) +V2f(Xl*W21 +X2*W22))

(1)

where f is the sigmoid function operator.
The resulting output is plotted as a function of XI and X2 in Figure 1, a plot of the input to output
mapping function learned by the network. The function is continuous and is a good solution for binary
inputs, but a poor solution for intermediate inputs. The main point to be made is that an artificial neural
network is a mechanism for generating an input to output mapping function, given a set of discrete (not
necessarily binary) data points. This point is discussed by Gallant and White |5] and more recently
Cardaliaguet and Euvrard [6]. As is noted below, fuzzy logic systems are also mechanisms for generating an
input to output mapping function, and a strong argument may be made that expert systems are also such
mechanisms, though in this latter case the mapping function is not continuous.
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Expert systems and fuzzy logic systems both differ from artificial neural networks in that they use
conditional logic statements as the input data. The difference between the two methods is that expert systems
normally give yes/no or black/white types of output, whereas fuzzy logic systems admit degrees of maybe or
levels of gray as inputs and outputs.
Consider the XOR problem discussed above. The conditional logic statements were stated as: if the
inputs are both Is or Os, then the output will be 0; and if the two inputs are not both the same (i.e.. 1.0 or
0,1), then the output is 1. A fuzzy logic solution [7] is shown in Figure 2. This solution has the interesting
features that completely ambiguous inputs (X=0.5, Y=0.5) give an ambiguous output (Z=0.5), and the plot
is Symmetrical. This is a much more logical answer than that obtained by the artificial neural network above.
Indeed, it is an enlightening exercise to attempt to reproduce the symmetry of the fuzzy logic solution with an
artificial neural network (but one that we will leave to the reader).
At least two additional observations may be made about the above example. One, that method of
evaluating fuzzy logic allows one to write the solution as an algebraic function, in the same manner as was
possible for the artificial neural network solution. (This is not possible for the standard fuzzy logic paradigm
{8], which requires some scheme of defuzzification to calculate a solution. The conventional approach
normally generates non-continuous functional solutions.) For this reason, this new method is called
"continuous fuzzy logic" to differentiate it from the more standard paradigm.. Two, the solution to
continuous fuzzy logic may be represented in a network form. Figure 3, in which the inputs X and Y and the
output Z are as discussed above. The elements in the network hidden layer are directly associated with the
mathematical evaluation of the individual if conditions. The hidden elements-to-outpul element weights are
directly associated with the action to be taken. The output element contains a summation operator. (The
reader may want to compare this network with the corresponding structure for conventional fuzzy logic
shown in Kosko, figure 11.8, p. 392 [8].) it is probably not appropriate to call this a neural network, but it
is proper to refer to it as a connectionist network, thus recognizing that it belongs to a superset that contains
artificial neural networks.
In the case of an artificial feed forward neural network, the number of elements required in the hidden
layer(s) is determined by the number of degrees of freedom required to adequately map the control law.
Determining the actual number required is generally accomplished on a trial and error basis. For a fuzzy

OUT

XI

Figure 1. Plot of functional inpul-to-output
mapping learned by feed forward neural network as
solution to XOR problem.

