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Abstract

We consider the class of 3-dimensional finite range or similar potentials AW(r), de-
pending on a strength constant A. We study the behaviour of the eigenvalue E as function
of A - Ac, where Ac is the critical value at the transition from 0 - + 1 bound state. For the
1 = 0 case, we find E oc (A — Ac)2, whereas the relationship is linear for / > 1. Treating /
as a continuous parameter in the radial Schrodinger equation, we give the evolution of the
power-law between 1 = 0 and 1 = 1. Besides spherically symmetric scalar potentials, we
discuss also the case of a repulsive scalar potential combined with a spin-orbit component
of the Thomas form.
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1 Introduction.

In a previous work [1], we have studied single neutron halo nuclei, characterized by a single
neutron separation energy Sn which is very small, currently an order of magnitude lower than
the average binding energy per particle B(A)/A. This is justifying a two-body approximation,
and it has given us a motivation to discuss weakly bound states. In particular, we have found
by means of few numerical examples, that the eigenvalue follows a power-law in A — Ac in the
vicinity of Ac, which is the critical value delimiting the transition between 0 and 1 bound state.

It is the purpose of the present paper to put this result on mathematical grounds. This
problem is not restricted to nuclear physics but is encountered in any physical system of a
weakly bound particle at the transition between zero and a few bound states. It should be the
case of an electron weakly bound to a neutral atom, possibly in the presence of a magnetic
field. Our results may also find an application in quantum wires, a subject of current interest
[2, 3]. Finally, similar situations are found in field theory, when looking for possible bound
states according to the values of the lagrangian parameters [4].

Here we investigate finite range or similar potentials \W(r) in the 3-dimensional space,
depending on the strength constant A. We consider first spherically symmetric scalar potentials.
We find the power-law to be quadratic for 1 = 0 states and linear for / > 1. The transition
between these two cases is discussed by considering I as a continuous parameter in the radial
Schrodinger equation.

Note that the case of I = 0 states can be inferred from the potentials for which the analytical
solution is well known, like the Hulthen or the Morse potentials. The question is more delicate
for the case of I > 1.

Furthermore, we discuss also the case of a fixed repulsive scalar potential combined to a
spin-orbit interaction of the Thomas form. We consider only the case of a spin 1/2 particle.

The paper is organised as follows. In section 2 the behaviour of the eigenvalues in the
vicinity of Ac is studied for scalar potentials. The case with a spin-orbit potential is discussed
in section 3. Conclusions are drawn in section 4.



2 Scalar potential.

In this section, we consider spherically symmetric scalar potentials XW(r) having at the most
a finite number of bound states for a finite value of the strength constant A. This class refer
to finite range potentials or to potentials decreasing fast enough to become negligible beyond
a finite radius.

The Schrodinger equation reads :

Here, m is the mass of the single particle experiencing the potential W(r), and V»(f) the
single particle wave function.

The usual decomposition on the spherical harmonics

= £ f-~- Yrw (2)

get rid of the angular variables. We are left with the radial second order differential equations
depending on the value of the angular momentum I:

XW(r))+ ^^-\ft(X,E,r), (3)

where the prime denotes the derivatives with respect to the variable r.

Since W(r) is assumed to decrease faster than 1/r2 at infinity the Bargmann inequality
[5] applies and gives us an upper bound for the number of bound states n* of the potential,
involving only the attractive part W+ of W(r) :

No bound state exits for A = 0. For a sufficiently large value of A, the equation (4) at least
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suggests the occurrence of one bound state. For a large class of potentials, this is a sound
conjecture, which can be put on firmer grounds, as shown in Appendix A. It is obvious that
the present work is dealing with potentials belonging to this class, and thus admitting at least
one bound state for a large enough A.

Although it can be intuitively inferred that A,, corresponds to E = 0, it can be shown to
be legitimated. The argument is quite general. Indeed, take the radial Schrodinger equation
(3) having a bound state E < 0, for an attractive potential AW(r)> and no bound state below
Ac. The function //(A, E,r) has the usual characteristics of bound state wave functions for the
three dimensional case: it vanishes at the origin and it is normalizable. When A and E are
varied simultaneously in a way to preserve the bound state, we have

2 v _ , v. J + dX W(r) )
ft

+ 1(1 + l)/r2)//(A + dX, E + dE,r). (5)

From usual techniques and taking into account the boundary conditions for / / , we get:

d \E\ r+°° . r+°°
dX

(6)

In the case where W(r) is negative, the right hand side is positive definite, and therefore
\E\ is an increasing continuous function of the variable A. Reciprocally, A is an increasing
continuous function of \E\. Thus, the limiting value E = 0 provides us with the required
"critical" value Ac.

