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ABSTRACT

The problem of particle transport through a stochastic mixture of two immiscible materi-
als is considered. The material mixing process is assumed to obey Markovian statistics. An
ensemble average of this stochastic transport equation leads to two equations containing four
different ensemble-averaged intensities. To close these equations to a set of two equations in
two unknowns, certain rod geometry problems are considered. In this geometry, two distinct
exact analyses are possible, namely a small correlation length analysis, and a nonstochastic
mean number of secondaries per collision analysis. The closure philosophy is to demand that
the closed set of two equations reproduces these exact limiting behaviors. Numerical results
are given which compare the predictions of this new closure with exact benchmark results
as well as with the standard closure available in the literature.

Introduction

In the last decade there has been considerable interest in the problem of describing linear
particle transport through a stochastic medium consisting of two randomly mixed immis-
cible materials (see Ref. 1 and the references therein). The goal in this work has been to
develop a relatively simple and accurate description for the ensemble-averaged solution of
this stochastic transport problem. The exact equations describing this ensemble-averaged
solution contain additional ensemble-averaged unknowns, and the number of unknowns ex-
ceeds the number of equations. Thus one is presented with a closure problem, and this is
the subject of this paper.

The linear transport equation we will be concerned with is written, in standard neutronic
notation,

O • V^(r, O) + <r(r)ifr(r, ft) = ^ p ( r ) + 5(r, ft), (1)

where
V»(r)=/ <0ty(r,ft). (2)

In writing Eqs. (1) and (2) we have assumed time-independent transport with isotropic
scattering involving no energy exchange. Thus the energy variable is simply a parameter;
Eqs. (1) and (2) hold at each energy. These assumptions are made for simplicity of notation
only, and are not essential for our considerations. To treat the case of a binary statistical
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mixture of immiscible materials, the quantities a,crs and 5 in Eq. (1) are considered as
discrete random variables, each of which assumes, at any r and fi, one of two triplets of
values characteristic of the two materials constituting the mixture. We identify the two
materials by an index ?', with i = 0 and 1, and in the ?th material these three quantities
are denoted by <x,,<7sl and S,. As a particle traverses the mixture in any direction fi, it
encounters alternating segments of the two materials, each of which has known deterministic
values of <J,as, and 5. The statistical nature of the problem enters through the statistics of
the material mixing, i.e., through the probabilistic knowledge as to which material is present
in the mixture at space point r. Since CT, as and S are random variables, the solution of
Eqs. (1) and (2) is stochastic, and we let (ip) denote the ensemble-averaged solution.

Balance-like considerations for Eq. (1) applied to each material component of the mixture
leads to a set of two exact equations given by, with i = 0 and 1,[2]

n • v{Pi*i) + viprtu = Y^-PiVi + piSt + ^ _ M , j? ,-. (3)

The ensemble-averaged solution (V') is given by

(V») = po*l>o + Pi4>i- (4)

Here p,(r) is the probability of finding position r in material i; ipi is a conditional ensemble
average of the intensity, conditioned upon point r being in fluid i; y, is the angular integral
of t/',; and i!\ is another conditional ensemble average of the intensity, conditioned upon point
r being an interface between fluids i and j , with fluid i to the left (the vector ft points from
left to right). In the case of Markovian mixing statistics, the only case treated in this paper,
A, in Eq. (3) is the Markov transition length, defined by

Here P(i —* j) is the (differential) probability of point s + ds being in fluid j ^ i, given that
the point 5 is in fluid i, with s being a spatial coordinate in the direction ft. For homogeneous
statistics, A, is by definition independent of s and has the physical interpretation of being
the mean chord length through packets of material i. Further, in this ca«e the mixing is
described by a Poisson process, with the chord length distribution function in each material
given by an exponential.[3]

Equation (3) represents two equations in four unknowns, and either more equations are
required, or one must invoke a closure. The simple relation

& = ifc (6)

has been suggested as a closure,[2] and the resulting description of stochastic transport is
known to be exact in the absence of scattering.[1,2] Several other derivations of this model
are also available in the literature.[l,4-7] Although this model is approximate when scattering
is present, it appears to be a robust model which is reasonably accurate. Another model has
also been proposed which replaces the simple closure given by Eq. (6) with a closed set of
two coupled equations for the ,̂-.[8] This model is more complex, but appears to be more
accurate than that based upon Eq. (6).

In this paper, we suggest the use of Eq. (3), together with a closure relationship more
general than Eq. (6), as a model of particle transport in a binary Markovian mixture of
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immiscible materials. Specifically, we propose a closure of the form

+4A, A, - Q { A, ~ A, ) + 4 n [ X, \ ) ' ('>

with the constraint that a = 1 and /3 = 0 for a problem without scattering. This constraint
ensures exactness in the absence of scattering. To determine the forms of a and 0 for a general
problem, the demand is made that the model comprised of Eqs. (3) and (7) reproduces exact
results in the literature for selected rod geometry problems with scattering.

