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ABSTRACT

The analysis of cooperative brittle processes are performed on simple discrete models admitting
closed form solutions. A connection between the damage and fracture mechanics is derived and
utilized to illustrate the relation between two theories. The performed analyses suggest that the
stress concentrations (direct interaction between defects) represent a second order effect during the
hardening part of the response in the case of disordered solids.

INTRODUCTION

The evolution of damage in disordered microstructures is obviously not a simple, deterministic
process admitting careless application of conventional continuum models formulated originally for the
considerations of ductile phenomena. In general, crack growth will commence when the available elastic
energy release rate exceeds the material toughness at the crack tip. Hence, the damage evolution
(defined here as formation of new internal surfaces in the material through the process of cracking)
depends on the coincidence of local stress concentrations (hot spots) and regions of inferior toughness
(weak links) of the microstructure. Fracture toughness is a random function of coordinates and its scatter
depends on the material itself, previous history and defects attributable to manufacturing processes. The
energy release rate for the observed crack is an integrated quantity which depends on the adjacent
microdefects and microstructure. In the case of many microcracks estimates of their individual growth
are quantified by the change in a continuum measure of damage representing expectations of the growth
of the entire ensemble of microcracks. In order to be useful this measure must be physically identifiable
and measurable in tests.

PARALLEL BAR MODEL

Analytical modeling of processes involving evolution of damage is fraught by pitfalls and open to
ambiguity. For the most part the depth of these pitfalls is proportional to the inherent complexities of the
cumbersome mathematical structure of non-deterministic models which claim both rigor and generality.
A bevy of different continuum damage models, often pretentious and seldom rigorous [1], is a testimony
to this state of affairs.

As a result of the inherent complexity of the problem and the contradicting requirements of rigor and
simplicity the analytical representation of the damage and its evolution is not unique. To clarify some of
the fundamental aspects of the physics of the deformation process dominated by the cooperative action
of microdefects it is advisable to reduce the mathematical complexities by concentrating on simplified
analytical models. Simplification in modeling is typically achieved through discretization of a solid.
Simulations of brittle deformation processes in disordered media are often performed on discretized
networks consisting of nodes interconnected by links. The mechanical properties of the links can be
quite general incorporating complex, time dependent stiffnesses and rupture criteria.
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The parallel bar system is the simplest computational artifice which is typically employed when both
the specimen and the load diffusion pattern are essentially unidirectional. This rather simple and
attractive artifice was extensively and successfully applied in the past to the studies of both ductile [2,3]
and brittle [4,5] phenomena. For certain geometries and materials the selection of the parallel bar model
is fully justified by the structure of the material itself. Cables containing many parallel strands or fibers
and polymeric matrices reinforced by strong continuous fibers are the two most obvious examples. In
other cases the microstructure of a material and the failure mode render the parallel bar model a viable
alternative. The distribution of the external force to individual links may be democratic (each link shares
equally in carrying the external loads) or follow a local load sharing rule. The democratic (loose bundle)
parallel bar models entirely ignore the stress concentrations (spatial correlations). Thus, by assuming
that the failure is controlled exclusively by the distribution of weak links this model belongs to the group
of the "infinite disorder" models.

Consider first the simplest approximation [4,5] of a perfectly brittle solid by a loose bundle parallel
bar system assuming that:

- all extant links share equally in carrying the external tensile load F regardless of their position
within the system,

- all N links have identical stiffness k = KIN and elongation u,
- all links remain linearly elastic until rupture, and
- the rupture strength fr of links is a random variable defined by a prescribed probability density

distribution p(fr).
These assumptions eliminate from considerations all spatial interactions. The exact position of each
particular link is assumed to have no effect on the macro-response. Consequently, the macro-response
(measured by the system displacement u) depends only on the fraction of ruptured bars (n/N) and not on
their location. The above listed assumptions eliminate the size effect since the response depends only on
the fraction of the ruptured bars. The absence of the length parameter renders the theory local.

