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ABSTRACT

This paper was motivated by the question: Does, like the ring case, the process of
taking Jacobson Radicals and constructing matrix near rings coincide?

We present here, for the class of weakly distributive d.g. near rings, a conditionally
affirmative answer to this question. Our main result is as follows:

Let R be a weakly distributive d.g. near ring with identity. If J(R) 2 ^Mn(i?), the
derived group of Mn(R), then J(R) = J(Mn(R)) where I is defined as a subnear ring of

Mn(R) generated by {/£;a € / , 1 < i,j < n}.
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1 Introduction

We call (R,+,.) a right near ring if (R,+) is a group which is not necessarily abelian, (R,.J

is a semigroup and (x + y)z = xz + yz V x,y,z € R. A normal subgroup (I,+) of (R,+)

is an ideal of R if IR C / and x(a + y) — xy £ / V x,y G R and a € / . A group G is

an R-module if R is homomorphic to M(G), the set of all functions from G to itself. An

R-module G is monogenic if there exits g in G such that Rg = G. A monogenic R-module

is of type 0 if G is simple; it is of type 1 if G is simple and for all g in G either Rg = G

or Rg = {0}; it is of type 2 if G has no non-trivial proper R-submodule. For v = 0,1, 2,

we define the f-radical of R as Jt/(R) = {AnnuG ; G is an R-module of type v}. If R has

an identity element then J\(R) = J2(R)-

R is called distributively generated (d.g. in short) if (R,+) is generated as a group

by (S,.), a semigroup of distributive elements of R. For d.g. near rings, we define the

distributor series by D°(I) = / , D*+1(I) = Gp < (R : £>'(/), Dj{I) >R where < X >R is

the normal subgroup of R generated by X and (R : X,Y) =< (r : x,y) = r{x-\-y) — ry — rx

; r € R,x € X,y € Y >. R is called weakly distributive (w.d. in short) near ring if

Dn{R) = {0} for some integer n. For w.d. near rings, all three radicals coincide.

All these results are available in Meldrum [3].

Mn(R), the near ring of n x n matrices, is defined as a subnear ring of M(Rn), generated

by the set {/£ : r € R,l < i,j < n} where Rn = ©?(#,+), the direct sum of n

copies of (R,+), flj = iifrKj with fr(x) = rx V x € R, tj and ITJ are j-th co-ordinate



injection and projection functions respectively. If R is d.g. by S then Mn(R) is d.g.

by {/,?• : s G S, 1 < i, j < n}, and every matrix in Mn(R) can be expressed as a sum of

matrices of the form /,?• and their additive inverses. / is defined as a subnear ring of Mn(R),

generated by the set {/,"• : a € / , 1 < i , j < ra} and / + is defined as an ideal generated by

{fij : o € / , 1 < »,; < n}. We define /* = (/" : Rn) = {X € Mn(R) : I a £ / " V a G iT1}.

/* is an ideal of Mn(R) and / + C /*. See Meldrum and van der Walt [4], van der Walt

[6] and Abbasi, Meldrum and Meyer [2] for further details.

2 Main Results

We first collect all the results of our interest which are available in van der Walt [5] and

Abbasi, Meldrum and Meyer [1] and [2] respectively.

2.1 Lemma

If R is a near ring with identity, then (J2(R))* = J2{Mn(R)).

2.2 Lemma

If R is a w.d. near ring with identity, then J(R)* = J(Mn(R)).

2.3 Lemma

If R is a d.g. near ring with identity and I+ 3 6i(Mn(R)), then I+ = I*.

Before extending the preceding result to get our key lemma, we first present this result.

2.4 Lemma

If R is a d.g. near ring with identity and I D $i(Mn(R)), then I is an ideal of Mn(R).



Proof: The fact that (/, +) is a normal subgroup of Mn(R) follows from group theory and

the rest can be checked by using the hypothesis, theorem 1.2 of Abbasi, Meldrum and

Meyer [2], induction on weight of matrices and matrix computation rules given in lemma

3.1 of Meldrum and van der Walt [4].

2.5 Lemma

Let R be a d.g. near ring with identity and I D Si(Mn(R)) then 1 = 1*.

Proof: This follows from lemmas 2.3 and 2.4 as / = / + .

We can also prove this result independently by using exactly the same technique of proof

as that of lemma 2.3.

Now preceding result together with lemma 2.1 gives us

2.6 Theorem

If R is a d.g. near ring with identity and Ji{R) 2 $i(Mn(R)) then J2{R) = J2(Mn(R)).

Our main result is an immediate consequence of lemmas 2.5 and 2.2.

2.7 Theorem

Let R be a w.d. near ring with identity. If J(R) D 8i(Mn(R)) then J(R) = J(Mn(R)).

3 Acknowledgement

Many thanks are due to Professor Mohammad Abdus Salam, IAEA and UNESCO for

the hospitality and financial support at the International Centre for Theoretical Physics,

Trieste. The author also wishes to express her deep gratitude to Professor John Meldrum



for useful comments and to her parents for encouragement.

References

1. S. J. Abbasi, J. D. P. Meldrum and J. H, Meyer, 'The Jo-Radicals of Matrix Near

Rings' Arch. Math. Basel 56 (1991) 131-139.

2. S.J. Abbasi, J. D. P. Meldrum and J. H. Meyer, 'Ideals in Near Rings and Matrix Near

Rings' (editor G. Betsch) Proc. Oberwolfach Conf (1989) (accepted).

3. J. D. P. Meldrum Near Rings and their links with Groups 134, Research notes in

Mathematics, Pitman (1985).

4. J. D. P. Meldrum and A.P.J. van der Walt, 'Matrix Near Rings' Arch. Math. Basel,

^7(1986) 312-319.

5. A. P. J. van der Walt, 'Primitivity in Matrix Near Rings' Quaest Math. 9 (1986)

459-469. .

6. A. P. J. van der Walt, 'On two sided Ideals in Matrix Near Rings' Near Rings and

Near Fields, (ed. G. Betsch) North Holland, Amsterdam (1987) 267-272.



i - * r . - - -*— ...•'M '_ i y*


