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Abstract

Fusion cross sections and mean angular momenta for systems
MNi + 92'96Zr and 64Ni + 100Mo calculated in the framework of multi-
dimensional and coupled-channel models are presented. The proposed
multi-dimensional model of the fusion process takes into account the
deformations of the ions during sub-barrier tunneling. This leads to a
strong enhancement of both the sub-barrier fusion cross section and
the mean angular momentum. We also take into account the dissi-
pation of the kinetic energy during the heavy ion collisions. A good
description of fusion cross sections both deeply below the barrier and
above the barrier is obtained. The comparison of calculated mean an-
gular momenta with experimental data is satisfactory for all reactions
near and below the barriers.

PACS: 24.10-i, 25.70.-z, 25.70.Jj



Tunneling phenomena play an essential role in several areas of physics.
In nuclear physics barrier penetration effects take place in a-decay. in fis-
sion processes and in low-energy fusion of heavy ions. Sub-barrier fusion of
heavy ions has been actively investigated, both theoretically and experimen-
tally since 1980 [1-6]. The interest in sub-barrier fusion reactions is due to
the observed excess ( by several orders of magnitude ) of the experimental
cross section over the cross section calculated in the framework of the one
dimensional WKB approximation [1-6]. In order to explain the difference
between the theoretical and experimental fusion cross sections, many models
that describe the experimental values of sub-barrier cross sections to various
degrees of accuracy have been proposed [1-16]. In these models the observed
enhancement has been related to the effects of low-energy surface vibrations,
of nucléon transfer [1-8], of neutron flow [9], of barrier distribution mecha-
nism in entrance trajectory of fusion [10], of neck formation [11-14] and of
multi-dimensional tunneling processes [15-17].

Coupled-channel (CC) models take into account the influence of low-
energy surface vibrations and of nucléon transfer only. The CC models are
able to reproduce the experimental data for light and /or very asymmetric
systems to a satisfactory degree of accuracy but the data ( especially for
mean angular momentum at sub-barrier energies ) for heavier and almost
symmetric systems cannot be reproduced by CC calculations [5.6.18-20].

The most consistent and promising method for describing sub-barrier fu-
sion of heavy ions is to use models in which the dependence of the interaction
energy both on the distance between the colliding ions and on the deforma-
tion degrees of freedom is taken into account. Such multi-dimensional models
have been considered in detail for identical colliding systems in [15, 16] and
[IT]. Note that the lowering of the fusion barriers due to deformations of the
ions has been determined in Ref. [21].

An analysis of the energy dependence of fusion cross sections for the
systems 58Ni+58Ni and ^Ni+^Ni has been presented in previous papers [15,
16]. A detailed analysis of the fusion reaction 58Ni+58Ni has been performed
also in Ref. [17].

Here we extend the multi-dimensional model to the case of different col-
liding nuclei and focus on the energy dependencies of the fusion cross section
and of the mean angular momentum in systems 64Ki + 92^98Zr and 64Ni +
100Mo. Both quantities have been measured recently [18-20].

In previous papers [15,16] the fusion cross sections of identical ions are



calculated. The interaction between ions is calculated in the framework of
the liquid drop model. The prolate-prolate and oblate-oblate deformations
of ions and fused shape are take into account during the calculation of the
Coulomb, surface, rotational and proximity energies of the ions. The tra-
jectory of minimal action is found for each collision energy and each partial
wave.

Relatively to the previous model [15-16] we introduce two new ingredi-
ents. Firstly, we take into account the separated deformations of the two
different ions ( prolate-prolate, oblate-oblate and prolate-oblate shapes ) and
smoothly connect to one-body fused shapes. Secondly, we take into account
the dissipation of the kinetic energy during the collisions. Indeed, dissipa-
tion of kinetic energy is very important for a correct description of fusion
at energies higher than the Coulomb barrier [22-25]. Therefore we give here
an unified description of fusion reactions in both energy intervals, lower and
higher than the Coulomb barrier.

The partial-wave cross sections 0ju,(E,l) give the total fusion cross sec-
tion Gj
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The mean angular momentum < L(E) > is defined as
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Below we present results for these quantities in the framework of our
multi-dimensional model. A detail discussion of the multi-dimensional model,
including the explicit expressions of partial-wave cross sections and a discus-
sion of parameters and approximations may be found in Ref. [15]. Here we
shortly describe only the shape parametrization and our dissipation approach
of the kinetic energy during the collision.

