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Foreword
When the ENSA Committee thought about the organization of
the 1st European Conference on Neutron Scattering, it was clear
from the beginning that ECNS'96 should aim for attracting particularly
the young generation of scientists, the decision makers of the future.
The Organizing Committee of ECNS'96 has therefore devoted a
particular effort to encourage and facilitate the participation of young
scientists through several measures (low registration fee, convenient
accommodation rates, 100 young scientists grants, attention to their
scientific work by providing 11 young scientists awards). Being aware
of the fact that young scientists usually have little or no knowledge of
the field of neutron scattering - as most of them are casual users at
neutron sources, it was decided to hold an Introductory Course
before ECNS'96 in order to provide the basic concepts which in turn
will help to digest the more specialized presentations of the
Conference. More specifically, the aim of the Introductory Course was
fourfold:
• To learn the basic principles of neutron scattering;
• To get introduced into the most important classes of neutron
scattering instruments;
• To learn concepts and their transformation into neutron scattering
experiments in various fields of condensed matter research;
• To recognize the limitations of the neutron scattering technique as
well as to see the complementarity of other methods.
The present Proceedings contain the key topics in neutron
scattering. The relevant issues are thoroughly introduced,
theoretically and methodically discussed, and highlighted with
experimental results by acknowledged experts. I am extremely
grateful to all the speakers who prepared their lecture notes for these
Proceedings. They have done an excellent job in providing concise,
though comprehensive reviews in their fields of expertise, for the
benefit of the 120 young participants attending the Introductory
Course of ECNS'96.
Villigen, September 1996

Albert Furrer
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Institut Max von Laue-Paul Langevin, Grenoble

The following text is copied from an article in Annales de Physique 1972,
tome 7, n° 5, pp. 349-370. It is part of a series of lectures given 1972 at a
schummer school at Autrans.
Why rewrite? While the technique and applications of neutron scattering
have made gigantic progress in these 24 years, the fundamental theoretical
basis is still valid.
Today in 1996, the SI system is en vogue, numbers are more precise and
some statements have to be commented.
#1

Table 1: SI units and more precise:
lmeV= 1.602189 xlO- 22 J
1 meV corresponds to
T = 11.60450 K
v = 0.241797 x 1012 Hz
v/c= 8.06548 cm-1
k = .6947 A-l = 6.947 nm
v = 437 m/s
X = 9.04 A = 0.904 nm

#2

Today in 1996, synchrotron radiation has revolutionized X-ray
techniques. They can see magnetic structures. Inelastic X-ray
specrroscopy does exist and has reached resolutions of 3 meV.

#3

flux

= [n/area s]

current = [n/s]
#4

For cross sections and scattering lengths see
Sears and Scherm in Kohlrausch "Praktische Physik", Vol. 3, p. 544,
http://www.ne.uiuc.edu/n-scatter/n-lengths

#5

Literature: still the most concise:
Squires G.L. "Introduction to the Theory of Thermal Neutron
Scattering", Cambridge Univ. Press, London, 1978
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FUNDAMENTALS OF NEUTRON SCATTERING
BY CONDENSED MATTER

By

R. SCHERM

ABSTRACT

RESUME

The purpose of this introductory lecture is to give the
basic facts about the scattering of neutrons by condensed
matter. This lecture is restricted to nuclear scattering.
whereas magnetic scattering will be dealt with in the following course. Most of the formalism however, can also be
easily extended to magnetic scattering.

Les principes de la diffusion dcs neutrons
par la matiere condensee
Le but de cette introduction est de donner les principes
de base de la diffusion des neutrons par la matiere condensee. Ce cours se limite i la diffusion nucleaire. tandis que la
diffusion magnetique sera traitee dans le cours suivant. La
plus grande partie du formalisme peut aussi s'adapter
facilement a la diffusion magnetique.

1. — INTRODUCTION
Neutrons are particles with the following properties:
mass: m = 1.660.10~:a g

Instead of k we will often find:
Energy

1
spin : - ,
momentum

rk2
rrk
2m
p = hk

magnetic moment: /i = — 1.913 nuclear magnetons.

(1.1)
velocity
m

The state of a neutron is described by its wavevector k and its spin component S. = + - .

wavelength

In
k

11
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Table I gives a list of conversion factors for these
quantities.

You might check that the dashed pair k'ok't gives the
same y. and ii<a.

TABLE I

Conversion factors.

:

Energy
temperature
frequency

E
T :

A-.T - E
fttd - E

CO
V

1
j
:

optical
wave-number
neutron
wave-number

!

velocity

V

[*K1
Irad/scc]

[Hz]

" 2Jt

I"

[cm-'J

c'
1:

k

.

fA- 1 ]

= E

>" . « E

V

wave-lcngih

}.

Fie. !. — The « k rector triangle ».

fm/sccj

2n
* k

k0, k\ are the momenta of the incoming at scattered neutron ;
y. = momentum transferred to the sample.

A

1 meV corresponds to

j
|
;

I.6OI9 JO" 11
0.02305
11.605
1.52
.10"
0.242 .10"
S.066
0.4S3
0.695
43S
9.04

erg
/
kcal'molc \

E

K

T1

rad/scc
Hz
cm- 1
A"=
A"1
m/scc

A

co

'•• ~

We call positive y energy loss processes corresponding to the creation of an excitation like a phonon

E

'• I
vie \

k'- 1

VI

"r\~
•

^

1

Vi

1

or a magnon of energy hu and quasimomentum fix.
The inverse process is cu < 0, /. e. energy gain = annihilation of an excitation.
Figure 2 is particularly useful for time of flight
measurements, lc shows for fixed k0 and fixed scattering
angle <j> the energy transfer fico and the modulus | hy. \
corresponding to various | A-, |.

1.1. Kinematics of scattering
creation
neutron

Quite generally one could try to describe neutron
scattering by giving the exact fate of a neutron

looses

annihilation
gains

IK!
O)=1^

impinging on an oriented sample with wave-vector k0
and emerging with wave-vector k,. Note that the
modulus as well as ihe direction of /t, may be different

90^.

from A:o. That means we have 6 variables. It will turn
out to be completly sufficient to know the cross-section
for a certain momentum-transfer hy. and energytransfer hw. These are per. def.

momentum transfer ;
energy transfer

y. = k0 — k,

ho — — (kl — k\)

(1.2)
(1.3)

The « k vector triangle » is illustrated in figure I.

FIG. 2. — Kinematics t>(| y. j) for fixed k0.
<p = scattering angle.

"
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1.2. Why neutrons ?
Why does one use neutrons for the study of matter
and not other particles which would be much easier
to handle and much cheaper too ? There are three good
reasons.
1. We need a sort of radiation which interacts weakly
with matter, so that we are able to treat the scattering
in Born-approximation or in other words: we want
to see the creation of one excitation and no multiple
scattering.
2. The energy E o and momentum k of the desired
radiation should be of the order of the energies and
momenta of the excitations to be studied. In other
words: the wave-length /. should be comparable to
the atomic distance, the energy E o should be comparable to thermal energies (a few meV to 0.5 eV).
3. For the study of magnetic properties we need

an interaction of our magic radiation with electronic
spins.
All these demands are rather well fulfilled by neutrons. Looking for alternatives there are charged
particles like protons or electrons. Because of the
strong Coulomb-interaction both cannot penetrate
deeply into a target. One only sees surface effects.
There are photons: they fulfill request (1). X-rays
have the proper wave-length in the order of 1 A. They
are therefore widely used for structure analysis but
they dcj^nerf'see magnetic structures. For inelastic
processes, however, their energy of about 10 keV is
byjajUo^-WgiTto see energy transfers of a few meV.
On the other side lasers provide an extremely good
energy resolution, but their wave-length of 5,000 A
allows only to study excitations at very small K. (Brillouin-Raman-scattering).

ELEMENTARY THEORY OF NUCLEAR SCATTERING
2.1. Definition of the cross-section
. . particles . . .
Imagine a current of j 0 —5
impinging on the
enr/sec
target. The number of events (whatever they are) may
. events _,
,
• • _ • , . . .
be j
. . Then the cross-section is denned by
second

J =;<>•*

(2.D

a has the dimension cm 2 . The normal unit is
I barn = 10" 2 4 cm2 (*). Cross-sections are usually
defined per atom. The countingrate is proportiona'
to the number of atoms N hit by the beam.
N
J =y 0 ffN= J / 0 <r- -V
-

FcJ.r;

J = J0-I-<5.X
J = countrate [«/sec]; J o = j0F •
macroscopic cross-section:

(2.2)
beam

intensity

(2.3)
Fooling around with a nucleus a neutron can have
two fates: it is coming out again or it gets stuck:
scattering cross-section a,
absorption cross-section a,
total cross-section
c T = ct + aa.
Absorption: the neutron is trapped by the nucleus.
A compound nucleus in an excited state is formed,
which decays into its ground state:
a) mostly by the emission of 7;
b) in some cases by the emission of charged particles
like a or tritons.
Examples:

Jo —
beamorea F
•'*
FIG. 3 .

(•) Barn = grange, Scheune.

-reaction
volume
V-F.-U

n + l 0 B -»• 7Li + a + 7
n + 6Li -* 3i + 2
n + 3 He -*- 3t + p.
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These reactions are used for the detection of neutrons;
c) the compound nucleus decays by fission U, Pu, etc.
At higher energies (eV to 100 keV) the absorption
cross-section displays a lot of resonances. At low
energies a, is quite a smooth function of the neutron
energy. Far below resonance energies holds:
1

Differential cross-section in one direction H, but
all E'.
da [" barn 1
dO. [steradianj
Note that dQ. is an element of solid angle which also
indicates the angular dependence of a.
Double differential cross-section in one direction and
one particular E'.

(2-4)

d1a _ d'a [" barn "1
dCldE' ~ dCldhcj [sterad, eVJ

v = neutron velocity.
You might visualize this as follows: the time T a neutron is hanging around a nucleus to get trapped is
T ~ - . But don't over-emphasize it ! The scattering
a, is not - .
v
T h e scattering cross-section. — In a scattering
event the neutron of energy E o may change its direction
as well as its energy. The energy of thermal neutrons is
too small to create internal excitations of the nucleus
or the electronic shell. The neutron can, however, feel
the velocity of the target nuclei. This Doppler shift
due to the atomic motion gives rise to inelastic scattering.
One distineuishes:
Total scattering

d'a
FIG. 4. — . - . . . , gives the probability that a neutron with
(lilac.
energy Eo leaves the target with energy E' in the solid
angle d£l.

The following identity holds:
d'a

dSldE'

The classical reference for cross-sections is the
« barnbook » BNL 325. A list of scattering lenghsand
cross-sections is given in Table II and flf.

at [barn]
(all directions, all E').

2.2. Master formula for t h e scattering by a condensed system.
We regard now quite generally the scattering of
neutrons by an arbitrary system of many atoms. The
Hamiltonian of the system neutron + sample is:

H = H o + f- + V
2m

where k refers to the neutron wave-vector | s > = neutron spin and | n ) is a state of the sample.
The golden rule of first order perturbation theory
gives: the probability per second for a transition

(2.5)

H o = Hamiltonian of sample describing its structure
and dynamics;
— = kinetic energy of the neutron;
2ni

V = interaction neutron-sample.
We assume, for the moment without any justification, that we can treat the interaction V as a small
perturbation. Without the interaction (before or after
scattering) the state of the system may be described
by the eigenvector

W o > -*• I ks"
(2.6)

is

W(Arojo/f0 - * ksn)

= j

|< ksn I V

> | 2 -<5(E. - E . B - Ha)

The ^-function expresses the conservation of energy.
Because we do not measure the initial and final
state of the sample we define the transition rate for a
neutron going from | k0 ) to | k ) by

W ( W o -+

(2.7)

14
Ann.

Pbys.,

1972,

t. 7, n°

5

FUNDAMENTALS

OF NEUTRON

TABLE

SCATTERING

BY C O N D E N S E D

MATTER

353

II

Coherent neutron scattering amplitudes (compiled February, 1971, M. I. T.)
All amplitudes are of positive sign unless otherwise noted and are in units of 1 0 " l 2 cm per atom. Complex
amplitudes correspond to a neutron wavelength of I A. Numbers in parenthesis are standard errors
for entries of higher precision. For such, the values are representative of nuclear scattering only and
do not include the neutron-electron charge (Foldy) contribution.

2

1
2
3

4
5

6
7
3

9
10
11
12

13
14
15
16
17

IS

Element or
Isotope

H
D
»H
4
He
Li
•Li
'Li
Be
B
"B
C
"C
N
O
"O
»O
F
Ne
Na
Mg
Al
Si

P
S
Cl
"Cl
"Cl
A
"A

19

K
U
K

20

Ca

21
22

"Ca
"Ca
Sc
Ti
"Ti
4T
Ti

"Ti
«Ti

Z

*coh

»Ti

- 0.3723 (3)
0.670 (5)
0.47
0.30
- 0.194
0.13 4- 0.025/
- 0.21
0.774
0.34 + 0.021/
0.60
0.6626 (3)
0.60
0.940
0.575 (4)
0.578
0.600
0.574 (4)
0.46
0.351
0.516
0.3449 (9)
0.4151 (1)
0.51
0.2847 (1)
0.9534 (2)

23
24
25

26

V
Cr

«Cr
Mn
Fe
"Fe
«Fe
"Fe

27
23

Co
Ni
"Ni
«Ni
"Ni
«Ni

29
30

31
32

US

0.26
0.20
2.43
0.37
0.37
0.49
0.49
0.13
1.13
- 0.33
0.43
0.33
- 0.53
0.03

Element or
Isotope

33
34
35
36
37

.

33
39
40
41
42
43
44
45
46

"Ni
Cu
«Cu
"Cu
Zn
"Zn
"Zn
«Zn
Ca
Ce
As
Se

Br
Kr
Rb
"Rb
Sr

Y
Zr
Nb

Mo
«Tc
Ru
Rh
Pd

icoh

Z

0.55
-0.048
0.3532 (10)
0.490
-0.36
0.951
0.42
1.01
0.23
0.250
1.03
1.44
0.232
0.76
-0.87
-0.037
0.76
0.67
1.11
0.57
0.56
0.63
0.67
0.72
0.34
0.64
0.73
0.635 (4)
0.74
0.35
0.83
0.656
0.79
0.69
0.711 (4)
0.66
0.63
0.73
0.59
0.60

47

Element or
Isotope

Ag
'"Ag
"•Ag

43

Cd
'"Cd

In
Sn

49
50

" 4 Sn
'"Sn
"•Sn
"•Sn
»MSn
l

«Sn
'"Sn
51

Sb

52

Te
t«Te

«*Te
>uTe
I

53
54
55

Xe
Cs
Ba

56
57

La
Ce

53
59
60

'"Ce
'«Ce
Pr
Nd

'«Nd
'•"Nd
'•"Nd

62
63
64
65

66

"-Sm
Sm

m

Eu
Gd
Tb
Dy
i«Dy

Element or
Isotope

Z

icoh

0.61
0.33
0.43
0.37 -r 0.16/
- 1.5 -r 1.2/
0.39
0.61
0.53
0.64
0.58
0.60
0.64
0.55
0.59
0.5641 (12)
0.543 (4)
0.52
0.57
0.55
0.56
0.52
0.430
0.55
0.52
0.33
0.46
0.47
0.45
0.44
0.72
0.77
0.23
0.37
-0.5
0.3

67
63
69
70
71
72

"'Dy
••'Dy
»«Dy
'"Dy
Ho
Er
Tm
Yb
Lu
Hf

73
74

Ta
W
"SW
'"W
K'W
W 4

W

75
76

Re
Os
»"Os
'••Os
tM
Os
»«Os

77
73
79
SO
31
82
83
90

Ir
Pt
Au
Hg
Tl
Pb

Bi
Th
U

92

»u
93
94

Np

Pu

bcoh

1.03
-0.14
0.50
4.94
0.35
0.79
0.69
1.26
0.73
0.73
0.691 (7)
0.477 (5)
0.333 (14)
0.43 (5)
0.759 (9)
-0.119(5)
0.92
1.07
0.78
1.10
1.14
1.19
1.06
0.95
0.76
1.266 (2)
0.39
0.9404 (4)
0.8525 (5)
0.99
0.35
0.93
0.85
1.055
0.75

0.55
1.5

0.76
1.69
0.67

See also compilatation of Bacon : Ada Cryst. (1972), A28, 357.
Here we averaged over all initial states n0 with their
distribution p(n0) and summed over all final states
n allowed by the 5-function.
What we need is the cross-section. The transformado

dCldco
JO—'

(

m ykt "^

b iit'1) k0

Z-f^
«o."

[klslnl

tion from (2.7) to (2.8) is simple but boring; therefore
you find it in appendix I. The final result is the master
formula:

| V | fcoJo/i,, >| 2 -<5( E "

h

- )

(2.8)
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TABU

III

Cross-sections.
1
bcoh

'

S

bcoh

Ca

S

S-T-f

4.1

to

Ca

1

H
D
He
Li
•Li

- 0.374
0.65
0.30
-0.18
0.18 -r

1.76
5.4

l.t
0.47
0.4

SI.5
7.6
I.I
1.2

Sr
Y
Zr
"Nb
Mo
Tc
Ru

0.19
0.0003
40
570

+ /0.025
Li
Be
B
C

"C
N
0
F
Nc
Na
Mg
Al
Si
P
S

a
Ar
K
"K
Ca
"Ca
"Ca
Sc
Ti
"Ti
'Ti
"Ti
"Ti
"Ti
V

Cr
«Cr
Mn

Fe
"Fe
M
Fe
"Fe
Co
Ni
"Ni
"Ni
«Ni
Cu

"Cu
"Cu
Zn
Ca
Cc
"As
Se
Br

Kr
Rb
"Rb

- 0.21
0.774

0.6
7.53

1.4
7.54
4.4

5.50
4.5
11.0
4.2
3.8

5.51
5.5
11.4
4.24
4.0
2.9
3.4
3.70
1.5
2.2

0.63 +
-r (0.021
0.661
0.60
0.946
0.577
0.55
0.351
0.48
0.35
0.42
0.53
0.31
0.99
0.20
0.35
0.37
0.49
0.49
O.IS
1.1S
-0.34
0.4S
0.33
- 0.58
0.08
0.55
- 0.051
0.352
0.490
-0.36
0.96
0.42
1.01
0.23
0.25
1.03
1.44
0.30
- 0.87
0.79
0.67
1.11
0.59

1.55
2.90
1.5
2.16
3.5
1.2
12.2
0.5
1.5
1.72
3.0
3.0
0.4
17.5
1.45
2.90
1.37
4.23
0.S0
3.80
0.033
1.56
3.02
1.6
11.4
2.2

ili
0.64
0.78
13.4
25.9
1.1
9.5
7.8
5.7
15.5
4.3
1

0.84
0.63
0.89
0.67
0.76
0.55
0.83

8.8
5.0
10.0
5.7
7.2
! 3.8
8.66

Rh
Pd
Ag
:
" Ag
1M
Ag
Cd

0.005
430
0.003
1.1
0.0001
0.006
0.2
0.28
0.04
0.13
0.06
0.09
0.28
19.5
0.4
1.2

3.1

1.2
15
0.9
2.2
3.2
3.1

In
Sn
Sb
1M
l:a

19
3.5

5.1
4.1

2.8
I.S

2.0
11.8
2.5
12.8
2
6
18.0

7.6
1.4

la

Te

1
Cs
Ba
La
Ce
>"Ce
>«Ce
>"Pr
Nd
1 •«Nd
>"Nd
'"Nd
•«Sm
lw
Sm
'"Tb

Ho
Dy
Er
Tm
Yb
Lu
Hf

Ta

21
2.7

W
Re
IM

8.0

Ir

0.6
I.S
1.3
2.5
7.4
3.8
18
0.42

6.1
7.7

5.5
1

Os

Os
"•Os
"•Os
":Os

2.2

4.3
7.5
9.0
8

Tc
Te

lS4Te

0.25

24
4.0

Tc

Pt
Au
Hg
TI
Pb

Bi
Th

;

u

S = :oherent ; S -r s = total scattering ; a = absorption.
Frorr1 : Gurevich and Tarasov [3]-

0.57
0.80
0.70
0.691
0.661
0.6S
0.73
0.60
0.59
0.61
0.83
0.43

6.16
6.0
5.5
5.81
6.68
4.4
4.4
4.6
8.7
2.3

6.3
6.6
6.1

0.10
0.03 !
1.4
1

6.81
5.6
4.8
6.5
10
6

0.38+
+/0.12
0.36
0.61
0.54
0.56
0.52
0.57
0.55
0.56
0.52
0.49
0.52
0.83
0.46
0.47
0.45
0.44
0.72
0.77
0.28
0.87
-0.5
0.8
0.76
0.85
1.69
0.79
0.55
1.26
0.73
0.83
0.70
0.466
0.92
1.08
0.78
1.10
1.14
1.19
1.06
0.95
0.76
1.3
0.S9
0.96
0.864
1.01
0.85

0.7

8

1.5 1
90
4.0 !
36
i:
1

2650
I

1.63
4.6
3.7
4.0
3.4
4.2
3.9
4.0
3.4
3.0
3.4
8.7
2.7
2.S
2.6
2.4
6.5
7.5
1.0
9.5
3
8
7.1
9.1
35.9
7.8
3.8
20.5
6.7
9.7
6
2.74
10.6
14.7
7.65
15.21
16.33
17. SO
14.12
11.2
7.3
22
10.0
11.5
9.35
12.8
9.0

1.6
4.9
4.2
4.5

115
0.35
3.2
2.7
|

3.8
7

6
9.3
2.7
2.9
2.6
4.0
16
7.5
1.0
9.5

13
15

6
5.7
14.9

3.7
17
0.6 I

5.3
0.4S

jj
l!

6.7
26

i;
I;

1\
1•

26
40
535
100
71

!
1
i
:

22

I

65
61

1
!

13

II
50
9

i
j

12
9
26.5
10.1
11.5
9.37
12.8

i1
57
210
2.0
0.1
0.02
4.1
i
2.4
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It gives the cross-section for a neutron with wavevector Ar0 and spin s0 to be scattered into the solid

angle tfft around the direction A-, with energy change fico
and final neutron spin sv

2.3. N u c l e a r interaction
Now we got a nice long formula which is still quite
useless. We do not y«t know the interaction potential V.
There are different sorts of interaction between
neutrons and matter:
1) Nuclear interaction with the nuclei.
2) Magnetic interaction between the magnetic
moments of the neutrons and the electrons.
3) Magnetic interaction between the moment of the
neutron and the magnetic moment of a nucleus
(very small).
4) Quasi electrostatic interaction between neutron
and the charge of electrons (very small).
5) Gravity (forget it).
Equation (2.8) holds of course for any interaction.
We restrict ourselves now to nuclear interaction.
The interaction between a neutron and one single
rigid nucleus could be roughly described by an attractive potential of about r0 = 1 0 " l i cm range and

tude /(<(>) is an unknown function of the scattering
,'IMI'I
angle <f>, its dimension is cm.
is an outgoing
spherical wave.
Looking closer to the problem one realizes that/(<£)
is in fact a constant/, /. e. the scattering is isotropic as
long as the neutron wavelength / » r 0 . To argue with
some handwaving one can say a neutron of
A = 10" 8 cm is not able to see the size or even details
of a nucleus of r0 — 10" l 3 cm, hence there cannot be
any angular dependence. For a more rigorous justification you have to do all the mess of expanding (2.9)
in terms of orbital momenta; there one sees that only
the S-wave part contributes to the interaction.
Outside of the nucleus at r » 0 we have the neutron wave-function:
(2.10)

<Kr)

The cross-section is the^Stff passing through a sphere
of radius R around the nucleus divided by the incoming
flux.

vto

ro-1Ocni

I/I2

(2.1!)

Let me just mention that the scattering amplitude
may be complex. We state without proof (see e. g. Turchin, page 17) the optical theorem:
someMeV

(2.12)

FIG. 5. — Nuclear potential V(r).

some MeV depth. Even the nuclear physicists do not
know this potential very well; therefore we do not
even try to calculate the scattering from V(r). What we
need is just the fact that V is short ranged.

We still do not have V. If you allow me to cheat a
little it is rather simple. Calculate from the master
formula (1. e. 1. order approximation) -yp- for a rigid

ail
nucleus. There will certainly be no nuclear excitation:

S wave scattering. — The ansatz for the neutron
wave function

W)

(2.9)

>'o = ".

u = 0,
m

1

I k, I = I A : o | ;

V(r)e'-Vr

kor

is so general that it cannot be wrong. i(/Q = e'
describes the incoming wave. The scattering ampli-

with v. = k00 —
~ k«•!

(2.13)
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The scattering cross-section as a function of angle
is the square of the Fourier transform of the scattering
potential.
Comparing (2.13) with (2.11) one gets the scattering
amplitude except an unknown phase:
/ ( $ ) = phase-

2nlf J

V{r)eix'dr

(2.14)

This phase is known indeed. To derive it one has to
do perturbation theory from scratch, derive an 1. order
expression for the wave function (not employing a final
result like the squared matrix element, like we did).
After some pages (Turchin, p. 35-36) you get: phase
= - 1.

Phys., 1972, t. 7, n° $

(2.16)
b is a measured quantity. It is very simple to construct
now a pseudopotential V(r) which will give the correct
experimentally known b in Born-approximation. With
the ansatz
V(7) = c-S(r)
we get the Fermi pseudo-potential:
(2.17)
m
For many nuclei at

(2.18)
(2.15)

in 1. order (Born-approximation).
Here again you see the argument for isotropic
scattering from 1 nucleus:
v. s: 1A "

1

10* cm " 1 ;

r0 x 1 0 ~ n cm
xr~ 10"5

We can very well replace e"" by 1.
Conventionally one does not use/but the scattering
length b = - / .

This potential is to be inserted into the master
formula (2.8) to calculate the cross-section due to
nuclear scattering.
Some remarks about the Fermi pseudo-potential:
(2.18) is a pseudo-potential; it has nothing what so
ever to do with the real nuclear potential. Whereas
the latter is attractive the scattering length b is positive
for most of the elements /. e. the pseudo-potential is
repulsive. (2.18) just displays an expression which
represents the measured scattering length in the frame
of Born-approximation.

2.4. The validity of Born-approximation.
Justification of the master formula. To argue about
that question 1 have to come back to the usual treatment
of Born-approximation (Turchin, p. 35). Without
derivation let me just use one formula. The Schrodinger
equation for the problem: neutron in a potential V(r)
(representing many nuclei) can be transformed into the
integral equation:

<K0 =

2m f

^ J G(r- - r'- )V(r')4>{r')dr'

(2.19)

or in short notation:

GV;

FIG. 6. — illustration of equ. (2.20).
GVif/ reads : the true amplitude i//(r') is scattered by V(r').
G(r, r') describes r how much of this scattered amplitude
arrives at r.

(2.20)
ij/0 is of course the incident plane wave.
The first order solution (1. Born-approximation) is
obtained by replacing the true ip(r') on the r. h. s. by

2. order

1

single scatt.

I. order

double scatt.
G(r, r')V(r

(2-21)

(2.22)

18
Ann.

Phys., 1972, t. 7, n° j

FUNDAMENTALS OF NEUTRON SCATTERING BY CONDENSED MATTER

attenuation

1 single scattering
2 double scattering
3 triple scattering

FIG. 7. — /// / order Born-approximation
one neglects attenuation and multiple scattering.

Using this approximation we assume that it is the
unperturbed incoming wave t[f0 which is scattered
from r'\ we neglect attenuation of >j/0 on its path as well

as multiple scattering which may contribute
to t>f(r) (see 2.22). It is complete nonsense to treat
scattering from one nucleus in Born approximation. But
knowing b we don't care about that. It is very good
however, for treating scattering from many nuclei
using the adjusted Fermi pseudopotential. Proof: the
scattering cross-section is er, % 10"2* cm". The area
per atom in one layer is of the order of
(3 A) 2 = 10" l i cm2. Even for a thickness of 106 layers
the scattering amounts to only 10~*. Therefore in a
cube of 3.106 A length we can very well neglect beam
attenuation or multiple scattering. Any solid state
physics is very well defined in that cube. For large
samples one can still take into account attenuation
and multiple scattering macroscopically.
Let us plug the Fermi potential (2.18) into the
master formula (2.8): we get the general expression
for nuclear scattering by N nuclei:

I vo>

We do the integral

557

-.)

dr and obtain as cross-section per atom I • -r-

i" I

The same expression holds for magnetic scattering
understanding b as a scattering length operator acting
on the spin-state [ s ) .

For the future we will only need this formula. As
for the rest, forget it !

2.5. Coherent and incoherent scattering
Treating nuclear scattering by unpolarized neutrons
we can omit the spin-states; the cross-section is essentially given by

\ ~ \ , ,,

y \bX<)>

„

V^ .

< » > + y bJbi<j>~ < i > (2.2:

The average in the first term is (for real 6):
(2.26)
(2 24)

-

Regard a system with different nuclei, for example
a mixture of isotopes, each one having of course
a specific scattering length. Because we cannot know
which isotope is sitting on a given place Rf we want to
replace b-t in the sum by a proper average. We split the
sum (2.24) in abbreviated writing:

i-t

in the second term b-, is independent from bj, the
average is:
ibj > = < £>,- > < 6y > = (h)2;

(2.27)
with
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(2.25) becomes:
b2

(2.28 a)

or rearranging the sums:

incoherent

coherent
(2.28

According to these definitions one distinguishes:
total scattering :

a, = 4r.b~

coherent scan. : acoh = 4::b2oi, = 4n(b)2

(2.29)

incoherent scatt.: crine = a, - <Tcoh = 4ir[P - (I)2]
The scattering cross-section (2.23) is split into the
two parts:

(d*°\

51.*.. 1 ^

_ p

\dndco)ineoh

n

FIG. S. — Coherent and « incoherent » scattering
from two rigid nuclei with different scattering lengths.

2) The coherent elastic scattering per atom shows
interferences varying from 0 to N.

\

i

t d2a \

-

2

A-, 1 V

;

»O"I

U

/E,,-E,, o

H..-...>C.

\

(2.30 c)

>.j

Note that for identical nuclei, /. e. all bt = b,b2 = (6)2,
the incoherent cross-section vanishes. That is the
reason why one chooses the decomposition (2.28 b) of
the sums and not (2.28 a) for the definition.
To see more clearly what coherent and incoherent
means, let us look at a very simple example: two rigid
nuclei. The scattering will be elastic, « 0 = /»,, kx = kQ,
co = 0; the

(2 30 b)

[ * "J

k0

Aujusl replaces the 5 by I.

+cos

(2.31)

3) The total scattering is:

f
J

±

The term « incoherent » is in this context rather
misleading. If we would know the distribution of
isotopes in a lattice we could go back to equation (2.23).
The scattering is completely coherent. Just our lack of
knowledge does not yet introduce a real incoherence.
We should rather call «it » disorder scattering.
Assume we have two sorts of atoms with scattering
length bx and b2 randomly distributed with concentrations c, and c2, c, + c2 = I.
+ c2b\)
+ c2b2)2 (2.32)
= 4-c,c,(A, - b2)2

You see from this simple example:
1) The elastic incoherent scattering does not depend
on *..

Spinincoherent scattering. — This is the only
case where the word « incoherent » makes real
sense.

20
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The interaction neutron-nucleus is generally spindependent. First there is, at least in principle, a direct
magnetic interaction. This effect however is very small
and is neglected.
The nuclear interaction itself is spindependent. The

c

^cr d ^=' 5 ! D e s e n e r a c y i s ^Sf Mi
I

i

bi

2J-r 1
(2.33)

neutron with the spin S = . hits a nucleus with spin I.
The compound-nucleus, which is virtually formed can
have two spins:
»-?

b*

2(1 + I)

b.

21

J.-.-J.

i;

•f 1

+1

J

-r 1

2(21 + 1)

These are two completely different excited states of
the compound-nucleus, therefore the interaction,
i. e. the resulting scattering length b can be rather
different: b + and b —. The state with spin J is
(2J + I) fold degenerate. Using this we can easily
compute the statistical weight c ± for the two spinstates of the compound nucleus for unpolarized
neutrons.

With these cc concentrations » one has immediately
according to (2.32) the spindependent scattering for
unpolarized neutrons.

I
(2.34)

2.6. Refractive index and total reflection
In Born approximation we got a relation between
the scattering length b and the pseudopotential V(r)
(2.16).
m

a homogeneous potential Vo. Its kinetic energy inside
is E' = Eo — Vo. Any sort of radiation keeps its
frequency ct> but changes the wave number k while
going through matter.
The refractive index is defined:

Instead of decorating a nucleus by a <5-functionlike V(r), we now do the opposite: we smear out this
potential homogeneously over one atomic volume.

1

Vdr

V

t

N = atoms/cm 3

°-N

k'

= Eo -

VQ - > —
2/?i

= _
2/n

(CQ

-

V,

°

2

r,
NA

m

(2.35)
«*-

2m

1 -

We can do that as long as we speak about momenta
y. « - where R is the atomic distance i. e. x « 1A~'.
K.
The neutron sees in this limit the material just like
E

V

t

e"
t

i

- V

}•

f
vacuum

wwsS,

FIG. 9. — For stow neutrons matter acts like a potential
barrier Vo. Inside E' = Eo ~ Vo. / / Eo < Vo ; total
reflection.

I

-

(2.36)

with* a IO" l 2 cm;N = 1023 cm" 3 ; k0 ss 10s cm" l ;
« = I - 6.1O"J.
For most nuclei b is positive, Vo repulsive, n is
slightly less than 1.
Total reflection. — A neutron falling perpendicular on a boundary surface sees the potential V o .
It is reflected if its energy E o < Vo or if its momentum k is less than some critical A:iC
(2.37)
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Neuuon guide

FIG. 1 1 . — Neutron

FIG. 10. — Total reflection i/k±

guide.

< kxe or a < y.

or

-7
If it falls on the surface at some angle a then the
Ar-component parallel to the surface is not affected;
we get total reflection as long as:
kx = A- sin a <

kxC;

(2-38)

critical angle y « 3.1O" J rad, for & = 3 A " 1 .
This fact is used in neutron guides where neutrons
are reflected in a zig-zag path from the polished
mirrors.

3. — T H E SCATTERING LAW S(z, u>) A N D T H E

CORRELATION

F U N C T I O N G(r, t)

3.1. S(y, u>)
Let us come back to the VIP-formuli (2.30). Look
at it and you can see a rather nice feature. The first
k
part 6 2 --p just deals with the interaction and some
experimental parameters, the rest depends only on
internal properties of the scatterer. This allows us
the formal separation.

and energy, /. e. on 4 variables instead of the 6 variables A'o, A-j. There are many combinations of A-0A-, to
get the same x, co. To measure S, one is sufficient. The
dimension of S( x, o>) is

[time].