Note that the same conclusion can be reach from the scattering state around E — 0. Indeed
let be r(A, E) the first node of the Schrodinger equation for scattering states, eq (3) for E > 0.
Remembering that ft{X,E,r{X,E)) is identically zero and using the same technique as for (6),
developed in ref. [6], it is easy to show that:

dr{X,E) 2 m tfX'E) f*(X,E,r) dr
dE h2 ft(x,E,r(x,E)y •

Accordingly, E >-* r(A, E) decreases when E increases. This function is monotonic; it can be
inverted and the reciprocal r i—> E{X, r) can be defined. When the variable r tends to infinity,
E either tends to zero or to a negative value corresponding to a bound state (see ref. [6]). As
E is continuous with respect to the parameter A, the separation value Ac between zero and



one bound state corresponds to E(XC, +00) = 0. Therefore the energy corresponding to the
transition is zero.

The equation (6) allows us to determine the behaviour of the energy — E = \E\ around
the "critical" value Ac for values of the angular momentum I > 1. The function //(Ac,0,r),
corresponding to the transition towards a bound state, has the asymptotic behaviour at infinity

[5]

Urn r'ft{\c,0,r) = D ;D
—> + 0O

For values of I > 1, //(Ac,0,r) is therefore square integrable. From (6) we deduce the
behaviour of the bound state energy - E at the vicinity of Ac :

-E = 0{\-\c) ; / > l (7)

where

W(r) f?(Xc,0,r) dr + Jo fj{\c^r) dr (8)

For I > 1 the bound state energy varies linearly with the energy.

The s-wave case is more delicate to discuss, since the function /o(Ac, 0, r) becomes a constant
at infinity. On the other hand, a number analytically solvable models exist for this case, like
the Holt hen and the Morse potentials. They tell us that the energy variation obeys a quadratic
law around the critical value :

E oc (A - A.)2 .

The basic difference between s- and I > 1-waves is linked to the asymptotic behaviours
of the wave functions. To demonstrate this statement, it is useful to consider the angular
momentum / a s a continuous parameter in the radial Schrodinger equation. This procedure
shows how the transition is occurring.

Let us stress again that W(r) is supposed to become negligible beyond r = R. The method
follows a reasoning valid for the square well potential. It estimates the logarithmic derivative
at r=R :



«i(A, E, R) = ft '(A, E, R)/ft(X, E, R) .

The value of R can be chosen arbitrarily since the final result is not depending crucially on
it, as we shall see.

The asymptotic part of // for continuous I can be represented by

fi(x) <x qt(x) = Kl+1/2(x) y/2x/7 ,x = J-2m/h2E R ,

where the function Ku is the modified Bessel function of the third kind [7, 8].

In order to discuss w/ around E = 0, we need the ascending series expansion of qi in the
power of x. This is given by

qt{ ] cos(l »)

which can also be written

27V (*/2)2n V (x/2)2"^1 \
* \^0 n! r(n - I + 1/2) ^0 n! T(n + I + 3/2)) '

- n 4- 1/2) si

n\

, V (s/2)2" ^ (x/2) \
^ / 2 »! T(n - / + 1/2) n^0 n! r(» + I + 3/2) j " l U;

This expression is valid for every I— 1/2 not integer. In the latter case, the function qi(x) is
denned by continuity. It is immediate to observe that the value / = 1/2 constitutes a boundary.
Consequently, from the behaviour of qt{x) as E or equivalently x tends to zero, we distinguish
three estimates of the logarithmic derivative, namely :

(1!)



and

ve{Xt E,R) = - - 1 - ( 1 + -T2- R E H-E)) ,1=1/2. (13)

More details concerning these estimates are given in the Appendix B. Going back to the
Schrodinger equation, we use the same procedure as before, varying A and E in a way to
preserve the bound state and get:

fl{X + dX,E + dE,r) ft{X,E,r) - £'(A,£,r) //(A + dX,E + dE,r)

= ^ (-dE ft(X,E,r)2 + dX W(r) ft(X,E,r)2 ) . (14)

Neglecting second order terms, (dE)2,dE dX and dX2, this equation yields:

f't(X + dX,E + dE,r) ft(X,E,r) - f't(X,E,r) ft(X + dX,E + dE,r)

= ^ (-dE f ft(X,E,r')2 dr'+ dX f W{r') ft(X,E,r')2 dr') . (15)
n \ Jo Jo J

Therefore,

f,(\,E,r'Y dr' -MA £ W(r') /,(A,£,r')! *') . (16)

