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Abstract

Here we study the effect of capillarity on a microscopic problem related to foam flow in porous
media: the transport of a bubble or drop through a constricted capillarity tube. The aim is to
study the snap off process which occurs during the formation of a foam in a porous media. We
illustrate the dynamics of the bubble for different initial data and for several different sets of the
physical parameters.

Introduction

The behavior of a single phase fluid as it flows in a porous medium is governed by the properties
of the fluid and the geometry of the porous material. For a two-phase flow in a porous material, we
have the additional dependence on the interaction of the two fluids. In particular, the surface tension
between the two phases can have a major influence on the microscopic (pore size) dynamics of the
mixture. Hence the macroscopic behavior of the two-phase flow must depend on the microscopic
dynamics of the two fluids. One important type of two-phase flow in a porous material is foam
flow. This is because of its applications to enhanced oil recovery and hazardous waste management.
Our aim here it to study a microscopic problem which occurs in foam flow. In particular here
we will study numerically the generation process of a foam. The dominate mechanism for this is
called 'snap-off'. This is related to the instability of a gas bubble as it moves through a constriction
in the porous material. As the bubble moves through the constriction an instability is initiated
which results in the bubble splitting into two (or more) parts. The result of many of these divisions-
occurring is a foam.

In order to study the basic phenomena of the generation of a foam, we will consider flow in a
capillary tube. This geometry has been used by many others in the study of flow in porous media.
We will first consider the problem of a pressure driven bubble in a capillary tube. There have been
many investigations of this problem. In particular, Bretherton [1] consider the steady motion of a
semi-infinite bubble in a tube. By using lubrication theory, he was able to show that the speed U
of the; bubble exceeds the average speed of the fluid by the amount UW where W is proportional to
the Capillary number to the 2/3 power. There was considerable work to follow this up. For example
Park and Homsy [2] used a matched asymptotic analysis to justify Bretherton's result and later
Schwartz et al. [3] compared the predictions of Bretherton's theory with experiment, and found an
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under prediction of the film thickness for long bubbles but good agreement for bubbles of length
less than 20 tube radii. Also Reinelt and Saffman [4] computed the exact shape and speed of a
steadly moving semi-infinite bubble in a capillary tube numerically. Later Martinez and Udell [5]
computed the steady motion of a bubble of finite size in a pressure driven flow in a capillary tube.

Our primary concern will be with the transient motion of a bubble or drop (both words will
be used here) through a constriction in the capillary tube. There has also been some recent works
in this direction. For example, Pozrikidis [6] has studied the transient motion of a period array of
bubbles in a straight capillary tube. This work was primarily directed to determining the steady
motion although some unsteady cases were considered. The periodicity had a big effect unless the
bubbles were widely spaced. In the case of a constricted capillary tube, Gauglitz and Radke [7] used
a lubrication model to study the dynamics of a semi-infinite bubble. In particular they did observe
snap-off and found that the snap-off times compared well to experiment when the initial data was
taken from an experiment. On the other hand, their lubrication model was not asymptotic in its
treatment of the curvature term. In particular, since the pinching instability for flow of a thin film
in a capillary is primarily due to the effect of the curvature, a careful treatment of the equations
of motion is important to an understanding of the dynamics of the bubble. Our aim is to study
the dynamics of a bubble of finite length as it passes through a constriction (Tsai [8] and Tsai and
Miksis [9]). This will be done numerically using a boundary-integral method.

Formulation

Consider the pressure driven motion of a bubble or drop in a axisymmetric capillary tube (see
Fig. 1). Letting (r,z) be cylindrical coordinates with the z-axis along the centerline of the tube.
Suppose that the suspending fluid of viscosity \i flows at a constant flux Q and that the velocity
profile far upstream and downstream is given by a steady Poiseuille profile. Inside of the tube
suppose that there is a drop of fluid of viscosity A/i of undeformed volume 4ira3/3. Here a is called
the effective radius of the drop. The problem is to determine the dynamics of the drop as it moves
within the capillary tube given an initial shape. For straight-sided tubes steady state shapes can be
expected for certain values of the parameters. For tubes with a constriction, steady shapes can only
be expected downstream of the constriction. Denote the region containing the suspending fluid by
fi) and the region containing the drop by Hi-

r=h(z)

Fig.1 Bubble in a Constricted Capillary Tube
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We assume that the motion of the fluid is governed by the Stokes equations. Hence in the fluid
region fi,, the equations of motion

V • v, = 0, (1)

