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ABSTRACT
Analytic expressions for order parameters are given for the previously introduced general class of Hartree Fock states at arbitrary filling factors v = p/q for odd q values.The
order parameters are expressed as sums of magnetic translations eigenvalues over the filled
single electron states. Simple summation formulae for the band spectra in terms of the
same eigenvalues are also presented. The energy per particle at v = 1/3 is calculated
for various states differing in the way offillingof the 1/3 of the orbitals. The calculated
energies are not competing with the usual CDW results. However the high degree of
electron overlapping allows for the next corrections to modify this situation. The discussion suggests these Hartree-Fock Slater determinants as interesting alternatives for the
' Tao-Thouless parent states which may correct their anomalous symmetry and correlation
functions properties.
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Introduction

In a previous paper a clasa of exact solutions of the Hartree- Fock problem associated
to the 2DEG in a magnetic field was presented [1]. In this work further results related
with these explicit solutions are given. In particular simple analytical expressions for the
order parameters are obtained for any of those states at arbitrary filling factors v = p/q
(for odd q). These relations for the order parameter show them as simple summations of
eigenvalues of the magnetic translations operators. The results would further simplify an
analysis of quantum field theories (QFT) which can be constructed with those solutions as
perturbative ground states. Those theories seem to be worth considering because it looks
feasible that they can describe physically realizable Hall crystal states [2,3] or cooperative
rings of exchange phases [4,5]. Up to now difficulties in checking these possibilities seem
to be connected with the lack of detailed information about the almost approximately
and numerically known Hartree- Fock solutions [6-16]. There are few indications in the
above sense. Firstly, the solutions given in [1] show the q fold degeneracy which shuld
be expected in the FQHE ground state [17]. Additionaly, these perturbative ground
states would lack the rotational symmetry and correlation functions difficulties of the
interesting Tao-Thouless parent states [18-22]. Moreover, they show an enhanced degree
of electron overlapping in comparison with the one existing in the lowest energy CDW
states. Therefore, the second order (or higher) corrections to the Hartree-Fock result,
which in the lowest energy CDW state are negligible [9], could alter the Hartree- Fock
result for the energy per particle appreciabely.
The detailed information on the Hartree-Fock states given here and in [1] should be
useful in simplifyng higher order perturbative corrections. The possibility that crystal like
states could be relevant for the description of the FQHE ground state was also supported
by the results of Chui and eolaborators [23-25]. In ref. [25] crystal tike states lowering
the energy per particle of the Laughlin wave function were investigated and in ref. [23]
signals of crystal like correlations in few particle calculations were discussed.
A point which attract the attention in the Tao-Thouless approach is the energy per
particle evaluation [20]. As in ref. [25], the result was lower in value that the corresponding one in the Laughlin state. The here presented wavefunctions, as considered for
the interaction free ground states of a modified Tao-Thouless treatment, seem to offer
an opportunity to repair the above mentioned shortcommings of that approach: the high
rotational asymmetry and the unphysical density-density correlation functions [21,22].
The comments above can rise the question about the possibility for the construction of
a consistent description of the FQHE. Further calculations of the higher contributions to
the energy per particle will be considered elsewhere.
The paper is organized as follows. In section 2 a basis of functions diagonalizing the
Hartree-Fock hamiltonian is introduced. The quantum numbers of the basis wavefunctions
in it are given in a slightly modified way as it was done in [1]. Concretely, the single particle
States are required to be eigenfunctions of the magnetic translations shifts in a fraction
q of the diagonal of the unit cell which is associated with the vectors <fi and aj. This
procedure allows for a discussion being symmetric with respect to the orientation of these
vectors. We must stress here that a set of basis functions constructed in the same spirit
that the one in [1] was independently discussed by Ferrari [26,27]. Unfortunately, we had
no information on that work at the time of sending our paper for publication. The focus
of ref. [1] however, was centered on the different question of the construction of a wide