-

This neat separation between the interaction part
and the solid state business is only possible as long as

(3.1)
(3.2)
^

L

0

•

a

)

i.j

(3.3)

The function S(x, ID) is called scattering law,
scattering function or dynamical structure-factor. It
depends only on the structure and dynamics of the
sample but not on the fact that we do neutron-scatte-

the scattering lengths b,- are randomely distributed
on atomic sites (Element crystals with isotopes and
spins). It is not possible for NaCI for example. In this
case we have to go back to (2.23), the b( have to be

ing. S(x, co) is pure solid state physics. Moreover

included in S(x, co).

S(x, a) depends only on the transfer of momentum

22
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3.2. The Van Hove correlation function G(r, t)
We define G(r, t) as the Fourier transform of S{x, ca)
C3(r>

l

This operator just marks every nucleus by a
(5-function.
Then one can write (3.8) in the abbreviated form:

(3 4)

t)

(2*
G(r, 0 = j ^ < I '"•X'-', 0)p(r' + r, f) > T

(3.10)

and vice versa
Dimension: particles per cm3.

(3.5)

S(x, a

G

To find out what G means we have to calculate it,
:. e. insert (3.2) for S into (3.4) and do all Fourier
integrals. This is done step by step in Appendix II.

The

f<

yields (A II.7).
r
f
r-.r
correlation function observer
FIG. 12.

(3.6)
Here < > T means the thermal average
< Op > T =

> p(n 0 ) < n0 | Op | n 0 >.

e '*M'i

i s t n e t j m e dependent Heisenberg operator
according to the definition
(3.7)

Simple picture: look with your left eye at the point r'.
If a particle comes by press the stop watch ! t seconds
later glance with the right eye at r. If no particle comes
note 0, if you see it note I. Do it often performing
< > T ! Now you got the correlation < p(r', 0)
p(r' + r, t) which depends on both r' and r and /. Now
shift your head to start with another r'. Finally we did
the averaging—

\dr'.

R(r) and R(0) do not commute. Let me just remark
that the time argument is a direct consequence of the

More scientifically: the correlation function G(/y)
describes the correlation between:

energy conservation 51-2—j—- — col .

— the particle density at any place r' at any time
t = 0,

The next step, the Fourier transform x -+• r is again
performed in Appendix II. If you remember that e'"
and 8[r) are relatives you might intuitively believe the
result (A.U.I2).

(3.8)

— and the particle density at r' + r at time t.
The time argument can be negative.as well as positive.
G makes sense in both cases.
The silly picture hits the point in the classical limit.
In quantum mechanics, however, p(t) is an operator,
remember it does not commute with p{t'). You would
need quite sharp eyes to see him.
In a homogeneous system like liquids and gases all
starting points r' are equivalent,

We define the microscopic particle density operator p by

>, 0
Annalet dc Physique. n° 5, iO7'-

(3.9)

dr' = Volume ;

rj = p0 = particle density.
G(rt 0 = - < P(O, Q)p(r, t)
Po

(3.11)
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3.3. Self-correlation and distinct correlation
Formally we split equation (3.8) into two parts:

G,, refers to the correlation of different atoms.
The coherent Seoh(x, o) was per definition the Fourier transform of G = G, + G,. The incoherent

G = G, + G,
the self-correlation

G, = i < J*'

+ 7-

R/0)

i-J

>

(3.12)

and the distinct correlation

Cd = i <

Sinc(y.,ca) (3.3) is just the same as (3.2) except the
sum is to be taken over the same particle y . You
see immediately that analogue to (3.4) the incoherent
scattering corresponds to the movement of 1 particle.

r' - R,{0))<5(7' + 7 - R//)) >
(3.12)

G, is the joint probability to find the same particle
after time t.

Sine (x, OJ) «-» Fourier Tr. G,(7, /)

(3.14)

Now it is clear that Sinc does not show any interference effects (cf. p. 358).

3.4. G(r, t) in the limit t -s- o and t -*• co
The following relations follow immediately from
the definitions (3.4) and (3.5):

rs£
X-ray diffraction

Ft is just this snapshot what one measures in X-ray
diffraction (3.15) without any energy analysis. This is
not quite true for a neutron diffractometer. A cut at
constant scattering angle does not give constant x I

(3.15)

The
factor.

G(0, 0

—-

[*S(x, u))dx

(3.16)

G(0,0)

=

—J-3 fs(x, <o)dxd<a

(3.17)

Js(x.

= S(x) is the static structure

S(x. 0)

elastic scattering
\c(7, t)dr —*

S(0, (o)

(3.18)
(3.19)

aj The snapshot / = o, G(r, o). — In this
case R,(0) and R// = 0) commute.
We can evaluate the I dr' in (3.8)

G(7, 0) -

i

- R/0))

The self part gives

The distinct part is called the space pair correlation
function:
GA,0) = f(7);

G(7, 0) = ,5(0 + g(7). (3.20)

FIG. 13. — Self- and distinct-correlation function in a
liquid at different times. t0 — typical memory time.
From [1].
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Q{r, x) = p0 = constant

b) t -> =0. — After a long time there will certainly
be no more dynamical correlation. One can average
the densities p in (3.10) independently.

G(r, so) is the dominating contribution to

G(7, 00) « 1 f<fr' < p(?, 0) > < p(? + r, =0) >

1

(3.22)
Cdt, the

result of an elastic measurement at ca = 0 (3. IS). You
see that one cannot learn anything about the structure
of a liquid by elastic scattering, you have to measure
S(y.) in an X-ray type experiment. In solids, however,
both S(z) and the elastic S(x, 0) give informations
which are closely related to the structure.
As an illustration you find in figure 13 the qualitative
behaviour of G(r, t) in a liquid for different times.

(3.21)

Because a crystal does not loose its structure,
G(r, ao) will still be a periodic function of r. In a
fluid < p(r) > = pQ is the mean particle density,
G tends for / -*• 00 to

3.5. Detailed balance
In the following chapter we give some general
properties of G and S. To derive the principle of

Permuting the summation indices n0 ~* n and 1
gives:

~

S(*. co)

\

/

/
\

detailed balance we go back to the original definition (3.2) of S(y.,co).

which is just the same as (3.2; changing the sign of x
and co.
Ergo: detailed balance:
(-y.,

(3.25)

In thermal equilibrium the probability to find an
initial state | n 0 ) is:
,

x

I

_me

J>

(3.23)

For systems with inversion symmetry (fluids, most
but not all crystal-structures) holds.
S ( - *,o>) = S(x, d)

2 = partition function.
Because of the energy conservation we might as
well replace Eao by
E. .-«.

P(«o)
(3.24) in (3.2)

(3.24)

-co)

A
gain

loss

FIG. 14. — Detailed balance S(— co)

(3.26)
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loss. GO to T->-0 ! e~tha = 0, S(o> < 0) = 0, no
wonder at T = 0 the neutron cannot carry away any
energy. (•)

This principle (3.25) holds for both coherent and
incoherent scattering. The only condition for its
derivation was thermal equilibrium. Explanation: the
energy-gain scattering is always weaker than energy

3.6. Symmetry properties of S(x, u>) and G(r, /)
S(x, co) is a real function.
Proof a) it can be measured.
Proof b) inspect (2.23) S(z, ca) ~ | < > | 2 .
S(z, a) is not even, as just has been shown. It is,
however, sufficient to measure it for, say, positive w
and y. only, the behaviour in the other « quadrants »
of the y.-co space can be constructed with the help
of (3.25).

Proof: only the Fourier transform of an even
function is real. S is not even, ergo G" y£ 0. Only in
the classical limit JrBT » o, S becomes even and G
tends to the classical real correlation.
Taking the complex conjugate of (3.4) you see
immediately:

ergo

G(r, t) is complex:
G = G' + ;G"

(3.23 a)

-= G(-r,G\r, 1) = G ' ( - r, - t) even
G"(7, /) . - G"(- 7, - t) odd

(3.27)

(3.2S b)
(3.28 c)

3.7. The fluctuation dissipation theorem
We just saw that you learn everything you can get
with neutrons by measuring the real S(z, co) in a
« quadrant » of the y.-cu « plane ». We got already
the symmetry properties r—* — r,t*-* — t. But still
we have a complex G in one quadrant (r, /), twice as

Change sign of y. and a) and take the complex
conjugate.
S ( - * f - o>)= S*(- y., -a)- ~

'd-, t)cfrdt

(3.29)
Adding and subtracting (3.5) ± (3.29) give:
S(+) + S ( - ) = F. T. (G + G*) = F. T. (2C)
S(+) - S ( - ) = F. T. (G - G*) - F. T. (2/G")
With detailed balance (3.25) S ( - ) = e"w<oS( + )
S(+) + S(-) = (I + f-'*")S(+) = F. T. (2Gf)
S(+) - S(-) = (1 - e-*")S(+) - F.T. (2/G')
It is sufficient to know (from a theory e. g.) either
the real part G' or the imaginary part G" to calculate S;
or G' and G" follow both from S. Explicity written:

FIG. 15. — You know S(x, a) in one quadrant,
though you know it everywhere.

much « numbers » as we need for S. G is entirely given
knowing S. Therefore there must be a relation
between G' and G". We derive this relation from the
two facts: a) S = real; b) detailed balance.
We start from (3.5):
2*

(3.5)

(•) or, « Dem Nackten stiehlt man nichts aus der Tasche ».

2

i fj(r--.,,G,;

r

^

S(x, o>) =

(3.30)
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Setting both r. h. s. expressions equal we find the
desired relation between G' and G", one out of many
different ways to formulate the fluctuation dissipation
theorem:

f

>

G*(r, t)
_ i

r, 0

tanh

(3.31)

4.

LINEAR RESPONSE

4.1. Definition of the response function
Regard a system under the influence of a small
external perturbation V !
H = H o + V(0

(4.1)

This perturbation may be an external time dependent
field / ( r , t) (c-number), acting upon the operator B.

r')f(r\ t)dr'

(4.2)

for example:
/ = magnetic field H(r, t)
! v = - M H
B = local magnetization M(r) 5
or
/ = a « change in gravity »
B = particle density.

Examples : A, B = magnetization M, / = H. The
susceptibility <f> describes the change in polarization
per unit field. A = density, B = M, / = H : magnetostriction.
The principle of causality is respected in equation (4.3) by extending the
dt' from — =0 to / or:
reaction time 1 > cause r'. You cannot expect an
answer before asking for it.
The whole concept of linear response breaks of
course down when one has saturation effects.
Usually we deal with systems which are stationary
in the unperturbed state; therefore <t> depends only
on t - t'. But OAB(r, r', t - t') is normally an explicit
function of both r and /•'. Imagine you ask for the

Quite generally we define the linear response function
GAB by:
4

< 5A(r, 0 > s < A(r, /) > - < A >„
**^ r', !, f)f{r\ f)dr'dt>
(4.3)
OAD(r, r\ t, /') describes the change of the observable A at the point r caused by a field/acting upon
the operator B at some place r' and at time /' prior
to t. (4.3) is a convolution of O « / , summing up the
perturbations from everywhere and all the past.

FIG.

16.

variation of the panicle density in a crystal on a dull
place r right in between- the atoms ! You will never
get an answer because at r never an atom will pass by.

4.2. Response function in perturbation theory
We need an explicit expression for the response <DAB.
Here it is:
^

r', t - f) . i <

, 0, B(>", Ol > I (4.4)

This relation is derived in appendix 111. One does first
order perturbation theory and calculates the expectation value < A(r, /) > in the presence of a pertur-

bation (4.2). The result is (4.4), A, B is the commutator [A, B] = AB - BA. From (4.4) one sees immediately that <$> is antisymmetric against the permutation
of all indices:
OADO". r \ 0 = - OBA(r', r, - l)

(4.5)

The function <D(?) is defined for positive as well as for
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negative times. But only the pan with 1 > 0 describes
the response. Changing variables one might as well
write the response at r' + r on a perturbation at r'

4.3.

Pbjs., 1972, r. 7, n° j

OABO-' + r, r'. 0 - j: < [A(r' + r, /), B(r', 0)] >

(4.6)

Furthermore Q> is real if A and B are hermitian.

Connection between response and correlation

Remember the definition of the correlation function (3.10)

blance between G and O. One difference is that G is
averaged over the point of observation r' whereas
O(r' + r, r, /) is not. Therefore we introduce the
averaged commutator:

G(r, /) = |L [\d~r' < p(r', 0)p(7' + r, t) > T
Nothing prevents us from speaking about the correlation between two different observables A and B:

(4.S)

Now it is easy to establish a relation between G and 0.
The imaginary part of G is:

GAB£ 0 = I [&' < W, 0)A(r' + r, t) > (4.7)
Please keep in mind that neutrons can only see correlations between identical operators like densitydensity or spin-spin.
Compare (4.7) with (4.6); there is a striking resem-

(4.9)

4.4. The causal response x(r> 0
Our commutator has one major fault to be called a
response function. Defined for all times it pretends
to know an answer to the silly question: « How did
you react Sunday on the weather of monday ? »
Therefore we include causality in the definition of the
response function:
O(r, t)

0

1£ 0

/ <0

«>AB('.')- - ^ ( - r . - 0

<t>A8(', 0 - ZAB('. 0 -y.sA-r.-t)

Susceptibility x(x>

We define the complex susceptibility as the Fourier
transform ofthe response j = Laplace transform I dn.
*,

»)

i f f * e!l'":-°")y.**Cr, t)drdt
— " JrJ — m

(M Compare with (3.28c).

(4.11)

(4.10)

It is y(t) which is, at least in principle, accessible to an
experiment, not O(t)- On the other hand G(r, t) makes
sense and can be defined for all times.
We want to relate the scattering-result to the response
function /. We need G or G" or O for all /. Fortunately
(and not by chance) there is the symmetry relation (4.5)
which reads for O (')

4.5.

•

Ergo

(4.12)

Fie. 17. — Illustrating equ. (4.12).
The non causal <f> is just % mirrored at t = 0.

Omiting for the moment the indices A, B and r you
see: O is odd in /. •/ is 0 for negative t. For / < 0.

fJ> anc

)

^ neutron scattering

In equation (3.30) we had for the scattering law:
-

2/

1 f-(.T-,.,)

„-

Replacing G" by (4.9) and (4.11) we find

-
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->-r£=sJ-*~

C-'". ~t))drdt

(4.13)
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are accessible to experiment. Equation (4.15) tells us
that the information we get in either kind of experiment
is pretty much the same.
Take as an example sound waves !

The first integrand gives per definition (4.12) XAB(*> CU).
Because /(/, /) is real the second integrand is '/X\^it>w)Neutrons only see scattering-laws where A = B
(p or spin). With

Input

pui,e

y*

£±-\

*-

7lr.tl
response

(x, co)

X(x, OJ) = X'(x, o )

(4.14)
sin

We get finally ( l ):

/.tr.J

*{

;0

V

neutron

SJk.eJ

correlation

light

(4.15)

FIG. 1S. — Time response, susceptibility, or scattering
function, three ways to look at the same sound wave.

What is all that fuss good for ? The correlation
G(r, f) is a quantity one can visualize; sometimes it is
even accessible to theoretical models. What the
scattering experiment gives is its Fourier-transform
S(*. co).
The response ~/{r, t) seems to be quite a different
concept. Both the response and susceptibility x(y., ca)

In an ultrasonic experiment one applies an external
field to study, what happens on the reciever on the
other side of the crystal; one examines the response.
Doing a scattering experiment one essentially observes
the fluctuations in the unperturbed system. The answer
of both is the same.

APPENDIX I
We want to derive the « master formula » (2.8)
from (2.6) and (2.7).
The states I A: > are normalized to the volume Vo of
a box:
e

(A.I.I)

i. e, 1 neutron of momentum hk in the box of volume Vo.
Equation (2.7) reads: W(A-0 -> kj is the probability
that I neutron k0 in the box V o is scattered within
I second into the discrete state 1 neutron kt in the
box V o .
The density of states is —2_ ; therefore the proba(2rc)

With the incoming flux j 0 = density • velocity
V o " in

we get :

dc
dkl

-

—-W(Jt o -*A',)
2- dk. (A.1.4)
Hk0
{2n?

The usual cross-section is not dajdk^ but
we transform dk^:
dkt = dzkt = k^

bility for scattering into the volume element dk{ is:

The cross-section was defined by equation (2.1)
do -»
dkt

J
j

0

(A.1.3)
FIG. 19.

( l ) In books you find this equation with a -r sign. I could not find out where it came in. Can you ?
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Recall the definition of W in equation (2.6) (2.7).
In the matrix element we have to use

with

1

1

m

dE,

<*,

Jker

We get:
m k dQdE
dkx = —
l
l

(A.I.5)

Inserting (A. 5) into (A .4) we find the desired relation
between W and the cross-section:
° « 3 (2n) 3 k0

dQdE,

dzc

V

(A. 1.6)

^°

The normalization volume Vo cancels, as it has to.
Therefore we leave it out understanding now
| Jt ) = e ( l ". Furthermore .the cross-section is commonly defined per dcj instead of per dE', which we get
simply by dividing the argument of the ^-function
in (2.6) by fi. Finally we have the master formula:

( m V *i X " / i i / »

dCldco

\2i:fi~/ k0 s ,

.1.7) = (2.S)

\

n

JO—*i

o"

APPENDIX U
C A L C U L A T I O N O F G(r,
We recall the definition (3.4)

t)

The last <

> is the same, writing
n\e"M\n0)

(A. I I . 5)

where we made use of the definition of the time
dependent Heiscnberg operator

and (3.2)

1

(A.II.6)

<"

(A.II.2)

"

To calculate G we insert S into (A.I1.1) and do
the Fourier integrals.

Now we can perform
1

\

/

1

.

the

using closure

cou d not do it m equa-

r

Transformation

CO -*•

t:

'a. Only the 5-function

contains cu.

fWE.-E..
J

[

ft

lion (3.2) because the (5-function depends on n !)
Calling ^> p(/i0) < « 0 I Operator I « 0 ) = < Operano

- aAdco

- E-/

- -1

(A.II.3)

tor > T , the thermal average, we find as result of
the Fourier transform in a:

These exponentials are c numbers. We can put them
in our formula wherever we please:
>

(A.II.7)

(A. II. 4)

Note that the operators R / 0 ) and R,-(/) do not
commute whereas R,-(0) and R/0) do. The time dependence was a direct consequence of energy conservation.
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Next let us attack the transformation y. -*• r ! This
part is more boring; in principle you replace exponentials by ^-functions (just the opposite as before,
where whe replaced the 6(o) by e iE '). Well, let's do it.
First we replace the last exponential in (A. II.7) by
the identity

569

\d?eixr6(? - R,(0) (A. II.8)
That was trivial. Furthermore I may put the [dxe'"
in (A.I1.7) within the brackets <
therefore it works.

' -

*.('»

> . r is no operator,

>

tj

- UO) >
The part •
the definition:

• represents a <5-function according to

(A.II.9)

To make it a bit easier we shift variables r" = r' — r,
dr" - dr, then rename r" -> r', we get the quasi final
expression.

( A . I I . 10)
\.2K)

J

= R < J rf;'2<5(;' •

Besides ihis is the strict definition of <5(r) if r is an
operator.
( A . I I . 10) inserted into ( A . I I . 9 ) yields:

f "' • *' ~

r, 0= •7

12) = (3.8)
(A.II.11)

APPENDIX III
In the following we calculate a quantum mechanical
expression for the response <DA0.
Derive (4.4)

any operator A transforms

The Schrodinger equation (A.II1.2) reduces then to
•DABO-. r'. '. >') = I < [A(r, /), B(r',

t')]

>

Let us do some perturbation theory.
We had the Hamiltonian (4.1) H(/) = H o + V(/)
V ( 0 = - \B(r')f(r't)dr'

(A. III. I)

The perturbation is switched on at time /„.
The Schrodinger equation is:
(A. 111.2)

We treat the problem in the interaction representation
by means of the unitary transformation:

the wave function transforms:
(A. III. 3)

(A.III.4)

where only the perturbation enters.
We can formally integrate (A.III.4) and get the
integral equation
1 f'
^i(') = <K'o) "*" •? V , ( O * i ( O * '

V(/o) = 0.

i/nKO « Htfr(i)

f7j^,(/) = V,(r)^,(r)

(A.II1.5)

The solution in first order approximation is easily
obtained by replacing the true \\i(t') at the r. h. s. by
the unperturbed wave function ty0 = ^(/ 0 ).

WOauu*;

(A.in.6)

To obtain an expression similar to (4.3) we calculate
the expectation value of the observable A : < A(r) > .
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Remember that the expectation value is the same in
any representation.

Due to the definition (A.III.3) the operators A,
and B, in the interaction reprentation are just the time
dependent Heisenberg operators of the unperturbed
system H = H o .
Compare with the definition of the response (4.3) :
the response function is given by the commutator
[A, B] in the unperturbed state.

in 1. order:
<1>AB('> '"'. ' . ' ' ) = jj < [A(r, I), B(r', /')]

>

- L j'dt' < 4>0 I [A,(0, V,(f)] I ^0 > (A.III.7)
qu. e. d.
I.9) = (4.4)

Inserting (A.IIl.l) for V and writing the space
variables we get finally with t0 -*• — «
< A(r, t) > - < A(r,/0) >

J'

"/lr', f)dr'df
(A.III.8)
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CH-5232 VilligenPSI
ABSTRACT
The present paper mediates a basic knowledge of the most commonly used experimental
techniques. We discuss the principles and concepts necessary to understand what one is
doing if one performs an experiment on a certain instrument

1. The Neutron Scattering Experiment
1.1. Introduction
"A neutron specified by the wave vector k is scattered into a state with wave
vector k'\ the transfer of momentum to the target sample is hQ (Q = scattering vector
= k — k'). Hie basic quantity that is measured is the partial differential cross-section
which gives the fraction of neutrons of incident energy E scattered into an element of
solid angle d£2 with an energy between £" and E' + dE'"

d2a

k

•S(Q,a>).

dCldE'
The differential cross-section has the dimension of (area/energy-solidangle), it is
described in a 4-dimensional space spanned by the variables Q and (0.
On the one hand it is the basic task of the theorist to calculate the differential
cross-section, on the other hand the experimenter aims to extract the cross-section from
the experiment
The 'instrument' is the 'technical vehicle1 that allows the scientist to have
experimental access to the cross-section.
A generic representation of a neutron scattering experiment is shown in Fig. 1.
Neutrons when released from nuclei in the primary source have an energy spectrum that
cannot be used for neutron scattering investigations in condensed matter. The spectrum
must be shifted to the desired range by collisions with moderating material.
Neutron sources radiate more or less isotropically in real space and extend over a
certain range in momentum space. In order to select the desired momentum vector k to
impinge on the sample, a phase space operation (limitation of direction, magnitude and
uncertainty) is needed. After the scattering event, another phase space operation is
required to define k'. With suitable detectors the neutron intensity is recorded and
normalised to obtain the desired information.
We will describe the components of which almost all neutron scattering
instruments are made up and their functions and show how these components can be
combined to contribute in the best possible way to the solution of questions in a large
number of scientific areas.
The interested follower can find additional and more detailed material in the
books given in the reference list
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PS

ss

PO"

PO'

SD DP

Figure 1: Generic representation of a neutron scattering experiment; PS=primary
source, SS=spectrum shifter, PO=selective phase space operator, SE-sample
environment, S=sample, SD~signal detector, DP=data processing
12. The scattering triangle
The vector Q = k — k' can be represented as a triangle as shown in Fig. 2.

Figure 2: The scattering
triangle Q = k-k' for an
inelastic process with energy
transfer hco
13. The kinematic range
In order to see, what region in (Q,<o)-space is accessible in an experiment at a
given k, we can plot the 3-dimensional locus of point B in Fig. 2 as a function of its
co-ordinates Qj (parallel to k), Q2 (perpendicular to k), and ha>. This results in the
surface of a paraboloid with apex (k,O,Ef) whose locus is the dispersion relation for the
free neutron E = h2k2/2m (Fig. 3). In order for scattering to be possible, the scattering
law S\Q,(o) must intersect this paraboloid, whose size depends on k of the incident
neutron only. Understanding the kinematic range of an experiment is of great
importance to judge questions of resolution and the physics leading to measured inten£• ,

Figure 3: The locus for all
allowed
(Q,a>) combinations in a neutron
scattering process is a
paraboloid
with apex
(k,O,E); parabolas are
shown for
different
scattering angles 26
180°
140*
100'

120=

160"
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sides especially in time-of-flight measurements, where either & or k' vary as a function
of time for a given detector.
13. Resolution
Since it is the goal of the measurement to determine S(G,G>) with the maximum
possible precision, it would be desirable to have £ and k' defined as precisely as
possible. Apart from this being impossible due the way in which available phase space
operators work, this would also result in an almost complete loss of intensity and hence
poor counting statistics. It is therefore necessary to retain a finite, but optimised volume
5it and 8k' around Jt and k'. As can be seen from Fig. 4, this results in an uncertainty
of the value of Q, SQ and, of course, also of co, Sco.
The distribution function of 5Q and Sco is called the resolution function
R\SQ,Sa)j of the experiment at (((2)»(©))- The count rate z of the measurement is
then proportional to the convolution of the resolution function with the scattering law
Z({Q),{G>)) ~ fd(SQ) d{Sa>) S({Q)+SQ,{(O)+Sa)) R (5Q,S<a)
Since Q = 2n/p and O>=2JC/T where p is a distance in real space and x is the time,
integrating over a certain range in Q or w, as one does within the resolution of the
instrument, means an average over the corresponding real space - time range. In other
words, phenomena that occur at shorter distances or times than the averaging interval
cannot be resolved.

Figure 4: Effect of uncertainties of k and k' on Q
0.0.0

At the same time it becomes obvious that, if an experiment is performed without
energy analysis this mean integration over all a or measuring the properties of the
sample at t=0, i.e. taking a "snapshot" picture of the sample. This would strictly be true
under the condition that the integration is performed for constant Q, which is not the
case in neutron scattering when measuring at fixed angles due to the kinematic
conditions. On the other hand, if a measurement is made with energy analysis for
G) = 0, this amounts to taking a long time average, i.e. measuring the static properties
or, for example, the mean position of the scattering centres.
Knowing the resolution of an experiment is therefore important in order to be able
to interpret the measured data correctly (in terms of the underlying physics). The shape
of the resolution function is the result of the phase space operations performed on die

vector fields {£} and {£'}, which we will discuss below.
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2. Phase Space Operators
2.1. Beam holes and static collimators
Thermal neutrons (close to the source) are always accompanied by fast and
epithermal neutrons as well as by Y-radiation, therefore heavy shielding is necessary
with only a few penetrations (beam holes) to allow the neutrons to exit The beam tube
is the innermost section of the neutron beam path, it is the first place for installations to
remove unwanted particles and to insert beam forming elements (adapted to the
instrument in the line) as there are shutters, filters, collimators, apertures for beam
cross-section, etc.. Typical dimensions of beam tubes are: length > 400 cm , and
diameters »15 cm. This results in the limitation of the orientation of the vectors \k\ in
space.

Figure 5: Beam tube of
rectangular cross-section

The neutron current becomes

l(k) = \xydxdy0(k)dkxdky
where <P\kj is the neutron flux distribution. Reducing x and y to better define 8kx
and Sky immediately results in a corresponding loss of beam cross section. This
problem can be alleviated by subdividing the cross section into slits, using thin sheets of
a material that is opaque to neutrons. Such an arrangement with only vertical slits is
called a "Soller" collimator. It limits the divergence of the beam in the (horizontal)
scattering plane while leaving the divergence perpendicular to the scattering plane
unchanged, This is allowed in many cases, because, as can be seen (Fig. 3) from
looking down along P , a deviation of k along ky by an angle fi/2 moves the base
point F (projection of k into the scattering plane) and hence the resolution in Q and
co only in 2nd order (Fig. 6).

Figure 6: Effect of vertical
divergence of the beam on
Qand co
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22. Neutron guides
In order for a collimator to be effective, its walls must be opaque for all neutron
momenta. As a consequence, Skx and Sky are given by kz-x/L and kx-y/L
respectively. By contrast, if the walls of a neutron transporting channel are extremely
flat, well aligned and coated with a material of high refractive index for neutrons,
neutrons with a momentum component perpendicular to the walls not exceeding a
certain maximum value will be totally reflected. Since the refractive index is given by
the ratio of the neutron velocities in the medium and in vacuum, one has (using the
Fermipseudopotential 2jc-h2/m• Nb) and AE « E:
_kf_JET
1AE_.
12xh2/
cosj

total reflection occurs for cos yc « 1 2n j1

N

b

which yields
Akx = 47cNb
or
Ak""* - -^4itNb
as the maximum component of the neutron momentum perpendicular to the
surface which does not allow it to penetrate into the medium. Hence, such a channel
will transport neutrons with kx,ky < Ak"™* over long distances. Thus, while at a beam
tube kx and ky depend on kz> they are independent of kz on a neutron guide. This is
shown schematically in Fig. 7. In practice it is possible to increase Ak""" by reflection
from a

Neutron guide

Beam tube

Figure 7: Neutron momentum distribution transmitted through a beam tube and a
neutron guide
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spectra expected for
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sequence of layers with alternan'ngly high positive and negative scattering length
density of variable thickness. Such arrangements are called "supermirrors". They can be
characterised by a number m giving the gain over Ah""* for natural nickel, the element
with the In practice it is possible to increase Ak""* by reflection from a sequence of
layers highest scattering length density. Nowadays m = 2 or more can be routinely
achieved. Fig. 8 compares the neutron spectra obtainable for SINQ at a 6.5 m long
beam tube, a 50 m long guide coated with natural nickel, and a similar guide coated
with a supermirror m = 2. Despite the poorer reflectivity of the SM-guide (R=0.9 vs.
0.995 for Ni), there results a significant gain, even for longer wavelengths, where many
reflections occur in the guide.
23. Time-of-flight monochromators
A static collimator has no effect on the magnitude kx of the wave vector of the
transmitted neutrons, it does not "monochromate". This can be achieved by moving the
collimator at right angles to its direction of transmission in the scattering plane. This
movement can be translational (Fig. 9a) or rotational (Fig. 9b).
In practice, case (a) is accomplished by arranging many slits on a drum whose
axis is parallel to the neutron beam, case (b) is accomplished by slits in a drum whose
axis of rotation is perpendicular to the neutron beam. In both cases the slits are curved
to match the flight path of the neutrons in the moving frame of reference for optimum
transmission.

f
a)

Figure 9: "Monochromatisation" of neutrons by
moving a collimator; in
translational motion (left,
example: Dornier velocity
selector); in rotational
motion (right, example:
Harwell chopper, Bedford et
al. 1968)

Figure 10: Monochromating effect of two disk
choppers at a distance L
from each other; the first
disk chops the beam whereas
a limited velocity band is
selected by the phase angle
between the two disks
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Case (a) allows a continous transmission on neutrons of the desired velocity
range; it is called a "mechanical velocity selector" whereas case (b) chops the beam into
pulses and is called a "Fermi chopper".
A monochromating effect through flight time is of course also possible by having
two disks which are opaque for neutrons with a transmitting slit rotating at a certain
distance from each other. To define the opening time more precisely normally
stationary slits are placed near a disk chopper (Fig. 10) or a second disk rotating in
opposite direction close to the first one can be used.
2.4. Reflection from stationary crystals
While transmission through a collimator limits and defines the direction of kz in
space, Bragg reflection from a single crystal changes the direction of ^ . If the crystal is
at rest, the magnitude of kz is unaffected. The locus for all vectors kz that can fulfil the
Bragg condition Q = G w is the plane through GmJ2 perpendicular to Gm (Fig. 1 la).
This provides an easy way of visualising the effects of imperfections and angular
divergencies o the phase space volume transmitted by a crystal. For a well-defined
direction of kt the effect of the mosaic r\ (i.e. angular distribution of Gm arising from
orientational imperfections) is a broadening of the diffracted beam and a range of
diffracted wave vectors (Fig. lib). If, in addition k has an angular divergence a, the
phase space volume is as shown in Fig. lie. Obviously, a diffracting crystal in
conjunction with a collimator (to define a) acts as a monochromator. In fact, this is
the most widely used phase space operation to define kt or i / in an instrument.
Figure 11: Bragg reflection;
(a) from the lattice planes of
a perfect crystal through an
angle of 20; (b) of an
ideally collimated beam from
a crystal with mosaic spread
V; (c) of a beam of angular
divergence a from a mosaic
crystal

a)

c)

25. Neutron beam filters
Neutron beam filters are used for two reasons: i) beams coming from the
moderator always contain unwanted radiation like fast neutrons and y-rays which
contribute to the experimental background and to the biological hazard potential; ii) the
beam transmitted by a crystal monochromators not only contains the neutron
momentum k the monochromator is designed for, but may also be contaminated by
higher (or lower) order reflections. In order to eliminate or at least substantially reduce
these contaminations, material is placed in the beam path which has good transmission
properties for the desired wavelength and a high cross section for the unwanted ones.
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Strong energy-dependent variation in neutron cross section occurs either in the
case of resonant absorption or by Bragg scattering. In polycrystals scattering occurs
whenever the diameter of the Ewald sphere coincides with the magnitude of a
reciprocal lattice vector. This is shown schematically in Fig. 12a. As an example the
cross section of polycrystalline beryllium is shown in Fig. 13. Beryllium has the "Bragg
cut-off at 4 A; for longer wavelength (smaller energies) Bragg scattering is not
possible and the cross section is determined by phonon scattering and is therefore
strongly temperature dependent due to the occupation numbers of the phonon states.
For large k (short wavelength), the cross section of the polycrystal approaches the free
atom cross section.
intersections of rings
4 concentric to c—axis
7 in reciprocal lattice
' yrolytc graphite
L drawing plane

Loci for reciprocal
lctt^M v«cton
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Figure 12: The Independent scattering
cross section of a
polycrystal (a) and of
pyrolithic
graphite
with the beam incident
along the c-axis (b)
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An unusual case is pyrolithic graphite with reasonable good single crystalline
property along it's c-axis but random orientation perpendicular to it As a consequence,
"rings" are formed in reciprocal lattice space in the planes perpendicular to the c-axis
and with c-axis running through their centre. When one of these rings lies on the
surface of the Ewald sphere, the cross section for a beam incident along the c-axis
becomes very high, but in contrast to a polycrystal drops off again, as the diameter of
the Ewald sphere increases and the ring lies within the sphere (Fig. 12b).
2.6. Shielding
Shielding is an important component of any neutron scattering experiment and it is the
dominating aspect when looking into a neutron experimental area. Shielding has two
main objectives: (i) to protect the experimentalist against biological hazards (primary
shielding, around the source), and (ii) to protect the detector against background
contributions (secondary shielding, around the detector). Neutrons are destroyed by
nuclear reactions whose cross-sections are energy dependent. Neutron shielding is
therefore a mixture or a sandwich structure of slowing-down- and absorbing materials.
Table 1: Absorption cross-sections; Neutron News 3,26 (1992); En=25J meV (1.798 A
2200mis); barn (1 barn-lOOfn?)
3He
5*333

940
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n3Cd
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Figure
13: The
.
„ scattering cross section
•'-!'•• i'fo^~; of
polycrystalline
Beryllium as a function
of the neutron energy
and the temperature
(BNL)

2.7. Detectors
Nuclear reactions commonly used for neutron detection are

+ 4He->7Li+4He

WB^W'

Figure 14: Schematic
layout of neutron
detection
3. Design of Instruments
The phase space operators described in the previous chapter can be combined in a
variety of ways to obtain the desired properties of an instrument, depending on the kind
of science in question (Fig. IS). We will restrict ourselves to a few important examples
of different neutron spectrometer designs. A survey of the range in Q and 6), where
the different instrument types are commonly used is given in Fig. 16.
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Figure 15: Schematic
representation of some
of the types of inelastic
and elastic processes
studied by neutron
scattering;
elastic
scattering often studied
with
no
energy
discrimination; (Axe et
al, MRS 1990)
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Figure 16: Different
types of neutron
spectrometers
and
their
approximate
useful range of energy
and
momentum
transfer
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3.1. Elastic scattering
Elastic Bragg scattering, i.e. with no energy change of the neutron has normally
a much higher cross section than inelastic scattering and therefore no analysis of the
scattered neutron energy is performed. This in fact amounts to integrating the scattered
intensity over all fl) in the kinematic range. Under the limitation that, according to the
paths followed in IQ,CO)- space, the inelastic contributions do not belong to exactly
the same momentum transfer as the dominating elastic ones do, the scattering
measured in this way represents the time average properties of the specimen.
3.1.1. Small angle SANS

Since the spatial dimensions investigated in an experiment at a momentum
transfer Q are of the order of R — 2n/Qt very small Q-values must be measured if the
properties of large structures such as extended defects, voids, macro molecules, etc. are
to be investigated. With the smallest wave vectors present in the spectrum of even cold
sources this still means measurements at very small angles. As can be seen from Fig.
17, the resolution in Q depends only weakly on Akz and directly on Akx. Such
instruments therefore use narrow collimation and coarse monochromatisation as, e.g.
obtained with a mechanical velocity selector. A schematic layout of a SANS-facility is
shown in Fig. 18.

