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Thomson scattering
Let suppose that (see Fig. 3.1(a)) a free material particle with electric
charge e and mass m is at the origin O of our coordinates system and that a
plane monochromatic electromagnetic wave with frequency v and electric
vector E-t propagates along the x axis in positive direction. Its electric field is
described by equation
Ex = EOi exp 2;riv(f - x/c)
(a)

where Eoi is the amplitude of the wave and E-, is the value of the field at
position x at time t. The field exerts on the particle a periodic force F = eE^
and therefore the particle will undergo oscillatory motion with acceleration
a — Ffm = eEjm and frequency v. In accordance with classical theory of
electromagnetism a charged particle in accelerated motion is a source of
electromagnetic radiation: its field at r is proportional to acceleration and
lies in the plane (E-,, r). Let us orient the axes v and z of our coordinates
system in such a way that the observation point Q defined by vector r is in
the plane (x, y). At the point Q we will measure the electric field Ed due to
scattered radiation
Ed = Eoa exp [2niv(t - r/c) - ia].

Fig. 3.1. (a) A free charged particle is in 0 : a
plane monochromatic electromagnetic wave
propagates along the x axis, (b) Surface element
at scattering angle 28.

Thomson showed that (see also pp. 165-6)
= -Em(e2/mc2)
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where q> is the angle between the direction of acceleration of electron and
the direction of our observation. The term sin cp is a polarization term: we
'see' only the component of vibration parallel to the observer and normal to
the direction of propagation, a is the phase lag with which the charge
re-emits the incident radiation. The decrease of Ed with r is caused by the
scattering of radiation in all directions.
In terms of intensity eqn (3.1) becomes
e
2

2 4 S i " 2 <P

(3-2)

z

m rc
where IeTh is the density of scattered radiation and 7; is the intensity of
incident radiation. This simple result excludes neutrons from the category of
X-ray scatterers because they do not have electric charge, and makes
negligible the contribution to scattering by protons, whose factor {elm)1 is
about 18372 times less than that of electrons. Therefore, from now on and
according to tradition, the symbol e will represent the electron charge.
If the primary beam is completely polarized: (a) with E, along the z axis,
then / eTh = Ixe4l{m2r2c4); (b) with E-x along the y axis, then EeTh =
I,e4 cos2 26/(m2r2c4), where 20 is the angle between the primary beam and
the direction of observation. In general, the computation can be executed
by decomposing the primary beam into two beams whose electric vectors
are perpendicular and parallel respectively to the plane containing the
primary beam and the scattered radiation being observed. If Kx and K2 are
parts of these two beams in percentage we obtain
K

2 COS2 26).

If the primary beam is not polarized, then K^ = K2 = 1/2 and
e4

1 + cos 2 26
(3J)

where P = (1 + cos2 26)/2 is called the polarization factor (see also p. 303).
It suggests that the radiation scattered in the direction of the incident beam
is maximum while it is minimum in the direction perpendicular to the
primary beam.
Equation (3.3) gives the intensity scattered into a unit solid angle at angle
26. If we want to obtain the total scattered power P we have to integrate
(3.3) from 0 to n (see Fig. 3.1(b)).
P = I;Sice4
3m2c4

where (2xr sin 26) r(d(20)) is the surface element at angle 26. The total
scattering 'cross-section' P/I, is equal to 6.7 x 10~25cm2/electron, which is a
very small quantity. It may be calculated that the total fraction of incident
radiation scattered by one 'crystal' composed only of free electrons and
having dimensions less that 1 mm is less than 2 per cent.
The scattered radiation will be partially polarized even if the incident
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radiation is not. Thus, if the beam is scattered first by a crystal (monochromator) and then by the sample the polarization of the beam will be
different. The scattering is coherent, according to Thomson, because there
is a well defined phase relation between the incident radiation and the
scattered one: for electrons a = n.
Unfortunately it is very difficult to verify by experiment the Thomson
formula since it is almost impossible to have a scatterer composed
exclusively of free electrons. One could suppose that scatterers composed of
light elements with electrons weakly bound to the nucleus is a good
approximation to the ideal Thomson scatterer. But experiments with light
elements have revealed a completely different effect, the Compton effect.

Compton scattering
The process can be described in terms of elastic collision between a photon
and a free electron. The incident photon is deflected by a collision from its
original direction and transfers a part of its energy to the electron.
Consequently there is a difference in wavelength between the incident
radiation and the scattered one which can be calculated by means of the
relation (see also Appendix 3.B, p. 185)
AA (A) = 0.024(1 -cos26).

