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ABSTRACT

The three-site antiferrornagnetic Ising spin model on Husimi tree in external
magnetic field is investigated and the line of the second order phase transitions
is obtained. The upper bound of the temperature at which period doubling
bifurcation and hence second order phase transition appeared is also obtained.
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1 Introduction

It is well known that critical phenomena are closly connected with the be-

haviour of non-tinear dynamic systems [1,2].

In our previous paper we have considered the three-site antiferromagnetic

Ising spin model {TSAI) on Husimi tree and have received the quantitative

picture of full doubling bifurcations diagram including chaos for the magneti-

zation of the base site of this system [3], whereas in antiferromagnetic Potts

model only one period doubling occurred [4]. In particular, it was shown that

the numerical values of Feingenbaum constants a and 0 for TSAI system on

Husimi tree coincide with the famous Feingenbaum constants with high accu-

racy.

On the other hand, a multisite interaction system on Husimi tree approx-

imation was investigated also in ref. [5]. It was shown, that this approach

yields good approximation for the phase diagrams, which closely match the

exact results obtained on a Kagome lattice [6].

The aim of our paper is to obtain the line of the second order phase transi-

tion for TSAI system on Husimi tree, occurred through so-called period dou-

bling bifurcation.

2 Husimi tree and recursion relation

The pure Husimi tree [7] (see Fig.l) is characterized the 7-the number of the

triangle neighbors. The Oth-generation is a single central triangle.



The TSAI model in the magnetic field defined by the Hamiltonian

_ h'Y°" 0)

where a, takes values ±1 , the first sum goes over all triangular faces of the

Husirni tree and the second over all sites. Besides we denote J3 = fif3, h =

/3k', 0 - 1/kT, where h-external magnetic field, T-temperature of the system

and J3 < 0 corresponds to the antiferromagnetic case.

The partition function will be written as

Z =
{")

(2)

where the summation goes over all configurations of system.

The advantage of the Husimi tree introduced is that for the models formu-

lated on it, exact recursion relation can be derived. When "cutting apart" the

Husimi tree at the central triangle it separates into 3 identical branches and

each of them contains 7 - 1 branches, Then the partition function may be

written

(3)

Ji)where CTQ are spins of central triangle, n-number of shells and the equation

for one of branches can be written:

hY,°i \ • (4)

One of branches, in its turn, can be cut on the site of Hh-generation, which

is the nearest to the central site. Therefore, the expression for 5n(<To) c a n be

rewritten in the form:

gn(a0) =

From eq.(5) one can easily obtain:

(5)

Let the following variable be introduced:

Then for xn we can obtain the following recursion relation:

z)i2x2^'l' + 2/ix"'"1 + z
xn = /{*) =

(6)

(7)

where z = e2-*3, y. = eih and 0 < xn < 1. The eq.(7) coincides with that

obtained by Monroe [4], when pair interaction absents.

The xn has no direct physical meaning but through it one can express the

magnetization of the central base site:

ni = {ffo) = -r-Tf ±_^_Z = L^_1, ( 8 )

and other thermodynamic parameters, since we can say that the xn determine

the states of the system.



3 Phase transition through doubling bifurca-
tion

The fixed points of the iteration sequence xn in the thermodynamic limit

n —> oo are the solutions of the equation:

However at low temperatures T <TC this single fixed point becomes unstable,

and a so-called period doubling bifurcation occurs: the recursive sequence

eq.(7) converges now not to the single fixed point but to the stable two-cycle

Xi, xi- This face should be explained as an arising of a two-sublattice phase

such that X! and x2 determine the states on each sublattices.

Let us consider the following system of equations:

{Jftl)~=-lQ> (10)

which determined the point, where the first period doubling bifurcation began

- the point of the second order phase transition from the disordered to the two

ordered phase.

For recursion function of eq.(7) when 7 = 3, the eq.(10) will have the

following form:

f /i2xs - zfj,2x4 + 2ZJJ,X3 — 2/iX2 + x — z = 0 ,..,,
\ 3 / iV - 4 V z 3 + 2znx2 - 4/ix - 1 = 0 ' [ '

With excepting the x from eq.(ll) one can obtain:

z V + Szn3(9z2 - 1) + 3/J2(34Z2 - z* - 1) + 8 ^ ( 9 - z2) + 16 = 0, (12)

which determined the points, at which the TSA1 system undergoes the second

order phase transition from the disordered to the two-sublattice ordered phase.

The whole line of the second order phase transition corresponds to eq.(12) for

the case J3 = - 1 is shown in Fig.2.

One can see from Fig.2, that there is some Tc - the upper bound of the

temperature at which for TSAI system the second order phase transition ap-

peared.

For obtaining this critical temperature, let us consider the following system

of equations:

f I62V
\ V

16 = 0
- zA - 1) + Sz(9 - z2) = 0

(13)

where the second equation is derivative of eq.(12) with respect to //, with taking

into account that Tc corresponds to maximum of function T(h): dT/dh = 0,

dz/dh = 0, d/i/dh = 2/i/T.

With excepting the fi from eq.(13) on can obtain:

16{z2{Q(z))2+A(z)B(z)]>-[A(z)C(z)-z2Q{z)D(z)][Q(z)C(z)+D(z)B(z)\ = 0,

(14)

where

A{z) = 2, B{z) = 2z4

3, Q{z) = 3(1 - z2).



We solve numerically the eq.(14) for the case when J3 = - 1 and obtain:

Tc = 1.38536, (15)

upper of which there are not phase transitions of the second order for TSAI

system.

It is interesting to note, that if one lets 7 = 2 in eq. (7) rather then 7 = 3,

the above mentioned situation changes dramatically.

For recursion function of eq.(7) when 7 = 2, eq.(10) will have the form:

- f±)x2

(16)
\ ,xV - 2Z,L2X - (1 + 2fi) = 0

which for any T and h have only nonphysical solutions. Therefore, for TSAI

system when 7 = 2 the period doubling bifurcations picture absents. It means

that for this statistical physical system there is not phase transition of second

order when 7 = 2.

4 Conclusion

As it is mentioned in the introduction, in our previous paper [3] we have

investigated the three-site antiferrotnagnetic lsing spin model on Husimi tree

and a strong connection with results from the theory of dynamical systems

have made, which gives possibility to study the statistical physical systems in

a new context and in a simple manner. In particular, in this paper with using

the well known technique for dynamical systems, we obtain (when 7 = 3)

the exact equation, which determined the points, at which the TSAI system

undergoes the second order phase transition from the disordered to the two-

sublattice ordered phase and obtain also the critical temperature - Tc, at which

the second order phase transitions appeared. We show, that for TSAI system

there are not phase transitions of the second order when 7 = 2.

We think, that obtained results are interesting and we plan to continue to

investigate this line of approach for TSAI system and for several other systems.

On the other hand, the study of chaotic statistical physical system has

opened new challenges for theories of stochastic processes, especially in the di-

rection of stochasticity of vacuum in QCD [8j. In this direction the interesting

results for Z(Q) gauge model on generalized Bethe lattice was obtained [9\.

It gives bases to suppose that TSAI lsing spin model on Husimi tree approx-

imation can be connected with double plaquctte representation of the gauge

theory.
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Fig. 1. Husimi tree with

T
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l-'ig.U. The line of the second order phase transition from disordered to the two-
surilalti .r or.loivd phase for TSAI system (./, = - ! ) . The point C describe the upper
IHHLIKI of I lie 1<MH|)(ThliiL-e - Tc, the numerical value of which is given in eq.(15J.
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