- 0/nox - 0-min

Figure 17: The dependence of Q on Akz and Akx for small scattering angles
3.13. Powder diffraction

Diffraction from polycrystaline samples is a widely used technique to determine
crystal structures and refine parameters. The phase space diagram of powder diffraction
is the same as for the polycrystalline filter, only in this case the directions are
determined into which neutrons are scattered (Fig. 19). This can either be done using a
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collimator
iris

direct beam
stopper

neutron
guide

2—dimensional
position sensitive
detector

(mechanical)
velocity selector

Figure 18: Schematic representation of a neutron small angle instrument
fixed incident energy and examining the scattering at fixed angles or by a combination
of both.
Loci for reciprocal
lattice vectors
in a polycrystol

nodes of reciprocal
crystal lattice of
•*" ^single crystal
intersection of
Ewald sphere
\ / w i t h drawing
f\ plane

directions of scattered intensity in
the drawing plane

Figure 19: Momentum space
diagram for powder diffraction: at constant k intensity
is measured in a detector
scanning the angle around
the sample whenever the
Ewald sphere intersects a
reciprocal lattice sphere

Steady state powder diffractometers are mostly used on neutron sources without
time structure. Rather than moving a single detector around the sample, they are
nowadays equipped with position sensitive detectors to cover a wide range of scattering
angles simultaneously. Fig. 20a shows a schematic layout of the double axis
multicounter diffractometer to be installed at a cold guide at SINQ. The resolution
depends on the d£volume of the incident beam. As can be seen from Fig. lie, the
momentum resolution of the monochromator depends on the angle 26M. Therefore
large monochromator angles arc preferred. Fig. 20b gives the resolution function of the
instrument for a germanium monchromator crystal. The colllimator in front of the
position sensitive detector eliminates scattering from the sample environment, it
furthermore is oscillating to avoid shadowing effects of its channel walls.
Time-of-flight powder diffractometers vary the incident energy and hence the
diameter of the Ewald sphere by using a pulsed neutron beam. If the pulsing is achieved
by a chopper in the beam, the pulse width A t is the same for all neutron velocities v or
flight times L/v. Therefore the resolution A t/t varies inversely with flight time,
becoming very poor for short wavelength or small rf-spacing. Fig. 21 compares such an
arrangement together with a typical diffraction pattern (Fig. 21b) to that of a
conventional 2-axis diffractometer (21a). If a short pulsed neutron source is available,
the pulse width in the slowing-down regime is inversely proportional to the neutron
velocity escaping from the moderator. This leads to a practically constant resolution
over the whole diffraction range and is one of the important reasons for the great
success of pulsed neutron sources in the field of powder diffraction.
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' beam
stop

Figure 20: Schematic layout
of the multicounter diffractometer DMC at the reactor
Saphir at PSI; instrument to
be moved to SINQ

Fig. 21: Functional principles and
diffraction patterns of (a) a
conventional 2-axis diffractometer
and (b) a tirne-of-flight diffractometer
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5.7.4. Single crystal diffraction
If single crystals are used to determine the crystal structure, more information can
be obtained because in addition to the magnitude and structure factor of the reciprocal
lattice vectors Gm also their orientation in space can be determined. Therefore it is
necessary that the specimen can be rotated around three axes in space, which is
accomplished by an Eulerian cradle. In this case only one or a few reciprocal lattice
vectors will lie on the Ewald sphere simultaneously and will lead to diffracted intensity.
It is therefore normally sufficient to have one or two detector arms. Using a (small)
position sensitive detector of good angular resolution is still an advantage because it
allows to determine the intensity distribution of the reflection in all three dimensions
(optimal scanning Fig. 22).
32. Inelastic scattering
Although important information on the time-averaged properties of matter can be
obtained by measuring the total scattering, the real strength in neutron scattering lies in
its potential to investigate the energy transfer in the scattering process and thus provide
information on time dependent processes in matter. The amount of energy transferred,
h(o, represents the time scale involved in the various processes through the relation
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Figure 22: Neutron diffraction experiment and diagrams
in
Q-space
illustrating
detector
movements for optimal
scanning (Werner, Acta
Cryst. A27,665 (1971))
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Figure 23: The 4 circle diffractometer (in construction) for
SINQ, schematic elevation showing the possible motions of the
(2-dim) detectors in the vertical
plane
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t — 2nfh(Q while the resolution in hco gives the time interval over which an average is
taken. In order to obtain the full information on space-time properties of the specimen,
both it and k' must be determined in the scattering process. This can be done by
suitable combinations of the phase space operations discussed in chapter 2. Although
there are many ways to proceed, it is customary to distinguish between those
instruments directly involving neutron time of flight and those, which don't
32.1. Time-of-flight spectrometers TOF
Since neutrons commonly used in scattering experiments have velocities of the
order of a few hundred to a few thousand m/s, their energy or momentum can be
conveniently determined by measuring their time of flight over a distance of a few
meters. Owing to the fact that neutrons are detected by nuclear reactions and hence
terminate their existence at this moment, they can only be detected once. This means
that their starting time at a certain position must be defined by pulsing the beam. It also
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means that only one of the two quantities k or k' can be measured by flight time. The
other one must be enforced upon them by either the use of a crystal monochromator or
by two pulsing devices at a certain distance from one another. Depending on whether k
or k' is measured by time of flight (varied as a function of time) the method is called
direct or inverted time-of-flight techniques. Fig. 24 gives a schematic survey how the
various phase space operators are used. Since the detector positions are fixed there is
generally a large angular range covered by detectors.
In the direct TOF-technique k is fixed and k' is determined by time-of-flighL
This means that the scan for any one of the many detectors arranged around the sample
follows the kinematic curve for the corresponding scattering angle. Scattered intensity is
measured whenever this curve intersects s(Q,fi>), by recording the flight time of the
neutron with the corresponding k'.

direct TOF

inverted TOF

Fermi
type
chopper
double
chopper
0

crystal
plus
chopper

M

seurec

rotating
crystal

filter

It

\

Figure 24: Use of different
phase space operators in
time of flight instruments;
M-moderator
(spectrum
shifter), R=rotor (chopper),
C=crystal, F=filter, L=flight
path, D=detector, S-sample)

S0UP9»

If analysers or cut-off filters are used in the scattered beam (inverted TOF), the
measured energy transfer is by the amount of the analyser energy lower than the
incident energy which varies with time. The resulting loci for Q, a> are shown in Fig. 25
for two scattering angles. It can be seen from the scattering diagram, that the end points
of the momentum transfer vectors lie in planes parallel to the (£,fta>)-plane. If the
sample is suitably oriented this can be a symmetry plane of the reciprocal lattice. This
fact is exploited, e.g. in the PRISMA-spectrometer at ISIS. Here the analyser setting
angles which determine k' of 16 analysers arms are arranged in such a way that the end
points of the Q-vectors lie in the same plane (Fig. 25a). Inverted TOF is mainly used at
pulsed neutron sources, because the spreading out in incident energies comes naturally
with distance of the sample from the moderator.
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sample

b)

Figure 25: The PRISMA-spectrometer (a) schematic sketch; (b) kinematic curves with
measured dispersion curves; (c) intensity scan along the bold kinematic curve in (b)
Fig. 26 shows a schematic representation of the space-time focusing TOFspectrometer FOCUS in construction at SINQ. Behind the converging guide the white
beam is chopped by a disc chopper. The horizontally and vertically focusing
monochromator focuses the beam through a Fermi-chopper on the sample. The
instrument can either be run in the time focusing mode or the monochromatic focusing
mode. This can be achieved by variable distances guide-monochromator and
monochromator sample.

Fermi Chopper

Disc Chopper

Monochromator

Figure 26: Schematic drawing of the time of flight spectrometer FOCUS at SINQ (left);
cut through the main spectrometer components: guide (g), preselector chopper (p),
monochromator (m), Fermi-chopper if), sample (s), beam divergence y0, local divergence per monochromator crystal piece a0 (Mesot et al.), J. Neutron Res. 3, 293
(1996)
322. The back-scattering spectrometer
If reflection from a crystal is perpendicular to the lattice planes (26 = 75(7°) the
term describing Ak* in Fig. lie vanishes because cot6 = 0. The uncertainty in Ak2 is
then only given by the inverse penetration depth of the neutrons into the crystal
AG/G «1/N with N being the number of lattice planes contributing to the reflection.
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This is of the order of 10"4 and is much narrower than die width Ak'l0 obtained from a
crystal according to the previous section. In the back scattering spectrometer, this
advantage is used in the analyser part to determine k" with high resolution. In this case
large areas of nearly perfect crystals are arranged on a spherical support around the
sample position. Neutrons coming from the sample and satisfying the back scattering
condition are therefore reflected back to a set of detectors arranged near the sample.
The analyser system thus works at fixed energy. In order to measure an energy transfer
in the sample, the energy of the neutron hitting the sample must be varied with a
similarly high resolution. This can be done as follows: i) by very good time-of-flight
resolution using a neutron guide to cover a long distance (of the order of 100 m)
between the pulsing device (fast chopper or pulsed source) and the sample; ii) by using
a monochromator which is also designed to work in back scattering and whose lattice
constant can be varied in small intervals as a function of time (e.g. by varying its
temperature); iii) by using a back scattering monochromator mounted on a velocity
drive and using the momentum transfer to the neutrons when reflected from a moving
crystal (Doppler effect).

Figure 27: Schematic diagram of the back scattering spectrometer IN 16 at the ILL,
which uses a Be-filter to suppress higher order reflections from the crystal in the
neutron guide and a horizontally moving second deflector to increase the intensity on
the monochromator by increasing the angular divergence. The phase space volume
reflected from this crystal is time-scanned by a moving monochromator in the back
scattering condition.
Unless a sufficiently large deviation from the back scattering condition can be
allowed to shield the detectors from the direct scattering from the sample, it is
necessary to interrupt the beam for about 50% of the time to make sure that only such
neutrons are recorded that have travelled the distance between the sample to the
analyser and back to the detector. Fig. 27 shows the layout of the new instrument IN16
at the ILL which uses a mosaic crystal to deflect suitable neutrons from a guide and a
Be-filter with background chopper to suppress higher order contaminations and reduce
the background while the detectors are counting. A second deflector which rotates in
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such a way that there exists a velocity component parallel to its lattice planes and at the
same time allows the beam coming back from the monochromator to pass for 50% of
the time is used to deflect the beam to the moving back scattering monochromator. A
very narrow momentum band is selected from the phase space volume and is Doppler
shifted as a function of time to provide the necessary energy sweep for the neutrons
hitting the sample. The energy resolution that can be obtained on a back scattering
spectrometer is in the jieV range.
323. The triple-axis spectrometer TAS
Triple-axis spectrometers are the most versatile instruments for inelastic neutron
scattering experiments. From the experimentalist's viewpoint a TAS offers the unique
possibility of measuring neutron intensities at well-defined locations in momentum and
energy space, e.g. at points of high symmetry or at wave-vector's q where theory
predicts an unusual behaviour as function of the temperature (structural phase
transition), etc..
sample

monochromator

Figure 28: Basic layout of a triple axis spectrometer (TAS); the three axes around
which the respective rest of the spectrometer is rotated are: the monochromator axis
(variation of k), the sample axis (variation of scattering angle), and the analyser axis
(variation of W)
Fig. 28 shows the basic layout of a TAS. Monochromatisation and analysis of the
neutron beam (definition of k and k') are performed by Bragg reflection from single
crystals. Mostly used materials are pyrolithic graphite, copper, and germanium; the
selection being based on the respective neutron scattering properties, the available size
of the crystals, and the mosaic spread. Soller collimators are inserted along the beam
path for tuning the resolution characteristics. Filters are often inserted in the beam in
order to suppress background and higher order contaminations.
Since all the quantities (k,k',26,(p) are variable on a TAS, there are many
possibilities to measure intensity at a point in 0.6>)-space. The most commonly used
type is a scan with k' fixed because the conversion from count rate to cross-section
needs minimal corrections. Furthermore a TAS allows the collection of data points
along well defined path's in (g,ffl)-space, as there are "constant- Q' scan (i.e. scanning
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with energy steps at a pre-defined Q-vector), best use for excitations with small
dispersion), 'constant- o>* scan (keeping the energy transfer tta constant and scanning
along a pre-defined Q, best use for excitations with strong dispersion); or a 'general'
scan with varying Q and (a, some times convenient for best resolution characteristics;
Fig. 29 shows a scattering diagram with a typical intensity distribution.
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Figure 29: Illustration of three possible scans in (Q,(o) -space on a TAS; momentum
diagram and measured intensity distribution corresponding to a general scan through
an optic and an acoustic branch
4. Conclusions
In this paper we have neither attempted to go into details of the technical design
of neutron scattering instruments, nor to cover the full suite of specialised spectrometers
in use on modern sources. It was our goal to promote the understanding of the
underlying principles and the properties of components of instruments as far as they
are relevant to understand the measurements one performs. Details of instruments in
terms of their range and resolution in (g,o)-space and their preferred application to
different fields of science can be found in the user manuals issued by most neutron
scattering centres.
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1. Introduction
The analysis of crystal structure and magnetic ordering is usually based on
diffraction phenomena caused by the interaction of matter with X-rays, neutrons, or
electrons. Even though electron microscopy and scanning probes can achieve atomic
resolution, more detailed information on the 3dim. atomic arrangement of crystals with
its symmetry and chemical bonding as well as magnetic structures and spin densities
requires diffraction methods. The basic theory of diffraction is the same for all types of
radiation. Complementary information is achieved due to the different character of Xrays, neutrons and electrons, and hence their different interactions with matter and
further practical aspects.
Considering only X-rays and thermal neutrons one finds that their wavelengths are
similar (0.5 A < A, < 2.4 A). While the electromagnetic X-ray radiation yields the total
electron density distribution, the nuclear scattering of neutrons probes the density
distribution of the nuclei and the magnetic neutron scattering the spin density of unpaired
electrons.
X-ray diffraction using conventional laboratory equipment and/or synchrotron
installations is the most important method for structure analyses. The purpose of this
paper is to discuss special cases, for which, in addition to this indispensable part,
neutrons are required to solve structural problems. Even though the huge intensity of
modern synchrotron sources allows in principle the study of magnetic X-ray scattering
the investigation of magnetic structures is still one of the most important applications of
neutron diffraction.
2. Reciprocal Lattice and Ewald Construction
Diffraction (or Bragg scattering) means coherent elastic scattering of a wave by a
crystal. The experimental information consists of the scattering function S(Q,co = 0) with
no change of the energy or wavelength of the diffracted beam. For an ideal crystal and an
infinite lattice with the basis vectors ai, 82, &3, there is only diffraction intensity I(H) at
the vectors
H = /iai*-Hfca2*+/a3*

(1)

of the reciprocal lattice. h,k,l are the integer Miller indices and ai*, 82*, 83*, the basis
vectors of the reciprocal lattice, satisfying the two conditions
ai*ai = a2*a2 = 83*33 = 1 and 81*82 = 81*83 = 82*81 = ... = 0,

or in terms of the Kronecker symbol with i, j and k = 1,2,3
5ij = 0 for i * j and 5y = 1 for i = j with Sy = ai*- 3j*.

(2)
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The basis vectors of the reciprocal lattice can be calculated from those of the unit cell in
real space
ai* = (ajXa,0/Vc,

(3)

where x means the cross product, and Vc = 81(32X33) is the volume of the unit cell.
Here is a compilation of some properties of the reciprocal lattice:
• The reciprocal lattice vectors are perpendicular to those in real space: a,*± aj and 3k.
• The lengths of the reciprocal lattice vectors are |3i*| = lA^c|3j||3k|sinZ(3j,3k).
• Each point hkl in the reciprocal lattice refers to a set of planes (hkl) in real space.
• The direction of the reciprocal lattice vector H is normal to the (hkl) planes and its
length is reciprocal to the interplanar spacing d/,w: |H| = l/dAW.
• Duality principle: The reciprocal lattice of the reciprocal lattice is the direct lattice.
From the positions of the nodes of the reciprocal lattice obtained by diffraction
experiments one can determine directly the parameters of the unit cell of a crystal.
Although somewhat abstract, the concept of the reciprocal space provides a
practical tool to express geometrically the condition for Bragg scattering in the so-called
Ewald construction. In this way the different diffraction methods can be discussed.
We consider the reciprocal lattice of a crystal and choose its origin 000. In Fig. 1
the wave vector ko (defined in the crystallographers' convention with |ko| = Ifk) of the
incident beam is marked with its end at 000, its origin being called P. We now draw a
sphere of radius |ko| = 1/X. around P passing through 000. Now, if any point hkl of the
reciprocal lattice lies on the surface of this Ewald sphere, then the diffraction condition
for the (hkl) lattice planes is fulfilled: The wave vector of the diffracted beam k (with its
origin also at P) for the set of planes (hkl), is of the same magnitude as ko (|k| = |kol) and
the resulting vector diagram satisfies k = ko + H. Introducing the scattering angle 2 0
(and hence the Bragg angle ©A*/),we can deduce immediately from 2|k|sin@ = |H| the

000

Fig. 1. Ewald construction, in reciprocal space, showing the diffraction condition for the hkl reflection.
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Bragg equation:
2cWsin0ftW = a..

(4)

In the case of single crystal diffraction a rotation of the crystal and therefore also of the
corresponding reciprocal lattice (which is rigidly attached to the crystal) is often used to
set the diffraction conditions for the measurement of intensities I(H).
If |H| > 2/X (then dhki < A/2) the reflection hkl cannot be observed. This condition
defines the so called limiting sphere, with center at 000 and radius 2/X: only the points of
the reciprocal lattice inside the limiting sphere can be rotated into diffraction position.
Vice versa if X > 2dmax, where dmax is the largest interplanar spacing of the unit cell, then
the diameter of the Ewald sphere is smaller then |H|min. Under these conditions no node
of the reciprocal lattice can intercept the Ewald sphere. That is the reason why
diffraction of visible light (wavelength = 5000 A) can never be obtained from crystals.
Xroin determines the amount of information available from a diffraction experiment. In
ideal conditions X^n should be short enough to measure all points of the reciprocal lattice
with significant diffraction intensities.
The case of powder diffraction can also be discussed by means of the Ewald
construction: An ideal polycrystalline sample or powder is an ensemble of a very large
number of randomly oriented crystallites. Therefore, for a powder only the modulus |H|
without any prefered orientation is defined, represented in the Ewald construction by a
sphere of radius l/d/,w around 000. Its intersection with the Ewald sphere gives rise to a
diffraction cone (opening angle 40) of all possible directions in which diffraction can be
expected (Fig. 2). All reflections with equal |H| = I/dm, i.e. with equal interplanar
spacings, are superimposed.
There are two different powder diffraction methods in use: the angular dispersive
mode (ADP) and the energy dispersive mode (EDP) better known in the case of neutron
diffraction as time-of-flight technique.

diffraction
cone.

Fig. 2. Ewald construction in the case of powder diffraction.
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The ADP method is mainly used at steady state reactor sources (e.g. D2B at ILL).
The sample is placed in a monochromatic beam (k = const.).To each dua belongs a Bragg
angle Qm. The separation of diffraction peaks for different |H| values depends on the
angular resolution.
The time-of-flight powder diffraction method is specially well adapted to pulsed
neutron sources (e.g. HRPD at ISIS). A polychromatic beam hits the sample and the
diffracted intensity is recorded at a fixed scattering angle (20 = const.). The dhkl values
of the reflections result from the different wavelengths X, (or energies) determined by the
time-of-flight technique. High resolution is achieved by time focusing. The EDP method
with its fixed geometry is well suited for diffraction studies under extreme conditions (e.
g. very high pressure).
For a real crystal of limited perfection and size the infinitely sharp diffraction peaks
(delta functions) are to be replaced by broadend line shapes. One reason can be the local
variation of the orientation of the crystal lattice (mosaic spread) implying some angular
splitting of the vector H. A spread of interplanar spacings Ad/d, which may be caused by
some inhomogeneities in the chemical composition of the sample, gives rise to a variation
of its magnitude |H|. The ideal diffraction geometry on the other hand is also to be
modified. In a real experiment the primary beam has a finite divergence and wavelength
spread. The detector aperture is also finite. A gain of intensity, which can be
accomplished by increasing the angular divergence and wavelengths bandwidth, has to be
payed for by some worsening of the resolution function and hence by a limitation of the
ability to separate different Bragg reflections.
All of these influences can be studied by the Ewald construction. The effect of a
horizontal divergence of the primary beam for example is shown in Fig. 3. A so-called coscan can be used to obtain reliable integrated intensities. But the detector aperture A20
has to be adjusted in order to avoid systematic errors especially for larger scattering
angles. It is evident from this example that a large beam divergence may be a limiting
factor for the resolution (i.e. separation of intensities of different Bragg reflections) of a
single crystal diffractometer.
A2 6

horizontal
—1

LWT.

beam divergence

Fig. 3. Ewald construction: influence of the horizontal divergence of the primary beam on the
experimental conditions of Bragg intensity measurements.

56

3. Structure Factor and Bragg Intensities
3.1. Nuclear Scattering
In kinematical approximation, assuming that the magnitude of the incident wave
amplitude is the same at all points in the specimen (this implies a small sample size, weak
scattering intensities, no multiple diffraction and neglection of absorption), the diffracted
intensity is proportional to the square of the amplitude of the scattered wave for each
individual reflection. It can be regarded as a weight ascribed to the reciprocal lattice
nodes.
I(H) - IF(H)I2
The structure factor F(H), in terms of the Fourier transform, contains the complete
information on the distribution of the scatterer density in the unit cell
F(H) = Z bjexp[27ci(HTj)]-Tj(H) = IF(H)|.exp[i(p(H)].

(5)

j

In the case of nuclear scattering of neutrons the structure factor has the dimension of a
length, as has the scattering length bj(H) = bj = const, of nucleus j . Tj(H) is the DebyeWaller factor which takes into account dynamical and static displacements of the nucleus
j from its average position rj in the unit cell
rj = Xjai + Vja2 + Zja3.

(6)

With the fractional coordinates xJ5 yj and Zj (0 < Xj < 1, 0 < yj < 1, 0 < Zj < 1) the scalar
product in the exponential function can be written as
H-rj = hx} + b/j +/ZJ.

(7)

Important: The measured Bragg intensities I(H) from diffraction experiments yield
only the modulus of the structure factors, IF(H)I <*= Vl(H), and not their phases (p(H) (see
Eq. 5), which would be required for the inverse Fourier transform of the data (Fourier
synthesis) to give directly the arrangement of the atoms in the unit cell. The lack of the
phase information is known as the phase problem of crystallography.
In a diffraction experiment normally only relative Bragg intensities are measured. A
SCALE factor is assumed to be rigorously the same for all reflections of one data set.
For merely nuclear neutron scattering and single crystals the integrated relative intensities
are given by
I(H) = SCALELA-IF(H)!2.

(8)

In the case of powder diffraction the intensities are only a function of the modulus of H
I(|H|) = SQMJE-L-Mwr A-IF(H)I2.

(9)

The Lorentz factor L is instrument specific. The absorption correction A depends on the
geometry and linear absorption coefficient of the sample. The multiplicity M/,*/ gives the
number of symmetry equivalent lattice planes which contribute to a powder line at |H|.
Attention: In a powder diagram non-symmetry equivalent reflections with the same
interplanar spacings dAW are perfectly superimposed as well. For the cubic system:
dua = a-(h2 + it2 + l2ym.

(10)
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Therefore powder lines such as 333 and 511 or 600 and 442, which are not symmetry
equivalent in any of the cubic point groups, cannot be separated.
The geometrical diffraction conditions and hence the reciprocal lattice yield the
periodicity of a crystal. The IF(H)I2 values associated as weights to the nodes of the
reciprocal lattice give the diffraction symbol and hence valuable information on the space
group symmetry. Here systematic absences (zero structure factors) can be related to the
choice of a non-primitive Bravais lattice, or to the presence of non-symmorphic
symmetry operations (symmetry operations with translation components).
3.2. Magnetic Scattering
The dipolar interaction between the neutron magnetic moments and the magnetic
moments of atoms (and nuclei) my leads to the magnetic neutron scattering in additition
to the nuclear contribution. In the case of an ordering of the magnetic moments over the
whole crystal (periodic magnetic structure) the magnetic structure factor is given by
FM(H) = X bMj(H)-exp[27Ci(H-rj)]-Tj(H)

(11)

j

with the magnetic scattering amplitude
bMj(H) = (eV2meC2)-fMj(H)-a-mxj(H).

(12)

ViX5 is the neutron spin operator and mxj(H) the projection of the magnetic monent nij
onto the scattering plane (hkl). The magnetic form factor f\ij(H) is the Fourier transform
of the normalised magnetization density Mj(r) of the atom or ion j
fMj(H) = Jv Mj(r)-exp[2iii(H-r)].dr

(13)

with f M (0)=/ v Mj(r)-dr=l.
This is a function of the reciprocal lattice vector H, whereas the atomic scattering factor
fj of X-ray diffraction
= Jv pj(r)-exp[27ii(H-r)]-dr,

(14)

for a spherical electron density Pj(r), depends only on the modulus of H.
The intensity of magnetic and nuclear neutron scattering is of the same order of
magnitude. For unpolarised neutrons the Bragg intensity of nuclear and magnetic neutron
diffraction is simply an incoherent superposition
= IN(H) + IM(H) - IFN(H)I2 + IFM(H)I2.

(15)

For polarised neutrons on the other hand the coherent superposition gives
[IF(H)I2]* = !FN(H) ± FM(H)I2

(16)

with the interference terms ± 2- |FN(H> FM(H)| according to the two possible directions
of polarisation (+ and -). In measuring the flipping ratio at superimposed Bragg
reflections, that means the ratio of the intensities for the two polarisations up and down,
even small magnetic structure factors can be determined quite accurately.
The analysis of a magnetic structure starts with the determination of its periodicity
with respect to that of the crystal structure. The identification of magnetic reflections is
usually accomplished by a careful comparison of powder diagrams recorded below and
above the magnetic phase transition temperatures. A more detailed study of the
scattering vectors, e.g. for incommensurate structures, may require also single crystal

58

experiments. The nuclear structure factors FN(H) can be calculated from the known
crystal structure. In this way the SCALE factor of the data set can be obtained and the
absolute values of the magnitudes of the magnetic structure factors |FM(H)| can be
determined. The individual orientations of the magnetic moments nij with respect to the
basis vectors of the crystal lattice and their magnitudes are then to be calculated.
4. Contrast Variation
Neutron diffraction can be used for an experimental distinction of atoms/ions with
almost equal X-ray scattering amplitudes. In the case of mixed systems it is furthermore
possible to determine a fractional site occupation. Another application of neutron
diffraction is the determination of accurate atomic parameters (positional and thermal
parameters, site occupations) of lighter elements in the presence of heavy ones.
The contrast in conventional X-ray diffraction is directly related to the ratio of the
number of electrons Zj of the different atoms or ions j involved. The atomic scattering
factor fj in the structure factor formula, which represents the Fourier transform of the
atomic electron density distribution, is proportional to Zj (fj = Zj for sin6/X = 0).
Standard X-ray techniques can hardly differentiate between atoms/ions of a similar
number of electrons, and only an average structure - including a total occupation
probability of mixed occupied sites - may be obtained in such cases.
For neutrons the atomic scattering factor fj is replaced by the nuclear scattering
length (or coherent sattering amplitude) bj, which is of the same order of magnitude for
all nuclei but varies from nucleus to nucleus in a non systematic way. bj values, which
can be either positive or negative, depend on the isotopes and nuclear spin states of the
element j . A nucleus of an isotope with spin I may have two different neutron scattering
lengths: one for the combined spin state J = I + Vi and one with J = I - Vi. An important
and fundamental example is provided by the simplest of all nuclei, the proton with spin I
= Vz. The two spin states, J = 1 (triplet) and J = 0 (singlet), with statistical weights 3A and
V* respectively, have the scattering lengths for a free proton:
bsH = -23.7 fm, b'H = +5.38 fm, b^H = V4bsH + 3AblH = -1.89 fm (with 10"15 m = 1 fm).
The value for the bound proton in a crystal structure, which is to be used in the structure
factor calculations, amounts to in bH = 2-bfreeH = -3.741 fm.
The natural isotope mixture and a statistical spin state distribution lead to the
commonly used general formula bj = a-bja+6-bjp+y-bjy+... with the sum of the different
isotope fractions a+B+y+... = 1 (bja, bjp, bj7 are the individual scattering lengths of the
different isotopes of the element j). The natural nickel isotopes, for instance, have
extremely different coherent sattering amplitudes:
b(58Ni) =+14.4 fm, b(60Ni) = +3.0fm, b(61Ni) =+7.6 fm,
b(62Ni) = -8.7 fm, b(64Ni) = -0.37 fm
resulting in an overall scattering length bisa = +10.34 fm.
Neutron experiments frequently make use of compounds containing single isotope
elements, Like fully deuterated samples. Incoherent scattering due to a statistical
distribution of isotopes and nuclear spin states is not discussed here. It may influence the
effective absorption and the background conditions of neutron diffraction studies.
A special possibility of contrast variation, the combination of X-ray and neutron
diffraction information, is demonstrated for the example of the intermetallic compounds
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(Mn,.xCrx)i+8Sb, with 0 < x < 1 (Reimers et al., 1982, [1]). This mixed system is of
special interest due to its magnetic properties: competing magnetic interactions with
isotropic ferromagnetic behaviour for Mni+gSb and an uniaxial antiferromagnetic
structure for Cri+gSb. It crystallizes in the hexagonal NiAs-type structure (space group:
P63/mmc) with some additional partial occupation (< 0.14) of the interstitial site 2(d), see
Fig. 4. Conventional X-ray diffraction cannot differentiate between chromium (Zcr= 24)
and manganese (ZMH= 25) on sites 2(a) and 2(d):
2(a) - 0,0,0; 0,0,1/2 and 2(d) - 2/3,1/3,1/4; 1/3,2/3,3/4,
but yields important information on the overall occupation probabilities M = (Mn,Cr) of
these two different sites: MaMdSb, where Ma stands for the occupation probability of
site 2(a) and M<j for that of site 2(d). The Sb position is assumed to be fully occupied,
thus serving as an internal standard.

(a)
2 Is)

Fig. 4a. NiAs structure

Fig. 4b. Ni2ln structure (filled NiAs-type)

The corresponding nuclear scattering lengths of neutron diffraction are extremely
different with a negative sign for manganese: bo = +3.52 fm and bMn = -3.73 fm.
Remember: A positive value of bj means that there is a phase shift of 180°
between the incident and scattered neutron waves as a consequence of predominant
potential scattering. The few negative bj values - no phase change - result from resonant
scattering.
The knowledge of the overall occupation probabilities Ma and Md - from
conventional X-ray studies - allows the evaluation of the Cr : Mn ratios of the different
sites 2(a) and 2(d) from the corresponding effective scattering lengths determined by
neutron diffraction. In the structure analyses based on the neutron data beff = bMn-PP is
obtained individually for the two sites (PPa = a and PPd = d stands for refined pseudo
occupation probabilities). According to
beff(2a) = a[(l-y)-bMn + y-bo)] and beff(2d) = d[(l-z)-bMn + z-bcr)]
we can calculate
y = [beff(2a)/a - bwn] / [bCr - bMn] and z = [beff(2d)/d - 1>MJ / [bCr - b Mn ].
The detailed site occupations lead to the general formula
(Mni.yCry)a(Mni.2Crz)dSb
site 2(a) site 2(d)

60

corresponding to a chemical composition of Mn[(i.y)a + (i.Z)d]Cr[ya+zd]Sb. It is evident, that
the individual (Cr,Mn) distribution on the two crystallographically different sites 2(a) and
2(d) is not accessible by a chemical analysis. For most of the samples studied, the site
2(a) was found to be fully occupied: a = 1.0. But the formula (Mni.xCrx)i+8Sb used
normally is only correct for the special case of equal Cr: Mn ratios on both sites:
x = y = z and 1+8 = a+d.
The detailed information on the (Cr,Mn) distribution is needed to explain the
magnetic properties of these intermetallic compounds, for which only the spins localized
on the 2(a) sites are involved in the magnetic ordering (see e.g. the complex magnetic
phase diagram in Fig. 5). An overall Cr : Mn ratio from chemical analysis is not
sufficient.
In general, a mixed occupation of one crystallographic site with three kinds of
scatterers - e.g. Mn, Cr, and "vacancies" - requires at least two independent and
sufficiently different pieces of experimental information to determine the fractional
occupancies.