Application of a loose bundle parallel bar system implicitly assumes that the damage evolution and
ultimately the failure is attributable primarily to the existence of the regions of inferior toughness within
the material. Local stress concentrations are assumed to have a second order effect on the structural
response. In view of the assumptions listed above the parallel bar model is the discrete version of the
popular self consistent model. Thus, the loose bundle parallel bar model is an infinite disorder system.
Link forces are equal and the failure occurs solely as a result of the microstructural disorder, i.e. the
rupture strength distribution p(/r).

During the deformation of the system subjected to a quasi-statically incremented external tensile
load F the tensile forces in individual links/, (i = 1 to /V) keep increasing. When the force ft in the i-ih
link exceeds its strength/r, link ruptures and releases its force. The released force is distributed quasi-
statically and equally (democratically) to all extant links. The sequential rupture of individual links
slowly degrades the stiffness and the load bearing capability of the system. On the system scale rupture
of individual links can be measured as a gradually decrease of the effective stiffness.

The equilibrium of the system requires that

^ = £/«=*«(l™J = *«(l-0) (1)

where n is the number of ruptured links at a given magnitude of the externaKv applied tensile force F.
On the micro-scale number of ruptured links n suffices to define the recorded history. The fraction of
ruptured links

D = - (2)
N

is a physically appealing measure of the recorded history (i.e. the accumulated damage) on the macro-
scale. In absence of plastic strains, parameter D defines the state of the material and quantifies the level
of degradation of the material stiffness and, perhaps, even the residual load bearing capability.
Deformation of the system is defined by two kinematic variables: M and D. The loose bundle parallel bar
model makes no distinction between the case when all n ruptured links are adjacent to each other from
the case when they are dispersed. Model provides no information regarding the maximum defect size.
This is consistent with the statement that the considered model belongs to the class of traditional
effective continua models. Failures caused by the critical size of the largest defect (Griffith's instability)
or localization cannot be predicted by this class of models.
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For a very large number of links N a given property can be treated as being equal to its expectation.
The equilibrium equation (1) can be then rewritten in the form of an integral

F = kulN fp(fr )dfr U K(\ - D)u (3)

where/«« is the strength of the strongest link. The bracketed term in (3) represents the number of the
load carrying links. The expression for the damage parameter D is from above

ku

D= \p(fr)dfr=prob.{fr<ku) = P{ku) (4)

Statistically, the damage parameter can be interpreted as the cumulative probability function P(ku) of the
given rupture strength probability density function p(/r). In (£)fmin is she rupture strength of the weakest
link. Expression (4) represents the damage evolution law, i.e. the constitutive relation relating the rates
at which the damage and elongation increase. The incremental form of (4) is

dD = p(ku) kdu = p(u) du . (5)

Therefore, once the distribution of rupture strengths p(fr) on the microscalt is known, the damage
evolution law can be derived in contrast to being a priori and arbitrarily postulated.

Thermodvnamic Considerations: The energy E used to rupture the links is equal to the difference
between the mechanical work W of the externally applied tensile force F on the displacement u and the
energy cf elastic deformation U that would be released in the course of subsequent unloading, i.e.

u

E = W-U = JFdu--Fu (6)
o

Numerically the energy E is equal to the area contained within the loading (ascending) and unloading
(descending) segments of the force-displacement curve.

Consider the Helmholtz free energy of the system 0 =4KuJ),T). Restricting considerations to
isothermal processes, the rate of change of the free energy of the system, loaded by a monotonically
increasing tensile force F, can be written using the first law of thermodynamics in the form suggested in
[6J

O = Fu-TA (7)

where A > 0 is the irreversible entropy production rate.
The free energy is selected to be equal to zero in the initial, unruptured and unloaded state (D=0,