From this, provided that //(A, E,r) ^ 0, the logarithmic derivative VI(X,E,T) satisfies:

^ (-dEfft(X,Ey)2 dr' + dX f W(r') MX,Ey)2 dr' ) . (17)
n \ Jo Jo /



On the other hand, in the vicinity of E = 0, A = Ac, vt(X,E,R) admits a limited expansion :

vt(X,E,R) ~ Vi(Xc,0,R) + ^(Xct0,R) (X - XC) + ^(K,0,R) E . (18)

According to (17,18), it follows that

-E f* ft(Xc,0,r')2 dr' + (X - K)j*W{r') /.(Ac,0,/)2 dr'^j = -± f?(Xc,0,R) g{E)2 m

where g(E) is defined by: v/(A, E,R) = —^(1 + g(E)). Taking into account eqs.(ll,12), for

/ ^ 1/2, the two cases g{E) a E {I > 1/2) and g{E) a E2^ (I < 1/2) yield the following
expressions :

-E = /3(X-Xc),l>l/2 (19)

with:

#( A »°» r '> d T > * (f*fil***0*1')dr> + 27TT0 = ~ W(r') /?(Ac,O,r') dr' + / //(Ae,O,r') dr' + —^— ff(Xc,O,R) (20)

and

- £? = j8 (A - Ac)
2/("+1) , / < 1/2 (21)

with:

mR cosM r(/ + l/2)2 S0
RW(r') //(Ae,0,rQ dr' \
0Ji)* j • V ̂

For / = 1/2 we have:
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Ac) - //(Ac)0jR)2 J , (23)

where G denotes the reciprocal of the function xln(«) taken at the vicinity of zero.

Although the derivation of the variation of the energy near Ac uses arguments strictly valid
for finite range potentials, the generalization to any potential satisfying the usual integrability
conditions ( H^(r) and rW(r) integrable) is easy to prove. Indeed, the above expression for 0
do not depends crucially from R. This is obvious for the integrals involving the potential, in
which the upper limit can be set to infinity.

For the case I > 1/2, the term R ft(\c,Q,R) tends to zero as R2i~1, and the function ft is
squared integrable. Thus the limiting value of 0 is:

/

+OO f + OO

W{r') //(Ac,0,r') dr' - / //(Ac,0,r') dr' , (24)
Jo

identical to that of eq.(8).

For the two other cases, because // a const. r~' for r > R, /3 gets independent on R, except
through the integral over the potential. More precisely:

=

7T ft

in particular, we recover a quadratic law for the 1 = 0 case, and

- E = G ((A - Ac) 2 / W(r') /ftAcO.r') dr' ) , I = 1/2 , (26)
\ »0 /
\ /

where in eqs.(25,26) limr_,+oo r ' / / ( r ) is chosen equal to unity.

These few remarks, together with the fact that the point R can always be chosen in a region
where the asymptotic form of the wave function dominates, make our derivation valid for any
potential having a finite number of bound states and becoming negligible beyond some point.



We shall end up this section by two illustrative examples, for which the analytical solution
is well known, and can be found in many textbooks. Here we shall adopt the notation of S.
Fliigge [9].

For the Hulthen potential

e-r/«

the eigenvalues are given by

for the s-wave with /32 = 2mVoa
2/h2.

The transition from 0 to one state ( or n-1 to n states) occurs for V£ = h2/(2ma2) (or
VQC'" = n2h2/(2ma2)). As expected, in the vicinity of VQ'" the eigenvalues En follow a quadratic
law :

2
„ fit Or - . , v , / * « i \ o

The 3-dimensional square well potential gives an opportunity to look for higher I values.
With the notation of ref. [9], V^r) = — Vo;r < R and zero outside, the lowest bound state
energy E\ is the lowest solution of

tan(i0 0 =

for the £-wave, where ft(xo,£) is given in [9], in terms of XQ = R \j2mVojh2 and ^ =
J{Vo — \E\)/VQ. We study here both cases / = 0 and / = 1. The corresponding values of

( O a r e respectively
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The transition from zero to one bound state occurs for ( = 1 therefore x0 ( is equal to either
ir/2 (/ = 0) or ir (I = 1). The variation of the eigenenergy En in terms of Vo — VQ given by :

and

follows quadratic and linear laws according to our previous statements.