Figure 2. Continuous fuzzy logic solution to the
XOR problem.
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network, a hidden layer element is associated with each conditional logic rule, so establishing the number of
hidden layer elements is no problem.
By now you realize thai the fuzzy logic XOR solution is a mapping ("unction. An expert system solution
is also easily generated, consisting either of isolated 'peaks and holes or of a stepped surface, depending
upon how you go about it. So we see that all three methods discussed are, in fact, mapping function
generators.
The next logic step involves recognition that input to output mapping functions are in fact the same as
transfer functions. Transfer function based analysis and design methods form a major portion of dynamicsystems analysis [9], signal analysis [ 10], and control theory; thus, the route to formal integration of Al
techniques into these other disciplines is available, but unfortunately few have attempted to exploit it.
Fortunately, Ydstie [11], and especially Narendra [12] have, and the reader may start with them to explore
this interesting topic.
It may be noted that the mapping function generated by the fuzzy logic system. Figure 2, lacks the faceted
appearance normally seen in such functions, for example Kosko figure 9.4a, p. 343 [8]. Figure 2 was
generated using a continuous fuzzy logic algorithm [13] that is not normally seen, but which has apparently
been derived at least three times by various workers. Continuous fuzzy logic readily allows generation of
continuous mapping functions, at least in part, by elimination of the defuzzification step required by the more
standard algorithms [8]. An important side benefit is a significant reduction in the amount of computer code
required for implementation. But more important from a control standpoint is the effect of using a continuous
function as a control law.
Figure 4 shows a mapping function generated using continuous fuzzy logic that describs the control law
for a one-dimensional tracking problem similar to seam tracking in welding. The logic used to generate the
mapping function is based on the input X being the tracking error, the input Y being the first derivative with
respect to time of the tracking error, and the output Z being the control input to the system. Thus, this
controller operates as a proportional-derivative controller.
Next, we will examine control of the tracking problem using continuous fuzzy logic.
By making changing the mapping function, the
resulting controlled system dynamics may be tuned in
a manner that is equivalent to a conventional
controller. For example. Figure 5 shows tracking
e/ror (gap) as a function of time. As the function's
partial derivative with respect to X is increased, the

logic rules
action constants

Figure 3. Netwi :k representation of continuous
fuzzy logic.

Figure 4. Control law for one-dimensional tracking
generated using continuous fuzzy logic.
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convergence rate increases. The effect is to increase the time for convergence until overshoot is obtained as
shown in Figure 5. Figure 6 shows the steady state solution obtained (in this problem a small positive error
(gap) is desired); the steady state value may be varied as the amplitude of ihe mapping function value is
changed for X = Y = 0.
There are lessons to be learned from tins simple example. One, all controllers need to be properly tuned,
even intelligent ones. There has been considerable hype in the popular press to the effect that fuzzy logiccontrollers are the panacea for applications where the system transfer functions are not readily available, but
"expert" knowledge is available. A recent IEEE video tape on fuzzy logic [14] disclosed that a certain
commuter train in Japan that uses a fuzzy logic controller required approximately eight years of controller
development including some 350,000 computer simulations for propei tuning. This situation would not be
tolerated by industry in this country; the solution is development of engineering tools for controller tuning
applicable to fuzzy logic and other Al-based controllers. Two, the partial derivatives of the mapping function
with respect to the inputs are equivalent to the gains in a conventional controller. Mapping functions should
thus be continuous. Considerable care must be exercised with conventional fuzzy logic controllers to obtain
continuous mapping functions. Three, most learning methods for artificial neural networks teach the network
the amplitude of the mapping function at a given coordinate. Methods to teach control laws should also be
capable of teaching mapping function partial derivatives with respect to inputs at a given coordinate.
This discussion of applying artificial neural networks or fuzzy logic systems as controllers is now
summarized. Consider a more generalized formulation of the controller transfer function as:

G(s) =

K 2 (...)2 + K3(...)3

K n (...) n

(2)

Replacing such a controller by a connectionist network may be accomplished by formulating a network
having an input dimension, D, associated with each of the above n gains. Also associated with each input
will be a signal preprocessor (...)n- Using such a formulation, given linear activation or membership
functions, the derivatives of the network mapping function, F ,with respect to the network input dimensions
Dare:
dF/dDn = K n

(3)

