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Summary

A self-similarity problem arising from our previous

work on damage behavior is treated here by a non-linear

integro-differential transport equation for spherical geometry.

New cracks are created by an outgoing pressure wave

originating in a spherical bore-hole and returning to the center

after reflection at the outer boundary. Spherical samples of

geometrical similarity are formed by the radius extension or

contraction. It is found, that the change of the length and of

the time by the same factor is a necessary and sufficient

condition for self-similarity phenomenon. As a consequence,

the pressure wave velocity, the crack velocity and the local

pressure are invariant, in good agreement with the results of

refs. [2,7]. A simple, hitherto unknown scaling law for the

damage is found.

Notation

to mean crack length.

Ro radius of spherical sample (in l0 unit).

ao radius of detonation source (in lounit).

00 amplitude of detonation pressure (positive) assumed to be

unity.

01 i - c.t threshold pressure for crack growth in

compression or tensile .tress respectively (in Oo unit).

tp stress pulse time.

vp pulse ware velocity.

V(O crack tip velocity, f is the crack length.
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wp width of the pressure pulse (in to unit).

71 crack activation rate coefficient (i - c,t).

Xi crack growth rate coefficient (i - c,t).

5 medium dependent attenuation factor.

7otRo<ao»ip,Vp,V(7),Wp are related to a sample of

geometrical similarity.

In Part II of our previous work0' the crack

population was treated by a non-linear integro-differential

equation for spherical medium of radius Ro, with a concentric

spherical detonation source of radius a* A damage caused by

an outgoing pressure wave, which is moving from r - ao to the

outer boundary and is reflected inwards to the center, was

numerically computed.

During this work the following problems arose. Let the

radius Ro and ao vary, while the ratio R</ao is kept fixed. Is

there any relation between the damages induced in these

samples? Is this problem a self-similar one?

The dimensional analysis of our damage model,

described in Sec. II, suggests an application of a homothetic

transformation0' in order to find an answer to these questions.

A homothetic transformation determines an extension,

contraction and may be written in the form<4A":

/. Introduction

(0

where xt denotes both the independent and the dependent

variables of the equation of interest. Eq. (I) expresses a

reseating of the variables. The formal invariance (the equation
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for xi and for xt are exactly the same) produces relations

between the exponent* f,\{**A1\

This procedure is often used(3^'SA7' for non-linear

partial differential equations. But as far as is known, it is

applied the first time here to the non-linear integro-

differential transport equation.

In Sec. Ill, the transformation (1) is introduced into

Eq. (2) and the relations between Pi are found. The formal

invariance of Eq. (2) requires, that 0 for the dimensional

length and for the time should be the same. It is deduced

from this condition that the shock wave velocity, the crack

velocity and the local pressure are invariant. These results

are also obtained in refs. [2,7], where the hydrodynamic

equations were considered Our main result is the damage

scaling law found in Sec. Ill, which hitherto was unknown.

Graphs obtained with (he help of numerical computations,

which illustrate this scaling law, are presented in Sec. IV.

In Sec. V our results and their application to other cases

are discussed.

II. The Physical Model

Fig. I: A spherical sample cfmUtu

k, with a concentric spherical

banhole ofrodims a.
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As it is mentioned in Sec. I. the crack population is

considered in a spherical medium of radius Ro /« with a

concentric spherical detonation source of radius a*,

where/0 >> the mean crack length assumed to be uniL See

Fig. I.
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The outgoing pressure wave, which propagates into the

solid material with velocity Vp, is of length wp t0 of strength

ooo and duration Tp, where o\> is the amplitude unit and Tp is

the time unit. In the sections below the units lo*Tpand <*> will

be omitted.

In the numerical computations performed here, the

pressure wave takes a specific form, i.e. a rectangular shape.

(See Sec. IV), However, the condition required for self-

similarily are independent of the pulse shape.

