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ABSTRACT

Using algebraic and field theoretical methods, we study the fractional spin symmri i ies
of the 0!3 deformations of minimal models. The particular example of the D = 1 (hree
state tricritical Potts model is examined in detail. Various models based on subalgrliras
and appropriate discrete automorphism groups of the two dimensional fractional -,|>in
algebra are obtained. General features such as superspace and superfield representations,
the U<,(sli) symmetry, the spontaneous exotic supersymmetry breaking, relations with the
N = 2 Landau Ginzburg models as well as other things are discussed.
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1. INTRODUCTION

Recently there has been some interest in studying fractional spin symmetries

[1]. The latters which are specific for two dimensional theories seem to play a

crucial role in D = 2 conformal field theories and above all in the integrable <pyJ

deformation of the minimal series [2J. Well known examples are the standard

D-2 supersymmetry generated by spin 1/2 charge operators Q±m and the

superconformal symmetry exhibiting an infinite number of half integer constants

of motion [3J. Other non common examples are the c = l - 6 / p ( p + l) minimal

models containing among their p(p-l)/2 primary fields a spin (p + 2)/2

conformal field which, combined with the energy momentum tensor, generate a

kind of generalized superconformal symmetry. Recall that the usual

superconformal invariance is generated by a spin 3/2 conserved current in

addition to the Virasoro current of spin 2, which written in laurent modes, give

rise to the well known Neveu-Schwarz and Ramond superconformal algebras.

On the other hand, following refs 14] the <j>, 3 deformation of the C=6/7 tricritical

three st.ites Potts model exhibits a similar behavior as the pyl deformation of

the C= 7/10 tricritical Ising model [5J. Both of them admit fractional spin

constants of motion namely g*,,, and QtU2 surviving after the perturbation and

obeying among other things the equations QlJ/2 = P±l and

(a)

(b)
(1.1)

where /•„ _ (/>,,?_,) is the two dimensional energy momentum vector. The ±1 /3

lower indices and ± upper ones carried by the QimS are respectively the values

of the spin and the charges of the Z3 automorphism symmetry of Eqs(I.I). Note

that the above equations are in fact particular ones of more general fractional

spin s = ±\/k equations generalizing the D = 2 supersymmetry algebra and

reading as:

£4 = ^ - (1.2)

Setting * = 2 and k = 3, one gets respectively the standard D-2 N = 1

supersymmetry and the leading generalized one, Eqs(l.l). Moreover, it is

established that under the 0,3 deformation,a c(p) minimal model flows to the

subsequent c(p-1) conformal one [6] in agreement with the Zamolodchikov c-



theorem [7] according to which the central charge c is a decreasing function in
the space of coupling parameters. Following ref [5], the flow c(4) = 7/10
tricritical Ising model to c(3)= l/2critical lsing generated by the thermal
perturbation is accompaned by a spontaneous supersymmetry breaking.
Knowing that #,, perturbed conformal models share the property of having
fractional spin constants of motion, one may asks whether the flow from c(2k)
down to c(2k -1); k > 1 is also accompagned by a spontaneous fractional
supersymmelry breaking as in the k = 2 case. Throughout this study we shall
show that this happei.s for the flow r(6) = 6/7 tricritical three states Potts modet
to the c(5) = 4/5 critical one. The situation for higher values of k, though
expected, needs however a detailed study.

The aim of this paper is to construct field theoretical models that are
invariant under the spin ±1/3 superalgebra (I.I) and test whether some
fractional spin properties of the c = 7/10 tricritical Ising model extend to the
c = 6/7 model. This study is interesting not only for its generalization of the
usual 0 = 2 supersym metric theories but also for offering new field realizations
of the parafermionic currents based on conformal fields of fractional spins other
than those given by the vertex operators [8). Moreover the spin 1/3 superalgebra
Eqs (1.1) and its representations are by their own rights an interesting subject
that should be studied. Note that, in addition to the manifest Z3 x Z, symmetry,
Eqs (1.1) admit also a set of Z2 automorphism groups acting as:

Q* =CQ'C , Q*=CQ*C (a)

Q* = CQC , Q+ = CQ'C (b) (1.3)

where C, C and (*) are charge conjugation operators generating the Z2 x Z2 x Z2

discrete symmetry of Eqs(l.i) and where we have set Qfn ~ Q* and Q-w ~ Q for
short. The closure under these operations is useful in the field realisation of the
underlying invariant action S Or again the hamilIonian H = (P + PJ/2 namely:

(1.4)

Indeed, knowing one of its terms say Q 5; the stability under Eqs (1.3) allows to
reconstitute the full expression of the ha mil Ionian. This way of doing leads to the
two following: 1- It reduces the complexity of the superfield formulation caused
by the proliferation of the Q* charge operators involved in Eqs (1.1). 2- It allows

to consider only specific subalgebra of the spin 1 /3 superalgebra Eq(I.l) offering
therefore the possibility of elaborating new models. This is what happens for
example for heterotic theories where in addition to coniormal models having
fractional spin 4/3 symmetries generated by conserved currents G^n, we find
also a model that is invariant under symmelries generated by Spin 4/3 and 5/3
conserved currents. In this case the underlying hamiltonian is positive but no
longer stable under Eqs (1.3).

Among the obtained results, we quote: 1-Focusing our attention on Eqs
(I.l-a), we find a superspace representation generalizing the usual
supersymmetric derivative namely:

98' dz
(1.5)

where 6* = G_f
l/3 satisfies the nilpotency condition G*3 = 0 z and z are the two

dimensional space-time coordinates. Eqs (1.5) seems to be one of a more general

equation given by:

3 (1.6)

where the spin s is equal to ±1 / Jt. Setting k = 2 and k = 3, one rediscovers the

spin 1/2 and 1/3 supersymmetric derivatives. Superfield representations of the

subalgebra Q"3 = P are shown to be three dimensional e.g the multiple!

{<P~'Vw-X°n) transforming as:

(1.7)

where c*,,3 is an infinitisimal variation of the variable 0_+,,3. The heterotic

lagrangian invariant under Eqs (1.1-a) and Eqs (1.3) reads as:

L ~
(1.8)



where q = exp(2i;i / 3) and d = -|- and d = —. The field realisation of the spin

4/3 conserved current G^n reads as:

G'm = < (1.9)

and a similar relation for G4
+,3. Note that Eq (1.8) involves four scalar fields

<p*,q>~ and their conjugates together with four spin 1/3 and four spin 2/3 fields

respectively given by Vvi'^ui'XlmXli-i a n c l t l i e i r hermitic conjugates,

2- Considering the specific subalgebra generated by Q~ and Q * obeying G"3 = P,

Q^ = p which is stable under the usual complex conjugation, we derive the

scalar poteniial v[<p,q>'} of the underlying theory. It reads as:

dw (1.10)

where W is the superpotential depending on the superfield $ and its conjugate

^ ' . Taking IV = yijuf)' +g(4>] + ^ > 3 ) / 3, the scalar potential V is then a function

of ((p3 + <p'3) and <p<f>" :

= V(cp'> + <p'\ip<p'). (1.11)