where Kn is the local gain associated with the nth input dimension. The connectionist network will have an
output dimension associated with each of the conventional controller outputs.
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Figure 5 Tracking error (gap) showing overshoot
for a high value of mapping function derivative with
respect to error input.
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Figure 6 Tracking error (gap) showing small steady
state gap for a low value of mapping function
amplitude for inputs of zero.
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APPLICATION TO WELDING
Recent examples of applications to welding cover the fine technical details [ 15,16]. We will look instead
at what we consider the global problems to be, and speculate on a possible solution.
Typically, welding systems either allow the welder access to process parameters at the expense of placing
a significant burden on the welder to program the system, or the system is very easy to program but the
welder has limited access to the process parameters. This creates one of two problems. If the welder has
easy access to the process parameters, the assumption is made that he/she has the knowledge about the
physics of welding necessary to make changes to those parameters during welding to correct an undesirable
situation; this is generally not true. On the other hand, systems that are easy to program generally do nos
provide the adaptability necessary to correct an undesirable situation during welding. The solution to both
problems is identical. Do not allow the welder to change anything, but use an off-line statistical process
control program to modify machine settings. Which is exactly where this paper started! Now iet us suggest
an alternative.
The objective may now be restated as that of developing a welding system that is very easy for the welder
to program, but which has considerable adaptability to allow in-process corrections to be made for
undesirable situations. (More to the point, the system should be able to predict and prevent undesirable
situations.)
The alternativee approach is novel, and perhaps disturbing, for the first thing we need to do is to throw
away welding procedures.
Consider the approach to development of a welding procedure. If we were doing it for the first time, we
would probably want to review fundamental knowledge about the physics of heat and mass transfer in
welding, microstructural development during solidification and solid state transformations, effect of thermal
gradients and phase transformations on residual stresses and distortion, and also general knowledge about
welding processes. From this set of data we could presumably derive a set of conditional logic statements
that would at least define the qualitative characteristics of the procedure. We could also develop models
describing the physics of the process. If we were able to build these rules and models into the control logic,
and we can do so using fuzzy logic and artificial neurai networks, then perhaps the welding machine could
use this knowledge to actually develop the procedure as the weld was being made.
In order to accomplish the type of control we have been discussing, it is necessary to have a variety of
sensors on the welding machine. Selection of the sensors should take into account the source of heat and
mass transferred to the base metal - melting of the base metal, dilution of the filler metal, solidification of the
weld bead, microstructural development in the weld bead and heat affected zone, physical properties
development, and thermomechanical distortion and residual stresses in the weldment all follow from the heat
and mass transferred by the process to the weld.
Unfortunately, with few exceptions, sensors do not exist to detect weld microstructure and properties.
This lack is a limit on the ultimate capabilities of sensing and control of arc welding, even for conventional
control approaches. The development of advanced sensors is a significant research opportunity.

EXAMPLE
Consider the application in Einerson's paper [16]. For reasons related to the specific end product
involved, it is desired to control the weld cooling rate and fill of the weld joint. The conditional logic rules
are simple:
1.
2.
3.
4.