F-0). The free energy of a state defined by some load F>0 and damage D>0 is then equal to the work
done in transforming the body from its initial to current state along an imagined reversible and
isothermal path. Thermodynamic analysis of the quasi-static growth of Griffith cracks in a loaded state
in which at least some of the links are ruptured (£>>0), can be considered [6] as consisting of an
imagined sequence of two steps. In the first step, n=DN links are ruptured quasi-statically pulling
against the cohesive forces bonding together two adjacent layers of utoms. In the second step, the extant
links are elastically stretched until the requested state of deformation u has teen reached. The work
associated with the described sequence of two steps is

y.
<& = Fu-TA where EY = 2A \yrp(yT)dyr (7)
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Thus, Ey is the energy of free surfaces created by rupturing n links, while yr is the link dependent
specific surface energy. In (7.b) A denotes the initial unruptured cross sectional area of the system. The
linear elastic fracture mechanics suggests that the surface energy is a quadratic function of the force in
the link at its rupture. Assuming that a fraction X of the energy is used for new internal surfaces the
expression (7.b) can be manipulated into the following form [5]

(8)

where AT is the surface area of ruptured links. Since ku=fr, the fracture (surface) energy density is

v - ^ f2 (Q\
7 f r ( 9 )7r AkAr

Assume uniform distribution of link rupture strengths p(fr) = Af ~] where Af - fmca - fmin- The
damage-displacement relationship is from (4)

D=
ku-fm\o. (10)

6f

The expression for the entropy production rate can be finally derived [5] using the equilibrium
equation in the following form

(11)

Equation (11), in conjunction with the second law of thermodynamics (requirement of the non-negative
entropy production rate A >0 ), leads to the inequality

(T-R)D>0 (12)

where the thermodynamic forces driving and resisting the damage evolution are

r = — - = -Ku2 and R = 2Ayr (13)
oD 2

Inequality (12) is a discrete analogue of the Griffith's condition as generalized by Rice [7].
According to (12) the condition F - R > 0 must be satisfied for the damage to grow D > 0 Conversely,
healing may take place only if the resistive force exceeds the force driving link rupture. Inequality (12)
places a restriction X > I on the energy partition parameter. If the entire energy used in the deformation
process is transformed into the surface energy it follows that X = I and F= R..

Conjugate Measures of Damage and Associated Affinities. The rate of energy used in the course of
the sequential link rupturing process (or damage evolution) is from (6)

^D = YD (14)
3D

Since F = dllldu , as shown in [5]

2 2 (15)
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The smallest increment of damage dD is associated with the rupture of a single additional link (dn = 1).
Thus, the product FdD is the elastic energy of Jink (ku^J2) released when a single link ruptures.

The suggested definition (4) of the damage variable is not unique. A different damage variable may
be defined relating its rate of change to the current number of the unruptured links (N-n)

£)„=—?— such that D_ = lnf——) (16)
N-n VN — nJ

In analogy with the strain measure commonly used in the theory of plasticity, damage variable (16)
can be referred to as a logarithmic measure of the damage. Since 0<,n<N, it follows that 0 < Dn< °° .
In contrast, previously introduced damage variable D-nIN is defined in the interval 0 < D ^ 1. Two
measures of damage D and Dn are related as

D, ,=- ln( l -D) and D = l-exp(-D f l) (17)

The relation between the two damage rates, Langrangian and Eulerian damage parameters and their
expressions in terms of the initial and current cross-sectional areas are derived in [5].

The Damage Resistance Curve. The stability of the damage growth can be investigated considering
the energy balance. An alternative method for the examination and interpretation of the stability of
damage growth takes advantage of the damage resistance curve, in analogy to the well known resistance
(/? --curve) of fracture mechanics. Consider first the potential energy in a force controlled test defined by
expression

= K f(F,D) + £y(D) =f y

r-2

2(l-D)K 3K

where Kf(FJ)) represents the sum of the elastic strain energy and the load potential, while E^D) is the
surface energy (8). The energy release rate associated with the damage growth is

L (19)) 5
dD 2(\-D)2K

The thermodynamic force resisting the damage increase is

dEy SF2D2

aD K
(20)

For a given value of the force F , the accumulated damage is obtained from the equilibrium
requirement

G(F, D) = R(D) , (21)

The corresponding state is one of stable damage growth if, for a given force level, the rate of damage
resistance force exceeds the rate at which the energy is released, i.e.

