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ABSTRACT
Traditionally, the Euclidean lines, circles and spheres have served as the basis of the

intuitive understanding of the geometry of nature. Recently, the concept of fractals has
caught the imagination of scientists in many fields. This paper is to continue our previous
work on positron annihilation near fractal surfaces to demonstrate that the concept of
fractals provides a powerful tool for understanding the structure and properties of defects
and rough surfaces in relation to positron annihilation studies. Some problems on Berry
geometrical phase have also been discussed.

I. INTRODUCTION

Traditionally the Euclidean lines, circles, spheres and tetrahedra have served as the basis
of the intuitive understanding of the geometry of nature. Recently, B.B. Mandelbrot has
generated a widespread interest in fractal geometry - a concept introduced by Mandelbrot
himself [1]. A neat and complete characterization of fractals is still lacking. However, the
following definition contains the essential feature in physics: 'A fractal is a shape made of
parts similar to the whole in some way.' that means, a fractal looks the same whatever the
scale. If we change the length scale, we recover the same geometric picture. It is invariant
with respect to translation and scaling - it is called self-similarity. The concept has been
applied to many fields, such as fractures, particle trajectories, rough surfaces, diffusion,
clusters and etc [1,2,3]. The typical examples are Cantor sets, Koch curves and Sierpinski
gaskets in real space [2]. The concept has been extended into many fields, in which their
self-similarity properties hold.



In general, for any
positive number X, we
can write

y{Xx)=Xdyix) 0 )

This relation shows
invariant with respect to
scaling and shows the
fractal structure in y-x
space.

In this paper, the
author would like to
continue the previous
work on positron
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demonstrate that the concept of fractals provides a powerful tool for understanding the

structure and properties of defects and other processes in relation to positron annihilation

studies.

II. THE SIERPINSKI GASKET [4]
Figure 1 shows the first few stages in the aggregation rule which is iterated to form a

Sierpinski gasket fractal. p(L) is the density. Two points were found:

- p(L) decreases monotonically with L, without limit, so that by iterating sufficiently we can
achieve an object of as low of a density as we wish.

- p(L) decreases with L in a simple power law.

The exponent is given by the slope of figure lb.
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We may define the fractal dimension dp through the equation

(3)
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p(L)=AL ' =AL '

From (3) and (4), we obtain:

U>g2

In general, for the d-dimensional Sierpinski gasket, df=in(d+l)/ln2, d is the Euclidean
dimension of the object. dr=ln4/ln2=2, when d=3.

III. POSITRON DIFFUSION ON FRACTALS
Models for transport in random potentials were proposed and had attracted much

attention. The common feature of these models in that transport can be anomalous, the
mean square displacement does not obey Fick's law R1~t, but scales with time as
R£

2(t) ~tadw,where d^>2 is the fractal dimension of the random walk [5]. R and t are
dimensionless quantities. In a simple discrete random walk the walker advances one step in
unit time.

If we consider the transport properties of particles on the Sierpinski gasket.

w In2

and

d-ln(d+1) (6)
/ In2

where d is the Euclidean dimension and dr is the fractal dimension of the objects [5].

In general, dw>dr dw=2.585 when d=3.
The range of applications of the theory of diffusion in disordered media is immense.

Among the most important are kinetics of trapping processes and diffusion-controlled
reactions. It has been shown that dw=3 in a medium that is filled with static trapping sites
at a finite concentration both for traps distributed in a d-dimentional Euclidean space or in
a fractal space [6]. The only difference is that d is replaced by d, ( d,=2dw/df ) in the
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following expression for the number of random walkers ( n(t)):

(7)

Here, c is the concentration of traps and a is a dimension-dependent constant.

