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9972-9975 series of shipping casks. The equivalence
relations developed here were used in the determination of
critically safe masses of each fuel type.

Equivalence relations requhd to determine mass limits
for mixtures of nuclides for the Safety Analysis Report for
Packaging (SARP) of the Savannah River Site 9972,
9973,9974, and 9975 shipping casks were calculated. The
systems analyzed included aqueous spheres, homogeneous
metal spheres, and metal ball-and-shell configurations, all
surrounded by an effectively infinite stainless steel or water
reflector. Comparison of the equivalence calculations with
the rule-of-fractions showed conservative agreement for
aqueous solutions, both conservative and non-conservative
agreement for the metal homogenous sphere systems, and
non-conservativeagreement for the majority of metal balland-shell systems. Equivalence factors for the aqueous
solutions and homogeneous metal spheres were calculated.
The equivalence factors for the non-conservative metal
homogeneous sphere systems were adjusted so that they
were conservative. No equivalence factors were calculated
for the ball-and-shell systems since the S A R P assumes that
only homogeneous or uniformly distributed material will
be shipped in the 9972-9975 shipping casks, and an
unnecessarily conservative critical mass may result if the
ball-and-shell configurations are included.

The shipment of fissionable materials is regulated by
the NRC, 10 CFR 71.l In past permit applications,
relatively simple fuel content descriptions were used for
various reasons:
1.

In order to be conservative, no credit was taken for
fission products when shipping spent nuclear fuel.

2.

For ease of analysis, shi ments within the weapons
complex containing 23 U and/or 239Pu with other
actinide isotopes were analyzed simply as containing
23% and/or 2 3 9 ~ ~ .

s

In the current regulatory environment, it is not
acceptable to ignore the other actinide isotopes; their
contribution to the system reactivity must be known. The
fuel to be shipped in the 9972-9975 series of shipping
casks spans a wide range of actinide isotopes with sliding
envelopes of content ranges. For instance, one envelope
contains 0-95% 239Pu, 0-50% 24%, 0-2% 241Pu,and
0-5% 242Pu. This is interpreted as meaning the fuel could
contain 50% 240Pu or no 240Pu,etc. There are 13 such
content envelopes (only six are discussed in this paper), and
4 different shipping casks to be analyzed. Direct
calculations to find the most limiting cases would be a
tremendously complex task. Instead, equivalence relations
were developed for the other isotopes using 235U and
239Pu as reference isotopes. The criticality analysis was
then performed for 235Uand 23% only, and the safe fuel
envelope masses were determined from the equivalence
relations. This paper discusses the development of the
appropriate equivalence relations for the 9972-9975 series
of shipping casks.2

I. INTRODUCTION
Equivalence relations based on the rule-of-fractions
method have been used for some time in criticality
analysis. These relations are useful because they allow
determination of critically safe masses for a combination of
fissile and/or fissionable nuclides based on the critically
safe mass of a reference isotope. However, equivalence
relations have not previously been applied to shipping cask
criticality analysis. Previous applications of equivalence
relations have been restricted to binary systems of isotopes.
This paper describes equivalence relations for several higher
order systems representative of fuel to be shipped in the
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factors, EFi, such that the mass of different nuclides in a
mixture multiplied by an equivalence factor will be less
than or equal to the mass limit of a reference nuclide, ht

II. DISCUSSION
Fissile material to be shipped in the 9972-9975 series
of shipping casks originates from several different sources.
The material to be shipped can be delineated into sixa
isotopic content envelopes as shown in Table 1.
Equivalence relations were developed to determine safe
mass limits for each of the content envelopes based on safe
masses of the reference isotopes ”5U and 239Pu.

C E F ,* m i I M
i

M

where EF, =-.

