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ABSTRACT

Increasing complexity of systems calls for new, more
accurate system reliability models. The view taken in this
thesis is that reliability, the probability that a system will
perform a required function for a stated period of time,
depends on a person's state of knowledge. Reliability changes
as this state of knowledge changes, i.e. when new relevant
information becomes available. Most existing models for
system reliability prediction are developed in a classical
framework of probability theory and they overlook some
information that is always present. Probability is just an
analytical tool to handle uncertainty, based on judgement
and subjective opinions. It is argued that the Bayesian
approach gives a much more comprehensive understanding
of the foundations of probability than the so-called
frequentistic school.
A new model for system reliability prediction is given in two
included papers. The model encloses the fact that component
failures are dependent because of a shared operational
environment. The suggested model also naturally permits
learning from failure data of similar components in nonidentical environments.
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1. Introduction

1.

INTRODUCTION

It is easy to believe that the concepts of probability and
statistics are well established, i.e. they are built on
homogenous undoubted foundations. When reading de
Finetti (1974) and finding after only a few sentences in the
preface the provocative, but inspiring, words
Probability does not exist
it does not seem to be that clear anymore. This is
controversial, but is the way in which de Finetti formulates
the consequences of personal or subjective probabilities. For
sure the statement shakes the theory of probability to its
foundations and one wonders how the success of the
frequentistic school could have been possible if he is right.
However, as pointed out in the introduction to Savage (1954),
controversy about the foundations of a science does not mean
that there must be even greater controversy about higher
levels of the science. A divergence at the root is balanced by
some kind of convergence at the top. Physics of the last
century is another excellent example of this truth. Even if
there were no difference when it comes to making a decision,
inference about data and the interpretation of uncertainty
depend on which way one chooses to go. The conflict between
the subjectivistic and the frequentistic attitude towards
probabilities is on the philosophical plane rather than the
mathematical, but its extensions are clearly of mathematical,
and statistical, importance. Therefore, it is not remarkable
that many of the writings on this topic are found in the
philosophical as well as in the mathematical literature and
that philosophers with interest for mathematics and logic are
contributors of no less importance than many statisticians.
The subjective interpretation of probabilities is essential in
Bayesian statistics. Even if it is not synonymous to be a
Bayesian and adopt the subjective view on probabilities,
almost all Bayesians take the subjective standpoint.
Throughout this thesis a person who agrees upon personal
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probabilities is called a Bayesian and I apologize to those who
do not like this use of the terminology. To motivate Bayesian
statistics it is therefore necessary to first motivate the
subjective interpretation of probability.
Even if de Finetti (1974) was not be right when he guessed, or
rather hoped, that Bayesian statistics should have replaced
the frequentistic and classic school by the year 2020, it is
evident that Bayesian methods are gaining ground in certain
areas, not least in reliability theory and risk analysis.
Bernardo and Smith (1994) give an up-to-date survey of
Bayesian theory and its applications in many scientific areas.
However, classical methods for inference, such as significance
tests and confidence limits, still dominate. It could be for two
reasons; the statistician considers them as preferable or he
has never been exposed to the alternatives. Many people
surely stay in the traditional school, convinced that it is the
right way to make inference about data. Certainly, they have
also made satisfactory decisions using confidence intervals
or significance tests. If it is their conviction, nobody can claim
they are doing anything wrong, at least not if they have
considered the alternatives, to the extent that they are aware
of them. On the other hand, I believe that many people using
these techniques are unaware of their violation of the
probability principles they would say they agree upon, if
asked. Actually, I believe this is very common since the
principles, at least at first sight, must look self-evident to
almost every statistician. If people agree upon these
principles but still use confidence intervals or significance
tests, it has become a matter of "morale". They do it because
they find it convenient, but they violate what they believe in,
which could be called lack of morale.
1.1.

THE AIM OF THE THESIS

This thesis consists of three parts.
•

The framework
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The main purpose of the framework is to give an
introduction to Bayesian statistics. It is an attempt to
give an understanding of the foundations of probability
in general and its influence on risk analysis in
particular. The reader familiar with probability,
statistical and mathematical rotations will perhaps find
much of the context trivial. However, it is not the
mathematics that may be difficult or controversial, it is
the concept Since the conceptual differences between
Bayesian and classic or frequentistic probability theory
lie in their foundations I will start from the beginning; at
the fundamental level. I will try to give logical reasoning,
as well as an explanation, for the ideas in Bayesian
statistics. It is my intention to point out the conceptual
differences between Bayesian statistics and classical
statistics, to explain the meaning and ideas of wellknown words as, conditional probability, independence,
likelihood and others from a Bayesian or subjective
point of view. The scientific relevance is not only in the
field of reliability engineering, but in a much broader area
of applied statistics.
This part is written also for my own sake. It is an
attempt to give structure to my thoughts and
convictions and to increase my own insight. I hope I do
this in a comprehensible way, that is instructive and
hopefully arouses thoughts also in the reader's mind.
This work has hopefully a little touch of my view of the
topic, but it is inevitably influenced by writings of de
Finetti, Lindley, Savage and Singpurwalla - how could it
not be? Especially the structure is in some parts very
much the same as in Singpurwalla (1988).
Paper I • Bayesian System Reliability Prediction

This paper was co-authored with Bo Bergman. We
develop a new model for system reliability prediction,
dealing with a certain type of dependence between
component failures. The model is built on a structure
.2.

1. Introduction

suggested in another context by Bergman (1979). The
suggested model solves some problems that have
attracted a lot of reliability research in recent years.
•

Paper II - System Reliability Prediction Using Data from
Non-Identical Environments
This paper . * a natural extension of the former paper.
Not only data from the system under study influences
the reliability, but also data from similar systems in
other environments. Because of this fact a reliability
prediction model should enclose this type of
information. This paper shows how the model suggested
in Bergman and Sörensen Ringi (1995a) allows learning
from similar systems even if the operating conditions
are different.

A further paper, Bergman and Sörensen Ringi (1995b), is not
included in the thesis. It is to appear in a special volume of the
Indian Association for Productivity, Quality & Reliability
during 1995.
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2.

A BRIEF HISTORICAL REVIEW

In the late seventeenth century, when the theory of
probability had its beginnings, and in the first half of the
eighteenth century, solutions to various gambling problems
were found. Problems that were formulated as: given the
causes, find the probability of an effect. In the posthumous
paper of Bayes (1763) the problem of inference was
addressed for one of the first times. "Given the number of
times in which an unknown event has happened and failed:
Required the chance that the probability of its happening in a
single trial lies somewhere between any two degrees of
probability that can be named." The essential technical result
in Bayes' essay was what is now known as Bayes' theorem.
However, according to Stigler (1986) it was Laplace who
stated the theorem in its general form. The inference problem
led to what has been called inverse probabilities; given the
effect, find the probability of the causes. This Bayesian or
inverse probability approach was dominant until well into the
nineteenth century. Furthermore, probabilities were
subjective to both Bayes and Laplace. However, Bayes defined
chance to mean the same as probability and in his
formulation of the problem in his essay he is looking for a
probability of a probability. According to de Finetti this is a
meaningless question. At the beginning of this century the
Bayesian approach gradually lost its importance. R. A. Fisher
gave an impetus to the development of the statistical field in
general by his massive and important contributions in the
tens and twenties. He was throughout critical of the Bayesian
approach and his success paved the way for the frequentistic
era. A rebirth of subjective probabilities, from a philosophical
point of view, was due to Ramsey (1926) and de Finetti (1937).
The latter paper is also referred to as one of the most
important milestones in Bayesian statistics. De Finetti
provides some results that constitute the link between
subjective probabilities and observed frequencies; results that
make personal probabilities useful in the framework of
classical procedures of statistical inference, see Barlow
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(1991). It took some decades for de Finetti's ideas to gain a
hearing in the dominant frequentistic climate, but now they
play an important rule in many scientific fields, see for
instance Bernardo and Smith (1994).
Of course there is a lot to be said on this topic, and a lot has
been written about it, not least all papers and books that have
formed an important part of the development of the theory r
subjective probability and Bayesian statistics itself. Among
the books, Savage (1954) and de Finetti (1974) are of course of
special importance. Savage put personal probabilities in a
decision theoretical framework, a perspective from which
statistical inference is a special case of decision theory. Savage
died in 1971, leaving lot of writings behind him. Some of his
papers have been published posthumously, which explains
the dates of some of the references. Kyburg and Smokier
(1980) provide a survey of the area and they republish some
interesting papers, among others Ramsey (1926) and de
Finetti (1937). Savage (1976) is also an interesting and
valuable reading since it gives a Bayesian's view on Fisher's
work. An interesting book about the development of statistics
before this century is Stigler (1986).
In the area of reliability engineering there are several
important contributors. R. E. Barlow, N. D. Singpurwalla and
D. V. Lindley, among others, are distinguished researchers
that have emphasized the roie of subjective probabilities in
reliability theory. Lindley must also be mentioned as a
significant contributor to subjective probability in general.
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3.

PROBABILITY - A MEASURE OP UNCERTAINTY

There are many words associated with uncertainty, chance,
possible, presumable, probable and so on. From a linguistic
point of view this is good, it is a sign of a rich language. From a
mathematical point of view, however, it is not desirable. It is in
the nature of mathematics to be precise. What do we mean by
chance, possible or probable? How sure, or unsure, is a
person if he says there is a chance that it will rain tomorrow?
It is clear, from the mathematical viewpoint, that we need a
measure for uncertainty, and a word for it.
It is well known and accepted that a word for uncertainty in
mathematical contexts is probability'. The theory of
probability is without any doubt the most widely spread
concept on this topic, but it is not the only one. Other
concepts are for example fuzzy logic, see for example
Zimmerman (1987) and belief functions, see Shafer (1982).
Here, we will only consider probability as a measure for
uncertainty; Lindley (1982, 1987) has argued that
probability is the only reasonable way to model uncertainty.
However, it is not obvious what is meant by probability and
how it should be defined, or more correctly, how it should be
interpreted. Three different views have, more or less, survived
in the development of the theory. They are not necessarily
mutually exclusive in every respect, but they are different and
especially the third distinguishes itself from the other two.
Before we continue with these three views let us just, very
briefly, go through the notation and language used.
ai.

NOTATION

A sample space, S, consists of all possible outcomes of an
experiment. The basic set theory will be omitted and we
assume that S can be either finite or infinite. In general we
have to consider a vector X, Xn where Xt is a random
quantity assumed to be well defined on S r By random we
simply mean that the value of Xt is unknown to us, so instead
of a certain value of Xr we have to consider a set of possible
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values of Xf, finite or infinite. Note that Xt is an objective
quantity, its possible values are well defined and depend only
on objective circumstances, not on a person's subjective
opinion. A random event, E, is an event on S, such that it is
either true or false, it can only take two possible values. A
probability function is denoted P() and P(É) means the
probability that E is true. All probability functions are
assumed to be well defined on the relevant space.
The interpretation of the word experiment is much up to the
reader. In reliability theory, lifetimes of systems or
components are often considered and problems are related to
whether a system is functioning or not. An auxiliary model
might be a system consisting of n components, as in
Singpurwalla (1988), where Et refers to the uncertain event
that component i, t= l,...,n, has experienced a failure by time
T. If Xt is the life time of component i the event E, is equivalent
to the event that X, < t and P(E() = P(X( < T). In the following
we will often say "the event X", which is not strictly correct,
since X is not an event but a random quantity. The relaxed
use of the terminology is somewhat excused by the
relationship above. Without any loss of generality, one can
ignore the reference to time and just care about the uncertain
event whether component i is functioning or not. In short; the
notation used here is very much the same as what is common
in the literature, but we overlook all special cases of
irregularities that must be treated in the context of a complete
theory.
We will only consider observation vectors with a finite number
of elements. It is easy to extend the reasoning to infinity.
However, in reality we will never make infinitely many
observations and supported by for instance de Finetti we stay
in the finite world. The index k will be used in situations were
the observations, in some sense, are subjectively judged to be
outcomes of a repeatable experiment under equivalent
conditions.
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32.

