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Recently, there has been some interest in the study of the theory of fractional spin particles
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of the role they play in physics in lower dimensions [1,2]. The area of physical relevance of

[1]. The interest in these exotic particles is due to their very specific properties and because
exotic statistics is expected in condensed matter physics where two-dimensional systems
have become experimentally available [3].
However, as far as exotic statistics is concerned, there are two ways of doing things

ON FRACTIONAL SPIN SYMMETRIES
AND STATISTICAL PHYSICS1

namely the Wilczek et al. [2,4,5] and the way using deformations of conformal field theories [1,6,7] as well as quantum group symmetries formulated as generalized supersymmetries [8,9]. In the Wilczek et aL method, the two-dimensional unconstrained statistics
deals with all possible statistics in the two-dimensional space which interpolates between
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bosons and fermions [10]. These exotic statistics are characterized by a continuous angle
parameter 6 taking values in the interval [0, 2TT[. This issue has been recently subject
to considerable interest [11] and to a lot of studies in connection with anyon superconductivity and the fractional quantum Hall effect. For a review see [12]. From the point

ABSTRACT
The partition function Z and the quantum distribution (n) of systems E of identical
particles of fractional spin s = l/k mod 1, k > 2, generalizing the well-known Bose and
Fermi ones, are derived. The generalized Sommerfeld development of the distribution (n)
around T = 0°K is given. The low temperature analysis of statistical systems E is made.
Known results are recovered.

of view of quantum groups, deformations of two-dimensional conformal field theory and
especially the <j>lt3 integrable deformation of the JV = 0 minimal series of central charge
c{in) = 1—6/m(rn + l) with m = 3,4,... [13,14], the exotic statistics are carried by Fractional Spin (FS) particle states transforming under representations of FS supersymmetric
algebras satisfying among other things the following operator equation [9,15]
Qk = P;

k>2,

(1)

where P is the heterotic component of the two-dimensional energy momentum vector
operator and Q is a FS supersymmetric charge operator. Note that for the leading value
k = 2, one obtains the usual D = 2 supersymmetric, algebra which in the language of
deformations of conformal theories is the off critical symmetry of the thermal deformation
MIRAMARE - TRIESTE
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of the c = 7/10 tricritical Ising model [16]. For k = 3 see also [17]. In these kinds of
theories exhibiting Eq.(l) as a symmetry, one has besides a bosonic state, {k — 1) FS one
particle states of spin n/k with n = 1,2,... (k — 1) which are related among themselves
by generalized FS supersymmetric transformations. FS particles are then particles of well
defined spin and are expected to exhibit features generalizing the standard fennionic ones.
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The aim of this paper is to explore a new area where FS particles are expected to
show remarkable properties. This area deals with the study of quantum statistics and the
features of gases E (FSP) of FS particles. Of special interest we mention the following:

(i) The computation of the partition function Z((3, ft) of £ (FSP) where /? is the inverse

sequence of this discussion we conclude that FS particles of spin 1/fc fc > 2 are the basic

of temperature and fi is the chemical potential, (ii) The calculation of the quantum

particles of the scalar representation of the fractional supersymmetric algebra Eq.(l) and

distribution of £ (FSP) described effectively by the mean occupation number (n,) of an

are expected .*-• carry features generalizing the fermionic ones. In Section 3, we intro-

individual FS particle quantum state of energy £,. (iii) Finally, we analyse some aspects

duce the notion of Pauli index TJ allowing to classify FS particles into Pauli classes of

of the low temperature behaviour of £ (FSP).

equivalence containing particles obeying the same generalized Pauli exclusion principle.

Before setting the problem of FS particles, let us give some motivations that pushed

Here we would like to note that inspired from quantum group ideas and especially type B

us to be interested in this subject. When doing the quantum statistics of systems of

representations of the £/i(SL2) [9,21], we postulate a generalization of the Pauli exclusion

many identical particles (bosons and fermions), one is attracted by certain remarkable

principle whose statement is: No more than (fc — 1) identical particles of fractional spin

details among which we mention the following: (i) In establishing the basic formulae of

s = 1/fc (mod 1) in the same individual quantum state of energy S; can live altogether.

quantum Bose and Fermi distributions, the only reference to the space-time dimension

This statement is motivated by recent results on fractional supersymmetric theories [8,9],

is through the number of spin polarizations g (degree of degeneracy) which is involved in

in particular the superspace realization of Eq.(l) given by [9]:

the formalism as a global multiplicative parameter [18]. Thus, in two dimensions where

P
Q

FS particles, other than fermions exist, the quantum Bose and Fermi statistics formulas
are then expected to be particular cases of more general ones, namely the FS statistics
identities, (ii) The Fermi nilpotency and the Bose condensation which play a crucial role
in the derivation of the fundamental equalities of quantum statistical mechanics seem to

d/dz
d/dz, fc > 2 .