V • £,- = 0, (2)

where u, is the velocity vector and S, is the stress tensor for the fluid,

E,:= -p,I + A,;[V{T, + (V*)'] • (3)

Here p, is the pressure, A! — 1 and A2 = A. The superscript t in (3) means transpose. The boundary
conditions along the tube surface, r — h(z),—oo < z < oo is no-slip,

W ! = 0 . (4)

Along the unknown interface, F, between the two fluids we have the continuity of velocity,

V\ = V2, (5)

the stress condition
(Ei - S2) • S = pJ-fV • n)n, (6)

La
and the kinematic condition

dY
~(r,z,t)-n = v-n. (i)

Here, Y(r, z,t) is the position vector of the interface F. In addition we have the upstream and
downstream conditions that the velocity profile becomes parabolic,

w , = 2 ( l - r 3 ) £ . (8)

The variables in (l)-(8) are dimensionless with the tube radius R at infinity as the unit of length,
QJ-KR1 as the unit of velocity, /.IQ/TTR3 as the unit of pressure (and stress) and TTR3/Q as the unit
of time. We have also introduced the Capillary number Ca = fiQ/ir-fft2 where 7 is the surface
tension. In addition z is the unit vector parallel to the z-axis and n is a unit vector normal to F
pointing into the drop. Finally we would like to define the dimensionlcss effective radius of the
drop as re = ajR, our results will be presented as a function of this parameter and the Capillary
number.

Numerical Method

In order to solve the moving boundary problem (l)-(8) with a given set of initial data we will
us a boundary integral method (see e.g., Rallison and Acrivos [10] and Pozrikidis [11]). The idea
here is to reformulate (l)-(8) as an integral equation along the surface of the drop and the tube
walls. Solve this integral equation for the velocities along F and then use the kinematic condition
(7) to advance the moving boundary F. Following Rallison and Acrivos [10] we can reformulate
(l)-(8) as the integral equation over the moving boundary F and the fixed boundary F^ which is
determined by the size of the computational domain. In particular, if the computational domain
is given by K\ < z < K2 then Vw includes that portion of the tube wail for these values of ; plus
the cross sections of the tube at z — K\ and z = AV We will assume that the velocity profiles at.
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z — K,,i = 1 , 2 is given by (8). Following Rallison and Acrivos [10] we find that along the boundary
F or Vw the following integral equation holds.

kCv(x) - ~
T

j f J [ - y) • n(y)][{x - y) - v(y)]dTw(y) (9)

1 1_ _LJL f
Sw Ca Jr

I x bI

x - y I j z - y | J

x — y x — y

Here » represents the unit outward normal along the boundary of Qy pointing out of the region, v
is the fluid velocity vector and T — £2 • n. Also k = I + A if the position vector x is along Y while
k = 1 if x is along P^. In addition the tensor C depends on the smoothness of the boundary, e.g.,
for a smooth boundary point C — —^1 (see e.g., Pozrikidis [11]).

An outline of the numerical method to advance the interface a time step Ai goes as follows.
First select the number of mesh points along the boundaries of the wall Vw and the interface F.
Assume that the initial shape of the drop is given. Compute the total arc length of the drop. Spline
fit the radius and axial coordinates along the interrace in terms of arc length and redistribute the
mesh points along the interface with equal arc length. Solve the integral equations (9) to obtain
the velocities along the interface F. Use the kinematic condition (7) to update the interface. This
equation is integrated by using a 2nd order Runge-Kutta scheme. Hence this involves first updating
the interface by a time step At/2. Then this information is required to update the interface to the
time step A£. Therefore we again need to fit a cubic spline to the interface, redistribute the points,
and solve the integral equation for the updated interface. Then this updated interface is used in the
Runge-Kutta scheme to get the final prediction at the time step A<. The above is then repeated
to advance to 2Ai and beyond. The calculations were all done on an IBM RS6000 workstation
and the results presented here are graphically accurate. The scheme appears to be second order
accurate. This was illustrated by computational checks. In addition the volume of the droplet was
computed as we advanced in time as a check 011 the accuracy of the scheme.

Computational Results

Our aim here is to illustrate some of the types of behavior that can happen to a bubble as it is
flowing within a capillary tube. We will begin with some examples of a straight-walled tube and
then introduce the constriction. In Fig. 2 an initially spherical bubble of re = 0.9 and A = 0.1 was
placed in the flow inside of a straight-walled capillary tube. In Fig. 2a we set Ca = 0.1 and we
see that the bubble approachs a steady state shape which is elongated compared to the initial data
(Note the difference in the vertical and horizontal scales). In Fig. 2b we set Ca = 1.0. in this case
the bubble elongates with the back of the bubble increasing towards the front (a re entrant cavity)
as a function of time. Hence we see that the effect of the Capillary number is to -change the shape
of the bubble significantly.