THE CONCEPT OP LOOTING FREQUENCY

Let x1,...,xk be the outcomes of k repeated identical
experiments, with the elements of the set S as possible
outcomes. Let E be an event, i.e. a subset of S and N the
number of times £ occurs in the k experiments. The
probability of E, P(E), is then defined as
P(E) = lim^

(3.1)

This is the frequentistic interpretation of a probability and it
is the most widely spread definition of probability.
THE CONCEPT OP EQUALLY LIKELY EVENTS

Another way to interpret P(E), if S is finite and countable and
the elements in S are equally likely, is
pt p\ - number °f elements in S that belong to E
* '
total number of elements in S

. _.

This is often referred to as the classical interpretation of a
probability. Savage (1977) names it as the necessarian
interpretation. The classical view is very much the same as
the way in which the pioneers in this field viewed probabilities
in the seventeenth and eighteenth centuries, hence the
terminology. Their problems were often related to games of
chances, such as rolling dice, where it was possible to think of
equally likely events due to the symmetry in the gambling
machinery. Note that they did not necessarily view
probabilities as objective quantities. The judgement of equally
likely' could typically be personal.
Even if these two interpretations of probabilities are
comprehensive from a practical point of view they make the
probability concept rather restrictive. In the frequentistic
interpretation there is no meaning in assessing probabilities
to non-statistical events, i.e. events that cannot be thought of
as an outcome of a repeatable experiment. Lindley (1985)
gives a very nice discussion about statistical and non9
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statistical events and he shows the difficulties in defining
whether an event is statistical or not. The classical
interpretation implies that there must be some kind of
symmetry so that the nominator and denominator in (3.2)
have a meaning. The stretchability in these limitations is of
course considerable, but nevertheless these two views make
the probability concept fairly restrictive.
a4.

SUBJECTIVE PROBABILITIES

The subjective, or personal, view of probability claims that
probability is a degree of belief. Since different persons must
in general be assumed to have different degrees of belief in any
event, probabilities must be personal. Th* is what de Finetti
means when he states "probability does ot exist"; it does not
exist objectively, its existence can only > subjectively justified.
With this view the concept of probabi' cy covers a much wider
area of problems. We are no longer r stricted only to problems
where (3.1) and (3.2) have a meaning. On the other hand we
have lost the possibility of giving a strict mathematical
definition of probability, at least one as straightforward as
(3.1) or (3.2). This will be discussed further in the following
section.
3.4.1. Bets and subjective probability
The idea of probability is comprehensible to almost everyone,
even if they have not read a thing about it. It seems to be
something inherent in the probability concept that is very
attractive to human consciousness (or rather it is something
inherent in human consciousness). When someone says the
probability is 0.8, we have a quite good understanding of how
certain (or uncertain) he is. Nevertheless there are many
reasons for finding a common interpretation, or standard, of
what is meant by "the probability is, say, 0.8". For the
frequenti3t or classicist it is clear what is meant; to them a
probability statement always is such that (3.1) or (3.2) has a
meaning and these formulas really define a probability from
their point of view. For the subjectivist, however, it is not that
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easy. How do we find a common reference scale for degree of
belief?
Since the degree of belief is assumed to influence a person's
actual behaviour, Ramsey (1926) claimed that probability, or
degree of belief, must be measured by examining the persons
overt behaviour. This line of argument has later been followed
by most proponents of the subjectivistic theory and the view
in de Finetti (1937) is similar, independent of Ramsey. If we
can accept betting as an indicator of behaviour, a convenient
definition of probability could be outlined as follows.
Consider a game in which a person will be rewarded by $1 (of
course one is free to think of any currency, real or fictitious,
despite the notation) if an event X comes true. In another
game he will be rewarded with $p with certainty. Then the
number p, making these two games indifferent to him, is the
probability P(X). Another way to view it, concerning both
costs (stakes) and rewards, is to say that $p is the maximum
stake the gambler is willing to risk if he gains $1 if X comes
true and loses his stake otherwise.
However, as denoted already by Ramsey (1926), there are
some problems in such a definition. Since it is widely accepted
that the utility of money is non-linear this definition will not
be indifferent to a linear transformation of the scale of money
and it is highly dependent on the gambler's fortune. Ramsey
as well as de Finetti pointed out that the interpretation
should deal with only reasonably small amounts. On the
other hand, if the numbers get too small, the reluctance to
care about trifles will violate the definition. The idea should be
clear anyway and the bet is only a way of thinking about
probabilities. Another problem arises when one has to
compare two events that are not, according to Ramsey
(1926), ethically neutral. This means that not only how likely
the events are influences the gambling, but also the utility of
the consequences. As long as it is possible to make a
distinction between probability and utility, the betting
strategy should be acceptable; but Rubin (1987) takes the view
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that this is not always possible. However, probabilities are
personal statements of uncertainty and to my knowledge the
best way to think of probabilities is still to view them as bets.
Consequently, a probability density function tells how to bet
on different values of x.
DeGroot (1970) gives another, very axiomatic, motivation of
subjective probabilities, based only on the relative likelihood of
events, considering no rewards or possible consequences of
the events. The subjective interpretation o? probabilities can
also be justified through the concepts of scoring rules, see for
example Lindley (1982) and Savage (1971). The latter paper
also gives some possible remedies for the conflict with the
linear utility of money and it provides a large number of
valuable references.
&5.

PROBABILITY - A FUNCTION OF TWO ARGUMENTS

So far we have used the notation P(x) for the probability that
X is true. However, this notation is incomplete. Probability is
not, as indicated earlier, only a function of the possible
outcomes, but also of the information available at the time the
probability statement is made. We will regard this
information as the history, denoted Jf. A more proper
notation is H(r), since it is a function of time, x. However, to
simplify the notation we suppress reference to time.
Consequently, the probability of Xis denoted P(X|#"), where
the vertical line is to be read as given. The history could of
course be, and surely is, individual. A probability statement,
however, could be, and often is, the same for two persons with
different functions 9f. Maybe it is not out of place to
comment further upon this notation. Probabilities of the
above form are commonly known as conditional probabäities.
Instead of given' we could read the vertical line as conditioned
on. In that sense all probabilities are conditional probabilities,
conditioned on the history "H. However, the probability above
is not a true conditional probability and the difference is
highlighted in the next section.

12
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CONDITIONAL PROBABILITY - A FUNCTION OF THREE
ARGUMENTS

Sometimes we are interested in calculating a probability of the
type P^X^X,,!?/"), where X, is an uncertain event that has not
occurred. Obviously it does not make sense to say given X,,
since X, is not given. In this case the vertical line is to be read
as; were X, to be known as, say, x,. This is what is meant by a
true conditional probability, it is a function of three
arguments (at least) and where one (at least) is considered to
be known as something. The notation implies that the
statistician can evaluate how to bet on X^ when he thinks of
X, as known. If X, actually was given, i.e. observed, it would
become a part of the history.

1 3
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4.

THE RULES OF PROBABILITY AND COHERENCE

Even if probabilities are subjective it does not mean that they
can be assessed arbitrarily. There are a few rules that must be
followed. These rules are very intuitive but easily violated if
probability statements are done incautiously. Following
Singpurwalla (1988) we call them rules to hold them apart
from the axioms ascribed to Kolmogorov (1950). This is
perhaps unnecessary; the only difference is that the rules, in
contrast to the axioms, only concern a finite set of outcomes.
However, we will never observe an infinite number of
experiments and again, according to de Finetti, we remain in
the finite world. The conflict between the limiting frequency
concept and the inescapable fact that all observations will be
finite and that many practical situations are not repeatable at
all is also emphasized by Kolmogorov (1963).
One may raise two critical questions here. If probability
theory is about behaviour and these rules are easily violated,
must they not then be wrong? If the rules are correct, but not
followed in daily action, then probability theory has perhaps
nothing to do with behaviour at all? The answers to these
questions are given in Section 4.3, but first we take a look at
the rules and their extensions.
4.1.

THE FUNDAMENTAL RULES OF PROBABILITY

The following three rules constitute the basis of probability
theory:
=l

n

(rl)
2>VUJ

(
(=1

J

1=1

'"I

(r2)

(r3)

^

The first rule is called the convexity rule. It simply says that a
probability can only take values between 0 and 1. This follows
14
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directly from any interpretation of probabilities. However, the
numbers 0 and 1 are not preferable unless the event is
logically true or false. As we shall see later, no new
information can revise the probability if it is initially said to
equal Oor 1.
The second rule, the addition rule, says (for simplicity we just
consider two events) that if two events X, and X2 are
mutually exclusive then the probability that X, or X^ will
occur is the sum of the probabilities for the separate events.
The third rule is the multiplication rule. In contrast to the
addition rule this rule holds also for events that are not
mutually exclusive. To make things easier, consider again just
two events X, and X^. The multiplication rule says that the
probability that both X, and Xj will occur equals the
probability of X, were X^ is assumed known times the
probability of X^. All probabilities are of course conditioned on
the history
"K.
42.

LAW OF THE EXTENSION OP THE CONVERSATION AND
HAYES' THEOREM

Every other result in probability can be deduced from the
three rules presented in the previous section. In this section
we will consider two other results, both extremely important
in statistical inference. The first one is called the law of the
extension of the conversation, see (Lindley (1985), also
known as the law of total probability. The second law is Bayes'
law. A special case of this law first appeared in Bayes (1763).
Bayes' law follows directly from the rules in the previous
section and is really not remarkable. However, the central
part it plays in Bayesian statistics has nevertheless put it in
focus.
4.2.1. Law of the extension of the conversation
The probability of an uncertain event Y can be written as
(4.1)

15
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where

This relationship is referred to as the law of the extension of
the conversation. In assessing the probability of the event Y,
we break it down, extend the conversation, into separate
parts and consider the event were Xi is thought to be known
and multiply by the probability of X{. This is very useful if the
X, are such that P(X1 \H) is easier to find than P( Y\H).
As a simple example we can think of an investment situation
where V is the uncertain event that the value of a specific
stock will increase in a following time period. If the board of
the company is going to make an important announcement
tomorrow, which is either to accept or reject a proposition,
the problem might be looked upon as
P(Y\X) = P(Y|X.tf )P(X\X) + P(Y\X,yf )P(X\H)

where X means acceptance and X rejection. This is to extend
the conversation and assess the probabilities if we were to
know the result of the announcement.
4.2.2. Bayes' law
In its simplest form Bayes' law can be written, for two events,
as
P(X\Y,y{)P(Y\9f)

(4.2)

This follows as a trivial but interesting result from the
previous rules. The remarkable thing about Bayes' law is the
way it combines different probabilities of the same two events.
The probabilities P(Y\X,H) and P(XJY,#) are totally
different even though they concern the same events X and Y.
If we now assume that X really is known, i.e. we have observed
X as, say, x we can write Bayes' law as follows:
16
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(4.3)

The denominator in (4.2) is just a constant that assures that
the left-hand side in (4.3) is a true probability. Without any
loss of generality, we can leave the constant out of
consideration and use the proportional sign instead of an
equal sign. Note that the only unknown event in (4.3) is now
Y. The strength of Bayes' law appears in (4.3). If our
uncertainty about Y at a time r is P(Y|#") and additional
information becomes available to us through x, Bayes' law
gives the probability of Y, P(Y\X,J{), in the light of the new
information. Bayes' law tells the statistician how to revise a
probability in the light of new information, e.g. data from an
experiment; obviously a useful result.
Note that P(x\Y,Jf) is a function of the uncertain event Y, but
not a probability function and it does not obey the rules of
probability. This quantity is called the likelihood of Y,
sometimes denoted L(•). The likelihood is further discussed in
Section 7.
4-3.