The next section of this paper summarizes the analysis leading to the closure parameters
o and /?, and the concluding section gives typical numerical results predicted by this model
of stochastic transport.

Analysis

We restrict our immediate attention to the case of homogeneous statistics, in which case the
A; and p< are spatially independent, and related according to [3]

ft = TTT" (8)

Ao + Ai
Also, in this case the two-point correlation function is exponential in form, with the corre-
lation length Ac given by [1,9]

Xc Ao Ai

We further restrict our attention to source-free (S = 0) transport in rod geometry. In this
geometry, particles are constrained to move along a single line, which we take to be the x
axis. Under these conditions, Eqs. (1) and (2) are written

where
<p(x) = iP+(x) + </r(z). (11)

Here ^(x) denotes the particle intensity along the ±x axis. In analyzing Eqs. (10) and
(11) within the two material Markovian mixture context, we take a, and <?„ to be constant
(independent of x).

We first consider the problem corresponding to a common total cross section (<r0 = <7i),
but with different scattering cross sections (cr,0 ^ <r,i). This problem has recently been
analyzed in the small Ac limit by converting Eqs. (10) and (11) to an integral (Peierls)
equation for <̂ >(x).[9] For the halfspace albedo problem, it was specifically shown that the
ensemble-averaged intensity (̂ >±) satisfies the renormalized equation

where u)cj/, the effective mean number of secondaries per collision, is given by

C). (13)
. —
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Here a = O-Q = ax denotes the common total cross section, u>, = crai/a, and

{">). (14)

An extension of this analysis which allows crs0 ^ <rsi and (To ^ cr\, and based directly upon
Eq. (10) rather than the corresponding Peierls' integral equation, will be reported shortly.[10]

The second problem we consider is again the halfspace albedo problem in rod geometry,
but in this case the two materials comprising the mixture have the same mean number of
secondaries per collision, i.e.,

u>0 = = m, = , (15)
Co O\

but the total cross sections are different (CTO ^ <J\). In this case, the deep-in behavior for
( I / ' ^ J ) ) is a purely decaying exponential, proportional to exp(-tcx). The decay constant K

is given by [11]

(16)

with u> once again given by Eq. (14). In this case, Eq. (14) predictes u> = u0 = u^, the
common value of the mean number of secondaries per collision.

Our closure procedure is to use the proposed transport model given by Eqs. (3) and
(7), and demand that this model reproduce exactly the transport behavior embodied in
Eqs. (12) and (16). This strategy gives the closure parameters a and /?. For the source-free
rod geometry problems under consideration, the stochastic transport model, Eqs. (3) and
(7), is written

^ + ^ ( ^ ^ ) + ^ ( ) j * i (17)

If we define
W±)=Po^+Pi4>?, (18)

X* = y/toPi(»l>i ~ to) , (19)

the four equations contained in Eq. (17) can be equivalently written as

± ^ + *X± + "(0±> = | [ ^ + " » ] , (21)

where
(<p) = 0>+) + it'), r, = X

++X-, (22)

and

6- = po^i + PI<T0 + T» ^* = Po<7»i +Piff»o + T-, (23)

v, = y/jwl (<r,i - <r,0) • (24)
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To find the small Ac limit of these equations, we scale a and <7S as 1/f, with e being a
formal smallness parameter. We then assume a power series in e solution according to

<tf ±) = (V-'0'*) + ttyW*) + • • •, (25)

x ± = x C)± + ^ ( ' ) ± + . . . (26)

Omitting the straightforward algebraic details, we find, with an error of 0(e2), the renor-
malized description

dx

If we consider the special case of a common total cross section (<TQ = <J\ = a), we have u = 0
and Eq. (27) simplifies considerably. Demanding that this special case result coincides with
Eqs. (12) and (13) gives

a-0= \/l - w (28)

as one relationship between a and /?.
To obtain a second equation relating a and /?, we demand that the model equations given

by Eq. (17), or equivalently Eqs. (20) and (21), reproduce the exact result given by Eq. (16).
In the case under consideration with the A,, <r,, and asi independent of x, Eq. (17) obviously
admits an exponential solution of the form

4>f(x) = C±e-KX, (29)

with the constants Cf and K to be determined. Using Eq. (29) in Eq. (17) yields four
homogeneous linear equations for the C*, which only have a nonzero solution if the coefficient
determinant vanishes. This leads to a quartic equation for K, which is actuallj' quadratic
in n2, due to the symmetry (upon reflection) of the equations represented by Eq. (17). We
identify the positive value of K corresponding to the smaller of the two values for n2. For
the special case UJQ = u?i, we equate this expression for K to be the exact asymptotic decay
constant given by Eq. (16). This equality constitutes a second relationship between the
closure parameters a and /3. This relationship is algebraically very complex, and will not
be given here. The remarkable fact, however, is that this complex equation, together with
Eq. (28), has a very simple solution for a and /?, which is given by

a = ̂ =L^, 0 = - T £ = . (30)