MnSb

CrSb

Fig. 5. Magnetic phase diagram of the system MnSb - CrSb (from Ref. [1]). The vectors indicate the
spin orientations in the different magnetic structures.

5. The Hydrogen Problem in Structure Analysis
The determination of the structure parameters of hydrogen atoms is a special
problem involving different aspects of X-ray and neutron diffraction. It is obvious that
H/D atoms with Z = 1 give only a small contribution to the electron density and,
therefore, they are hardly visible in X-ray structure analyses. This holds especially when
heavy atoms are present. But there is a more general problem: the single electron of H/D
is engaged in the chemical bonding and is not localized at the proton/deuteron position.
This position, however, is of importance when hydrogen bonds - eventually related to the
lattice dynamics or structural phase transitions - are discussed.
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X-ray studies of electron densities of simple molecular crystals, for which
theoretical calculations for isolated molecules are possible, are of special interest in order
to compare experimental and theoretical results for a better understanding of chemical
bonding in crystalline solids. Molecular crystals consist normally of light atoms often
including hydrogen. A combination with neutron diffraction experiments is important to
determine the structure parameters of the H/D atoms properly. More generally, the
structure analysis by neutron diffraction yields separately and independently from the Xray data the structure parameters of all atoms including the mean square displacements
due to static and dynamic (even anharmonic) effects. This complete information can be
used in a so-called X-N synthesis to obtain experimental electron deformation densities
from the measured X-ray Bragg intensities.
One of the most important fields of application of neutron diffraction is the
determination of H/D sites and of their Debye-Waller factors. As an example for a study
of a variety of hydrogen bonds, where the structure model was established by
conventional X-ray analysis and neutron diffraction served especially to localize the
hydrogen atoms, the case of fully deuterated Na2S-9D2O (Preisinger et al., 1982, [2])
was chosen. Its crystal structure (non-centrosymmetric space group: P4,22 or P4322) is
dominated by discrete [Na(D2O)5] and [Na(D2O)4] spiral chains of Na(D2O)6 octahedra
(Fig. 6.).
There are five different water molecules with O-D distances between 0.949 A and 0.983
A, and D-O-D angles from 104.6° to 107.5°. These water molecules are involved
furthermore in six different O-D...S bridges to the S2' ions, which are completely
hydrated and show a slightly disordered icosahedral coordination by 12 D atoms. Details
of the various O-D...O/S hydrogen bonds shown in Fig. 7 are summarized in Table I.

Fig. 6. Na2S-9D2O: A partial view of the crystal structure (from Ref. [2]).
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This information was combined with results from Raman spectroscopy from which the
uncoupled O-D(H) stretching frequencies could be reasonably well assigned to the nine
different O-D(H) groups of the crystal structure.

\ D

0 ..'

Fig. 7. Hydrogen bond geometries of the D2O molecules in Na2S-9D2O (from Ref. [2]).
A

B

C

-D(1)...S
-D(T)...S
O(2) -D(21)...CX5)
-D(22)...S
CX3) -D(31)...S
-D(32)...CX4)
O(4) -D(41)...S
-D(42)...S'
O(5) -D(51)...O(3)
-D(52)...S
mean values
mean values O-D...O
mean values O-D..S
CXI)

A-B

B-C

A-C

0.961(7)
0.961(7)
0.964(7)
0.962(7)
0.977(7)
0.953(7)
0.983(7)
0.973(7)
0.949(7)
0.967(7)
0.965
0.955
0.970

2.359(5)
2.359(5)
1.793(7)
2.550(6)
2.311(5)
1.797(7)
2.294(5)
2.359(5)
1.838(7)
2.441(5)

3.319(5)
3.319(5)
2.752(7)
3.506(5)
3.284(5)
2.730(7)
3.274(4)
3.333(5)
2.768(7)
3.401(5)

1.809
2.386

2.750
3.353

1
ZBAC ZABC ZBAB Z C A C

14(4)
1.4(4)
4.9(4)
5.2(4)
4.7(4)
9.6(4)
3.4(4)
0.3(4)
9.2(4)
5.7(4)

178.0(6)
178.0(6)
172.4(6)
172.8(6)
173.3(5)
165.3(6)
175.1(5)
179.6(5)
166.1(6)
172.1(5)

L

106.3(7) 103.4(2) N a d )
Na(l')
106.1(7) 111.5(2) Na(2)
Na(2')
107.5(7) 116.9(2) N a d )
CX5)
104.6(6) 104.1(2) Na(2)
CX3)
105.5(6) 103.4(2) N a d )
CX2)
106.0
<Na-O>
107.9

A-L

ZLAL'

2.411(4)
2.411(4)
2.588(5)
2.380(5)
2.397(5)
2.768(7)
2.418(5)
2.730(7)
2.485(5)
2.752(7)
2.447

116.1(2)
97.6(2)
104.8(2)
105.5(2)
101.7(2)

167.9
175.2

Table I. Interatomic distances (A) and angles (°) for the hydrogen bonds and the ligands to the water
molecules in Na2S-9D2O (from Ref. [2]).
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Remember: The scattering lengths of the proton and the deuteron are bn = -3.74 fm and
bo = +6.67 fin, respectively. Their magnitudes are comparable to the average of all bj
magnitudes and, therefore, H/D can be considered as "normal" atoms for neutron
diffraction. The different signs of bH and bo may be of interest in Fourier maps for
contrast reasons. Experimental conditions like background and effective absorption are
strongly affected by the huge and exceptional incoherent neutron scattering cross section
of hydrogen (O"inc(H) = 79.7 barns as compared to Oinc(D) = 2.0 barns).Very often
deuterated compounds are preferred in order to profit from the larger bo value, but
mainly to reduce the background from incoherent scattering. This volume dependent
background becomes crucial for neutron powder diffraction experiments, for which
normally sample volumes of more than 1 cm are required.
The hydrogen problem is of special importance for structural phase transitions
driven by proton ordering. As a well known example we present here the ferroelectric
transition in KH2PO4 (KDP). A characteristic feature of its crystal structure, see Fig. 8,
consists in the PO4 groups linked by hydrogen bonds. At room temperature KDP

Fig. 8. Crystal structure of KH2PO4 (after West, 1930, [3])

(a) T c + 2K

(c) T C - 10K

(b) T c - 1.3K

(d) T C - 20K

Fig. 9. Sections through the refined proton distributions in KH2PO4 at: (a) Tc + 2 K, (b) Tc - 1.3 K,
(c) Tc - 10 K, and (d) Tc - 20 K (from Ref. [4]).
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crystallizes in a tetragonal phase (space group: I 42d), where the protons in the
O - H - 0 bonds are dynamically disordered. At T c = 122 K, KDP transforms to a
ferroelectric phase of orthorhombic symmetry (space group: Fdd2) in which the protons
order in short asymmetric 0-H...0 bonds.
R.J. Nelmes and coworkers have studied this hydrogen ordering very carefully by
high resolution neutron diffraction at a series of temperatures close to Tc: Structure
analyses were performed on Bragg intensity data measured with a small neutron
wavelength of = 0.55 A up to a sin8/?i-limit of 1.6 A"1. The contour plots of the refined
proton distributions are shown in Fig. 9. Above T c , the two proton sites in the O - H - 0
bond are symmetry equivalent (related by the two-fold axis of I 42d). Below Tc, one of
the sites becomes increasingly occupied at the expense of the other. The importance of
the hydrogen ordering for the phase transition of KDP can be deduced also from the
large isotope effect on the ordering temperature. For fully deuterated KH2PO4 Tc
increases to 229 K.
6. Molecular Disorder
Disordered structures and pseudosymmetries related to dynamical reorientation
and/or structural phase transitions are of great current interest. In principal, the
dynamical disorder of molecules is due to the fact that the intermolecular bonds are very
much stronger than the external ones between the molecular groups and the surrounding
crystalline frame. It is obvious that the chemical bonding scheme predicts the symmetry
of a crystal structure, and not the other way around. We can state, however, that in the
case of an incompatible point group symmetry of a molecule with respect to its site
symmetry in the crystal structure, molecular disorder is the necessary consequence. In
order to modellize the atomic density distributions correctly in a way to obtain physically
meaningfull potentials, very accurate Bragg intensities over a large sin6/X range are
required. X-ray experiments are generally more restricted than neutron studies because
of the sin6/A. dependence of the atomic scattering factor fj.

• Nickel
O Iodine
<^p NH3 group with
hydrogen disorder
Fig. 10. High temperature structure of Ni(NH3)6l2 (fromRef. [5]). The hexamine coordination is shown
only for the Ni atom at the origin.
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As an example, related to the H/D problem, the dynamical disorder of the NH3
group in the cubic high temperature phase of the metal hexamine halide Ni(NH3)6I2
(space group: Fm3m) is presented. With the NH3 tetrahedra (3m symmetry) on
crystallographic sites of 4mm symmetry (Fig. 10) it is obvious that they must be
orientationally disordered. At 19.7 K, Ni(NH3)6l2 undergoes a first order phase transition
to a probably ordered rhombohedral low temperature modification [5].
Neutron diffraction studies at 35 K and 295 K by Schiebel et al. (1993) [6]
revealed a planar proton density distribution perpendicular to the four fold axes (Fig. 11).
Its four maxima are directed towards the neighbouring iodines according to the influence
of N-H...I bonding. This proton density can be explained as a consequence of a coupled
rotational-translational motion of the amrnine group. The model calculations, also shown
in Fig. 11, are in very good agreement with the experimental results.
0.14

0.14

0.14

-0.14
-0.14

0.1 4

Fig. 11. Ni(NH3)6I2: Proton density in a (001) section at z = 0.23 (from Ref. [6]).
(a) and (b) experimental results at 295 K and 35 K, (c) and (d) calculated densities at 295 K and 35 K.

7. Real-time Diffraction
Time-resolved diffraction experiments have become an important tool in the
investigation of mechanisms and kinetics of chemical reactions and phase transitions.
Especially powder diffraction techniques, where a complete diffractogram may be
recorded simultaneously in very short times, are well suited to identify crystalline phases,
which show up during the tranformation, and in particular short living intermediate
species. It is evident, that the relatively low intensity of neutron beams is a limiting factor
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for the time resolution (diffraction studies below the microsecond limit remain the
exclusive domain of synchrotron X-rays). But there are many interesting processes with
characteristic time scales from seconds to hours as for instance reconstructive phase
transitions, electrochemical reactions in the solid state or thermal decomposition, where
the use of neutrons is advantageous. A larger sample volume may be important to
determine in a quantitative manner the volume fraction of each crystalline phase as a
function of time in order to derive the kinetic law of the transformation. The influence of
the sample environment (furnace, cryostat, reaction chamber, pressure cell, etc.) on the
data, which is crucial for in-situ measurements, is smaller in the case of neutron
diffraction experiments.
In their in-situ neutron diffraction study of the hydration/dehydration of
CaSO4nD2O (V4 < n < 2) Christensen et al. (1985) [7] followed in real-time the
formation of CaSO4-2D2O from CaSO4V2D2O. During the dehydration of CaSO4-2D2O
(between 368 and 388 K) the loss of D2O from the specimen could be deduced directly
from the reduced background of the diffraction pattern.
As another example the nitrogenation of Nd2Fei7 to Nd2FenN3 is presented. Isnard
et al. (1992) [8] performed a quantitative study of the reaction of Nd2Fen with nitrogen
gas from room temperature up to about 730 K. The diffraction patterns recorded every 3
minutes for 15 hours are shown in Fig. 12. The resulting volume fractions of the two
phases are given in Fig. 13.
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Fig. 12. Neutron diffraction patterns of the nitrogenation
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Fig. 13. Evolution of the volume fractions of the two phases versus the reaction time [8].
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A third example deals with the influence of external pressure on combined
structural and magnetic properties. RMn2 Laves phase compounds, where R is a light
rare earth element or Y, display a remarkable first order transition at which the volume
expands drastically on cooling and simultaneously antiferromagnetic order sets in. By
neutron powder diffraction Mondal et al. (1992) [9] examined the p-T magnetic and
structural phase diagrams of YMn2 and proved that for 2.7 kbar the structural
deformation and the helical antiferromagnetic order had disappeared. Fig. 14 show a
thermogram over the temperature range 2 < T < 150 K at a fixed pressure of 0.5kbar.

YMn2

\

0-5kbor

2K\
15*

Fig. 14. Neutron thermogram of YMn2 at 0.5 kbar [9]. Nuclear (n), magnetic (m) and pressure cell (p)
peaks are indicated.

Reversible processes, where the data acquisition can be repeated over many
excitation/relaxation cycles, allow a much better time resolution even with neutrons. In
this way Eckold and Parlinski (1992) [10] studied the phase transitions between

[N.CH 3 ) 4 ] 2 ZnCI 4
Cl

0.41

Fig. 15. Time evolution of the satellite spectrum of [N(CH3)4]2ZnCl4 during sinusoidal temperature
cycling across the 1/3 <-> 2/5 transition. The corresponding temperature profile is shown in the inset.[10]
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modulated structures of [N(CH3)4]2ZnCl4 by temperature cycling of a single crystal. For both
transitions (1/3 <-» 2/5 and 2/5 <-> incommensurate) a definite switching between two well
defined states was observed without intermediate contributions. Fig. 15 displays the time
evolution of the satellite spectrum at the 1/3 <H> 2/5 transition.
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ABSTRACT
A short introduction to instrumental resolution is followed by a discussion of visibilities of
pbonon modes due to their eigenvectors. High precision phonon dispersion curves in GaAs
are presented together with "ab initio" calculations. AI2O3 is taken as an example of
selected visibility due to group theory. By careful determination of phonon intensities
eigenvectors can be determined, such as in Silicon and Diamond. The investigation of
magnon modes is shown for the garnet Fe2Ca3(GeO4)3, where also a quantum gap due to
zero point spin fluctuations was observed. The study of the splitting of excitons in
CsFeCl3 in an applied magnetic field demonstrates the possibilities of neutron polarisation
analysis, which made it possible to observe a mode crossing. An outlook to inelastic X-ray
scattering with very high energy resolution of synchrotron radiation is given with the
examples of phonons in Beryllium and in water.

1. Introduction
Excitations usually mean transitions from one energy level to another, such that a
defined quantum of energy is transferred in an inelastic scattering experiment. The
corresponding signal is a peak in the inelastic spectrum. With the influence of
anharmonicity such signals may become very broad and even overdamped. In the
following we give a list of names for particular excitations, where we include relaxation
phenomena, which in fact are not well defined excitations. But we do this because the
corresponding quasielastic scattering is part of inelastic neutron scattering and because it
often depends on external conditions such as temperature that an excitation goes over to a
relaxing phenomenon, such as a soft mode becoming overdamped near a second order
phase transition or as tunnelling turning into jump diffusion.
Phonons are acoustic or optic plane waves of atomic motions in crystals [1].
Soft modes are phonon modes which soften with temperature (or pressure, or field),
when a phase transition is approached [2], because their eigenvector is similar to the
displacements of atoms at the transition.
Local modes are typically vibrations of dilute impurities, where either the masses or the
forces are different from the host, e.g. low concentration of hydrogen in metals [3].
Librons are coupled rotational oscillations of molecules in crystals [1].
Phasons appear in incommensurate structures with a dispersion which extrapolates to
zero frequency at the satellite of the superstructure, where the phason consists in a phase
shift of the incommensurate distortion [4],
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Amplitudons are the soft modes in incommensurate structures. In this mode the
amplitude of the incommensurate distortion is oscillating [4].
Rotons appear in superfluid helium with a minimum in the dispersion relation around
Q = 2 A-l[5].
Maxons are the high frequency modes in superfluid helium between the acoustic and
the roton modes as part of the same dispersion curve [5].
Ripplons appear on surfaces of liquid Helium [6].
Relaxations are diffusive motions in translation (e.g. in liquids) or in rotation [7].
Jump diffusion appears in thermal activation, when a particle can hop from one
equilibrium position to a neighbouring one (e.g. hydrogen in metals) or a molecular
group reorients around a symmetry axis [7,8].
Tunnelling appears at low temperatures, when the thermal activation is too weak to
produce jump diffusion [8].
Boson peak stands for a maximum at low frequencies in the measured frequency
spectrum of glassy materials [9].
Bending modes show quadratic dispersion for transverse modes travelling along plates
or rods, e.g. layered materials [10].
Magnons or spin waves are plane waves in materials with long range magnetic order,
where the spins precess around the local field (staggered in antiferromagnets) [11].
Stoner modes appear in itinerant magnets and consist in electron-hole excitations with
some interaction. Usually magnons are well observed below the Stoner mode continuum
[12].
Solitons were observed in quasi one dimensional magnetic systems as mobile short
range non linear excitations [13].
Crystal electric field transitions, as observed with neutrons, are electronic
transitions of "magnetic" electrons [14].
Excitons are crystal electric field transitions which show dispersion due to interactions.
Often they are magnetic excitations from a non magnetic ground state (m = 0) [15].
Spurions look like excitations and may mislead the unexperienced. Most of them are
created by elastic scattering from the sample. On crystal spectrometers quite often higher
order reflections on monochromator and analyser are involved, while on time-of-flight
instruments the reason lies often in multiple scattering on obstacles.
All these phenomena (the list is not exhaustive) can be studied by inelastic neutron
scattering and this is the reason why the list is presented. It would be far beyond the
scope of this introductory paper to discuss all these items in more detail. We will
concentrate on some aspects of resolution, chapter 2, of nuclear scattering (phonons),
chapter 3, of magnetic scattering (magnons, excitons), chapter 4, and will give an outlook
to complementary inelastic X-ray scattering, chapter 5.
2. Resolution
To determine the energy transfer in an inelastic scattering experiment, we have to
measure the energy of the neutrons before and after the scattering event We define
ftQo = »ki - **F ; fccoo = tflrim (ki2 - k F 2 )

(1)

where ki and kp are the nominal values of the neutron wavevector before and after
scattering, as given by the instrument setting; ftQo and &D 0 are the nominal momentum
and energy transfer.
In an experiment one observes very generally a signal as a function of Qo and cooThis could be a peak in measured intensity versus energy transfer hcoo. Such signals
contain physical information from the sample blurred by the limited resolution of the
instrument. To derive general aspects of resolution we follow Maier-Leibnitz [16] and
write the intensity AI arriving in the detector as:
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AI = <j>o N -d?G= p f (kf) AGAco
dOdco

(2)

Here <>
| o is the intensity of the monochromatic beam, N the number of scattering
particles (i.e. the sample volume) followed by the double differential cross-section. pf(kf)
is the transmission of the analyser as a function of individual kf's. The solid angle after
scattering Aii and the energy window A© of the analyser are:

The intensity $o reads:
<(>0 = A(ki) • ki pi(ki)Ak U Aki,y A k u

(4)

where A(ki) describes the spectrum of the neutron source and pj (kj) the transmission of
the monochromator for individual kj's.
In the following we will show that the scattering function
S(Q,co) = £• -*&k
f dQdco

(5)

is more suitable for the description of inelastic scattering than the cross-section.
We rewrite AI:
AI = A(ki)N

Pi (ki)

AVi S(Q,co) pf (kf )AVf

(6)

Here we defined volume elements in reciprocal space
AVj = A k u A k i , y A k ^ ; AVf = AkfjX Akf>y A k ^

(7)

In Eq. 6 S(Q,co) describes the physical properties of the sample and pj, pf the
transmission, i.e. resolution of the instrument. This concept is symmetrical for
monochromator and analyser and therefore it is preferable to use S(Q,a), see also Fig. 1.
Vi and V F in Fig. 1 are given by [17]:

Vi =

Pi(ki)dV i ; V F = I pf(kf)dVf
•

(8)

/

The intensity at the detector at a nominal Qo and coo can be written:

I (Qo,)»coo)
coo) ~ II R(Qo - Q, coo - co) S(Q,co) dQ dco

(9)

as the convolution of resolution R and scattering function S. The resolution R is obtained
by the convolution of Vi and Vp, while the maximum intensity is proportional to the
product of Vi and V F . Therefore, in an optimised experiment, Vi and V F should have
similar sizes.
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Fig. 1: Scheme of an inelastic scattering experiment in real space at the left. Monochromator and
analyser are shown as "black boxes". On the right: the triangle Q = kj - kF and the connection to the
triangle -Q = x + q where x is a reciprocal lattice vector and q the wave vector of an excitation.

For a crystal analyser [17]

~k?cot9

(10)

where 6 is the Bragg angle.
For a time of flight analyser
(11)
We quote here only expressions which control intensities for analysers, because usually a
monitor is used in the (monochromatic) beam impinging on the sample.

3. Nuclear Inelastic Scattering
Here we will concentrate on coherent scattering from single crystals. The
scattering function for a "one phonon" excitation of mode j reads:
Sj(Q,co) = Gj(Q, qj ) •

F(G>,QJ)

(12)

For the frequency dependent function [17] we strongly recommend to use
F(co,Qj) = [n

4© H

M

+

where I j is the damping parameter for frequency proportional damping.
With Qj 2 = C0j2 + Tj 2 one can also write

(13)
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Fig. 2: Scattering geometries in an f.c.c. lattice to observe transverse (upper left) and longitudinal
phonon modes in [£00] direction in simple structures such as GaAs, see Fig. 4. Some symmetry points
in reciprocal space are indicated in the upper right.

(CD - (Ojf + i f

(CO + ©jj2 + i f

(14)

All three expressions are mathematically equivalent. But £2j is the physically
meaningful frequency, while ©j appears to be close to the visible maximum of the signal.
The dynamical structure factor reads:
unit cell

(15)
Here b/ is the coherent scattering length, o^j the complex amplitude of particle £
due to phonon mode j within the normalised eigenvector Oj and R/ the equilibrium
position.
The scalar product Qu makes it possible to select the visibility of modes, better to
say one can choose scattering geometries where particular modes are invisible. In simple
structures with high symmetry, Fig. 2 demonstrates the selection of longitudinal and
transverse modes. In structures with many atoms per unit cell labels of "longitudinal" or
"transverse" lose their meaning. Modes are characterised by their irreducible
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T

X
2
2-fold axis

A—

1

1

ad2)
Fig. 3: Eigenmodes o(ti) and a(X2) in a system of three particles in the presence of a 2-fold axis. G(TI)
has 4 degrees of freedom and a(X2) 5. Therefore a(ti) contains 4 modes including the "longitudinal
acoustic" and a(t2) 5 modes including the two "transverse acoustic".

representations. Fig. 3 shows typical modes for a direction with a two fold axis C2. The
representations are
E

C2

-1

(16)

If Q is parallel to the twofold axis, then all modes of representation 12 are
invisible. But not all modes of xi are necessarily visible. Imagine in xi that the amplitude
of particle 1 is zero and th& amplitudes of particles 2 and 3 just opposite to each other and
perpendicular to Q. Then this mode is also invisible. Such selection rules are important,
when one studies complex structures such as AI2O3, presented further down.
GaAs has two particles per unit cell and therefore three acoustic and three optic
branches [19], see Fig. 4. Some of the branches are degenerate. The careful
determination of dispersion branches in many directions, most important in directions of
300

GaAs
200 •

N

C

100

9>

X

W

L

DOS

Fig. 4: Measured [19], on INS at ILL, and "ab initio" calculated [20] phonon dispersion curves in GaAs,
together with the density of states (DOS). The labels I", K, X, L are explained in Fig. 2.
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low symmetry, was necessary to select the most appropriate lattice dynamical model.
Recent "ab initio" calculations [20] gave very satisfying agreement with the experimental
data, see Fig. 4.

Fig. 5: The 30 measured and calculated phonon
dispersion curves in one symmetry direction of
AI2O3 (Sapphire) [21]. The extended zone scheme
is used with the Brillouin zone centres (T) on the
left and on the right and the zone boundary (A) in
the middle. This provides better separation and
corresponds to the visibility, see Text. The
experiment was performed on INI at ILL.

30.0

0.0 o.i 0.2 0.3 0.4 0.5 0.4 0.3 0.2 0.1 0.0

WAVE VECTOR q"

AI2O3 contains two molecular units in the unit cell and has therefore 30
dispersions branches. In Fig. 5 these branches are shown in the extended zone scheme
[21]. This corresponds to the fact that 15 modes are invisible in Brillouin zones with odd
indices and the other 15 in zones with even indices. Fig. 6 shows a scan at the zone
boundary (A-point) where the modes are doubly degenerate. 6 signals were fined to
Gaussians. The fitted widths for the lower two and the upper two peaks agreed with

Fig. 6: A constant Q scan at a Brillouin zone
boundary (A-point), performed with
kF = 5.5 A"1 (Ep = 15.14 THz) kept constant
[21]. The experiment was performed on INI at
Hi.
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silicon LA/LO
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ab initio
calculation
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Fig. 7: The eigenvector (phase between the two sublattices) of Silicon [22] and Diamond [23] for the
longitudinal acoustic phonon branch in [££!;] direction, together with "ab initio" calculations [24],

resolution calculations, while the two signals in the middle were broader. It was
concluded that the lower two signals correspond to modes 4 and 5 and the upper two to
modes 11 and 13. Mode 12 has vanishing intensity at this position in reciprocal space, as
shown by scans in the vicinity and by model calculations. The two broad signals in the
middle of the scan stem from the 5 modes in this energy region. No correlation to a
particular mode could be extracted. To determine phonon dispersion curves in complex
systems it is not a problem to obtain signals. The problem is to correlate an observed
signal to a calculated mode.
It was mentioned above that the dynamical structure factor Gj (Eq. 15) predicts
the intensity of mode j at a particular position Q. If one measures the intensity of mode j
in many different Bnllouin zones, but of course at symmetrically identical positions
within each zone, then one can perform a "dynamical structure determination" to
determine the eigenvector U£ j . This has been done several times mostly in connection
with soft modes near phase transformations [1].
Such an eigenvector determination is more sensitive than measured frequencies to
select the appropriate lattice dynamical model. In this way the phase between the two
sublattices in Silicon and Diamond for the longitudinal modes in the [££!;] direction was
investigated. As one can see from Fig. 7, this phase goes from 0 to 0 in Silicon [22] and
from 0 to n in Diamond [23] and the detailed variation with £ agrees very well with "ab
initio" calculations [20].
MODE1
MODE 2

O-» «-Q
O-» Q~»
(0 0 0) (1/4 1/4 1/4)

(111) (5/4 5/4 5/4)

Fig. 8: Eigenvectors of the two longitudinal modes at the Brillouin zone boundary (0.5 0.5 0.5), the
L-point The circles and squares represent particles of sublattice one and two on the space diagonal in real
space for the diamond structure, which has two particles per primitive unit cell and 8 per f.c.c. cell. These
two eigenvectors are fully determined by group theory. Note that, at the L-point, identical particles
(circles or squares) move in opposite sense. Modes 1 and 2 are called "bond stretching" and "bond
bending". The latter name concerns the surrounding atoms in f.c.c.
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The result, as given in Fig. 7, means that the longitudinal acoustic mode in [£££]
direction goes at the L-point into mode 2 in the case of Silicon and into mode 1 in the case
of Diamond. In other words the lowest longitudinal mode at the L-point in Silicon is
mode 2 and in Diamond mode 1.
So far we discussed coherent scattering. Now we give a short remark on the
significance of the scalar product [Qu] (Eq. 15} for incoherent scattering, where every
particle contributes individually to the scattered intensity [24]. If incoherent scattering is
coming from a single crystal sample, then [Qu] projects out the amplitudes in particular
directions, such as the vibrations of H in the metal single crystal VH0.5 [25].
4. Magnetic Inelastic Scattering
As in the foregoing chapter we will again concentrate on scattering from single
crystals. Magnetic neutron scattering comes from the interaction of the magnetic moment
of the neutron with the moments of magnetic electrons. The scattering function is now
different from Eqs. 12,13,15. The spectral function for Heisenberg antiferromagnets is
the same as for phonons (Eq. 13). For Heisenberg ferromagnets it reads:
• F(co,Qj)

(17)

The dynamical structure factor reads:
unit cell
2

Gmagj(Q,qj) = fro)

S

F^(Q)Fm(Q)e-Wi(Q>w4Q)eiQ(R,-Rm) .

l

(18)
Here y = -1.91 is the gyromagnetic ratio, ro = 0.282-l(H2 cm the classical electron
radius, F(Q) the dimensionless magnetic form factor, a = x,y,z. IX> denotes the initial
state of the scatterer, with energy E\ and thermal population factor px,, and its final state
is IX'>. Thus Glj = Ex'-E^. Sf are the spin operators. The polarisation factor (8aB QaQB/Q2) tells us that neutrons can only couple to magnetic fluctuations perpendicular
toQ.

Fig. 9: Magnetic structure of the garnet Fe2Ca3 (GeO4)3. The squares and the circles describe the two
magnetic sublattices, while the open and full symbols indicate spin up and spin down. The static
interaction between the two sublattices is vanishing in Molecular Field approximation.
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There are two main differences between "phonon" and "magnon" scattering, i) In
"phonon" scattering the projection of the amplitude parallel to Q is visible, while in
"magnon" scattering the projections of the fluctuations onto the plane perpendicular to Q
contribute, ii) The "phonon" intensity increases with Q 2 while the "magnon" intensity
decreases with F^Q)

_r

(111)

A

(x)

x(r) K

(M)

(111)

(1.51.51.5)

Fig. 10: Experimental and calculated magnon dispersion curves in the garnet Fe2Ca3(GeO4)3 at 1.SK
( T N = 12.2K). The result is presented in an extended zone scheme which corresponds to an f.c.c. lattice
[26]. The experiment was performed on IN 12 at ILL.

The Fe 3+ ions in the garnet Fe2Ca3(GeO4)3 form two identical antiferromagnetic
subsystems, see Fig. 9. The interaction between the two subsystems is vanishing within
molecular field approximation for q = 0. A coupling appears only due to zero point
quantum spin fluctuations. The dynamics of the system is described by the Hamiltonian
for a Heisenberg antiferromagnet The measured magnon dispersion curves [26] are
shown in Fig. 10 together with spin wave calculations. As seen from Fig. 9 there are 8
spins per subsystem i.e. 16 spins altogether. Therefore one expects 8 doubly degenerate
branches. But due to symmetry requirements, similar to those discussed earlier, only 4 of
them are simultaneously visible in a particular Brillouin zone. The intensity variation due
to interference between the spins is shown in Fig. 11. This variation was reproduced by
the calculation.
This garnet with two antiferromagnetic subsystems has two acoustic branches
which extrapolate to co = 0 for q = 0. At finite q's the subsystems interact in molecular
field approximation, because the phase differences between spins of one sublattice
produce a magnetic moment at the position of the second sublattice, therefore the
"acoustic" branches have different slopes. But this interaction is vanishing for q —» 0. At
q = 0 a quantum exchange magnon gap due to zero point spin fluctuations was predicted
and measured [27], see Fig. 12. It was a remarkable achievement to observe the gap of
0.033 THz in the presence of a magnetic Bragg peak. The calculated resolution for
inelastic events was 0.015 THz, which would make it very difficult to separate inelastic
from elastic scattering, if the elastic scattering would have been extended in reciprocal
space. Fortunately the sample was of high quality with very small mosaic width.
Therefore the experimental "energy width" of the Bragg intensity was only 0.004 THz,
as indicated in Fig. 12.
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Fig. 11: Two constant Q scans at different
positions in reciprocal space for two
symmetrically related q's.
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A particular advantage of neutrons for magnetic scattering lies in the possibility to
polarise the neutron beam and to analyse its polarisation after scattering. In this technique
we distinguish between the "spin flip" (SF) and the "non spin flip" (NSF) channel.
Without explanation we state here that polarised neutrons are easier to produce at low
energies (cold neutrons). Quite often polarised neutrons are used to separate nuclear and
magnetic scattering. This is not the case in the following example, where polarised
neutrons were used to identify and separate two magnetic excitations, which were very
close to each other in energy.
The Fe 2+ ion in CsFeCl3 has an effective spin = 1. The crystal electric field
produces a splitting between the m = 0 singlet ground state and the m =±1 doubly
degenerate excited state. The exchange interactions are too weak compared to this
anisotropy so that long range magnetic order is absent for T —» 0. The excitations
should be called excitons. An applied magnetic field lifts the degeneracy. If the field is
applied parallel to the anisotropy axis, then a regular Zeeman splitting appears [28]. One
mode goes up in frequency and the other down. The latter - soft mode - leads to a phase
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Fig. 12: The quantum exchange magnon gap due
to zero point spin fluctuations was observed at
the position of a magnetic Bragg peak. The
experiment was performed on IN12 at ILL.
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transformation towards long range magnetic order: ferromagnetic along the FeCb chains
and a frustrated 120° structure between the chains. It was experimentally easy to resolve
the splitting of the modes.
If the field is applied perpendicular to the anisotropy axis, then the degeneracy is
also lifted, but both mode frequencies increase with the field. In a first experiment only
the splitting of the low frequency modes could be observed [15]. In a recently developed
theory [29] it was predicted that the two split modes have a different dependence on field,
so that for a particular region in reciprocal space the modes should cross. This surprising
prediction could only be studied with polarised neutrons.
The crystal of CsFeCl3 was mounted in a vertical field superconducting magnet
with the anisotropy axis [001] in the experimental plane perpendicular to the field. It turns
out that the mode coi which has mostly the higher frequency corresponds exclusively to
S x fluctuations, parallel to the applied field. Due to selection rules for polarised neutrons
[30] this mode appears in the "NSF" channel, while the other one, ©2, corresponds to Sy
and with increasing field also to S z fluctuations. Mode ©2 is therefore observable in the
"SF" channel. Fig. 13 shows sheets of the modes ©1 and ©2 at 3 Tesla. Around (001)
and the symmetrically related point (111) mode ©2 has the higher frequency. These
sheets are calculated with parameters which were fitted to the experimental results [31].
Fig. 14 shows scans at (0.5 0.5 1) and at (111). At 3 Tesla the interchange of modes
can be seen, while at 6 Tesla mode ©ihas the higher frequency everywhere. The small
difference between the centres of the signals was confirmed by many more scans at
neighbouring positions in reciprocal space.

0.5

(QQO)
Qc

Fig. 13: Dispersion sheets of the excitons in CsFeCl3 The applied field of 3 Tesla splits the modes
0 1 , ©2 which are degenerate at zero field. A mode crossing appears around (001) and (111). The modes
001 and ©2 are each exclusively visible in the "NSF" and the "SF' channel, respectively [31].