If the reinforcement is too low, then increase the ratio of electrode speed to welding speed.
If the reinforcement is too high, then decrease the ratio of electrode speed to welding speed.
If the cooling rate is too low, then decrease the heat transfer rate to the weld.
If the cooling rate is too high, then increase the heal transfer rate to the weld.
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It may be shown [ 17] that the weld bead reinforcement (G), defined as the transverse cross-sectional area
added to the weld bead by the addition of filler metal, is given by G = 7tdS/4R where d is electrode diameter,
S is electrode speed, and R is welding speed, for 100% deposition efficiency. The amount of heat
transferred to the weld per unit length (H) is given by H = tjEI/R where r\ is the heat transfer efficiency, E is
voltage and I is current.
The sensing requirements are defined by the logic of the problem. Two sensors are required, one to
measure the transverse cross-sectional area of the weld joint and a second to measure the cooling rate of the
weld bead. It is also necessary to know the welding speed, electrode speed, current, and voltage, the values
of which are normally readily available in an automated arc welding system.
The difficult aspect of this example is that reinforcement and heat transfer rates are both functions of
welding speed and, in gas metal arc welding, current is a function of voltage and electrode speed. This
problem may be handled by deriving a model of these relationships 117], by leaching them to an artificial
neural network [16], by using a look-up table, or perhaps other means. We may comment that the
relationships between conventional parameters and heat and mass transfer rates are not obvious to the average
welder or wslding engineer. This is exactly the kind of problem that prevents the welder from adjusting heat
input to the weld while maintaining constant fill rale,
for example. In this work, the relationships have
been used as the training set for a feedforward
artificial neural network.
The resulting controller is shown in Figure 9,
from [16]. The fuzzy logic controller contains simple
rules that specify engineering practice. The resulting
control law is tuned, as was discussed above. The
artificial neural network contains (experimental)
knowledge about the physics of heat and mass
transfer in the process. The resulting mapping
function effectively linearizes the process with respect Figure 9. Process control scheme block diagram,
to heat and mass transfer rates to the base metal. This where G is the reinforcement, H is heat input, S is
system requires only that the welder set the desired electrode speed, and R is travel speed.
weld bead cooling rate. The sensors measure the
weld joint ahead of the torch and ihe weld bead cooling rate behind the weld pool, and the system responds to
the measurement as governed by the conditional logic rules given above. This is a simple example in which
knowledge of both process physics and engineering practice have been used to develop a control law and
linearize a process, but the concept can be extended to include other factors.
CONCLUSIONS
There is much more to this story. However, we will summarize by saying that what is needed is sensing
and control technology that reduces the burden on the welder and welding engineer while providing the great
adaptability needed to accommodate the variability found in the production world. Conventional approaches
to automation of welding have been reasonably successful, bul there are still significant opportunities for
additional development.
It may be time to consider breaking the traditional approach that separates procedure development
methods from control technology. A marriage of these two topics, accomplished with application of Al
techniques, may be in order.
Finally, advanced sensor development is still needed for control of weld mierostructure and properties.
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Abstract
The Gas Metal Arc Welding Process is characterized by many important process outputs, all of which should
be controlled to ensure consistent high performance joints. However, application of multivariable control
methods is confounded by the strong physical coupling of typical oJtputs of bead shape and thermal
properties. This coupling arises form he three dimensional thermal diffusion processes inherent in welding,
and cannot be overcome without significant process modification. This paper presents data on the extent of
coupling of the process, and proposes process changes to overcome such strong output coupling. Work in
rapid torch vibration to change the heat input distribution is detailed, and methods for changing the heat balance
between base and fill material heat are described.
Introduction
The application of control methods to welding has a long and successful history, yet the development of a fully
autonomous welding process that can consistently maintain high quality welding has not beer, achieved. More
importantly, the use of such control methods has not advanced the quality of welding through better process
regulation. This failure is linked both to inadequate control approaches and to basic process limitations that
control alone cannot overcome.
Welding is actually a locally appliec reprocessing of the base material with some new alloying elements added
through the wire feed. As such it is a process dominated by thermal processes. A highly diffuse energy
transport, best represented by a distributed parameter model, characterizes these thermal processes. However,
for the purposes of applying feedback control to the process, specific spatially distinct outputs must be
identified for measurement, and these can be broken down into geometric and thermal history features as
shown in Fig. 1. For example, note that the width, depth and height (W, D and H) of a bead cross section are
a parametric description of a general cross-section, and the choice of these measurements is made assuming a
well-behaved cross section shape. Likewise the thermal features of heat-affected zone width (HZ) are chosen
assuming that its extent in the cross section is well reflected by the width on the surface. Finally, the centerline
cooling rate, key to control of thermally activated processes in many material and post weld stress
concentrations, is only examined at one point, which is assumed to be the critical region.
With any manufacturing process it is apparent that control can be exerted in several places, depending upon the
availability of measurements and the nature of the available process inputs. The most common form of process
control is in fact simply machine control, which can be defined as feedback control of any machine
characteristic. Mechanical power, in the form of force or displacement control, is among the most common of

287

these and is particularly effective for serial processes where the process trajectory is a primary determinant of
output geometry.
In welding, many methods of machine control have been employed, including current-controlled power
supplies, automatic voltage control for Gas Tungsten Arc Welding (GTAW), servo-controller wirefeed velocity
in Gas Metal Arc Welding (GMAW), and torch trajectory control. In fact, the canonical welding robot is the
culmination of efforts to achieve a high level of certainty in the welding machine characteristics.

