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Abstract
Kiselev V.V. Masses of nS-wave heavy quarkonium levels from QCD sum rules: IHEP Preprint 
91-71. - Protvino, 1994. — p. 7, figs. 1, refs.: 9.

Using a specific scheme of the QCD sum rules, one derives an universal formula for the 
mass differences of tiS-levels in the heavy quarkonium. This relation does not depend on the 
flavours of the heavy quarks, composing the quarkonium, and it is in a good agreement with 
the experimental mass values for the ф- and T-families.

Аннотация
Киселев В.В. Массы nS-вшновых уровней тяжелого кваркония из правил сумм КХД: Пре
принт 11ФВЭ 94-74. — Протвино, 1994. — 7 с., 1 рис., библиогр.: 9.

Используя особую схему правил сумм КХД, мы выводим упиверсальную формулу для 
разности масс п5-уровней тяжелого кваркония. Это соотношение не зависит от ароматов 
тяжелых кварков, составляющих кварконий, и находится в хорошем согласии с экспери
ментальными значениями масс уровней в семействах ф- и Т-частиц.

(с) Institute for High Energy Physics, 1994.



Introduction

The QGD sum rule approach [1] is one of the powerful took for a de
scription of nonperturbative characteristics of the heavy quark bound states. 
However, in the consideration of masses for basic states of heavy quarkonia, 
the QCD sum rule predictions have the accuracy, that is one order of magni
tude lower than the accuracy of phenomenological potential models [2]. This 
is caused by that, first, the QCD sum rule calculations are made in a finite 
order of the QCD perturbation theory for the Wilson’s coefficients and with a 
restricted set of the quark-gluon condensates, so that the results depend on an 
external unphysical parameter, defining a sum rule scheme for an averaging 
(the number of moment for the spectral density of the current correlator or 
the Borel transform parameter). Second, one has an uncertainty in a value of 
the threshold sth, discriminating the resonant region and the hadronic contin
uum. Moreover, the rapidly-dropping weight functions, defining the sum rule 
scheme, do not allow one to extract an information on the contribution by the 
higher excitations in the quarkonium, so that this contribution is generally 
neglected.

Recently in refs. [3,4,5], one has offered the QCD sum rule scheme, which 
allows one to get the scaling relation for the leptonic constants /  of the in
states of different quarkonia with the mass M  and the reduced quark mass

й ф ’ = я и | - '  w
and the relation for the leptonic constants /„  of excited nS-states of the 
quarkonium
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independently of the flavours of heavy quarks, composing the quarkonium.
In the present paper, in the framework of the QCD sum rale scheme,

offered in refs.[3,4,5], we derive the relation for the mass differences of nS-
wave levels in the heavy quarkonium

M n -M j Inn _ v( l  „ ч
Й Р П Й Т “ Ь 2 ’ n * 2 - (3)

independently of the heavy quark flavours.
In Section 1 we describe the used scheme of QCD sum rules and derive 

relation (3). In Section 2 we make the phenomenological analysis of relation
(3), which is in a good agreement with the experimental ratios of mass dif
ferences in the ф- and T-families. In the Conclusion the obtained results are 
summarized.

1. Heavy Quarkonium Sum Rules

In the used scheme of the QCD sum rules [4] for the vector currents [3], we 
introduce the number n(s) for the n£-!evel in the heavy quarkonium (n(M% =  
k), so that the resonance contribution can be written in the form

n ' r V )  =  j - ~ i  E  O O C  -  ,

Taking the average value of the derivative for the step-like function, we get

(5)

and, assuming, that

< 3n ? # ( n - * ) > s l ' (e)

we find, that the resonance contribution, averaged in such way, is equal to

As for the theoretical part of the QCD sum rules for the vector currents, first, 
in the leading approximation over the inverse heavy quark mass, we neglect 
the power corrections from the quark-gluon condensates, which give small
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contribution into the leptonic constants (<  15%[3]), and, second, we take into 
account the Coulomb-like as/v-corrections, which are important in the heavy 
quarkonium, where v —► 0, so the corrections have the form of the factor

W - T T i l i p -  w
that correctly restores the O(as/v)-contribution, obtained in the QCD per
turbation theory [3].

Then near the threshold of the heavy quark production, we will have

З т П ^ в )  -  a s 8(i2 . (9)

where p =  m<jmQ*/(m<j +  wiq*), « ~  M 2 ~  (ihq +  mq>)2. Making the theoret
ical part of the sum rules to be equal to the averaged contribution of the res
onances and assuming, that the hadronic continuum contribution is equal to 
the calculated part in the QCD perturbation theory at yfi >  пцод +  тп(фч) — 
ttiq +  mq> 2Л, we find, that

fn _dMn н м
Mn ic dn \m ) ‘ { '

Note, that the analogous sum rules for the pseudoscalar currents lead to 
the same result [4].