Eq(l.ll) admits a manifest Z3 x Z2 symmetry which according to [9], is expected
to describe the tricritical three states Potts model. We show also that the spin 1/3
supersymmetry generated by Q and Q* is spontaneously broken by the Qin5/7

field which appears in this formalism as the highest component field of the

superfield C> Finally solving the nilpotency condition 03 = 0 by two Grassmann

variables, we develop a N = 2 supersymmetric interpretation of the algebra

Q2 = P and Q "3 = P which may be rewritten as:

Q'Q+QQ =
(1.12)

Projecting these equations on the space of chiral superfields <t> satisfying the

chirality conditions Q*C> = 0 = ̂ t<I>, Eqs (1.12) can be interpreted as N = 2

supersymmetric algebra generated by Q,, £,*_,, QS,, and Q?iUl); 5 = 1/3 having a

Z3 automorphism group. For details see Eqs (6.2).
The presentation of this paper is as follows: In section 2 we review some basic

properties of the D = 2 Three states Potts Model a id its 0,, deformation. The
relation with spin s = \/k, Jt = 2,3,... generalized supersymmetrtes is also
discussed. Superfield representations of the heterotic (1/3,0) and the left-right
(1/3,1/3) superalgebras are studied in sections 3, 4 and 5. The superspace on
which is built the spin 1/3 supersymmelric models consists, in addition to
bosonic variables, of parafermionic parameters 6 obeying the cubic nilpotency
condition 03=O. Various models depending on the way the hermiticity
condition is realized are considered. In section 6, we show that the c = 6/7
model may be viewed, under some assymptions, as a N - 2 Z 3 theory. Here also
we show that the scalar potential is of the same form as in Eq (1.10). Section 7 is
devoted to the conclusion.

2. D = 2 three slates Potts Model.

The c = 6/7 conformal theory and too particularly the tricritical Potts
model (TPM), admits various infinite dimensional symmetries. The conformal
symmetry generated by a two dimensional symmetric and traceless rank two
conserved curent: The energy momentum tensor T^v, \i,v-z,z. The infinite

number of charges, constants of motions, are just the Laurrent modes Ln,La,neZ

of the holomorphic 7"(:) and antiholomorphic f(i) parts of the field T^. The
second infinite symmetry is generated by holomorphic W(z) and
antiholomorphic T(?) spin five conserved currents. These currents combined
with the energy momentum currents generate a huge infinite symmetry called
W -invariance [10]. This is a non linear symmetry containing the conformal one
and is known as the mediator of the integrability of the 012 magnetic
deformation of the c = 6/7 critical theory [11]. The third and last type of
invariance of the TPM, we are interested in here, is generated by fractional spin
4/3 conserved currents G*n and Gfn in addition to the energy momentum
tensor. We shall refer hereafter to this symmetry as the 4/3 superconformal
symmetry in analogy with the standard superconformal symmetry generated by
spin 3/2 current and to which we shall refer to as spin 3/2 superconformal
symmetry. This invariance of the c = 6/7 critical theory generalizes in some
sense the N = 1 spin 3/2 superconformal symmetry of the tricritical Ising model



(TIM) having central charge c equal to 7/10. Recall that TIM and TPM are
respectively given by the fourth and sixth levels of the minimal series:

(2.1)

Tricritical Ising model and tricriticat Potts model appear also as the leading
conforma! theories of the N = 1 spin 3/2 superconformal discrete series:

m(m + 2)
(2.2)

and the spin 4/3 superconformal discret one:

c(m) = 2 f l -JL (2.3)

Nole that by the way that Eqs (2.1-3) may be reassembled together in a two

integers discrete series as [12]

(2.4)

Setting l-\, one discovers the unitary minimal models. Putting / = 2 and / = 4

in the above relation by keeping the integer p free, we obtain respectively the

spin 3/2 superconformal and spin 4/3 superconformal theories. Letting the

integer / free and taking p = 3 ,we get:

' = 1.2,..., (2.5)

which is just the minimal unitary series. From this overlaping of the above
discrete series, we deduce that N = 0 conformal models of Eqs (2.1) admit extra-
symmetries since they appear as special critical models of the dpJ) theories.
Another interesting property hared by the TIM and TPM and more generally
the c = l-3/(/t(2* + l)), 4 = 2,3,... conformal models is the integrability of their
0I3 deformation [13]. Following [4], the thermal perturbation of the c = 6/7
model induces an off critical spin 1 /3 supersymmetric algebra surviving after

the 0, j perturbation. This is a finite dimensional symmetry generated by

conserved charges Qfn and Qlln carrying fractional spins j = ± l / 3 and non

vanishing Z3 charges. It reads as:

= P.,

(2.6)

where />,, is the usual two dimensional energy momentum vector and A( ' ' '! ',
rl,r1 = ±1 are topological charges. The parameter q is such that ? ' = 1 choosen as
q = exp(2i'jr/ 3). It can be thought of as the deformation parameter of the
t/,(j/(2)) quantum enveloping algebra of s!(2) [14]. The parameter q is also the
generator of the Z3 discrete abelian group. Denoting by S* the critical action of
TPM and by S its 0ft ^ = tf>u ® <pu; h,k=5H, deformation namely:

(2.7)

where X is the perturbation parameter, it was shown that the algebra (2.6) is a
symmetry of the above deformed theory [13,15]. The conserved charges £)*,
A('"r:) and P3j are realized as follows:

/",= UdiT +

P_l=j[dzf

0]

(2.8)



the conforma! field <p[tp(,z,z) = ^'hU)<Bi<p'Ji(z); with r,f = 0,I,2(mod3) are the

Z3 x Z3 (left- right) charges, appearing in the above equations, are built as: The

4/3 supersymmetric currents G ^ r e s p Ci,3) which carry only a left (resp right)

Zj charge read as:

(2.9)

The magnetic order parameter fields p (+ l t ) and its conjugate p l ' ' are given by

„(+.•"•) _ A*.*)
V - Pl/2I,1/2I

(2.10)

They carry the same left and right Z, charge contrary to the magnetic disorder

parameter fields <p(t~> and ?>(~l+) which read as:

(2.11)

(2.12)

The field 0 appearing in the two last relations of Eqs (2.8) is the trace of the
conserved energy momentum tensor of the off critical theory. It measures the
violation of the scale invariance of the 05,7J/7 deformation of the TPM model. It
reads then as:

The remaining relevant fields of the TPM involved in Eqs (2.8) are:

1 -211 — ri/21,5/7 i ' 2|) " Ps/7,1/21 » ̂  ~ r5/7,5/7 '

,(0.0)
5/7.5/7 (2.13)

Note that the fields <p, V, V and D Eqs (2.10-12) have values of the spin s = h-h

respectively equal to 0, (1 - s), -(1 - s) , 0 with 5 = 1/3. Note also that the

above field operators share some basic features wilh the four fields involved in

the N = 1 spin 1/2 supersymmetric 0,3 = 0J,SIJ,J deformation of the TIM [15,16]

There, these conformal fields have respectively the spin values 0 ,(1 — s),

—(1 - s) and 0 with s = 1 / 2. They belong to the scalar representation of the two

dimensional N = t spin 1/2 supersymmetric algebra

(2.14)

This algebra is generated by hermilean charges and admits a field representation

analogous to the field realisation Eqs (2.8) of the off critical spin 1/3

superalgebra. We have:

(2.15)

e]

where the field operators G'3,2, G'.J/2, <p, /•", G'1/2 and G_U2 read as

ni.l/io , r =i '3/5.3/5 (2.16)

~ ^1/10.3/5 . *j'l/2 = ' '3/5,1/10'

and where 6 is propoilional to the perturbation field namely 0 = yF. Before

examining other field theoretical representations of the TI'M, note thai both the

spin 1/2 and spin 1/3 supersymmelric algebras Eqs (2.14) and (2.6) are in fact

the two leading situations of a mure general off critical spin s = \j k; k =2,3...

supetsymmeliy defined as:

(2.17)

= ± mod k.