Let r be the crack-tip position, I its long dimension,

V ( O the crack velocity postulated to be isotropic and

constant, (the maximal crack velocity is approximately 0.4 of

the sound velocity in the solid) and u, the cosinus of the

angle betaween the crack and radius r . The non-linear

transport equation for crack-tips motion is in spherical

symmetry:

dr r d\i

ltr,t,C.C')dl''+

(2)

where C(r,l,t,u.) dr dt du, is the number of crack-tips in

the ranges (r + dr, r). (t + d/)«(M + du, u) at time t.

(3)

is the number of crack-lips in ranges (r + dr, r), (t • dt, t) at
timet.

The source term P determines the generation of new cracks.

P(r .M) = Yjl
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where yt are crack activation - rate coefficient)! (i - c, »),

Oils a threshold pressure for crock growth. Both are

dependent on the stress type.

The pressure ftinctlon o(r,t)

o(r,0-o'F(M) (5)

where o' - a,, a, for a compression and tensile

pressure respectively. The function F determines the

attenuation process in terms of the path integral of the local

damage D(r,t).

F(r,t)»— exp (6)

The damage at point r and time t is defined by

' T
(7)

and the medium dependent attenuation factor.

u -« (8)

where S is a medium dependent constant parameter.

The aotfterlog term is of the form
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(9)

• /
0 0

'oj ]c(rX (10)

The initial crack distribution is assumed to be uniform in the

medium and is given as a function of crack length /:

(11)

Eqs. (7) and (11) give the initial damage

D(r.0) = D0(r)--7-

(12)

According to Eqs. (5) and (6). the boundary condition at the

interface, r - a* is:

(13)

and on the external surface, r - R*

(14)
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111. Application of
Homotetic
Transformation.
Scaling Laws

because at the point r - R<> the tensile and the compressure

wave differ only in sign. Hence, on the outer boundary the

damage is always equal to the initial one.

Let us consider the sample depicted in Fig. 1 and a

press jre wave acting on It. A new sample of the same

material having geometrical similarity is obtained by an

extension as a contraction of the radius /^(/? —» Ro). Our

aim is to establish relations between the crack distributions

and damages induced in these samples.

loand tp (two fundamental unite of our physical model)

and the function C are defined in Sec. II. The following

transformation is suggested*

(15.1)

=aTt (15.2)

C - a ' - C

Eqs. (15) imply

(15.3)

(16.1)

(16.2)

(16.3)
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Note that this transformation assures a constant value
to the ratios Ro / a 0 = Ro / ao-



IAEC - Transport Treatment Of Crack Population

Now let us find the strength of a new pulse. Because (he

ambient conditions remain unchanged, the pressure function

should fulfill the following relation

(17)

Eqs. (13) and (17) give O *(/) = 0 *(t)ao I a0, or using Eq.

(15.1)

(18)

In other words, the amplitude of the incoming pressure

wave is changed by the same factor as the length (ix., like the

radius ao).

For the attenuation factor Deo appearing in Eq. (6),

we get

(19)

Next, the transformation (IS) will be introduced into the

transport equation (2). With the help of a little algebra the

following relations are obtained. The derivative in time is

changed by a'^and the ones in r and ji by a'"*.

From the required formal invariance, we obtain

Y - P (20)

In other words, as a consequence of self similarity, the

scaling factors for the length and the time must be the same.

This result is noted by H.W. HUler [2] as the principle of

similarity. It is also obtained by Cole (2) and King [7]. The

following relations are concluded from (20).
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Wp/wp=Xp/Tp (21.1)

w c / w c = w , / w , = T C / T C = T t / T , (21.2)

The subscripts c, t denote the compression and tensile

part of the pressure wave, respectively (Fig. 2) An additional

outcome is the invariance of the velocities:

v p • vp and V ( 0 • V ( 0 (21.3)

Relation (20) is therefore decisive for the validity of

self-similarity.