§<s
The stability condition (22) requires that the slope of the R curve is greater than the slope of G curve at
the point of their intersection. If the inequality (22) is not satisfied the growth of damage is unstable. In
analogy with the fracture mechanics, R curve (20) can be referred to as the damage resistance curve. For
the considered model the damage resistance curve can be determined analytically if the rupture strength
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distribution is known. The shape of the R and G curves depends on the selected damage variable.
Adroit selection of damage variable leads to R and G curves similar in shape to those encountered in
fracture mechanics. Using the Weibull distribution of link rupture strengths the expression for the energy
release rate G and the damage resistance force R

dnf F2 dEy F2 V(
G(F,D) =—-L = *— and R{D) = —^- = ̂ -{aeYa In

dD 2(1-D2)K dD 2KK \
l-Dj

(23)

As the shape parametera becomes larger the Weibull distribution (tending in the limit to the Dirac delta
function) becomes increasingly more typical of the brittle response (ordered solids). The corresponding
R curve coincidentally tends to the Heaviside function approaching the Griffith's criterion for
homogeneous, perfectly brittle solids.

Stiffness and System Compliance, If all of the energy used in the rupturing process is
transformed into the surface energy, the complementary workW of the externally applied force F is

(24)

where W*m is the complementary work at maximum force Fn. The tangent compliance of the system
can be derived as the second derivative of the complementary work with respect to the force

( 2 5 )

At the apex F = F^ of the force-displacement curve the compliance is infinite and the tangent
stiffness vanishes. At this point a continuous change in the microstructure (gradual removal of links)
results in a qualitative change in the macro response defined as a loss of the ability to sustain further
increases in the load. The stiffness of the specimen can be also be considered a transport property. The
threshold value defining the critical state at which the transport property disappears is in physics
classified as the phase transition. Since the complementary (or Gibbs') free energy (24) is convex in
force F, and since the compliance is the second derivative of the complementary energy, the failure of a
parallel bar model in force controlled conditions is a paradigm of a second order phase transition. This
phase transition is interpreted as a transition in the connectedness. In a load controlled test at the critical
point, or percolation threshold, the remaining links will fail in a rapid succession (avalanche or cascade
mode) in response to a minute increase in the force F beyond Fm. Physically, the system undergoes a
transition from a connected to a disconnected state.

The above sketched discussion of the loose bundle parallel bar model provides a very good
illustration of some of the essential aspects the physics of damage processes. However, the simplicity is
lost in an attempt to generalize the model by including the effect of stress concentrations. It is interesting
that the estimates of the critical state rendered by the hierarchical parallel bar model [7] are in very good
agreement with the predictions of the above discussed loose bundle parallel bar model [8]. This provides
a first but insufficient indication that the stress concentrations (direct interaction of defects) might not
always be significant in the ascending part of the response.

LATTICES

Lattices represent not only a more realistic discretization but also a provide a very natural method of
estimates of the stress concentrations. A truly comprehensive study of rupture in triangular central-force
lattices, consisting of links with identical stiffness and randomly distributed rupture strengths, was
recently completed by Hansen, et al. [9]. At each end the lattice was supplied by a rigid member
ensuring identical displacement of all end nodes. Periodicity conditions were enforced in lateral
direction to eliminate the end effects. Quenched disorder was introduced assuming uniform distribution
of link rupture strengths p(fr) = const, (modeling the initial damage by links of zero strength). On such a
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lattice Hansen, et al. [9] performed repeated computations for a large number of different physical
realizations of the same statistics. The only difference between individual simulations consisted of
different spatial distribution of links strengths. To ascertain the effect of the lattice size Hansen, et al. [9]
considered four different lattice sizes defined by the number of rows in the lattice A.

Computations were performed using conventional truss analyses. Forces in links were computed for
every increment of the externally imposed displacement. Whenever the force in a link exceeded its
rupture strength fr, the link was removed and its force redistributed to extant links in accordance with the
equilibrium and compatibility conditions. Since the lattice geometry was periodic, and analysis
deterministic, the disorder is attributable solely to the non-deterministic distribution of the initial damage
and rupture strengths (quenched disorder).