3 Scalar plus spin-orbit potentials.

It is interesting to perform the same kind of investigation in the case of a potential having a
scalar and a spin-orbit component. We consider here only the case of a spin 1/2 particle. In
fact the problem would be similar (if not simpler) for any vector potential coupled to the spin
XW{f)-a. In the present work we focus our attention on the spin-orbit interaction. Other cases
may be developed in future work, if it is found of particular interest. We chose the scalar part to
be strictly repulsive, so that bound states can only originate from the spin-orbit contribution.
It can be parametrised in various ways. We choose here a Thomas form. The total potential is
thus written :

= U{r)-^U(r)l.s, (27)

In the case of a repulsive central force, only the spin-orbit sublevels j — I — 1/2 have a
chance to be bound, the j — I + 1/2 partners staying in the continuum. Thus we are left with

{i > 1) :

JS.r) . ( 2 8 )

The Bargmann inequality becomes:
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m t + 1 /+°° d

Although the previous conclusions about the transition law around Ac are still valid we
investigate here a soluble model, namely the square well potential:

U(T) = Uo 0(iZo - r) . (29)

The radial Schrodinger equation for this case reads :

- r) - ^ ± 2 1 ft, *('-*>) + ^~^j /i(A,fc,r) , (30)

where we have put k2 = -2mE/h2,U0 = 2mU0/h
2 .

The 8 distribution is known to produce a discontinuity in the derivative of the wave function
at RQ. Assuming that //(A,fc,r) is constant over an infinitesimal interval centered on R, the
difference between the right and left logarithmic derivatives of the wave function is given by

,r) A -

The solutions of (30) for a bound state are given by :

//(A, fc,r) = x jt(x) ; z = rjk2 + Uo r < Ro
(31)

where C{k) is obtained from the continuity condition at r = RQ. Use is made here of
the spherical modified Bessel function of the first kind jt{x) = yir/(2x) Il+1/2[x), and of the
polynomial Pi{x) defining the asymptotic behaviour of the modified Hankel's first kind function

(see Abramowits and Stegun [7] or Erdelyi [8]) :
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( 3 2 )

It is straightforward to obtain the following equation for the logarithmic derivative at

where xo = iZo V ̂  + ^°* Here the symbol ^ denotes the derivative with respect to x.

In the vicinity of k — 0, the r.h.s. of (33) therefore reads:

Similarly, the l.h.s. of (33) reads (k = 0,A = Ac)

xc jt(xc)'x , , -j ,(xc); J,(ge) + xc (JV(XC) - ^ ' (x .y j + £(/ + !)/«, JV(XC)
H (a;o X) T^T—^

where xc = Ro \Uo • Since (x0 — xc) varies with A2, E is linearly depending on A — Ac as in
the scalar case :

- E = ? (A - Ac) (34)

where

2m xl (21 + 1) jt(xcy/(2l - 1) - (1 + 21) xc
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To get eq.(35) use is made of the recurrence relation

h+i(xe)

It should be noted that such a critical behaviour, obtained by expanding both sides of (33)
around k = 0 and A = Ac, results from the fact that the linear term in k vanishes. As far as

the Bessel function is concerned, since their argument depends on k according to y k2 + Uo, the
expansion of the left hand side yields a term proportional to k2.

For the spin-orbit potential, it is interesting to look for the behaviour of Ac against I. In
the present model it is given by

Since the }t(xc)
 a*e positive definite, it shows that Ac > 2i/0~

I(2/-(- l)/(/-f-1), which gives for
Xc(l) a lower limit increasing with /. Exact values of Ac(£) are displayed in fig.l. For low values
of xc, xc < 1.8, (remember that x\ = UoR% oc /J1"00 r U(r) dr), Ac is an increasing function of
I. Beyond this "empirical" value of 1.8, Ac increases only for high enough values of /. The
regime is thus not unique. It is clearly shown that the most intuitive situation, in which Ac is
a continuously increasing function of I, is not universal. Consequently, Ac(/) depends on the
geometry of the potential.

4 Conclusions.

In the present work we have studied the variation of the energy eigenvalue E of a weakly bound
particle in the vicinity of a critical value of the strength constant Ac. For potential XW(r)
becoming negligible beyond a given radius, the critical value corresponds to the transition
between 0 and 1 bound state.

For scalar, spherically symmetric potentials, E varies quadratically with (A - Ac) around
Ac for the s-state. The variation is linear for / > 1. In fact, by letting / to be a continuous
parameter of the radial Schrodinger equation, we found that the evolution of the power-law is
continuous from —1/2 < I < 1/2.
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Investigating the case of a spin-orbit potential, for a spin 1/2 particle, combined with a
scalar repulsive potential, we show that the energy E follows also a linear power-law around Ac,
for the subspace of states with j = I - 1/2.

