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Abstract

A review is made of the main properties of the Chern-Simons field
theory. These include the dynamical mass generation to the photon
without a Higgs field, the statistical transmutation of charged particles
coupled to it and the natural appearance of a transverse conductivity.
A review of standard theories proposed for the Quantum Hall Effect
which use the Chern-Simons term is also made, emphasizing the fact
that this term is put in an artificial manner. A physical origin for the
Chern-Simons term is proposed, starting from QED in 3+1 D with
the topological term and imposing that the motion of charged matter
is restricted to an infinite plane.
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1) Introduction

Chern-Simons theory [3] possesses a wealth of physical properties wich have

been widely explored in the past decade. Among these, perhaps the most preeminent

are the change in statistics which is produced in the charged particles coupled to the

Chern-Simons field, the occurence of a transverse conductivity which immediately

selects the theory as a good candidate for the description of the Hall effect and the

dynamical generation of a mass for an electromagnetic field possessing a Chern-Simons

term in the lagrangian.

The statistical transmutation leads to the physics of "anyons" [4, 5] or parti-

cles with a generalized statistics which, apart from the academic interest, become the

focus of intense attention since it was realized that the statistics of the quasiparticles

occuring as excitations upon the ground state wave function of a quantum Hall sys-

tem (Laughlin wave function) displayed a generalized statistics, neither fermionic nor

bosonic. The interest in anyons also aroused in connection with Superconductivity

once it was realized by Laughlin that the free anyon gas at T=0 would naturally

form a superconducting condensate, very in the same ••. £.y as a fermion gas with an

arbitrary attractive interaction.

Hence, the interest in Chern-Simons theory transcended its original domain of

application and Chern-Simons based theories were proposed for the Quantum Hall

Effect and High-Tc superconductors. The latter did not meet a good experimental

support because it predicted a violation of parity and time reversal symmetries which

was not observed experimentally in the high temperature superconductors. The for-

mer, however, presents a good agreement with experiment.

In both cases, the Chern-Simons term was introduced in the theory in a very

artificial way, without any connection to a first principle theory. It is our purpose

here to review a recent proposal for an explanation of the origin of the Chern-Simons

term starting from Quantum Electrodynamics in 3+1D [12]. Before going into this

subject, however, we review the main properties of Chern-Simons theory.

In Section 2 we discuss the constraints produced by the Chern-Simons field
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equation and which are in last analysis the responsible cause for the statistical trans-

mutation as well for the transverse conductivity. We also obtain the effective inter-

action (the "statistical interaction") generated by the Chern-Simons theory on the

charged matter eventually coupled to it. In Section 3 we examine the dynamical gen-

eration of mass to an electromagnetic field possessing a Chern-Simons term in the

lagrangian. In Section 4 we study the mechanism of statistical transmutation and the

physics of anyons. In Section 5 we analyse how superconductivity arises in the anyon

gas. In Section 6 we consider the theory based on the Chern-Simons term which has

been proposed for the Quantum Hall System. Finally, in Section 7, we present a

recent proposal for the obtainment of the Chern-Simons term from first principles,

starting from QED with a topological term in 3+1D and restricting the motion of the

charged particles to a plane.

2) The Chern-Simons Constraint
Largeand The Effective Action

The Chern-Simons theory is characterized by the following lagrangian in 2+1

dimensions

C = ̂ "AdaA, - q j " A + tM + Cor (2.1)

where CM is the matter lagrangian and £QF 'S a gauge fixing term. Also in the above

equation, j 1 * is the matter current in 2+1 D (which has dimension 2) and q is the

(dimensionless) coupling of matter to the gauge field A^ which is usually called the

statistical field. 9 in (2.1) is an arbitrary real parameter, the "statistical parameter".

The field equation associated to (2.1), namely

JM _ it^dQAu (2.2)
q

implies that the statistical field is completely determined by the matter current. The

field equation is actually a constraint. In the Lorentz gauge, we obtain from (2.2) the

expression for A,, in terms of the current

A" = lt»°»da[~)jv (2.3)
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The constraint (2.2) implies the following relation between the matter current and

the electric and magnetic statistical fields

j° = -B (2.4a)

r = -^Ei (2.46)

The first of this equations leads to the well known statistical transmutation of the

matter fields, the change in statistics being given by As = ̂  [4]. This happens

because (2.4a) implies that a magnetic flux q/6 is attached to each particle having a

charge g (see section 5)[5]. The second one, on the other hand, implies a transverse

conductivity which underlies the usefulness of Chern-Simons theories in the descrip-

tion of the Hall effect. We see that the Hall conductance would be given by 9 (of

course, in any realistic theory of the Hall effect, we should have the real electric field

in (2.4b)!).