class of exact Haxtree-Fock solutions.
Section 3 is devoted to the evaluation of the explicit formulae for the order parameter
(or equivalently the Fourier coefficients of the charge density) at any filling factor value
v = p/q for an odd q value. The order parameter appears expressed aa a summation
over the eigenvalues of the magnetic translations associated to the filled single electron
states. Similar relations are expected to hold for the more conventional CDW states. The
discussion applies for arbitrary form of the lattice structure whenever the flux per unit
cell is a flux quantum. An interesting property of this result is that , at variance with the
case of the CDW which show gaussian like behaviour, the order parameter can have an
inverse power law asymptotic at high momenta. The sum rules for the order parameter
[9] are shown to be satisfied by the explicit expressions in the general case.
In Section 4 the summation formulae for the selfenergies are calculated. They are
expressed as sums of the same sort as the ones appearing in the the usual relations for the
energy per particle in the Hartree-Fock approximation [6]. The spectrum, in a special way
of filling, consists of exactly q energy branches, each one of them being fourfold degerate
due to the special way of construction of the magnetic Bloch states [1].
Section 5 considers in more detail the important q=3 particular case at the u = 1/3
value of the filling factor. The energy per particle in the Hartree-Fock approximation is
calculated for various states differing in the way of filling of 1 /3 of the electron orbits. The
calculated value clearly depends on the ways of filling which are infinite in number. The
results for any of the cases calculated here are not better than the one corresponding to
lowest energy CDW states which is -0.388 e2/ro. However, as it was also stressed before,
due to the enhanced electron overlapping, the next perturbative corrections should be
evaluated in order to have a good approximation for the energy per particle which is
a relevant parameter for a FQHE ground state candidate. In the lowest energy CDW
solutions these corrections were estimated in [9] to be insufficient for lowering the energy
down to the -0.41 e'/ro result in the Laughlin state.
Finally, in the summary the results are commented again and perspectives for the
further continuation of the work are advanced.
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Diagonalizing basis

The purpose of this section is to present a slight modification for the parametrization of the
elements of the set of functions diagonalizing the Hartree-Fock hamiltonian given in [1]. In
the final step of the construction in that reference, it was imposed on the elements of the
basis the condition of to be eigenfunctions of a magnetic translation in a fraction q of one
of the two unit cell vectors introduced, specifically S\. This is a somewhat asymmetrical
parametrization with respect to the directions of the two unit cell vectors. It was selected
in [1] as a matter of simplicity. Here we impose a more symmetrical condition which is
implemented technically in a very similar way. Concretely, the functions are required to
be eigenvectors of the magnetic translations but now in a fraction q of the vector Si + 02
which is the diagonal of the unit cell.
In the same way as in [lj the diagonalizing functions become

t C(5

(1)

where
27Tt(r -

(2)

in which a, v = ± l , r , s = 1,2...9 and all the definitions and nomenclature are the same
as in [1].
The functions (1) are now invariant up to a phase under any translation on a vector
of the lattice generated by the unit cell vectors S\ (or 03) and S\ 4- 03. Then, it becomes
possible to introduce new unit cell vectors on that lattice in the following symmetrical
way
(3)
(4)

Inversely, it follows
(5)
(6)
The above definitions allow for the vectors of the lattice generated byfciand 62 to be
written in the alternative ways
=

- 0 0 ••

00,

(7)
It should be remarked again that we will use systematically the symbols and lattice
variables already given in the complementary paper [1]. In (7), for example, If is defined
in (3) of reference [1].
From (7), it is possible to obtain for ij and 12
(8)

k = |

(9)

which express the change of variables between the set of parameters (ni, n2, a, s) and the
new components (Ii.ij).
The inverse mapping can be written as

n,
n2
fif
5?

= /nth/2],
= Intfa/2],
= Int [r, - 2/nt [r,/2]],
=
Intfa-2Intfa/2]},

—^ = n - 2/nt [n/2] -/nt[T,-2/nt [n/2]]
= Ti - 2/nt fa/2] - Int fa - 2/nt fa/2]],

(10)
(11)
(12)
(13)
(14)
(15)

where
T=\,2--q,
(16)
(17)
and Int[A] is the integer part of A.
By means of the new set of variables (li,h) the functions (1) can be represented in
the alternative way

The functions x satisfy the eigenvalue equations
(23)

(24)

exp [

The norm of the states x in the large area Vs with sides Nat and JVaj, can be calculated
to be

[

where {£} represents the set of lattice vectors /.
Expression (18) can be fully expressed in terms of the new variables
the following identities

by using

VH

(25)

(19)
(20)

in which the vector P is defined by

- 1)] f2.

(21)

The unit cell vectors in the reciprocal lattice i\ are given in [1] (where they are called
as satisfying

Relation (25) shows that the norm is proportional to the wave function evaluated at
the origin of coordinates. Moreover, the functions (22), as well as the norms (25), can be
expressed as Theta functions of rational characteristics with an argument proportional to
the vector pi' 1 "' . This fact could allow to derive additional relations being of interest
for the considered problem.
The set of functions defined here can be associated to any form of the lattice whenever
the unit cell defined by d\ and dj has q flux quanta passing through it. In addition, by
construction, the flux through the cell defined by 6i and fej is equal to one flux quantum.
In what follows these functions are used for making an explicit calculation of the order
parameter or equivalently the Fourier coefficients of the charge density.
Before continuing, let us define a set of orthonormalized functions as follows
(26)

After substituting (19) and (20) in (18) the basis functions can be written as summations over the lattice variables I in the following simplified way

Also a compact index for the one electron states (26) can be defined introducing the
vector
p=p1f1+p,fJ.
(27)
where the components are expressed in terms of the previous indices in the following way

(22)

(0
for all the values of the indices

Pi

=

Pi

=

(28)
N

- 1).