(3)

Mi

Equivalence relations are based on the rule-of-fractions
from American National Standard ANSI/ANS-8.15,
Section 5.2, which states that the sum of the ratios of the
mass of each fissile nuclide to its limit does not exceed
unity for well-moderated, water-reflected systems? The
rule can be extended to fast systems by adjusting the
equivalence value as demonstrated in this paper. The ruleof-fractions can be expiessed as follows:

For example, with two nuclides A and B, the rule-offractions is expressed as4

which can be rewritten as

C”i 51.0
i

mA-+mB
MB
MA

Mi

IMB.

where mi is the mass of nuclide i, and Mi is the mass limit
of nuclide i. Equation 1can be rewritten using equivalence

Table 1. Isotopic ranges of cases analyzedb
Isotope

case 1

case 2

Weight % I Isotopes
case 4
Case 3

case 5

Case 6

235u

Fissile

0

0

0-95

0

0

0-100

236u

Fissionable

0

0

0

0

0

0-40

2%

Fissionable

0

0

0-100

0

0

0-100

238Pu

Fissionable

0

0

0

0-100

0

0

239Pu

Fissile

0-95

0-95

0-100

040

0-95

0

24oPu

Fissionable

0-50

0-50

0-50

0-13

0-50

0

241Pu

Fissile

0-2

0-2

0-2

0-1

0-2

0

242Pu

Fissionable

0-5

0-5

0-5

0-1.5

0-5

0

241Am

Fissionable

0-5

0-50

0

0

0-5

0

a There are actually

13 content envelopes,but only six have been considered to date.
For each isotope, the maximum weight percent that could be contained in that packaging group is listed. Thus, the total
percentages for each group sum to more than 100%. When finding the mass limits for a particular content group, the most
reactive combination of isotopes that sum to 100%was used. The contents listed in this table are only those considered
important for the criticality analysis.
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Figure 1. Example of conservative case with calculated
k,&s falling below ruleof-fiactionsline.

Figure 2. Example of non-conservative case with
calculated k&% lying above rule-of-fractions line.

Using an equivalence factor, EFA, and B as the reference
nuclide, equation 5 becomes

m. METHODOLOGY

mAEFA+mB IMB

Equivalence relations were calculated using the LAW
44-energy group cross section library, developed at Oak
Ridge National Laboratory5 and based on ENDFD-V and
VI data. The LAW 44-energy group library was validated
at SRS for relevant systems and isotopes in the SARP
w0rk.~-9For this equivalence analysis, the cross sections
were processed with the MAX, BONAMI, NITAWL, and
ALPO modules of the ~ ~ ~ ~ -modular
7 7 1code
0 system
to create an ANISN library. In thermal systems where
resonance overlap was a concern, the ROLAIDS module
was used in place of the BONAMI and NITAWL modules
for resonance processing. The ANISN library was used by
the ONEDANT module of TWODANT-SYS to compute
eigenvaluesfor each mixture. Equivalence factors for these
mixtures were calculated such that the rule-of-fractions
guaranteeda conservativeresult.

(9

0
The implication of using an equivalencerelation is that the
multiplication factor is not increased when the mixture is
formed?
Previous studies4 have demonstrated that the rule-offractions is a good estimate of the reactivity of binary
mixtures if they are well-moderated and water-reflected. For
fast systems, a plot of k+gf versus concentration of one of
the isotopes follows two possible scenarios: 1) all mixture
k&s fall below the rule-of-fractions line (Figure l), or 2)
all mixture &E'S lie above the ruleof-fi-actionsline (Figure
2). The rule-of-fractions is conservative with respect to the
first scenario and non-conservative with respect to the
second. In the latter case, the equivalence value can be
increased until the highest point on the curve of bffversus
concentration falls below the rule-of-fractions line, as
demonstrated in Figure 2. This is the technique employed
in the current work.