In tho al»ove relations, Ihe climges operators Q', Pk, and A1'"'1' aie constants of

motiun surviving after the A, , — <h2l , n , deformaljon of toe c = l - 3 / * ( 2 * + 1)

conformal theory. The index r carried by Q, lakes Ihe values + or - (mod*).

These are the fundamental conjugate charges of the l ( £ - l ) / 2 | non vanishing

dual charges of the Zk symmetry of Ihe algebra (2.17). For k = 3,we gel the + and

- 7,j charges appearing in Eqs (2.6) whereas for k = 2 we have no charge, fact



which explains lh.it the N = 1 supcrsyminelric spin 1 /2 generators are hermitean.

The field representalion of Eqs(2.17) generalizing the realizations Cqs (2.8)

and (2.15) are easily deduced by taking:

(2.18)

where:

=<*
f r , >, V

(/> " ' - (

f7* = rfi1*;

(2.19)

1 Ifie also Ihe lerin 0 violating Lhe confoimal iiivariance is proportional lo the
perturbation operator <pu = I.). Selling k = 2 and Jt = 3 one gets the lesulls of lhe
TJM and lhe TI'M respectively. In whal follows, we shall examine how some
fcalmesof the c = 7/10 TIM sudi as Ihesupeispnce formulation 13], lhe Landau-
tiiiizburg approach, lhe spontaneous supersynnnelry breaking [5] can be extended
to the c = d / 7 '1 PM. We shall slatt however by analysing the helerotic part of the
off crilicnl spin U = 2 1 /3 superalgebra ganeraled by P and P . Then we generalize
our results lo the thennal deformation of lite TI'M.

3. Hclcrolic D = 2 (1/3,0) Supeisymmotric Models.

In llus section, we build a superspacc represenlalion of the helerotic D = 2

(l/.1,0) superalgebrn and derive a field theoretical model invariant under this

symmetry. We start by defining the 0 = 2 (1/3,0) supersymmctric algebra as the

set of opera lots generated by C^J.QI/J and I' satisfying:

(a)

(10
(3.1)

where we have droped out the values of spin for sake of sinplicity of our

equations. This superalgebra is invariant under two kinds of discrete

symmetries: First the Z3 symmetry operating as:

(3.2)

where qi-q'i = l. Second the Z2 symmetry, generated by the charge

conjugation operator C, acting on Q1 and P as:

CP = PC. (3.3)

Since Eqs (3.1-a) and (3.1-b) are interchanged under the Zj-symmetry, we shall

focus hereafter our attention on one equation only say Eq(3.1-a). Hermiticity of

P is then lost. We shall forget about this physical requirement for the moment.

Later on we shall show how this basic feature may be restored. To construct field

theoretical models exhibiting the algebra (3.1-a) as a symmetry, we shall proceed

by analogy with the D = 2 (1/2,0) supersymmelric theory by introducing the left

spin 1/3 superspace (z,6*) where 9* = 6lU2 is a parafermionic variable carrying

plus one Z, charge and a spin s = -1 / 3 and obeying:

(3.4)

Note that objects 6 such that 6t = 0; Jfc £ 2 are some how mysterious since they

are not well common among the c-numbers. For * = 2, 6 is just a Grassmann

variable often used in the superspace formulation of supersymmetric theories

[17]. For k > 2, however, such objects are new in the sense that they were not

used previously. To our knowledge, similar quantities obeying higher non linear

constraints were postulated recently in ref [18]. There, they were used in the

interpretation of the Sine Gordon integrable model as a N = 2 supersymmetric

Landau-Ginzburg theory. We shall not discuss here the spase of solutions of

these constraints although we shall suppose that su :h space exist and is non

empty. Various motivations in favor of this assymption may be quoted. In

addition to technical arguments see Eqs (3.8-10) there are also physical

indications supporting this assymption one of which is the existence of models

exhibiting fractional spin symmetries [19]. The latters are generated by spin

j = l//fc charge operators among which the two dimensional J = 1 / 2

supersymmetric algebra is just the leading example. As for the Bose-Fermi local

10 11



theory, two dimensional consistent fractional spin supersymmetric theories are

expected to exist and wait to be discovered. Nevertheless, as far as the constraint

Eq 6k = 0 is considered, solutions can be worked out. We give hereafter two

natural ones. The first solution is given by kxk nilpotent matrices. Taking for

instance 9 as <pAu where <p is a c-number and where At and more generally
A,; —k < n<k are kxk matrices, expressed in terms of the e, •, 1 £ i,j ^ k matrix

generators, having one at the site (i,/) and zero elsewhere, as A,, = TV,,*,.
ISiS*

These matrices obey among other properties the identity (A,)' = A, for p <k

and (A,)' = 0 for p £ k so that 0' = <plhk = 0 [20]. The second solution of 03 = 0

is obtained by using two Grassmann variables Vi+/3 and Tfe/3 allowing to rewrite

the Eq 03 = 0 in the following linearized form:

+7) \ff* = 0
(3.5)

where we have droped out the index of the spin. We shall explore this kind of
solution and its relation with W = 2 supersymmetry in section 6. Under our
hypothesis, the superspace realisation of Eq (3.1-a) generalizing the usual
supersymmetric derivative may be worked out by using covariance and
dimensional arguments. We find:

D' = d I dO* + 9*xd / dz

(3.6)

where 9/99* should be understood as a q -deformed q -derivation, see [21,22]
for more details. To check that these operators form indeed a diferential
representation of the algebra (3.1-a), we first calculate the square of £>". This is a
Spin 2/3 object carrying a Zi charge n = 1 (mod 3). It reads as:

D"2 = a2 I <?6T2 + (1 + q)$*d /det3/3z + (l + q2)0t292 190t291 dz. (3.7)
In deriving this relation we have used the following basic property of the
deformed q-derivation:

dId6* • (3.8)

12

where q = exp(2ijw), s = 1 / k, k positive integer. This a general identity valid for

any value of the spin of the parafermionic parameter 8*. For a spin s = 0

parameter 6* = x, the deformation parameter q is equal to one and then Eq (3.8)

reduces to \dI dx, JC2] = 2JC or also [d I dx , Jt] = 1. For a spin s = 1 /2 parameter q

i.e a Grassmann variable verifying q1 = 0, Eq (3.8) reads as \dl dB, 62] = 0 since

<? = - l - An equivalent identity using the anticomn utator is [d/d&, 0}-\.

More generally, using the definition of <?-deformation of the derivative dl 30*,

we have on one hand:

(3.9)

and on the other hand by using the above mentionned commutation rules:

(3.10)

Making appropriate choices of the value of the spin, taking into account the
constaints, one recovers the known results.