(2)

In this equation ; is the usual complex coordinate of the two-dimensional complex plane
and 9 is a FS parameter of spin 1/fc generalizing the well-known Grassmann variable and
satisfying

be two limiting situations of a general phenomena where the usual antisymmetry and

ek = 0,

z6 = 6z .

(3)

symmetry requirements are relaxed to incorporate general commutation relations [17,19].
(iii) Although having very different properties, Fermi and Bose gases have the same state

Thus, products involving more than (fc —1)6 variable vanish identically. This result is in

equation namely VV = aE where V, V and E are respectively the pressure of the gas, the

perfect agreement with the generalized Pauli exclusion principle given above. Using this

volume and the mean energy and where a is a constant equal to 1/3 or 2/3 depending on

property, we compute in Section 4 the partition function Z(f3, n; TJ) and the distribution

whether the particles of the gas are relativistic or not. The theory of quantum statistics

(rtj) of a quantum gas £(7/) of Ar identical FS particles of spin s = 1/fc (mod 1) enclosed

of FS particles we want to study here will shed much light on the properties of quantum

within a container of volume V. Among the results we have obtained in this section, we

gases of particles in two dimensions and especially the very different behaviour of Fermi

mention the derivation of the generic form of the partition function of systems of identical

and Bose gases at low temperature [18,20]. It might be used also to model the interactions

particles of spin 1/fc (mod 1):

between the particles of Fermi and Bose gases ignored in the theory of quantum ideal gases
[21].

Z(0, fi; k) =

'-'"] / [l -

(4)

This paper is organized as follows. First, we start by recalling some general features

Setting fc = 2 or fc = oo, one obtains respectively the known Fermi and Bose partition

of the notion of spin in D-dimensions by using both the language of fields and the rep-

functions. In Section 5, we study some low temperature properties of statistical sys-

resentions theory of Lie groups. The point is that contrary to D > 3 where the spin

tems £(77) of FS particles. In particular, we derive the development of the quantum FS

s is constrained to take either integer or half integer values, the situation for D = 2 is

distribution in the vicinity of T = 0"K. This expansion, which is given by:

completely different since the spin can take any value. The example of one particle states
of FS s = n/k mod 1 with n = 0,1,2,..., k — 1 contained in the spectrum of the 4>i,3
deformation of the c(2fc) = fl — fc.;^+1)] minimal models is given with some details. As a

. _ 1

where H(x) is the Heaviside function, generalizes the Sommerfeld expansion of the Fermi
distribution near the zero temperature and turns out to be very useful in the analysis
of the low temperature behaviour of the thermodynamic functions of Sfa). In Section 6
we study the behaviour of the chemical potential of £(T)) near the zero absolute and in
Section 7 we make a discussion and give an outlook.

spin, namely s = 1/fc and satisfying the following generalized supersymmetric algebra:

QQ-gQQ

= A,

(a)
(b)
(c)

(6)

where q = exp 2t7rs and where A is a topological charge. Note that the above FS symmetry
is, in fact, a subalgebra of the off critical symmetry of the <6li3 deformation of the C(2k)

2

Generalities on fractional spin particles

models. For more details see [9,17]. For pedagogical reasons, let us fix our attention

We start by recalling briefly the notion of the spin in D-dimensional space-time, a matter
of precising that FS particles that we will consider in this study are specific for two dimensions and have no analogue in higher dimensions. Thus, in the language of fields, the spin
is a quantum number that has played a central role in the success of quantum mechanics,
particle physics and more generally in £>-dimensional quantum field theories. It is also
the main actor in many areas of applied physics. In the language of representation theory
of Lie groups, the spin is nothing but the highest weight of (spinorial) representations of
the SO(D) orthogonal group. For the non relativistic 50(3) ~ SU(2) symmetry of the

on Eq.(G.a) and look for linear solutions. The first point to note is that irreducible
representations of this algebra are k-th dimensional and consist of (k — 1) FS particles in
addition to a bosonic state exactly as for type B periodic representations of the Uq(s£2)
algebra [21]. For the simplest scalar representation whose fundamental state is a scalar
boson say \ip0), the other FS one particle states \ipnjk); 0 < n< k satisfying the eigenvalue
equation:
Lotyn/k) = £ IVtyfc) .
where Lo is the two-dimensional spin (50(2)), charge operator are built as:

three-dimensional theories for instance, the quantized spin is constrained to take, up to a
global multiplicative factor, either integer or half odd integer values s =

0,1/2,1,1/3,...