COHERENCE

Even if personal probabilities put the probability concept
much closer to behaviour than other approaches, probability
theory is not an attempt to describe actual behaviour. This is
very clearly pointed o.-t by de Finetti in a comment to the
English translation of de Finetti (1937). It is not so that
someone has created the probability rules and we are all now
forced to live by them. The rules are self-evident, axiomatic
and inevitable. Rather they are forced upon us than we upon
them; they are always there, just like the rules in arithmetic
and geometry. These rules are meaningful and justified from
any point of view on probabilities. Even if people do not follow
them strictly in daily action it makes sense to say that people
behave according to them anyway. People make mistakes in
mathematics but nevertheless we can say they count
according to the rules of arithmetic. Often mistakes in
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arithmetic are easily proved, however, violation of the
probability rules is not. As long as the problems are limited it
might not be harder than in arithmetic, but in the extension
probability is about coherent behaviour and that is not easily
proved. (Actually it is impossible to prove strictly coherence
since it requires conditioning on an infinite sequence of
events.) Coherency simply means that a consecutive number
of probability statements should not conflict with each other,
they should be consistent - they should cohere. Following the
rules assures us of being coherent. If we were more aware of
them, things could certainly be done better.
As an easy but popular example, we can ask for the
probability that at least two persons in a class of 23 students
have the same birthday, the year of birth being irrelevant.
Without thinking too much of the problem, people typically
respond with a small number. However, almost everyone
agrees upon the simple model that the probability of being
born on a particular day is 1/365. Using the rules of
probability it is easily proved that the answer in this case
actually is slightly more than 1 /2; far more than most people
usually answer.
This is a simple but striking example of incoherence. People
often are unable or unwilling to perform the probabilistic
calculation and make too many assessments that easily lead
to incoherence. Even if probability theory has an objective of
being descriptive, it merely serves a normative function;
prescribing how people should make judgements. This has
called for other more descriptive theories, reflecting actual
behaviour, see for example Kahneman and Tversky (1979)
and Tversky and Koehler (1994) . A survey of normative
theories is given by Fishbum (1981).
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5.

PROBABILITY MODELS AND INDEPENDENCE

As we have seen, probability is always conditional on history.
However, the history contains much that is not relevant to a
specific situation. The probability that a system works at a
specified time does not depend on what I had for breakfast.
On the whole, it is very impractical to consider the complete
history known to us. To make life easier we will introduce a
parametric probability model and show what part the
parameters play in probabilistic calculations. The structure in
this section is very much inspired by Singpurwalla (1988).
5.1.

PARAMETRIC PROBABILITY MODELS

The parameters are very often abstract unobservable
quantities, filling two purposes, Singpurwalla (1988):
(i)

They influence the observable, but now unknown,
quantities, such as Xx,...,Xn.

(ii) They simplify our probability considerations by
reducing the dimensions of the background information
•H.
That the parameters influence the observables means that
they are in some sense functions of the observable quantities.
For example, in the case of a conceptually infinite population,
the parameter could be the limiting average of lifetimes, see
Barlow and Mendel (1992) who provide a detailed motivation
for different life distributions.
Consider the probability P[X\9f). By the law of the extension
of the conversation we can write this as
(5.1)
The sum is taken over all possible values of 6. Often 0 is a
continuous quantity and the sum becomes an integral. In
general 6 could also be a vector. Almost always, 6 is a nonobservable abstract quantity, unknown to us. Let us now
make the following assumption:
1Q
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Xis independent of M given 0,Le.
(al)
Note that two random quantities are independent if any
knowledge of one does not influence the probability of the
other. Here this means that if we were to know 0, the history,
"H, would be irrelevant for the probability of X. The
dimensions of the history are reduced to the dimensions of 9.
Note that independence is, as probability, always a
conditional statement and a personal standpoint. Some
further comments on independence are given in Section 5.2.
By applying Assumption (al), Equation (5.1) can be reduced
to

Here P(X\d) is called the probability model and 0 is the
parameter in that model.
Consider now a number of events X,,...,Xn and the
probability
P(*i

X n |^) = P(Xn|Xr,.1

X,,H)-P(X,\H)

(5.3)

The equality follows from (r3) in Section 4.1. Let us now make
another assumption:
For all i, X, is independent of

X,

X,_,,e,

e,_lfeM

en and H given 6r

(a2)

In words, we say that the X(, f=l n, are conditionally
independent. From the law of the extension of the
conversation and Assumptions (al) and (a2) it follows that
Equation (5.3) can be simplified to

A further simplification of (5.4) can be made if we assume
that:
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0t is independent of 0x..... 0M given J(

(a3)

By applying (r3) and (a3) to the probability P(01,...,0n|#") we
get

Assumptions (a2) and (a3) should be used with care. They are
very often taken for granted in situations where they are not
applicable. In most systems, failures of one component give
information on the reliability of other components since they
share a common environment, or might have been produced
on the same manufacturing line. If we learn that the
environment is harsh from failures of some components it
will presumably change our opinion about other components'
reliability, even if they have not failed. In that situation (a2) or
(a3) (or both) are not valid without an extension of the model,
see Section 5.5 and Appendix A and B for examples and
references.
5.2.

INDEPENDENCE AND EXCHANGEABILITY

Let Xl....,Xk be a sequence of balls drawn from an urn
containing only black and white balls. Let X, = 1 if a white ball
is drawn and X, = 0 if a black ball is drawn. The composition
of white and black balls is unknown. Assume, for simplicity,
that the balls are replaced after the colour has been examined.
Is the sequence X, Xk independent? A typical classical
answer would be: "X, Xk is a sequence of independent,
equally likely events with unknown probability." However,
such answer makes no sense. Firstly, probability is a
subjective statement and there is no point in saying that it is
unknown. What is unknown is the proportion, 9, of, say,
white balls. The proportion is, of course, an objective quantity;
one can just look in the um and count the white balls. The
degree of belief in different values of 8 might, however, vary
among people. Secondly, if the proportion is unknown the
sequence is certainly not independent. As balls are drawn
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from the urn we will learn about 6; if the first ten balls are
white we probably hold 6 > 1/2 to be more likely than 6 < 1/2,
As said earlier in this section, independence is a conditional
statement. If we were to know 9 the sequence Xi,....Xk would
be judged to be independent. It should be noted that
unconditional independence excludes learning by experience
and de Finetti (1974) calls these cases "...for which the
problem of inference does not exist". To make the point clear
and to avoid ambiguities like the one above, we can say;
"independence does not exist", de Finetti (1981).
Having abandoned independence, in its classical meaning, de
Finetti (1937) introduces the notation of exchangeable
random quantities. Random quantities are exchangeable if
and only if their joint probability distribution is invariant
relative to their order, i.e. the probability measure is not
changed for any permutation of the sequence X, Xk. In the
same paper o.; Finetti also states his representation theorem.
Together these two results constitute a link between
subjective probability and observed frequencies. De Finetti's
representation theorem states that the joint distribution of a
set of exchangeable random quantities can be represented as
a probabilistic mixture of the same random quantities
constructed as independent and identically distributed.
For example we can again consider the white and black balls
in an urn. The de Finetti representation is

were P(Xt\d)= 6x'(l-ef'x' (the Bernoulli model) and P(d\K)
is the distribution of the parameter, which is a function of the
observables. Here, 0, O£0<1, is the limiting relative
frequency of I s . Hence, P{d\9{) reflects our beliefs about the
proportion of white balls. Before any observations are at
hand, this is called the prior distribution of 0, see also Section
6. Clearly X, Xk are exchangeable, the order in which the
outcomes of X, Xk is reported to us is of no importance.
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However, X1,...,Xk are not independent in the classical sense.
Exchangeability deals with a certain type of interdependence
and replaces the classical notation of "i. i. d. with unknown
probability".
The importance of de Finetti's paper has been emphasized by
many authors; a comprehensive introduction is Barlow
(1991), see also Bernardo and Smith (1994), Koch and
Spizzichino (1982) and of course de Finetti (1974).
53.

THE DISTRIBUTION OF THE PARAMETER IN THE
PROBABILITY MODEL

One reason for introducing the probability model was to
reduce the dimension of 'K . On the other hand, this led to a
new probability function depending on 7C, namely P(e\H). If
we apply the law of the extension of the conversation and (al)
on this probability we may write

Again we get rid of Jf in the first probability but we
introduced a new probability depending on Jf. Of course we
can go on like this thousands of times and introduce new
parameters each time. However, it is rarely defensible to do
this more than once (twice, counting the step in Equation
(5.1)). The parameter 9 can often be interpreted in some way,
for example as the limiting average lifetime or a limiting
frequency, even if it itself is an abstract quantity. According to
that we might be able to express our knowledge about 0
through a probability distribution P(d\a)) whf-e o) is known.
From (5.6) we can see that this is to say that all the
probability mass in Q is centred in a single point (o\ and
consequently that P[d\9f) = P{O\CD) where o is known. Note
that co is not fixed in time. When relevant data are added to Of
the probability P(ö|ä)) is updated following Bayes' law and co
will change to a new, but known, value.
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Here we stopped the parameterization after having described
a distribution of the parameter 9 with a known hyper
parameter co. As motivated earlier it is rarely necessary to go
further. However, sometimes it can be useful to put a
probability distribution also on the hyper parameter and
such model is called a hierarchical Bayes model, see for
example Bernardo and Smith (1994) for a brief discussion
and further references.
5.4.

THE HAZARD RATE CONCEPT

How do we find the conditional distribution, or probability
model. P(X\6)? The probability model is the mathematical
model for the physics in the problem. Hence, through
experience and the ability to recognize certain types of
situations, we can find a proper probability model. Many
models can be justified through exchangeability and
extensions of de Finetti's representation theorem, see
Bernardo and Smith (1994) and Barlow and Mendel (1992).
For example, in binary problems like coin tossing or "failure or
survival", the Bernoulli model can be proved under the
assumption of exchangeability. Another way to go is through
the hazard rate concept, see for instance Mann, Schäfer and
Singpurwalla (1974). In reliability, ageing is an important
character of an item. It is something that engineers have
learned to recognize. Ageing means, in terms of probabilities,
that for the life time X the probability
P(X<x+dx\X>x,d)>P(X<dx\e)

(5.7)

i.e. if we were to know that an item has survived x time units
we judge the probability that it will fail in dx time units to be
less than the probability that it just should fail in dx time
units. The assumption that it already has functioned for x
time units influences the reliability. If the conditional
probability, P(X< x+ dx\X> x,6), increases in x, it is natural
to say that the item is ageing. If dx is an infinitesimal interval
and the probability function is assumed to be smooth so that

24

5. Probability models and independence

the corresponding density exists, the left-hand side of (5.7)
can be written as

\J '

= h{x\9)dx

(5.8)

Here /(-xjfl) is the probability density function and
K(xje) = P(X> x\e) the reliability function. The function h(x\6)
is called the hazard rate or the failure rate. It follows from the
above that h(x|0)dx is interpreted as the probability that the
item will fail in the interval (x, x+ dx), were we to know that it
has survived x. It also follows that the item is ageing only if
h[x\d) is an increasing function. If the time an item has
worked is irrelevant, i.e. a used item is considered as good as a
new one, given that it is functioning, there is no ageing and
the failure rate is constant. If the conditional reliability is
assumed to get better with time the failure rate must be a
decreasing function. If one is able to specify the failure rate,
with respect to the nature of the problem, one can always find
the reliability function through the relation
F(x\e)=

(5.9)

For example, if the failure rate is assumed to be constant, the
exponential distribution is the only possible probability
distribution of the life time.
It should be noted that the failure rate pertains to a random
quantity, not to a physical item. It is interpreted as a
conditional probability about the lifetime of an item and it is
no more objective than any other probability. The role of the
failure rate is thoroughly discussed in a recent paper,
Singpurwalla (1994), and the conclusion is that "the failure
rate does not exist", see also Singpurwalla (1988).
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5.5.