HAZ

Fig. 1 The Welding MIMO Diagram and Associated Weld Cross Section

When one encounters the entire process output control problem, which can be defined as shown in Fig. 1,
several problems appear. The lack of sufficient inputs in Fig. 1 becomes immediately evident. Fig. 2 also
indicates that direct measurement of the outputs is often difficult, particularly with regard to the weld depth.
Thus when approaching process control instead of machine or equipment control, several new problems arise,
typically involving process coupling and inaccessible measurements. The problem of measurement has been
well documented and researched, and various techniques for video (e.g. Richardson and Gutow, 1986),
thermal imaging, (Kahn et al., 1986) and ultrasonic measurement (Lott, 1984; Hardt and Katz, 1984) have
been proposed and executed to some degree of success. In addition, the use of on-line calibrated estimators
(Song, 1992) has shown acceptable output "measurement" to be permissible. Even with such
accomplishments, however, the input-output coupling inherent in this process constrains the total process
control problem, and so we introduce an approach to solving this problem below.
Output Coupling in Welding
The outputs shown in Fig. 1 include the bead geometry and the thermal effects of passing a concentrated heat
source past the weld joint. All five of these outputs are determined by the heat and mass transfer from the weld
torch to the plate. In fact, as a first approximation it is evident that the temperature distribution set up in the
weldment by the heat source determines all of these outputs.
Let us consider the simplest model of welding where no mass transfer occurs and the welding torch is modeled
as the simple point source welding model first proposed by Rosenthal (1941). This model assumes pure heat
conduction and a point source moving at a constant velocity. The solution of this problem takes the form
(Carslaw and Jaeger, 1959):

\3/2

where
T=
temperature in the material
To= initial temperature
TJ = heat source efficiency
a=
thermal diffusivity
p=
density
v=
source velocity
x,y,z = Cartesian coordinates, centered on the point source, with x in the direction of travel
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Assuming for the moment no phase transformation in the weldment, this source sets up a set of isotherms in
the weldment, that, when viewed in the reference from of the torch, resemble those shown in Fig. 3. Further
examination of this model reveals that the point source mandates that (for example) pool half-width and depth
will always be the same for a semi-infinite plate. A thinner plate can change this relationship, but no manner of
torch modulation can. In other words, the pool geometry simply scales with heat input, but the aspect ratio of
the pool cannot be controlled independently.
Point Sour*

Gaussian Sourca

Fig 3. Isotherms Predicted by Eqn 1 (point source) and Eqn 2 (Gaussian source)
If the source is instead modeled as a distributed heat flux

V2ffO
a solution similar to that of Eqn 1 can be found (Tsai, 1983; Song, 1992):

4a t
In this case the pool aspect ratio is now changed, as shown iu Fig 3. However, the aspect ratio is still fixed for
a given heat source distribution function 0.
Despite the approximate nature of the above solutions, this strong output coupling is evident in experimental
results for several different welding situations. Doumanidis and Hardt (1990a, b, c), in attempting to control
the Heat-Affected Zone width (HZ) and maximum cooling rate (CR) of a weld, found that the basic inputoutput map of the process showed very little reachability as the inputs were varied. In fact, HZ and CR were
shown to be so strongly coupled as to be uncontrollable.
Again the classical thermal conduction model provides a useful tool for examining sensitivity and
decoupledness. Under the assumptions of an infinite plate geometry-homogeneous, isotropic, temperatureinvariant material properties with no phase transformations-and conductive heat flow with no surface losses,
the steady-state temperature field developed by either a line or point moving source can be solved for the
maximum width of the T m and T n isotherms and centerline cooling rate at T c . This yields the following
expressions of the welding outputs as functions of the heat input Q, torch velocity v and preheat temperature
T
(3)

(4)
where:
Qj = heat rate input for torch 1
Q2 = heat rate for torch 2
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v = travel speed
Tm = melting temperature
Th = HZ critical temperature
Tc = cooling rate critical temperature
To = Ambient Weldment Temperature

f=NB-(nb-n2)l(n3-n2)