(3.4)

The following properties emerge from eqn (3.4): AA does not depend on
the wavelength of incident radiation; the maximum value of A A (AA =
0.048) is reached for 26 — n (backscattering) which is small but significant
for wavelengths of about 1 A. Besides, AA = 0 for 26 = 0.
Compton scattering is incoherent; it causes a variation in wavelength but
does not involve a phase relation between the incident and the scattered
radiation. It is impossible to calculate interference effects for Compton
radiation.

Interference of scattered waves
Here we shall not be interested in wave propagation processes, but only in
diffraction patterns produced by the interaction between waves and matter.
These patterns are constant in time since they are produced by the system of
atoms, which can be considered stationary. This fact permits us to omit the
time from the wave equations.
In Fig. 3.2 two scattering centres are at O and at O'. If a plane wave
excites them they become sources of secondary spherical waves which
mutually interfere. Let s0 be the unit vector associated with the direction of
propagation of the primary X-ray beam. The phase difference between the
wave scattered by O' in the direction defined by the unit vector s and that
scattered by O in the same direction is
In
b = — (s — s0)' r = 2nr*
Fig. 3.2. Point scatterers are in O and O', s 0 and
s are unit vectors. Therefore AO = - r • s 0 , BO =
r-s.

where

(3.5)
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If A is much greater than r there will be no phase difference between the
scattered waves and consequently no appreciable interference phenomena
will occur. Since interatomic bond distances lie between 1 and 4 A no
interference effect could be observed by using visible-light waves.
The modulus of r* can be easily derived from Fig. 3.2:
r* = 2 sine Ik

(3.6)

where 20 is the angle between the direction of incident X-rays and the
direction of observation. If we outline two planes normal to r* passing
through O and O' (OQ in Fig. 3.2 is the trace of the plane passing through
O) we can consider interference as a consequence of specular reflection with
respect to these planes.
If Ao is the amplitude of the wave scattered by the material point O (its
phase is assumed to be zero) the wave scattered by O' is described by
Ao. exp (2;rir* • r). If there are N point scatterers along the path of the
incident plane wave we have
F(r*) = f A, exp (2jrir* • r,)

(3.7a)

where Aj is the amplitude of the wave scattered by the yth scatterer.
The Thomson formula plays an essential role in all calculations to obtain
the absolute values of scattering. In our case it is more convenient to
express the intensity / scattered by a given object (for example, an atom) in
terms of intensity / eTh scattered by a free electron. The ratio I/IeTh is f2,
where / is the scattering factor of the object. Vice versa, for obtaining the
observed experimental intensity it is sufficient to multiply/ 2 by / eTh . To give
an example, let us imagine a certain number of electrons concentrated at O'
which undergo Thomson scattering. In this case / o . expresses the number of
electrons.
According to the convention stated above eqn (3.7a) becomes
F(r*) = 2 Jj exp (2mr* • ij).

(3.7b)

If the scattering centres constitute a continuum, the element of volume dr
will contain a number of electrons equal to p(r) dr where p(r) is their
density. The wave scattered on the element dr is given, in amplitude and
phase, by p(r)drexp(2;rir* •/•) and the total amplitude of the scattered
wave will be
F(r*) = I p(r) exp (2*ir* • r) dr = T[p(r)]
(3.8)
Jv
where T represents the Fourier transform operator.
In crystallography the space of the r* vectors is called reciprocal space.
Equation (3.8) constitutes an important result: the amplitude of the
scattered wave can be considered as the Fourier transform (see Appendix
3.A, p. 175) of the density of the elementary scatterers. If these are
electrons, the amplitude of the scattered wave is the Fourier transform of
the electron density. From the theory of Fourier transforms we also know
that
p(r) = f F(r*) exp (-2;rir* • r) dr* = T~'[F(r*)].
Jv
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Therefore, knowledge of the amplitudes of the scattered waves (in
modulus and phase) unequivocally defines p(r).

Scattering by atomic electrons
The processes of Thomson and Compton scattering are an example of
wave-particle duality and they seem to be mutually incompatible.
In fact both processes are simultaneously present and they are precisely
described by modern quantum mechanics. In common practice tlje scatterers are atomic electrons: they can occupy different energetic states
corresponding to a discontinuous set of negative energies and to a
continuous band of positive energies. If, after interaction with the radiation,
the electron conserves its original state the photon conserves entirely its
proper energy (conditions for coherent scattering). If the electron changes
its state, a portion of the energy of the incident photon is converted into
potential energy of an excited atom (conditions for incoherent scattering).
Quantum-mechanical calculations indicate that the processes of coherent
and incoherent scattering are simultaneously present and that /coe + /incoe =
4-Th-

The coherent intensity /coe can be calculated on the basis of the following
observations. An atomic electron can be represented by its distribution
function p e (r) = \ip(r)\2, where ip(r) is the wave function which satisfies the
Schrodinger equation. The volume dv contains pe dv electrons and scatters
an elementary wave which will interfere with the others emitted from all the
elements of volume constituting the electron cloud. In accordance with
p. 145 the electron scattering factor will be
fe(r*) = f pc(r) exp (2jtir* • r) dr