EXAMPLES - SYSTEM RELIABILITY MODELS

In system reliability one typically wants to calculate the
probability that a system works at a specified time, x. In this
section we will give a short introduction to some system
reliability models and discuss how they are related to the
Assumptions (al) - (a3). We will use a two-component parallel
system, Figure 1, as a simple illustration.

Figure 1. A two-component parallel system.

Clearly, the system fails only if both components fail, hence,
it is interesting to calculate the probability

where X, means X, < xt for i = 1,2.
By Assumption (al) we can write this probability as

If both (a2) and (a3) are valid, i.e. we judge X, and X, to be
conditionally independent and 6X and 92 to be independent
given H, we get the simplest form of the problem. In that case
we have

and all distributions are univariate.
However, as mentioned earlier, this is rarely a realistic
situation. Life lengths of components must often be
considered dependent. We can make a rough partition of
dependence into two kinds; a physical dependence caused by
a shared load or, as in the well-known model by Marshall and
Olkin (1967), shocks that kill both components
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simultaneously and a psychological dependence induced by,
for example, a common operating environment. The latter
kind of dependence is always present even if it is often
neglected in existing models. Two exceptions are Lindley and
Singpurwalla (1986) and Bergman and Sorensen Ringi
(1995a). We can see from Equation (5.10) that the
dependence can be taken care of through either one of the
multivariate distributions P( X,, X, |0,, 02) or P( 0,, 02 \H).
In Bergman and Sorensen Ringi (1995a) Assumption (a2) is
considered valid but not Assumption (a3). In that case we
have

and we have to deal with a multivariate distribution of the
parameters 0! and 02.
In Lindley and Singpurwalla (1986) a multivariate
distribution of Xt and Xj is created by a third parameter and
a mixing distribution of that parameter. In their case
Assumption (a3) is considered valid but not Assumption (a2)
and we have

see also Currit and Singpurwalla (1988).
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6.

INFERENCE AND PREDICTIONS

The most fundamental reason for statistical analysis is to
provide a basis for decision making. Typically, that means
using available information in trying to predict a future event.
Roughly, information can be divided into two classes; nonstatistical information influencing the probability, such as
engineering experience, experts' opinions, etc. and data that
can be treated as samples from a probability distribution. In
this section we will consider an experiment, repeated k times,
so that the observed data is <D = x,
xk, and show how
inference about the parameter 6 and prediction of a future
observable event, Xk+1, can be done.
Since there is a repetition of the same experiment it is
reasonable to assume that 0, = 6 for t=l,...,Jc and that
X,
Xk are conditionally independent given 6, with a
conditional probability distribution P(XJ0). Hence,
k

(6.D

If we now have had the opportunity to observe X,,...,Xfc as
<D = x,,...,xfc our attention is focused on the predictive
distribution of a future event Xk+l, Le.
P(Xk+l\V ,©) = X e P(X k+1 |#- ,<D,6)P(e\9f ,©)

(6.2)

By Assumption (al), and an additional assumption that Xfc+1
is independent of ©given d, (6.2) is reduced to
(6.3)
Furthermore, if X{
written as

X^.X^, are exchangeable (6.3) can be
P(X\6)P(e\D ,H)

(6.4)

Our task is now reduced to find the posterior distribution of
9, Le. P[e\D,J{). If we apply Bayes' law as in Equation (4.3) on
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the unobservable parameter 0 rather than the observable
event itself we get;
p(d\D,7{) - p((D\e, jf )p(e\jf)

(6.5)
k

The factor P(<Z>|0,#") is the likelihood of 0, i.e. n ^ * ' ! 0 ) -

Note

that the likelihood is a function of 0 since x^ xk are
observed values. Hence, the posterior distribution is
proportional to the likelihood times the prior distribution.
After observing <D the uncertainty about 0 is described by the
posterior distribution, hence it is not advisable to make
inference about 0 on the likelihood alone as is done when
taking the maximum likelihood estimate as a point estimate
of 0, see also Section 7.
Generally we need to find a joint predictive distribution of the
form

Here we have made the assumption that the Xx,...,Xn are
independent of <DX ©„.#" given 0,
0n, which is just an
extension of the assumption above. Whenever possible, (6.6)
can be simplified using Assumptions (a2) and (a3) in Section
5.1.
6.1.

AS EXAMPLE

Assume that the lifetime, X, of a component is believed to
follow the exponential distribution, that is
( \ ) (

i

)

l-e-9x

(6.7)

or

( )

^[\)eeex

(6.8)
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A gamma distribution is reasonable as a prior distribution of
6. The family of gamma distributions should be rich enough
to describe the a priori information. It is also mathematically
tractable since in this case it is the conjugate distribution to
0, see Section 8. Hence,
(6.9)
Let us say that our prior beliefs lead us to the conclusion that
the expected value of 0, E(0) = 1 and the variance, V(d) = 0.5.
Since E(0) = p/a and V(d) = p/a2 it follows that a = 2 and
/3 = 2. Assume now that eight components have been
observed during a time period T = 2 and that 5 components
have failed at the times xl = 0.3, x^ = 0.7, % = 0.9, xA = 1.2
and x5 = 1.9. If we assume all failure times to be independent
given 6 the likelihood is given by
fcx.ST

The posterior distribution is than easily found to be
(6.11)
The prior and posterior distributions are shown in Figure 2.
In the light of data the distribution of 9 is revised and a Bayes
estimate of 6 is the posterior mean which equals
7/13 = 0.538. This could be compared with the classical
maximum likelihood estimate that is 0=5/11 = 0.455.

0.5
Figure 2.

1

1.5

2

--»•

2.5

3

e

The prior (dashed) and posterior distributions of 6 in the
example above.
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The predictive distribution, or the unconditional distribution,
of Xis now determined by

xp.9f) = j F(x\e)f(e\xl,...,xs,y{)dd =
a6i

r (6.12)

o7

The predictive distribution {6.12} can be compared with the
distribution, F[x) = l-e"x, based on the classical maximum
likelihood estimate 6; Figure 3 shows the difference, which in
this case is very slight. Note, however, that in the Bayesian
setting all uncertainty about 6 is taken care of, whereas in the
classical setting the distribution is based only on a point
estimate of 9.
0.8
0.6
0.4
0.2
8

Figure 3.

A comparison between the Bayesian predictive
distribution and the exponential distribution based on a
classical maximum likelihood estimate of the parameter
6. The latter is represented by the dashed curve.
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7.

THE LIKELIHOOD FUNCTION AND THE LIKELIHOOD
PRINCIPLE

The likelihood function P[<D\e,Jf) is a function of the
unknown quantity 6. but not a probability function. It can be
interpreted as the amount of support data gives to different
values of 6. When making inference about 6 a non-Bayesian
would typically choose the value 0=6 that maximizes the
likelihood as a point estimate of 0; in doing so one ignores one
part of Equation (6.5). Since Equation (6.5) follows directly
from the rules of probability the whole expression must be
considered to avoid incoherence. If one wants a point estimate
of 8 it should be taken from the posterior distribution of 6,
which expresses the uncertainty about 6, not from the
likelihood. A traditional maximum likelihood estimate is the
estimate a Bayesian would give if he chooses the mode of the
posterior as an estimate and his prior was uniformly
distributed over the parameter space.
It can be noted that the prior information becomes less
important when the number of observations, k, increases.
The more data that are added the more information will be
contained in the likelihood and the posterior distribution will
essentially be determined by the likelihood when k gets large.
Both the likelihood function and the posterior distribution
converge to a normal distribution under natural regularity
and the difference between a typical Bayes estimate and a
maximum likelihood estimate will usually be small when k
becomes large, see for instance DeGroot (1970).
7.1.

THE LIKELIHOOD PRINCIPLE

Before data are observed the information about 6 is in the
prior distribution. All additional information about G, given by
data, are captured in the likelihood. That is, when we have
observed <D, other possible values of data that did not occur
have become irrelevant. The likelihood principle says; Berger
and Wolpert (1988),
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All the information about 6 obtainable from an experiment is
contained in the likelihood function for 6 given data. Two
likelihood functions for 6 (from the same or different
experiments) contain the same information about 6 if they
are proportional to one another.
k

Fisher proved that the likelihood function,

Yl^X^tf),
i=l

viewed as a random function of the random quantities
X,
Xk, is a sufficient statistic for 0, and hence contains all
information about 0 from the classical point of view. The
likelihood principle goes considerably further by stating that
only the function [jF^x^,?/"), based on the actual
observations x,,..., xk, is relevant.
The likelihood principle and its consequences contain
probably the fundamental difference between classic and
Bayesian statistics. These, or related subjects, have attracted
many statisticians since Fisher started to investigate the
likelihood in the early twenties. The likelihood principle is
thoroughly argued in Berger and Wolpert (1988), who also
provide a large number of references. The belief in subjective
probabilities is one gateway to becoming a Bayesian and the
likelihood principle is certainly another. In the discussion to
Bimbaum (1962) Savage says:
"I, myself came to take...Bayesian statistics...seriously only
through recognition of the likelihood principle."
The likelihood principle is an objective principle and many
people become Bayesians just because the likelihood principle
gives them very little choice.
A consequence of the likelihood principle is that very much of
the pre-experimental requirements that are important in a
frequentistic analysis, become irrelevant to a Bayesian.
Consider for example the following example from Berger and
Wolpert (1988).
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Suppose that X, and Xj are conditionally independent (the
conditioning on 0 is suppressed in the following) and
P{Xi = e-l)=P{Xi = 0 + 1) = 0.5, t =1,2

(7.1)

Here -«> < 0 < «> is an unknown parameter to be estimated
from an observation (Xl,X2). If the experiment is repeated (to
infinity) the set
*,)«><,
the pointX, - 1 ifX, = X,

**>

,7.2)

will contain 0 with probability 0.75 and hence C^XJ.XJ) is a
theoretically correct 75 % classical confidence set for 0.
However, if we actually observe x, * Xj it is absolutely certain
that 0 = 0 . 5 ^ + X2), while when x, = Xj we do not know
whether 0 = X, - 1 or 0 - X, +1 (assuming no prior knowledge
about 0). Thus, from a post-experimental viewpoint
contains 0 with luO % "confidence" if x, * x,, while f
contains 0 with 50 % "confidence" if x, = x2. Obviously it is
rather silly to report the pre-experimental measure of 75 %
confidence when data are at hand.
Even if the example above is a little affected it focuses on the
issue; does it make sense to report a pre-experimental
measure when observed data intuitively are in conflict with it?
Confidence regions are pre-experimental measures and even
if intuitive conflicts, as the one above, are very rare, they
violate the likelihood principle which states that all
information about 0 is in the observed data, and data that
from the pre-experimental viewpoint could have appeared, but
did not, are irrelevant.
Another example, also from Berger and Wolpert (1988), is the
case when we have a mixture of experiments. Assume the
statistician can choose between two experiments to obtain
some information about an unknown parameter 6. The
experiments are associated with the distributions Pi(x|0) and
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P2(x\d), respectively. If the statistician is indifferent between
these two experiments he might use a fair coin to choose
which one that should be performed. The question is, should
the coin flip be counted in the analysis? From the postexperimental viewpoint the coin flip is totally irrelevant, the
only thing that counts is the experiment actually performed.
However, formal frequentistic pre-experimental reasoning
says that one should average over all possible outcomes and
that includes the possibility of the other experiment that was
rejected by the coin.
In the two following sections we somewhat extend what is
indicated above. We shall consider two common methods in
classical statistics, both pre-experimental measurements,
and see how they violate the likelihood principle.
7.2.