The Chern-Simons theory produces a peculiar effective long range interaction

between matter particles which is, after all, the responsible for the statistical transmu-

tation. We can get this effective interaction by considering the result of the integration

over Af, (in euclidean space)

J DA, exP{- j <Pz{-je»°1'AJOAV + q j"A, + CM

The last term in the exponent above is the properly chosen gauge fixing term. Multi-

plication by (—D)"1 of course is to be understood in the convolution sense. Integrating

over the statistical field with the help of the euclidean propagator of this field, namely

cr^^a.i^-la'irij-^] (2.6)

we get

d3z'E rWG^z - z')r(z') - J
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= exp{- /'(íKzF\CM - i—t'""'ifido[——\ju\} (2.7)

The last term in the exponent of the above expression is the "statistical interaction",

the long range interaction which is responsible for the change in statistics of the matter

particles.

3)Dynamical Mass Generation for the Photon

Consider the Maxwell-Chern-Simons (MCS)theory, described by

1 t)
C-MCS = ~~7^< + 2f(ia"/V&>-4i' (3.1)

Observe that 0 now has dimension of mass.

The cuclidean action for the MCS theory is

J 2 2 2 \

where the last term is a gauge fixing.

In order to find the euclidean propagator of A^, we must invert the operator

(in momentum space)

Q""(k) = ^6»" - k"ku + ec"°"'ko + ÇF/fc" (3.3)

Since the above operator is the coefficient of the quadractic part of the A,, lagrangean,

it follows that the propagator of this field is given by

[ 1 1 1 JfJfc"I fi 41

P(A-2 + 02)J + í k* ( 'We see that the Ap propagator in the Minkowski space is of the form

There is a massive pole at p2 = 02. This indicates that the gauge field acquires a mass

M = 0.
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It is interesting to remark that there is an analogous mechanism of mass gen-

eration for the gauge field without the presence of a Higgs field in 3+1D.

4)Anyons and the Chern-Simons Theory

In four-dimensional spacelime the algebra of angular momentum, the generators

of the rotation group, implies automatically that angular momentum eigenvalues are

either integers or semi-integers. By the spin-statistics theorem, this means that in

3-f-lD we can only have fermions or bosons. In three-dimensional spacetime, however,

the rotation group is abelian possessing just one generator and therefore there is no

angular momentum algebra. Consequently, angular momentum eigenvalues can be

any real numbers. This fact allows the possibility of states which are neither fermions

nor bosons, that is, possess a spin which is neither an integer nor a semi-integer.

These have been called "anyons". An arbitrary wave function gets a phase exp[i'27rs]

under a rotation of 2ir. In the case of anyons s is not an integer or semi-integer.

We can understand now why the Chern-Simons theory produces a change in

the spin-statistics of the particles coupled to it. According to (2.4), a point magnetic

fiux of magnitude $ = - is attached to each charged particle by the Chern-Simons

term. The vector potential corresponding to this field configuration is given by (2.3)

and has the explicit form

A° = 0 A=^-Varg{f) (4.1)

Since A is a gradient and the the charged particle is minimally coupled to it, we can

eliminate this field configuration by a gauge transformation (singular)

V» —* exp [«fj«-0(f)] i> (4.2)

From the second equation in (4.2), it is clear that under a rotation of 2n the wave

function gets a phase which corresponds to a spin _i = * | = ^ .
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5)Chern-Simons and Superconductivity

It was Laughlin [6] who realised that particles with a generalized statistics art-

natural candidates for the formation of Cooper pairs with the consequent production of

a superconducting state. The reason for that is amazingly simple. It is well known that

free bosons can be considered as classical free particles in the presence of an attractive

potential. Fermions, on the other hand, can be considered as classical free particles in

the presence of a repulsive potential. Anyons, having intermediate statistics, between

bosons and fermions can be considered as classical free particles in the presence of a

repulsive potential which is weaker than the one associated to fermions. By the same

token, we can therefore consider anyons as fermions in the presence of an attractive

potential. Then, one invokes an old theorem due to Cooper which stales that fermions

in the presence of any attractive potential at zero temperature will form bosonic bound

states, the Cooper pairs, which will condensate, leading to a superconducting state. In

the anyonic superconductivity, the statistical interaction would provide the attractive

potential between the electrons forming the Cooper pairs.

