
•' S . ' \ V ' " ' ••'

IC/95/75

INTERIMATIOIMAL CENTRE FOR

THEORETICAL PHYSICS

GLOBAL BETHE LATTICE CONSIDERATION
OF THE SPIN-1 ISING MODEL

INTERNATIONAL
ATOMIC ENERGY

AGENCY

UNITED NATIONS
EDUCATIONAL,

SCIENTIFIC
AND CULTURAL
ORGANIZATION

A.Z. Akheyan

and

N.S. Ananikian

MIRAMARE-TRIESTE





IC/95/75

International Atomic Energy Agency
and

United Nations Educational Scientific and Cultural Organization

INTERNATIONAL CENTRE FOR THEORETICAL PHYSICS

GLOBAL BETHE LATTICE CONSIDERATION
OF THE SPIN-1 ISING MODEL

A.Z. Akheyan1'2 and N.S. Ananikian1'3

International Centre for Theoretical Physics, Trieste, Italy.

ABSTRACT

The spiii-1 lsing model on the Bethe lattice with bilinear, biquadratic exchange inter-
actions ;uid H single-ion crystal field by means of recursion relations is solved exactly.A
full set. of ph;i.se diagrams for positive and negative biquadratic: couplings are constructed.
A general procedure for the investigation of the critical properties is discussed. A com-
parison with other approximation schemes is done.

PACS. 05.50.+<[ Lattice theory and statistics: Ising problem.

PACS. 05.7(1 Fh Phase transitions: general aspects.
PACS. 04.60.Cn Order-disorder and statistical mechanics of model systems.
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1 Introduction

A spin-1 Ising model, known also as Blume-Emery-Griffiths (BEG), with up-down sym-
metry, has recently attracted great attention. Although the model is simple it has a rich
and interesting phase structure. Originally it was introduced in order to explain the sep-
aration and .superfluid ordering in the iHe —4 He mixtures [1], Then it was applied for
the investigation of a number of systems including methamagnets, liquid crystal mixtures,
microemulsions, semiconductor allows, etc.

The Hamiltonian of the mode! is:

(i)

where s takes values ±1,0 at each lattice site, < ij > denotes a summation over all
nearest-neighbour pairs, J and K are the bilinear and biquadratic interaction constants,
A is a single-ion crystal field,

The spin-1 Ising model was solved exactly only on a two-dimensional honeycomb
lattice in a subspace of interacting constants e^coshJ = 1 [2, 3, 4] (recently such solution
has been found also for spin-3/2 model [5]). The critical properties of the BEG model
have been found for positive J, K > 0 [1, 6, 7, 8] by different approximation techniques.
It is an interesting observation that the A-line of the second order phase transition ends
in the tricritical point. The tricritical point separates the second order phase transitions
from the first order phase transitions.

The picture remains unchanged for negative bilinear couplings J < 0. For this case
we introduce the bipartite lattice, which consists of two sublattices A and D. Every site
belonging to the sublattice A is surrounded only by sites of the sublattice B and vice
versa. The region J < 0 is mapped on the region J > 0 by changing the spin directions
on one sublattice. As a result we obtained the same phase diagrams, where only the
ferromagnetic is replaced by an antiferromagnetic one. Hence without loss of generality
we consider only the case J > 0.

On the other hand, the negative values of biquadratic coupling K change the situation
drastically. The region KjJ < (1 is now a subject of intensive investigation. A new
staggered quadrupolar phase (also called antiquadrupolar) was predicted and investigated
on the square lattice by means of mean-field approximation {MFA) ami by Monte Carlo
(MC) simulations [9]. The direct first order transition was found from antiquadrupolar
(a) to ferromagnetic (/) phase, but it was not confirmed by the recent MC simulations
[10] and the Cluster Variation Method (CVM) [11], Now it seems that a and / phases
are always separated in two dimension by disordered phase (d) and they meet only at
T = 0, This direct transition was however established on three-dimensional cubic lattice
[12, 13]. The global MFA analysis [12] on this lattice has shown also a number of other



remarkable features, such as doubly reentrant behaviour at 0 > KjJ > - 1 and new
staggered ferritnagnetic (t) phase, which appears between o and / phases at KjJ < —1.
Latter investigations [13-17] confirmed in general these results, however a number of
contradictions still remain. This makes interesting further investigation of the model,
especially when applying new approximation tools.

