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Abstract 

Motivated by an attempt to explain the strong variation in energy of the first excited 
Q +-state in even Ge isotopes in terms of a simple collective configuration, a boson 
mapping is introduced for proton, neutron and proton-neutron pairing. It is shown 
how spurious states, which occur even at fairly low energies, can be identified by two 
separate methods. It is furthermore investigated how and when spurious states may 
be identified in calculations which are performed in a truncated space which is not 
invariant under an algebra. The implications for calculation in the interacting boson 
model are pointed out. 

1. I n t r o d u c t i o n 

Boson mapping procedures can be thought of as having two types of applications. Firstly, 
they are used to justify the microscopic basis of phenomenological boson models and to 
estimate qualitatively and quantitatively, various features of the boson model parameters 
which are used to lit nuclear spectra. Secondly, they may be used to perform calculations 
in fermion model spaces and they may give insight into some of the structure of the results 
of these calculations and may thus aid in introducing appropriate truncation schemes far 
calculations in large i odel spaces. 

In the contribution presented here, attention is paid to the second type of application.. 
For this a specific physical problem is focussed on, viz.fthe behaviour of the first 0 +-state 
in the even Ge isotopes. From the lower part of the spectrum, shown in Fig. 1, we note 
that the energy of the first 0 +-state varies strongly over the range of isotopes, being lowest 
for ^Ge where it is also the lowest excited state overall. If one wants to explain this feature 
in an IBM-type 1 ) or other boson expansion 2 ) method, one invariably needs an additional 
mechanism which introduces the variation of energy оГ the intruder 0 +-state. In IBM 
language, one needs an s' boson with a very specific variation of the energy £y. As the 
variation occurs as function of the number of neutron pairs, one is led to investigate the 
effect of the neutron pairing part. This was done by considering the neutron monopole 
pairing interaction in BCS-R.PA. 
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Figure 1.Energy spectra of 
even Germanium isotopes 

Figure 2.First excited 0+-state from BCS-RPA 
and exact neutron configuration calrulations 

Figure 3. Valence single particle energy Figure 4. Proton-neutron configuration calculations 
levels in """JjGe nuclei with G = Gp = G n = Gf la MeV 
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As can be seen from Fig. 2, one finds indeed that the gap Д has a minimum value at 
T 2Ge and furthermore that the pairing vibration calculated in BCS-RPA has a minimum 
energy at 7 2 Ge. The value of the energy of the first 0 +-state in this calculation is found to 
be at the right value with very acceptable model parameters (single-particle energy levels 
from ref. 2 ) - see also Fig. 3 - and pairing interaction) and the problem seems to be 
solved. However, if one diagonalizes the pairing Hamiltonian in the neutron valence space 
exactly, one finds that the nice agreement disappears, and in particular one finds that 
the BCS-RPA approach is at its worst at the point where the excitation level is lowest, 
i.e. ^Ge. This example brings home to us once again that care is required in applying 
general many-body approximation methods in situations where there are effectively not 
so many bodies participating. It should also be mentioned that several attempts to obtain 
the required behaviour of the first O'̂ -state in the exact neutron pair calculation by means 
of varying the model parameters within reason, were unsuccessful. 

As a next step we increase the model space to include both proton and neutron pairing 
as well as proton-neutron pairing. The latter is instrumental to couple the former degrees 
of freedom. Arguments can be made of how different neutron numbers may affect the 
behaviour of the proton pairing through the coupling, but these will not be pursued here. 

2. Multiple SO(5) model 

The Hamiltonian for the extended pairing model is 

И = $>• ,„ • , + X > n n „ - Gp £ s j ( i ) S P ( i ) - G„ £ S?(.)S!!(.) - i G . ^ s f (i)5£(i) 
i" i ij ij 

(2.1) 
where the indices i and j run over the different single-particle levels in the shell, p(n) 
refers to proton (neutron) degrees of freedom and f denotes the proton-neutron pairing 
part. S+(i) and S_{i) are creation and annihilation operators for pairs of type 9 in single 
particle level i. 

It is known that the single-type multi-level pairing can be handled by means of an 
S0(3) for each level and these SO(3)-algebras can be represented by boson realizations 
of, for instance, Holtstein-Primakoff or Dyson type. In the same way the extended pair
ing model, eq- (2.1), can be described by SO(5) ® SO(5) ® . . . and each S0(5) can be 
realized by means of bosons of the proton, neutron, and proton-neutron pairing type, the 
creation (annihilation) operators of which we refer to by BP ( 5 p ) , Bn (B n ) and B^ (Bf), 
respectively. 