We turn now to complete the proof of the Eq D~l = (l + q)P. Repeating the same

analysis, we find:

= (1 + q)d I dz + d' I <?6T3 + {] + q + <72)[(1 + q)6*dI dd*
(3.11)

The first term of the r.h.s of this equation is the energy momentum vector up to

the coefficient (! + <?). The remaining terms vanish individually either by using

the identity 6* = 0 or also by help of the property 1 + q + r2 = 0, the sum of all

roots of the equation q" = 1 is identically zero.

Superfields <pr(z,9*) are superfunction defined on the superspace (z,(T)

carrying fractional values of the spin. In our present case, the allowed spin

values of the r are multiples of 1/3. Moreover, because of the nilpotency

property of the variable q, the superfield 0, may be expanded as follows:

= # + e > P.12)

Under a spin 1 /3 supersymmetric infinitesimal transformation 50* = £*, this
superfields varries as: S<j>r = £*£)"^r. In terms of the component fields, we have:

13



(3.13)

where we have used the identity x'*\n - X"m- F r o m these equations, one leams
at least two things: 1-Any irreductible representation 9? of the algebra (3.1-a) is
three dimensional. The spin values of its field components are s = 0, 1/3 and
2/3 (modi/3). Their Z, charges n are n = 0,±l modulo three. Note that as in
spin D = 2 (1/2,0) supersymmetric representation theory, this ensures that the
trace of the trace of spin 1/3 supersymmetric number operator qF on 9t
vanishes identically since:

Tr/ ~ (3.14)

The second thing we would like to note is that the highest component of the
expansion of <p, Eq(3.12) transforms as a total derivative under a spin 1/3
supersymmetric transformation see Eqs(3.13). Supersymmetric invariant actions
S are then defined as:

(3.15)

where the superlagrangian L is required to have 1/3 and 1 as left and right
scale dimensions respectively. It should carry also a minus one Zs charge. As an
example, we may take the non hermitean lagrangian IS as:

r ~( (3.16)

where d = d I dz and where tp" and <p2" are non hermitean superfields of charges
n and -n respectively. Note that superfields given by Eq (3.12) carry in general
Zj charges. This is easily seen by remarking that the representation (3.6) of the
algebra (3.1-a) admits a Z3 symmetry acting as:

6*
(3.17)

The Zj-symmelry involved here is generated by the group element
<j = exp(2ijr/3). This is a discrete subgroup of the continous (/(I) group of
phases t/(a) = expla; a e[0,2jr[,for a = n , one obtains the Z, symmetry of the
spin 1/2 supersymmetric algebra. For a arbitrary, one has the full (7(1)
symmetry of the N = 2 t/(l) theory [23]. We shall examine the analogy between
the 0, j deformation of the TPM and N = 2 supersymmt trie Z3 invariant models

in section 6. Using Eqs (3.6,12) and integrating to respect to 02,the field
components lagrangian L reads as:

L - (3.18)

where we have used the commutation rules y*6* =q6*\tf* and £°0+ =q7B*x°-

see later Eqs(). In this equation, we have choosen n = -1 as a Z3 charge of the
superfield 0, as suggeted by Eqs (2.8). The equations of motion of the free fields
<P~<V*,X° ar«d 9*. W" arid x~ of 0f and ^respectively are solved by:

(3.19)

In addition to its manifest Zy -symmetry, the above non hermitean lagrangian
admits a global spin 1/3 supersymmetric in variance generated by the conserved
charge Q~n :

3> (3.20)

where G^3 and GZm are fractional spin currents satisfying the usual

conservation law namely:

i =0. (3.21)

Using the transformation laws Eq(3.13) and following the Noether method, one
may calculate explicitely these currents. We find that GIlrl = 0 and:

(3.22)

15



This is an analytic current showing that Eq(3.18) admits indeed a huge
symmetry namely a spin 4/3 superconformal symmetry. Calculating the
variation of the lagrangian L under space time translations, we find the
following field realisation of the conserved spin two tensor:

Tc =
(3.23)

The other components of T^ namely T and 0 vanish identically as required by

conformal invariance. The analyticity of G~ and T follows directly from

Eqs(3.19). Note that Tc is a complex current. This feature was expected since the

underlying constant of motion P = \dz Tc+dzB involved in the algebra (3.1-a) is

not hermitean too. To restore this basic property, we demand to the Spin two

current (3.23) to be hermitean. This can be achieved in two ways leading to two

different theories. The first way is to treat the degrees of freedom involved in #j"

and <t>2 as unconstrained fields so that the hermitean energy momentum current

T is equal to Tc + T] where T] is the adjoint conjugate of Tc

(3.24)

where <f>* =(<p )T and so on. The 4/3 supersymmetric conserved current G+ is
obtained in a similar way. We find:

where (_y°nY and (x°nf a r e t h e conjugates of

one needs at least four dynamical scalar fields (j

resulting free lagrangian reads then as:

(3.25)

°, and xliy I n tr |is approach,

and their conjugates <p* The

(3.26)

The second way is to require
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(3.27)

relating the component fields of $[ and ft. This conjugation which affect both
the charge and the value of the spin is not new as it was introduced, although
differently, in the Zamolodchikov's ZN parafermionic theory of central charge
c = 2(JV-l)/(Af + 2) [12]. In our present case, Eqs (3.27) may be wondered
already at level of the algebra (3.1-a). Indeed imposing the hermiticity of
P = {Q£n)\one gets:

(3.28)

and vice versa. In this case the G<*/3 current does not exist .The hermitean

lagrangian £„ under the conjugation (3.27) coincides with the original one Eq

(3.18).

4. More on spin 1/3 Supersymmetric Models .

We consider here the construction of field theoretical models that are invariant
under the D = 2 (1/3,1/3) supersymmetric algebra Eq(2.6). The latter is
generated by the left and right conserved charges (?,'„,G,%,f and Qrllit(£m,P

respectively together with four topological charges A'"1"',^"1*',^4-"' and A(++)

relating the two sectors. The + and 0 charges carried by these objects are those of
theZj x Z3 automorphism symmetry of Eqs(2.6) acting as:

TO* = qQ\ T
TQ* = qQ*,

= qQ~, VP = P

- = qQ\ TF = P (4.1)

where V and T are the generators of the Zj and Z, group and where we have
used the convention notations g*m = £p and P_, - F in addition to Qfn - Q*

and Pl = p used in the previous section. The algebra (2.6) admits moreover an
extra Z2 x Z2 symmetry, generated by C®C, acting as:
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CQ- = Q*C

CQ' = Q *C.
(4.2)

Note that under the usual complex conjugation (*) of complex variables z' = f,

we have the obvious relations:

Y; P=P\ (4.3)

showing that the left and right sectors are related by the complex conjugation of
the two dimensional world sheet parametized by z and z. For later use, we
quote hereafter the different automorphisms of the superalgebra (2.6):

c
c

*

Q~

Q*

Q-

Q-

Q*

Q-

Q +

G +

Q +

Q-

Q~

Q~

Q-

Q +

Q*

p

p

p

p

p

p

p

p

A'-'

A"-1

A1"-1

A"'*'

(4.4)