Polarisation analysis made it possible to observe small splittings of opposite sense
confirming the theoretical prediction. But not only frequencies, intensities also could be
determined separately for both modes. The analysis of intensities and their comparison to
theoretical prediction are in progress.
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Fig. 14: Two constant Q scans which show
the mode crossing, coi corresponds to "NSF"
and 0)2 to "SF1. The experiment was performed
onIN14atILL.
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5. Inelastic Scattering of X-Rays
Inelastic scattering of X-rays with very high energy resolution was developed on
the DORIS storage ring at HASYLAB [32]. The instrument, see Fig. 15, has focussing
monochromator and analyser at Bragg angles very close to 90° (backscattenng). In
backscattering from perfect single crystals the reflectivity per plane of atoms is
proportional to 1/k2, therefore the penetration depth increases as kz and so the number N
of interfering planes. The resolution is then
._L~-L

(19)

Eq. 19 holds equally well for neutrons and X-rays.
difference:

But now comes the

Ex-ray ~ kx-ray

(20)

AE
En

= 2 Akn

AEx-ray _

_
k2

AEn ~ const.;

(21)

Ex-ray
(22)
Ex-ray

The absolute value of energy resolution decreases as 1/Ex-ray for X-rays, while it
remains constant (proportional to the structure factor) in the neutron case.
The easiest way to increase k is the use of higher order reflections. For Si (777),
as used in the first experiments [33], the calculated resolution is AEx-ray = 5 meV with
Ex ray = 13-8 k e V - F i g- 1 6 shows the first phonon dispersion curve measured with
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Fig. IS: The instrument "ENELAX" with focussing monochromator and analyser in backscattering [33].

inelastic X-ray scattering in Be [33]. We extracted measured intensities, Fig. 17, to
demonstrate that Eq. 12 remains valid also for the X-ray case, if only the scattering
length bt in Eq. 15 is replaced by the atomic form factor 'yro F*(Q)Without going into a detailed discussion of the complementarity of the two
techniques, a disadvantage in the X-ray case is the limitation of the effective sample
volume due to absorption, which increases with the weight of the elements. An advantage
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Fig. 16: The first phonon dispersion curve measured with inelastic X-ray scattering [33] in Beryllium,
black dots. The crosses are earlier results from neutron scattering.
Fig. 17: The intensity of phonons measured with inelastic X-ray scattering. The curve is calculated from
Eq. 12 after replacing the scattering length b£ in Eq. 15 by the atomic form
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Fig. 18: Dispersion curve of "fast sound" excitations in H2O with 3200±100m/sec measured by
inelasac X-ray scattering [32]. Full dots give results from liquid H2O and open dots from solid. The
dotted curve indicates the velocity of ordinary sound with 1500 m/sec and the dashed one represents the
sound velocity in Ice.
Fig. 19: "Fast sound" excitations in D2O with 3300±250 m/sec measured by inelastic neutron
scattering [33]. The dashed lines give theoretical predictions and the dashed dotted line the velocity of
ordinary sound with 1500 m/sec.

which we will present in the following lies in the fact that X-rays have practically no
lonematical restrictions for energy transfer at small momentum transfer. In the neutron
case, this kinematical restriction for the investigation of sound waves in liquids at small
momentum transfers requires that the velocity of the neutrons must be higher than the
sound velocity to reach the necessary energy transfer.
This technique has recently been further developed at the ESRF, Grenoble, where
the resolution is now routinely about 3 meV [34].
We here present studies of liquid H2O [34] with synchrotron radiation This was
a repetition of earlier work with neutron on D 2 O [35]. Fig. 18 shows the dispersion
curve in liquid H2O measured with X-rays. The slope corresponds to a sound (fast
sound) velocity of 320Q±100 m/sec, which is double as high as ordinary sound in water
at long wavelengths. This fast sound was predicted by theory and already observed with
neutrons, see Fig. 19. The recent results with X-rays confirm the neutron data. They are
better, because the constant-Q scans could be performed much further out in energy gain
and loss than with neutrons. The X-ray technique with the highly collimated beams and
the high intensity from undulators in storage rings can reach much smaller momentum
transfers than neutrons. Recently the cross over from fast sound to ordinary sound in
H2O was observed [36].

6. Conclusion
Above we have presented studies of excitations by inelastic neutron scattering
together with an outlook to the complementary inelastic X-ray scattering. We will now
add a few comments on how we see the applications of these two techniques
in the
n
future.
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The development of X-ray scattering in general is source driven. The performance
of storage rings and insertion devices for synchrotron radiaiton is in steady progress. For
example magnetic scattering with X-rays produces results, which would not have been
expected a few years ago. Nevertheless polarised neutrons and polarisation analysis will
remain a strong domain in neutron scattering. This is particularly true for inelastic
scattering.
Very generally inelastic scattering with high energy resolution 1 meV >
AE > 1 neV and controlled momentum transfer will remain a strong (even exclusive)
domain of neutrons.
At lower resolution and energy transfers higher than about 10 meV, X-rays have
the advantage that the resolution (in these days AE = 3 meV) stays constant up to high
energy transfers of, say 1 eV. The limitation comes from the absorption of X-rays,
which reduces the effective sample volume. The advantages of higher penetration for
high energy X-rays (100-500 keV) can not be exploited for inelastic scattering in these
days, because one has no technique to produce good energy resolution together with
reasonable intensity.
Therefore, at least for the near future, samples containing heavy elements have to
be examined with inelastic neutron scattering. The different scattering power of elements
for neutrons and for X-rays leads to different interference phenomena also in inelastic
scattering. This is again an aspect of complementarity of the two techniques.
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ABSTRACT
We outline the theoretical and experimental background to neutron scattering studies of critical
phenomena at magnetic and structural phase transitions. The displacive phase transition of
SrTiO3 is discussed, along with examples from recent work on magnetic materials from the
rare-earth (Ho, Dy) and actinide (NpAs, NpSb, USb) classes. The impact of synchrotron x-ray
scattering is discussed in conclusion.

1. Introduction and background theory
In this article we consider how neutron (elastic) diffraction and neutron (inelastic)
scattering are used to give us unique information on phase changes in materials. This has
been one of the most influential fields of neutron research with impact spreading far
beyond the original experiments. Since we can only outline the theoretical and
experimental background to this important area of neutron scattering research, we refer
the reader to specialised texts. For a general introduction to the thermodynamics of phase
transitions there are many excellent undergraduate text-books such as that by Adkins [1].
More specialised texts on critical phenomena in general include Stanley [2] and Yeomans
[3]. For a detailed treatment of the relevant neutron techniques see the book on Magnetic
Critical Scattering by Collins [4] and the article by Cowley [5].
A phase transition may usually be thought of as a change in the properties of a
substance. Examples of everyday phase transitions are the change from ice to liquid water
(melting), or the boiling of water to form steam (evaporation). These are called first
order phase transitions, because the first derivative of the Gibbs function is discontinuous
at the phase boundary. There are discontinuities in the entropy and volume at such a
change of phase; hence there is always latent heat associated with a first order phase
transition (the Clausius-Clapeyron equation).
If we consider the case of the pressure versus temperature phase diagram of a
"simple" substance, Fig. 1, we notice that the boundary between the solid and liquid
phases is always well-defined, while the phase boundary between the liquid and vapour
phases terminates at a specific point, the critical point, beyond which it is possible to pass
continuously from liquid to vapour phases, and vice versa. A phase transition which
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passes directly through the critical point is known as a higher order or continuous phase
transition; there is no discontinuity in the first derivative of the free energy and no latent
heat associated with the transformation. The Ehrenfest classification scheme defines the
order (first, second,...) of a transition to be the order of the lowest differential of the Gibbs
function which exhibits a discontinuity at the transition. In practice "second order
transitions" often display weak first order character very close to the actual transition.
For our simple substance, at temperatures below the critical point there is a difference in
the densities of the two phases, but this difference falls to zero as the critical point is
approached. The density difference between the liquid and vapour phases can be used to
characterise the transition and is known as the order parameter of the transition.
An analogy to the liquid-gas transition is the change in the magnetic properties of
a magnetic substance as the temperature is lowered in zero applied field. An example is
the change of the magnetic properties of Fe, which is paramagnetic above its Curie
temperature (1043 K) and ferromagnetic below it. In zero applied field there is a
continuous transition from one phase to the other. The order parameter of this transition
is the spontaneous magnetisation (M). In the case of antiferromagnets, the total
magnetisation is zero above and below the transition, and the order parameter is the
magnetisation for moments pointing in a specific direction, the suhlattice magnetisation.
Other examples of phase transitions and their associated order parameters are listed below:
Transition type

Example

Order Parameter

Structural
Order-disorder
Ferroelectric
Superfluid
Superconducting

SrTiO3
CuZn
BaTiO3
4
He liquid
Nb,Sn

Rotation of oxygen octahedra
Sublattice atomic concentration
Electric polarisation
Condensate wavefunction
Ground state wavefunction

Consider the very over simplified 2 D model of a ferromagnet shown in Fig. 2.
Well above the critical point T c , in the paramagnetic phase,the elementary spins point in
random directions; there is no sign of any (directional) magnetic order. So we have no
long range order and little sign of short range order either. If we wish to identify a
length scale to characterise this array of spins we are forced to choose the lattice
parameter, a. At very low temperatures, well below T c , things are equally clear. The
strong ferromagnetic coupling aligns nearly all the spins in the same direction, and there
is now strong long range order (technically infinite at T=O). Our characteristic length
scale now measures regions of deviation from the prevailing spin direction, and falls to
zero as T -» 0. Closer to T c the situation becomes more interesting. Because there is no
latent heat associated with a continuous transition the entropy difference between the two
phases is quite small and so statistical fluctuations tend to give rise to short-lived regions
of one phase in the other. As the critical point is approached the entropy difference
decreases further and the length (and time) scales of the fluctuations increase. Thus the
characteristic length increases and diverges as we get closer and closer to the transition
temperature.
The longest length scale over which these regions exist is (roughly speaking)
defined to be the correlation length, £; this becomes infinite at the critical point. It is
important to realise that, although the longest length scale becomes infinite at T c (extends
over the entire volume of the system in reality), regions of correlated order still exist on
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all other length scales, so that we have smaller regions of order within larger ones. At T c
there is no net magnetic moment, and there are exactly the same number of spins in all
the allowed directions. A more accurate definition of the correlation length comes from
introducing the pair correlation function G(r,t) which describes the correlation of magnetic
moments as a function of distance and time. Since much of our interest involves static
correlations (time independent) we can often consider the static pair correlation function
G(r). The correlation length may be defined as the root-mean-square average of this
function. In reciprocal space the corresponding quantity is the inverse correlation length,
What does all this mean for a neutron scattering experiment? As we approach the
transition from above, the growth of the ordered regions will give rise to an increasingly
intense signal, centered on the wavevector corresponding to the low-temperature ordered
structure. The width of this "diffuse" peak will decrease as the correlation length increases
and the inverse correlation length K (in Q-space) correspondingly decreases. At the
transition to a long-range ordered structure a Bragg peak of (theoretically) zero width
begins to grow in intensity as the temperature is further lowered. We now consider this
more formally. The neutron scattering intensity at a particular reduced wavevector q is
proportional to the dynamic structure factor S(q,co). If the scattering is properly integrated
over all energies then the intensity of elastic scattering, the static structure factor S(q), is
simply proportional to the Fourier transform of the static correlation function:

S(q) ~ I exp-i(q.r)G(r)dr

(1)

Ornstein and Zernike [4] have proposed a useful approximation for the form of G(r), by
expanding it in a Taylor series and neglecting higher-order terms. This produces
G(r) ~ exp(r/£)/rd-2

(2)

where d is the spatial dimensionality of the system and ^ is the correlation length. We see
that the correlations fall off faster than exponentially with distance and are infinite at r=0.
The Fourier transform of this gives
S(q) ~ l/(l/£ 2 + q2)

(3)

which is a Lorentzian scattering function. This is an extremely useful form and has been
shown to give an excellent representation of the critical scattering close to many different
types of phase transition. We can also express the scattering in terms of the static
susceptibility x(q) when
X(q) = X(0)/d + (q/K)2)

(4)

where %(0) is the static susceptibility at q = 0. Where the correlation lengths are not
isotropic (the general case) this can be extended to
X(q) = X(0)/(l + (qx/K,)2 + (q/Ky)2 + (q/K,)2))

(5)
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where K^ is the inverse correlation length for the x-direction, etc. When considering
dynamic effects a related Lorentzian function can be used to describe the frequency
widths,
r(q) = r(0V(l +

(CL/K,)2

+ ( q / K / + (qjxj2))

(6)

where F(q) is the characteristic frequency which appears in the dynamic structure factor
S(Q,GO) or the closely related dynamic susceptibility x(Q,co).
What is the interest in obtaining these quantities describing the growth of spatial
and temporal correlations? An exciting feature of critical phenomena is the concept of
universality [4]. The basic idea of critical phenomena is that the parameters describing
phase transitions (the correlation lengths, the susceptibility, etc.) can be described by
power laws in terms of the reduced temperature
t = (T - Tc)/Tc

(7)

such as
K(T) = K(0)

|t|"v

(8)

t|Y

(9)

or

The quantities v, y,... are known as the critical exponents and there are certain
relationships, equalities and inequalities, which connect them. The idea of universality
is that the critical exponents do not depend on the specific details of the system (whether
it is a magnetic or an order-disorder transition etc) but rather are governed by a few
general properties, the dimensionality d of the system, the symmetry of the order
parameter and the long-or-short range nature of the interactions. These powerful
generalisations permit very detailed predictions to be made about the critical behaviour
of a particular system. A more detailed analysis is beyond the scope of this article; for
further information we refer the reader to references [2] to [4].
2. Experimental Issues
Here we discuss a few important experimental points. For more complete
treatments see references [4] and [5]. The most flexible neutron scattering instrument and
consequently the most useful for critical scattering studies is the triple-axis crystal
spectrometer (TAS) [6]. A schematic diagram is given in Fig. 3. A particular incident
neutron energy E is selected from the "white" beam from the reactor by the
monochromator crystal M, normally a metal single-crystal (Cu(lll), Al(002),...) or
pyrolytic graphite (002). The scattering by the sample (S) is analysed in both energy and
direction by the analyser/detector (A/D) system. Soller slit collimators are placed before
and after each element. The power of this technique resides in its ability to probe
specified regions of (Q,a>) space with flexibility in energy transfer and instrumental
resolution. Although it is almost 40 years since Brockhouse and colleagues built the first
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TAS instrument at Chalk River, all major reactor centres operate such instruments which
are still responsible for many major scientific advances.
For studies of critical scattering which is localised near an ordering wavevector,
is quasi-elastic (centred on zero energy transfer), and "sharpens" in both E ansd Q as the
transition is approached, the TAS instrument is unrivalled. Suitable choice of incident and
scattered energies, of collimations and monochromator/analyser crystals allows the
instrumental component of the observed scattering. A detailed knowledge of the
instrumental resolution function is an essential prerequisite for a correct analysis of critical
scattering data. Critical scattering peaks are often barely wider than the instrumental
contribution, which is normally Gaussian to a good approximation. It is essential to
(de)convolute the data correctly, taking proper account of instrumental effects. The
method of Cooper and Nathans [7] is still used extensively, although sophisticated
numerical integration techniques are employed to carry out the integrations over the 3
dimensions of Q and the 4th E dimension of the resolution ellipsoid.
Fig. 4 presents some idealised lineshapes in which model Lorentzian functions
representing the "physics", whose widths change each time by a factor of 10, are
convoluted with a Gaussian resolution function of fixed width. Notice how the width of
the convoluted peak, which is what we measure, changes relatively little for the two
narrowest Lorentzians. There is a major change in the width, however, when the
Lorentzian becomes as wide or wider than the Gaussian. These 3 examples correspond
roughly to the case of T » Tc for the widest peaks, T > Tc for the middle case and T ~
Tc for the narrowest. As a rule-of-thumb, if a reliable measurement (or calculation) of the
resolution function is available it is usually possible to extract "physical" widths down to
about 10-20% of the resolution width. This can be extended downwards if "physical" and
resolution data of exceptional statistical quality are available.
When measuring static critical exponents care must be taken to ensure that the
energy integration covers the full dynamic range of the critical fluctuations (if the
resolution in energy is too good, then contributions outside the resolution ellipsoid will
not be included, falsifying the results). Often this is achieved by measuring in 2-axis
diffraction mode (without an analyser crystal) with a neutron energy sufficiently large to
ensure a complete energy integration. The problems associated with satisfying this quasielastic approximation are discussed in detail in Cowley's article [5]. The fulfilment of
this condition is not always a problem even with a triple-axis analyser, as shown by the
neptunium antimonide experiments discussed below in Section 4.
Although TAS instruments are still employed for most critical scattering
investigations other types of spectrometer are used, such as the neutron spin-echo
instrument or various types of time-of-flight spectrometer [6]. Very promising results are
being obtained by Hagen and collaborators using the PRISMA instrument [8] at the ISIS
pulsed neutron source. A pulsed white beam is incident on the sample and the scattered
energy is analysed by a bank of 16 single-crystal analysers. Thus 16 distinct trajectories
are traced out simultaneously in (Q, co) space. Up to now only 4 detectors have been used,
for static measurements without analysers, but a new 16-detector critical scattering bank
is under development for both static and dynamic critical scattering.

3. Structural Phase Transitions; example, SrTiO3
Strontium titanate has the simple cubic perovskite structure. The antiferrodistortive
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transition at 105 - 110 K is one of the most studied solid state transitions. It is driven by
the condensation of a "soft-mode" at the R-point (1/2,1/2,1/2) of the Brillouin zone. This
antiferrodistortive transition involves rotations of the oxygen octahedra and it is this
rotation angle which is the order parameter of the transition. Although much of the
interest in this transition concerns the dynamical "central peak", for which no completely
convincing explanation has been forthcoming, new investigations have been made at BNL
[9,10] of the static critical scattering, motivated by intriguing x-ray results [11]. Fig.5
presents some typical elastic scans above T c along the [h, 1/2,1/2] direction. As the
transition is approached the scattering gets stronger and narrower in agreement with the
ideas outlined in Section 1. Convolution of a model scattering function, such as Eq. 3 or
Eq. 5, with the resolution function of the instrument allows the correlation lengths at each
temperature to be refined in a least-squares procedure. We shall return to SrTiO3 in
Section 5.

4. Magnetic Phase Transitions; examples, Ho, Dy, NpAs, NpSb, USb.
Many elegant experiments have been carried out on magnetic ordering transitions.
There have been several studies of the paramagnetic to helical magnetic phase transition
in the heavy rare-earth metals holmium and dysprosium. In the helical antiferromagnetic
phase the moments lie in the basal (ab) plane of the hexagonal structure and are strongly
coupled ferromagnetically in this plane. Experiments at ORNL [12] have been motivated
by conflicting theoretical predictions [13,14] for the critical exponents. In Fig. 6 we
present typical lineshape data for Ho [12] taken for two orthogonal directions through the
ordering waveveetor q = (0,0,0.28). Critical behaviour (increased intensity and narrowing)
is observed as the Neel point (TN = 132.2 K) is approached. The critical scattering of both
Ho and Dy is anisotropic as shown by the results of the fitting procedure (Fig. 7), using
a variant of Eq. 5, where distinct inverse correlation lengths were obtained for the basal
(ab) plane and c-direction. However, the power-law fits (e.g. Eq. 8 or 9) in terms of the
reduced temperature (Eq. 7) are seen to correspond to very similar critical exponents, v
(i.e. the slopes of the log-log plots are the same within error). These new values agree
well with the more recent theory [14] suggesting that Ho and Dy belong to a new
universality class which includes 3D XY antiferromagnets with a layered triangular lattice.
We now consider a group of actinide antiferromagnets, starting with the exotic
materials neptunium arsenide and neptunium antimonide. These are representatives of a
class of actinide antiferromagnets with the simple rock-salt (NaCl) structure which exhibit
a fascinating range of magnetic behaviour and structures. NpAs orders at TN = 173.6 K
into an incommensurate structure with an ordering wavevector of q = (0,0,0.23). This
corresponds to a longitudinal magnetic modulation (with a repeat distance of 1/q - 4.3
unit cells) in which the spin direction is parallel to the propagation direction q. The Np
spins lie in sheets, stacked along the [0,0,1] direction. At lower temperatures (158.2 K
and 140 K) there are other magnetic transitions. The anisotropic interactions in this
nominally cubic structure are reflected in the anisotropy of the critical fluctuations [15]
as exemplified by Fig. 8. Orthogonal scans made at ILL at T = 176.85 K are shown; the
large anisotropy in the width, a factor of about 3, is evident. The corresponding inverse
correlation lengths are also plotted in Fig. 8 (right-hand panel), corresponding to an
exponent v of 0.73, close to the theoretical 3D Heisenberg model value of 0.7. NpSb has
a much simpler magnetic phase diagram with a single transition to a type-I

92

antiferromagnetic structure (i.e. q = [001]) at 199 K. Similar data to those of Fig. 8 are
presented in Fig. 9 [15] where once again the anisotropy in the critical scattering is
obvious. The right-hand panel of this figure shows how the integrated intensity of the
(110) magnetic Bragg peak varies with temperature below TN. The two different lines
were obtained with (lower) and without (upper) an analyser crystal. The fact that the lines
are parallel means that the intensity exponent P is the same from the 2-axis and 3-axis
measurements. Hence the quasi-elastic approximation (Section 2) was satisfied as the
energy width of the critical fluctuations was very small. In fact this last point was verified
directly by making energy scans.
To conclude this section we consider uranium antimonide, the subject of a number
of neutron investigations of spin structures and dynamics. USb also has the rock-salt
structure and orders antiferromagnetically at 212.5 K into a (triple-q) type I structure.
Examples of the critical scattering observed at ORNL [16] are given in Fig. 10 where the
left-hand curves are wavevector scans while those on the right are energy scans, probing
the dynamics of the critical fluctuations. The resulting power-law plots are shown in Fig.
11. The upper two lines are the inverse correlation lengths K^ in direction [110] and Ky in
the orthogonal direction [001]. They are seen to be different, reflecting again the
anisotropic magnetic interactions, but have similar critical exponents v of about 0.7. The
lower curve is the characteristic frequency (Eq. 6) with exponent A of 1.6. These are close
to the 3D Heisenberg values.

5. Concluding Remarks
From the above it might appear that everything is understood about phase
transitions, that in general the experimental exponents are in accord with the most modern
theory, and that all the excitement has gone. This is not the case! Our acceptance that
phase transitions are well understood has been challenged by a series of puzzling
observations made using x-ray diffraction. In a series of laboratory experiments in the mid
80s Cowley, Nelmes and their collaborators in Edinburgh discovered that the static critical
scattering lieshapes at structural phase transitions in perovskites (such as SrTiO3,
introduced in Section 3) could not be described in terms of a single correlation length.
This was followed up by synchrotron radiation studies where the very high wavevector
resolution allowed a clear separation into sharp and wide components. Fig. 12 shows a
"two-component" lineshape observed by synchrotron x-ray diffraction [11] compared with
a comparable neutron scan which only exhibits a single (relatively) broad peak. More
recently such double peaks were observed at magnetic transitions in synchrotron magnetic
scattering experiments. A good example is given in Fig. 13 for USb [17]. The broad
component is described by the exponent derived from the neutron experiments [16], but
the sharp component is also "critical" (with a very similar transition temperature) but with
a very different exponent. Very high resolution neutron scattering has shown up doublepeak critical scattering in holmium [18]. The origin of the extra sharp peak is still
unclear, but it appears that strains in the near-surface region are involved. This work has
led to a resurgence of interest in phase transitions and a reassessment of "standard" theory.
There is a bright future for neutron scattering as this recent work has shown that the
combination of neutron and x-ray results is a very powerful tool for the study of phase
transitions.
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ABSTRACT
This lecture aims at giving some illustrations of the use of Incoherent Quasielastic
Neutron Scattering in the investigation of motions of atoms or molecules in phases with
dynamical disorder. The general incoherent scattering function is first recalled. Then the
Elastic Incoherent Structure Factor is introduced. It is shown how its determination
permits to deduce a particular dynamical model. Long-range translational diffusion is
illustrated by some experiments carried out with liquids or with different chemical
species intercalated in porous media. Examples of rotational motions are provided by
solid phases where an orientational disorder of the molecules exists. The jump model is
the most commonly used and yields simple scattering laws which can be easily handled.
Highly disordered crystals require a description in terms of the isotropic rotational
diffusion model. Many of the present studies are concerned with rather complicated
systems. Considerable help is obtained either by using selectively deuterated samples or
by carrying out measurements with semi-oriented samples.

1. Introduction
Incoherent Quasielastic Neutron Scattering (IQNS) is a technique which provides
information about both the dynamical and the geometrical aspects of motions of
molecules. The term "Incoherent" neutron scattering refers to a scattering process in
which the neutron interacts with the same scatterer at two successive times.
"Quasielastic" scattering is mainly interested in small energy-transfers, typically ± 2 meV
(± 16 cm~l) which originate from interactions of the neutrons with particles moving over
time-scale c.a. lO"10 - 1O"12 s. Such phenomena introduce a broadened component under
the elastic line originating itself from the neutrons scattered without energy-change. An
accurate investigation of the exact shape of this quasielastic component and a comparison
of its relative amount with respect to the purely elastically scattered intensity yield the
Elastic Incoherent Structure Factor (EISF), i.e. the long-time limit of the intermediate
scattering function, which is directly related to the region of space accessible to a
scatterer and contains precise information about the geometry of the motions. The
characteristic times associated to the different motions are determined from the width of
the broadened part and their temperature-dependence gives an idea of the potential
barriers against the reorientations. A flourishing development of theoretical models has
made the IQNS technique complementary to infrared or Raman light-spectroscopy,
nuclear magnetic resonance, dielectric relaxation and X-rays.
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2. Basic aspects of IQNS
The incoherent scattering function S(Q,co), where Q is the momentum transfer vector
and ho) the energy gain for the neutron is the time-Fourier transform
S(fi,fl» = —f~

KQ,t) t-i(Otdt

(1)

27tJ-°°

of the intermediate scattering function I{Q,t). The latter is itself given, by the correlation
function

where f(t) and r(0) are the positions vectors of the scatterer at time t and at time 0,
respectively. Translational, rotational and vibrational motions change the position vector
of the scattering nucleus. A common hypothesis generally assumes the dynamical
independence of these motions so that I(Q,t) is expressed as the product of the three
contributions.
I{Q,t) = Itrans(Q,t).Irot(Q,t).Ivib(Q,t)

(3)

Molecular vibrations occur on a time-scale much shorter than the diffusive processes and
finally S(Q,co) can be separated into two parts [1]

S(Q,co) = C~<U2>Q2 \squasi{Q,(o)

+ Sinel(Q,co)}

(4)

The Debye-Waller factor e~<M > ^ takes care of all lattice and molecular
vibrations. The inelastic term Sinei(Q,co) is directly related to the frequency distribution
of the vibrations and contributes little in the quasielastic region. Squasi{Q,(O) is a
quasielastic term which contains the effects due to translational and rotational motions. If
any coupling is neglected, Squasi(Q,co) is simply the convolution product
t{Q,CO)

(5)

of the scattering laws Strans(Q,co) and Srot(Q,co) for translational and rotational
motions, respectively. Each intermediate scattering function Itrans(Q^) anc* hot^Q^)
can be formally splitted into its constant limit at infinite time I(Q,°°) and its timedependent part. Therefore both Strans(Q,co) and Srot{Q,(o) can be written as:
S(Q,co) = I(Q, oo)d(co) + Sie(Q, co)
where
t~imdt

(7)
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The scattering function appears composed of a purely elastic contribution
superposed on a broadened component, 5^e(g,ft>), the overall width of which is directly
related to the characteristic times of the motions (Fig. 1).

Phase I: T = 298 K
Q = 1.98 A"'

c
>. 2
CO

CO

1C

o
O

-1.0
0.0
1.0
Neutron Energy Transfer (meV)
Fig. 1: Example of quasielastic spectrum obtained in the disordered phase of sulpholan. The separation
between the purely elastic and the quasielastic part is indicated as obtained from the refinement of the
theoretical scattering function.

At infinite time the system relaxes to the equilibrium distribution of the scatterer:
(8)
As defined by Eq. 8 I(Q,°°) is a measure of the spatial equilibrium distribution of the
scatterer. It vanishes in the case of long-range translational diffusion but any restriction in
the volume of the space accessible to the scatterer yields a finite value of I(Q,°°). More
precisely, in the case of a scattering particle moving freely inside a volume V, the
probability to find the scatterer in the unit volume around any given point r(°o) at
infinite time is simply V~l - » 0 for sufficiently large volume V, so that I(Q,°°) = 0.
Therefore a characteristic feature of the scattered intensity from a liquid or any material
with dynamical translational disorder, like hydrogen in metals, superionic or protonic
conductors, etc, is the absence of elastic peak (if Q * 0). Conversely, the existence of an
elastic component in the scattered intensity indicates the presence in the sample of a
scatterer, the motion of which is essentially located in space (as in the case of rotational
motions). It should be noted that the instrument resolution introduces a long-time limit in
the determination of I(Q,t) beyond which I(Q,°°) cannot be measured (the deltafunction appears in the experimental spectra as a sharp peak with finite width).
By integrating the incoherent scattering law over the energy transfer hco at constant
Q we get, from Eq. 1
H S(Q,(Q)d(D= [°°
J—oo

(9)

J—o

KQ,°°) is the fraction of the total quasielastic intensity contained in the purely elastic
peak. It is called the Elastic Incoherent Structure Factor (EISF). Providing that the
separation between the sharp, purely elastic, component and the wider, quasielastic
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contribution can be performed, the EISF is a measurable quantity evaluated for each
modulus and direction of the momentum transfer, Q, by the ratio

(10)
where Iel(Q) and lqe(Q) are the integrated intensities corresponding to the elastic and
quasielastic part of the spectra.

3. Long-range translational diffusion
Neutron studies have stimulated several types of descriptions. The most simple is
the continuous diffusion according to the Fick's law. It corresponds on the microscopic
scale to the Brownian motion of particles and yields a lorentzian-shaped scattering
function. The broadening varies as DQ2 and thus enables the determination of the
diffusion constant D. A good example is provided by liquid argon. Hydrogen diffusion in
solids rather occurs through a jump-diffusion mechanism: the Chudley-Elliott model [2]
shows a departure from the DQ2 law. The Singwi-Sjolander model [3] takes into account
successive oscillatory and diffusive states and was elaborated to interpret the mechanism
of diffusion of molecules in water. These models were also used to describe the diffusion
of various chemical species (methane, ethane, propane) adsorbed in the cavities of
zeolites [4].

300.

Fig. 2: Evolution of broadening of the spectra as a function of the momentum transfer for liquid water and
comparison with the Singwi-Sjolander model. The deviation from the Fick's law is illustrated.
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4. Reorientations about a single axis
The one-proton incoherent reorientational scattering function corresponding to a
jump-model among N equivalent positions equally spaced over a circle of radius r is well
known [1, 5, 6]. A very simple case is provided by 120°-rotations. The scattering law
involves a single quasielastic component and reads (for a powder sample):
S(Q, co) = AQ(Q)8(Q)) + Ax ( 0

(11)

The expressions of the structure factors are
(12a)
(12b)
where Jo(Qr^3) denotes the spherical Bessel function and r is the rotation radius.
An example of application of this model is provided by the rotation of methyl
groups about their threefold axis, as observed in many polymers (polyacetaldehyde,
polydimethylsiloxane, polypropylene, polymethylmethacrylate [7]) or biopolymers [8].

1.0

"2 0.5-

Momentum Transfer (A")

Fig. 3: Experimental values of the EISF in the disordered phase of sulpholan and comparison with the
theoretical variation predicted by the jump model over six-sites.

Reorientations over a larger number of sites are observed with molecular
compounds. C5H5 rings of nickelocene undergo 2rc/5 -jumps. In the disordered hightemperature phase of sulpholan (h.c.p.), the molecules reorient about their own twofold
axis by 60° jumps (Fig. 3). A larger number of sites was found in the case of
cyanoadamantane C10H15CN. The f.c.c. structure of the lattice is achieved by a
stochastic distribution of the molecules along the lattice [100] axes. Because of the
threefold symmetry of cyanoadamantane, the molecules jump among 12 sites around
each lattice axis.so that the fourfold symmetry of these directions is maintained.
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5. Reorientations about several axes
Adamantane C10H16 (tricyclo[3, 3, 1, I 3 ' 7 ]decane is a cage-like molecule with
tetrahedral symmetry. The cubic symmetry (Fm3m) of the room-temperature phase is
achieved by a disorder of the molecules which can occupy two distinguishable
orientations, related by 90°-rotations about the [100] axes of the f.c.c cell, the molecule
and lattice threefold axes being coincident. Group theory leads to 5 characteristic times
(Tl> ^2,T 3,T4,T5)> elated to each of the irreducible representations (A\, A2, E, T\, r 2 ) of
the 0 group. Their expressions involve the average times between two successive jumps
about each lattice direction: 90° rotations about [100] axes (tc 4 ), 180° rotations about
[110] axes xc' 2 )' 1 2 0 ° jumps about [111] axes (TC 3 ) and 180° jumps about [100] axes

2 -+ • 2
T

I2

c4'

1

-+- 3

Tr'

i.
T4

1

4
4

i

2

1

»Tc,

4-

4 '

1
t

+-

4

+ TT-.

(J2)

(13)

[011]

Fig. 4: Variation of the EISF corresponding to the model based on 90° jumps about [100] lattice
directions as a function of the modulus and of the orientation of the momentum transfer vector in the
plane of the reciprocal lattice containing the [100], [111] and [011] directions.
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Three models can be envisaged depending on the occurrence of the different
reorientations. When using a single crystal sample, the scattering law depends on the
orientation of the scattering vector with respect to the specimen. Fig. 4 illustrates the
variations of the EISF in the reciprocal lattice. In spite of the strong attenuation of the
scattering arising from the large Debye-Waller factor which prevented the recording of
accurate spectra at large momentum transfers (Q > 3.5 A" 1 ), experimental data could be
analysed in terms of their purely elastic and quasielastic parts. The distinction could be
made in favour of the 90°-jump model [9].