Thermalized positron motion in solids is usually treated with the diffusion theory. High-
purity defect-free materials have been assumed. Actually, there are many defects and
impurity atoms in industrial materials. They may form fractal structures in them [1,2,3]. The
relation, R2(t)~t, would not hold in these systems. The diffusion length of thermalized
positrons on a fractal, R^t), would be different from that in high-purity defect-free materials.
Then,

-t

RjLt)~R(t)t
(8)

and

2-dw

24,
(9)

In general, Rf(t)<R(t),due to dw>2.Table 1, shows the calculated values of diffusion
lengths of thermalized positrons on Sierpinski gaskets, R/1', and in media with traps, R(

m

in comparison with Rt in high-purity defect-free materials, the data of Rt are cited from
Ref.[7]. It seems that R(

(1) and Rr
(I> are much shorter than Rt. (t=tjtv t^ - the bulk lifetime,

t0 - the time for unit step. )

Table 1. Comparison of Rf
(1) and R/2' with

Material

Surface

Al(llO)

Mo(llO)

Cu(lll)

Method

Dop-1

Dop-2

Dop

Dop

R,(300K)(A)

1630

1800

1100

1400

Rt (t«the bulk lifetime)

Rf
(1)(300K)(A)*

(dw=2.585)

- 916

- 1029

- 647

~ 823

OS=-0.113)

R/2)(300K)(A)*

-697

-770

-503

-640

(/3=-0.166)

A factor of (10 4/LQ(A)) P ~ o.f has been ignored.



IV. THE ENHANCEMENT FACTOR CAUSED BY THE STRONG ELECTRON-
POSITRON CORRELATION

If electrons are distributed homogeneously in the solid, the density should be independent
of the length scale on which it is measured. In this case, df=d. It is the Euclidean dimension.
Then,

(10)
rs rs

Here Q is the total number of electrons in unit atomic volume with radius r,. For Li, Na, K,
Rb and Cs, Q=l . Now, we may define the fractal dimension Df* through the equation,

and the density,

Df*=0, is the case of keeping constant total number of electrons in unit atomic volume
(B=Q). Owing to the strong electron-positron correlation, the electron density at the site of
the positron is enhanced. Then, DfV0. The value of D(' means that how large the total
number of electrons has been increased in unit atomic volume. Now, we may use Df' to
study the enhancement factor caused by the strong electron-positron correlation.

In a homogeneous electron gas of density, n, the positron annihilation rate can be written
as [8]

12

r3

(2<r,<6)

D/=3-1.37=1.63>0

However, recently, Seeger et al showed that experimental results satisfied the following

5



relation [9]:

X*=constVfM

-2.43

Then, Dt*=3-2.43=0.57 (for Li, Na, K, Rb and Cs). The Df* value obtained by theoretical
calculation [8] is much larger than that obtained by experiments [9]. This shows that the
electron-positron correlation would be exaggerated by previous theoretical calculations.
Similar conclusion would be drawn from data in the Proceedings of ICTP-9 ( Df* -1.53 or
1.48 ) [10].

V. A SIMPLE DISCUSSION ON BERRY'S GEOMETRICAL PHASE
Berry's geometrical phase has become one of the most popular subjects in diverse branches

of physics recently. Since Berry published his pioneer paper in 1984 [11], a number of
experiments have been reported which demonstrated the effects of this phase, including
observations on photons, neutrons, nuclear spins and molecular energy levels [12]. The
effects of Berry's geometrical phase have been also observed in binding of two-beam
electron diffraction fringes as a screw dislocation is crossed [13].

In the traditional Born-Oppenheimer approximation, the coordinate R of ions are regarded
as a slowing varying parameter in the time-dependent Hamiltonian for the fast variables r
which describe the electronic coordinates. In the lowest (or adiabatic) approximation, the
coupling term is ignored [14], It was also ignored in the case of positrons in solids. But in
the case of the John-Teller distorted molecule and some transition metals, these effects can
not be ignored. In addition to the well-known 'dynamical' phase factor, the wave function
may acquire a 'geometrical' phase factor, dependent on the path. A geometrical phase
change of \ty> for a complete cycle of R round a loop is [11]

Here vn(c) is given by a circuit integral in parameter space and is independent of how the

circuit is traversed. Stokes's theorem applied to equation (13) gives,

where,



This term turns out to be of the same order as the already neglected 'dynamical' phase
factor and to be a correction to the real energy. Defects and fractal structures are the
singularities of the vector V(R) [equation (14)] in parameter space, and also have an
important effect on the geometrical phase factor.

The theory of Berry's geometrical phase has been applied to problems of electrons in
molecules [15]. I think it might be applicable to problems of positrons in solids.
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