From Eqs. (4) and (20) it follows that the transformed

source term includes a factor a*. We remember that O{ of

Eq. (4) is a constant. Hence, it may be concluded that the

local pressure function o(r,t) is invariant under these

conditions.

(22)

Identical results were obtained from the principle of

similarity by Cole [2] and by King [7). Moreover, by

comparing the factor of"** (see discussion following Eq. 19)

with the one mentioned above a2*, we get

T1--P (23)

It is noteworthy that the condition (23) is sufficient for

the validity of equation (22). Also, from the relations (15),

(18). (20), (21). (22).(23) it follows that each term of the

transport equation (2) is changed by the factor a2*.
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Eq. (23) determines the relation between (he crack

distributions induced in samples of geometrical similarity.

Becasue p" is arbitrary, we replace apby a. Also, we have

c=cr'c (24)

and with the help of Eq. (7) we obtain

and so from the above relations we get

(25)

-— - - —11/3

(26)

A similar result for the total yield

— = - = I — was obtained by King [7]. It should be noted
r t \W)
that the process of creating a damage involves a change in the

internal and kinetic energy.

To illustrate the above results the damage was computed

for five spherical samples of geometrical similarity. The radia

Ro and a* the scaling factor a and the strength of the pressure

are given in Table I. The outgoing pressure wave consists of a

compressive rectangular part (c, positive) and a tensile (t,

negative) one, as it is shown in Fig. 2. It expands from r - ao

to the boundary r - Ro. and then is reflected backward to the

center.

IV. Numerical

Illustrations

IAEC - Annual Report 1994
15



IA EC - Transport Treatment Of Crack Population

Fiji. 2 The pressure wave, a, and
O, are the strengths of the
compressive and tensile
pressure, respectively. wc,
w,, are their length and tr,
Xi, duration time,
respectively. Also wt + w,
» wP, Tr + t, • V In our
computation wjw, • xjx, •
119. w,

Table I: Choice of Parameters in
the Computation

Ro

5.0

7.0

4.0

3.0

2.0

ao

0.5

0.7

0.4

0.3

0.2

a

1.0

1.4

0.8

0.6

0.4

oc

10.0

14.0

8.0

6.0

4.0

ot

0.01

0.014

0.008

0.006

0.004

In the computation O\ (threshold pressure) is kept

fixed and equal to 0.1 and 0.005 for the compression and

tensile wave respectively. Y - 1 0 « 7 5 ° anA Xi - 1.0 (i -

c.t) for all cases of Table 1. The damage calculated for

the attenuation factor 5 - 15.0 is plotted in Fig. 3 and for 5

- 0.8 in Fig. 4, and the crack distribution in Fig. 5.
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0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5 6.0 6.5 7.0
r(ln/0)

Fig. 3 Damage calculated with

the parameters defined

In Table I for

attenuation factor 8 •

15.0.

0 0.5 t.O 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5 6.0 6 3 7.0

Fig. 4 As in Fig. 3 for 5 - 0.8.

0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5 6.0 6.5 7.0

Fig. 5 Final radial crack

distribution for three

samples, Ro = 7.0, 5.0,

4.0. defined in Table I

and for 5 » 0.8.
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Fig. 6 Damage for the model
discussed in Sec. V(ii). The
term llr is replaced by llr*
in Eq. (6). Two samples
defined In Table I, Ro •
5.0.3.0, were computed for
5 - 0.8.

To illustrate the conclusion (ii) of Sec. V, we consider

two examples taken from Table 1, namely Ro - 5.0 and 3.0.

In Eq. (6) the term 1/r is replaced by the 1/r2. The parameter

S is equal to 0.8. Other parameters have the values as above.

The computed damage is drawn in Pig. 6. Pig. 7 is related to

the conclusion (iii) of the next section. Because of the

detonation point source, the term 1/r in Eq. (6) is discarded.