(7)

Q"\4>o) = \ipn/k) •

(8)

In four-dimensional space-time theories invariant under the group 50(1,3) or roughly

Note that this representation generalizes the usual two-dimensional supersymmetric one

speaking 50(4) =; SU(2) x SU(2), the relativistic spin is still constrained to take either

containing a bosonic state and fermionic one. The two kinds of particles, bosons and

integer or half odd inter values. The same constraints exist in higher dimensional space-

fermions, are known to be completely specified by their quantum properties [19,20].

time [22]. In two dimensions, however, the above mentioned constraints are no longer

Whereas, bosons condensate and are described by commuting statistics, fermions obey the

required since the spin s is allowed to take arbitrary values [23]. The most familiar exam-

Pauli exclusion principle and are described by anticommuting statistics that forbids the

ple is the so-called conformal spin given by the difference h — h = s where h and h are, in

condensation of fermions in the same individual quantum state. Actually this is the main

general, free parameters known as the conformal weights of the Virasoro algebra. By the

difference between bosons and fermions. There are other differences, for example, one can

way the sum h + h = 8 defines the anomalous dimension of critical models [23]. Another

usually construct a bosonic state from fermionic condensates in agreement with the Pauli

interesting example of models involving FS one particle states, and to which we shall often

exclusion principle but the inverse is not possible. Lower spin particles i.e. fennions in

refer to hereafter, is given by the faj deformation of the c(p) = 1—6/p(p+l),p = 3,4,5...

the case of supersymmetric theories, seem therefore to be the most fundamental particles.

minimal series [17]. In these deformed theories, one particle states are massive and have

Note, moreover, that for FS supersymmetric models invariant under Eq.(6.a), the same

very specific fractional values of the spin. To see this property more closely, recall that

properties as those of the fermionic ones are expected to hold for the FS representations

after the <j>ii3 deformation of the special C(2k) conformal subseries of the N = 0 minimal

Eqs.(7-8). There, FS particles of the lowest value of the spin, namely s = 1/k, k > 2 are

series, the resulting theory looses the scale invariance but still has a residual symmetry

the more basic ones and are expected to carry generalizations of many features fulfilled

generated, among other things, by operators Q and Q carrying fractional values of the

by the fermions. They may eventually share some common properties with fermions like,
for example, the state equation of a gas of particles contained in a container of volume
V. As we shall see in Section 5, Eqs.(52-54), all particles of spin l/k mod 1 with k > 2

this index takes the value 1/ = 2 for systems of identical fermions and 77 = 00 for systems

have the same state equation

VV = a E .

of indistinguishable bosons. More generally for systems of FS particles of spin I/A mod

0)

1 the Pauli index 77 is equal to k. Besides of its role in classifying different categories of

In the remainder of this section we would like to comment on what we mean by saying

particles, the Pauli index admits another property. Instead of the spin s, TJ is the right

that the basic FS particles are expected to carry generalizations of fermion's features.

parameter that is involved in the statement of the generalized Pauli exclusion principle

The idea may be summarized as follows: (i) FS particles of spin I/A mod 1 should satisfy
a generalized statistics which reduce to the anticommuting statistics once the integer k

(GPEP) Eq.(3). Note that we have used the terminology index in referring to the number

is set to two and to the commuting one when k goes to infinity, (ii) FS particles of spin

7j. This is because of a global property exhibited by particles whose spin differ only by

s = 1/fc mod 1 should obey a generalized Pauli exclusion principle which reduce to the

multiples of unit}' i.e.:

usual one for k = 2 and coincide with the Bose condensation phenomenon when k = co.

s = s0 + n

(12)

(iii) Systems £ (FSP) of identical FS particles should be described by generalized wave

where 7t is a positive integer. To see this property more closely let us illustrate the idea

functions tp (FSP) which should reduce to the Slater determinant rj> (Fermi) and Slater

with examples. The first example deals with the S0(3) ~ SU(2) ferrnions of half odd

permanent * (Bose) for A = 2 and k = oo, respectively. Moreover, the systems £ (FSP)

integer spin. Following Pauli fermions in the same individual quantum state cannot live

are expected to be described by distributions (n}(k)), which should reduce to

together. This exclusion rule which by the way applies to any space-time fermions, is
valid either for spin 1/2 particles, spin 3/2 particles and, in general, for any particle of half

(ni(2)) = l/[e« 6 '-''> + l]

(10)

odd integer spin. Therefore, the Pauli exclusion principle does not distinguish between
any two systems Si and £2 of identical fermions of spin Si and S2, respectively (Si — S2

for fermions and
(71,(00)) = l / [ ^ - r i - 1]

is an integer). In other words if one is represented by the following figure

(11)

for bosons. There are other properties that one may consider; some of them will be

Knergy 6 .

given throughout this study. At the end of this paragraph we would like to note that

number of particles n.

