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1 Introduction

Understanding the nature and specifics of the potential energy of
interaction between two colliding quantum systems, be they of
nuclear, of atomic or of molecular type, is central in almost all
studies of their possible reactions. Conventionally, elastic scatter-
ing data is used as a measure to assess the propriety or no of any
candidate form one may specify for such (non-relativistic) inter-
action. Invariably also one considers that interaction to have local
form which however may be complex and/or energy dependent.

There are two basic approaches by which quantitative informa-
tion on the (effective, local) interaction between colliding quanta!
systems may be sought from measured, elastic scattering data.
The first is the direct approach in which either a form for the inter-
action is assumed or its radial variation is determined by folding
underlying component interactions with the density profiles of the
colliding systems. The result is then used in the Schrodinger equa-
tions to specify the relative motion wave functions for the system.
From those solutions, phase shifts are extracted and thence, by
standard summations of Legendre polynomials, observables such
as the differential cross sections are predicted. Frequently the
procedure is modified to a numerical inverse method by adjusting
values of parameters in the chosen form seeking a result that 'best
fits' measured data [1].

Alternatively one can use global inverse scattering theories [1]
with one of many methods of solution to determine candidate
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interactions from S functions (phase shifts) that have been de-
termined by a (quality) fit to measured data. In so doing,
there is essentially no a priori assumption made about the
shape of the 'inversion' potentials. However, they are clearly
linked to the chosen method of implementation, i.e. as one
uses the Lipperheide-Fiedeldey, Newton-Sabatier, Marchenko or
Gel'fand-Levitan equation to name a common set.

With either approach, central in the procedure is the scatter-
ing function, which for energy E{= %2k2/2fi) is given in terms of
the phase shifts by

) = e2iS*k\ (1)

when the angular momentum variable (A) are the real values / + | ,
as such gives the link

l^)^S(X,k)^V(r,E) (2)
[ail J

Therein there are two possible spectral parameters, the energy
and the angular momentum. But almost all studies, direct and
inverse, have fixed one or the other. With inversion methods the
fixed A — variable energy approaches have led to new insights
about the two nucleon interaction. But most experimental results
suggest use of fixed E - variable angular momentum schemes.
Typical data are differential cross sections measured at a single
energy and for a set (often incomplete) of center of mass scattering
angles. Such fixed energy data and their analyses are the subjects
of this article, with particular emphasis placed upon the problems
of the links between data and the inversion interactions via the
S functions. The key problem in assessing a quantal scattering
interaction is the definition of the physical S function. There are
problems with the link between that physical S function and the
interaction whether a direct or an inverse process is used. But it
is worth noting that once the S function in the form suitable for
use with an inversion method has been chosen, then the resulting
potential is unique (to within any phase equivalent condition such
as yield the so called 'transparent' additions or super-symmetric



partners). With inversion schemes, the process of choosing the S
function for a continuum of angular momentum values is ambigu-
ous however. But equivalent ambiguities are present with analyses
using direct methods in so far as the parametric specification is
always ambiguous. Worse the direct process locks one into an a
priori choice of form for the interaction; a choice that often has
limited physical justification.

2 The process g =• S{\)

Consider the differential cross section of elastic scattering which,
with 6 being the scattering angle (k; • k/) , is defined in terms of
a complex, scattering amplitude by

^ (3)

That scattering amplitude will be taken as

and in a partial wave expansion (with Si = Si(k) =

f(0) = £ fi W ) = £(2* + i ) ^ ^ -1] PtV), (5)

whereby, if one can specify the phase <p(0), and have the cross
section at all scattering angles, then the S function at the physical
values (£) of the angular momentum variable A(= £ + | ) are

Si = 1 + ik fW f(O)Pt(0) sin($)de. (6)
Jo

This process seems of little value - indeed it is of none if the phase
cannot be specified. We consider such questions further in another
contribution to this issue wherein the constraint of unitarity is
used to specify a nonlinear equation for that phase function and
a method of solution specified and applied to both nuclear and
atomic scattering data. But there are also uncertainties with any
process of defining Si due to problems with the data sets, some
of which are



(i) (large) statistical errors

(ii) systematic errors (both known and unknown), and

(iii) incomplete data requiring interpolation and extrapolation
for 6 = 0° to 180° .