6. Reorientations about molecular and crystalline axes:
Group theory permits to calculate the scattering function when motions about both
fixed (crystal) and mobile (molecular) axes are involved. Bicyclo-octane (BCO) and
triethylenediamine (TEDA) are globular molecules, with the same symmetry. They show
a phase transition from an hexagonal ordered phase to a high-temperature, f.c.c. plastic
phase in which they reorient themselves between eight, equally weighted orientations
with coincident threefold molecular and crystal axes. Around each [111] direction, there
are two orientations separated by a 60°-rotation. The evolution of the characteristic times
associated to each motion versus temperature suggests a stronger steric hindrance in
TEDA than in BCO, in accordance with the lattice parameters at 7 = 300 K {a = 8.86 A
and 9.10 A for TEDA and BCO respectively). The dominant role of the interatomic
potential between nitrogen atom and other atoms was also evidenced [10].
Following the original study of adamantane, adamantanone C\o H14O and several
adamantane halides C10H15X (X = F, Cl, Br) were extensively investigated in their
plastic phase. According to the nature of the substituting atom on the adamantyl cage, the
departure from globular symmetry is more or less important. The effects of steric
hindrance were shown and all the experimental data could be interpreted in terms of
jump-models based upon two types of reorientations.

7.

Isotropic Rotational Diffusion (IRD)

Norbornane (NBA) exhibits at 7 = 306 K a transition between an h.c.p. and a f.c.c.
plastic phase. The IRD model was found well-adapted to describe the motions in both
phases. In agreement with NMR, no discontinuity was observed for the rotational
diffusion constant at the h.c.p.-f.c.c. phase transition: £>R = 2.03 x \0i2exp(-AH/RT) s'l
with the activation energy: AH = 6.14 kJmoH, in agreement with NMR [11]. At lower
temperature, the EISF markedly deviates from the IRD model, but does not reduce into a
uniaxial rotation. That was explained by the formation of ordered domains of closepacked molecules, the other remaining free to rotate. Similar effects are observed with
hexamethy lethane.
Norbornadiene (NBE) differs from NBA only by the presence of two double bonds.
The liquid crystallises at 254 K either in a stable h.c.p. (a = 5.89 A, c = 9.51 A) or in a
metastable f.c.c. structure (a = 8.80 A), depending on the conditions of cooling. The EISF
is identical in both phases but the motions appear much less isotropic, even at the highest
temperature, as compared with observed with NBA. in particular, no IRD is observed,
because the EISF does not decrease to zero. A correct description requires a combination
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of uniaxial reorientations with a simultaneous displacement of the centre of mass of c.a.
0.6 A [12]. The characteristic time of the motion follows an Arrhenius law:
t = 2.5x 1012 exp(AH/RT) s with the activation energy: AH = 4.62 kJ.mol"1. In the liquid
phase of NBE, a long-range displacement of the centre of mass of the molecules is
responsible for an additional broadening of the spectra which can be described by the
Chudley-Elliott model.
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Fig. 5: Experimental values of the EISF in the didordered phase of norbornane and comparison with the
theoretical variation predicted by the isotropic rotational diffusion model.

8.

Columnar liquid-crystal phases.

Binuclear copper(II) complexes of fatty acids exhibit a phase transition from a
lamellar crystalline lattice to a liquid crystalline mesophase. The latter structure is
characterized by a two-dimensional hexagonal lattice where binuclear units are stacked
and surrounded by alkyl chains pointing away from the Cu-Cu axis.
Dicopper complexes with various chain-lengths were compared by IQNS. From the
EISF analysis large-amplitude motions were evidenced in the columnar and crystalline
phases. Their amplitude continuously increases when increasing the length of the chain,
and, together with the characteristic times they are temperature-dependent in all phases. It
also appears that compounds with eight external chains are more disordered in their
crystalline phase and less disordered in their columnar phase, with a more continuous
change in the EISF at the transition.
An analysis with selectively deuterated dicopper palmitate samples revealed a
different dynamics of the hydrogen atoms depending whether they are bound to carbons
close to the core or far from it. Finally a similar behaviour of the part of the chain close to
the core of the molecule, irrespective to the chain length, was evidenced.
Further investigations [13] were carried out with dicopper tetralaurate using
spectrometers with a higher energy resolution available from the backscattering
technique. The samples were pseudo-oriented fibres with the axes of the binuclear-core
columns roughly parallel to the direction of the fibre. At the particular value of the
scattering angle 28= 90°, the momentum transfer vector was made successively parallel
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and then perpendicular to the direction of the columns. Thus motions of the alkyl chains
along the direction of the columns or about the column axes could be investigated
separately. The difference observed between the spectra obtained for both geometries
evidenced an anisotropic slow motion of the chains of the molecules around the axes of
the columns.

9. Organic inclusion compounds.
C9H16NO2, (tano), forms stable crystalline inclusion compounds with linear
alkanes. The guest molecules are enclosed end-to-end into parallel channels, 18 A apart,
with a diameter of 5 A. There is a dynamical disorder of the alkyl chains inside the
channels and also of the tano molecules, between their two chiral forms.
Earlier IQNS studies [14] dealed with tano/heptane and tano/octane and used selectively
deuterated samples. Motions of the molecules of the matrix were evidenced, on two
different time-scales. The faster motion was associated to CH3 rotations (correlation time
tmeth = 1.9X10"1* s at T= 290 K, activation energy AH=\2 kJ.mol"1). The slower was
attributed to the inversion of the tano cycle (Xinv = 3.9X10"1 J s at T= 320 K). A further
experiment on tano/hexadecane yielded a value of Xinv: 9.8 10"^ s at T= 320 K. This
was interpreted as a direct influence of the chain length on the cycle inversion, tano
molecules near the ends of the guest chains being more disordered than molecules along
the chains. The study of tano/bromohexade-cane (tano/BrCi6) and tano/bromodecane
(tano/BrCio) confirms this result: a fraction of the methyl groups appears fixed. Their
number increases with the length of the guest chain. Values of Tmeth are slightly smaller
than found in the earlier IQNS studies of tano/heptane and tano/octane where all the CH3
groups were considered as dynamically equiva-lent. Anyway, the activation energies for
the methyl jumps (AH = 12.6 kJ-mol' 1 for tano/BrCi6 and AH = 13.9 kJ.mol' 1 for
tano/BrCio) are consistent with the earlier value. The inversion of the tano cycle was
recently observed by a high-resolution backscattering technique.
These studies concluded to 120°-jumps of the chains around the channel axis, and
to faster local motions of the hydrogens involving displacements both parallel and
perpendicular to the channel axis, due to local chain torsions. This latter motion was
found related to the 120°-jumps of the alkyl and it was suggested that it could result from
gauche or kink defects of the chains, induced by the flipping of the tano molecule
between its chiral forms. Recent experiments on crystalline needles oriented along the
channels evidenced the anisotropy of these displacements which occur rather around the
channel axis than along it.

10. Conclusion
We tried, through a restricted series of examples, to give some idea of the
information which can be obtained from IQNS. Considerable help in the choice of a
model is obtained from the determination of the EISF, which shows the importance of the
molecule delocalization. Although it is based on some hypotheses which are strictly not
valid the jump model is the most commonly used and it is often able to give an adequate
description of the motions. True IRD is rarely encountered, except in some cases of
highly disordered crystals. Many of the present studies are concerned with rather
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complicated systems. The final part of this lecture shows how considerable help is
obtained either by using selectively deuterated samples or by carrying out measurements
with semi-oriented samples. Thus in the case of columnar liquid crystals, the flexibility
of the chains and the relative motions of their parts were investigated. In the case of
inclusion compounds, the dynamics of the host matrix and of the guest alkyl chains were
analysed separately.
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NEUTRON SCATTERING IN LIQUIDS

FABRIZIO BAROCCHI
Dipartimento di Fisica, Universita di Firenze, Firenze, Italia

I Introduction

The three thermodynamic states of matter in usual laboratoty condition, i.e. solid, liquid
and gaseous states, are clearly defined by means of the thermodynamic phase-diagram of
pure atomic and molecular systems.
Figures 1 and 2 give, qualitatively, two well known different projections of the pressure,
volume and temperature (PVT) space in which the distinction among the three states if
clarified.
Figure 1 shows the projection into the pressure-volume plane while figure 2 gives the
projection into the pressure-temperature plane. In both figures the dashed area represents
the states of the liquid. Therefore, strictly speaking, the liquid is defined as the
thermodynamic states of the system confined in the thermodynamic space below the
critical isotherm, between the solid-liquid and the liquid-vapor coexistence curves down to
the triple point, while above the critical isotherm only solid and gaseous fluid do exist,
even though the gaseous fluid can be at densities as high and higher than the liquid.
This indicates that while the transition from the liquid to the solid always implies a
crossing of the phase separation line, this is not so for the liquid to gas transition. In facts,
it is possible to pass from the liquid to the gaseous phase without crossing the liquid-vapor
coexistence curve.
From these considerations it is immediately understood that there are great similarities
between liquid and dense gaseous states for the majorities of their properties, even though
some similarities do still exist also between the liquid and the solid, in particular in the
vicinity of the triple point.
The similarity between the liquid and the dense gas is recognized to be due to the
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similarities of their microscopic structure and dynamics. Differences do arise from the
different interplay, in the various thermodynamic states, between the kinetic and potential
energies of the microscopic constituents of the system, and in particular from the different
role that the repulsive and attractive parts of the interaction potential play among the fluid
constituents.
The importance of the distinction between the effects of the attractive and repulsive parts
of the interaction potential among the particles in a fluid was first established in the
famous van der Waals equation of state, which can be written:

P(p,T) = P 0 (p,T)-ap 2

(0

P 0 (p,T) = k B T ( l / p - b ) - l

(2)

and

where p is the density, P and PQ are, respectively, the pressure of the real fluid and of the
reference fluid composed only of molecules with repulsive interactions, a accounts for
attractive forces in the fluid and b accounts for the fact that there are short range repulsive
interactions, i. e. molecules have a volume. At low density P is then linear with respect to
p and corrections can take into account the repulsive part of the interaction, while as the
density increases the attractive part becomes important for giving a qualitative description
of the isotherms behavior.
All modern theories of liquids and dense gases follow van der Waals idea and describe on
the same footing both liquids and dense gases giving major consideration to the role of the
interaction potential in determining the properties of the system.
For a liquid far from the critical point the volume change at the melting point is quite small
compared with the volume change on evaporation. This also means that the latent heat of
fusion is small compared with the latent heat of vaporization, so that the interatomic
binding in the liquid is more similar, near the triple point, to that of the solid.
This similarity of some properties of the liquid to the corresponding properties of either
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the dense fluid or the solid makes the theoretical description of the liquid state very
difficult because neither the model which describes the properties of the low temperature
crystal nor the model that describes the high temperature gas can be successfully applied.
In other words, here in the liquid one cannot adopt as a reference model to start for a
perturbative treatment, neither the harmonic oscillator motion of the atoms, which is a
direct representation of the form of the bottom of the potential energy, nor the perfect gas
model, the motion of which is dominated by the kinetic energy.
For a correct description of the liquid state the full energy must be taken into account
from the starting point at full order, this is done by means of integral equation for the
determination of the structure, while the dynamic problem is still quite open for a
satisfactory solution which starts from the microscopic interaction. In the theory the total
interaction U among the N elementary constituents is usually approximated with the so
called pair additive one which is only the sum of the interactions between all the pairs of
atoms in the fluid, i.e.:

U( r] ,....,r N ) = Z U2(ig)

(3)

where rj is the position of the ith atom and rjj = In - r\ I. U2 is an effective atom-atom
interaction which represents the true interaction among all the charges. As an example in
figure 3 the pair potential of argon is given. The experiment refers to results derived by
means of neutron scattering at low density and the line refer to a model function derived
from thermodynamic and atom scattering data. For a correct decription of the properties
of liquids all the portions of the pair interaction potential must be considered.
In order to describe their properties it is useful to classify the different liquids somehow.
This can be done in various ways. Similarly to the solid state any classification shows a
very large amounts of possibilities.
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For example liquids can be classified with respect to the types of effective pair interatomic
or intermolecular interaction in the following way:

1- Spherical molecules (Ar,Kr,CH4....), interacting with isotropic repulsive plus attractive
forces (van der Waals);
2- Homonuclear diatomic molecules (H2, N2, Br2 ...), interacting with van der Waals
forces plus multipolar forces, having shape dependence at short range;
3- Metals and semiconductors ( Na, Hg, Ge....), interacting with long range Coulomb
forces plus soft repulsive forces, with very important electron screening effects;
4- Molten salts(NaCl,....), ionic systems, electrically neutral at local scale, with long range
Coulomb forces plus soft repulsive forces, with electron screening effects;
5- Polar liquids (HBr,....), simple molecules interacting also by means of permanent
dipolar moments, as the most important multipolar effect;
6- Associated liquids or hydrogen bonded liquids( water, glycerol,....), in which the
interaction creates strong angular correlations;
7- Liquids composed of large molecules or compound with important internal degrees of
freedom and internal modes of motion which interact with translations.

Also liquids can be classified with respect to particular properties like in the following:

1- Quantum liquids (He, F^-..) where quantum properties of the atoms or molecules play
an essential role
2- Classical liquids ( Ar, Kr, CI2

) where, because of the mass and temperature,

description can be made in terms of classical mechanics;
3- Conducting liquids ( Metals, Semiconductors, Molten salts....) where electric
conduction plays a primary role
4- Mixtures (ionic solutions, alloys,...) where composition plays an essential role;
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5- Colloids (Dispersion, emulsion, microemulsion,....), almost spherical mesoscopic
system in solution;
6- Polimers, chain molecules of various length;
7- Liquid crystals, rods molecules with strong polar interactions, undergoing ordered
phase transitions;
8- Biological liquids
9- Supercooled liquids and glasses.

The first classification is related to a microscopic universal property, while the second is
more related to a property which classifies the macroscopic behavior.
Modern pure and applied science is interested in the study of an enormous amount of
different problems in the previously mentioned systems, from the point of view of basic
physics, chemistry and material science.
Among others we can mention here the following open field of current research in liquids:

1- The determination of microscopic forces in dense fluid systems;
2- The precise relation between microscopic and macroscopic properties of dense fluids;
3- The nature of the liquid-solid phase transition;
4- The nature of the metal-semiconductor, the metal-insulator, the semiconductorinsulator transitions in fluids;
5- The nature of the elementary excitation in fluids (microscopic dynamics);
6- The properties of Bose and Fermi liquids (^He, ^He, electrons in metals);
7- The structure and dynamics of large molecules and mesoscopic systems (Colloids,
Polimer, Liquid crystals);
8- The hydrogen bond problem;
9- The nature of surfaces and interfaces.
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All the above mentioned fields are of interest for basic and applied research and in
particular for Astrophysics, Physics, Chemistry, Material Science, Hearth Science,
Biology.
Modern methods of research in liquids have the tendency to focus the attention into the
determination of microscopic properties and into the determination of the relation between
microscopic and macroscopic properties, even though the study of macroscopic behavior
by itself is still of great importance.
Among the modern experimental methods which are employed for the study of
microscopic properties of liquids we mention the use of probes like photons, electrons and
neutrons. Theoretical methods have also greatly advanced in recent years. The many-body
theory in statistical mechanics and the methods of numerical computer calculation, both
classical and quantum mechanical, have now reached a high level of refinement.
Here we will briefly mention neutrons as a probe of microscopic structure and dynamics in
liquids. The main reason for the use of thermal neutrons for the study of microscopic
properties of liquids are the following.
Together with X-rays, thermal neutrons are the ideal probe to study the microscopic
structure of condensed matter, however the precision attainable usually with neutrons for
the measurement of the atomic position correlation function in liquids is, at least, one
order of magnitude better than for X-rays. In order to measure properly the microscopic
dynamics a wide range of momentum transfer with corresponding energy transfer must be
available in the range of liquid state excitations. This again is only attainable, with good
resolution, with neutrons. In facts, present techniques with electromagnetic radiation allow
suitable energy transfer to be measured, however usually only for long wavelength and
hence low moments ( 10"3 A~l) with sufficient resolution. Recently a high resolution ( ~
1 meV, which is 10"^ with respect to energy) X-ray inelastic spectrometer has been made
available at the European Synchrotron Radiation Facility (ESRF) in Grenoble, which
somehow is complementary to the use of neutrons. Moreover it is worth to notice that all
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kinds of electromagnetic radiation can be considered to interacts with the electrons of the
atoms, whereas the neutron interacts directly with the point nucleus and therefore is more
suitable to give the static and dynamic correlation of the atomic center of mass of the
liquid constituents, which in turn are the quantities needed for comparison with theoretical
models for studying the microscopic properties of fluids. There is only one big drawback
with the use of thermal neutrons for experiments in condensed matter, this is due to the
very limited intensity per unit frequency and unit solid angle of neutron sources compared
to the modern electromagnetic radiation sources like lasers and synchrotron radiation,
which emit a photon intensity per unit frequency and unit solid angle 10-15 orders of
magnitude larger than the neutrons emitted by the best neutron sources.

II Measured quantities.
For the sake of simplicity in the short discussion reported in these notes, we will limit
ourselves to consider mainly experiments in monatomic fluids.
Usually two types of experiments with thermal neutrons are performed in order to study
the bulk microscopic properties of liquids, i.e. diffraction and inelastic scattering. Both
diffraction and inelastic scattering can be performed, with present instrumentation, down
to low momentum transfer, typically - 10"^ nrrrl for diffraction and ~ 10"^ nm'l for
inelastic scattering.
Another kind of experiment is also performed in order to study liquid surfaces and
interfaces properties , this is neutron reflection, however we will not discuss this one here.
Diffraction is a very general experimental method which is employed to study spatial
microscopic structures in dense systems, solid and liquids, by means of radiation of
suitable wavelength X, which usually is of the same size of the spacing present in the
structure under investigation. In the case of liquids and dense fluids the structure is
dominated by the disorder, quite differently from the case of crystals, and therefore the
correlation of distances at any range is of interest in order to describe the system. Even
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though the simplification of isotropicity is present in liquids, nevertheless here the lack of
periodic order makes the definition of the structure somehow more complicated . In facts
for liquids one must define the structure directly in terms of the space correlation functions
of the system, of which the simplest one is the pair correlation function g(r), without
mentioning any reference to spatial symmetry properties.
In an homogeneous system of N particles confined in a volume V( here in the following
we indicate the density with p 0 =N/V) at thermodynamic equilibrium at temperature T, the
pair correlation function g(r) is defined in such a way that the probability of finding a pair
of particles at distance between r and r+dr, regardless of the positions of the others N-2,
is g(r) dr /V. Here r is the vector distance between the two particles, while g(r) depends
only on the modulus of r because of the isotropicity of the system.
It can be demonstrated from statistical mechanics that:

g(r) =(1/Np o )< I S ( r - r j j ) >

(4)

where 8(r) is the Dirac 8-function and the brackets < .... > denote the equilibrium
ensemble statistical average.
The quantity which is derived from neutron diffraction experiments is relate to the space
Fourier transform of g(r), this is the static structure factor S(k) which is defined as:

S(k) = 1 + pQ J dr exp(ik-r) [g(r)-1 ]

(5)

where k = kj - k s , kj and k s are the wave vectors of the incident and scattered neutrons,
respectively.
Therefore measurements of this last quantity can give , via a simple Fourier
transformation, directly the pair correlation in the fluid which is the first essential
information for the determination of the structure.
Diffraction experiments in liquids are performed, depending on neutron source, property
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under investigation and diffractometer used, with wavelength in the range 0.2 < X < 20 A.
In an ideal experiment one measures the total number of neutrons diffracted by the
specimen under consideration at a given angle, within a solid angle dQ, with respect to the
direction of the incoming neutron beam of fixed intensity. In reality several corrections to
the data must be applied in order to extract S(k).
From these intensity measurements the differential scattering cross section per unit solid
angle da/dQ is derived by means of a procedure which takes into account:
i) the effect of self shielding of the sample;
ii)the effect of the incoherent scattering if present;
ii) the effect of multiple scattering;
iv) the efficiency response of the detector;
v) the anelasticity corrections;
vi) the absolute normalization.
This procedure permits also to derive S(k) because this quantity is proportional to the
measured differential scattering cross section do/dQ.
Inelastic scattering is an experimental method which permits to derive information on the
microscopic dynamic properties of liquids. Similarly to the case of structure, the
microscopic information on the dynamics of the particles in the liquid is studied referring
to correlation functions. In particular the space time correlation function which is related
to an experimentally accessible quantity with neutron scattering is the time dependent pair
correlation function G(r,t) which is defined in such a way that the probability of finding a
particles at distance between r and r+dr, at time between t and t+dt, from the position of
another particle given at time t=0, regardless of the positions of the others N-2 and of the
initial position of the reference particle, is G(r,t) dr /V.
It can be demonstrated from statistical mechanics that in general:

G(r,t) = (1/N) J drf < X 8( r'-rj (0)) 6( r'+r-rj (t)) > =

=(1/N) J dr'< p(r'-r ,0) p(r\t) >

(6)
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Here the integration in the variable r' eliminates the dependence on the initial position of
the reference particle and the microscopic particle density is defined as:

p(r,t) = l 5 ( r - R j ( t ) )

(7)

In the classical case G(r,t) can also be written:

G(r,t) = (1 /N) < Z 5( r'-ri (O)+rj (t)) >

(8)

ij
It is immediately seen also that at t=0 G(r,t) relates to g(r), i.e.:

G(r,0)= 6(r) + pg(r)

(9)

The quantity which is derived from neutron inelastic experiments is related to the spacetime Fourier transform of G(r,t), this is the dynamic structure factor S(k,a>) which is
defined as:

S(k,co) = (1/271) J J dtdr exp(ik-r-icot) G(r,t)

(10)

where hco = hcoj - hcos, hcoj and hcos are the energies of the incident and scattered
neutrons, respectively.
A direct measurement of S(k,co) gives information about the two particle dynamics in the
system via a double Fourier transformation.
Inelastic neutron scattering experiments permit to measure the double differential
scattering cross section per unit solid angle and unit frequency d 2 a/di2 dco , which is
proportional to the S(k,co), therefore giving, in principle, direct access to the microscopic
dynamic of the system.
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A large variety of instrument can be used at the various neutron sources which enable to
perform measurements in liquids in various (k,co) domains, which taken all together permit
k-values approximately in the range 0.5 < k < 50 nm-1 and energies approximately in the
range lO~6<hco< 1 eV.
In an ideal experiment one measures the total number of neutrons scattered by the
specimen under consideration at a given angle, within an angle dQ, and at a given energyshift, within an energy resolution hdco, with respect to the direction and energy of the
incoming neutron beam. In reality several corrections to the data must be applied also in
this case in order to extract the previous information in a similar way to what is done in
diffraction. Figure 4 shows a schematic diagram of the data correction scheme for inelastic
scattering. Figure 5 also shows the two schemes under which experiments in diffraction
and inelastic scattering in liquids are performed, here Ej and E s are the incident and
scattered neutron energies, respectively, while § is the scattering angle.

Ill Some instruments and results.
A large variety of instruments are available at the various neutron sources for experiments
in liquids. The instrument used depends usually on the type of problem under study and on
the type of neutron sources used, which can be either a continuous reactor source or a
pulsed spallation source. Here we will briefly report few examples.
Figure 6 gives the schemes of two possible diffractometer. The first is a scheme used at
continuous sources where the neutron beam is first monochromatized and sent on the
sample while a movable detector, or a series of detectors, measures the total scattered
intensity at an angle <>| , the second is a scheme used at the spallation sources where one
takes advantage of the pulsed white neutron beam using time of flight in detection to
measure the value of the incoming wavelength and the total intensity at all values of the
momentum transfer at a given <f) angle. From the measure of the intensity at a given
scattering angle then S(k) is derived.
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Figure 7 shows first the scheme of a small angle diffractometer for measurements of S(k)
at small k-values. In this case the long wavelength used is monochromatized by means of
suitable choppers and wave guides then sent on the sample while a two dimensional
movable detector measure the total intensity scattered at the various small angles.
The second scheme refers to an inelastic spectrometer which uses time of flight in order to
measure the energies of the scattered neutrons. In this case a monochromatic pulsed
neutron beam is prepared by two or more choppers and then send at a fixed time on the
sample, then the energies and wave-vectors of the scattered neutrons are measured by
measuring the time of flight of the scattered neutron from the sample to the various
detectors, while the detectors measure the total scattered intensity at a given scattered
angle and at a given time of flight. From the knowledge of the scattering angle and of the
time of flight by using the conservation of energy and momentum in the scattering process
a measure of S(k,o>) is derived.

Examples of experimental results for S(k) and S(k,co) in simple liquids will be given and
discussed in the lecture.
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ABSTRACT
While Bragg scattering is characteristic for the average structure of crystals, static local deviations from the average lattice lead to diffuse elastic scattering around and between Bragg
peaks. This scattering thus contains information on the occupation of lattice sites by different atomic species and on static local displacements, even in a macroscopically homogeneous crystalline sample. The various diffuse scattering effects, including those around the incident beam (small-angle scattering), are introduced and illustrated by typical results obtained for some Ni alloys.

1. Introduction
Average structural information on a large assembly of scatterers may be obtained
from the elastic scattering of radiation with the appropriate wavelength. For crystalline
material, the Bragg peaks are entirely sufficient for such an average description. Local
deviations (on an atomic scale) lead to coherent elastic scattering phenomena near and
between Bragg peaks termed diffuse (elastic) scattering. Depending on the size and
structure of such local "defects", this diffuse scattering will be distributed and structured
in appropriate regions of reciprocal space, as shown schematically in Fig. 1. As the
scattering cross-sections are usually small (comparable to phonon scattering), the first
Born approximation is well justified, and kinematic scattering theory may be used. As
many macroscopic properties of condensed matter depend on microstructural inhomogeneities, the study of diffuse elastic scattering yields important insight into these structureproperty relations. Structural defects may be solute atoms, vacancies, interstitials, and
local displacements, all of rather localized nature, or more extended, e.g., dislocations,
elastic strain fields, grain boundaries, internal and external surfaces, domain walls, compositional fluctuations, precipitates, clusters, pores, etc. The theory of scattering by real
crystals, i.e., crystals containing defects, has been extensively treated by Krivoglaz [1].

Q
Fig. 1
Scattering (schematic) from a crystal containing defects. The Bragg positions of the defect-free crystal are
indicated by thin vertical lines.
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The use of neutrons in defect studies is more fully described and reviewed in, e.g., [2-5].
The following presentation is limited to crystalline materials, except that for the scattering around the incident beam (small-angle scattering) crystallinity is not relevant
2. Large-angle diffuse scattering from defects in crystals
The coherent elastic-scattering amplitude of a perfect crystal may be written as
(taking a monatomic primitive lattice for simplicity)
(1)
with b = scattering length (including the thermal Debye-Waller factor), Q = k-ko= scattering vector (Jfco,fcare the wave vectors of incident and scattered waves) with
Q = |g| = 2K sin 0/ X for elastic scattering (A = wavelength of the incident radiation, 6 =
half the scattering angle) and Rn = position vectors for the ideal lattice sites n. If defects
are introduced (e.g. solute atoms on substitutional or interstitial sites, self-interstitials,
vacancies, etc.), the translational symmetry is broken owing to a locally different scattering length and local displacements of the surrounding atoms, i.e., the scattering amplitude
now is

with bn= scattering length at host-lattice site n, «„ = local displacement from the average
lattice position (given by Rn), bj = scattering length of any scatterer occupying an interstitial site at position Sj, and v, = local deviation from the ideal position S ; . The second
sum is over occupied positions only. For simplicity, bn and bj are to include again the
thermal Debye-Waller factors. Although dynamic and static displacements are not statistically independent (and higher-order correlations exist even if this were the case), this
separation is practicable in many cases (see [1], and for a recent thorough discussion of
defect scattering, [6]).
The scattering intensity is proportional to the structure function
(3)
(appropriately averaged over the scattering ensemble). Inserting Eq.2 in Eq.3, we see that
there are basically three different scattering contributions; one from the host lattice
(involving only the first term of Eq.2), one from the interstitial defects (second term) and
the third from the cross-term. Each of them may modify the Bragg scattering and contribute to the diffuse scattering intensity. As the displacements appear exponentially in
the scattering amplitude, a full evaluation of the structure function is not possible, and
even simplified cases require approximations (see, e.g., [1,6,7]). The influence of defects
on Bragg peaks consists of a peak shift and a change in intensity which may be expressed
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in terms of a static Debye-Waller factor. This point is not considered here (see, e.g.,
[1,6]). We concentrate on diffuse scattering, i.e., scattering for Q*QB (where QB corresponds to a reciprocal lattice point), for two approximations of Eq.2, the first considering
individual defects in a pure host lattice, and the second dealing with binary substitutional
alloys. For other cases, see [1,3,5].
2.1. Displacement scattering
For small concentrations c (= atomic fraction) the structure function for diffuse
scattering, SD(Q) (Bragg scattering subtracted) may be expressed by a superposition of
the scattering of individual defects (single-defect approximation, see, e.g., [8])
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Here, N is the number of scatterers in the beam, bA is the scattering length of the host
lattice, uOn represents the displacement field of fine, defect placed at the origin, and Ab
depends on the type of defect (see, e.g., [8]), e.g.,
bB — bA for substitutional impurities of type B
- bA for vacancies

(6)

bc exp(- iQ • Sc ) for an interstitial C at site Sc
The displacement field uOn may be determined from lattice statics models (see, e.g.,
[9]) using a set of virtual forces fm (Matsubara-Kanzaki forces) acting on the neighboring
atoms of a defect necessary to produce the displacements u^ in the harmonic approximation,
"" 'n-mfm

(7)

where 61s the lattice Green's function of the defect-free crystal.
Early displacement scattering studies with neutrons have been reviewed by Bauer
[10]. Although the incident beam intensities are much smaller than with X-rays, experiments are feasible, and the energy analysis usually achieved with a chopper allows one to
extend diffuse scattering measurements to higher temperatures. Several dilute alloys with
low incoherent scattering cross-sections have been studied (Al, Nb, Pb are favourable
solvents).
One example is reproduced in Fig. 2. At a relatively high temperature for Al-0.8
at% Cu, where all the Cu atoms are in solid solution, the separation of elastic and inelas-
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Fig. 2
Measured (circles and triangles) and calculated diffuse elastic scattering for Al-0.8 at.% Cu at 800 K [10].
The solid lines marked "Laue + Inc." indicate the expected scattering without displacements (but including the thermal Debye-Waller factor). Dashed lines: model with forces on nearest neighbors only: dashdotted lines: "best fit" with forces /, on nearest and f2 on next-nearest neighbors, / 2 / / , = -0.2.

tic coherent scattering still yields reliable data for the displacement scattering. A centrosymmetric force field with (inward) forces on nearest neighbors only (/j =
-4.22xlO~10 N) yields already a very good fit. As the change of lattice-parameter upon
alloying is known and related to the trace of the force-dipole tensor whose elements
contain the Kanzaki-force components (multiplied with the distance components), there is
no further adjustable parameter to fit these absolute diffuse scattering cross-sections
(calibrated with the incoherent scattering of vanadium). A more detailed analysis yields a
somewhat better fit using a small next-nearest neighbor force.
Similar studies on interstitials, especially H or D in b.c.c. metals (Nb, Ta, see eg.
[10,11]) have been instrumental in revealing the symmetry of the interstitial site. For hydrogen, it has also been shown [11] that the defect is quite mobile, e.g., at room temperature for Nb-D (see Fig.3), and that a model is required which combines the probabilities of the sites visited during diffusion and an adjustment for the quasielastic scattering while the defect is in motion.
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Coherent diffuse (quasi-)elastic neutron scattering I(IQ) (energy resolution 3.8 meV) from Nb-1.7 at.% D
at room temperature along a line S-F in reciprocal space as shown in the inset (crystal axis along [Oil]).
The dashed line is the expected scattering from a static cubic defect with the correct long-range stress
field. The solid line is the best fit for a delocalized defect (Dosch et al. [11].)