(3.10)

•>s

where S is the region of space in which the probability of finding the
electron is different from zero. If we assume that pe(r) has spherical
symmetry (what is in fact justifiable for s electrons, less so for p, d, etc.
electrons) then eqn (3.10) can be written (see eqn (3.A.33)) as:

where Ue(r) = 4nr2pe(r) is the radial distribution of the electron and
r* = 2 sin 6IX. For instance, there are two Is electrons, two 2s electrons,
and two 2p electrons in carbon atom. In radial approximation the 2s and 2p
electrons have an equivalent distribution. For carbon the Slater formulae
give
c3
(Pe)is = ^ e x p ( - 2 c 1 r ) ;

c5
(pe)2s = ^ ' ' 2 e x p (-c 2 r)

(3.12)

withe, = 10.77A"1, c2 = 6.15A~1. Then, eqn (3.11) gives
Cl
Cl

m
2

(c +

respectively.
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Equation (3.12) are illustrated in Fig. 3.3(a) and eqns (3.13) in Fig.
3.3(b). In accordance with eqn (3.10) the electron scattering factor is equal
to 1 when r* = 0. Moreover, the scattering of Is electrons, whose
distribution is very sharp, is more efficient at higher values of r*. If the
distribution of Is electrons could really be considered point-like their
scattering factor would be constant with varying r* (see Appendix 3.A, p.
177 for the transform of a Dirac delta function).
According to the premise of this section the intensity of the Compton
radiation of an atomic electron will be
4oe

=

^eTh(l

~/e)

where / eTh is given by eqn (3.2) or eqn (3.3). The intensity of the Compton
radiation has the same order of magnitude as the radiation scattered
coherently.

(a)

1
r(A)
1s

Scattering by atoms
Let ipi{r), . . . , xpz(r) be the wave functions of Z atomic electrons: then
pej dv = \ipj(r)\2dv is the probability of finding the ;'th electron in the
volume dv. If every function xpj(r) can be considered independent of the
others, then pjj) dv = (T,f=l pej) dv is the probability of finding an electron
in the volume dv. The Fourier transform of pjj) is called the atomic
scattering factor and will be denoted by / a .
Generally the function pa(r) does not have spherical symmetry. In most
crystallographic applications the deviations from it, for instance because of
covalent bonds, are neglected in first approximation. If we assume that p a is
spherically symmetric and, without loss of generality, that the centre of the
atom is at the origin, we will have
f°

sin (2

(3.14)

Jo

where UJj) = 4jtr2pa(r) is the radial distribution function for the atom. The
p a function is known with considerable accuracy for practically all neutral
atoms and ions: for lighter atoms via Hartree-Fock methods, and for
heavier atoms via the Thomas-Fermi approximation. In Fig. 3.4(a) the / a
functions for some atoms are shown. Each curve reaches its maximum
value, equal to Z, at sin 6IX = 0 and decreases with increasing sin 6IX.
According to the previous paragraph most of radiation scattered at high
values of sin 61X is due to electrons of inner shells of the electron cloud
(core). Conversely scattering of valence electrons is efficient only at low
sin 8/X values. fa can thus be considered the sum of core and valence
electron scattering:
fa

/core ' /valence*

In Fig. 3.4(b) / c o r e and fvaience of a nitrogen atom are shown as function of
sin d/X.

As a consequence of eqn (3.14) the intensity of the radiation coherently
scattered from an atom can be obtained by summing the amplitudes relative
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Fig. 3.3. (a) Radial distribution for 1s and 2s
electrons of a C atom as defined by Slater
functions, (b) ScatteRing factors for 1s and 2s
electrons.
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to the electrons taken individually:
Z

2J fej

The Compton radiation scattered from an electron is incoherent with
respect to that scattered from another electron: its intensity is obtained by
summing the individual intensities relative to every single electron:

Since fe = 1 for sin 0/A = 0 there is no Compton radiation in the direction of
the primary beam. Nevertheless it is appreciable at high values of sin 6IX.
When we consider the diffraction phenomenon from one crystal the
intensity coherently diffracted will be proportional to the square of the
vectorial sum of the amplitudes scattered from the single atoms while the
intensity of the Compton radiation will be once more the sum of the single
intensities. As a consequence of the very high number of atoms which
contribute to diffraction, Compton scattering can generally be ignored: its
presence is detectable as background radiation, easily recognizable in
crystals composed of light atoms.

The temperature factor
Fig. 3.4. (a) Scattering factors for S, Na+, 0. (b)
core and valence scattering for nitrogen atom.