A differential representation of Eqs (2.6) respecting Eqs (4.4) and generalizing
the left sector result Eq<3.27) may be obtained by introducing a large superspace
(2,6*,7,0*,x*\x-,x*',x-) with. 0 a =0 and 9a =0. We find:

D =

D~ = D~

f) + a§'d'dl-ty

(4.5)

t'*' = (a - aq)#*-*\ A(-'-» = (a - o?

where D~ and D* are given by Eq(3.27) and where the derivatives along the
extra directions, realizing the topological charges as translation generators, are
defined as: d1*'*' = dIdx~~and so on. D~ and D* are the spin - 1 / 3 charge
operators realizing the right sector of the algebra (2.6) without topological

i s

: ':* -V Ji

charges. As shown on the table Eq(4.4), D and D*may be obtained from Eq

(3.27) by help of the (*) conjugation. They read as:

(4.6)

Note that D* and D~ are related to each other by the Z2 automorphism group
acting on the superspace variables S* and z as: C0'-9*C and Crz = zC.
Superfields describing off shell representations of the algebra (2.6) are
superfunctions defined on the generalized superspace {z,Q,l,9,x). They consist
of 34 =81 component fields depending on the bosonic variables z,z and j;.This
is a big number of degrees of freedom that renders very difficult the elaboration
of invariant field theoretical models under Eqs (2.6). However, forgeting about
some automorphism symmetries, one may construct models which are invariant
under subalgebras of Eqs (2.6). To do that, various ways are possible. The simple
way is to ignore all the automorphisms given by Eqs (4.4). This is the case of the
subalgebra:

(4.7)

generated by non hermitean charge operators. Non unitary invariant models
under this symmetry will be considered in this section. The same thing may be
said about the subalgebra generated by (Q\Q *,P,P) as it is related to Eqs (4.7)
by the Z2 xZ2 symmetry generated by CSC. The second kind of models,
which will be studied in section 5, are based on the subalgebra:

(4.8)

These equations are stable under the complex conjugation (*) as shown by Eqs
(4.4). The field theory invariant under Eqs (4.8) is real and may describe unitary
D = 2 (1/3,1/3) supersymmetric models. In what follows, we first study those
theories that are invariant under Eqs (4.7). Introducing the superspace
(z,9*,1,6*,x**}, with d+i =0 and 6** =0, a representation of this algebra reads



P = -qdl dz

P--qdldi

(4.9)

where D~ and D' are given by Eqs (3.27) and (4.6). To check that the above

relations form indeed a representation of Eqs (4.7), we follow the same strategy

as in section 3. First we calculate the square of D (D~). We find:

D"1 = D'* + e*2d'^2 + (1 + q)9 V ^ ' Z r , (4.10)

where D'2 is given by Eq(3.7). Repeating the same procedure, we get:

?( "•" )]D" I?
<->-', (4.11)

which reduces to P because of the identity 1 + q + q1 = 0. A similar proof is valid

for D~. Moreover using the commutation rules:

D'D' =qO'D

D'6* -q9*D-, D~0* = qd'U ,

PD = D'P, tf-^D- = D"A*"1"',

(4.12)

it is not difficult to see that the second equality of Eqs (4.7) is also satisfied.
Superfields defined on the superspace (z,0*,z,0\x**) are usually complex.
These off shell representations, consisting of 32 complex degrees of freedom,
may carry both a spin s = h- h and Z3 x Z3 charge (m,n) with m,n = 0,±l (mod3).
The 9*l/y and 6*n expansion of a generic superfield ^p}'" ) reads as:

* ft™-1."-1'

(4.13)
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Taking k = h = 1 /21 and n = m = - 1 , we find that the fields ^ '" ' . J t^f ' •^fs a n d

D*""1 are exactly those appearing in the field realization of thee critical spin 1/3

supersymmetry of the TPM namely

V - Vl/21,1/21 • U ~ <Pl/2].5/7
(4.14)

I*.-)
8/21.1/21 '

(O.-t)
5/7.8/21 '

<*.O)
H/21.5/7 •

„(-.*) _
''-1/3 ~

F^> = (

^1/21.1/21

ftit.ti
KS/2I.K/21

The remaining fields V^fKrf:^,^^,^ and ^*;3'which are identified with:

(4.15)

are extra conformal fields since they are not predicted by the c = 6 / 7 conformal
theory. They are however indispensable in the building of a manifestly D - 2

(1/3,1/3) supersymmetric theory eventually invariant under the Z, xZ ,
discrete symmetry of Eqs(4.7). As for the left sector considered in the previous
section, here also the highest 9 -component terms of superfields (4,12) transform
as a total space time derivative under the change S9* = e* and 89* =c + .
Invariant actions S are then constructed as in two dimensional (1/2,1/2)
supersymmetric theories. We have

= jd2z<\'6 (4.16)

where \dl9~D 2D2 and where the superlagrangian &• ' carries a (-,-)

Z3 x Z3 charge and scales as 1/3 + 1/3 dimensional quantity since the integral

mesure scales as (length) l / 3+1 /3 . Note that we have ignored the x-dependence

realizing the topological charge A1"'"'. Other details will given when examining

hermitean models. Using dimensional arguments, it is not difficult to see that

liw'} is of the form:

[/<-.-> r (4.17)

where the integers m, n may take the values 0,±l. As pointed out from the
begining of this section, the action 5 and the lagrangian Eqs(4.16-17) are not
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hermitean. Setting n = m = -1 as suggeted by the thermal deformation of the
TPM Eqs(2.8) and using the 6 -expansions of the complex superfields 0,1"1"' and
$ + l t ) as well as the expression of the derivatives D~ and D~ Eqs(3.27) and (4.6),
one may calculate the component fields contribution to the action S of the first
term of Eq (4.16). Straightforward algebra leads to:

and

(4.18)

(4.19)

> + e 4 ? ^ ' + e*2

where we have put a bar on the component fields of the superfield #2*'*'
to avoid the confusion with the ^J"1"' component fields, d and d mean 31 dz

and d I dz respectively. Integrating with respect to d*6 the superfield kinetic
term taking into account the commutation rule 6*6* = q6*6*, we get:

(4.20)

Note that this relation contains two kinds of fields. Dynamical fields namely

equations of motin whose solutions factorise into analytic and antianalytic parts.