FS particles may be used for more than one purpose. First, besides their theoretical
existence, they may be thought of as a link between two-dimensional fermions and bosons
so that the Fermi nilpotency and the Bose condensation phenomena appear just as the
two faces of the same coin. In other words, between the two opposite and seemingly
unrelated Fermi and Bose phenomena, there exists, in fact, an infinite hierarchy of relaxed
nilpotencies interpolating between the Fermi and the Bose phenomena. Such features
might be examined in the

3

He Fermi liquid, the

e3
e2
e,

t :

n3 » 3
n,«0
n,e1
n o -1

4

He Bose liquid and their mixture

3

He+* He by looking for hypothetic phases which could be modeled by liquids of particles

Fig.l: This figure represents a quantum state of a system S of identical po-

of FS values. The second note we would like to make is that FS statistics might be used

larized three-dimensional fermions. As far as the PEP in concerned; no indication on the nature of the considered fermions can be read from the figure.

to modelate the ignored interactions between particles of the perfect quantum gases.
r

3

The Pauli index 77

a quantum state of a system S of polarized fermions, then as far as the Pauli exclusion
principles is concerned, one can never predict which of the systems £ j and S2 is actually

The Pauli index is a number 77 that plays an important role in the study of the quantum

considered. The Pauli exclusion principle (PEP) does not make any distinction. This

statistics of systems £(77) of individual particles of fractional spin. As we shall see later on

property becomes more transparent in the two-dimensional space where all fermions have

the same degrp° g of degeneracy, namely 5 = 2. In the second example that we consider

in a hypothetic quantum theory of fields i>{z, z) of spin 1/fc where consistency requires

hereafter (Fig.2), both polarizations of the two-dimensional fermions are represented. As

that ii) and its derivatives 3 " ^ should satisfy the same statistics. The less obvious but

far as the (PEP) is solely concerned we still have no information on the exact value of

still natural hypothesis we would like to make regarding the particles of spin s = 1/fc

the spin. Is it 1/2, 3/2 or another value of the infinite spectrum (2r +1)/2; r = 0,1,2...?

mod 1 deals with the GPEP. Our proposal is that no more than (<fc - 1) identical FS

The PEP cannot answer this qeustion.

particles Eq.(15) can live in the same individual quantum state. This generalized Pauli

Energy

principle, which may be guessed from Eq.(3), recovers the Fermi antisymmetry and the

Number n. of particles
occupati.ru the level G .

Bose condensation as two limiting cases. In Fig.3 we give a quantum state of a system of
polarized particles of spin 1/5 mod 1. In this case no more than four particles can live on
the same quantum state

Energy G ,
tJ,

nunber of FS particle* n.

n,- 2

e5
Fig.2: This is a quantum state of a system S, say a gas, of two-dimensional

n

64

4

-0

n3- 3

space-time fermions. In this figure, one learns that as far as the PEP is
concerned, one cannot predict the real spin of the particles of the gas S. The
Pauli index of this sytem E is TJ = l / s 0 = 2.

*,.« 4

Therefore, two fermions of spin si and s 2 are said to belong to the same Pauli class if
the following relation of equivalence holds:
Sl — $2 € ^ •

Fig.3: The wave function ip(k) describing systems E(fc) of N identical FS

(13)

particles of spin s = l/k (mod 1) extending the usual Slater determinant ^(2)

These classes of equivalence are completely characterized by the Pauli index 77 defined by:
n = I/so ,

where Eq.(12) has been used. Note that bosons for which s 0 = 0 and which are not distinguished by the PEP have a Pauli index 77 = 00. Moreover, the notion of Pauli index which
1

has been defined for fermions and bosons can be extended to the two-dimensional FS particles other than fermions. For the special type of particles that have been considered in
this study, namely those having values of the spin s given by

s = 1/fc + n; ne

and Slater permanent ^(00) were constructed in [19,24].

(14)

4

The partition function Z((3,fj,;r]) and the FS quantum distribution

We start by considering a quantum gas £(77) of identical FS particles of spin l/k mod
1 enclosed within a container of volume V. This gas is assumed to be in equilibrium at
a temperature T with a reservoir of FS particles of the same nature as those of E(v)-

(15)

The quantum gas £(77) is supposed to be a perfect gas. Denote by H and N respectively
the Hamiltonian and the occupation operator number associated with the gas £(77) of FS

where k > 2, one may define TJ as in Eq.(14) so that TJ is equal to k. This is not only a

particles. These operators H and N can be expressed in statistical quantum field theory,

natural extension, since it recovers the results of fermions and bosons, but it can be stated
10

often named as the grand canonical formalism, as:

where flj(P,n; k) is given by
(16)