The macro-variables defining the kinematics of the considered dissipative process are the
displacement u of the lattice (change of the distance separating the rigid members) and an appropriately
defined damage variable D (2). On the micro-scale the history is recorded by the number of broken links
n. Since n, or D, are the only history recording variables, all macro-variables and transport properties
(such as the effective lattice stiffness) must be defined as a function of D or as some other appropriate
function the number of removed links n. To determine the statistics of the process the results of
computations are averaged over the entire ensemble of physical realizations selecting the number n of
ruptured links as the control variable.

TABLE 1: Number nm, density nmIN of ruptured bonds, displacement um,
foTceFm and damage Dm at the apex of the force-displacement curve.

A
%

Dm =nmiN

Um

Fm

Oim

4
9

0.280
1.09

0.54

0.5
(0.500)

8
25
(26)
0.195
1.83
(1.91)
0.92
(0.94)
0.5
(0.521)

16
85
(86)
0.166
3.08
(3.00)
1.54
(1.56)
0.5
(0.487)

24
173
(168)
0.155
4.17
(4.13)
2.09
(2.15)
0.5
(0.495)

The same lattice was analyzed using the self consistent model in [10]. The analytical results of these
analyses are arranged in the Table 1 while the results of the numerical simulations reported in {9] are
added in parentheses. The remarkable accuracy with which the self consistent method fits the numerical
simulations provides a strong indication that the lattice response during the hardening phase of the
deformation process (i.e. along the ascending part of the force-displacement curve) depends entirely on
the volume averages of the disorder. The exact details of the spatial distribution of ruptured links has a
second order effect on the response. The parallel bar model with democratic load sharing rule
completely ignores the role and the influence of the stress concentrations on the connectivity threshold.
This is a reasonable assumption for the damage tolerant materials, i.e. for deformation processes
characterized by the presence of a large number of small crack-like defects. In the case of ordered
materials, having a narrow band-width of rupture strengths, the failure occurs by unstable propagation of
a single defect at negligible levels of distributed damage. In these cases the stress concentration becomes
a dominant effect requiring introduction of a load sharing rule.

The choice of the damage parameter for the parallel bar model is not unique. The damage is fully
described by the number of ruptured links n which can be, in principle, selected as the damage
parameter. The number of ruptured links can be related to the number of original links D = (nIN) ,
number of surviving links {n/(N-n)), etc.. All of these measures are equally valid and a selection of the
"best" or "most appropriate" damage parameter is largely a matter of taste. This is not so in the case of
lattices. According to the computations in Hansen, et al. [9] both the total number of ruptured bonds nm
and the density of the ruptured bonds (nmIN) at the apex strongly depend on the specimen size. As such
neither of them is a viable candidate for the internal variable. However, the magnitude of the damage
variable aim (defining the reduction of the secant modulus K{a>) = K(l-O))) at the apex depends only on
the selected distribution of rupture strengths (microstructure). In lattices it becomes necessary to make
distinction between the density of ruptured bonds D = (nIN) and the parameter co. Both of these
parameters, as expected, depend on the microstmcture (selected distribution of the link rupture strengths
p(/»). However, only the parameter <y, or more accurately the magnitude of the secant modulus K(a>), is
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invariant of the lattice size. Since the effective secant modulus K(a>) is readily measurable this
conclusion is potentially very important in selection of the internal variable quantifying the damage.

SUMMARY AND CONCLUSIONS

Analyses of damage processes using simple discretized models provides valuable insights into the
essential features of the problem. The most important conclusion relates to the selection of the efferr i^e
secant stiffness as a size independent internal variable (order parameter) which is not only measurable
but depends only on the distribution of rupture strengths in the microstructure. Secondly, identification
of the rupture in load controlled tests as a phase transition suggests that the threshold itself and all
scaling laws are robust with respect to the higher statistical moments of the microstructural disorder.
Consequently, the effective continua (mean-field) models should provide reasonably good predictions of
the macro response during the entire hardening segment of the load-displacement curve.
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