If we assume that Eq. (30) (obtained from source-free rod geometry considerations
with homogeneous statistics and spatially independent cross sections) holds in general, our
proposed stochastic transport model is then [see Eqs. (3), (7), and (30)]

) + ^ ^

The expression for Q is given by Eq. (14), but this definition arose from the consideration
of a class of problems with <7o = ffi- If Eq. (31) is meant as a general model, including the
cases when <7o ̂  <Ti, one could question whether Eq. (14) is the appropriate definition of w
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in the general case. Since the basic data in any transport problem is a, and a, one could
conjecture that the appropriate generalization of Eq. (14) is

u> = (32)

This expression obviously reduces to Eq. (14) when OQ = CTI, and moreover both Eq. (14)
and (32) are correct when u>o = <*>i, in that both give this common value of w,- for Q. A more
general analysis [10] shows, in fact, that Eq. (32) is the proper definition of w in the general
case of arbitrary <r,, and <r,.

Numerical Results

We consider the rod geometry albedo problem defined by Eqs. (10) and (11) with boundary
conditions

V>+(0) = l , rj)-(s) = Q. (33)

This problem corresponds to a source-free rod occupying 0 < x < s with a unit intensity
incident upon the rod at x = 0, and no intensity incident at x = s. The rod is composed
of alternating segments of two materials randomly distributed according to homogeneous
Markovian statistics. Further, the cross sections for each material are taken as constants,
independent of x. Figures 1 and 2 show typical numerical results for the ensemble-averaged
scalar flux (ip(z)). Each figure displays three curves: (1) a benchmark result computed
using a Monte Carlo procedure to obtain a physical realization of the statistics, followed
by a numerical solution of the transport problem and an ensemble averaging [2, 12]; (2)
the prediction of the model proposed in this paper [see Eq. (31)]; and (3) the earlier model
widely presented and discussed in the literature [see Eqs. (3) and (6)]. Both figures give
results for a rod length of s = 10.

Current Model-Eq. (31)
Earlier Model - Eqs. (3) & (6)
Benchmark

Figure 1: Constant a Results
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The results in Pig.I correspond to a common value of the total cross section, namely
<xu — a-] = 1. Thus the rod is ten mean free paths in length. One of the two materials is a
pure absorber (<r,o = 0), and the other is a pure scatterer (asi = 1). The two materials are
mixed on an equally likely basis (;>o = pt = 0.5). Finally, the correlation length for these
results is taken as unity (Ar = 1). We see from these curves that the closure model proposed
here has reduced the error in the earlier model by roughly a factor of two. We have also
obtained results, not given here, for these same cross sections and p t, but for other values
of A,-. With A,. = 0.1, the current model is essentially exact, as is to be expected, but the
earlier model is nearly as accurate. For Ac. = 10, the current model continues to perform
better tiian the earlier model, but in this case the error reduction over the earlier model is
somewhat less than a factor of two (about 40% error reduction, rather than 50%). Thus for
problems with <7o = f i , we tentatively conclude that the model proposed here is reasonably
accurate, performing quite well for all values of Xc. This conclusion is consistent with related
earlier work recently reported.[9]

1.5

1.0

3?
IS-
v

0.5

Current Model - Eq. (31)
Earlier Model - Eqs. (3) & (6)
Benchmark

Figure 2: Constant w Results

The results in Fig. 2 correspond to a common value of the mean number of secondaries
per collision, namely wo = u>i = 0.9 (a 90% scattering medium). The cross sections used
to generate these results were <x0 = 200/101 and O\ — 2/101. As in the prior results, these
two materials were mixed on an equally likely basis (po = pi = 0.5). These parameters give
(a) = 1, and thus the rod is again ten mean free paths in length (based upon the mean
free path defined in terms of the ensemble-averaged cross section). As in Fig. 1, the results
in Fig. 2 correspond to \c = 1. Here we see that the current model is substantially move
accurate than the earlier model. In this case, we have also performed calculations, not shown
here, for other values of Ac. For Ac = 0.1, both models are very accurate, with the current
model again being better and nearly exact. However, for Ac = 10, the current model and
the earlier model display roughly equal errors, with the earlier model being slightly more
accurate.

Thus, for the constant u> problem, the current model is not as robust as one would like
as Ac increases. We have also found that for shorter rods (s = 1), the current model does
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not perform very well. This might have been expected since the two exact analyses we used
to determine a and 8 air based upon essentially halfspace considerations. This points out
tli'- need for continued refinement in the development of closure schemes in the context of
st.irhastie transport equations. We hope to be able to report improved closures in the future.
If e final point we make in this paper is that numerical results in planar geometry seem to
follow the same trends as in rod geometry.
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