Further, as it has been shown in ref.[6], in the region of average distances 
between the heavy quarks in the charmonium and the bottomonium,

0.1 fm  <  r <  1 fin  , (11)

the QCD-motivated potentials allow the approximation in the form of loga
rithmic law [7] with the simple scaling properties, so

^П — const. ,  (12)
dMn

i.e. the density of heavy quarkonium states with the given quantum numbers 
do not depend on the heavy quark flavours.

In ref.[4] it has been shown, that relation (12) is also practically valid for 
the heavy quark potential approximation by the power law (Martin potential)
[8], where, neglecting a low value of the binding energy for the quarks inside 
the quarkonium, one can again get eq.(12).

In ref.[3] it has been found, that relation (12) is valid with the accuracy up 
to small logarithmic corrections over the reduced mass of quarkonium, if one

3



makes the quantization of S-wave states for the quarkonium with the Martin 
potential in the Bohr-Sommerfeld procedure.

Moreover, with the accuracy up to the logarithmic corrections, as is the 
constant value. Thus, as it has been shown in refs.[3,4], for the leptonic 
constants of 5-wave quarkonia, the scaling relation takes place

M  © ’ =  “ "*• ■ (13)

independently of the heavy quark flavours.
Integrating eq.(7) by parts, one can get with the accuracy up to border 

terms, that one has

dfn dn ( 4/i\2 , .v
U  in  dMn jr Mn \m J  • (14)

Comparing eqs.(10) and (14), one finds

dfn ^  1
fndn 2 n ’

that gives, after the integration,

fl* «1 ’

Relation (16) leads to that the border terms, which have been neglected in 
the writing of eq.(14), are identically equal to zero.

Eq.(13), relating the leptonic constants of different quarkonia, turns out 
to be certainly valid for the quarkonia with the hidden flavour (cc, Ы>), where 
4fi/M  =  1 (see [3,4]).

Taking a value of the 15-level leptonic constant as the input one, we have 
calculated the leptonic constants of higher nS-excitations in the charmonium 
and the bottomonium and found a good agreement with the experimental 
values [5].

These facts show that the offered scheme can be quite reliably applied to 
the systems with the heavy quarks.

Further, from eqs.(10) and (16) it follows that

tie)

(15)



ot(n)

Figure 1. The experimental values of the nS - bottomonium (solid dots) and charmonium 
(empty boxes) mass differences a(n) =  (M„  — — M i)  and the dependence
in the present model a(n) =  In n/  In 2.

so that, neglecting the low value of the quark binding energy (Mn =  M j(l +  
0(1 /M )}), one gets

ш *  =  l m .  = (lg)
an n an 

Integrating eq.(18), one partially finds eq.(3)

Mn — M\ Inn 
M2 - M i  "  Ы2 ’

and

n >  2 , (19)

M 2 -  Afi =  ^ ( n  =  l ) l n 2 .  (20)
an

Thus, in the offered scheme of QCD sum rules, one takes into account the 
Coulomb-like as/v-corrections and, neglecing the power corrections over the 
inverse heavy quark mass, one gets the universal relation for the differences 
of n5-wave level masses for the heavy quarkonium.

2. Analysis of the Mass Difference Relation

Eq.(19) for the differences of nS~wave level masses of the heavy quarkoni
um does not contain external parameters and it allows direct comparison with 
the experimental data on the masses of particles in the ф- and T-families [9].
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Dependence (19) and the experimental values for the relations of heavy 
quarkonium masses are presented on Figure 1, where one neglects the spin- 
spin splittings.

Note, the if>(3770) and ^(4040) charmonium states suppose to be the re
sults of the 3D- and 35-states mixing, so that the D-wave dominates in the 
V'(3770)-state, and the mixing of the 3D and 3S wave functions is accompa
nied by small shifts of the masses, so that we have supposed Мз =  М^(що).

As one can see from the Figure, relation (19), obtained in the leading 
approximation, is in a good agreement with the experimental data?

Conclusion

In the framework of the specific scheme of QCD sum rules for the two-point 
correlators of heavy quark currents, in the leading approximation one takes 
into account the contribution of higher nS-levels in the heavy quarkonium 
and derives the universal relation for the quarkonium mass differences

M n ^M i _  Inn
M2 -  Mi ln2 ’ '

This reflects the phenomenological flavour-independence of the kinetic energy 
in the bound states of heavy quarkonium.
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