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ABSTRACT

In this paper, the rouleaux size dependence of viscosity in concentrated red blood cell

suspension is derived analytically, by using reversible kinetic equation of coagulation, to

reveal the effect of crythrocyte aggregation on the blood viscosity. In the limit of dilute

concentration and low shear rate, the result does not reduce to Casson's equation. In the

end we argue Murata's result on the shear rate dependence of viscosity.
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One of the rheological properties of blood is non-Newtonian viscosity, i.e., its shear rate

dependence. Many theoretical and experimental papers are published, but there is still no

exact expression of viscosity of blood. The popular used expression is Casson's equation for

pigment-oil suspensions of the printing ink type. But at very low shear rate, blood does not

obey Cassion's equation. Some factors affect viscosity of blood, one of the important factors

is red cell aggregation, termed rouleaux, especialiy at low shear rate. Although there are

some mechanisms on rouleaux formations, the detailed mechanism is still absent, The basic

object of present paper is to reveal quantitatively the rouleaux size dependence of viscosity,

and hence to some extent, to study the mechanism of rouleaux formation.

We consider the suspension of red cells in a Newtonian medium which is subject to a

simple shearing motion with a constant shear rate. For simplicity, we assume the red cell is

an rigid ellipsoid with axis ratio po = a/6 = 0.28, where a is half of the maximum thickness

of red cell (a — l.'Ipim), b is the maximum radius of red ce!l(6 = 4.25fim). These cells may

aggregate into linear chains in rouleaux. A rouleau containing i cells is termed as i-mer, and

the number of i-mers per unit volume at time ( is denoted as C;((), then the total number

of red cells per unit volume is given by

(1)

and total number of rouleaux per unit volume is

(2)
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We may write the kinetic equation for rates of change of the number of i-mers as followsjl]:

i ,=k-i 1 = 1 i i=k-i j=l

wliere Kt] is aggregation rate which indicates the rate of aggregation between rouleaux of

i-iner and j-nie.r, and Ftj is the degradation rate which indicates the rate of the formation of

an i-mer and a j-mer by breaking up an (i+j)-mer. They satisfy following relations:

A,, = A'*, (4)

(5)

The first term of the right hand side of equalion(3) indicates the increasing rate of the

number of k-mer by collisions between smaller ones and the second term refers to decreasing

rate of the number of k-iner by collisions with other rouleaux. The third term describes

the disruption of k-mer by shearing force, and the last one represents the increasing rate of

k-meis by disruption of larger ones.

From (3) HIK! (2) one can derive the rate of the change of total number of rouleaux per

unit, volume a..s

dM(t)ldl = d/di £ (\(t) = -1/2 £ £ KkjCtC} + 1/2 £ £ FkiC+i. (6)

In order to derive the total number of rouleaux M(t) and the average rouleau size, we must

specialize I'LJ and h'SJ. There are many factors which determine the value of F,} and Kt3.

Among them we only consider the shear rate dependence of them, and we may set[2]

A',, = Aj = rfi 7 +d-i, (7)

Fi3 = Kd = d3 i, (8)

where 7 is shear rate, and d\,d-2,d3 are numerical constants. Substituting (7) and (8) into

(6), one finds

dM(t)!dt = -
t = l J=l

Substituting (1) and (2) into (9), we get

dM(t)/dt = -l/2KgM
2(t) - l/2KdM(t) + l/2KdNB

Integrating (10), and noting that A/{0) — Ar
0, one gets

A'jA'o + k) + k(l - KgN0)e-"

(9)

(£0)

M(t) =
.*,{h-,N0 + k) + Ka{K,N0 - l)e-M K '

where

A = (1/4AJ + KsKdN0)
1'2, / = A - l/2A'rf, k = 1/2Aj + A. (12)

Time course of total number of rouleaux is presented in Fig.l. We can see that the total

number of rouleaux decreases with time until reaches equilibrium number, that just is the

average number Me:

Mc = !/KB (13)

The important quantity which is used in deriving viscosity of blood is the average size of

rouleaux, i.e., the average number of cells within a single rouleau

= Na/M[t). (14)

Time course of average size of rouleaux is shown in Fig.2. Considering reversible process

of rouleaux formation and degredation, one may expect a constant distribution of rouleaux
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size in steady state under constant shear rate. The average size of rouleaux in dynamic

equilibrium is obtained from (13)and (L4),

it
tte = (15)

where

(16)

(17)

The reiationsliip between rtt and 7 is shown in Fig.3, which shows that the average size of

rouleaux decreases with increasing shear rate.

KBC suspension is a multi-disperse system which contains many rouleaux of various sizes.