The above reasoning allows us to understand why anyons have been proposed

as candidates for the explanation of the High Tc superconductors and that is the

reason why Chcrn-Simons theories have been related to these systems. A character-

istic feature of the production of anyons via the Chern-Simons term, however, is the

occurence of a violation of the discrete symmetries of time and space reversal. This

violation already appears explicitly at the level of the Chern-Simons lagrangian. Con-

sequently, a set of experiments were devised in order to detect any sign of violation of

the above discrete symmetries in the new superconductors. The result of this search

was negative and therefore the idea of explain High-Tc superconductivity in terms of

anyons was essentially abandoned.

6)Chern-Simdns and the Hall Effect

Perhaps the most well succeded field theory for the Quantum Hall effect mak-

ing use of the Chern-Simons term is the so called Chern-Simons-Landau-Ginzburg
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(CSLG)theory [11]. This theory describes the behavior of a system of electrons mov-

ing on a plane (2+lD) subject to an external magnetic field perpendicular to the

plane and an external electric field parallel to the plane. The basic idea behind this

theory is to use the Chern-Simons term and its associated statistical transmutation

in order to describe the electron as a boson 0 plus an odd number of magnetic flux

units attached to it.

The lagrangean is then written as

5 = j cl3x li<j>'D°<j> + 1 ^ - p W + ^ " A d a A . + J d3y\<t>(x)\*V(x - y)|*(y)|a J

(6.1)

In this expression, Du = df,+i(A^+Au), where A^ is the vector potential correponding

to the external fields applied to the system of electrons and AM is the statistical field

whose only purpose is to provide the correct statistics to the electrons according

to the mechanism studied in section 4. The electron charge is assumed to be 1.

Observe that the form of the kinetic term corresponds to the nonrelativistic case,

as it should. The third term is fiN, where N is the number operator and /i, the

chemical potential. In the Chern-Simons term, the 0 parameter must be an odd

number corresponding to the statistical transmutation from a boson to a fermion.

The last term describes the Coulomb repulsion between electrons and assuming a

large distance limit, is approximated by V{x — y) = X63(x — y). Integrating over

y, one arrives therefore at a <j>* local theory which is known as the Chern-Sirnons-

Landau-Ginzburg theory.

From the above action we can get the constant solution (mean field) of the field

equations [11]

A» = -A» 6.2

Also if we look at the current j * 1 = JJ- and use the condition JJ- = 0, we readily get

j° = 6B

j 1 = Bê>E> 6.3

50



We immediately see that the Hall conductivity is an = 6 and that a magnetic flux of

magnitude | is indeed attached to each particle. Since the magnetic flux must be an

odd number in order for the electron to be a fermion we see that the Hall conductivity

must be the inverse of an odd number: an = 0 = jj^y- Hence, we obtain the fractional

numbers for the Hall conductivity observed in the Fractional Quantum Hall Effect.

The value k = 0 or 6 = 1 corresponds to the Integral Quantum Hall Effect.

Observe that the mean field solution of the field equations implies that the

external field cancels the statistical field which was responsible for giving the electrons

fermionic statistics. The resulting boson <f>, stripped of its magnetic flux forms a

condensate with a constant density. This accounts for the incompressibility of the

fluid which was also found in connection with Laughlin's wave function.

Now, how are the plateaux formed? As we change the total number of electrons

we also change the magnetic field, according to the first equation in (6.3). Assuming

that the conditions for a type II superconductor are fulfiled by the CSLG theory, we

will have the formation of vortex flux lines as a consequence of the increase of the

number of electrons, without affecting the conduction properties of the bulk of the

material. Hence a plateaux in the. conductivity is formed until we reach a critical

value in which the state is destroyed and we climb to the next value of the filling

factor.

7)Chern-Simons From First Principles

Observe that in spite of the success of the CSLG theory in explaining the

Quantum Hall Effect, the Chern-Simons term was introduced in a very artificial way

in it. Also, the electrostatic interaction between the electrons was introduced in a

phenomenological fashion. Let us try to obtain here by first principles, namely, from

QED in 3+1D.