SIGNIFICANCE TESTS AND CONFIDENCE REGIONS

Significance tests are frequently used in statistics, as tools
for inference about 6. Such tests can be designed in many
ways, but a simple example of the general idea fulfils our
purpose emphasizing the conflict with the likelihood
principle. The notation is similar to Berger and Wolpert
(1988).
Suppose that the hypothesis Ho:6= 90 is tested against
H,: 6 * e0 and that Ho is rejected if the test statistic 7^X) gets
too large. Here, X= X, Xn and T(X) is a sufficient statistic
for 6. For a given sample, x = x, xk, the test rejects the
hypothesis Ho on significance level p if

p=P0(T(X)> 7t*)) = lnymx)]dP0

(7.3)

were Po is the distribution of 1\X) under Ho. Thus, the
probability p is the probability of observing T(x) or any larger
value of T[X) under Ho. If p gets small we are likely to believe
that Ho is false. The likelihood principle states that all
information about d is in T{x) - only the observed values are
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important. The integral in (7.3) is, however, taken over a set of
values that never occurred and the conflict with the likelihood,
principle is obvious.
If Ic is a confidence region for a parameter 6 at the confidence
level 1 - / then Jc contains all values of 60 for which a
hypothesis H0:9 = 90 will be accepted on the level y. From this
relationship we realise that also confidence regions violate the
likelihood principle.
The peculiarity of confidence regions app ars also in the
following. Assume that i\X) is a sufficient statistic for 6 with
probability distribution P(T(X)). In the classical setting 0 is
thought to be unknown, but not random. According to
classical practice we ignore the conditioning on 8. For two
functions I and u, we can define the probability
P(l(d)<T(X)<u(e))

=l - Y

(7.4)

which is a true probability statement for i\X) before the
sample is taken. However, what is desired is a probability
statement about 6 after data are observed. By inverting the
functions I and u and solving them for 6 we obtain two new
functions, say V and u', such that
l-y

(7.5)

for an observed value of T(X) = T(x). The notation as it reads
is wrong. Since 6 in the classical setting is assumed not to be
a random quantity Equation (7.5) could not be a probability
statement. The region

]

(7.6)

is the confidence region of 6 at the confidence level 1 - y. The
end points of the interval, l'(T(xf) and U'(T(X)), are the
smallest and the largest values, respectively, 6 could have
assumed without the observed T[x) having been too large or

36

7. Thp likelihood Junction and the likelihood principle

small (probability y/2 at each end if the interval is
symmetric), respectively. Again the likelihood principle is
clearly violated since values of i\X) other than the observed
T[x) are considered.
When data are observed once and for all and the interval (7.6)
is well defined, there is no way the non-Bayesian can tell the
probability that the interval contains 6 or not - confidence is
not a probability. Furthermore, one often wants to combine
uncertainty statements and it is not well defined how
confidence regions should be combined. However, for
probabilities, the rules (rl) - (r3) tell us exactly how
probability statements should be linked to each other.
The calculation of tail areas, e.g. significance levels, and their
relation to posterior probabilities has been rendered from a
Bayesian perspective by DeGroot (1973) .
73.

STOPPING RULES

Testing and data collection are essential parts of experiments
and hence also of reliability work. A common issue is when to
interrupt a test, that is what stopping rule should be used.
Consider two test plans of Bernoulli trials, for example an
item is tested and judged functioning or defective. The first
test is performed until r items are found functioning, whereas
the second test is terminated after k trials, regardless of the
proportion of functioning and defective items. Assume that it
takes exactly k trials to find r functioning items in the first
case and that exactly r items are found functioning in the
second case. In the first case the random variable, N, is the
number of trials required to find r functioning items, i.e. N
has a negative binomial distribution;
(7.7)

In the second case the random variable, R, is the number of
functioning items and R has a binomial distribution;
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The likeli'ioods in these two cases are, viewed as functions of
0,

and P(r|0) = [ ^ ( l - o r (7.9)
respectively. The likelihood principle now states that the two
experiments contain exactly the same information about the
unknown parameter 6 since they are proportional to one
another. However, from a classical point of view the two
experiments are very different. With k = 12 and r = 9 it is
easily shown that a significance te&t at the level a = 0.05 will
reject the hypothesis Ho: 6 = 0.5 in the latter case but not in
the former. The conclusion is that stopping rules of this type
are non-informative to a Bayesian. In life testing one could
finish a test after a specific time, determined in advance, or
when a specific number of items have failed. This is known as
type I and type II censoring. It follows from the likelihood
principle that such stopping rules also are non-informative. It
does not matter how the test is performed, it can even be
terminated arbitrarily, all information is captured in the
number of failures and the total time on test.
It can be mentioned that Jeffreys (1961) suggests different
priors for 6 in the two situations above and consequently the
posterior and the inference will be different. This is of course
also a violation of the likelihood principle.
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8.

CONJUGATE DISTRIBUTIONS

Let us return to the problem of finding the posterior
distribution of the unknown parameter 0. When data are
observed the posterior distribution is given by (6.5);
P(6\D,?f)oc p[cD\e,7f )P(6\H)

(8.1)

Assume that X,
Xn are samples from the same
distribution and that they are assumed to be independent
conditionally on the parameter 0. From Assumptions (al)
and (a2) of Section 5.1 it follows that
(8.2)
Assume that P(ö|j/") can be written P(ö|(ö) according to
Section 5.3. If
p(e\o3") oc p[e\(o')p(e\a))

(8.3)

where all distributions belong to the same family this family
of distributions is said to be closed under multiplication. The
product

in Equation (8.2) is the likelihood function if it is regarded as a
function of Ö.If

1*1

where the right-hand side belongs to the same family of
distributions as the prior distribution, P(Ö|ÖJ), it follows from
(8.3) that the posterior distribution also belongs to that
family of distributions. A family with this property is called a
conjugate family of distributions and it is said to be closed
under sampling. This property is obviously mathematical
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convenient, as could be seen in the example in Section 6.1. If
additional samples are taken the posterior takes the rule of a
prior distribution to find the new distribution of 6. However,
the family of priors must be rich enough to describe the prior
state of knowledge about 6. For a complete discussion of
conjugate distributions and how they could be found, see for
instance DeGroot (1970).
a i . IMPROPER PRIORS
Sometimes a person has very vague prior knowledge about
the parameter 6 so he feels that this knowledge is negligible
compared to the information he expects to acquire from some
future observations. In such a situation it can be very difficult
to find a proper prior distribution. If, for example, 9 can take
all values on the real line and the person is almost indifferent
among these values, he wants to spread all probability mass
about Ö equally over the whole line. However, such noninformative distribution is improper since the integral of the
density function over the parameter space is infinite.
Nevertheless, an improper prior can be used to model this
situation of knowledge. If a proper prior distribution is used,
with some parameter (o, one can compute the posterior
distribution from observed data and then study the limiting
posterior as the parameter (O approaches some limiting value,
making the prior non-informative. Often this limiting
posterior will be a proper probability distribution even though
the prior from which it arises might be improper.
Improper and other non-informative priors must be used and
interpreted with care. As always in statistical modelling, it is a
balance of mathematical tractable models and models that
describes the situation sufficiently closely. If the situation is
totally ignorance" improper priors fulfil both purposes.
However, they are not strictly correct probability
distributions, which might be a little inconvenient
philosophically. There exist several methods to construct
non-informative priors, all well motivated, see for example
Jeffreys (1961), Box and Tiao (1973) and Bernardo and
Smith (1994). However, different methods give different
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priors and one may argue that there is some kind of
incoherence here. There could be only one probability
distribution reflecting the actual state of knowledge. Rather
than referring to a state of complete ignorance, noninformative priors express the situation where very little
information is available a priori. How such a distribution
should be chosen can be justified in several ways.
82.

SAVAGE'S THEOREM OF STABLE ESTIMATION

The principle of stable estimation, see Savage (1962) or
Edwards, Lindman and Savage (1963) and DeGroot (1970)
for a mathematical representation, gives an upper limit of the
difference between two posteriors when using a uniform prior
distribution, proper or improper, instead of any other prior
distribution. The pleasant thing about this is that if a person
is indifferent among the values of the parameter 6 over an
interval, he can use a prior that is uniform over the whole
parameter space as an approximation to the actually prior
and obtain a bound on the error of any posterior probability.
This might sometimes be mathematically convenient.
Consider, as an example, the following illustration.
Assume you are going to guess the weight of an item, for
example, although a little affected, a chair as in Savage (1962).
You can probably give a lower and an upper limit outside
which you feel it would be very unlikely that the weight should
fall. Somewhere between these limits there probably is a set of
values for which you are totally indifferent. If you later have
the possibility of weighing the chair on a very precise scale
you presumably want your posterior to be very much
influenced by observed data. Assume that the weight
indicated by the scale is normally distributed conditionally on
the parameters /* and a, where the former is the mean and
the latter is the standard deviation. Without any loss of the
purpose of this example we can assume that a is known. A
reasonable prior distribution of \i would be one as in Figure 4.
Since the posterior is proportional to the product of the prior
and the likelihood, it follows that if the prior is constant over
the whole likelihood then the likelihood alone determines the
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posterior distribution. It is easily seen from Figure 4 that the
posterior would be almost unchanged if an improper prior
(e.g. a normal distribution with a variance limiting infinity)
was used instead of the one in Figure 4.

Figure 4.

The posterior distribution

fuui\<D,7(\ arising from a

uniform prior distribution would be slightly different from
the one arising from the actual prior f\u 9f).

Even if a non-informative prior does not exactly reflect the
prior knowledge, Savage's theorem of stable estimation
justifies the use of such a distribution as an approximation to
the actual prior. Edwards, et al. (1963) and DeGroot (1970)
provide the mathematics for finding a maximum value of the
error of any posterior probability; a measure of incoherence.
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CONCLUDING REMARKS

I hope this introduction to Bayesian statistics has
highlighted the ideas in the Bayesian philosophy, if I may use
that terminology. It is easy to point out certain things that
clearly differ between Bayesian theory and the frequentistic
view on probabilities and statistics. I want to emphasize that
it is not just infrequent examples of the peculiarity in
methods like confidence intervals and significance tests that
are important; anecdotes can always be found. The message is
the insight into how uncertainty should be handled.
Following Lindley(1982, 1987) we state that probability is the
only reasonable way to model uncertainty. What is uncertain
to me might be known to somebody else, but the only thing
that counts is my own state of knowledge. To cite de Finetti
(1974):
The only relevant thing is uncertainty - the extent of our own
knowledge and ignorance. The actual fact of whether or not
the events considered are in some sense determined, or
known by other people, and so on, is of no consequence."
Furthermore, it seems that the subjectivistic point of view is
able to supply satisfactory arguments for statistical notions
in a much more pleasing way than e.g. the frequentistic
approach. Every mathematical notation and assumption is
understood from inherent facts of life, not from a
conjectured, unattainable state, of infinitely repeated
identical trials. Good long-run properties are of course crucial
for the reason that it cannot be philosophically right to
recommend a method having bad-long run properties, see
Berger and Wolpert (1988). Even the so-called objectivistic
definitions of probability "...useless per se, turn out to be
useful and good as valid auxiliary devices when included as
such in the subjectivistic theory." de Finetti (1974).
9.1.

WHAT IS A BAYESIAN?