22. Short-range order in (binary) substitutional alloys
Deviations from random-site occupancy in a substitutional solid solution are called
short-range order. The simplest case to consider is a binary alloy A-B without any displacements (i.e. un = 0 and all bJ; = 0 in Eq.2). The structure function for Q * QB may
then be written as [1]
(8)
where
=c(l-c)a(Q),

(9)

c = cB is the atomic fraction of B atoms, and
(10)
with aOn the Warren-Cowley short-range order parameters [12], defined using the conditional probabilities P$ of finding a // atom at site n if a v atom is at the origin, i.e.,
BB
i

1-c

c

c

nAB
'On

(ID

Irrespective of the state of order, a^ will be equal to one. For a random solid solution,
all other aQn will be zero, and Eq.8 yields the well-known Laue scattering. Modulations
of the Laue scattering are thus an indication of short-range order.
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Q, Rp S- are periodic in reciprocal space if the ratios bA I (JbB -bA) and bB I (bB -bA)
are independent of Q. This is generally not the case for X-rays (although the approach
was originally proposed and used for X-rays), but, with very high accuracy, for neutrons.
Using this periodicity and the different symmetry of the ten functions in Eq.13, a separation is possible by combining diffuse scattering intensities from different symmetryrelated points in a certain volume in reciprocal space (with a Q -variation of bA and bB,
twenty-five different periodic functions must be defined within the same second-orderapproximation; see [16]). Another approach introduced by Williams [18], also including
second-order displacement terms, relies on a least-squares fit of Eq.13 to the experimental results. This method is most suitable if diffuse intensities are available only in selected
reciprocal lattice planes (e.g., if a triple-axis spectrometer is used).
Once the short-range order parameters have been properly obtained, they may be
used to model the short-range-ordered state of an alloy. If the situation corresponds to
thermodynamic equilibrium, inverse Monte Carlo (IMC) [19] or inverse Cluster Variation
[20] algorithms may be used to determine effective pair interaction potentials in an alloy.
For the rather small displacements in Ni-Cr, the linear displacement term in Eq.12
is sufficient. Two diffuse scattering studies, one on Ni-11 at% Cr [21] (using the isotope
Ni-58 to enhance the diffuse elastic and considerably reduce the incoherent scattering
cross-sections), the other on Ni-20 at% Cr [22], are available. Fig.4 shows that diffuse
peaks are found at l-£ 0 positions and that the displacement scattering only introduces a
small asymmetry .The short-range order parameters extracted from the experimental data
may then be used to model the short-range-ordered state as shown in Fig.5. Starting from
a random distribution of Ni and Cr in a model crystal with 13104 lattice sites, Ni and Cr
site exchanges were admitted only if the resulting values of a^,B were progressively approaching the experimental ones. In the case shown, only a ^ for ljn,n ^ 4 were consid020

000

as measured

as fitted

220

200

Fig.4
Diffuse elastic scattering in 0.1 Laue units (cf. Eq.13) for a Ni-20 at.% Cr single crystal aged for 480 h at
741 K, in a (100) reciprocal plane. Experimental (as-measured) results except for shaded areas (near
Bragg peaks or incident beam) are compared with recalculated lines of equal intensity using 2lvalues of
a^ and 26 values of y^. (After [22].)
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A positive ax means that there is a preference for BB nearest-neigbor pairs (negative SRO = clustering tendency), and the diffuse scattering is enhanced near Bragg positions. For the opposite case, the modulations in diffuse scattering will also be opposite,
i.e., enhanced between the Bragg peaks and reduced near them. A complete evaluation of
diffuse scattering takes into account not only higher SRO parameters, but also displacements of the individual atoms from the ideal (average) lattice sites (i.e., un * 0 in Eq.2
for the scattering amplitude). From Eq.2, the scattering function will then contain terms
of the type e x p [ - / g ( « B -un)\.
As a first approximation this exponential can be expanded to the linear term which is sufficient if the displacements are very small. For
somewhat larger, but still small-enough displacements an expansion to second order in

(12)
has been introduced by Borie and Sparks [13] and Gragg and Cohen [14], see also
[15,16]. Based on these approximations, the different scattering contributions can be
separated using symmetry arguments. This means, however, that single crystals must be
studied. This "Borie-Sparks approach" has been used successfully for a variety of binary
f.c.c. alloys ([15,16], see [17] for a corresponding treatment for hexagonal crystals). In
the approximation of Eq.12, the total diffuse scattering function may be written as

y

(13)

+ h2hiSyz + h^h^
where the scattering vector is expressed in units of the reciprocal lattice vectors r, of the
f.c.c. lattice, Q = 'Lhiti, and interatomic distances are correspondingly expressed in units
of half the lattice vectors xi (Ron ^ i ^ + f - r2 + •§ r 3 ) . The short-range order term
/SRO(ft) is then written as (cf. Eqs.8,10), (see [16] for a complete account)

1

m

m

n

n

while, e.g.,

Q(h) =
t

with Y*bnn a s linear displacement coefficients containing a combination of displacements
inx direction with the a^ and ratios of scattering lengths, bM /(bB-bA).
The functions
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Fig 5
(100) plane (a) of a modelled sample of Ni-20 at.% Cr, using the measured short-range order parameters,
and (b) of a sample with a random distribution of Ni (o) and Cr ( • ) atoms.

ered. The deviation of the modelled a ^ from the experimental ones may be easily reduced to less than the experimental error. Using IMC procedures, very similar results
for the effective pair potentials V ^ were obtained for these two Ni-Cr alloys [21,22],
indicating that any concentration dependence of V ^ must be very small. There is also
no systematic variation of Vlmn with equilibration temperature [22]. For example V110 is
26 meV for Ni-11 aL% Cr quenched from 833 K, and for Ni-20 at.% Cr, values of
26.1(4), 29.3(2), and 28.0(2) are found for crystals quenched from 741, 828, and 973 K.
(The subsequent effective pair potentials decrease rapidly in magnitude, with varying
signs.) F o r V ^ « kBT Clapp and Moss [23] have derived an analytical expression relating /SRO(*) directly to the Fourier transform V(h) of the V ^ (C is a constant)

/SRO (*) = C[l + 2c(l - c)V(h) I kj]

(16)

For Ni-Cr, this approximation also yields results comparable to the IMC values, with
some deviation for V,noIn a similar study of Cu-31 at% Zn [24,25] and Cu-22 at.% Zn [25] (using the
isotope Cu-65 to enhance the diffuse scattering intensity), equilibrium was established at
473 K or 493 K. Although several other properties had been related to SRO in the a
phase of the Cu-Zn system, no direct evidence of SRO was available. Diffuse scattering
shows four distinct maxima in the (001) plane distorted by displacement scattering (Fig.
6a). The peak positions may be related to flat portions of the Fermi surface across the
<110> directions, as indicated in Fig.6b. As seen in Eq.16, a minimum in V(h) will lead
to a diffuse scattering maximum. The static dielectric function e{Q) has a singularity at
the Fermi surface, leading to a reduction of the pure ion-ion interaction. After separation
of /SR0 and linear displacement scattering, pair potentials for Cu-Zn were obtained from
the IMC method (they show no marked temperature dependence and, again, compare favorably with values from the Clapp-Moss expression, Eq.16). Using these pair potentials,
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(a)

(b)
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Fig. 6
Diffuse elastic scattering in 0.1 Laue units (cf. Eq.13) for a ®Cu-31 at.% Zn single crystal aged for 160 h
at 473 K. (a) Isointensity lines measured in a (001) reciprocal plane, (b) schematic indication of k"° =
Fermi vector in <110>-direction). (After [24].)

the ground-state energies for different (hypothetical) ordered structures of Cu3Zn were
calculated. The DO structure was found to be more stable than other candidates if more
23

than nine V(mn were used. The DO^ superstructure would introduce order peaks at 100
and 1-^0 positions. Diffuse maxima near these positions were also found by Turchi et al.
[26] based on first-principles concentration-functional theory. Monte-Carlo simulations
were performed [24] to estimate the critical temperature Tc for the long-range order transition. Values of Tc near 330 K were obtained, too low to be easily established experimentally. This study shows how fundamental alloy properties may be obtained from diffuse scattering and how they may be used to predict new features in alloy phase diagrams.
The examples given refer to alloys with a tendency toward local ordering, and the
displacement scattering was appropriately taken into account by the linear terms in Eq.13.
For clustering systems (am > 0), the situation is usually more complicated — experimentally because the important scattering occurs close to Bragg peaks and a separation
becomes more difficult, and theoretically, because higher-order displacement terms have
to be included (displacements are systematically larger). For example, a long controversy
on the initial stages of decomposition in Al-rich Al-Cu alloys [see 27,28, and references
therein] has led to detailed diffuse neutron scattering studies which indicate [27,29] that
conclusive results are only obtained if diffuse scattering data are properly combined, including results from the first Brillouin zone, i.e., at relatively small angles [27,29].
3. Small-angle scattering (SAS)
If we limit the experimental range of scattering vectors to those smaller than about
71 / d& where da is the interatomic distance (typically - 0 . 3 nm in condensed matter), the
discrete positions of the scattering centers (as in Eqs.l and 2) will not be resolved, and
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the distribution of scattering length can be expressed by a continuously varying scattering
length density p{r), locally averaged in each infinitesimal volume element d*r around
the position vector r. The summation in Eq.2 can thus be replaced by an integration over
the sample volume V,
F(Q) = J f<r)exp(- iQ • r)rf s r
v

(17)

If p{r) is constant everywhere in the sample, the scattering intensity will be zero for any
accessible 6 * 0 , i.e. local deviations of p{r) from the macroscopic average p contribute to the small-angle scattering signal,
F(Q)=j[fi(r)-p]txV(-iQr)d3r

(18)

Eqs.17 or 18 may be used to calculate the scattering amplitudes and cross-sections for
model distributions. (The inverse procedure, evaluating p(r) from experimental data, is
in general not possible.) Local variations of scattering length density may be caused by
atomic density changes (e.g. fluctuations and defects) or compositional changes
(chemical or isotopic, occurring as fluctuations or during the formation of a new phase).
Local variations of magnetization (again on a length-scale exceeding interatomic distances) will give rise to additional magnetic scattering terms. For a full account of the
theoretical principles of SAS, developed for X-rays but also valid for neutrons, see
Guinier and Fournet [30], Beeman et al. [31], Guinier [32] and Porod [33], for neutrons
see [2].
The simplest and very widely used approach to SAS is based on the two-phase
model, assuming small particles with a homogeneous scattering-length density fy embedded in a homogeneous matrix of scattering-length density pm (pm = 0 covers the case
of small particles in vacuo). From Eq.18 we obtain

where the integration extends over the total volume of the sample. If we define a singleparticle scattering amplitude Fp(Q) by

FP(Q) = fo " A)Jexp(- iQ• r)d3r

(20)

V

P

calculated with r measured from the geometrical center of the particle, the scattering
function S{Q) may be written for Np (not necessarily identical) particles
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lfoM

(21)

where Fp/iV(Q) ist the single-particle scattering amplitude of the /^,vth particle, * indicates the complex conjugate, and /?AV is the position vector for each particle, the angular
brackets indicating appropriate ensemble averaging. Eq.21 contains spatial and orientational correlations between particles as well as effects of size distributions. Assuming an
isotropic system, S(Q) may be written as
(22)

with an interference function W(Q) which is equal to one for no correlations. On the basis
of a hard-sphere model [34], SANS data for Guinier-Preston zones in Al-Zn showing an
interparticle interference peak have been rationalized [35], assuming monodisperse particles. A fully general interpretation of SANS starting from Eq.21 for anisotropic or even
Eq.22 for isotropic systems is not possible. Model calculations or numerical simulation
methods may be helpful in particular cases.
The single-particle scattering function can be calculated for many particle shapes
(see [30,31], starting from Eq.20). Defining
(23)

a monodisperse dilute system of particles scatters according to
(24)
and the g-dependence of the scattering may already yield important information on the
particles for statistically isotropic and anisotropic systems.
For all particle shapes, the structure function at very small Q looks very similar, as
has been shown by Guinier (see [30]). The GUMCT apprgximation is based on an expansion of the exponential in Eq.20 which, for the volume integration along a certain direction, yields [after reinterpreting the quadratic term as stemming from an exponential
function for S(Q)]
()

()

(25)

where

2

J^fcK

(26)
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may depend on the orientation of Q, as rd is a distance within the particle in a direction d
perpendicular to the incident wave vector ko in the (Q,ko)plane with q(rd) = crosssectional area perpendicular to d. The quantity Rd is called average "inertial distance"
[30] relative to the plane containing the direction of the incident beam and the center of
mass of the particle (some authors use "radius of the thickness")A random orientational average of S G (Q) yields
Q2/^/3)

(27)

where RG, commonly called "radius of gyration", is given by

-J.JA

3

r

.

(28)

For spheres of radius R, Rl~3R2/5,
and the Guinier approximation holds for
QRC < 1.2. For other particle shapes, the Q-isage may be smaller (see [32,33]).
(Confusion often arises if the term "Guinier radius" is used. It may signify the radius of a
sphere calculated from i?G, but sometimes also RG itself.)
For homogeneous particles with sharp boundaries, the Porod approximation for large
fi-values (orientational average) yields (see [33])
Vp2g4 .

(29)

For this approximation, Q must be larger than the reciprocal value of the shortest dimension of the particle. The Q variation of the scattering law may, however, be subject to
many modifications. It is not valid, e.g., for particles with sharp edges or corners [33],
diffuse boundaries [36], or rough interfaces [37,38]. If the scattering objects or the interfaces (or surfaces of suspensions) are self-similar fractals (e.g., [37,39,40]), power laws,
reflecting the fractal dimensions are found, but power law scattering deviating from a Q"4
dependence may also be caused by specific size distributions. (Interference effects diminish at large Q and may be neglected.)
If S{Q) can be measured over a sufficiently large Q range, the integrated intensity /
(also called "invariant") may be determined with some reliability.

' =^\s(Q)d3Q = (2nf{p(r)-p}2

(30)

7 = (2nf(fi>-p)(p-an)

(3D

In the two-phase model,

or
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Fig. 7
Lines of equal intensity of neutron SAS measured for a P'-NiAl single crystal containing faceted voids.
The crystal was annealed at 1600°C, quenched and aged for 30 min at 650°C. The [110] direction was
parallel to the incident beam. The two-dimensional position-sensitive detector was placed 2.5 m away
from the sample, the neutron wavelength was 6.64 A. The Q range is indicated. (After [41].)

/=(2jc) 3 C p (l-C p )(/j ) -/i 1 ) 2

(32)

where Cp is the volume fraction of the particles. For isotropic systems / «= J S(Q)Q2dQ is
the second moment of the scattering distribution. Other moments may be defined and
evaluated to investigate statistical properties of the scattering system.
Applications of small-angle scattering are presented in the chapters by Cotton for
polymers, where the contrast of H and D has been very useful in neutron SAS studies,
and by Fratzl for a wide range of materials. As an early example for a defect study with
neutrons, Fig.7 shows one of the scattering patterns obtained from voids in quenched and
annealed P'-NiAl single crystals of strictly stoichiometric composition [41]. The voids are
faceted on {110} planes, forming rhombic dodecahedra. The crystallographic symmetry
of the faceted voids is reflected in the scattering pattern. SAS at smaller angles than
shown in the figure is "isotropic", and a radius of gyration RG = 240 A can be determined
for this particular case.
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SMALL ANGLE SCATTERING AND POLYMERS

J.P. COTTON
Laboratoire Leon Brillouin (CEA CNRS), CEA Saclay
F91191-Gif/Yvette France

ABSTRACT
The determination of polymer structure is a problem of interest for both statistical physics
and industrial applications. The average polymer structure is defined. Then, it is shown
why small angle scattering, associated with isotopic substitution, is very well suited to the
measurement of the chain conformation. The corresponding example is the old, but
pedagogic, measurement of the chain form factor in the polymer melt. The powerful
contrast variation method is illustrated by a recent determination of the concentration
profile of a polymer interface.

1. Introduction
Using a wavelength X of about 10A, small angle neutron scattering (SANS) is well
suited to the dimensions of polymers. Thus it is an excellent technique allowing [1] to
determine the conformation, i.e. the average structure, of polymers in different
environments. The parameters obtained are the molecular weight, the radius of gyration
and the persistence length of the polymer and more generally its form. They are obtained
from polymer solutions using similar procedures as those of light or X-ray techniques [25]. But neutron is the scattering radiation that allows a labelling method keeping
unchanged the chemical properties of the labelled moieties: the isotopic substitution.
As a peculiar case, SANS is the only technique allowing to determine the
conformation of one chain inside different polymeric materials by using deuteration as a
labelling method. This is an important result since plastic material is essential element of
human life. The possibility to vary the coherent scattering lengths of the solvent
simplifies the determination of the partial structure functions of complex solutions. These
possibilities are at the origin of the success of SANS in the polymer field. The aim of this
lecture is to show how.
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2. Basis of the polymer conformation [6-8]

Fig. 1 - Schematic representation of polymer conformations on a lattice of step L Fig. la
represents a random walk, Fig. lb a self avoiding walk or a polymer with excluded
volume.

A polymer is a linear succession of N, chemically bound, identical units each of
length £. The easiest model to describe the polymer conformation is a random walk e.g.
there is no correlation between two successive monomers (see Fig.la). As a
consequence, the mean quadratic distance R between the polymer ends is:
R2 = N^2 = 6Rg2
(1)
where Rg is the radius of gyration of the chain (the inertial moment of the polymer
divided by its mass). Typical values of these parameters are: N ~ 5000 that corresponds
to a molecular weight M ~ 500000 and £~ 3 A. The size of a solvent molecule is similar
to £ . The length scale is given by £ and by the global size of the chain Rg ~
(5000* 10/6) 1/2~100A.
The number of configurations that a chain can adopt is zN. z is the number of
neighbours of each monomer extremity; z = 3 in the square lattice of Fig. 1 or for a
carbon-carbon bond. This number is usually greater than io1000. Then the polymer
entropy is very high and originates the basic random coil behaviour of the chain. The
conformation of polymers, in a given environment (a solution, a network, an interface, a
flow...), is submitted to the competition of the constraint of this environment and of the
entropy which strongly leads the polymer to adopt a random coil conformation. For a
real chain, the constraint is the impossibility o have two monomers far along the chain at
the same position whereas it was the case for an ideal chain. This steric phenomenon,
called the excluded volume effect, leads to an important swelling of the chain that clearly
appears in dilute polymer solutions (see Fig. lb). It occurs in good solvents where the
pair interaction between monomers is repulsive. Nevertheless, it is possible to find [6] a
temperature 0 corresponding to a compensation between interactions monomermonomer and monomer-solvent. At this Flory temperature, the ideal chain conformation
is observed. Thus the random walk model is not so far from reality.
The polymer conformation is well defined if the conditional probability gi(r) of
having two repetitive units at a distance r is known. It is convenient to write gi(r) with
the formalism of Van Hove [9], since this formalism is well suited to show how to
extract the polymer conformation from a scattering experiment. Following Van Hove,
the pair correlation function gi(r) is expressed as a function of the density p(r) of the
chain repetitive units of which positions are r, ( i = 1 ... N).
-ri)

gl (r)

= <p(o)p(r)>

where 5(r) is the distribution function of Dirac, J 6(r)d 3 r = 1.

(2)
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The determination of gi(r) is a non trivial statistical problem which needs the
dichotomy between theoretical predictions and experimental measurements. Note, in
particular, that the second moment of gi(r) is proportional to Rg2,

^"wlt

<(IW >=

^ ^ ? <Sj2>

(3)

where S; is the monomer position relatively to the centre of gravity G of the chain (see

Fig. 2), Z

Fig. 2 - Representation of a polymer where the statistical length t involves a few number
of monomers. G is the centre of gravity of the chain and Rg its radius of gyration.

In the intermediate range, (. « r « Rg, the variation of gi(r) gives information
concerning the form of the polymer. For instance, gi(r) ~ r"1 characterizes a gaussian coil
(a random walk), gi(r) ~ r"473 corresponds to a self avoiding walk whereas gi(r) ~ r'2
labels a rigid rod (de Gennes [7] p.37).
3. The SANS cross section and the contrast notion
Let us consider a solution of n polymers each having N monomers. Since the
domain of distances of interest was shown lying in between 3 and 500A, the scattering
vector range of Q needed for a SANS experiment varies from 0.1 to 10'3 A"1. At this
small angle scale, the structure factors of the solution molecules are reduced to unity.
Thus the monomers and the solvent molecules can be considered as scattering
points of which coherent scattering length bj is the sum of the coherent scattering
lengths of their atoms. Thus the intensity scattered by the solution writes.
I(Q) = 2 > i b ,< exp( iQOvrj)) > = I b . b ^ C Q )
(4)
where the scattering functions Sy(Q) are the partial structure factors. For the polymer
solution, I(Q) is:
I(Q) = bpXCQ) + 2bpbsSps(Q) + bs'SssCQ)
(5)
where the indexes p and s characterize the monomers and the solvent molecules
respectively. Eq. 4 and 5 are general and valid even for wide Q values. Nevertheless it is
difficult to extract the polymer response, Spp(Q), from the measurement of I(Q).
Fortunately in the Q range of SANS, the incompressibility of the sample is a constraint
which simplifies [10] these equations by introducing the contrast notion.
3.1. Isothermal compressibility and the contrast notion
Let us consider first a system of identical scatterers, a solvent or a polymer melt for
instance, in a volume V. The average number of scatterers (a solvent molecule or a
monomer) is <n>, each has a partial volume vs = V/<n> and a scattering length bs. A
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general thermodynamical expression [11] relates the extrapolaton of I(Q) to zero Q value
to the isothermal compressibility XT :
1(0) = bs2S(0) = bs2(<n>/v,)kTxT
(6)
Where k is the Boltzmann constant and T the temperature. In practice, the
thermodynamical limit is already reached [10] for Q values below Q*,
I(Q) = I(0) ;
Q<Q*
(7)
The value of Q* is rather large, about 0.6 A"1. Note that the Q range of interest for
polymer studies (Q^<1) lies also below Q*. Moreover, far from a critical temperature,
these systems are considered as incompressible (XT ~ 0) since the density fluctuations are
negligible relatively to the concentration fluctuations. Thus the intensity scattered by a
melt of polymers of one species is quasi-zero, in the range Q£ < 1. It is only due to the
very weak density fluctuations of monomers. It is the origin of the transparency of
materials made with amorphous (flexible) polymers such as polystyrene or Plexiglas
(polymethylmetacrylate). The incompressibility hypothesis is the basic point of the
notion of contrast in small angle scattering experiments.
Let us consider, now, a mixture of scatterers of a = l...m different chemical
species. The parameters are the mean number <na>, v a the partial molecular volume and
the scattering length b a . Here the sample scatters the following intensity:
(8)
The extension of the thermodynamical limit [11] writes:
;

Q<Q*

(9)

The combination of Eq. 8 and 9 allows to eliminate one component, m = 1 for instance.
Then, using XT = 0, Eq.8 becomes:
I
( Q ) = Z k a k p S a p ( Q ) . k a = b«-b 1 (v a /v 1 ) Q<Q*
(10)
where ka is the contrast length of the species a relatively to the species 1. In the
following the condition, Q < Q*, of the incompressibility will be considered as fulfilled.
Applying this result to the polymer solution, the scattering intensity writes:
I(Q) = kp2Spp(Q) i kp-bp-b^vp/v.)
(11)
It gives directly the monomer-monomer scattering function, the solvent molecules having
not to be taken into account.
Let us now give a few numerical examples of the kp value for polystyrene, (CgHgV,
in different solvents as the carbon disulphide, CS2, or the benzene, C ^ , deuterated or
not. The usual rules for the calculation of kp are: the partial molecular volume of a
molecule is deduced from the bulk density of the species; the isotopic substitution does
not change the volume of the labelled molecule. Table I gives these values that the reader
may verify using the more recent table of coherent scattering lengths [12].
Table I - Values of the contrast length for H and D polystyrene chains in different solvents

kp (10*"cm)

CS2

- CgHg -

0.319
8.647

- C8D8 -

C6H«
0.396
8.724

C6D6
-6.518
1.810

In Table I, the striking result derives from the intensity scattered by H chains in CS2 that
is proportional to 0.1 (k p 2 ). Whereas the same polymer, but deuterated, in the same
solvent scatters an intensity 700 times greater! This example shows why isotopic
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substitution is an excellent method of labelling since it keeps unchanged the electronic
shells of atoms and thus the chemical properties of the labelled molecules.
With polymers, using deuteration of the chains or of the solvent molecules, it is
possible to improve the contrast of SANS and to study the conformation of chains in
rather dilute solutions (10*3 gem'3). This conformation can also be determined as a
function of the concentration of the solution by using mixtures of H and D polymers
[13]. This until the polymer melt as described further.
3.2. The form factor and the distinct scattering function
Coming back to the polymer solution of volume V, Eq. 11 gives:
I(Q) = kp2ST(Q) = kp2 S Z
<*,P

< exp(iQ( i f - r? ))>

(12)

i.j

where i"ja is the position of the i* monomer of the chain a (a = l,...,n), each with N
monomers. The total scattering fUnction ST(Q) can be split in an intra-polymer scattering
function Si(Q), the form factor, and an inter-polymer scattering function S2(Q):
= nS1(Q) + n2S2(Q)

Si(Q) is the Fourier transform of the pair correlation function gi(r) which
characterizes the polymer conformation as discussed in section 2. Even in the simple case
of a binary system, Si(Q) is not easily obtained: the experiment has to separate the
functions Si(Q) and S2(Q) in Eq. 13. Such a procedure has been early developed by
Zimm [14] for light scattering experiment. The determinations of the molecular weight
and of the radius of gyration of polymers in dilute solution are usually obtained from
extrapolations to zero concentration of data obtained with light, X-ray or neutron
experiments [1].
3.3. Conformation in the polymer melt: The 50/50 theorem.

Fig. 3 - A melt of polymer is a liquid-like structure.

A melt of polymers is a liquid like structure of monomers (see Fig. 3) of density
In this case, there is no concentration fluctuations and very weak density
fluctuations. The system, as already discussed in section 3, can be considered as
incompressible and does not scatter:
^

«

0

; Q<Q'

(14)

Therefore there is a compensation between the intra- and the inter-chain
fluctuations of monomer positions that is written from Eq. 13 and 14 :
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Si(Q,nm) = -n m S 2 (Q,n ni )
(15)
Thus a scattering experiment by a polymer melt cannot give the chain conformation.
Nevertheless, this problem can be solved using a labelling method (see Fig. 4)
which creates, artificially, concentration fluctuations due to the contrast of the polymer
with itself. For photon scattering experiments, as photons interact with the electronic
shells of atoms, the labelling of a polymer needs to change the atoms and therefore the
chemical species of monomers. But a mixture of polymers of different chemical species
leads, generally, to a phase separation since the threshold of miscibility of two polymers
varies as the inverse of the molecular weight or N (see ref [7] p. 106). Consequently to
label a polymer is very difficult with light or X-ray techniques. Whereas the neutrons,
which essentially interact [15,16] with the nuclei of atoms, allow to label the atoms using
the isotopic substitution which keeps unchanged the electronic shells. Moreover the
substitution proton (H) deuteron (D), rather easy to obtain, gives one of the highest
values of contrast [12]. These are, also, fundamental reasons of the use of small angle
scattering (SANS) in the polymer field.

Fig.4 - Schematic representation of a polymer melt with and without labelled chains.

Let us write the intensity of a solution of xn labelled polymers (noted D) of
contrast length ko and (l-x)n unlabelled ones (H, kn), both having the same number of
monomers. Assuming a totally random spatial distribution of labelled and unlabelled
polymers, Eq. 10 becomes:
I(Q) = kD2SDD(Q) + 2kD kHSDH(Q) + kH2SHH(Q)
(16a)
where
SDD(Q) = xnSi(Q,n) + xVs 2 (Q,n)
SDH(Q) = x(l-x)n2S2(Q,n)
2 2
SHH(Q) = (l-x)nS,(Q,n) + (l-x) n S2(Q,n)
(16b)
Finally I(Q) is given by:
I(Q) =<k2 (x)>nS,(Q,n) + <k(x)>2 n2S2(Q,n)
(17)
2
2
where
<k (x)>= xkD + (l-x)kH and <k(x)> = xkD +(l-x)k H
(18)
The total scattering function Sr(Q,n) can be introduced in Eq. 17; this leads to use the
mean square deviation of k(x):
<k2 (x)> - <k(x)>2 = (kD-kH)2 = (bD-bH)2
which only depends of the scattering lengths of the scatterers. Eq. 17 becomes:
I(Q) = x(l-x)(bD-bH)2 nS,(Q,n) + <k(x)>2 ST(Q,n)
(19)
In the melt, using the incompressibility, Sr(Q,nm) ~0, Eq. 14, Eq. 19 becomes :
I(Q) = ( b D - bH f x(l - x)n. Si(Q)
(20)
This result, early predicted by des Cloizeaux [17], shows that the scattering
intensity gives directly Si(Q) without any extrapolation of the concentration x of labelled
polymers. It is often called the 50-50 theorem since the scattering intensity is maximum
for x = 0.50. It has been experimentally verified [18] with amorphous polymers. For
these polymers, the quenched melt, sometimes, presents some voids of which contrast is
greater with D polymers than with H polymers. In order to minimize the spurious central
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scattering of such voids, it is often better [18b] to use a concentration of deuterated
chains smaller, x~0.20, than the optimum one (0.50). On the contrary, with liquid
crystalline polymers [19], probably due to their liquid character, such voids are not
important and all the experiments made used samples with one half of partially D
polymers.
4. From the form factor to the chain conformation
In the previous section, it is shown that SANS by a melt of H and D polymers
gives an intensity directly proportional to the form factor of one chain. Now, we want to
discuss how the chain conformation can be determined from this form factor.
The intensity i(Q), per unit volume of sample, writes (see Eq. 12 and 20):
KQ) = I(Q)/V =(A/N)S,(Q) = ANP(Q) (21)
2
where A = kp p for a polymer in solution and p is the monomer concentration (p=nN/V)
or A= (bo - bH ) 2 x(l-x)p m for a polymer melt containing x percent of deuterated chains;
pm is the number of monomers per unit volume. P(Q) is the form factor (normalized at
unity, P(0) = 1) which writes :

P(Q) = N- 2 2(e i Q ( r | " r > ) )

(22)

As a general principle, it can roughly be said that in a scattering experiment Q acts
as the magnification of a microscope. Depending on the Q values, are explored the scales
from the radius of gyration Rg of the chain to that of the statistical unit I.
For small Q values, QRg< 1, the Guinier range, the SANS experiment allows to
determine Rg or the global chain size. The form of the polymer is obtained in the
intermediate Q range, (4Rg)'1 < Q < f\ where the correlations between monomers
intervene. In this range the form of the polymer is deduced [7] from the characteristic
exponent a of the Q"0 dependence of P(Q), as it is developed, in the following, in the
cases of oriented and unoriented polymers.
4.1. Case of unoriented samples
If the polymer can adopt all the orientations in space as it is the case for isotropic
particles or for unoriented samples, the orientation average leads to write P(Q) as [2]:
(23)
I.J

where ry is the module of the vector rj-rj.
At small Q values, the expansion of P(Q) gives [2]:
i(Q) * AN( 1 - Q2Rg2/3 ) ; QRg< < !
(24)
where Rg is the radius of gyration of the polymer, already defined (see Eq. 3), which
gives its global size. The experimental value of Rg is deduced from the slope of the
straight line i"!(Q) versus Q2 in the so called Zimm representation [14]:
A
1.. _ , _
(25)
N
*
This representation was adopted for polymers because it is valid until QRg ~ 1 and
greater if the polymers have a little polydispersity (see ref. 1 p. 189). From the linear
extrapolation to zero Q value, the number N of monomers (or the chain molecular
weight M = Nm, m is the molecular weight of the repetitive unit) can be measured. Such

151

a determination of N needs absolute SANS measurements [10, 20] which are, always,
very useful.
The whole form factor allows to determine the chain conformation. The
procedure consists to fit the experimental data with models of P(Q). The more usual are
the following [1,2,21]:
The ideal chain: It is the basic conformation of linear polymers, that of a random walk of
N steps of length £. Its form factor is the Debye function [22]:
P(Q) = ™ ( e " X - 1 + X) ; X = Q2R2 = Q 2 ^ -

(26)

In the intermediate Q range, (4Rg)''< Q < t \ the Q'2 variation of P(Q), i(Q) = \2AJQ2£2,
is a well-known characteristic of Gaussian polymers.
The self avoiding walk: There is no analytic function of the form factor of the chain with
excluded volume effect. Nevertheless the variation of Rg as a function of N and the
intermediate behaviour of P(Q) are known [7,8]:
Rg 2 ~N 2v ; P(Q)~Q"1/V
(27)
The value of v is 0.588. The v change from 0.500 to 0.588 characterizes the swelling of
the chain due to the excluded volume effects.
The rod of length L , without thickness, has the following form factor [1,2]

P(Q)
™

=l

TJ ^ i i d u - ^2; X = ^ ; R 2 = ^

X

o

u

X

2

* 12

(28)

In the intermediate Q range, 4QL>1, the Q 1 variation of P(Q), ~rc/QL, is another
signature of arigidrod.
The wormlike chain corresponds to a more realistic model of a polymer chain. It is a
Gaussian chain which evolves continuously to a rigid rod when decreasing the distance
below the persistence length Ip. Two parameters define the chain: its contour length L
and lp. The form factor of such a chain is not a simple function [23-25]. The simplest
expression is obtained from the amalgamation [26] of three functions, within an error
bar of 1.5%, thus much lower than the experimental ones [26]; it is valid only for
L> 101p. These functions are:

Q 2 l p LP 2 (Q) = 6 + 0.5470(Qlpp)2 -0.01569(Ql p ) 3 -0.002816(Ql p ) 4 ; 2< Qlp<4
2 , .«

.

.

2

;u=L/l p ;Ql p <2 (29)

x

Pi(Q) is the asymptotic form given by des Cloizeaux [23], P2(Q) is an approximation,
better than 4 10'3, of the tabulated data also given by des Cloizeaux in ref.23. Ps(Q) is the
approximation of Sharp and Bloomfield [24] for finite chains, valid only for small Q
values Qlp^2. The radius of gyration of this chain is [27]:
'••-l +^-"-(l-e-u))

(30)

When u=L/lp tends towards infinite, Rg2 tends to Llp/3, thus the statistical unit of the
wormlike chain is t - 21P.
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The sphere of radius R. This model can be useful to analysis the form factor of a
collapsed polymer.
= L ( s i n X - X c o s X ) 2 : X = QR; Rg2 = 3R2/5

(31)

In the intermediate range, if the polydispersity of the sphere sizes has a sufficient value to
level the oscillations of P(Q), P(Q) has a Q4 variation characteristic of the sharp
interfaces. This result is a particular case of the well known Porod law [28]:
i(Q) = 27C(k1/v,-k2/v2)2(S/V)Q-4
(32)
which allows to determine the area per unit volume S/V of a sharp interface between
media 1 and 2 .
4.2. Case of oriented samples
Let us consider the case of anisotropic polymers as stretched polymers or liquid
crystalline polymers. The preferential directions are those parallel and perpendicular to
the stretching direction or to the nematic director.
At small Q values, the expansion of the form factor P(QX), Eq. 22, in any direction
x, can be written:
P(QX)*1-Q2R2 ; Q2RX2«1
(33)
Rx is called [29] the inertial mean distance in the x direction and is defined by:

^

j

= jn(s)ds

(34)

where n(s) is the number of monomers between two planes normal to this direction and
at distances x=s and x=s+ds of the centre of gravity G of the polymer. n(s) is also the
number of intersections of the polymer with such a plane, see Fig. 5. For an isotropic
model, the radius of gyration is given by:
^ * 2 2 = 3 R 2
(35)

Fig. 5 - The inertial quadratic mean distance Rx2 is the second moment of n(s) the number
of intersections of the polymer with the plane normal to the direction x at a distance s of
the centre of gravity G of the polymer. From ref. 19.

The whole form factor can also be used, here, to fit the data with a model in any
direction. A simple model is that of a cylinder (length 2H and radius R) of which form
factor is:
si"(QHcosa)2J 1 (QRsina) N | 2
QHcosa
QRsina )

153

where a is the angle between the cylinder axis and the scattering vector Q and Ji(x) the
Bessel function of the first order. The inertial mean distance in the a direction is:
K

a

-

4H2 cos2 a

R 2 sin 2 a

12

4

Q(2H or R ) « 1

(37)

Other form factors of simple models are given in the book of Feigin and Svergun
(ref. 21 p. 93). The effects of the length distribution of the chain, the polydispersity, are
discussed elsewhere [ 1,19,30].
5. The polymer conformation in the melt
Before the SANS experiments, the conformation of polymers in their melt was
unknown. As the chains are rather globular in dilute solution, somebodies thought that
increasing the concentration has for effect to condense the chains on themselves, each
keeping its individuality. The supporters of the globular form underevaluated the
viscoelastic properties of polymers wich is an indication of the existence of
entanglements. The latter was taken into account by a Flory's prediction [6] assuming an
ideal conformation of chains. That corresponds to interpenetrating chains. Others
thought that local alignments of polymers occured, see Fig. 6.

Fig. 6 - Before SANS, the three possible conformations of polymer chain in the melt: a
globular form, a Gaussian conformation (the chains are interpenetrated) and the existence
of partial chain alignments.