(25)

where the index j labels the possible quantum states of a single particle and €j denotes

Moreover, using Eq.(23.b), one sees that one may express the partition function of the

= >
£—1
3

6* Nj = y
3

3

' •
3

the energy of a FS particle in the quantum state \j). Nj is the occupation operator

quantum FS gas Eq.(22) and the related thermodynamic functions in terms of the corre-

number counting the number of FS particles of the gas £(77) in the quantum state \j). At

sponding ones of the Bose gas. We have:

equilibrium, the partition function Z(0,ft,Tj) of the quantum gas is defined as:

Z(0tfi;r,) = Trexp-0[H-(iN] ,

(17)

= n3\j)
(18)

(26)

Q[0, n\ k\ = C1(0, n; 00) - Q(k0,n; oo)

(27)

and

where the trace is taken on the Fock space of £[77]. Using the eigenvalue equations
Nj\j)

Z[0, y.; k] = Z[0, ix; oo]/Z{k0, n; 00)

Taking the limit k = 00, Eqs. (27-28) imply:
Z(oo,/i;oo) = 1 = Z(oo, 11; k)
n(oo,/i, 00) = 0 = fl(oo, fi; k) .

together with the GPEP according to which the allowed eigenvalues nj are only those

(28)

The distribution of the perfect gas £(77) of FS particles is effectively described by the

given by
ny = 0 , l , . . . , * - l ,

(19)

mean value of the basic operator of the grand canonical formalism, namely the occupation
operator number of the individual quantum state \j):

Eq.(17) can be put in the following factorized form:

Nj) = Tr [Nj e-fl"-"*]] /Z[0,wj\

(20)

.

(29)

Using Eqs.(22, 23), the above equation reads as:

where Zj(0,/i;k) is given by

(30)

k-l

Ztf,Kk)

= £ exp-[/?(£, -fifa)

(21)
and consequently

or equivalently
(22)

{nj[p,K fc)> =

^ — II

— k l&

3

— II

v^l)

Having determined the partition function Z(0,fi;k) of the quantum gas £[77] extending

where we have set (Nj) = (nj(0,/i;k).

the well-known Fermi and Bose ones respectively given by

£(77) of identical FS particles of spin 1/k (mod 1). Eq.(31) exhibits a set of remarkable

Z(0,fi;2) = n [l + e-«*-*>]

features. Taking fc = 2 and k = 00, one obtains, respectively, the Fermi and Bose

(a)

distributions given by Eqs.(10,ll). Moreover, as for the partition fuction Z(0,fi;r)) and
(23)

^-">]" ,

(b)

(24)

11

the free energy F(0,(i;ri) of £(77), Eq.(22) can also be expressed in terms of the Bose
distribution {nj{0,p; 00)) as:

one may calculate the thermodynamic potentials. For example, the grand potential
ft(/3, fi; k) of the quantum gas S(TJ) of FS particles reads as:
3>0

This is the distribution of the quantum gas

(n}(0,Kk)) = {nj(0,Koo) - k{nj{k0,li;oo)) .

(32)

Furthermore, for a fixed temperature, say 0', the variation of Eq.(31) with respect to the
energy 6 is given by Fig.l
12

perfect gases, one of the basic formula playing a central role in the analysis of the low
temperature behaviour of the perfect gas is given by the Sommerfeld formula, namely:

<n(/?, n, 2) = H(n- e) - y / r ^ f o - e) - ^ " ^ ' " ( x - e ) + °^"6)

(35)

where (5'"' is the n-th derivative of the Dirac S function with respect to the energy
parameter 6. For the bosonic distribution (n(P, fi, 00)) and to my knowledge, no low

k-1

temperature expansion of type Eq.(27) has been written down. The derivation of the low
temperature properties of the Bose gas is achieved by using a method different of that
used for the Fermi gas. The study of the features of the FS gas near T = 0 will shed"''

•e

light on the methods used in the treatment of Fermi and Bose gases. To that purpose,
one should derive the analogue of Eq.(27) for any k. This expansion whose three leading

(a)

Variation of (n) as a function of e
at 1//3' = 0
Ho is the chemical potential of £(77)
at 1//3' = 0

(b) Variation of (n) as a function of s
for/J- < oo
n = fi(0') is the chemical potential of
S

terms have been given in the introduction Eq.(5) may be obtained as follows: First, start
from the integral

/fJ(?6-1) _ 1

(36)

'

At zero temperature, the mean occupation number (nj(P,/i,k)) is proportional to Heav-

where / ( 6 ) is a test function, a trick often used in the theory of distributions. For physical

iside function H(x) taking the value one for 0 < x < 1 and the value zero for x > 1,

applications, the function / ( £ ) can be thought of as

i.e.:
<n(oo, n, k)) = 0 - 1) H(n°- ej) ;

/(6) = Gn/a;

(33)

where the superscript carried by n° refers to the value of the chemical potential at T = 0.
Setting k = 2 in Eq.(25), one obtains the usual Fermi result according to which the mean
0

occupation number of fermions, having energy level €j, is one if 6j< n

F

and zero if

n = l,3.