The axial-symmetric shape of the different ions during the collision is
described by the following equations in cylindrical coordinates

(f)2 + (^ ) 2 = l, «SO, (3)
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Volume conservation and nuclear matter incompressibility are assumed.
This shape parametrization describes prolate-prolate, oblate-oblate and

prolate-oblate separated shapes and smoothly the transition to one-body
shapes. For two-body configurations and fixed distance C1 + c3 between the
mass centers, the spheroidal deformations of the two ions are determined by
the axis ratios ^- and &-.

For one-body configuration and for fixed distance between the mass cen-
ters of the right and left parts and fixed ratios ^- and ^ 1 the parameters a,, 6,
and Ci are determined from the volume conservation for separated shapes and
from the conditions of volume conservation for left and right parts and equal-
ity of the radial coordinates />, at z = 0 for fused shapes:

Now we describe the energy dissipation during the collision recalling that
dissipation is connected with the energy transfer to another degree of freedom
(22-25]. We take into account dissipation for calculation of the energy before
the outer turning point ( if the energy of the collision after dissipation is lower
than the barrier ) and we determine the energy of the collision at distance
given by spherical barriers. Dissipation is neglected during the sub-barrier
tunneling process and possible only before the outer turning point.

The simplified newtonian equation of motion for partial wave / includes
a friction force proportional to the velocity:

where the momentum of inertia J is calculated for our shape parametrization.
Vp is the ion-ion nuclear proximity potential and Ve is the Coulomb potential.
For sake of simplicity we do not take into account the tangential dissipation
and the deformation degree of freedom ( ^- = |* = 1 ). The selected surface
dissipation is the one proposed in Ref. (22, 25].

In Fig. 1 we compare the fusion cross section calculated in our multi-
dimensional model ( solid line ) for reactions 64Ni + 92<96Zr and 64Ni -f 100Mo
with experimental data [19, 20]. Results of calculations using a CC model (
dot-dashed line ) and a simple one-dimensional WKB approach ( dashed line
) are also shown. The CC calculations have been performed with the program



CCFUS [7], with the original parameters. The experimental features of low-
energy levels have been taken from other works [8, 26, 27]. We take into
account 2+ and 3" excitations in 64Ni, first five excitations in 100Mo and first
2+ excitation in 92i86Zr. The coupling to the nucleon-transfer channel has
been neglected as in Ref. {19, 20].

The calculations in the framework of the multi-dimensional model are
performed for a fusion trajectory of quadratic type. The value of the mass
parameters related to ellipsoidal deformations of Ni ion is 1.5 times larger
than the hydrodynamic value and is the hydrodynamic value for isotopes
of Zr and Mo. The deformation dependence of mass parameters has not
been introduced. During the tunneling process the ions strongly change
from slightly oblate to well developped prolate or even one-body elongated
shape, this justified our choice since at large deformations mass parameters
are close to hydrodynamic values [2S, 29] (see the detailed discussion of mass
parameters in Ref. [15]).

We adjust the dissipation coefficient 7 = 1.5 x 10~2î sMeV~l in radial
equation of motion in order that the fusion calculations agree with the mea-
sured cross section at higher energies. Note that our value of 7 is larger
than the one proposed in [22], but this amplified value simulates the effect of
tangential dissipation considered in [22]. We use the Hill-Wheeler expression
[1. 30] for transmission coefficient for energies at distance of spherical barrier
after dissipation larger than the Coulomb barrier. The value of the surface
tension coefficient are taken from [21, 24]. AU other parameters have the
same values as in [15].

It is clear form Fig. 1 that our multi-dimensional model gives a good de-
scription of the experimental cross section in whole energy range. The reason
of the good agreement with experimental data below the Coulomb barrier is
that our tunneling process occurs in a space with an extra dimension. The
good description of experimental data at high energy is connected with the
dissipation, which modulates the process of removing the ions from fusion
channel.

In contrast with the calculations of [17], in our calculations the finite size
of the ions in the evaluation of the moment of inertia of the fused system is
taken into account . Other differences with calculation of [17] are that we use
different parametrizations of shape of the colliding nuclei, different nuclear
potentials and energy dissipation effect.

We want to stress that one of the reasons that the mean angular momen-



turn obtained in our calculations ( see Figs. 2 ) is larger than the correspond-
ing one given by the CC model at high energy is our taking into account of
the ion finite size. The enhancement related to the finite size of ions below
the barrier is connected with tunneling process in multi-dimensional space.