In terms of these bosons the collective part of the Hamiltonian (2.1) takes the form 

- {cp £ ( М Ч - в*вЩ4 - в?в\в\в>> - в\в\вщ)\ - {P « n} 
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- 5 f f f D 2 n ^ ^ | - в№в\в\ - гв\в?в^в\ - 2д[дпвпя£ 
О" 

- £ ? B n B f f l j ) . (2.2) 

The number of bosons of the various types are denoted by JVp(i), #n(i) and ./v*f{i). It is 
?. very simple matter to construct a boson basis 

Ц|Лр(«№.(«№)) 

with the constraint that 2£,-JVp(t) + £V iVf(t) equals the total number of protons and si
milarly for neutrons. Furthermore, 2Np(i)+Nf(i) is constrained by the degeneracy of level 
1, and similarly for neutrons. It is also a simple matter to diagonalize the non-Hermitian 
Hamilton ian (2.2) and to obtain the spectrum and left- and right-hand eigenstates. There 
is only one problem, namely that the boson basis is overcomplete in as much as it contains 
states which have no counterpart in the original fermion space. This then leads to spurious 
states when the boson Hamiltonian is diagonalized. Some of these states may occur in the 
lower part of the spectrum and they must thus be identified and eliminated. 

Two methods ol dealing with spurious states and which were both applied to the 
mapping of an 50(5), have been discussed and compared. In the first3) a physical operator 
0 is introduced. It has the property that it can be expressed in terms of elements of the 
collective algebra and is otherwise arbitrary. A typical choice which we make is 

О = Л р £ sP(i)S? («) + A„ £ S n ( . )S n ( . ) + Af £ sUi)Sl(i) (2.3) 
i i i 

with Лр, Л п and Af arbitrary. 

As is shown in ref. 3 ) , the mapped operator 0jj has the property that for any spnrious 
bra-eigenstate (̂ aporl of ffjj we have 

(ЙфиЛвВ fehr.) = 0 

but 
W-pbyslOB 1*да») Ф "• 

where |V>phy») is any non-spurious, i.e. physical, state. 

The second method due to Dobaczewski 4 ) , applied to and discussed for S0(5) in ref. 
5 ) , is the TC-projection. It amounts to replacing boson creation operators in the basis states 
in terms of which the eigenstates are expressed, by the boson images of the corresponding 
fermion operators, e.g., 

ДР _ ( 5 D ) D = д Р ( П _ jvp - JVf) - B!BlBa • 

Where ( S £ ) D denote the Dyson image of the pairing operator in fermion space S%. As 
shown in refs. 4 Л ) , an K-projection on a spurious state gives zero 
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where \Ф,рш) is the Hermitian ccnjugate state of a spurious bra-eigenstate, while it gives 
non-zero when applied to a physical state. 

The above methods have been applied to find the behaviour of the first 0+-state in 
the Ge-isotopes. It is given in Fig. 4 for some typical parameter values. At this stage the 
conclusion is that, while a 0+-state is found at much lower energy than in the neutron 
pairing case, the desired result of a strong variation in energy and minimum at nGe has 
not been achieved. 

3. Effects of truncation of boson basis 

The diagonalization for the (multi) S0(5) model can be done exactly and the spurious 
states can be identified. However, a general shell-model calculation, which has an SO(2n) 
basis, is often beyond our computational capability. It is thus necessary to perform such 
calculations in a truncated basis. As in the pairing model, it would be ideal to truncate to 
some collective subspace. However, it is generally not possible to find a closed collective 
subspace and one then hopes to find a subspace which is weakly coupled to the truncated 
part. In such investigations many questions arise such as the identification and the effect 
of spurious states. 

We use our present model to answer such questions, at least partially. Let us simplify 
the model to an S0(5)< ® S0(5) s where the indices 4 and 6 indicate the (2j + 1) values 
of a single-particle basis with j — § and §, respectively. The Hamiltonian (2.1) is used, is 
diagonalized exactly and the spurious states are identified. 

If Gf — 0, the space can be decomposed into 

(SO(3)4 ® S O ( 3 ) 6 ) p r o t o n ® (SO(3)4 в SO(3)6)„eutron 

and the normal pairing calculation can be carried out exactly in this space. In this case 
there are no spurious states associated with linear dependence, as one needs not introduce 
bosons of type f. For relatively small values of G{ one may want to introduce f-bosons 
but restrict JVf to some small value and by doing so, truncate the S0(5) 4 ® SO(5)e-basis. 
This represents a truncation to a space with no underlying algebraic structure, and it is 
of interest to see whether the spurious states, which it will contain in general, can be 
identified. 