Table 2 lists the isotopes and type of systems
analyzed. Equivalence factors based on binary mixtures
were calculated. The first step in calculating equivalence
factors for different mixtures was to compute the critical
mass of each isotope. One-dimensionalspherical models
of the metal and aqueous systems were prepared. The
models consisted of a fissile core (either metal or aqueous)
surrounded by a 20-cm thick reflector (a water reflector for

3
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one set of equivalence factors and a stainless steel reflector
for a second set of equivalence factors). The critical mass
of each individual isotope was computed using a dimension
search to vary the radius of the fissile core while keeping
the thickness of the reflector region constant. A constant
bffwas used in the ONEDANT dimension search. For
235Uand 239Pu, the bias adjusted k,=-ff from previous
validation work was used in the search.6-8 For the other
isotopes, a kffof 1.0 was used in the search since no
validation data were available.

number density of the isotopes were then calculated from
m.
All mixtures were modeled as either aqueous spheres,
homogeneous metal spheres, or metal ball-and-shell
configurations. The aqueous systems were surrounded by a
20-cm thick water reflector, and the metal systems were
surrounded by either a 20-cm thick stainless steel (type
304) or water reflector. The LAW cross sections were
processed with the appropriate Ah4PX-77 modules to
generate an ANISN library for each mixture. The ANISN
libmy was used by ONEDANT to compute eigenvalues for
each mixture using S8 quadrature and P3 Legendre
scattering, which was consistent with previous validation
~ork.~-~

After calculating the critical mass of each isotope,
binary mixtures were formed based on equation 4.
Mixtures were formed using fractions of the isotopes'
critical mass such that the sum of the fractions equaled 1.0
fA +fB

Where
f A

Since the rule-of-fractions is defined for aqueous
solutions and slurries, it had to be validated for the metal
systems. Therefore, the computed k,ff for each mixture
was compared to the expected rule-of-fractions value. If the
computed bffwas less than or equal to the rule-of-fractions

= 1.0

-x
- m.4

and

Table 2. Isotopes and type of systems analyzed.
f B

mB

MB

Note that fA and fB are nat weight fractions of the
isotopes in the mixture; they are the fraction of the critical
mass of isotopes A and B.
Five combinations of f~ andfB were formed for the
aqueous and metal homogeneous systems (Table 3). Two
endpoints were formed consisting of 100%of the critical
mass of each isotope (isotopes A and B), and three
intermediate mixtures were formed consisting of: 1)25% of
the critical mass of isotope A ( f ~ 4 . 2 5 )and 75% of the
critical mass of isotope B (f~=0.75),2) 50% of the critical
mass of isotope A (f~=0.50)and 50% of the critical mass
of isotope B (f~=0.50), and finally 3 ) 75% of the critical
mass of isotope A (f~=0.75)and 25% of the critical mass
of the isotope B (f'=0.25). Four combinations OffA and
f~ were formed for the metal ball-and-shell systems (Table
4). Two endpoints were formed consisting of 100%of the
critical mass of each isotope. One intermediate point was
formed consisting of 50% of the critical mass of isotope A
(f'=0.50) as the ball and 50% of the critical mass of
isotope B (f~=0.50)as the shell. A second intermediate
point was similarly formed using isotope B (f~=0.50)as
the ball and isotope A (f~=0.50)as the shell. The mass,
m, of each isotope in the mixture was calculated using
equations 9 and 10. The radius of the mixture and atomic

The aqueous sphere system was only analyzed for cases
which could contain a mixture of two fissile nuclides. All
the other cases contain mixtures of fissile and fissionable
nuclides. Aqueous mixtures of fissile and fissionable
nuclides will be less reactive than an aqueous solution of
the fissile nuclide alone.

4
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IV.RESULTS

value, then the rule-of-fractions was conservative for that
system (Figure I), and the equivalence factor was calculated
using equation 7. However, if the computed bffwas
greater than the rule-of-fractions value (Figure 2), then the
mass limit for the nonreference nuclide was reduced until
the maximum computed bffwas less than the rule-ofh t i o n s value. For this case, the equivalence factor for the
mixture was computed as follows:

Equivalence relations for seven combinations of
nuclides were calculated. The combinations correspond to
the isotopes in Cases 1-5 in Table 1. Case 6 was
dismissed since it contained only uranium, and the limits
for these isotopes were obtained from references for natural
and enriched uranium.12 The systems analyzed included
aqueous spheres, homogeneous metal spheres, and metal
ball-and-shell configurations, all surrounded by an
effectively infinite stainless steel or water reflector.
The fission spectrum, X , had a strong effect on the
computed kfffor the metal systems. A composite X for
each mixture was produced by weighting the X's for each
isotope based on a fission rate, V E f # , weighting. For
each mixture, ONEDANT was first executed to calculate
the VE # for each isotope using the X for one of the
isotopes in the mixture. The computed V x @'swere then
normalized and used to weight the X's for each isotope to
form a composite X for the mixture. O A N T was
then re-executed with the composite X , and the V E 4's
calculated with the composite X were verified to ensure
that the weighting had not changed with the composite X.

kfiis the reduced mass limit for the nonreference

where
nuclide.

Table 3. Percentage of critical mass of isotopes in aqueous
and metal homogeneous mixtures.

I

Mixture

fA
Fractionof
Isotope A
critical Mass

I

Fractionof
fB
Isotope B
critical Mass

0

1 .oo

2 (in&rm*)

.25

.75

3 (intermediate)

.50

.50

4 (interm*)

.75

.25

.oo

0

1 (endpoint)

5 (endpoint)

1

I'

Tables 5 and 6 list the critical radii and the critical
masses for the isotopes considered. These values were used
in computing the k&s and rule-of-fractions values for all
the cases using both a water and stainless steel reflector.
Comparison of the computed k&s with the rule-offractions values showed conservative agreement for aqueous
solutions; both conservative and non-conservative
agreement for the metal homogenous sphere systems (not
surprising since the rule-of-fractions is defined for aqueous
solutions or slurries3), and non-conservative agreement for
the majority of the metal ball-and-shell systems.
For the conservative aqueous solutions and
conservative homogeneous metal systems, the equivalence
factors were calculated using equation 7. For the nonconservative homogeneous metal systems, the mass limit
of the nonreference nuclide was reduced until the maximum
computed k g was less than the rule-of-fractions value, and
the equivalence factors were Calculated using equation 11.

Table 4. Percentage of critical mass of isotopes in metal
ball-and-shell mixtures.
~

Description

fA
fB
Fraction Fraction
If Isotope of Isotope
4 critical B Critical
Mass
MaSS
0

1 .oo

2 (intermediate) Isotope A is Ball /
Isotope B is Shell

.50

-50

3 (intermediate) Isotope B is Ball/

.50

SO

1 (endpoint)

Isotope A is Ball

Tables 7 and 8 list the mass limits and the equivalence
factors for the cases with aqueous spheres, and Tables 9 and
10 list the mass limits and the equivalence factors for the
cases with homogenous metal spheres.

As stated above, the majority of cases with metal balland-shell configurations were found to be non-conservative.
The rule-of-fractions grossly underpredicted kfffor balland-shell configurations when a plutonium isotope formed

Isotope A is Shell
Isotope B is Ball

1 .oo

0

5

%
..
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the ball part of the system. The ability of TWODANT and
the LAW 44-energy group library to accurately calculate
eigenvalues for these systems was verified by modeling
critical experiments.8-9 In fact, the critical experiments
showed that the critical mass of a metal plutonium ball uranium shell system is less than the critical mass of a
uranium or plutonium system alone.8.9 n u s the results
observed in this work are consistent with experiments. In
order for a ball-and-shell configuration to be credible, the
fissile fuel must be very heterogeneous and must consist of
large pieces of which at least one is a concave surface.
Three types of solid fuel are to be shipped in the 99729975 shipping casks: loose oxide powders, ash, and metal.
Only the metal is a concern for a ball-and-shell
configuration. Of the six content envelopes listed in Table
1, only cases 5 and 6 represent materials in metallic form.
Case 6 contains only uranium isotopes and can be
dismissed, but case 5 is a potential concern since it
contains 239Pu, 240pu, and 241Am. However, the fuel
corresponding to case 5 consists of metal pieces (about 2.2
kg each), two of which will be loaded into a single
shipping cask. The pieces have a uniform isotopic
distribution and are not concave. Thus, the ball-and-shell
configuration is not relevant for the 9972-9975 shipping
casks, and no equivalence factors for ball-and-shell
configurations were calculated for this work. Note that if
ball-and-shell conf@.uations were considered, unnecessarily
conservative critical masses would result. Potential users
of the equivalence factors listed in this papex are advised to
confirm that ball-and-shell configurations are not relevant
to their process. Revised equivalence factors are required if
ball-and-shell systems (or systems that approximate them,
such as two adjacent plates each of different isotopic
composition) are considered.