Let us consider Quantum Electrodynamics in 3+1 D for generic charged parti-

cles

£ r-i2 'V A t /* ' /17 i \

EM = — T-^UK ~ eJ3+l^/i + *-M [.<•*)

In the above expression, CM is the matter kinetic lagrangian which is completely

51



arbitrary: it may be relatjvistic or not and the particles it describes may be either

fermions or bosons. j£+1 is the matter current in 3+1 D and e is the charge of the

matter particles.

The electromagnetic field induces an effective interaction of matter which can

be obtained by integrating over A^ in (7.1). Going to euclidean space we get [12]

A,, - ff A ^= Z-1 JDA,exP{- /d'zE^Fl + e #+1

xp{^ Jd*zE dVB j ^ W h ^ l i S + i t * ' ) } = exP[-5e//b3"+1]] (7-3)

The effective action in (7.3) is the usual electromagnetic interaction. For static point

charges, for instance, the energy corresponding to it is the familiar 1/r Coulomb

potential energy.

Since we are interested in describing particles in 2+1 D, i.e., matter confined

to a plane, let us consider the case in which the current is given by

,x,x , (7.4)

Inserting this expression (euclideanized) in the effective action in (7.3) and integrating

over z3 and z'3 we get

ScJj = -jJ d3zE d3z'E j»(z)KE(z - z'\z3 = z'3 = O)j»(z') (7.5)

where the euclidean kernel KB is given by

KE{z - z'\z3 = za = 0) = [ 7 - ^ ] ^ ^

_ r

J M ~ *'\ID

(7.6)

where we have defined the 3-D vectors 230 = («i, 22, **)•

Equations (7.5) and (7.6) determine the electromagnetic interaction of matter

which is confined to a plane.
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Let us observe now that expression (7.6) for the effective kernel can be written

as a three-dimensional integral

1 1 r d3k3D e'W-*'M"> _ 1 1

where Df+1 is the (euclidean) three-dimensional d'Alembertian operator. Replacing

(7.6) for (7.7) and inserting in (7.5) we can see that the effective electromagnetic

interaction for the charged particles on a plane is already completely expressed within

a three-dimensional world:

J * S> J M ( ) 1 ] ( 'W)5e// = -J J
We will show now that we can obtain this effective electromagnetic interaction

by starting from a three-dimensional field theory in which the 2+1 D matter current

j * 1 interacts with the 2-4-1 D gauge field Ã^, which we call the pseudo electromagnetic

field. Let us consider the following lagrangian for the j^—A^ system in 2+1 dimensions

(we henceforth drop the subscript "2+1" in the three dimensional d'Alembertian)

Going to euclidean space and integrating over the Ã^ field we get [12]

Z™M = exP[-Se//] = exP{£ / d3zE d*z'E j^l^J^j^)} (7.10)

Comparing with (7.8), we conclude, therefore, that the theory described by (7.9)(in

2+1 D) reproduces precisely the same effective interaction which was obtained from

QED after imposing that the charges are confined to a plane. In particular, it is

interesting to note that the theory described by (7.9) in 2+1 D would produce a

Coulombic (1/r) interaction between static charges in the plane, which is the correct

result for real charges, instead of the logarithmic(unphysical) potential which is known

to be produced by three-dimensional QED.

The theory described by (7.9) was proposed to be associated with the bosoniza-

tion of the free Dirac fermion field in 2+1 D [9], The quantization of nonlocal theories

of this kind was studied in detail in [8].
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Let us show now that the theory of the pseudo electromagnetic field denned

by (7.9) is equivalent to the following theory involving the gauge field A,, which for

reasons that will become clear later, we shall call the statistical field. Consider

"U + ^aPÃ,daAp (7.11)

Integrating over the A^ field [12] we conclude that the effective lagrangian for

the Aft field is

ZtiAK] = -\^n-^F^ (7.12)

This is precisely the first term of the lagrangian (7.9) of the pseudo electromagnetic

field which, as we saw, describes correctly the real electromagnetic interaction within

a 2+1 D formulation. We therefore are going to rewrite the lagrangian (7.9) as

^ a j F (|i tdaA0)Ã, (7.13)

Adding the matter field kinetic lagrangian to (7.13) we have the following vacuum

functional (in Minkowski space)

Z2+1 = ZQX j DÃ^DA^D^expii J d3z[-^llva-1'2^"'

-{\i" ~ t"aPdaAp)Ãll + £M + CGF}} (7.14)

where V> represents the matter fields and CQF is a gauge fixing term.