(29)
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Then, the wavefunctions (26) can be written as follows
(30)

T, = ^ £(-!)'"» expl-ip + ip.*].

(31)

The representation (30) makes clear that the states axe invariant under a shift in p
given by the lattice vectors
6p =
(32)

where the unit cell vectors here satisfy
^.6, = ^ ,

where VN = 2*r%qN*, as defined above, is the area of the region of N3 cells on which
periodicity boundary conditions were imposed in ref.[l], and the quantum numbers of
the basis functions (26) are designed by c. The summation over c in (39) runs over all
the values corresponding to the filled one electron states in the considered Hartree-Fock
solution. Of special interest in some part of the discusson below will be the many body
states in which all the one particle states for p specified values of r , let say rit i = 1, ...p,
are filled for ell values of o,v and ik. We will call by the band n the set of all states
for arbitrary {a, v, £) at fixed JV There are q of such bands. After substituting (26) for
the functions appearing in (39), calculating the gaussian integral which appear and doing
some algebraic calculations, the following formula for p($) is received
P(Q)

E

=

-jjQ

«= 1,2.

Q)]}
(40)

(33)

The eigenvalues (24) can also be rewritten as follows

where {(CT, V, k, r)}j is the set offilledone electron states XjjT'"'r)The order parameter A is defined in the usual way
(34)
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Explicit determination of the order parameter

In this section the calculation in terms of sums of eigenvalues of the order parameter will
be considered.
Since the density is periodic in a lattice generated by 6] and Q it will have a Fourier
expanded expression like

A(Q)— 2xrgexp(——)p(Q)(41)
4
Relation (40) can be further transformed by expressing Q in terms of a new variable
x* according to

l
(42)

Q = -j x* x n =
(35)
where the spectrum is concentrated in the momentum values of the form
Q = 4ir(n,ffl + rnai)

(36)

In (36) the unit cell vector of the reciprocal lattice are defined through

In terms of x* the numerator in (40) can be expressed as a magnetic translation with a
displacement given by z* of a wavefunction pertaining to the basis, being evaluated at the
origin of coordinates. But, the denominator is also proportional to the same wavefunction
evaluated at the origin. Moreover, since the functions of the basis are eigenfunctions of
the magnetic translations in the lattice vectors I and noticing that x" in (42) is one of
such vectors , the following expression for A arises

or equivalently
6t = — 4nrln x <ri,

b? = 4xrln x d\.

(38)

- ITT

2-

The Fourier component of the density can be calculated through the inverse Fourier
transform in the way
P(Q) =

[

dxp(Z)exp(-iQ.x)

h

I

&>
(43)

Expression (43) satisfies the required relation
(44)

(39)

{fit

where v is the filling factor. The sum rule derived in [9] for any Hartree- Fock solution
also follows in the way described below

At Q = 0 from (49) follows
A(0) =
(50)

4

(45)

V.

=

That is, the value of the order parameter as required by (39) is equal to the filling factor.
The filling factor is equal to pjq because there are p of the q bands filled.
Again, the sum rule obeyed by A(Q) for this particular state [9] can be checked to
follow in a way given below

Order parameters for special states

f ((1 -

+ 9)m,/2]

Let us consider in this section some particular states which differs by the way of selecting
the filled electron orbitals.
a. States with p of t h e q bands filled.

2?r(l - (?)(rt -

The order parameter of the special Hartree-Fock states with p of the above defined q
bands filled, can be calculated through (43).
The summation in (43) can be explicitely performed by using the identities

(51)

But defining new variables TV], W2,s according with
(52)

=

4

£ exp[i[kx + a)\ - cosec(x/2)stn((n + l)/2)exp[(nx/2 + a)i], [28],

(46)

- q)mi

(53)

(47)

where N\, N2 are integers and s takes the values s = 1,2, ...q, the summation (51) can be
written as follows

**!>
vhere
1

!

f 1 for odd N
(0 for even N.