Of these, treatment of the systematic errors of data sets has been
found to be particularly important in establishing what is and is
not a statistical fit to that data set [2]. These matters are consid-
ered in brief in the next section. In addition there are ambiguities
in the construction of the fixed energy S functions (or equivalently
the phase shifts), some of which are

(i) layered ambiguities (S( —*• Si + nir)

(ii) window ambiguities (limited data sets)

(iii) unknown bound state influences in S(X), and

(iv) phase symmetry condition (<p —> 2w — <p)

Such problems, and those created by loss of unitarity of the S
function due to flux loss to other reaction channels, mean that
functional forms for S(X) are taken usually. Therewith one also
has the ambiguity of construction that is the prime consideration
of this paper. The choice of S function form then is based upon
its utility in effecting the inversion process. S functions having
rational function form, viz.

where 77 is the Sommerfeld parameter, are particularly useful
and are required for use with both the semi-classical WKB and
fully quantal Lipperheide-Fiedeldey inversion schemes that have
been of primary interest to us with analyses of electron-molecule,
atom-atom and nuclear scattering cross sections [2].



3 Treatment of errors in data

The quality (and extent) of data is crucial in the determination
of an S function. Such is reflected by the size of the statistical
uncertainties with the quoted experimental values, by unknown
systematic errors of any experiment and by known systematic er-
rors such as the exact angle and acceptance of detectors. There
is nothing a theorist can do about the count rates and the at-
tendant statistical error but there are various techniques one may
consider to estimate the effects of the systematic errors in defining
5" functions [2].

Smoothing splines provide 'nice' curves by which discrete noisy
data can be smoothed and a particularly suitable process for
smoothing cross-section data is that of generalized cross valida-
tion (GCV) [3]. Allowing that a measured N point data set con-
sists of a smooth physical result plus white noise, the GCV process
is a trade off between fidelity to the quoted data set (chisquare
per data point, x*/N) and roughness of a selected (2m — 1) de-
gree smoothing polynomial spline. That roughness is measured
by the integrated square of the mth derivative of the smoothing
spline function. The end result is a new table of data (at the same
scattering angles) whose differences from the original values one
might consider to be an estimate of unknown systematic errors.

Even so, that does not guarantee that a new 'data set' will
result against which an S function can be found to produce a fit
of statistical significance; i.e. one for which the measure, chisquare
per degree of freedom (x2/F; F = M — N) of the fit with N
adjustable parameters and M data points, is of order 1.

In finding high quality fits to extensive cross-section data sets,
one must consider also the known systematic errors and for differ-
ential cross sections that is usually an uncertainty with the angles
at which the detector has been placed. We have taken such into
account in a very simple manner. Specifically we have allowed
each quoted experimental value to correspond to an angle in the
range around the tabulated number. For heavy ion scattering,
typically that angle uncertainty is 0.1°. In a case studies recently,
by 'angle shaking' each and every quoted experimental result, a



relatively poor fit to the quoted cross section from 12C-12C scat-
tering at 250 MeV actually became a statistically significant one
to the 'angle shaken' values [2].

4 The nuclear isospin potential

That the interactions between nuclei are isospin dependent has
been known recognized since the symmetry energy term in the
Bethe—Weissacker semi-empirical mass formula was established.
Such a potential may be expressed by

wherein T; are the isospin operators for the projectile (p) and
target (t) respectively. Analyses of scattering data from isobaric
systems enable us to estimate both Vo and Vu<>. Herein we report
on such analyses of the cross-section data of Dem'yanova et al. [4]
and for the systems 3He from 14C at 72 MeV and 14C from 3H
at the matching energy of 334.4 MeV. With potentials, VH/He(r)
determined from fits to the separate differential cross sections, the
central and isospin components follow from

Vk/He(r) = V0(r) ± -ViBO(r) .

We have analysed these cross section data using both the
global inverse method of Lipperheide-Fiedeldey (hereafter abbre-
viated as LF) and the numerical inverse method of a conventional
optical model (OM) approach. In the LF approach, first we must
ascertain S functions of the form,

N ( \2 _ f}2\

from fits to the data. The reference S function we took as

where TJ is the Sommerfeld parameter. Thus, with N complex
pole/zero pairs, Ac defines a (4iV + 1) parameter set for the S



function. Both the 118 data points from the 14C-3H reaction and
the 56 data points from the 3He-14C case were fit by using 21
parameter S functions giving, after the application of both the
GCV smoothing and 'angle shaking', fits to the measure of 8.87
and 1.31 for x2/F respectively. The quoted experimental uncer-
tainties were used in these analyses (not the typical 10% values
usually considered in most studies) and an angle uncertainty of
0.1° was assumed for each datum as those were not quoted in the
published results [4]. Of the 'smoothing techniques' used with our
analyses, angle shaking had the most dramatic effect. But it did
not suffice to bring the analysis of the data from the radioactive
beam experiment (the 14C-3H scattering) to have a statistically
significance, i.e. to have X2/F ~ 1. But we note that one or two
points give most of the contribution to the total value of x2 and
if one may ignore them, then the result is very good. That is evi-
dent from the cross sections shown in Fig. 1. Therein the dashed
curves give the best fits we have obtained to the GCV and angle
shifted data using numerical inversion. The conventional complex
OM potentials were used in those studies. With Woods-Saxon
(WS) forms for the central real and imaginary attributes and a
derivative WS form for a surface absorption term, the 10 param-
eter models gave fits that had values of 22.8 and 13.7 for X2/F.
Note those values reduce to 3.41 and 1.94 if we allow 10% er-
rors, as is often used in analyses instead of quoted experimental
uncertainties.