In the present paper we consider the solution of the spin-1 Ising model on the Bethe
lattice. We review both positive and negative values of biquadratic coupling K. Preserving
the main details we reproduce the phase diagrams obtained by other authors. There are,
however, essential differences in the place and the order of phase transitions concerned.

The paper is organized as follows. In Section 2 we introduce the model and derive
some analytic expressions including the set, of exact recursion equations. The procedure
of critical properties investigation based on these equations is described in Section 3. The
resulting phase diagrams are presented and discussed in Section A. The Conclusion is
devoted U> the results in this paper and future investigations.

2 Model formulation

The BEG model is characterized by two order parameters, magnetization m and quadrupo-
lar moment q:

m = {*,), q = {si) . (2)

To take into account the possible two-sublattice structure, we need two more order
parameters: inA.is =< s, >A,B and qAii =< s^ >A,B , where A, B denotes sublattices.
These order parameters define the four different, phases of the BEG model:

1. disordered phase (d) : m,\ — mg = 0, qA = ?a
2. ferromagnetic phase (/) : mA = mB ^ 0, I]A = <1B
3. antiquadrupolar phase (a) : mA = mB = 0, <1A ¥" lei
4. fernmagnetic phase (•<) : 0 ¥• rnA i1 « B ^ 0, qA ¥" qo

The Bethe lattice consideration for any model is based on one or more exact recursion
equal ions, \V<> construct these equations in the following way [18]. Taking into account
the shell structure of the Bethe lattice (Fig. 1) one can express the partition function Z

on the finite n-shell lattice in the form:

Z = £ -pH = (3)

where z is a lattice coordination number, sn denotes the central spin and gn(.So) is a
contribution to the partition function of only one lattice branch starting from the central
site with fixed spin values. It is easily connected to (j,,_i(si) :

Introducing new notations

9n(+)
(5)

" gn(Q)' *"

and summing up over all values of the central spin s0 (i.e. = ±1,0) we obtain a set of
two recursion equations:

(0)

where

The values x and y have no direct physical significance. One can express in terms of

x and y all thermodynamic functions. Then the order parameters (2) take the form:

(8)

0)

(in)

q e a + xz + yz

Using equations (3)-(6) we can write the expression for the free energy

i l

in the form as:

- 0f = In i J + y<)\ In

3 Critical properties investigation

Equations (6) define an iteration sequence x,y, which in the thermodynamic limit con-
verges to stable fixed points. Via the expressions (7}-(10) these points define completely
t he possible states of the system. It is remarkable that non-staggered phases are described
by the single fixed points x,y, while the staggered phases appear as a 2-cycle doubled
points [19]:

l for odd n
forevenn

In order to understand this one has to take into account that all sites of each individual

shell of the Bethe lattice belong to the same sublattice.

Observing from (7) that m = 0 corresponds to x = y, we can classify the four phases

mentioned above:

1. disordered phase (d) : x = y, single fixed point;
2. ferromagnetic phase (/) : x ^ y, single fixed point;
3. antiquadrupolar phase (a) : x = y, period doubling;
4. ferrimagnetic phase (i) : x ^ y, period doubling.



It is possible to obtain the full bifurcation picture, including chaos on some hierarchical
lattices [20]. However that is not possible in the bipartite case (which is the Bethe lattice
with nearest neighbour interactions). We have only the first period doubling. It is known
that all points of interest (i.e. stable fixed points and doubled points) can be found among
the solutions of the equations [21]:

xA = ip(xB, yB, J, K, A) (i)

VA = V(yB~ xB, J, K, A) (ii)
xB = <P(ZA, VA, J, K, A) (Hi)

VB = <P{VA, XA, J, K, A) (iv)

(11)

The physical stable solutions of this set define the pure states of the model. As a
matter of fact, there is no need to solve (11) in the general form. If we asume that the
physical phasra tire known, then we can separate the solutions of (11) with respect to a
given phase. Thus the disordered phase (x = y, A = B) can be defined either by equation
(i) or by equation (ii). This phase is not degenerated.