= l,

The coefficients ci, C2, C3 and the exponents n a , ni>, n c depend on the geometry and material of the plates as
well as on the specific environmental and process conditions.
Equations 3 and 4 show that HZ and CR both strongly depend upon the factor r, the "heat per unit length".
Accordingly, if only Q and v are available as inputs (which is typically the case), HZ and CR cannot be
independently modulated.
In the case of geometric outputs, such simple conduction solutions are less illustrative, but empirical data is no
less compelling. In an investigation of input-output modeling for Gas Metal Arc Welding, Hale and Hardt
(1990a) demonstrated that the reachabitfiy of the process was very small when torch speed v and wirefeed rate
(essentially Q) are inputs and when pool width, W, depth, D, or reinforcement height, H, are outputs. As
shown in Fig. 4, which is based on empirical data, the input-output map for GMAW shows a very narrow
range of operation when pool width and reinforcement height are considered. A similar map exists for width
and depth as outputs. Notice also that the figure shows a non-unique input output mapping over a large range
of operation. Finally, if we consider the process outputs to be the pool width and the heat affected zone,
empirical evidence again indicates little process latitude, as shown in Fig. S.
0.25 _
ight
(in!)

f-800
\

N

r-iooo

-4.7

V
0.15
f-600
fm wirefeed
rate

v-23.6

v - travel «:p^ed

0.05 .
0.2

0.6

1.0

1.4
Width
(in)

Fig. 4 Steady State Input - Output Map
Fig. 5 Input - Output Mapping for Width
for Gas Metal Arc Welding (From Hale and Hardt, 1990a)
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Process Control

Despite this strong coupling, some measure of multivariable feedback control can be achieved. For example
Hale and Hardt (1990b) and Song and Hardt (1992) have shown that simultaneous control of W and H and W
and D can be achieved., as shown in Figs. 6 and 7.
However, the limited reachability of the process severely limits the range of operations. More importantly, it
makes parameter disturbances in the process nearly impossible to el! ninate. This happens because a parameter
change has the effect of shifting the range of operation to a new location of the output plane. If this moves the
range outside the change, as Fig. 8 shows schematically, then when a simple disturbance is introduced (in this
case welding over a small void, simulating a "fill" disturbance), the closed-loop system is unable to reach
equilibrium, as Fig. 9 shows, since the desired operating point is no longer in the reachable ran«e.
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Process Modification for Improved Reachability
These results indicate that while the process of welding as currently practiced can benefit from the application
of advanced feedback control methods, the true power of multivariable/ adaptive methods cannot be realized
because of the highly coupled nature of the process outputs. As the brief discussion above indicated, this
coupling directly results from the basic heat diffusion physics of the process. For the case of manual welding,
such coupling may in fact be advantageous, since it reduces the demands on the operator. However, for truly
improved process control, it is necessary to change the basic design of the process. This could be as exotic as
totally separating heat source and mass transfer, as suggested by Singer(1985), or by far more straightforward
methods, as suggested by the heat transfer analysis presented above.
As that simple discussion made evident, the pool geometry (or more correctly the weldment isotherms) are of a
fixed geometry for a given plate material and a given heat source. However, the shift from a point source to a
Gaussian-distributed source does have the effect of altering the isotherm aspect ratio. In turn this implies that
the heat input distribution can be arbitrarily varied in real-time, and that a greater variety of temperature
distributions can be achieved in the weldment. The implication follows that the pool shape and pool-heataffected zone relationship can be modified.
Case I: Gaining Independence of the HZ and CR
As discussed earlier, if no changes are made the cooling rate (CR) and heat-affected zone (HZ) are so closely
linked as to be uncontrollable in a MIMO sense. However, it has been shown (Doumanidis and Hardt, 1989)
that by adding additional heat sources trailing the "primary" torch, a measure of decoupling can be achieved.
While the details are omitted here, the effect is evident from examination of Eqns 2 and 3. In these, the
ambient temperature To plays a different role in the two equations. This implies that if To can be modulated, a
new control input will be achieved. The additional source or sources trailing the torch play this role, by
effectively using the primary torch (which creates the molten zone) as a "pre-heating" source of the secondary,
trailing source (See Fig. 9). This same effect can be achieved by using a heat distribution that can be varied to
the rear of the weld location, as shown in Fig. 9. This is essentially an infinite set of trailing torches, and
provides the maximum range of independent modulation of the HZ and CR.
When this two torch scheme was implemented, the new inputs to the process became Qi and Q2.. A new
input-output map could then be created, which Fig. 9 shows. Although some range of independent operation
is now apparent with the two-torch method, the reachability is still quite limited.