The parameter 7 will be chosen either as 7 = P or 7 = k/3 as one may already wonder from
Eq.(24). Second, make the change of variables z = f(€ —ft) or equivalently € = fi + az
with a = 7" 1 so that Eq.(28) becomes

€j> fi%. Putting k = 00 in Eq.(25) and using the fact that the chemical potential /i% of

Z

±dz.

Bose gasss is zero, one gets:
(n(oo,0,oo)) = <5(e).

(34)

This equation shows that at T = 0, all bosons are condensed on the fundamental state
€o= 0. This phenomenon is known as the Bose condensation.

(37)

(38)

Here we would like to note that in order to compute the above integral near the zero
absolute one should specify the sign of the chemical potential n = fi(0) and eventually
its dependence on the spin of the FS particles of E(TJ). Suppose for the moment that fj. is
larger than zero. In this case one may write Eq.(30) as

5

More on the FS quantum distribution

Recall that in the vicinity of the zero temperature, Fermi and Bose gases exhibit very

where the following identity

different behaviours. This theoretical prediction had been observed experimentally on the
(40)

two liquid helium isotopes 3He and 4He [25]. The phase diagrams of the 3He Fermi liquid
and the *He Bose one are very different. For a review see [26]. In the model of quantum

has been used. Moreover, in the vicinity of the zero absolute, i.e. 7 goes to infinity, the
upper bound 7/i of the second integral of the right-hand side of Eq.(31) can be replaced

13

14

by plus infinity so that the integral I[j, n> 0] reads as:

one gets in the limit j goes to infinity:
(49)

(41)
In deriving this equation we have used the identity

Therefore, in the vicinity of the zero temperature and for a chemical potential small
enough so that Bfi remains very small when B goes to infinity, the low temperature of the
Bn;

n >0,

(42)

distribution {n(B,fi ^ 0, k)) with k >» 2 reads by help of

where the Bn's are the Bernoulli numbers whose first values are given by

?, p ~ 0] - kl[3k, n^0]= / " M A /i a* 0; &)}/(6)<f G ,

(50)

JO

Bx = 1/6, B2 = 1/30, B3 = 1/42, B4 = 1/30 .

(43)

Using now the relation Eq.(24), the low temperature expansion of the FS distribution

as follows:
(51)

,/ifif 0,fc)) =

generalizing the Sommerfeld development Eq.(27) may be read after solving the following
In the limit k = oo, one obtains the low temperature expansions of the Bose distribution.

equation
I[3, fi > 0] - kI[kB, n>0] = J~{n{B, n; k)) • f{e)dt.

(44)

At the end of this section we would like to show that systems S[fc] with k > 2 have the
same state equation given by Eq.(lO). The starting point is the grand potential ft Eq.(26)

Straightfonvard calculations lead to

which may be written in terms of the thermodynamic potentials F(0, k) and G(0, k) the
Helmotz and Gibbs free energies as:

- 6) -

a = F-G,

The first three leading terms of this expansion are given by Eq.(5). Note that the above
generalized Sommerfeld development is invariant under the change 3 into — B. No odd
integer powers of the temperature occur in Eq.(45).

(52)

which is equal to — VV where V and V are respectively the pressure and the volume of
the gas S(&). The second step is to note that the grand canonical potential ft is related

On the other hand, in the case where the chemical potential /J is negative, say fj. = -\(i\,

to the mean energy E of the gas S(&) in the same way for any k > 2, namely:

no information can be read about the distribution {m(B, ft, k)) since in the limit B —» oo
Eq.(28) vanishes identically. However, for (i equal to zero or again when /z has a small
enough value so that the product B\i remains very small when B —» oo, Eq.(28) reduces
to the following

/[7^oi=aJr^M.