Auxiliary fields (**•+>ytfi\£l''-t\Dl'>m and F""-0',§<-•»»,p"^ and D'"1"'. They

appear linearly in L;, and lead then to constraint equations. Details on the role of

these fields will be given later. Note moreover that Eq (4.20) is invariant under

the following transformations:
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(4.21)

1E-

The spin ±4/3 supersymmetric conserved currents G and C generating these
transformations are obtained by using the Noelher method. They read as:

(4.22)

(4.23)

Finally, observe that starting from Eqs(4.21-22) and using the Z1 symmetries

generated by C and C, we can build the field realizations of the dual currents G*

and G * as follows:

(4.24)

We have for G* for instance:

G* = d<p'*-~V^ (4.25)

where C<p{* "' = (/"-"'C and so on. Note also that relations type Eqs{3.27-28) may
be written down. The superpotential term W(~~} is a priori an arbitrary fonction
of the superfields 0, and 02 which may be restricted by requiring covariance
under the Z3 x Z3 transformations. The most general form of Wi~'~) respecting
the Zj x Z, symmetry reads then as:
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(4.26)

where gm, g'm and g'J, are coupling constants. Note that leading linear term in the
above equation ^o^J"'"', integrated with respect to d'6, give go£><0l0)- It describes
exactly the 0,3 termal perturbation of the c = 6/7 critical theory as shown by

Eqs (4.14) and (2.12). We expect that this term is the mediator of the spontaneous
breaking of the D = 2 (1/3,1/3) supersymmetry of the TPM. Recall that in the
case of the TIM,the <pl3 field scaling as 3/5 + 3/5 conformal object breaks

spontaneously the (1/2,1/2) supersymmetry of the c = 7/10 model.
Unfortunately, this feature cannot be checked directely on the scalar potential
V(q>,<p') since the theory we are considering in this section is non unitary. We
shall not pursue this direction. D - 2 (1/3,1/3) supersymmetry breaking will be
discussed on the following unitary model.

5. Effective Potential of the C=6/7 Theory .

In this section,we developp a hermitean spin 1/3 superfield formulation of
the c = 6/7 critical theory leading to the scalar potential V{q>,<p') Eq (1.10) once
the auxialiary fields are eliminated. Then, we show that the flow to the c = 4 / 5
Potts model is achieved by a spontaneous breaking of the off critical (1/3,1/3)
symmetry. To that purpose, we shall fix our attention herebelow on the
subalgebra (4.8) generated by (D',D*,P,P and A) obeying the rules:

D'D* - qD*D~ = A .
(5.1)

As noted earlier, the remarkable feature of this algebra is its invariance under
the Z3 x Zj automorphism group acting as:

D* =(D )*,/> = P'

FD* = qD*, TO =q2D ,
(5.2)

Introducing the real spin fractional superspace (7,8\z,9*,x), with 0+3 = 0 3 = 0,

the superalgebra Eq (5.1) is realized asr
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D' =d/d9* + 6* dldz + aO

6 +62d/dz+a0*3/dx
(5.3)

These relations may be checked by following the same lines as we did in section

3. Undesired terms vanish by using the nilpolency condition (T1 = 5+> = 0, the

identity 1 + q + q = 0 and by the commutation rule 9~6* = qe*6'.

Superfields <j> defined on the real spin 1 /3 superspace, we are considering
in this section, are fonctions depending on the coordinates z,I,6*,Q' and
eventually on jt. They are off shell representations of Eqs(5.1) which may carry
both a spin and a Z3 charge n - 0,±l. A generic superfield of weight (A, h) and
Zj charge n is developable in a finite series as

• = p" + 0*y* + 6'rf + 9*6'F' + 0*2x*2z° (5.4)

The conformal weights of the component fields of 0" are easily deduced by

knowing that the weights of $* and 0~ are (-1/3,0) and (0,-1/3) respectively.

For instance the scale dimension of F" and D" are (A + 1/3.A+1/3)and

(/i + 2 / 3,h + 2 / 3) respectively. Their Z3 charge is n. Note that superfields type

Eq (5.4) can be subject to a reality condition. Note also that the highest 0-

component of 0" namely D" transforms as a total space lime derivative under

the change 59* = c* and SO' - e'. Invariant actions S are then constructed as in

(1/2,1/2) supersymmetric theories:

(5.5)

where the superlagrangian L is Z, neutral and scales as a 1 / 3 +1 / 3 dimensional

quantity. In this above equation we have ignored the *-dependence realizing

the topological charge. This can be ensured by supposing that the superfields

involved in L are x-independent and that Jt parametrizes one dimensional

compact manifold. Taking as dynamical superfields $~ and its conjugate

4* - (<t>~f and using dimensional arguments and covariance, it is not difficult to

see that the superfield lagrangian form reads as:
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(5.6)

where W(<j>,<j>'} is a hermitean superpotential whose dependence in the
superfields (j> and tp' is dictated by the two dimentional (1/3,1/3)
supersymmetric model we want to describe. Taking ^ as in Eqs(5.4) and its
conjugate 0* as follows:

(5.7)

the derivatives D <p and D*<p' are then:

and:

(5.8)

(5.9)

so that the free field propagators are

(5.12)

The second kit d of fields involved in L,, are the auxiliary fields. These are the
scalar fields F and D and their complex conjugates F' and D' which will play
a special role in the derivation of the scalar potential V(<p,<p'). The other
auxiliary fields <jj° and v+ and their conjugates ^° and v~ are parafermionic
fields ofspins = - l / 3 , l / 3 , t / 3 , a n d - l / 3 respectively. They are not important
in our present study and then we shall forget about them. We turn now to
examine the superpotential W that we take for the moment as:

(5.13)

and <j>', a matter ofSetting all non scalar fields to zero in the superfields

simplicity, and integrating with respect to d*6 we get:

Using these relations and integrating with respect to d'B; the (1/3,1/3)
supersymmetric invariant component field kinetic terms read as:

L ~
(5.10)

Note that this equation contains two kinds of fields . Dynamical fields

<p,\^*,rf,Xa a n d (i* together with their complex conjugates The solutions of

their equations of motion is:

=Ji'{z) (5.11)

(5.14)

or equivalently by using the field derivatives of the superpotential W

(5.15)

where we have set ^— = -^-~ with 0* and 0 taken equal to zero. Combining
dtp d<t>

this result with the expression of the kinetic terms Ẑ  (5.10),the full component
lagrangian L^La + L^ of Eqs (5.10) and (5.15) reads therefore as:

(5.16)

Note that the auxiliary fields D and D' appear usually linearly in the above
lagrangian. These are lagrange fields leading to a couple of constraint equations
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relating the remaining scalar fields of the theory. Moreover they allow to solve
the auxiliary fields F, and F' in terms of the dynamical fields <p and ft*.
Indeed, the equations of motions of D and D' , which read easily from Eq (5.16),
imply:

dW - _dW
7 T - r ,F=q — .

dtp dtp

(5.17)

so that the scalar potential V((p,tp') we are looking for is completely expressed in
terms of F and F* as:

(5.18)

or equivalently by using their field equations (5.17):

+ C.C • (5.19)

Before going ahead recall that the hamiltonian H = (P + P)/2 of this theory
reads in terms of the spin 1/3 supersymmetric generators Q and Q*, as:

(5.20)

which is not necessary a positive operator although it is hermitean. If j yr) is a

given state of the underlying Hilbert space, then the energy eigenvalue

2£ = {v/|Q"3|vf) + ( ^ | 2 ' V ) i s r o t i n general positive. Supposing that H is

bounded below, ie that there exists a fundamental state | Vo) of eigenvalue Eo

such that E S Eo, then we have the two following statements : 1- If Eo = 0, then

the s = 1 / 3 supersymmetry is preserved and the minimum of V(<p,<p') is zero. 2-

If £0 >0, then the spin j = 1/3 supersymmetry is spontaneously broken if and

only if:

(5.21)
dcp d<p
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Using the expression of the superpotential W, we find that the above constraints

are solved by:
2 (5.22)

or equivalently A ^ j 5*0. These equations are the necessary and sufficient
conditions for spontaneous spin 1 /3 supersymmetry breaking. Note that both
the fields D and F2 behave exactly as the conformal field of the c = 6/ 7 critical
theory. Thus, as in the c = 7/io (1/2,1/2) supersymmetric theory here also the
013 perturbation breaks the fractional symmetry of the TPM. Such feature is

expected to hold for all D = 2 (l/k.l/k) supersymmetric theories. We illustrte
herbelow this result on the example w = g{# + ***)/n which by help of Eq(5.I9)
leads to the scalar potential:

(5.23)

For n a multiple of three, n = ip; this potential becomes Z 3xZ 2 invariant.