If we believe that probabilities are subjective, that they do not
exist as objective quantities, we cannot confess to the
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frequentistic or classical view on statistics. On the contrary
nothing permits a statistician who prefers to do Bayesian
statistics to believe that probabilities are relative frequencies
that can be objectively justified. However, very few Bayesians,
if any, take the frequentistic view on probabilities. One
strength in Bayesian statistics is the use of a priori
information. Prior probabilities are often such that it is
difficult or impossible to interpret them as relative
frequencies. It is hard to be a Bayesian and deny subjective
probabilities. As a definition of a Bayesian the following
should be sufficient. (The definition is from Singpurwalla, but
originally formulated by Lindley.)
A Bayesian is a person who follows the rules of probabilities
and describes all his uncertainty with probabilities.
With this definition we do not claim anything about the
person's attitude to subjective probabilities. It can also be
noted that nothing is said about the likelihood principle. This
principle is a Bayesian principle and a Bayesian does not
violate it. This is at least true with a small saving clause. As
mentioned in Section 8.3, a certain type of stopping rules are
non-informative in the light of the likelihood principle.
However, even a Bayesian violates it if he follows the
suggestion in Jeffreys (1961) and assesses different prior
distributions depending on the stopping rule. Since
probability theory is about coherent behaviour, that is
following the rules of probability, one may argue that Jeffrey
in this case is incoherent, and a non-Bayesian. On the other
hand the two different priors suggested by Jeffrey are noninformative and there exists more than one relevant way to
specify such priors. Rather than this being a subject of
incoherence and violation of the likelihood principle it just
emphasizes what was said in Section 8.1; non-informative
priors must be interpreted and used with care.
92.

WHAT IS MOST OBJECTIVE?

The notations of subjective and objective are frequently used
in this text. In Bayesian theory subjective probabilities play
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an important role, but one may argue that the Bayesian
approach in decision making is even more objective than
other approaches. A priori knowledge is something that is
always present in an experimental situation. Prior
probabilities are hard to construct and they are subjective.
However, denying their existence, or just keep them apart
from the decision-making process, is not a convincing
argument for objectivity. If they play an important part in the
analysis it is merely an unfortunate fact of life that they are
hard to construct, see Berger (1980). Second, even nonBayesians do care about prior information. Although it is not
a part of their analysis, it certainly has an influence on
decision making and definitely on things like planning
experiments. Those situations consist commonly of cases
where the statistician's own opinion plays an important role.
How is objectivity guaranteed in such situations? If nonBayesian methods were truly objective it would perhaps be
enough for the statistician to report his conclusions. Since
data are objectively analyzed everyone would come to the
same conclusions, with the same methods. This is of course
not desirable. It is much better to report all data and leave the
inference part to the individual; of course the statistician is
not permitted to report his own conclusions. The Bayesian
approach is a systematic way to use prior knowledge. It could
be raised, as relevant criticism, that the use of prior
knowledge has a considerable potential for misuse. With
regard to that and to avoid misleading results from careless
or unscrupulous people, data should be reported separately
from the prior.
93

FURTHER TOPICS OF INTEREST

The use of Bayesian statistics can certainly be extensively
developed in every scientific field where probability theory and
statistics are parts of the discipline. The book by Bernardo
and Smith (1994) provides, to cite the authors, "... a fairly
complete and up-to-date overview of what we regard as the
key concepts, results and issues." I expect that the two
coming follow-ons Bayesian Computation and Bayesian
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Methods will provide interesting guidance to what has been
done and what remains to be done in many scie ntific areas.
Extensions of the included papers
The papers included in this thesis, Bergman and Sörensen
Ringi (1995a) and Bergman and Sörensen Ringi (1995c), both
provide guidance for future research and we refer to these
papers for a detailed discussion on extensions of the
suggested model. The main issue is to incorporate all available
factual information. Information has been defined as
anything which changes beliefs, see Barlow (1994). Thus, a
reliability prediction model should enclose all information
that changes reliability.
Computer science and software reliability
Reliability analyses of complex systems typically lead,
unavoidably, to challenging problems of calculation.
Developments in hardware and software are expected to ease
the problem. Many system reliability models are dependent
on the derivation of minimal cut sets or minimal paths. It is,
already for systems consisting of relatively few components,
not in general a trivial task to even generate all minimal cut
sets (or paths). The need for efficient algorithms is essential
in reliability engineering. A survey of methods for system
reliability is given by Agrawal and Barlow (1984).
Bayesian analysis naturally leads to inference from
multivariate distributions. Typically, problems arise in
calculating joint posterior or predictive distributions,
especially numerical problems of handling non-conjugate
posterior densities. Some algorithms have proved to be
efficient and have potential for solving numerical integration
problems, e.g. the Gibbs sampling algorithm, see for instance
Gelfand and Smith (1990).
Reliability engineers are dependent on the development in
computer science, but it is a mutual dependence. The
complexity of software and an increasing interest for quality
engineering among software engineers calls for better
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software reliability models. Improving software development
is an interdisciplinary domain, including both software and
quality engineering, where reliability engineering is
considered a part of quality engineering.
Design of Elxperiments

From a Bayesian point of view, statistical inference is a special
case of decision theory. Data analysis is an essential part in
this work of which the objective is the acquisition of
information, see Barlow (1994). Experimentation, with the
objective of generating data to constitute a basis for decision
making, plays of course an important role. Hence, Design of
Experiments is naturally an area where understanding for
the foundations of probability is significant. To my
knowledge, this discipline is suffering from the absence of
viewing problems from the decision-theoretic perspective,
especially as a part of quality engineering. The issue is
emphasized by Singpurwalla (1992). Hynén (1994) also
mentions Bayesian methodology as a future part of Robust
Design Methodology, where experimental design is one
important aspect.
The tyranny of language
This is just a final comment about difficulties in the use of
everyday language and about the importance of being precise,
not an area for future research. To cite de Finetti (1974):
That fundamental obstacle is the difficulty of escaping from
the tyranny of everyday language, whose viscosity often
obliges us to adopt phrases conforming to current usage
instead of meditating on more apt, although more difficult,
versions."
A formulation like "...three types of information influence our
perception of system reliability...", Bergman and Sörensen
Ringi (1995c), is somewhat dubious. What do we mean by
"perception of reliability"? The ambiguity is in the definition of
reliability. In a general sense, reliability is about the ability of
an item to perform a required function, see for instance
47

9. Concluding remarks

Hoyland and Rausand (1994), but in this context reliability is
nothing but a probability, a subjective opinion, precise and
known to the individual. In the framework of the latter
definition the phrase entices us into the misleading
interpretation that it is only our perception that is influenced.
However, if our perception is changed the reliability is also
changed. There is no reliability outside our minds. To make it
clear, we follow Singpurwalla (1988) and state that "true
reliability does not exist".
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Abstract
In system reliability studies a common problem is
the coherent assessment of system reliability,
based on generic data base information from
components and on failure data from a system and
its components in a common environment. A
solution to this problem is given.
KEY WORDS: Bayesian analysis, Coherence, Dependence,
Dirichlet distribution. Dirichlet-Multinomial GammaPoisson model, Gamma distribution. Reliability prediction.
1.

INTRODUCTION AND BASIC NOTATION

Inference on system and component reliability has attracted
much reliability research, see for example Mastran and
Singpurwalla (1978), Bergman (1979), Barlow (1985),
Lindley and Singpurwalla (1986) and Natvig and Eide (1987).
Surveys of the area are provided by Martz and Waller (1982)
and Winterbottom (1984). In short, the problem may be
formulated as follows: given prior information and failure
data on component and system level, make a coherent
prediction of the system reliability.
In this paper a solution to the problem considered above is
given. We will use the same framework as in Natvig and Eide
(1987) assuming, however, that components within a system
are dependent due to a common environment. This type of
dependence has earlier been considered by Lindley and
Singpurwalla (1986), among others, however, our approach is
a little different. A drawback in their model is that
components' failure rates are assumed known. Currit and
Al
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Singpurwalla (1988) give a solution for that, but only for a
simple parallel system of two similar components. The
general model used in this paper was suggested by Bergman
(1979) in another context, see also Bergman (1985) and
Bergman and Sörensen Ringi (1995). Furthermore, we
assume that the system is repairable and that components
are under stress, thus generating failures, even in a failed
state. In other words, we assume that the failure rate of the
system remains constant even if some components have
failed. This is of course an approximation in most cases.
However, if the subsystem itself consists of several
components, failures may still be generated from it, even if
one component has failed. Also, if failure intensities are small
relative to inspection intervals the approximation would be
minor.
Consider for a fixed time, t, a binary system of k binary
components. Let (i = l,...,k):
. . _ Jl if the tth component is functioning
"
[0 otherwise

and

J l if the system is functioning
0 otherwise
Furthermore, let <ps be the corresponding series system, i.e.
k

0s(t) = J|X f (t).

Note that

from

an

inspection

and

maintenance point of view almost every maintained system is
a series system; all component failures have to be taken care
of even if they have not yet caused a system failure. In the
following we assume that, conditional on failure intensities,
the series system has a constant failure intensity A. We also
assume that, conditional on the vector

A2
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the components fail according to independent Poisson
processes with intensities A(, (i=l
k). However, since all
components belong to the same environment these processes
are not independent. Note that intensity here corresponds to
ROCOF (Rate of Occurrence of Failures) in for instance Ascher
and Feingold (1984). In the following we shall calculate the
predictive distribution of system life length, given observed
inspection data. First, however, we shall derive the
multivariate conditional predictive distribution of component
life lengths.
2.

BAYESIAN UPDATING

Typically, we have general information from generic data
banks concerning failure intensities of components. However,
as noted by many reliability engineers, see for example
O'Connor (1991), this information is rather about the
relations between the failure intensities than about their
absolute values; we might be quite uncertain of the latter. To
model this knowledge situation Bergman (1979) suggested
the following prior distribution. First, let pt - A, / A, i= 1 k
k

and h = ^t\i.

Now, let /(A) be the prior distribution of the

series system failure intensity and let g(p) be the prior
distribution of the vector p = (p,
pk). We assume that the
gamma family of probability density functions (pdfs) is rich
enough to describe the distribution /(A) for some
parameters a and /3 and that g(p) may be described by a
Dirichlet pdf with parameter vector e= (#,
6k),le.
eaX

a,p>0

and
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We also assume that p and A may be treated as independent,
i.e. knowledge of one of these quantities does not affect the
knowledge of the other. As noted in Bergman (1979, 1985)
this assessment of prior information is quite plausible from a
reliability engineering point of view.
Note that if we have obtained r^ failures on component t,
i = 1 k, the Bayesian updating algorithm, as shown in the
Appendix, provides posterior distributions that are still
within the gamma and Dirichlet families, respectively. The
parameters are updated as:
or-> a + T
p-*P + n
0f - > 0 i + i \ i = l

(3)
k
k

Here, T is the total time on test and 11=^1^ is the total
number of failures in the system. Note that the above
organization of the knowledge is quite convenient. From
generic data banks we have strong information concerning
the relative failure intensities but quite weak information
about their absolute values due to insufficient information
concerning system environment effects. After some system
operation time, the influence of the environment is quite well
understood from the total number of failures generated in the
system. On the other hand, operational data in general give
quite poor information concerning the relative reliability of
components; only after a long time have we generated a
substantial number of failures of the components.
Since our prior and posterior pdfs are parameterized in the
same way, the predictive distributions, of components and
system, are calculated in the same way whether we only have
prior information or observed data from the system.
Therefore there is no loss in suppressing the background
information. Nevertheless, note that all probability
statements are conditioned on the available information at
the time, even if it is not explicitly written out.
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2.1.