We show two sets of calculations of this type. In Fig. S the results are shown for the case 
of 4 protons and 8 neutrons for various strengths (Jr. The possible values of Щ = £ , iVf(>) 
in this case are 0, 2 and 4. If we allow maximum values of 0 or 4, we deal with the SO(3) 
and SO(5) cases discussed above, respectively. When restricting the maximum of N{ to 2 
we have an intermediate case which does not correspond to an underlying algebra. It is 
this case which is shown in Fig. 5, together with the exact SO(5) result. In the upper part 
of Fig. 5 the lowest 5 energy levels are shown as functions of Gf. The full lines are from 
exact calculations and the dotted lines from those with restriction JVf < 2. The dashed 
line connects a spurious state of the exact calculation. The middle part of Fig. 5 shows 
the norm of the vector Tl\4>,) divided by the norm of the 72-projected ground state for the 
corresponding four excited states. 
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Figure 5.The dependence on Gf in the SO(0)4 0 SO(5)6-model calculation. The full 
lines connect exact physical state results, the dotted lines, Nf < 2 truncation results and 
the dashed line, the exact spurious state. The parameters of the HaniUtonian ('2.1) are 
n P = '*, n„ = S, C p = Gn = 0.275 McV. r p = -1.6939 McV. z\ = -2.0G17 MeV. 
si = -2.1101 McV, si - -1.0744 MeV 
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In the bottom part of Fig. 5 the ratios 

l(S|e)i)l 
l(I|e|i)l 

are given. For this case Af = 0 in the expression for 0 . From the exact calculation one 
clearly identifies the 4th state to be spurious because both ЩФ4) and (4|0|1) vanish. In 
the truncated calculation this is no longer true, but we do observe that these quantities 
remain small for this state in the case of small values of Gf and one concludes that weakly 
coupled modes may be handled in such an approximate way. It is important to note that 
when using the 0-operator, one has to construct this to be limited to the strongly coupled 
subspace. If, for instance, in this case one would choose Af ф 0, then (4(0(1) would not 
tend to zero with Gf in the truncated calculation and state 4 would not appear spurious, 
although it is. In passing we note that the 0 method may mislead us to believe that 
state 3 is also spurious because (3|0|1) tends to zero with Gf. The true state of affairs is 
revealed if one looks at (3|0|i) for several i. 

In the second example shown in Fig. 6 we introduce another truncation scheme. The 
single-particle model space is the same as above, but we consider 6 protons and 6 neutrons. 
The possible numbers off-bosons in the upper level are iVf(2) = 0,1,2,3,4,5,6. In the 
calculations we restrict the value of N$2) to Nf{2) < 6 - JVg11 and plot the various results 
for Nft1 ranging from 0 to 6. Again the extreme values N^L = 0 and 6 correspond to 
exact model results and inbetween we have a truncated space with no underlying algebra. 
In general we expect again that spurious states can be identified in the cases N^ ranging 
from 1 to 5 only approximately and this only for small Gf. Among the lowest 9 states 
shown in Fig. 6, three are spurious as can be seen from the TZ projection or 0-method. 
These are the states 4, 7 and 9. It is interesting to note that they behave differently in the 
truncated calculations. States 4 and 9 retain their spurious character and can be identified 
exactly even in the truncated calculation, while state 7 mixes with the physical states and 
thus Щф-t) ф 0 for nonvanishing Gf. However, this mixing is again small for small Gf, we 
can trace it for all N^1 considered, and the weak-coupling arguments again hold. 

4. Conclus ion 

It has been shown that the boson method can be implemented for the extended pairing 
model for Ge-isotopes. Unfortunately, the desired behaviour of the first 0 +-states has not 
been found in the model calculations yet. 

An independent aspect which has been studied in this context is the feasibility of 
identifying spurious states in truncated spaces. For weakly coupled states, spurious states 
can still be identified. For this the 0-method is the simplest, but it appears that one has 
to be careful in order to avoid misinterpretation. The 72-projection is more cumbersome. 
However, it appears that the interpretation remains straightforward. 

It is also recalled that some spurious states can easily be identified even in cases of 
strong coupling to the truncated part while others may mix strongly. (In such cases an 
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Figure e.The same as in Fig. 5 but for the dependence on JVg1'. The parameters of the 
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effective operator approach has also been used e ' 7 ) and should be investigated further.) It 
remains to be seen whether this is a more general property of such states. Our investigation 
shows that an over-optimistic approach in which it is argued that, merely because of the 
large size of the fermion space, one needs not be concerned about spurious states, is not 
warranted. Nevertheless, a large model space can be helpful. 
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