Q. = - 2 / 3 E = TV .

(53)

As mentioned in the Introduction, this state equation contains no explicit reference to the
spin of the particles of the gas S. It can be proved in a straightforward way by going to

(46)

the thermodynamic limit of Eq.(26) and

Using the identity
^ ° °

l

- l )

= r(n)C(n);

n>l

Es=

X-ni

(47)

e

>•

(54)

i

where T(n) and Q(n) are respectively the Euler function and the Riemann C function given
Details of calculations are omitted.

by

6 The chemical potential

r(n) = ( n - 1 ) ! ; n €

C(x) = 2 1/n*

(48)

So far we have seen that there is a profound difference between the Fermi and Bose
quantum gases. This difference becomes more striking in the limit T goes to zero, when
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the quantum gas as a whole is in its lowest energy. Whereas the lowest energy £^ ose of
the Bose gas is:

where N is the total number of particles of 2(oo), the energy EFcrmi of the Fermi gas (of
polarized fermions for instance)

1
is considerably greater than E%osc. This is obviously a direct consequence of the fermion's
PEP. Another feature showing the very different behaviours of the Bose and the Fermi
quantum gases is seen in the values n% and p.F of the chemical potential ft(T) at zero
temperature. Whereas /i° vanishes for E(co) i.e.:

Fig.4
For the Bose gas, Eq.(5) reads for temperatures T smaller than the Bose critical temperature TB as:
HB{T) = -KT/No -OiT' 2 ) < o, T <TB

(57)

(61)

r

where Ao = (no(0,fi,oo)) is the mean occupation number of the fundamental state of
it takes the value fiF known as the Fermi energy [18]

energy Go= 0. For very low temperature T <S TB, NO is practically equal to the total

2/3

• = 2m
— I\8TTI
—I

(58)

number N of particles and consequently the chemical potential HB{T) may be set to zero.
In Fig.5 we give the shape of the variation of /is with respect to T.

where h fc the Planck constant, m is the mass of a fermion of the gas S(2) and d =
N/V

is the density of the gas. Note that Eq.(58) is valid for a Fermi gas taken in the

nonreJativisitc limit. A relativistic formula extending Eq.(58) may be written down. This

1_

is not important for the present study and consequently our attention will be focussed in

-T/T.

the remainder of this paper on nonrelativistic gases only. Moreover, for non zero values
of the temperature, the chemical potential of both the Fermi and Bose gases is a function

Fig.5

of T obeying the inequality
/i° .

(59)

Note that the temperature TB may be obtained by using the constraint equation

For the Fermi gas for instance, the above inequality reads for temperature T smaller than

N = 53 l/(e fl(e i-" ) - 1) .

(62)

the Fermi temperature TF = nF/K where K is the Boltzmann constant, as

- < * * * + OCT 4 )],

(60)

Straightforward calculations, see Eqs.(48) and (79) show that TB is given by
(63)

where a is a positive constant. In Fig.4 we give the shape of the variation of the ratio
fiF//j.F with respect T/TF.

For the bosonic 4He isotope liquid helium described by the Bose gas model, the critical
temperature TB [20]
TB{*He) = 2.13oKelvin .
17
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(64)

We turn now to study the properties of quantum gases of FS particles of spin s = 1/4
mod 1 and examine the limit of the results when k goes to infinity in order to compare
them with the known results for the Bose phase. We start first by noting that the lowest
energy EFS of the gas E(A;) extending Eqs.(55-S6) reads as:
(65)
3=0

where m and m' are related to the total number N of FS particles of the gas £(A-) as:
N = m(k - 1) + m'
0<m'<k-2.

(b)

(66)

For large values of k say k of the order N then m and m' are of order one. In this
case almost all particle are condensed in the fundamental state of energy 6 B . Moreover,
at zero temperature, the chemical potential p°FS of the gas H(k) is easily derived from
Eq.(62) and Eq.(25). Indeed, using the thermodynamic limit by replacing the discrete
series Eq.(62) by the following integral

(C)

Fig.6: The curves (a), (b) and (c) show the shapes of the chemical potentials,
in the vicinity of T — 0, of the quantum Fermi, FS and Bose gases. For large
values of k, (1FS(T) takes practically negative values, HFS(T) < 0 almost as
for (IB(T). The temperature dependence of IIFS{T) when k -> oo and HB{T)
is not the same but still compatible near the zero absolute; see Eqs.(61) and
(75-77). x = (ik - I)" 2 ' 3 , 0 < z < 1
To prove Eq.(70), it is sufficient to establish the inequality t^Fs(T) < UF(T).

the value of the chemical potential yPFS may be written with the help of Eq.(55) as:

For that

purpose one starts from Eq.(64) and solve the constraint equation
HFS = (k-l)-V> 6°f,

(68)

= [°°de e1'2 <n(

(ft-i) f

(71)

JO

where we have set jiF =SF. As expected, this equation shows that /Jps(fc) is bounded by

stating that the density d = N/V of the gas £(&) is invariant under the small variations

the Bose and the Fermi values of the chemical potential at T = 0:

of temperature T. Replacing (n(/J, /i; k)) by its generalized Sommerfeld expansion Eqs.(5)
(69)

0

Note that when k goes to infinity, nFS runs to the bosonic value n% = 0 as AT2'3.

and (41), one gets

&s

m

= A$ {1 + ^ WVFS)-2 + 0([^rs)" 4 )} •

(72)

In the vicinity of the zero temperature, the inequalities Eq.(69) are still preserved i.e.
Inverting this equation and using Eq.(65), one obtains finally:
(70)

Fig.6 shows the variations of the chemical potential ft = /i(T) near the zero temperature

^FS(T) = As {l -

j •^ ^

• ( J ) 2 + O([T/7>n} .