A PRIORI INFORMATION

A priori we must quantify our knowledge about the
environment and the proportions of component failure
intensity, the former through the parameters a and fi and
the latter through the parameters 9l,...,6k. However, as
k

shown in the Appendix, the quantity / 3 - £ ö , plays an
essential role in modelling the influence of the environment. If
k

(5 = ]£ 0j it is assumed that the common environment has no
influence and that failure of one component does not provide
any information on other components' reliability. In general,
it seems likely that the prior information about the
proportions is much better than the knowledge about the
k

environment. In this situation we would have j3 < £ 0,. A
bivariate case is illustrated in Figure la, where a bivariate pdf
of the type in (A4) is plotted. The variables A, and A2 are
positively correlated as one would expect. With vague
knowledge about the environment many failures of one
component would indicate a harsh environment and increase
the degree of belief in higher values of the failure intensity also
for the other component. A less common situation, but highly
realistic, is when the prior information about the proportions
is much vaguer than the knowledge about the environment.
This would for example be the case when a maintenance
worker only collects the total number of failures regardless of
which components have failed. In this case we would have
k

d, and a situation as in Figure lb could appear. Here A,
and A2 are negatively correlated. Since A = Ai + A2 and we are
reasonably sure about A, an increasing degree of belief in
higher values of Xl must lead to an increasing degree of belief
in lower values of A2 and vice versa.
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(a)

Figure 1.

3.

Bivariate prior distributions of A, and A2 having the form
as in Equation (A4) in the Appendix. In (a) the
parameters are a = 1, P = 1, Bl = 10 and 92 = 10 whereas
in (b) a= 10, P = 10, 0, = J and 02 = i.

MULTIVARIATE FAILURE DISTRIBUTION

Assume that, given prior or posterior pdfs according to (1)
and (2) possibly updated from observed data using (3), the
number of failures is Poisson distributed given the failure
intensity A. Thus, the probability of finding N - n failures in
the system after time t is

where plv(n|A) is the Poisson pdf.
Let N = (JV, Nk) be a stochastic vector of which the fth
element denotes the number of failures of component I Given
that the total number of failures in the system, N, is equal to
n this vector has a multinomial distribution with parameters
n and p = (pt
pk). By integration with respect to the
Dirichlet distribution given in (2) it follows that,

n!

r(fl1+---+gfc)r(n,+e,)--r(nfc

A6

(5)

Bayesian System Reliability Prediction

Here, the set S c I?'1 is defined as;
S= |(A

pk): P, > 0 (i= l,...,fc) and X P l = 1

Multiplying the distributions in (4) and (5) we obtain a socalled Dirichlet-Multinomial Gamma-Poisson model (DMGP),
see Nelson (1985). The unconditional distribution of N can
simply be written as

The DMGP model consists of two parts. The first part is a
Gamma-Poisson model (GP) generating the total number of
failures and the second part is a Dirichlet-Multinomial model
(DM) allocating those failures to the components.
4.

COMPONENT RELIABILITY PREDICTION

Before discussing system reliability we shall give an
expression for component reliability P[Xj = ljoo). at a time
point t after an inspection at which component j was
functioning. Again, the information available before the
inspection is suppressed in the notation. In the following we
will also suppress reference to data <D. We have
k)

(7)

here the summation is performed over the set
Z={(n,

n^.n^

nk):ni>0(i = l,...J-\J + l

k)}

Since we are interested in having no failures of the j t h
component and not how the failures are distributed over the
other components, we can treat the series system of all
components except the Jth as one super-component. Then we
have a system theoretically consisting of two (super-)
components. This is equivalent to replacing the individual 6t:s
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(i*j) by 6j= £ 0( in Equation (5). Now, the probability (7) of
i*J

having no failures of the jth component can be expressed as
P(X, =l) =
{ a ) ' f r("+/?)

T(n^j)

( t Y'

This result stems from some well-known results concerning
the Dirichlet distribution, see for example Johnson and Kotz
(1972). Using the relation r(x + l) = xT(x) the infinite sum in
(8) can be written as

)f (ft.fi), ( t v
^

l

j

where for any y > 0

n
(=0

The sum in (9) is recognized as a hypergeometric function,
: =

) X u i*"' w n e r e

b=6j +9j

Thus, we can simply rewrite (8) as
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Component reliability predictions based on experience from
systems in different environments are further discussed in
Bergman and Sörensen Ringi (1995).
5.

SYSTEM RELIABILITY PREDICTION

Let

P(t{t) = p)
be the predicted system reliability at some time t after the
system was inspected and found failure free, given inspection
data <D, ie. n, failures of component t and n = £ w T\ failures in
the corresponding series system, during a total operating
timer.
We have, by the law of extended conversation, see for example
Lindley (1985),

= J P(<p{t) = 1 \(D, A,
(^)(^)

(11)

We shall find a series of increasingly better approximations of
(11) using the minimal paths of 0 and the inclusionexclusion formula. For the general system reliability theory
utilized here we refer to Barlow and Proschan (1981).
In the following we suppress reference to time t and data <D.
Let <P, be the indicator of the jth minimal path of 0. Then
= l} = \J{(Pj = l} and we have for example
j

and
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Of course, we can continue to find better upper and lower
bounds by including intersections of three and more minimal
paths.
To complete the calculations, we need to find the probability
that all components in path j are functioning and the
probability that all components in path j and in path m are
functioning. To find these probabilities we proceed as in
Section 3. Let us consider all the components in path j as one
super-component and the rest of the components as another
super-component. With some abuse of notation we have
<Pj = Y\Xt• Also, let n,, = £ n , and 1%, = n-^r^. Path number
iePj

ie<Pj

j is functioning only <f n^
two-component problem
distribution, describing
parameter PVj = ^Pt,

i<-Vs

=0. Just as in Section 3 we have a
where the parameters in the beta
our uncertainty concerning the
are equal to 0v = £ 0 , and

iefP.

teP,

p = £ 0( - 0<p. respectively. As in Section 3 we have

t+a)

V

t+a

(14)

where in this case

In exactly the same manner we can find ^PfPm = l) and
similar probabilities including two or more paths.
Inequalities of the type in (12) and (13) consequently provide
a way for Bayesian inference about the reliability with
arbitrary precision. Since the failure intensities of
components are treated as known in Lindley and
Singpurwalla (1986) this cannot be done directly from their
model. However, Currit and Singpurwalla (1988) provide a
formula for Bayesian inference about the system reliability in
a simple case of two similar components in parallel.
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6.

AN ILLUSTRATION

For a simple illustration of our method, consider a three
[k = 3) component system like the one in Figure 2.

Figure 2.

The system structure in the given illustration.

Let a gamma distribution, /(A), with parameters a = 1 and
/5 = 2 describe the prior information on the common failure
intensity A, the failure intensity of the series system.
Furthermore let the uncertainty about the relative failure
intensities p,, p2 and p 3 be described by a Dirichlet
distribution, p(p), with parameters 0j =8, 02 = 03 = 12.
Suppose the system has been inspected a number of times
during a total time T = 4 and the numbers of failures found
are ^ = 0 5 = 1 , ^ = 4 respectively. The posterior distributions
are found by using the updating algorithm (3). Since the
system only has two minimal paths, <Py =• X ^ and
<P2 = X,X3, Equation (13) gives the exact predictive
distribution of the system reliability P(0 = l);
P(0 = 1)= P(<P, =l)+P(<Pa = 1 ) - ^ =1)
The individual terms are given by Equation (14) and with t
omitted as before in the argument on the left-hand side of the
equality, we have

and

All
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The probability P(<Pi<P2 = l) is here the probability of having no
failures at all in the system during a time t, i.e.
= 1) =

t +5

In Figure 3 the predictive distribution of the system reliability
is shown. The predictive distribution before data are observed
is also given as a reference.
1 P(<t»(t)=l)
0.8
0.6
0.4
0.2

1
Figure 3.

7.

2

3

4

5

l

The predictive distribution of the system reliability in the
given example. The solid line denotes the distribution
based on prior information only and the dashed line is the
distribution after data are observed.

SOME CONCLUDING REMARKS

Alluding to the Norwegian dream, Natvig and Eide (1987), the
procedure suggested in this paper could be illustrated as in
Figure 4.
In the Natvig and Eide (1987) set-up the hard problem was to
include system data. In our approach we have changed the
assumptions somewhat. We assume that it is always possible
to observe failures on component level. This makes it possible
for us to include the dependence induced by a common
environment, and still make a coherent assessment of the
system reliability for any structure function, not only for a
series system as in the Norwegian dream. In the case when
only data on system level are available our model has to be
extended and that is a subject for future research. Note that
A12
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this kind of dependence is always present, even if not
recognized in most studies. A special case occurs in our model
when p = £ 0(; then, as shown in the Appendix, we judge the
common environment to be of no importance. However, if
P < X ^i w e JU(*6e t n e environment to induce a positive
dependence among components' reliability.
Component 1 •

Component k
~O n(Xk) Components
<

Operation/
Environment ^

>

ri[ • . • • nk

Components in
the system

A = SA f
Pi = A[ /A

'A.i

• (*)

Figure 4.

1"he system

On the basis of component and system reliability data
obtained during system operation, we can find the
predictive reliability distribution of the system.

In this paper we have assumed that components generate
failures even after the first failure. Even if it may be an
acceptable approximation when component reliability is
relatively high compared to inspection intervals, it may be
unrealistic in some other situations. We will return to this in
our future research.
It should also be noted that our model could serve as a
complement to the one suggested by Pörn (1990) which has
been extensively utilized in Swedish nuclear power plant
safety assessments. We also conclude that this model could
be extended to a situation like the one in Barlow (1994), where
some data are censored or components are removed due to
preventive maintenance.
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APPENDIX
Since we assume failures to occur independently, given the
vector Jc= (A, Xk), the likelihood of A and p can be obtained
as follows:
(Al)
where all products run from 1 to k.
If the prior distributions of A and p are gamma and Dirichlet,
respectively, it follows that the joint posterior distribution of A
and p can be written as

/r(A,p|T,n)«([] p^8'"1 J A ^ V ^ ^

(A2)

where a and p are parameters in the prior gamma
distribution and 6t, i=l,...,k, are parameters in the prior
Dirichlet distribution. Thus X and p are independent, given T
and n, and we obtain the simple updating algorithm:
a-» a + T

p^p+n
Gt - » 0 , + n, ( = 1

(A3)
k

To show how the dependence is captured in the model we can
study the joint posterior in terms of X( only. With the
substitution p, = XjX in (A2) it follows that
A*"1
(A4)
Here, the factor —-r-r is the Jacobian, J, which is the
A
determinant
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dPi

Note that since pk -1 - £ pt the dimension of p is k - 1 and
not k. It follows from (A4) that if P = £ 0; this implies that the
posterior is a product of k gamma distributions. Thus, if
P ~ X &i t ^ ie **• P ° i s s o n processes will be independent and the
posterior distribution of each A, is gamma with scale
parameter a + T and shape parameter ni + 6i. It is
immediately seen that if a priori /? = £ 0,, then the Poisson
processes will be considered independent all the time.
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Abstract
Since information is what changes our minds and
probability assessments reflect one's degree of
beliefs, a reliability prediction model should
enclose all relevant information. Almost always
ignored in existing reliability models is the
dependence among component life lengths,
induced by a common environment. Furthermore,
existing models seldom permit learning from
components' performance in similar systems,
under the knowledge of non-identical operating
environments. In this paper we consider a
Bayesian method for reliability prediction
enclosing these two types of information.
KEY WORDS: Bayesian inference. Dependence, Network.
Operating environment. Reliability prediction.

1.

INTRODUCTION

Models for reliability assessments should enclose the
available factual information. Every piece of information
influencing the reliability should be included in the model.
Note that we take the subjective view on reliability and hence
any relevant information, by changing our minds, also
changes the reliability. In general, three types of information
influence our perception of system reliability, see also
Villemeur (1992).
•

General knowledge of the design and manufacture of the
system and its components.
Bl
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•

Failure data of components in other similar or identical
environments.

•

Failure data from the system being studied.