Integrating over the field v4M we see that we produce a functional delta function

identifying the matter current with the topological current of the A» field, namely

Zw = Zo-' J DA^D* á[|i" - t"aí)daAp) exp{t j ^[-^F^u-^J^ + CM + CGF)}

(7.15)

We see that the constraint generated in the theory which represents the electromag-

netic interaction of QED in a three-dimensional formulation is precisely the Chern-

Simons constraint (2.2) relating the matter current to the statistical field. This ex-

plains why we called A^ the "statistical field".

We have seen in Section 2 that the statistics transmutation taking place in Chern-

Simons theory is a direct consequence of the constraint (2.2). One is therefore natu-

rally led to ask whether the above theory should also induce a statistical transmutation
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on the charged matter particles coupled to A». The answer for this question is no.

The reason is that there is no minimal coupling between the matter current j? and

the -4̂ ,-field in (7.15). In order .to have statistical transmutation-we need both the

constraint (2.2) and a minimal coupling to the matter current.

Let us see now, how an explicit Chern-Simons term for the ^-field, as well as

a y - An coupling, can be induced starting from 3+1 D.

Let us start by considering the topological 0-term action for the electromagnetic

field, namely

Se =-® jdAxFlluF""' (7.16)

This action is usually uninteresting both at classical and quantum level. It is the

integral of a total derivative

Se = - | J 'd*x duF ; /" = t"""0 AudaAp (7.17)

and therefore it does not affect the equations of motion and bears no effect on the

classical behavior of the system. At the quantum level, on the other hand, the in-

troduction of (7.16) in the fuctional integral would in principle have consequences on

the quantum behavior of the system. It happens however that SQ is a topological

invariant which classifies the homotopy classes of the IT3 mappings and for an abelian

(U(l)) field like A/, this mapping is always trivial. We are going to see, however, that

when we constrain the charged particles to move on an infinite plane substrate as

we did before the Se term (7.16) does produce a nontrivial effect on the dynamics

of the effective 2+1 dimensional system. Indeed, considering a surface bounded by

the infinite plane on which we confined the charged particles and applying the Gauss

theorem to (7.17), we get

/ eh[ eU (7.18)

Neglecting the term involving the surface at infinity [12] we immediately see that we

obtain the Chern-Simons action

^ J (7.19)
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This fact was exploited in. [7] where a four dimensional representation of the Chern-

Simons action was used.

Going back to the lagrangian (7.9) which was obtained from QED by dimen-

sional reduction we see, on the basis of the above reasoning, that when we constrain

the motion of charged perticles to an infinite plane, we must also take into account

the 0-term for the electromagnetic field. We therefore arrive at the following effective

lagrangian in 2+1 D

F^a^F | M , ejMM + ^A,daAp (7.20)

In this equation A» is the 0-induced 2+1 D relic of the electromagnetic field.

Going to the ,4,,-neld language and integrating over j4tf and /!„, we obtain [12],

after some manipulation

QA\ = - ^ , [ Ç a - 1 / 2 ] ^ " " + f ^ A A A - ejMM + CM

+constraint[j>' = -t»al3daAp] (7.21)

This is our final expression for the complete Chern-Simons theory including the

' true elctromagnetic interaction between charged particles constrained to move on an

infinite plane [12].

The presence of the minimal coupling along with the constraint in (7.21) indi-

cate that by the gauge transformation described at section 4 the charged fields will

suffer a change AS = ^ in their spin/statistics.

Apart from reproducing the true electromagnetic interaction within the frame-

work of 2+1 dimensional space-time (and in particular the 1/r Coulomb potential

between static point carges) the theory described by (7.21) has a number of very

interesting features. The .AM-field part of the lagrangian (7.21) is precisely what one

obtains as the bosonic field lagrangian in the bosonization of the three-dimensional

Dirac fermion field in 2+1 D [9]. It is quite suggestive that it appears here in a differ-

ent context but also associated with a change in statistics. The full consequences of

this connection where certainly not yet completely explored and would be worthwile

to understand more profoundly.
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The properties of operators like D"1/2 have been largely explored in [10]. The

quantization of theories possessing the nonlocality of the type appearing in (7.21) was

studied in detail in [8].
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