(48)

The final result for the order parameter is
p

r.

p

4C1

1 *
1
- £ exp[-(i
am (%[-(!-

(49)

~g ) ' C n ~ r j ) ( * ~

Now the use of the formula ([28])

sin ($[-(1 + q)n2
^

in which it must be considered that the sin(x)/x functions appearing are defined as equal
to one at x = 0.
Relation (49) shows a decaying of A in a power like fashion for high values of the
Fourier harmonics Q. This result is at sharp contrast with the outcome in the gaussian
approximation in which the behaviour is exponentially diminishing [9].

1

(55)

leads to

LIA«?)|= =

(56)

Since rt - rj < g the argument 4T(n - Tj)jq can't be a multiple of 2TT if r4 ^ r> because
? is odd. Therefore, if n ^ r, the number exp [4ir(n — r^)/?] is one of the roots of the

identity of order q which differs of the identity. Thus, the sum over s in (56) vanish when
n^Tj. Hence, the necessary property follows again

In the original Tao-Thouless discussion only after calculating the correlation energy in
the screeening approximation the result (63) for the energy per particle was reduced. The
purpose of considering the modified parent states defined by (61) is to clearly ilustrate
those states as particular extremals of the Hartree-Fock equations.
For the order parameter associated to /(p) follows

b. v = 1/3 state for all the |p] < \f2JZIrQ electron orbitals filled.
The previously considered states correspond to disconnected zones of filled orbitals in
the space of indices p. As an opposite case, let us consider here (for the special conditions
v = 1/3 and an hexagonal lattice ) the state obtained by filling the one electron orbits in
a circular region in the p space containing one third of the total number of states, that is
p is satisfying
|pl < v ^ / 3 ~ -

(58)

The spherical symmetry of the selected region simplifies the calculation of the order
parameter through the formula (43) in the continuum limit. The result becomes
(2JT)

-.expi-iq.x')
(59)

(64)

The introduction of the harmonic form for the p dependence of the fraction of filled
states /(p) was also motivated by the aim of upmost increasing the order parameters
associated to the smaller nonvanishing momenta values Q in order to help for a reduction
of the energy per particle value.
In conclusion, the high degree of symmetry of the considered Hartree-Fock states allows to obtain analytical expressions in terms of elementary functions for their order
parameters. This results avoid limitations for further applications associated to the numerical character of various discussions of the Hartree-Fock problem [7-16], Specifically,
the avaiability of analytical results can help to investigate the role of the next order corrections in these states. Such contributions could be more relevant in these states than
what they are in the lowest energy CDW state discussed in [9],

+ n\ + ni
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which also satisfies

A(0) = i.

Selfenergy summation formula

(60)

c, Tao-Thouless like states at u = | ,
Finally, in this section we will consider states at v = \ and hexagonal lattice symmetry
for which in the thermodynamics] limit the fraction of the filled one electron states in the
p space is given by
'),

The aim of this section is to present formulae giving the wavevector dependence of the
selfenergies of the here considered solutions as summations of the similar sort to those
defining the energy per particle. Since A(Q) is explicitely known, the evaluation of the
band spectrum for the class of Hartree-Fock states is greatly simplified,
The selfenergies can be calculated by the formula given in [l] in the form

(61)

in which

— X1]
(62)
(65)

where i ranges from 0 to 5.
The coefficient in the harmonic term in (61) has been selected as the one having the
highest value but maintaining /(p) positive for all the values of p. It can be noticed that
/(p) is also periodic. For a vanishing coefficient of the harmonic term the /(p) = 1/3
corresponds to a Tao- Thouless parent state but constructed in the new basis of the
considered Hartree- Fock solutions. Because in this case the only (low momenta) order
parameter being different from cero is A(0), it follows that the energy per particle becomes

in which xio is the jellium compensating background density and the indices for the basis
functions are shortly written (similarly as it was done before) as c,a = (a, v, k,r), where
{a}/ is the set of all the filled one electron states associated to the Slater determinant.
The selfenergy (65) is fully determined by the one-electron magnitude

(66)
£ =

-./-—.
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in which z = x — x. After using the eigenvalue relation
(67)

and also the one obtained from it by substituting £ - » £ - £ , relation (66) becomes
p%x -l,z) = ezp£i(i).i] pc(x, z).