Critical Radii (cm)

Critical Mass (g)

235ue

15.07

774.68

239pUf

15.93

508.82

241pUf

12.98

275.01

Isotop2

Table 6. Calculated critical radii and masses for isotopes in
metal systems with either a 20-cm H20 reflector or a 20cm type 304 stainless steel reflector.

ISOtope

critical 1 dii (cm)
Stainless
H20
Steel
Reflector
Reflector

Critical
H20
Reflector

w&L
Stainless
Steel
Reflector

235u

6.49

6.13

21.52

18.15

238Pu

4.47

3.86

7.41

4.77

239Pu

4.03

3.82

5.45

4.62

240Pu

7.18

6.07

30.84

18.72

241Pu

4.07

3.96

5.67

5.22

242Pu

9.43

7.92

70.53

41.77

241Am

11.58

9.83

89.13

54.47

Table 7. Mass limits and equivalence factors for aqueous
mixtures with 235U as the reference nuclide$
The aqueous sphere was only analyzed with a H20
reflector because the critical values calculated for an
aqueous solution with an H20 reflector are more
conservative than those calculated with a stainless steel
reflector.
e 235U critical radius and mass based on 235U
concentration of 54 g/l, which corresponds to the
minimum critical mass for homogenous water-moderated
235U spheres.13
239Pu and 241Pu critical radii and masses based on Pu
concentration of 30 g/l, which corresponds to the
minimum critical mass for homogenous water-moderated
Pu spheres.13
g No limits or equivalence factors were developed for the
ball-and-shell geometries.
A 20cm thick water reflector.

Isotope

Mass Limit (E)

EquivalenceFactor

H2oh Reflector

H20h Reflector

235u

774.68

1.oo

239Pu

508.82

1.53

Table 8. Mass limits and equivalence factors for aqueous
mixtures with 239Pu as the reference nuclide3

Mass Limit (g)

Equivalence Factor

H2@ Reflector

H20h Reflector

239Pu

508.82

1.oo

241Pu

275.01

1.86

Isotope

6

./’
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Equivalence factors for the aqueous solutions and
homogeneous metal spheres were calculated. The
equivalence factors for the non-conservative metal
homogeneous sphere systems were adjusted so that the
equivalence factors were conservative. No equivalence
factors were calculated for the ball-and-shell systems since
the SARF' assumes that only homogeneous or uniformly
distributed material will be shipped in the 9972-9975
shipping casks, and an unnecessarily conservative critical
mass may result if the ball-and-shell configurations are
included. Confirmation of these equivalence factors for
higher order systems of isotopes is planned.

V. CONCLUDING REMARKS
Equivalence relations for seven binary combinations of
nuclides were calculated. The systems analyzed included
aqueous spheres, homogeneous metal spheres, and metal
ball-and-shell configurations, all surrounded by an
effectively infinite stainless steel or water reflector.
Comparison of the equivalence calculations with the ruleof-fractions showed conservative agreement for aqueous
solutions, and both conservative and non-conservative
agreement for the metal homogenous sphere systems.
The majority of cases with metal ball-and-shell
configurations were found to be non-conservative.
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Table 9. Mass limits and equivalence factors for metal
homogeneous mixtures with 235U as the reference
nuclide.g
lit (kg)

ss'

Reflector

Reflector
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