The experimental value of the mean angular momentum in the region near
and below the Coulomb barrier for heavy and almost symmetric systems is
approximately twice larger than those yield by the CC model ( see Figs, in
Refs. [6,1S-20] ) . From Fig. 2 the values of < L(E) > in the Coulomb barrier
region are larger than those obtained in the CC model and good compared
with experimental data.

In conclusion we have shown that the multi-dimensional description of the
fusion process, that takes into account the ion deformation during tunneling
gives a strong enhancement of both the sub-barrier fusion cross section and
the mean angular momentum. This enhancement of the fusion cross section
is in good agreement with experiment.

One of us ( V. Yu.D. ) would like to thank Drs. F. Scarlassara and A.M.
Stefanini for stimulating discussions and acknowledge financial support from
the Centre National de la Recherche Scientifique.



References
(I] L.C. Vaz, J.M. Alexander and G.R. Satchler, Phys. Rep. 69, 373 (19Sl).

[2] M. Beckerman, Phys. Rep. 129, 145 (1985); Rep. Prog. Phys. 51, 1047
(19S8).

[3] V.P. Permyakov and V.M. Shilov, Sov. J. Part. Nucl. 20, 594 (19S9).

[4] G.R. Satchler, Phys. Rep. 199, 147 (1991).

[5] D.E. Di Grigorio and R.G. Stokstad, Phys. Rev. C43, 265 (1991).

[6] R. Vandenbosch, Ann. Rev. Nucl. Sci. 42, 447 (1992).

[7] CH. Dasso and S. Landowne. Comp. Phys. Comm. 46. 187 (19S7).

[S] H. Esbensen and S. Landowne, Phys. Rev. C35, 2090 (19S7); Nucl.
Phys. A492, 473 (1989).

[9] P.H. Stelson, Phys. Lett. B205, 190 (19S8).

[10] N. Rowley, Nucl. Phys. A538, 205c (1992).

[11] HJ. Krappe, J.R. Nix and A.J. Sierk, Phys. Rev. C20, 992 (1979).

[12] HJ. Krappe, K. Mohring, M.C Nemes and H. Rossner, Z. Phys. A314.
23 (1983).

[13] CE. Aguiar, V,C. Barbosa, L.F. Canto and R. Donangelo, Phys. Lett.
B201, 22 (19S9).

[14] A. Iwamoto and K. Harada, Z. Phys. A326, 201 (1987).

[15] V.Yu. Denisov, Sov. J. Nucl. Phys. 54, 952 (1991).

[16] V. Yu. Denisov. Submitted to Phys. Lett.

[17] J. Schneider and H.H. Wolter, Z. Phys. A339. 177 (1991).

[IS] A.M. Stefanini, Nucl. Phys. A538, 195c (1992).

[19] A.M. Stefanini, et a/., Nucl. Phys. A548 453 (1992).



[20] M.L. Halbert, et al, Pbys. Rev. C40, 2558 (19S9)

[21] G. Royer and C.Piller, J. Phys. G18, 1805 (1992).

[22] D.H,E. Gross and H. Kalinowski Phys. Rep. 45, 175 (1978).

[23] J.R. Birkelund and J.R. Huizenga, Ann. Rev. Nucl. Part. Phys. 33, 265
(19S3).

(24] G. Royer and B. Remaud, Nucl. Pbys. A444, 477 (1985).

[25] P. Frobrich, Phys. Lett. 122B, 338 (1983).

[26] M. Pignanelli, et. al., Phys. Rev. 29, 434 (1984).

[27] P.M. Endt, At.Data Nucl. Data Tables 26, 47 (1981).

[2S] A. Baran, et. al., in Proc. Fourth IAEA Symp. on physics and chemistry
of fussion, Julich, 1979, Vol. 1 (IAEA Vienna, 1980) p. 143.

[29] J.R. Nix, Nucl. Phys. A502, 609c (19S9).

[30] D.L. Hill and J.A. Wheeler, Phys. Rev. 89, 1102 (1953).



Figure Captions

Figure 1. Energy dependence of fusion cross section for the reaction .64Ni
+ 9296Zr, 100Mo. Experimental data are from [19, 2Oj. The solid line shows
the result of our multi-dimensional model calculation. The dot-dashed line
corresponds to CC calculations in which the low-energy excitations of ions are
taken into account, while the dashed line shows the result of one-dimensional
WKB calculations.

Figure 2. Energy dependence of mean angular momentum in /i unit
calculated in the multi-dimensional, CC and one-dimensional WKB models
for the reaction 64Ni + 92^96Zr, 100Mo. Experimental data are from [19, 20].
The type of lines is the same as in Fig. 1.
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