(73)

From this equation, one learns the following two points. First, near the zero absolute
T Z 0, we have the obvious inequalities
< 0,

19

fiFS(T)
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-

0

(74)

giving the proof of Eqs.(70). The second feature we want to mention is that for large

which reads in the thermodynamic limit as

values of k, HFS(T) is almost everywhere negative as shown by the following equation
?- k'1'3 p~2 + 0(/T 4 ); T<TF.

fiFs(T,k — oo)

jV/V = A f*

1

=1/2

(e*«e

Jo

(75)

where A = 27i[2m/h-)3l2 is a constant irrelevant for our calculations. Then varying the

As expected from the start, in the limit A; goes to infinity the chemical potential is negative

temperature of the gas £(fc) by keeping N, V and hence the particle density N/V con-

as required by the Bose distribution. However, this limit does not coincide exactly with

stant, one sees that the r.h.s. of Eq.(79) should also remain invariant under temperature

HB(T), Eq.(61) since Eq.(75) does not contain any term in f)~l within the used approx-

variations. Therefore if the r.h.s. of Eq.(79) has to remain constant as T is lowered, the

imations. This anomaly could be explained by the fact that near the zero temperature

chemical potential /iFs(T) must vary so that to compensate the variation of T. For large

the expansion of the FS distribution namely

values of k where the chemical potential HFS(T) is almost everywhere negative Eq.(75)
and which reach the value zero more quickly than T, Eq.(79) defines a minimal tempera-

{nj{0,Kk))

= j

^

-

^

-

(eW6j*,>-i)

•

<76>

depends on the order followed when taking the limits T —» 0 and k —• oo. If the limit

ture T, ^ 0 such that for T = T, the chemical potential fj. is practically zero. To calculate
this temperature T3, one may use the constraint equation

k —* oo is taken first, the chemical potential fta{T) exhibits a linear dependence on T as

lim T,=TC,

in Eq.(61) since in this case the second term of the r.h.s. of Eq.(76) decouples completely.

(80)

*—00

However, if one takes first the limit P -* oo and then k — oo as well as taking into

where Tc is the critical temperature of the Bose gas given by Eq.(63). Eq.(80) means that

account the condensation phenomenon, one finds that the two linear T-terms coming

the temperature T, can be written as T, = Tc + 6T where 6T is a small variation of Tc

from the expansions of the two pieces of the r.h.s. of Eq.(76) cancel exactly each other as

which carries the effect of the FS particles and which vanishes when we set k = oo. The

shown herebelow:

variation 6T can be computed by solving the following equation

T<TC

(81)

(77)

where Ps = I/AT,. Straightforward calculations lead to the following it dependent ex-

where yV0 was defined below Eq.(53).

pression of Ta

7

T, = Te/(1 - fc'1/2) =: ( l + k~1/2 + 0(1/*:)) Tc .

Discussion and outlook

(82)

Moreover, using Eq.(81) once more, one finds that the condensation formula giving the
In this section we want to comment briefly on the low temperature properties of a perfect
gas of FS particles of nonzero mass and a spin s = l/k mod 1, k much greater than
two, within the approximation of negative HFS{T) chemical potential Eq.(75). The main

ratio Ng/N, of the number iV0 of condensed particles of energy £o= 0 over the total
number JV of particles of the gas E, with respect to the temperature reads as
(83)

thing to note is that for k very large the GPEP acts as a very weak constraint and then
the low temperature properties of E(fc) are not very different from those of a Bose gas.

Putting the identity (82) back into this equation one gets the well-known Bose conden-

There are many interesting thermodynamic quantities one can try to identify for the gas

sation formula.

£(&), k » 2. May be the most relevant ones one should start with are the free energy
F(P, k), the specific heat C(P, k) and the critical temperature T, of £(fc). In what follows
we shall focus our attention on the temperature Ts. Thus, starting from the identity

In the end of this discussion, we would like to note that for intermediate values of
the Pauli index k, the generalized Sommerfeld expansion we have derived in Section 5,
Eq.(41) is expected to play a central role in the study of the low temperature behaviour

(78)

of the thermodynamic quantities of the gas £(fc). It would be interesting to carry out
this analysis.
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