The inversion potentials, in central and isospin form, are given
in Fig. 2. The results obtained with the two approaches are quite
different. The LF method has led to relatively weak refractive
and even weaker absorptive interactions for both elements. The
OM results, in contrast, give a weakly absorptive but strongly re-
fractive central interaction and a repulsive, essentially real isospin
component. But the quality of fit with the two approaches are
not sufficiently similar, with only the LF method resulting in a
fit of reasonably small error measure.

The situation is different however with our analyses of some
new data from the scattering of 6Li ions. They are presented next.



5 The LF-OM ambiguity
—{350 MeV 6Li-12C and 6Li-28Si Scattering}

In a recent publication [5], Nadasen et al. present high quality
data from the elastic scattering of 350 MeV 6Li ions off of 12C and
28Si to complement those they had measured previously at lower
energies. They have analysed their data by numerical inversion
with the standard OM approach finding what they term 'unique'
OM potentials. The termnology is unfortunate even within the
subclass of interactions of the OM approach. More to the point
though, their high quality (12C) data can be fit with both the LF
global and OM numerical inversion methods and with compara-
ble good fit measures. With the LF procedure, we have found
excellent fits to the 350 MeV data by using 5 and 9 pole/zero
pairs for the 12C and 28Si cases respectively. Likewise an excellent
fit to the 12C data has been found with the OM approach.

The cross section from the scattering of 350 MeV 6Li ions off
of 12C is shown in Fig. 3. wherein the data are compared with the
result (solid curve) of using the LF inversion potential to solve
the Schrodinger equations for the scattering. The fit is excellent
having a total \2 value of 50.1 and is therefore statistically signif-
icant as x2/F is 0.98. A similar, very good, LF inversion result
has been obtained with the 6Li-28Si data (X

2/F = 1.01). But
only with the 12C data have we been able to find such a quality
fit by numerical inversion. With a 7 parameter model consisting
of a central real and imaginary WS form plus a Coulomb radius,
the 12C data has been fit with an end value of x2 of 69.4 and so
X2/F of 1.07. For the 28Si scattering, our best OM result has
X

2/F = 7.l7.
The S functions with which we find the best fits to the 350

MeV scattering data, are presented in Fig. 4. Therein, the phase
has been plotted modulo JT, hence the vertical segments shown.
The solid curves portray the LF results while the dashed curves
are the OM ones. Clearly the rational forms of the S function
from the 12C fit is quite different to that from the OM study.
The LF result is very structured with | 5 | being large, > 0.5 in
fact, for all small partial waves. The LF and OM results from
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our analyses of the 28Si data, in contrast, are quite similar and
tend to the strong absorption model form. The variations in the
S functions reflect in striking differences between the inversion
potentials as is evident in Fig. 5. The top row contains the LF
inversion potentials, ViNv(r), for each system, while the bottom
row shows the OM results, Vou{r)- In each case, the solid curves
portray the real parts of the potentials while the dashed curves
give the imaginary parts. A standard notch test revealed that the
minimum radius of sensitivity is approximately 2 fm, hence the
lower limit in the abscissa.

The differences between the LF and OM results are quite ev-
ident, and especially so for the 12C scattering. But it is to be
recalled that both interactions, when used in solving the scatter-
ing Schrodinger equations gave statistically significant fits to the
data. Clearly some a priori bias has to be used to ascertain which
is the most 'physical'.
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Figure captions

Fig. 1. The differential cross sections from the scattering of
334 MeV 14C ions from 3H (top) and from 72 MeV 3He ions from
14C (bottom) compared with fits by using the LF inversion po-
tentials obtained from the rational S function forms (solid curves)
and with those from optical model calculations (dashed curves).

Fig. 2. The central and isospin potentials obtained from
the LF inversion studies (bottom) compared with those obtained
from the optical model analyses (top).

Fig 3. The differential cross section from the scattering of
350 MeV 6Li ions off of 12C compared to the result calculated
from the LF inversion potential. On this scale the OM result is
indistinguishable.

Fig. 4. The S functions for 350 MeV 6Li on 12C and 28Si. The
LF and OM results are displayed by the solid and dashed curves
respectively and the phases are plotted modulo 7r.

Fig. 5. The LF and OM potentials from the fits to the 6Li
scattering cross sections. The real and imaginary parts of the
potentials are shown by the solid and dashed curves respectively.
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