In order to simplify the problem, we assume that this suspension is a mono-disperse system

which contains M,. rouleaux of same size n, per unit volume. Furthermore, these rouleaux

are arranged as liner chain, which are also ellipsoids, but their axis ratio becomes

p = a'jb = rcepo, (18)

According to 1,lie above assumption, the hemotocrit or volume fraction of RBC suspension

is given by

4, = Mc * 4/3ira'i2 = No * AjUab2. (19)

According to [3], the apparent viscosity of dilute suspension of ellipsoid is given by

(20)

There are several expressions for a(p), among which we are interested in steady state, so we

choose[4]

a(p) = 2{l-~). (21)

Hence,

V = 1o{l+a(nr)<j>}, (22)

where

o(ne) = 2(1 -
1

(23)

The formula(22) is applicable only to very dilute suspension. In order to derive the

viscosity of concentrated suspension, we make use of Brinkman's[5) method. Consider the

addition of a small amount of rouleaux to suspension of volume fraction <j>- Let the amount

added be 5$> per (1 — &4>) of the original suspension. We assume that the new suspension

may be treated as a very dilute suspension of volume fraction 6<j>, the original suspension

now forming the continuous medium. The true volume fraction <fi' of the new suspension is

given by

tf = <I>(1 - 6<f>) + 6$, (24)

i.e., the increase in the true concentration is

i . e . ,

T



Let the viscosity of the original suspension be ij, which is now taken as the viscosity of

the medium of the new suspension. From (22), the viscosity rf of the new suspension is

Writing di] — 1/ — r/, b<t> — di>l(\ — <£), we get

— = a n, -
T\ 1 -

Integrating (25) and noting that 17 = IJD, when <j> = 0, we get

(25)

The relation between >) and n, is shown in Fig.4, and Fig.5 is the relationship between tj

and 7. The viscosity increases with rouleau size and decreases with shear rate. Therefore, red

cell aggregation increases blood viscosity and blood behaves as shear-thinning fluid, which

is coincide with experimental results[6].

When a(nr) — 2.5, (26) reduces to Cokelet formula.

In the limit of dilute suspension, i.e., <f> is very small,(26) can be written as

r) = t/0{l +a(nt)4> + . . .} .

Furthermore, in wry low shear rate, from (23) and (16) we have

So l.lie viscosity of blood in very low shear rate is given by

(27)

(28)

where A and B are numerical constants.

Therefore, in very low shear rate the viscosity in dilute suspension increases with shear

rate, which is different from Murata's result and Casson's equation (t; ~7 ). We know

that[3,7,8] in this condition blood does not obey Casson's equation, and Murata's result is

the same as that of Casson in this limit.

In the end, we argue Murata's result. In his derivation of viscosity[3], Murata applied

following expression for a(p),

(29)'

and make approximation on very large p, so that

a(p) - p.

First of all, (29) is not suitable for steady state, second, (29)' is only valid for very large p,

i.e., in very low shear rate. So his result does not exhibit shear-thinning behavior of blood in

moderate shear rate. Furthermore, (29) leads to the result that the tendency of aggregation

would decrease the viscosity of blood, which contradicts with the real situations.

In this paper we try to derive the viscosity of blood {26) as a function of rouleaux size and

shear rate, with no approximation on large p. More rigorous result would need more exact

expressions of /i',j and F,lt and our theory must be modified by considering more complicated

aggregates (instead of uniform aggregates) and hydrodynamic interactions between particles.

Furthermore, the above result is the bulk behavior of blood under flow conditions differing

from those in the circulation. The rheological property of blood is different in different

geometric and hydrodynamic conditions. For example, the viscous properties of blood in



vertical tubes fails to show the increase of viscosity on reduction of shear rate which is seen

in bulk and in horizontal tubes. In tatter case, the effect of the sedimentation must be

considered. Therefore, the the very same non-Newtonian properties of blood can lead to

quite different rhcological behavior depending on actual conditions of flow.
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Figure Captions

Fig. 1 The variation of total miinW of rouleaux M(t) with time (, with iVo=50,

(a) A'rf=0.02, A3=0,01; (b) A'd=0.01, A's=0.02; (c) Aj=0.05, A'<,=0.08.

Kig'2 The variation of the average size of rouleaux n(t) with time t, with iVo=5O,

(a) A'rf=0.01, As=0.02; (b) A"j=0.02, Aa=0.0l.

Fig.3 The relation between average size of rouleaux n5 and shear rate 7.

(a) /i,=!)0.2, /r2=4].6; (b) A,=31.0, A2=42.0.

I'ig.'t '1'IK' relation between visrosity i? and average rouleaux size nr, with po=0.28,

)/o=1.2. (a) 0=0.15; (b) 0=0.35; (c) 0=0.25.

Fig.5 Shear rale dependence of viscosity in concentrated suspension, with po=O.28,

0=CM5, ;/u=l.2, (a) /ii=5.2, /»2=8.3; (b) /i,=4.2, /i,=7.1.
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