The effect of the initial data is illustrated in Fig. 3 for a bubble with rc = 0.7667 and A = 0.1
The initial data here is an ellipsoid as illustrated. In Fig. 3a we set the flux Q = 0, hence Ca = 0. A
slightly different scaling of the variables was necessary in order to do this. We see that the pinching
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Fig.2 Spherical Bubble in Straight Capillary
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Fig.4 Spherical Bubble in Constricted Capillary
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instability of a long bubble is observed. In Fig. 3b we set Ca = 0.1 with the same initial data
as Fig. 3a. The pinching instability is still observed here but the bubble now moves downstream.
Hence a snap-off can occur because of the initial data, so the results of any study of this instability
will be very dependent on the initial data.. In a random porous material one would think that any
initial data is possible, so all of the observed phenomena should be possible.

Now consider the case of a constricted capillary. Suppose we replace the straight-walled part of
the capillary, i.e., h{z) = 1, in the section — L < z < L by the formula

h(z) = 1 -g[l.0 + cos{irz/L)]. (10)

This is the same perturbation in capillary tube shape as used by Gauglitz and Radke [7]. It implies
that the length of the constriction is 2L and the gap radius is 1 — 2g. In Fig. 4 we set L = land
g = 0.3, A = 0.1 and re = 0.9. The initial data is plotted in the figures. In Fig. 4a we .set Ca = 0.1.
We see that I he bubble is squeezed through the constriction and it approachs the same steady shape
downstream of the constriction as in Fig. 2a. In Fig. 4b we set Ca = 0.5. We see that as the
bubble passes under the constriction, the back of the bubble advances toward the front as in the
straight tube case of Fig.2b with a larger Capillary number. In a straight tube, a re-entrant cavity
is not expected in this case (see Martinez and Udell [5]). The reason for this re-entrant cavity is
the presence of the constriction and downstream it will disappear. Hence the constriction enhances
this deformation and can possibility introduce an instability. Although, not illustrated we should
note that for all other variables being constant, we find that the bubble motion slows down as A is
increased.

A more interesting case is for a bigger bubble. In Fig. 5 we set Ca = 0.1, A = 0.1 and re — 1.77.
The initial bubble is placed upstream of the constriction, g — 0.3 and L — 9.0. We see that as the
bubble passed through the constriction, a perturbation develops along the interface, downstream
of the constriction. As time marches on, the perturbation moves along with the bubble front and
does not appear to grow in size after an initial growth period. Finally we find that the perturbation
disappears and the bubble passes through the constriction.

In Fig. 6 we set Ca = 0.005, A = 0.1, re = 1.77, g = 0.3 and L = 9.0. For the initial data we
took a bubble profile from Fig. 5, i.e., not spherical, which was almost entering the constriction.
We see that downstream of the constriction the perturbation to the profile as noted in Fig. 5 is
not observed. Hence decreasing the Capillary number does not enhance the instability. This is
not surprising since the growth of disturbances along the bubble interface should be proportional
to Ca~2. Therefore if a disturbance is growing, it will take longer to grow. We also note that
upstream of the constriction a disturbance along the interface is growing. This is due to the initial
data having a thicker initial film along the wall than would otherwise be there for this value of Ca,
if we had used the same initial data as used in Fig. 5.

In Fig. 7 we set Ca = 0.1, A = 0.1, re = 1.23, g = 0.3 and L = 9.0. The initial data is the
same as in Fig. 6 but with the back truncated in order to decrease the volume. Hence this is a
problem similar to Fig. 5 except the bubble has a smaller volume. Here we again find that there is
a perturbation of the interface downstream of the constriction. The dynamics is similar to that of
Fig. 5. Extrapolating from the experimental curves of Gauglitz and Radke [12] (this value of Ca is
not on their figure), we can expect this bubble to snap-off. This was not observed here. A larger
bubble or other values of the parameters may lead to snap-off for this initial data. Calculations are
now being done to try and verify this remark. Here we have shown that different initial data can
lead to snap-off.
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Fig.5 Large Bubble in Constricted Capillary with Ca=0.1
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Fig.6 Large Bubble in Constricted Capillary with Ca=0.005

Fig.7 Large Bubble in Constricted Capillary with Ca=0.1
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