For the ferromagnetic phase (x ^ y, A = B) it is enough to consider both equations
(i) and (ii) and to exclude the disordered solution. This phase is doubly-degenerate
(m +-» -m) due to obvious symmetry of these two equations under the (x <-> y) trans-
formation. The nntiquadrupolar phase (x — y,A / B) can be found from equations (i)
and (hi), after excluding the disordered solution. Because o f ^ n B symmetry this phase
is double degenerated. Only in the case of ferrimagnetic phase we have to consider all
four equations, which are simplified excluding the previous solutions. The ferrimagnetic
phase is four fold degenerate because of the (x +-> y) and (A <-> B) symmetries. Of course
the last two phases are also infinitely degenerated with non-zero residual entropy. The
procedure can be roughly described by the following steps:

1) The intersections of these solutions, describing the different phases, give, as a rule

the second order phase transition points.

2) The presence of several simultaneous solutions at given A", J, A again indicates the

co-existing phases and first order transition, which is uniquely determined from the free

energies (10) of the phases.

3) The intersections of first and second order lines give the critical and multichtical
points of various types.

In Fig.2 we illustrate this procedure when a tricritical point appears. The disordered
and ferromagnetic solutions of (11) are shown on a crystal field A versus quadrupolar
moment q given for different fixed temperatures 1/' zJ. In high temperature region the

d and / solutions intersect in their stable parts which leads to the second order phase

transition. At a low temperature the d line does not meet the stable part of the / line

and therefore the transition is of the first order. A tricritical point is observed in an

intermediate situation.

4 Phase diagrams

The resulting phase diagrams for the spin-1 Ising model on the Bethe lattice with co-
ordination number z = 4 have been constructed (Fig.3). As it is common we plot, the
temperature \/z J versus crystal field A/zJ for different of K/J cross-sections. We obtain
eight qualitatively different diagrams in the whole range of parameter space. The doubled
points of the recursion sequence {xn,yn} do not appear in the interval 0 > K/J > - 1 .
Hence it represents the non staggered region of the BEG model with two phases d and / .
The first three phase diagrams (Fig.3a-c) are well known from the pioneer work of Blume.
Emery and Griffiths [lj. Our results are in good agreement with the general picture. The
tricritical point does not appear for large positive K/J (Fig.3a). The second order phase
transit ition line which divides the ferromagnetic phase from the disordered phase ends in
the point E, which belongs at the same time to a first order line. The latter divides also
the ferromagnetic phase from the disordered one and ends in the critical point C. The
point C lies in a higher temperature region. It is an end point of two co-existing phases.
The second order A-line ends in the tricritical point T, when K/J is close to 3 (Fig.3b). At
the same time there exists a point R, where three different first order transitions meet. As
K/J goes down the tricritical point T disappears. The phase diagram at K/J = 0 is given
in Fig.3c. An interesting phase diagram appears when —0,35 > K/J > — 1 (Fig.3d). In
this case one observes a doubly reentrant behaviour. The phases change in the following
sequence: disordered-ferromagnetic-disordered-ferromagnetic as the temperature drops
and the crystal field A/zJ is fixed. The dependence of the order parameters m and q on
the temperature is shown in Fig.4.

At K/J = — 1 (Fig.3e) the phase transition sequence, mentioned above, disappears
and the second order transition line only remains. Note that at T = 0 also A = 0.
Comparing our results with other approximations we can say the following. We observe
in our approach a doubly reentrant behavior in the region —0,35 > K/J > — 1. In MFA
[12] and RG [15] there appears a point C within the ferromagnetic phase. However, it
was not confirmed in recent CVM [17]. On the other hand we do not observe a single
reentrant behaviour in the region 0 > K/J > — 1. A 2-cycle doubled solutions of (11)
appears at K/J < — 1. The latter is related to the emergence of a new phase with broken
sublattice symmetry. In the interval —3 < K/J < —1 (Fig.3f) the antiquadrupolar phase
is separated from the d phase by the second order line and from the / phase by the first



order line. These l.wo lines meet with the second order line, which separates the d and /
phases, at the bicritical paint B. The feirnnagnetic phase (i) lies in the low-temperature
region and is separated by the second order line from the o-phase and by the first order
line from the / phase. The latter two lines cross in two points, namely E and S. The
critical cn<! point. E separates the second order line from the first order line at a finite
temperature. The point S corresponds to T = 0 and AjzJ = KjJ + 1, It describes the
macroscopic;! lly degenerated ground state with non-zero residual entropy. At KjJ = —3
the points E and B merge in a new multicritical point A (Fig.3g). In this case there
exists no line separating the a and the / phases. The point A appears at the intersection
of three second order lines and one of first order line. We also note that the i - f first
order transition line is a straight line, when KjJ = —3 and AjzJ = -2 . It corresponds
to zero field 3-stat.e antiferromagnctic Potts model with Hamiltonian:

- PH = - 3 J Y. s*i<>, • J > 0 (12)

At KjJ < — 3 (he phase transition from i to / phases in the high temperature region
becomes of the second order (Fig.3h), As a result the new tricritical point T arises inside
the ordered region. The multicritical point A turns to the tetracritical point M, at which
four second lines meet with different slopes. Though in general the last three diagrams
are similar to those obtained by MFA, we note one essential difference: in our appoach,
the transition from a to i phases are of second order (first order in MFA), while the
transition from i to / phases arc of first order at least for KjJ > - 3 (always second
order in MFA). This means, in particular, that we observe another type of ferrimagnetic
phase, which co-exists with the / phase and is caused by an instability of the a phase,
i.e., there is no spontaneous magnetization. Such phase was found by CVM [16, 17), but
only in high-temperature region, while it is the only ferromagnetic phase present in our
consideration. We would also like to mention that the ferrimagnetic phase lies in a very
narrow region.

5 Conclusion

Using exact recursion relations on the Bethe lattice we have const ructed a full set of phase
diagrams fur spin 1 Ising model both for positive and negative biquadratic coupling K.

These phase diagrams confirm all recently found properties of the model, including doubly
reentrant behaviour, staggered quadrupolar and ferromagnetic phases and a great number
of different critical and multicritical points. Thus we have demonstrated the validity of the
approximation on the Bethe lattice and the advantages of this method. The quantitative
comparison of rhe results was not our main point. The Bethe lattice solution has been
shown to be more exact than MFA [22, 23]. Apart from that it is easy to use and it

provides an analytical expression of all thermodynamic functions of interest. Thus one
can obtain complete information about the system under investigation.

As for the mentioned disagreements, especially in the staggered region, they may
be caused by dimensionality effects. The Bethe lattice is infinite dimensional, but it
can successfully approximate the real lattices of different dimensions by changing the
coordination number (this was shown, in particular, in the global consideration of the
antiferromagnetic Potts model [24]). We have constructed the phase diagrams for the
Bethe lattice with coordination number 2 = 4. We have not considered the simplest case
z = 3, since it leads to qualitatively different phase diagrams, which are resenibly similar
to those obtained on two-<limensional lattices. Our preliminary studies have also shown
that the phase diagrams change in case of greater coordination number. This ca.se will be
clarified in a further work.
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Figure Captions

Fig. T. Bethe lattice with coordination number 2 = 3.

Fig. 2. The dependence of A from g, which follows from equation (11) at different tem-
peratures: 1/z.J = 0.4 (a), 1/zJ = 0.15 (b), \/zJ = 0.23 (c) and constant K/J = 0.
d and / arc respectively the disordered and ferromagnetic phases. Solid lines repre-
sent the stable solutions, dashed lines - unstable and non-physical solutions. Thick
solid lines show the main behaviour of the system.

Fig. 3. Phase diagrams of the spin-1 Ising model on the Bethe lattice with coordination
number ~ = 4 at constant K/J values: 5 (a), 3 (b), -0-1 (c), -0-8 (d), -1 (e), -2.5 (f),
-3 (g), -il.T) (h). Disordered d, ferromagnetic f, antiquadrupolar a and ferromagnetic
i phases are present. Dashed and solid lines indicate respectively the first-, second
order transitions and C, E, R, T, T'S, B, A, M indicate the critical and multicritical
points of different types (see in text.). Some more details are shown in the insets.

Fig. 4. The dependence of the order parameters m,q versus temperature \jzJ at. a
constant A/zJ = 0.099, K/J = -0.8 in the doubly reentrant region. The close and
the open arrows indicate the places of the first and of the second order transitions
respectively.
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