This problem was solved with the development of the SANS technique, at the
beginning of seventies, when the possibilities of the deuteration in this field were
achieved. The first experiments were made in Europe using only a small amount of D
polymers dispersed in a matrix of H polymers. The 50-50 theorem was not yet
recognized! The results obtained with chains of polymethylmethacrylate (Plexiglas) [31],
polyethylene [32] and polystyrene [17,33] were consistent. They will be discussed now in
the light of the polystyrene case [17], a standard of flexible amorphous polymer.
Fig. 7a shows the raw data. The upper curve is obtained with an H polystyrene
containing 2 10'2 of deuterated chains of similar molecular weight (Mw -21 000). The
lower curve is the intensity scattered by a test sample made with only H polymers; it has
not to give a coherent signal. Both set of data shown in Fig. 7 are typical of the SANS
technique.
The central scattering of the lower curve results from defects of the collimation of
the incident beam. Its flat part is rather high; it is due to the incoherent background of
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the numerous protons of the sample. Notice that this background is proportional to the
solid angle AQ defined by the detector of the spectrometer. In SANS, AQ = s/D2 (s is
the detector area and D the detector-sample distance), AQ has a very small value,
typically 3 10'5. Thus the background due to protons is not a real problem as it is claimed
in the case of wide angle neutron experiments.
With a low D monomer concentration p and a weak number of monomers
(N-200), the coherent intensity, proportional to pN, is particularly weak in this example.
Nevertheless the intensity resulting from the difference between the two curves in Fig. 7a
is tractable as it appears clearly in Fig. 7b.

20
Q

lOOA

1

20
Q

lOOA1

Fig. 7a - Raw data of the intensity as a function of the scattering vector Q. The lower curve
is that scattered by a -melt of H polystyrene chains, it is the background. The upper curve
corresponds to a similar sample where 2 percent of D polystyrene are dispersed. The
molecular weight of D chains (21 000) is similar to that of the H chains (20 000).
Fig. 7b - Form factor of the D chain as a function of Q. The data results directly from the
difference between those of Fig. 7a. In spite of the particularly weak coherent scattering of
these samples, the intensity is rather good. The full line is a fit with the Debye function
(Eq. 26). The data of Fig. 7a and 7b are those of ref. 17.

5.1. Conformation deduced from the radius of gyration
Following Eq. 20, the curve of Fig. 7b is proportional to the form factor of the
short polystyrene chain. From the slope of the Zimm representation, F!(Q) versus Q2,the
value of the radius of gyration, Rg= 38A, is obtained. Here the chain is too short to study
the intermediate Q range since this domain, QRg > 4, corresponds to dimensions well
inside that I of the monomer (I = 18A [26,35]). Thus the correlations between
monomers cannot be reach in this way. It is sad since the value of the radius of gyration
gives only a number that is the global size but nothing about the form. Nevertheless the
indication concerning the form can be obtained from the variation of Rg as a function of
N (or the molecular weight M) but it needs more samples. If the polymer is globular, its
size has to vary as N1/3 (Eq. 31), this variation becomes N1/2 for an ideal chain (Eq. 26)
and N 1 for a rod (Eq.28).
The experiments [17] were made using samples with eight different molecular
weights lying in between 20 000 and 1 100 000. The Rg values obtained in the melt were
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compared to those obtained in a good solvent CS2 and in a 0 solvent (H polystyrene in
D cyclohexane at 30°C). The results are shown in Fig. 8. In the good solvent the
exponent 0.6 is in good agreement with that of 0.588 predicted by modern theories [7,8]
for a self avoiding walk. In the 0 solvent and in the melt, the polymer sizes are similar
and the slope of 0.5 is in very good agreement with a Gaussian conformation of polymers
in their melts.

20 -

10
10'

Fig. 8 - Log log plot of the radius of gyration of a polystyrene chain versus the molecular
weight. Different environments were used: a good solvent CS2 (x), a © solvent and in its
melt (©). The data obtained in the melt and in the © solvent are very similar with a slope
of 0.5. These data are those of ref. 17.
Fig. 9 - Log log plot of the inverse scattered intensity as a function of the scattering vector
Q. The data are obtained from polymers in different environments: in a good solvent CS 2
(A), a © solvent (B) and in the melt (C). The data obtained in the melt and in the ©
solvent have the same slope of value 2.0. These data are those of ref. 35.

5.2. Conformation obtained in the intermediate range
In the intermediate Q range, see section 4, the chain conformation is deduced from
the exponent a of the Q"* dependence of the form factor P(Q), thus with only one
scattering curve. If the chain is globular a = 4, for a Gaussian chain a = 2 and for a
rigid rod a = 1. As the Q range obtained with SANS is rather limited, it is useful to vary
also the length of the polymer as a function of the searched parameters. If this parameter
is the radius of gyration, its determination is easiest with short chains. Whereas the best
polymer allowing to reach the intermediate range is the longest one. Thus the experiment
in the intermediate range was made [35] with polystyrene chains of molecular weights
greater than 1.1 106. The result is shown in Fig. 9.
The intensities determined in the limit of the large Q range, QRg > 4, correspond to
the form factor since the interactions are negligible in this domain [1,36]. Thus in good
solvent the Q"167±006 variation corresponds to a self avoiding walk with v = 0.59±0.02
(see Eq. 27), in good agreement with the modern predictions [7,8]. The Q exponent was
[35] 2.06±0.08 in the 0 solvent and 2.01 ±0.08 in the melt.
Thus in the melt a polymer has a Gaussian conformation. This was also been
verified by fitting the whole form factor with the Debye function, Eq.26. It is realized,
Fig. 7b, for the smaller chain, because both Q ranges (QRg >1 and <1) are reached. The
absence of excluded volume effects for a chain in its melt means [7] that there is a

156

compensation of interactions between monomers belonging to the same chain and those
between monomers belonging to distinct chains (having the same length).
6. Polymer interfaces and the contrast variation method
The stability of colloids is often obtained by coating the particles with polymers,
see Fig. 10. Thus the repulsive interaction between polymers avoids the particle
aggregation. It is of current interest to determine the structure of the polymer layer.
SANS is a good technique of which capacities, in this field, are far to be totally
explored.

Fig. 10 - Schematic representation of polymers (p) coating a particle (g) in a mixture of
labelled and unlabelled molecules of solvent.

The SANS intensity by unit volume i(Q) of such a system of volume V writes.
I(Q) = V i(Q) = k2p Spp(Q) + 2 kpkg Spg(Q) + k2g S^Q)
(38)
In order to separate the partial structure factors, it is very useful to vary continuously the
scattering length of the solvent and thus the contrast length values. This method,
describes now, was early introduced by Stuhrmann [37].
6.1. The contrast variation method
The contrast variation method consists in using for the solvent a mixture containing
a ratio y (volume per volume) of labelled molecules of scattering length bso and (1-y) of
unlabelled molecules (bSH) Under these conditions and because the isotopic labelling
does not change the partial molar volume of the molecules, the mean scattering length
bs(y) of the solvent molecule and the contrast length of the scatterers of species a are
written.
bs(y) = ybSD + (l-y)b sH ; ka(y) = ba-bs(y).\J\i.
This method is very useful for organic solvents, since the substitution of protons
(bsH^ -0.374 10*12 cm) by deuterons (bsD= + 0.667 10'12 cm) leads to changes of the
corresponding contrast lengths which can reach a range in between 1 to 9. The
corresponding scattered intensities have variations from 1 to 80, thus of sufficient
amplitudes to be clearly separated even if the variation of y is limited from 0 to 1.
Two specific values of y, the solvent proportion of labelled molecules, are of
interest: yp, for which kp(yp)=O, the solvent matches the polymer, and yg, kg(yg)=0, which
kills the grain: a contrast matching experiment can give directly one of the partial
structure factors. In the opposite case, three measurements made with three samples,
each prepared with a different y value, allow to determine Sgg(Q), Sgp(Q) and Spp(Q). It
will be shown in the following, how this method, first introduced by the Bristol group
[38] and developed by Auvray [39], was used to determine the concentration profile of
polymers adsorbed or grafted on particles. Until these works, only the specular reflection
of neutrons or X-rays was recognized to reach this aim [40].
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6.2. Determination of a layer concentration profile [39]
Let us consider the colloidal solution represented in Fig. 10. The solid grain g has a
sharp interface and a large radius of curvature R. The thickness of the polymer layer is
h. The Q range of interest for the SANS experiment lies in the neighbouring of Qh~l in
order to analyse the polymer layer. Now the basic assumption is that R is much greater
than h, thus at the observed Q scale the solid surface can be considered as a plane. Under
this condition, i(Q) is proportional to the form factor of the colloid and writes:
i(Q) = k2p pS'pp (Q) + 2 kpkg pS'pg (Q) + k2g pS'gg (Q)
(39)
were p is the number of colloids by unit volume of solution. The index 1 recalls that the
interactions between colloids are negligible in the Q range QR » 1 .
The solid-solid partial form factor is given by the Porod law (Eq. 32):
QR»l
v

g

The cross term, S ^ Q ) is proportional to the Fourier transform < pg(0)pp(r) >. It
is written [39a] by considering the specific symmetry of the system i.e. the invariance of
the structure of the polymer layer by translation along the surface and its isotropy in the
directions parallel to it. Thus the local monomer concentration p p (r) is given by:
Pp(r) = < Pp(z) > + 8pp(r) = c(z) + 5pp(r)
where c(z) is the mean concentration of the polymer layer at a distance z of the solid
surface (see Fig. 10) and the cross term is:

^Q- 3 Jdz.c(z)sinQz ; QR»1

(40)

V
V
v Pp vv gg V
o
It is of peculiar interest since it gives directly the sine-Fourier transform of the monomer
concentration profile c(z).
The monomer-monomer scattering function is separated in two terms:
2

v

i

7dz.c(z)e iQz

PSWQ); QR»1
PP

(41)

where pSpp(Q) corresponds to the intensity scattered by the pair correlation function of
concentration fluctuations inside the layers. The latter is predominant at large Q values
Qh»l.
The striking result is the possibility to determine c(z) from the cross term by using
the contrast variation. Relatively to the specular reflection which gives only the density
profile involving the solvent molecules, the SANS determination of the concentration
profile is easier to interpret. Another advantage derives from the quantity of interface
that is greater in the bulk of SANS samples. It is well illustrated in the case of polymer
layers coated inside porous medium for instance.
6.3. Example of the determination of a polymer brushes [41]
The polymer brushes are formed by grafting a polymer extremity on a wall with a high
grafting density (see Fig. 11). The concentration profile was theoretically predicted to be
a step function [42] or a parabolic profile [43]. The step profile is: c(z)=Cs if 0<z<h and
c(z)=0 elsewhere. This leads [41] to the following scattering function for the cross term:
- — ^ Q - ^ O - cosQh)

(42)
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Fig. 11 - Schematic representation of a brush of
polymers grafted on solid particle, h is the
thickness of the layer and z the distance to the
wall. The model is that of a rod of blobs with
excluded volume [42].

The parabolic profile is: c(z)=cs [l-(z/h) 2 ], the corresponding scattering function is:
ps l gp(Q)=-

l—

(l-cosQh)

Qh

(43)

The experiment [41] was made using a deuterated polymer chain (Mw=69000)
grafted on a porous silica (mean pore diameter of about 3000A and 2.5 m2/cm3 of
specific area). The grafting density was 5.98 mg/m2. The solvent is a good solvent of
polystyrene, the dichloromethane CH2C12. A ratio yg=90% of CD2C12 in the solvent
matches the scattering length of the silica. The cross term pS 1 ^ was determined from
others measurement made with y=100 and 50%. The fit of experimental data with Eq 43
is shown in Fig. 12.
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Fig. 12 - Plot of the cross term polymer particle, Q'pkpkg S'K versus the scattering vector
Q. The full hne is a calculated curve using the parabolic profile c(z) shown in the inset as
a function of the distance to the wall z.

The quality of the fit proves that the profile is parabolic since the step profile gives a very
different function. This result was simultaneously obtained by neutron reflectometry [44]
The reader will find in ref. 41b a detailed discussion about the determination of c(z) from
the term S pp and the sensitivity of the SANS technique for such a determination.
7. Discussion
The aim of this introductory course was to demonstrate that SANS is the main
tool in order to determine the polymer conformations. It has been shown how to create
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a contrast by the deuteration of a polymer in its melt and how to simplify the study of a
binary system with the contrast variation method. It is difficult to discuss all the
numerous SANS possibilities in the polymer field. Nevertheless two methods, recently
developed to study the concentrated solutions, have to be mentioned. One is the ZAC
(zero average contrast) method [45] which allows to measure directly the chain form
factor from a mixture of H and D polymers in a mixture of H and D solvents. The other
is the TIS (Triple Isotopic Substitution) method [46] which gives the form factor of
labelled moieties of a macromolecule dispersed in a complex solution. The latter is
useful for block copolymers. A survey of these possibilities is given elsewhere [47].
At last, the difficulties of the isotopic substitution have to be raised. Until now,
the isotopic substitution was assumed to have no action on the labelled scatterers i. e.
there was no correlation between the position of an atom and its isotopic species. It is
true for the solvent molecules. For instance, preferential adsorption is not encountered
with a mixture of deuterated an undeuterated ones. It is not true with polymers for which
it is well known [1,3,7] that interaction between H and D monomers exists but is weak.
The formalism developed by de Gennes (section IV in ref. 7) for the polymer blends has
to be applied in the melt. If x is the Flory parameter of the interaction between
monomers of different species, assuming ND=NH, Eq. 20 becomes :
(bD-bH)2nm=

1

1

I(Q)
xS1D(Q) (l-x)S 1 H (Q)
In the general case the spinodal decomposition occurs when 1(0) diverges :

_J_ +

1

2x = 0

(45)

xN D ( l - x ) N H
(this avoids negative intensity values for the larger x values). Thus the higher is the
molecular weight the higher is the probability to have a phase separation. For isotopic
blend of polystyrene, the % value is weak, about 2 10"*.
Another difficulty for the SANS workers is the transesterification [48]. It is a
random scission and recombination of carboxyl groups (C=O)O in each monomer of
polyester induced by heating. But the recombinations do not necessarily occur with the
arms of the originate polymer chain. Thus starting with a mixture of totally protonated
and deuterated polymers, then proceeding to a carefull annealing in order to eliminate
voids, as final sample a very homogeneous melt of D polymers, partially D polymers and
totally H polymers is obtained. The data scattered by such a sample are, to day, quite
impossible to analye.
Finally deuteration can introduce changes that can be important in the
neighbouring of a transition temperature. For instance the heavy ice occurs at 4°C and
not at 0°C as for H2O or the concentration from which surfactant molecules are
beginning to aggregate is different in H2O or in D2O. For polymers, it is known [1] that
the crystallisation temperatures or the Flory temperature 0 depend on the isotopic
species. The effects of these small temperature variations, a few degrees relatively to
about 300K, have to be studied before starting any SANS experiment.
The author wishes to thank A. Briilet for fruitful comments on the manuscript.
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SMALL-ANGLE NEUTRON SCATTERING
IN MATERIALS SCIENCE - AN INTRODUCTION
CH9700080
PETER FRATZL
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Strudlhofgasse 4, A-1090 Wien, Austria

ABSTRACT
The basic principles of the application of small-angle neutron scattering to materials
research are summarized. The text focusses on the classical methods of data evaluation
for isotropic and for anisotropic materials. Some examples of applications to the study
of alloys, porous materials, composites and other complex materials are given.

1. Introduction
Small-angle scattering (SAS) has been applied for the first time by Guinier [1] in
the 1930's for studying the structure of materials in the intermediate range of sizes
between interatomic distances and typically 103-104 A. These first experiments used
x-rays (SAXS), and neutrons were used for small-angle scattering (SANS) as soon as
they became available. Guinier's first experiments were done before electron microscopes became widely used in materials science laboratories and, indeed, the range
of dimensions in the structure of materials covered by SAS and transmission electron microscopy (TEM) are comparable. Even though it does not give direct images
of the structure, SAS has the advantage of being non-destructive and of providing
information with high statistical accuracy due to the averaging over a macroscopic
sample volume. In particular, the small absorption of neutrons allows in many cases
the investigation of centimeter thick material by SANS. Moreover, the structure of
ill-ordered materials, like glasses, aggregate structures, fractal systems, etc., is difficult to describe in direct pictures, but can usually be well characterized by scattering
experiments. Finally, SANS offers the particular advantage of being sensitive to the
magnetic spin and also to light elements, in particular hydrogen (deuterium) which
remains invisible in both TEM and SAXS. This last property is crucial for many
applications in biology and polymer research.
The basics of small-angle scattering have been reviewed in a number of text-books
and articles, like the classical text by Guinier and Fournet [2], as well as later works
[3-6], some of them focussing more directly on materials science applications [7-9].
2. General Principles
Small-angle scattering considers a range of sizes sufficiently larger than interatomic
distances, so that the scattering length density p(r) can be approximated as a continuous variable of the position r in the specimen. The general equation for the SAS
intensity can be written
J
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For many purposes, it is convenient to define the spherical average of the SAS intensity
Is{Q) = —

<Pn 3jr(Qn)

(2)

ail

4TT JU

where n is a vector on the unit sphere U. One may also define a Q-average of the
SAS intensity by

where Q = Qn is the scattering vector. When the system investigated is isotropic,
then IQ = constant and the scattering intensity is completely described by Is(Q)Liquids, solutions and polycrystalline solids are often isotropic. For anisotropic systems, the function /Q(II) gives a measure for the angular dependence of the structure.
2.1. Two-phase Model
Frequently, the specimen can be considered to consist of two sharply separated
phases with constant composition and, hence, constant scattering length densities p\
and p2- This means for each of the phases j , consisting of several types of atoms i
with atomic fractions i/,-,- and scattering lengths bji, respectively,

where va is the average atomic volume. Such an approximation is called "two-phase
model" and will be used throughout this paper unless otherwise specified. In this
approximation eq.(l) becomes
2

I f

(5)

where Vi is the volume occupied by phase (1) only.
2.2. Invariants
A few general relations, sometimes called invariants, are valid for the two-phase
model. The first is the integral intensity which may be written

where f\ and f2 — 1 — /i are the volume fractions of the two phases, respectively. The
second, known as Porod's law [10], gives the tail of the spherically averaged intensity
at large Q:
Is{Q)^2wV(p1-p2)2cr/Q4
when Q -+ oo
(7)
where a is the total interface area between the two phases (1) and (2) per unit
volume of specimen. A direct application of this formula is demonstrated in Fig.l,
where Porod's law is used to determine the evolution of the total porosity during the
sintering process of a refractory metal produced by powder metallurgy [11].
Another possible application of these two invariants is the determination of a
typical length scale characterizing the two-phase mixture. Indeed, defining
T Jo

Hm{g 4 / 5 (Q)},

(8)
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Figure 1: (a) SANS-spectra from compacted Mo-powder sintered for 1 and 24 hours
at 2000°C (from [11]). The straight lines indicate Porod's law. The reduction in
intensity from lh to 24h is related to the reduction in the internal surface of the
pores, (b) SANS-spectra of different sandstones (from [12]). The linearity of the data
indicate a fractally rough surface of the pores with a fractal dimension as indicated.

it follows that
r = 4/1/2/0-

(9)

which has the dimension of a length and depends on the ratio of volume by surface of
one of the two phases. In complex materials, where no simple model is available, T can
be used to characterize the dimension of inclusions without any specific assumption
on their shape or arrangement. T has been widely used, e.g., to characterize the
structure of bone [13] at the nanometer level.
A further length scale for the characterization of complex materials is the mean
chord length defined as
Jo

Qh(Q)dQ

n:

Q2Is(Q)dQ

(10)

3. Isolated Inclusions
When the material contains inclusions (pores, precipitates, etc..) that are well
separated (that is their distance being much larger than their typical size), the total
scattering intensity may be regarded as an incoherent sum of the contributions from
the individual inclusions. That is,
da

I

•<2 3 r

(11)

where Wj is the volume of the particle number j and Sj its form factor. The form
factors for several simple particle shapes are tabulated in Table I.
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Table I: Form-factor and radius of gyration of a few simple particles. The dimensions a, b and c are
along the axes x, y and z. The coordinates of the Q-vector in theses axes are (Qx,Qy,Qz)-

Particle type

Form factor

Radius of gyration
squared, R20

parallelipiped with
sides 2a, 26 and 2c

A\aQx) A2(bQy) A2(cQz)
A(u) = ( s m u)/u

(a2 + b2 + c 2 )/3

ellipsoid with
half axes a, 6, and c

B2{y/(a Qx)2 + (6Qy)2 + (cQz)2)
B(u) = 3(sinu — u cos u)/u3

(a2 + b2 + c 2 )/5

sphere with
radius R

B2(Q R)
Q2 = Ql + Ql + Ql

ZR2/5

cylinder of height 2c
with ellipsoidal section
of half-axes a and 6

A2(cQz) C2(y/{aQx)2 + (bQy)2)
C( u )= 2 J\{u)ju
Ji = Bessel function

{a2 + 62)/4 + c 2 /3

3.1. Particle Size Distributions
For spherical precipitates with a distribution of radii f(R)dR (which means that
f(R) is the number of spheres with radius between R and R + dR), eq.(ll) becomes

jff

J~R6f(R)B2(QR)dR,

(12)

where B is given in Tab.I. The scattering from a collection of spheres of identical size
is shown in Fig.2. This function has many oscillations which are increasingly wiped
out for size distributions of increasing widths. While such oscillations are well-known
for spherical particles in dispersion, there are only few cases where, e.g., precipitates
in alloys have a spherical shape and a sumciently narrow size distribution to reveal
such oscillations. Examples are dilute alloys Cu-Co [14] or Cu-Fe [15] (see Fig.2).
Equation (12) can in principle be inverted to extract the size distribution f(R) [3].
However, one must be sure that the inclusions are truly spherical and sufficiently
separated in space to avoid interference effects - a condition that is rarely fulfilled,
e.g., in alloys or porous materials.
3.2. Guinier Law
In isotropic materials, like polycrystals or isotropic liquids, the form factors 5(Q)
are spherically averaged to give S(Q). A development of S(Q) in Taylor series and
reinterpretation in terms of an exponential leads to the Guinier law [2]. For not too
anisometric particles (like approximately equiaxed ellipsoids or parallelipipeds) it can
be written
S(Q)*ex?{-Q2R2g/3}
(13)
where Rg is the radius of gyration of the particle with
1
2 3
> = W~ / r d r

R

Jw

(14)
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QR
Figure 2: Form factor of a sphere (dotted line), together with SAXS data from dilute
Cu-Fe [13] (crosses). Similar curves were also measured by SANS in Cu-Co [14]. The
full line is the form factor of the sphere averaged with the distribution of radii (see
eq.12) according to theorical estimates [26].

r being the distance from the center of gravity of the particle with volume W. For a
few simple shapes, R2g is given in Tab.I (see also [3]). If one of the dimensions of the
particle is much larger than the two others, e.g., for cylindrical rods with c > > a,b
(notations as in Tab.I), then the Guinier law becomes
(15)
where Rg2 is the radius of gyration of the two-dimensional cross-section A of the rod
of length 2c
(16)
Finally, if the particles are plates (like cylinders with c «

a,b with the notations in

10

0.1

1

QR

10

Figure 3: Spherically averaged form factor of cylinders with radius R and length IE
(dots), with H/R = 10. The oscillations at larger Q disappear when there is some
distribution of the cylinders diameters. The behaviour Q~l at small Q correspond to
the scattering from long cylinders. Guinier'law (eq.15) is also indicated.

167

Tab.I), then the Guinier law writes

exp{-g 2 i^

(17)

where A is the area of the plate surface and Rg\ is the one-dimensional "radius of
gyration", simply given by R2gl = c 2 /3 for a plate of thickness 2c.
From these three Guinier formulas it becomes apparent that there is - in priciple - the possibility to distinguish between particle shapes by the behaviour of the
scattering function at very small Q, because of theLorenz factor Q~a in front of
the exponential function. Indeed, for thin platelets S(Q) oc Q~2, for long cylinders
S(Q) oc Q~l and for approximately equiaxed objects S(Q) oc Q°y for small Q. However, it must be pointed out again that this interpretaion of the small Q-behaviour is
only possible if there is no particle interference (which usually means large separation
between particles). An example for the scattering from long cylinders is shown in
Fig.3.
3.3. Particle Interference
Particle interference can only be neglected for widely separated particles or in the
very special case when the two phases are arranged in a randomly space-filling way
[16], as shown in Fig.4.
If all the particles are identical (and oriented in the same way), then the total

e

-Sr-Sr-h
CC0C5&3PE1•Y-M
333
XvC*X*X*Y»A»Y»jw

I

IS?

TYT

Figure 4: When the space is entirely subdivided into cells, e.g., hexagons (a) or
irregular shapes (e) and if these cells are filled randomly by the two phases, then
the total SAS-intesity is just proportional to the average form factor of the cells
[16]. Hence, all the configurations shown in (b) to (d) would have the same SAS
intensity (up to a multiplicative constant) as the average form factor of the cells in
(a). Similarly, the configurations (f) to (h) have SAS-intensities all proportional to
the average form factor of the cells in (e).
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Figure 5: Schematic drawing of the form factor of a single (approximately equiaxed)
particle S(Q) and the particle interference function P(Q), as well as their product.

scattering intensity can be written [2] as a product
da
(Q) « P(Q)

<m

(18)

where S(Q) is the single particle form factor and P(Q) a function that describes the
position correlations of the particle centers. Typically, P(Q) is a constant at large
Q and oscillates at smaller Q. The oscillations are the stronger, the more periodic
the arrangement of the particles. A schematic drawing of P and S is given in Fig.5.
Unfortunately, when particles are not all identically sized or shaped the situation becomes extremely complicated and there is no general solution to the problem. Special
cases have been, however, recently treated in some detail [17].
4. Examples
4-1. Fractal Structures
Some isotropic aggregate or porous structures may exhibit a fractal self-similarity
This means that the structure looks similar, independently of the magnification. More
precisely, if the length scale is changed by a magnification factor £, then the resulting
correlation function must be proportional to the original one. When this is translated
into Fourier space, it follows that
Is(Q) visitQ)

(19)

for any (. This is only possible if Is(Q) follows a power-law behaviour in the form
IsiQ) = h Q~a(20)
The scattering from fractals has been reviewed, e.g., in [18]. A fractally rough surface
with Hausdorff dimension Ds and a fractal volume with dimension Dv are represented
by
6 — Ds
surf ace fractal
, .
volume fractal,
^ '
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respectively. The fractal character is revealed, therefore, by a linear graph of Is(Q)
in a double-logarithmic plot, with 3 < a < 4 for a surface fractal and a < 3 for a
volume fractal. An example is shown in Fig.lb. Clearly, the linear behaviour in this
graph must be limited both at small and at large Q in real physical systems, as visible
in the graph.
Note, that an ordinary surface with Ds ~ 2 leads to a = 4, in agreement with
Porod's law. Moreover, slopes larger than 4 may also be obtained in cases where
there are no sharp (or fractal) interfaces but rather a gradual transition between the
phases [19].
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Figure 6: Schematic representation of a corsening process in an alloy driven by
isotropic interface energy. (I) shows a typical distribution of spherical precipitates
as they might occur in an alloy after some time tj of heat treatment. (II) shows
a two-fold enlargement of the upper right corner and (III) a four-fold enlargement.
Self-similar coarsening would imply that the configurations (II) and (III) would be
similar to really observed ones at times tjjj > tu > fj. The precise meaning of
"similarity" is that the correlation functions (or equivalently the SAS intensities) of
the real situation at time t// and of the picture shown in (II) should be the same.

4-2. Phase Separation in Alloys
The first proof that the well-known hardening of some heat-treated metal alloys
is due to phase separation (that is, precipitation of new phases starting from a homogeneous alloy) emerged from small angle scattering results (Guinier-Preston zones
in Aluminium alloys [1, 20]). Since then, SAS has been used successfully for the
investigation of phase separation [22, 21, 8].
A major impact came also by the theory of spinodal decomposition [23] which
is based on a generalized diffusion equation and which gives direct predictions for
the evolution of the SAS-intensity as a function of time during the phase separation
process of the alloy:
~ = M V2 (ii(c) - * V2c)

(22)

where c(r) is the local concentration of the binary alloy, /z(c) the chemical potential,
M an atomic mobility constant and K a constant describing the interface energy
density (that is, in this model, the energy related to gradients of the concentration).
Since the scattering length density p(r) in a binary alloy is just linearly related to
c(r), equation (22) can be used to predict the time dependence of p(r) and, via
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eq.(l), also of the SAS-intensity. While analytic solutions of a linearized version of
(22) only poorly describe experiment data in alloys [21, 22], numerical solutions of the
fully non-linear equation [24] agree in many aspects with experiments and computer
simulations [25].
For the benefit of a simple instructive example, we focus here only on one aspect
of precipitation in alloys, namely on the situation where an already formed two-phase
mixture is coarsening in order to reduce its total interface energy (which is assumed to
be isotropic). It has been observed in this case that the distribution of droplets evolves
in a self-similar way, as shown schematically in Fig.6. This evolution is characterized
by the fact that the morphology at a certain time is similar to the one at a previous
time, given a change in the overall length scale. More precisely, the SAS-intensity at
time t is
where F is a scaling function independent of time and R and J are time-dependent
parameters. Moreover, the law of integral intensity (eq.6) requires that

which can be used to determine the time-dependence of fi(t) by SANS [27]. In the
very late stages of phase separation, / x is expected to be constant [21, 22]. Scaling behaviour was predicted theoretically for a small volume fraction of precipitates
f\ « 1 [26] and is also in agreement with numerical solutions of eq.(22) [24]. Experimentally, it has been found by SAS in a number of alloys [8, 25] and an example
is given in Fig. 7.
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Figure 7: SANS-data for an Al-Zn-Mg alloy aged at room-temperature between 1
day (squares) and 1 year (circles) [27]. The maximum is due to a position correlation
between the spherical precipitates (left). On the right the same data are shown on
renormalized scales, where the full line is the fit with a model [25] for the scaling
function F defined in eq.(23).

4-3. Anisotropic SAS from Single Crystals
When precipitates in alloys tend to be non-spherical or to align along special crystallographic directions, additional information may be gained from the investigation of
single crystals. Non-spherical precipitates are found, e.g., in Ni-base superalloys where
elastic interactions, resulting from the different lattice specings in the two phases,
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Figure 8: Typical configuration of precipitates in Ni-base alloys (a) with and (c)
without a difference in the lattice spacing between the two phases, (b) and (d) show
the typical corresponding intensity distributions as measured by SANS [28] or SAXS
[29,30].

lead to a break-down of the scaling-behaviour described in the previous section and
to SAS-patterns as shown schematically in Fig.8. In an alloy where no differences
in lattice spacing between the two phases is present, the precipitates are spherical
(Fig.8c) and the corresponding SAS-patterns have circular symmetry (Fig.8d). With
elastic interactions present, the precipitates are cuboidal and align along the cubic
directions ([100], [010], [001]) of the crystal (Fig.8a). The corresponding SAS-pattern
is very anisotropic and shows maxima in the directions of alignment of the precipitates (Fig.8b). One way to characterize the anisotropy of the SAS-spectrum from an
alloy with cubic symmetry is to use the function /g(n) which, for symmetry reasons,
depends only on the cubic harmonics [30]
(25)
— TIX nv n.
= nxny ny nz nz nz
where n = (nx,ny,nz).
A more general treatment of SAS-data like in Fig.8b is
difficult [17] and its discussion is beyond the scope of this introduction.
In some cases plate-like inclusions lead to extremely anistropic SAS-spectra, like
for oxide precipitates in some metals [31] or semiconductors [32]. The shape function
for cylinders (Table I) can then be used to estimate the diameter (resp. thickness) of
the plates from the width (resp. length) of the streaks in Q-space appearing in the
directions perpedicular to the plate surfaces [31].
4-4- Fibrous Structures
In materials with a cylindrical symmetry like, e.g., fibre bundles, liquid crystals or
fibre composites, the SAS intensity is usually averaged around the cylindrical axis.
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This leads to an intermediate case between the fully isotropic structures and single
crystals. Data evaluation in such cases has been discussed, e.g., in [33].
4.5. Magnetic SANS
Making use of the magnetic scattering cross-section for neutrons, it is possible
to study magnetic clusters or precipitates by SANS. Some applications were discussed, e.g., in [8]. Fig.9 shows the recent example of an amorphous magnetic alloy
(FINEMET) in which heat-treatment leads to the formation of nanocrystalline inclusions [34]. Since all the structures in the amorphous alloy can be assumed isotropic,
the SAS intensity measured with unpolarized neutrons in a saturating magnetic field
can be written
™(Q) = A(g) + B(Q)sin 2 a
(26)
where a is the angle between Q and the direction of magnetization. Therefore, it
is possible to separate A(Q) and B(Q) corresponding to the nuclear and magnetic
scattering, respectively (see Fig.9).
i
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Figure 9: Nuclear A(Q) and magnetic B(Q) contribution to SANS from a magnetic
amorphous alloy (FINEMET) heat-treated at 550C to form nanocrystalline inclusions
[34]. Measurement with unpolarized neutrons in a saturating magnetic field of 0.7T.

Other recent applications include the measurement of magnetic flux line lattices
in superconductors [35] and "magnetic contrast variation" to enhance the contrast
between magnatic precipitates in a non-magnetic matrix [36].
5. Final Remarks
A number of topics have not been adressed in this introduction among which are
grazing-incidence SAS which probes the surface of the specimen as well as ultrasmall angle scattering (USANS) where double-crystal monochromators are used to
achieve smaller scattering angles. Dependent on the thickness of the specimens, there
might also be multiple small-angle scattering [37], which was not discussed here.
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In crystalline materials, multiple Bragg-scattering may also produce intenstity at
small angles [38] which can, however, be completely avoided by choosing a neutron
wavelength larger than the Bragg-cutoff (that is, twice the largest Bragg-spacing).
The possibilities of contrast variation, e.g., by substitutuion of D for H, a method
widely used in biology and polymer science, was also not addressed.
Finally, a few words may be said about the relative merits of SANS and SAXS:
Special advantages of neutrons are their low absorption allowing the non-destructive
investigation of thick specimens, their large scattering cross-section for light elements,
like hydrogen and oxygen, which makes neutrons particularly attractive for the study
of organic matter, and, in some cases, also their magnetic cross-section. Due to the low
absorption, it is also possible to use larger wavelengths with neutrons than with x-rays,
which enhances the Q-resolution and avoids possible artifacts from multiple Bragg
scattering. Specific advatages of x-rays are much larger fluxes available at synchrotron
sources which is important for time- and space-resolved measurements. Moreover, the
anomalous dispersion of the scattering length for x-rays close to absorption edges
allows the use of contrast variation techniques.
In summary, SANS is a powerful technique truly complementary to SAXS and
TEM for the investigation of materials structures in the range between one nanometer
and one micrometer.
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