The damage for two samples of Ro-5.0 and 3.0 are computed

and presented in Pig. 7. For this case the rectangular

pressure wave consists only of a compresive one with

o*-10.0, and 6-0.8.

Fig. 7 Damage for the point
detonation source discussed
in Sec. V(iii). Two samples
of Table I, {Ro* 5.0, 3.0)
were computed far 5 - O.8.
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The results presented in Sec. HI are in good agreement

with the ones given by Cole [2] and King [7], though they

have been obtained with a different method.

V. Discussion and
Conclusions

The partial differential equations considered in their

works are based on the conservation laws of mass,

momentum and energy. The viscosity, heat conduction,

gravity and material strength are ignored. The Rankine-

Hugoniot equations for the shock wave front are used as well

as the hydrodynamic conservation equations at the points

behind the wave front. Cole [2] has examined the principle of

similarity by introducing into these equations the same scale

for the dimension length and the time. King [7] sought the

similarity conditions by the formal invariance of the

hydrodynamic equations under the transformation (1). They

have found that the scaling factor for the length and time

should be the same and, consequently, the wave and medium

velocities and the local pressure invariant, which accords with

the principle of similarity [2].

The nonlinear transport equation considered in this

work differs indeed from the equation of refs. [2,7].

Proceeding from the integro-differential form, it describes the

space and time behavior of the crack population and damage

caused by a pressure wave, as it is written down in the

previous sections. The local pressure o{r,t) is related to the

created damage by Eqs. (5) and (6) and to the generation of

new cracks and to the crack elongation process by Eqs. (4)

and (9). In this manner our model involves the material

strength. In order to find the similarity conditions, the

transformation (IS) was introduced into Eq. (2) and the

formal invariance was required Our result (Eq. (20))

regarding the scaling factor for the dimensional length and
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time is identical with the ones of rcfs. [2,7]. Consequently,

we have obtained that the wave velocity Vp, the crack velocity

V(l) and the local pressure o(r,t) are invariant. This confirms

the validity and usefulness of our physical model. It should

be noted that the relation (26) complements this conclusion.

The scale factors for the created cracks and damage are

important results of this work (Eqs. (24) and (25)). It should

be especially emphasized that they were previously unknown.

If Ro I a0 = Ro I do = <X is assumed, it follows

from Sec. HI, that the relation (20) is the necessary condition

for the self-similarity phenomenon. Introducing IQ = 0tl0

and Tp = a x p into Eq. (2), it is easy to show that this

condition is also sufficient. The assumption of the

geometrical similarity is a crucial point, which brings out that

the wave length is changed by the same factor a as the radius

&o thus asserting the invariant local pressure. [See Eqs. (18),

(21) and (22)].

From this work the following conclusions can be

drawn which generalize our results, (i) The above results

may be applied to the case of an infinite medium, i.e., if

R o —»oo and ao = aa0 according to the scaled units

lo = a / 0 , x > =axp, then Eqs. (24) and (25) are valid and

the extent of the inner damage zone is changed by the factor

a. (ii) If in Eq. (6) the term 1/r is replaced by a general one

l/r", p£0, Eq. (18) becomes o * = a * * O * and all other

equations and relations of Sec. Ill are valid. Note, the wave

profile is invariant only in the case of p - I, because then the

wave length and the amplitude are changed by the same

factor a. (iii) The results obtained in this work may be
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applied also to a very important case of an point source.

Here ao - 0 and therefore the term 1/r in Eq. (6) must be

discarded. In this case o*=O* and w r = a w p . (iv)

Note, that results of this work can also be applied to an

infinite cylinder and to 2D and 3D geometries.

Finally, it is desirable that the scaling laws developed

in this work should be tested experimrntally on samples of

differing sizes containing different charges and of different

times.

Should these scaling laws be confirmed, then that

would represent an indirect but persuasive indication of the

correctness of the transport approach on which this work is

based.
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