Setting f>=pexp((<7), where p and a are two real fields with p(z,z)5 0 and

0 <, o(zj) 5 n, Eq (5.23) may be rewritten as:

V(p,cr) = (n-l)gip1"~tcos(no). (5.24)

The positivity condition of this potential depends on the values of a{i,z) and

the sign of the coupling constant g. V(p,a) is positive if g > 0 and 0 s ncr s -̂  or

again g<0 and . Consider now the perturbed superpotential

g<p" I n + Sip' 12 + A0 + c.c. the new expression of the scalar potential reads as:

V(<p,V') = 1 / 2(5 -1*) + cc. (5.25)

Under the above hypothesis. The minimum of this perturbed potential is no

longer zero since Vmin = X.S thus the D = 2 (1 / 3,1 / 3) super?/mmetry is broken

by the D and F2 terms as predicted by Eqs(5.21-22).
In the remainder of this section, we extend the above results to an arbitrary

superpotential W(#,0*) of the form:

(5.26)
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Using Eqs (5.4) and (5.7) by dropping out all non scalar fields and integrating

with respect to d"B, we get a new lagrangian generalizing Eq(5.1):

(5.27)

dtp

where i , is given by Eq{5.6). Choosing W to be the sum of an analytic and

antianalytic ructions of the superfields <t> and 0* as in Eq(5.13),we recover the

previous result. Eliminating the lagrangian fields D and D' through their

equations of motion (5.17), we get the scalar potential V(<p,<t>'):

32w (dwYdw
dtpdtp' \ dip fydip*

(5.28)

Under the same hypothesis as for the superpolential (5.13), the spontaneous

breaking of the D = 2 (1/3,1/3) supersymmetry occurs for <D>*0 and

< F1 >* 0 or again <D>*Q a n d < FF' >* 0. As an example we consider the

superpotential w = nf + g(0y +#*3)/3. The resulting Zj invariant component

scalar potential V(0,#*) follows from Eq(5.28):

' + <pq>'lf

As expected this potential vanishes for <p = 0. Perturbing this model by the D-

term A.jd*9(p + cc, we find that the value of V(<p,<j>') at <p= <p' =0 is no longer

zero as it is proportional to X.y. Two dimensional (1/3,1/3) supersymmetry is
then spontaneously broken.

6. C=6/7 Model as a N=2 theory.

We start by recalling that the solution of constriant Eqs type Q2 = P may be
solved on the (1/3,0) superspace U,01ui) with (0!l/3)3 =0 as shown in section 3.
On the other hand, it was noticed also that a second approach based on
Grassmann variables may be used to address this question, see Eq (3.5). In this
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section we devolopp this second solution. We show too particularly that the 0,3

perturbed c = 6/ 7 theory can be viewed as a N = 2 supersymmetric theory with

a Zj discrete automorphism group instead of a t/(l) as in the usual case. First of

all consider the algebra (3.1-a) that we rewrite in the following convenient form:

Q-Q'+Q'Q =2P

Q-Q-+Q-Q' = 2Q
(6.1)

where Q* is a spin 2/3 operator carrying a Z, charge +1. Then introduce the
superspace (2,8*,T)~) where 6* and rf are anticommuting Grassmann
variables of spin s = -1 /3 and $ = - 2 / 3 respectively. The next thing to do is to
solve Eqs (6.1) on the space of chiral superfields Fe, satisfing the chirality
condition Q*<p = 0, so that the above relations reduce to the defining equations of
the N = 2 supersymmetric algebra namely:

(6.2)

On the chiral superfields space Fc, Eqs(6.1) are then solved by the following

representation:

= dldd*
(6.3)

or again by using the coordinate change y = 1 - 8*r\~:

D'=

D*= dldrf.
(6.4)

Here also, chiral superfields are specified by their Z, charge n = 0,±l and their

spin s = h = k/3, JteZ. Ageneric chiral superfield ft is expandable in 0 and TJ

series as:

(6.5)



where we have set h - 0 and n = -1 for later use. Using the adjoint conjugation

(̂ 1*3) = 1 /̂3 and vice versa as required by the hermtticity of Eq (6.1-a)and its

realization Eqs(6.3), we can calculate the adjoint conjugate of 0~. We have:

(6.6)

where we have used Eq(3.27) according to which (y*) = y^_, for 0 < s < 1. The

action S[$~,$*], invariant under Eqs(6.1) and the Z3-syminetry, describing the

dynamics of the free fields tp~, \ji^n and their conjugates <p* and ^j/s reads as:

5 ~ jd2
(6.7)

Note that the integral measure dTj'dB* is pseudoreal under the hermitic
conjugation. Intergrating with respecl to 8'if, we get:

5~ (6.8)

generalizing the well known (2,0) supersymmetric free action. Consider now the
full algebra Eqs(4.7) that we rewrite in the following convenient form:

(a)

(b)
(6.9)

(d),

together with Q Q' -qQ Q~
form:

= A^"1 that we put in the following equivalent

{Q'.Q }=0
(6.10)

Similarly as we did for treating Eqs(6.1), Eqs(6.9-10) may be solved on the space
Flcc) of chiral-chiral superfields # defined on the generalized superspace
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(Z,0\TJ ,1,9, TJ") and satisfying Q*<p = 0 and £>+^ = 0. Indeed projecting Eqs(6.9-
10) on the chiral superfields <p of F(c c) we get:

,§'}<!> = 23 4>

(6.11)

which, abstraction done of the spin of the charge operators, are nothing but the
defining relations of the D = 2 (2,2) supersymmetric algebra with a Z 3 xZ 3

automorphism group. Without loss of generality, we shall identify the left and
right Z3 discrete symmetries of the superalgebra Eqs(6.9-10). The superspace
representation of the above equations (6.11) is given by:

o* =
(6.12)

P=d,

where all the fractional spin variables <?+,0+,rT and rj~ obey anticommutation

relation rules. Using the change of variables y = i-9*if and 3 = z-8*T}~,

chiral superfields of conformal weights (h,h) and a Z3 charge n are developable

in a finite series as:

where the component fields <p~,y+.X~ and F are fonctions of y and y and
where we have set n=-l for later use. In what follows, we shall take h = h = 1 /21
and simplify our notations by marking only the spin s = h — h at the bottom of
the fields so that the above fields read as <f MuX-m a n d F. The antichiral
superfield <p* = (0~)+ satisfying D~<t>* = D~$* = 0 is then:
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-,*,»», m *•>

(6.14)

where we have used

) +

faU) together with <p* = \<p )
3) = \f2li) faUn) ~

and F = (F)+ . These fields depend on the arguments y' = z + 8fT)~ and
y' = z + 8*TJ~.Following the same proceedure as in the D = 2 N = 2
supersymmetric theories, we can write down the general form of the action:

(6.15)

invariant under the algebra Eqs(6.9-ll) and exhibiting moreover the Z3 discrete

symmetry. We have:

(6.16)

where the jdi9 = jd9*de* ~D~D- and jdiri=jdij-dif -fi+D* and where the

Kahler potential Kfty*) is choosen as K($~,0+J = <p~<t>+- The superpotential

W~(0~),(resp W*(<p*)) is an analytic (antianalytic) function of the chiral

(antichiral) superfield #~(0*) describing the allowed Landau-Ginzburg

potentials. Its expression respecting the Z3 symmetry reads as:

6.i 7)

where the gn's are coupling constants and where the integer M defines the

conformal model of interest. For M = l, we obtain too simply the Landau-

Ginzburg potential of the c = 6/7 TPM we are considering here. Indeed

integrating Eq(6.17) with respect to the 6's and i) 's. We get:

(6.18)
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Eliminating the auxiliary fields F and F through their equtions of motion

namely:

3W~
d<p~

(6.19)

and putting back into the above component field lagrangian, we get the scalar

potential V(<p,<p'):

V(<p,tp')
dW
dip

SO, (6.21)

where we have set <p = <p and <p* = (ft'. Choosing the superpotential W as:

(6.22)

we obtain the Landau-Ginzburg scalar potential of the TPM we are looking for:

¥><p'). (6-23)

This relation should be compared with the result of reft]. Note that the above
potential breaks spontaneously N = 2 supersymmetry, and then the D = 2
(1/3,1/3) superalgebra Eqs(6.9-10), because of the linear F and F terms. The
latters represent therefore the #u deformation of the TPM described in the

context of the N = 2 formalism. Note.finally that admiting that the c = 4 /5

critical three state Potts model may be described by the free parafermionic fields

¥f1I/3 and A.^,, we find that the central charge contribution of the multiplet

(<p,<p', Vii/a.A^j) involved in Eqs(6.I3-14) is c = 2 + 4 / 5 = 14 / 5 . This value is not

too different from the c = 15/ 5 = 3 contribution of the N = 2 U(\) conformal free

field representation, fact which maight explain the c = 6/7 TPM versus the

N = 2 supersymmetric approach developed hereabove.

7. Conclusion

In this p»p«.r , we studied the fractional spin symmetry of the c = 6/7
conformal theory and too particularly its <j>, 3 thermal deformation generated by
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the conserved G*4n currents. We first showed that this off critical symmetry
shares many basic features with the standard D = 2 (1/2,1/2) supersymmetry.
In fact D = 2 (1/2,1/2) and (1/3,1/3) subalgebras appear just as the leading
examples of (l/k,\/k), *=2,3,... supersymmetries surviving after the 0,3

deformation of the c = l-3/*(2Jt + l) conformal theories. Irreducible
representations, which are intimately related to the periodic representations of
SL^(2) quantum group w: h qk = 1, are finite dimensional and are completely

characterized by a kind of generalized fermionic operator number qF. This is an
operator, non hermitean in general, having a vanishing trace and obeying the
following commutation rules

y =0
(7.1)

where q = exp(2inlk) and where the definition of ad is given by Eq(3.9). Setting
* = 2, ontrediscovers the D = 2 (1/2,1/2) supersymmetric result. Basing on this
striking similiraty with the N = 1 supersymmetric theory, we developed
superfield representations of the spin 1/3 superalgebra by introducing a
generalized superspace (i,z,Btm,6$n,x), where 6?l3 and 0tm are parafermionic
variables of spin ±1/3 obeying the nilpotency condition (0|,,3)3 = 0. z and z are
the usual two dimensional space coordinates and the x's are a collection of extra
scalar variables realizing the topological charges as translation generators.
Unlike the D = 2 spin 1/2 N = \ supersymmetry of the tricritical Ising model
which is basically a real theory, the D = 2 (1/3,1/3) supersymmetry of the
05/V/7 deformation of the c = 6/7 conformal model exhibits two remakable
features which makes its superfield formulation technically not easy to perform:
1- the first point is the proliferation of charge operators of spin ±1/3 obeying a
cubic equation namely &*?„ = C;,3,, = P. GL*f,3 =G-"?,3 =P- These G*1/3 charge
operators are related to each others by three types of Z2 discrete automorphism
groups. Field realisation of all these symmetries necessitate at least 34 = 81 fields
rendering the theory cumbersome. Such kind of difficulty may be compared
with that we encounter in four dimensional extended supersymmetric theories
[24]. The strategy we followed in this study is based on field realisations of some
subalgebras obtained from the D - 2 (1/3,1/3) superalgebra by ignoring some
or all the Z2 automorphism conjugations ensuring the closure of the full
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superalgebra. The price one should pay however is unitarity. According to the

considered subalgebras, we showed how this fundamental property may be

restored. The second point we want to note about the spin 1/3 superalgebra is

its complex nature which makes its some how different from the usual two

dimensional spin 1/2 supersymmetric algebras There the hamiltonian

H = (P + P)I2 is hermitean and positive since it is the sum of positive terms

whereas in the spin 1/3 superalgebra this is no longer the case as it is not

necessary positive. We have:

2// = (7.2)

Our results may be summarized as follows:

1-We worked out the conformal field representations of the TIM and TPM of
ref[4] to any arbitrary value of the spin j= 1/i, Jt = 2,3 This is a particular
realisation showing that the D = 2 spins 1/2 and 1/3 theories are really the two
leading examples of more general two dimensional spin I/A supersymmetric
theories. This feature motivates us to developp a superspace formulation for
these kind of theories. 2- Focusing our attention to the D = 2 (1/3,1/3), we
constructed first a superfield representation of the heterotic spin 1/3 algebra Eq
(3.1). We built also a lagrangian invariant under this symmetry. The basic actors
are two dimensional fields of spin 0, 1/3 and 2/3. There, we showed that the
obtained model admits in fact a spin 4/3 superconformal symmetry generated
by a spin 4/3 conserved current Gtn(z) in addition to the usual spin two
conformal current T3(z). The field realisation of these currents as well as
unitarity are discussed. 3- Considering two special subalgebras of the full D = 2
(1/3,1/3) superalgebra, we constructed in sections 4 and 5 the underlying
invariant theories. The scalar potential and the spontaneous (1/3,1/3)
supersymmetry breaking condition are examined. We showed also that the
03/7.J/7 Perturbation field which appears as a F-term in the superspace formalism

is the mediator of the spontaneous (1/3,1/3) supersymmetry breaking exactly as
for the theory of the TIM. 4-Solving the nilpotency condition 61 = 0 by two
Grassmann variables, we developed a /V = 2 superspace approach of the
superalgebra Q'1 = P,Q'3 = P. Unitarity is ensured up on introducing an adjoint
conjugation changing the spin s into 1 - s, for 0 < s < 1. The scalar potential of
the tricritical Potts model follows immediately from the superpotential

$*), where $ is a chiral superfield carrying a Z3 charge. The
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similarity between the £> = 2 (1/3,1/3) superalgebra and D = 2 N
supersymmetry needs a more detailed study. It will be considered elsewhere.
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