HAZ

-200
2.0

Fig. 9 Schematic of Two Source Heat Input.
The Bead size (T m isotherm) and the HZ (Th isotherm)
are completely determined by Q i , while Q2 is used lo
respond the preheat provided by Q i to modulate the CR.

60

10.0
Hz(mm)

Fig. 10 Reachability for HZ and CR When a Two Source
System is Used.

Note that this data was gained by having two distinct torches but also by using the concept of "mechanical
multiplexing," wherein a single torch is moved rapidly between the Qi location and the Q2 location. The
residence time in each, integrated over time, equates to a relative heat input, provided that the traverse rates and
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dwell times are considerably faster than the characteristic heat diffusion times of the weidment. As discussed
in Doumanidis and Hardt (1989), this range can be improved by going to a continuously variable source
distribution to the rear. Such a distribution could, in fact be attained by either magnetic deflection of an
autogemous arc, or through rapid mechanical scanning of a concentrated source, such as a laser or plasma arc.
Case II: Gaining Independence of W and HZ
A desirable condition for control of welding would be to independently regulate the width of the weld bead and
the attendant heat affected zone. However, as Fig. 3 points out, the W and HZ are simply different isotherms
within the same temperature field. Thus they cannot be expected to be decoupled unless the distribution of heat
input is varied. That this is the case is illustrated by data obtained from GMA welding tests (see Hale, 1990)
where both W and HZ were measured by etching transverse cross sections. Note here the nearly compete
coupling of outputs over a large range of heat input (/) and travel speed (y).
To overcome this problem, the concept of a variable heat input distribution can again be exploited. As
discussed in Masmoudi and Hardt (1992), for this problem, it entails a high frequency (~ 6 Hz) transverse
oscillation of the heat source while the torch progresses along the weld line. Although similar to the common
practice of weaving, this action is intended not to weld wide joints, but rather to add variable transverse
distribution to the heat source. The results of GTAW experiments (Masmoudi and Hardt, 1992) indicate that
this can effectively decouple W and HZ. The change in the surface isotherm with and without weaving is
shown in Fig. 11, and the increase in reachability of the process is illustrated in Fig. 12.

Discussion
It is clear that GMAW, while a productive process, is not well designed for used in a multivariable control
setting, owing to the highly coupled nature of the heat and mass transfer involved. In the above three cases,
the process has been modified incrementally to allow some greater range of temperature distribution variation
and to afford some measure of control of the mass transfer independent of the heat input. Both of these
problems can be generalized and separated if one departs from the conventional GMAW process. In our
current work we are exploring just such options along several fronts:
• Active control of three-dimensional temperature distribution with a scanned point heat source: Exploration of
the general distributed parameter thermal control problem, but with system identification and control methods
borrowed from self-tuning control theory
• Development of spray or stream welding for independent mass transfer control: Independent creation of the
liquid filler material, but at a precisely controlled mass and enthalpy rate.
• High frequency vibration of the electrode to control droplet detachment: Partial decoupling of the droplet
volume and heat content from the arc heat through precise timing and feedback control of droplet detachment.
These three methods will then be exploited to create a welding process with far greater reachability and
controllability than conventional processes.

Conclusions
Welding is a process that is amenable to numerous forms of feedback control. However, when one
concentrates on the Process Control, one must deal with the multivariable, non-linear, highly coupled
nature of the process. Simple single variable control designs can perform well, especially when adaptive
techniques are used to deal with the non-linear behavior, (e.g. Suzuki and Hardt, 1990). However, as detailed
above, the coupling present in the existing processes, and in particular, GTAW and GMAW, precludes
exploiting multivariable control to its fullest.
The origin of this problem is traced here as a one of an uncontrolled temperature distribution in the weidment.
No manner of feedback can overcome this basic physical process; however, rather simple process
modifications have been shown to greatly increase the process latitude. In their generalized form, they involve
providing a controlled heat flux distribution into the weidment, and also perhaps, a controlled mass and
heat flux from filler material.

293

Nowesvmg
• Wcxvc width oi Dtnin si 3 Hz.

-r—Ti
6

" 7
7

yO-Omm

9

10
Pool width

yO • weave width
SmionA-A
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