The present discussion was focused on the transition between zero and one bound state.
The same arguments can be used to investigate the transition between n-1 and n bound states.
Since we are primarily interested in potentials with a finite number of bound states, n should
not be too large. The basic arguments, however, are based on the asymptotic behaviour of the
wave functions, and thus are independent of the number of nodes. In particular the transition
laws still hold.

Although it may have no application, it is also interesting to note that in the case of a
scalar potential the ensemble of the critical values An is univocally connected to the ensemble
of the bound state energies when the potential W, eq.(3), is purely attractive and satisfies

/0
+o° J—W{r) dr < +00. Indeed, knowing the critical values can be used to reconstruct the

potential [5, 10].
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Appendix A

We start from eq.(3)

^ . v — . w - l fc2 i - • A ^ ( r ) ) + A _ i _ ^ ] / / ( A j f ; > r ) . ( A 1 )

Following [5, 10], use is made of the Liouville transformation

~~ W{r>) dr>

ft(X,E,r) = (_

Eq. (Al) becomes

d2

dZ2

where

< ( A , E, Z) + (X- q{Z))UK E, Z) = 0, (A2)

E

16 W(r(Z)) r2(Z) W(r(Z))j

For the potentials we are considering in the present work, Z € [0,/] where / =

/0
+oc yj-jjr W(r) dr < +oo. A bound state of energy ~E corresponds to ft(X,E,0) =

ft(X,E, +oo) = 0 which is mapped into V*(A,£,0) = if>t(X,E,I) = 0.

For A = 0, A2 has no bound state. It means that fixing the boundary conditions at one
extremity of the segment, say ^ ( 0 , ^ , 0 ) = 0, we have automatically if>i(0,E,I) ^ 0. The
strength parameter A, however, is acting as a Lagrange multiplier, and can be chosen in a way
to ensure if)i(X, E,I) = 0 together with if>i(X, E, 0) = 0. Note that E plays no major role; apart
from being negative it can be chosen close to zero.
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To show that the value of A corresponding to a given energy — E must be positive and finite,
we multiply the Schrodinger equation (Al) by fi(X,E,r) from the left and integrate. It yields

o
+°° f't{X,E,rf dr-X fo

+°°\W(r)\ ft(X,E,r)2 dr

E r)2

The four integrals being positive definite, E < 0 requires A > 0.

Finally, using the virial theorem [11], we have

\W(r)\

Because E < 0, we have

\W(r)\ fi{X,E,r)2 dr > - | /+°° ft{X,E,rf r (±\W(r)\ ) dr .
I Jo dr

[ \ ( ) \ f { , , ) | / {f (
o I Jo dr

For the class of potentials considered here, /0
+oc |VT(r)| fi(X,E,r)2 dr is finite, and thus

from (A4), A is finite.
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Appendix B

The modified Bessel function of the third kind is defined by [8]

in terms of the function /„. Remembering that we have defined ji(x) as ji(x) = Jic/(2x)
we have :

The present definition of qi(x) corresponds to the asymptotic behaviour
imx-̂ +oo qt(x) exp(s) = 1. Taking into account

m + l+3/2) '

we get easily for non integer values of I -f 1/2 :

v (*/2)2m+2l+1
q* > coS(l x) * V^o m! r(m - / + 1/2) to «•' T(m + / + 3/2)

Using the properties of the F function it becomes

}
- m - 1/2))

^ (s/2) ^ (x/2) \
m ! r ( « * H l / 2 ) ^mWim + l + m ) ' { ]

The expression of qi for / = n + 1/2, n G N is deduced from the expression (B2) at the limit
/ -+ n + 1/2:
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^ o 2 } m!(n

or equivalently reminding that n = I — 1/2

J

ml

2J m!(^ + m +1/2)! ) '

The transition law around A — Ac requires the knowledge of the logarithmic derivative of
qi(x) at the vicinity of zero. The equation (Bl) incorporates two kind of powers of the variable
x: x2m and x

7m+u+1. We have 2m + 21 + 1 > 2 ( W > 1/2 ), and the first appearing power of
x is quadratic. For low values of x, we get

qi(x) a 1 + ax2 .

For I < 1/2 the term in xu+l dominates with respect to x2 and we found:

g/(x) oc 1 + ox2/+1 .

The logarithmic derivative of qt then satisfy (11) and (12). For I = 1/2 use is made of (B4)
where the dominant term, besides the constant, behaves like z2ln(x) ~ x2ln(x2).
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Figure Caption

Fig.l Critical value Ac as a function of the orbital momentum I and the parameter xc,
linked to the geometry of the potential (see text).
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