(68)

Formula (68) implies that the Fourier transform of p{x, z) over the x variable has the
following structure

/(£, z) = £ exp[i(Q + ^

, z)

(69)

where AC(Q) is defined in (73) and is proportional to the eigenvalue of the function <j>c.
The final result gives the selfenergy oon-'sctions in the Hartree-Foek approximation
in a form closely resembling the one determining the energy per particle. Relation (74)
becomes useful for doing calculations of the band spectra because the order parameter A
is explidtely known for the considered class of solutions. An interesting property which
follows for the special kind of states with p of the q bands (above defined) filled is that
the band energies are fully degenerated over the indices a and v. This occurs because
(49) for A(Q) is different from zero only for even values of ni and n 2 , a condition which
makes A independent of cr and v. Therefore, the band spectrum for any value of q shows
precisely q branches for a fixed value of k. A similar structure could be expected for the
states of type b) in Section 4.

6

with

Q, £) = ±- j ^ exp[-i{Q +

(70)

where Q are the lattice vectors associated to the Fourier transform of the density which
are given in (36) .
The explicit calculation of p(Q, z) can be done after substituting the form for <f>c
given by (26) in (70) and performing the gaussian integration over 2. The calculation is
essentially the same that was performed for arriving to (40) for the Fourier components
of the density. There is only the additional dependence on the shift z = if-a?. The result
is
, z) = p^

-•fj-i -.{z + inxz)],
*Tn

Energy per particle at various filling schemes at

i
In this section we present results of the numerical calculation of the energy per particle
for the few kind of st&tes defined in Section 4 . The numerical evaluations associated to
general values of the filling factors, as well as the higher corrections to the Hartree-Fock
result will be considered elsewhere.
The calculations were performed by means of the standard formula [6]
e

-)

" 702-»

(71)

(75)

it

where
(72)

in which expression (51),(59) and (64) were substituted for A((j?) in concordance with the
types of states defined in Section 4. The limits for the summation over Q were expanded
until the satisfaction of the sum rule (45) up to approximately one percent for the cases a)
and b). As for the Tao-Thoules like state c) the continues approximation for the density
of filled states /(p) disregards the higher harmonics, not allowing the sum rule to be
satisfied. Since the higher harmonics should not contribute appreciabely to the energy
per particle the calculated value should not be aifected by the continuos approximation.
The energy per particle resulting values for each of the states were

(73)

Then, after substituting (69)-(72) in the expression for the selfenergy (65) and performing
elementary integrals over x and y the following formula can be obtained

-0.258 —,
=

-0.318
-0.327

(74)

12

TO
e2

ro
e2

-.

(76)
(77)
(78)

The result in case a) is not lowering appreciabely even the Hartree-Fock exchange energy
of the Tao-Thouless state which is —J\ f£- Such a result would be related with the way of
filling of the one- electron orbits in this case. It corresponds to fill out four disconnected
13

regions in the space of the wave vectors p. In the originally proposed parent states one
third of states are filled with uniform density.
On another hand the case b) corresponds to fill all the states having a j? contained in
a circular neighborhood of the origin which produces a lower result.
Lastly, the outcome in case c) ilustrates that by modulating the the density of filled orbitals in the momenta space the Hartree-Fock contribution to the energy can be improved
in the class of Tao- Thoules states with modulated filling.
It can be noticed that the energy per particle of all these states are higher that the
—0.388^- result of the lowest energy CDW state at 1/3 value of the filling factor. However
the overlapping among the localized states (Wannier) which could be defined using the
Bloch functions (26) is expected to be greater than the one in the CDW states. Therefore
the role of higher order corrections could be enhanced. Such perturbations, as it was
mentioned before are negligible at least for the best CDW wavefunction [9], The corresponding evaluation in the states discussed in [14], [15] has not been carried out yet up
to our knowledge.
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Summary

The exact solutions of the Hartree-Fock variational problem introduced in [1] was further
considered here. Simple analytical and summation formulae are presented for the order
parameter and the selfenergy bands of arbitrary states. The analytic results given may
help in simplifying the treatment of higher order corrections.
Energy per particle calculation for v = 1/3 for a few states obtained by various rules
for filling the one electron states are given. The results are not competing with the
corresponding energy per particle value in the lowest energy CDW state. In spite of this
fact, the high electron overlapping due to the periodicity of the wavefunction in a lattice
having one flux quantum per cell, should allow the next order perturbative corrections to
lower appreciably the results. Such higher order contributions become negligible in the
case of the lowest energy CDW states.
In conclusion, the argumentation given in this work reinforces the view, expressed in
[1], about the possibilities for the connections between this class of Hartree-Fock states and
previous analysis suggesting the presence of crystal like properties in the FQHE ground
states [2,4,23]. This question needs for further studies. One of them is the calculation of
the energy per particle against filling factor dependence. Another one is the calculation
of the next perturbative corrections to the energy per particle, a parameter which is a
crucial characteristic in deciding the relevance of a ground state candidate. These matters
will be considered in the further continuation of the work.
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