The first point concerns knowledge other than operational
characteristics such as number of failures and mission times.
It could be knowledge about technical solutions,
manufacturing systems, organizational structures etc. The
second point is relevant since our opinion about the reliability
presumably depends also on the reliability behaviour of
similar components in other applications. The third point is
obvious. However, it is not relevant to think of failures of
different system components as independent since
components operate in a common environment. The
knowledge of a harsh environment influences all component
reliabilities. This type of knowledge is ignored in most models;
two exceptions are Lindley and Singpurwalla (1986) and
Bergman and Sörensen Ringi (1995). Learning from other
applications means that the model also must be able to deal
with the differences in operating conditions. Neither Lindley
and Singpurwalla (1986) nor Bergman and Sörensen Ringi
(1995) focus on learning from this type of information. In
this paper we will use the Bergman and Sörensen Ringi model
and show how it easily allows learning also from other
systems.
At the end of the paper we will discuss some of the
assumptions made and indicate some extensions of the
model. It could be seen as a complement to the ideas in Pörn
(1990), where failure data from different Swedish nuclear
power plants are used to build up a common failure data base.
Furthermore it is not always clear what is meant by a failure.
Barlow (1994) provides a model where the system is
subjected to preventive maintenance. We will Indicate how his
set-up could be included in an extended model of the type
used in this paper.
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2.

BASIC NOTATION AND MODEL DESCRIPTION

A brief description of the model is given in this section. For a
detailed derivation we refer to Bergman and Sörensen Ringi
(1995).
We will use the standard set-up for system reliability, see for
example Barlow and Proschan (1981). Consider a binary
system with k components. Let (i = l,...,k):
, . f 1 if the fth component is functioning at a time t
'W = [0 otherwise

and
f 1 if the syster i is functioning at a time t
* ' ~ [0 otherwise
Henceforth, reference to time is suppressed. We assume that
it is always possible to observe component failures. Let 0S be
the structure function for the corresponding series system,
k

i.e. <j>s = Y\ X{ • Note that from an inspection or maintenance
poin* of view almost every maintained system is a series
system; all component failures have to be taken care of even if
they have not yet caused a system failure. The relevance in
this simplification depends, among other things, on failure
intensities and inspection intervals and it might not be
acceptable in some cases. For a further discussion we refer to
Bergman and Sörensen Ringi (1995).
Assume that component failures occur according to
independent homogeneous Poisson processes given the
vector \=(\i,...,Xk). If we assume that the environment has
the same effect on all components the vector X can be replaced
k

by a vector (Ap,

Apn). Here A = £/l ( contains the
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information about the environment and p, = XJX,

i=\

k

contains the information about the relative failure rates
between components. Furthermore, we judge A to be
independent of p = (p,
p n ). The a priori belief about A and p
is described by prior distributions from the gamma and
Dirichlet family respectively, with probability density
functions

and

The posterior distributions will also be gamma and Dirichlet
respectively, updated as follows
a->a + T

(3)

P^P + n
0, - » 0 , + n, ( = 1

k

Here, T is the observed mission time, n, observed numbers of
k

failures on component i and n^
It is shown in Bergman and Sörensen Ringi (1995) that if
P = ]£ 6t, the elements in X are independent and thus there is
no information in the shared environment, i.e. failure of one
component does not provide any information about other
components' reliability. However, a typical situation would be
that the prior knowledge about the proportions is much more
informative than the knowledge about the environment and
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The joint distribution of interest, P{Xl X,). is hard to find
analytically. However, a minimal path, <Py is functioning if and
only if it is failure free. Let <P, be the indicator function of
minimal path j . It is shown in Bergman and Sörensen Ringi
(1995) that
.4,

where 2JFJ is the hypergeometric function, a=]T0 ( and
b

n

= X et • N o t e ^ ^ ^

i s a

time-dependent reliability function.

The formula above can also be used to find probabilities
including intersections of minimal paths, e.g. P[<P/Pk = l), by
letting a = £ 0f. If all minimal paths can be found, bounds
with arbitrary precision on system reliability are provided by
the inclusion - exclusion formula in Equation (5).
For large network calculations it might be time consuming, if
possible at all, to find all minimal paths and their
intersections; in the worst case it is, in terms of
computational complexity, NP-hard, see Colbourn (1987).
However, there exist a number of algorithms dealing with this
problem and here we assume that a good algorithm is at
hand. For a survey of the area we refer to Agrawal and Barlow
(1984) or the book by Colbourn (1987). It has also been
argued, see for instance Lindqvist (1994), that the inclusionexclusion formula could be inefficient from a computational
point of viev. Most existing research has focused on bounds
on system reliability estimates where failures are assumed to
be independent (rather conditionally independent), see for
example Mastran and Singpurwalla (1978), Natvig and Eide
(1987), and Lindqvist (1994). In these models the more
efficient sum of disjoint products method is ar_ alternative.
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3.

NETWORK RELIABILITY PREDICTIONS

In this section we show how the model described above is used
for reliability predictions of two identical networks, operating
in different environments. It is important to notice that all
three kinds of information mentioned in Section 1 are taken
care of.
The network under consideration is the two-terminal
network in Figure 1 from Barlow and Proschan (1981), also
considered in Natvig and Eide (1987) and Lindqvist (1994).

Figure 1.

The two-terminal network.

Assume that network A has been observed during a time
TA = 10 and that network B has been observed during a time
TB = 8. Furthermore, we assume that there have been some
inspections during these times and that failed components
have been replaced by new ones. The recorded failure data is
given in Table 1.
n,

"7

"8

"9

Network A

1

-

1

3

i

-

2

-

1

Network B

-

-

1

1

-

-

1

1

-

Table 1.

Recorded failure data from the two networks.

Let the prior distributions of A and p be gamma with a = 1
and j3 = 2 and Dirichlet with 0, = 5 for i= 1 9, respectively.
We assume the same priors for both systems.
Since in our model the parameter X contains the information
about the system being studied in its specific environment,
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only data from this system can be used to update the
distribution of A. The posterior distribution of A is given by
Equation (3) in Section 2. It follows that the posteriors of AA
and AB are also gamma with parameters aA = 11, pA = 11 and
aB = 16. /JB = 6 for the two systems respectively. Since the
vector p is assumed to be independent of A, i.e. there is no
information about the environment in p. we can use the total
number of failures, from both systems, to update the
Dirichlet distribution. The posterior Dirichlet distribution is
given by Equation (3) and the new parameters are given in
Table 2.
01

Parameter value
Table 2.

02

6

03

5

04

7

05

9

06

6

5

07

08

09

8

6

6

The parameters in the posterior Dirichlet distribution.

The network has ten minimal path sets. <?, <Pl0: {l,2},
{1.5,6}. {2,3,4}. {3.6.7}. {1.4,6.7}. {3,4,5,6}, {3,6,8.9},
{2,3,5.7}. {2.3,5.8,9} and {1,4,6,8.9}. Let the corresponding
indicator functions be <P{,...,<PI0. The probability that <PlA is
accessible is given by Equation (4) and calculated as

t+n
In exactly the same way we can find the probabilities
^ ^ = 1 ) and p(<PJB = l) for j = l 10. To calculate the
network reliability we use the inclusion - exclusion formula;

where
S,=
and so on.
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As an example P{<PiA<P2A = l) is found to be

The reliability functions of the two networks are indicated in
Figure 2.

0.8
0.6
0.4
0.2
2.5

Figure 2.

7.5

10 12.5 15 17.5

The reliability functions of the two networks.

As expected from the data, we find the reliability of network B
to be a posteriori higher than the reliability of network A.
Despite the slightly longer observation time for system A
there are proportionally many more failures of its
components.
4.

DISCUSSION AND EXTENSIONS OF THE MODEL

In this section we will give a brief discussion on related work.
The main purpose is to arouse other researchers' interest for
further work and indicate what extensions and connections
we have seen within the framework of other models.
4.1.

DATA FROM BOTH COMPONENT AND SYSTEM LEVEL

The problem of coherent reliability assessments on both
component and system level has attracted much reliability
research. In short the problem is; given the structure
function, prior knowledge and operational data on both
component and system level, make a coherent prediction of
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the system reliability. Bounds on system reliability have been
developed and discussed by, e.g. Mastran and Singpurwalla
(1978), Natvig and Eide (1987) and recently by Lindqvist
(1994). The problem has also recently been addressed by Bier
(1994). Consider two cases. In the first case we use
component data to update the priors of each component and
propagate the posteriors through the structure function to
find the posterior on the system level. In the second case we
change the order of operations. First we propagate the
component priors to find a prior on system level and then use
data on system level to find the posterior on system level.
Unfortunately, these two methods will in general disagree.
This is called the aggregation error due to Bier (1994). She
provides conditions for perfect agreement, e.g. conditions
where there will be no error.
Even if some of the models above ailow component life lengths
to be associated, it is not clear what role the common
environment plays. On the other hand, we have in a way
evaded the problem above by assuming that exhaustive
information always is available on component level. In a
situation where only data from system level is available it is
not clear how the reliability is changed in a coherent way
within the framework of our model.
AJ2. MORE THAN ONE TYPE OF FAILURE
In our approach only one type of "failure" is considered. In
many situations, systems are subjected to preventive
maintenance. In that case components might be removed and
replaced for incipient or degraded failures. In the simplest
situation removals are due to only two types of failures. From
Barlow (1994) we have the following setting. Let

'

Jl if comnonent i were removed due to critical failure
[0 if component i were removed due incipient failure

Under the assumption of independent homogeneous Poisson
processes, given the vector ({An,A)0},{A21,A20}
we have
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where i denotes component number t and tt is the time of
removal, AJ( (j = 0,1) is the rate of occurrence of each failure
type and p is the proportion of critical failure removals
among all removals. If J, =1 for i = 1 k, we have the same
situation as in our model. A clearly relevant extension of the
model suggested in this paper is to incorporate the possibility
also of preventive removals.
43.

OTHER MODELS USING DATA FROM SIMILAR
APPLICATIONS

Generally, data from many more or less similar applications
are used in reliability assessment. In generic data bases, data
are typically recorded from many systems. However, most
models ignore the fact that data are collected in different
environments. Typically, performance characteristics from
similar systems are included in the prior and then operating
experience from the studied system is used in calculating the
posterior probabilities. Pörn (1990) suggests a model for a
common data base of failure intensities in Swedish nuclear
power plants, in which also Barlow (1994) and Cooke,
Bedford, Meilijson and Meester (1993) have shown interest.
Leaving the details, we can just notice that although the
model permits learning from different plants it only takes
into account differences on component level, not
environmental differences on plant level; neither does it
include learning from failures on other components in the
studied plant. The assumption made in our model, that the
information about the environment can be captured in a
quantity equal to the sum of components' failure intensities,
should be acceptable in many nuclear industry problems,
where failure intensities are small and inspections done
regularly. However, our model is not directly applicable in the
framework of Pörn (1990), but future research should look
more for common denominators and a way to weave these
ideas together.
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4.4.

SOME FINAL COMMENTS

Learning from similar environments is, as we have seen, a
naturally task under the model suggested here and in
Bergman and Sörensen Ringi (1995), at least as long as the
systems are identical. This is a very ideal situation, but of
course the model could always be applied on components that
are in both systems, even if the complete systems are not
identical. The assumption that all components are influenced
equally by the environment is common, but presumably
rough in certain situations. Neither must it be true that
components in the same system share the environment
equally. Rather, they could share only some of the
environmental factors. Such engineering knowledge should
be included in the model. A related area that has attracted a
lot of reliability research in recent years is common cause
failures, see for instance Pan and Nonaka (1994). The idea
that one or more common stresses cause component failures
is closed related to the framework of our model. Extensions of
the model could certainly also include this situation.
In this paper we have considered homogeneous dependent
Poisson process. It should be noted that many conclusions
are valid even in proportional hazard models, see for instance
Crowder, Kimber, Smith and Sweeting (1991). It should be
possible to generalize the suggested model to include also
measurable factors influencing the rate of occurrence of
failures in a way similar to proportional hazard models.
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