In a crystal structure an atom is bound to others by bond forces of various
types. Their arrangement corresponds to an energy minimum. If the atoms
are disturbed they will tend to return to the positions of minimal energy:
they will oscillate around such positions gaining thermal energy.
The oscillations will modify the electron density function of each atom
and consequently their capacity to scatter. Here we will suppose that the
thermal motion of an atom is independent of that of the others. This is not
completely true since the chemical bonds introduce strong correlations
between the thermal motions of various atoms (see pp. 117-20 and
Appendix 3.B, p. 186).
The time-scale of a scattering experiment is much longer than periods of
thermal vibration of atoms. Therefore the description of thermal motion of
an atom requires only the knowledge of the time-averged distribution of its
position with respect to that of equilibrium. If we suppose that the position
of equilibrium is at the origin, that p(r') is the probability of finding the
centre of one atom at r', and that pjr - r') is the electron density at r when
the centre of the atom is at r', then we can write

JS'

pa(r-r>(r')dr' =

(3-15)

where pM(r) is the electron density corresponding to the thermically
agitated atom. Notice that the rigid body vibration assumption has been
made; i.e., the electron density is assumed to accompany the nucleus during
thermal vibration.
In accordance with Appendix 3.A, p. 181), p a , is the convolution of two

22 —
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functions and its Fourier transform (see eqn (3.A.38)) is
Ur*)=Ur*)q(r*)

(3.16)

?('•) = f P(r>)e x P (2jnr* ' r') dr'

(3.17)

where

the Fourier transform of p(r'), is known as the Debye-Waller factor.
The function p(r') depends on few parameters; it is inversely dependent
on atomic mass and on chemical bond forces, and directly dependent on
temperature, p(r') is in general anisotropic. If assumed isotropic, the
thermal motion of the atom will have spherical symmetry and could be
described by a Gaussian function in any system of reference:
p(r') = p(r')^(2jt)-mU-1/2exP[-(r'2/2U)]

(3.18)

2

where r' is measured in A and £/= {r' ) is the square mean shift of the
atom with respect to the position of equilibrium. The corresponding Fourier
transform is (see eqn (3.A.25))
q{r*) = exp (-2n2Ur*2) = exp {-%JZ2U sin2 d/X1)

= exp(-Bsin20/A2)

(3.19)

where
The factor B is usually known in the literature as the atomic temperature
factor.
The dependence of B on the absolute temperature T has been studied by
Debye who obtained a formula valid for materials composed of only one
chemical element. From X-ray diffraction structure analysis it is possible to
conclude schematically that the order of value of W is in many inorganic
crystals between 0.05 and 0.20 A (B lying between 0.20 and 3.16 A2) but
can also reach 0.5 A (fl = 20A 2 ) for some organic crystals. The consequence of this is to make the electron density of the atom more diffuse and
therefore to reduce the capacity for scattering with increasing values of
sin 6/L
In general an atom will not be free to vibrate equally in all directions. If
we assume that the probability p{r') has a three-dimensional Gaussian
distribution the surfaces of equal probability will be ellipsoids called
vibrational or thermal, centred on the mean position occupied by the atom.
Now eqn (3.19) will be substituted (see Appendix 3.B, pp. 186 and 188)
by the anisotropic temperature factor (3.20) which represents a vibrational
ellipsoid in reciprocal space defined by six parameters U*u U*2, U*3, U\2,
q(r*) = exp [-2n\U*nx$ + U$2y*2
*)].

(3.20)

The six parameters t/,* (five more than the unique parameter U necessary
to characterize the isotropic thermal motion) define the orientation of the
thermal ellipsoid with respect to the crystallographic axes and the lengths of
the three ellipsoid axes. In order to describe graphically a crystal molecule
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and its thermal motion each atom is usually represented by an ellipsoid,
centred on the mean position of the atom, and surrounding the space within
which the atomic displacement falls within the given ellipsoid with a
probability of 0.5 (see Fig. 3.5).

Scattering by a molecule or by a unit cell
R

9- 3 - 5 -

Let Pj(r) be the electron density of the yth atom when it is thermically
agitated, isolated, and localized at the origin. If the atom is at position #} its
electron density will be pj(r — IJ). If we neglect the effects of redistribution
of the outer electrons because of chemical bonds, the electron density
relative to an M-atom molecule or to one unit cell containing N atoms is

= 2pj(r~rj).

(3.21)

The amplitude of the scattered wave is

fair*) = f £ Pj(r ~ rj) exp (2mr* • r) dr
= I f Pi(Rj) exp [2mr* • (r, + Rj)} di?;
/=i Js

exp(2*;ir'-ij-),

(3.22)

where fj(r*) is the atomic scattering factor of the y'th atom (thermal motion
included; in the previous section indicated by/ al ). The fact that in eqn (3.21)
we have neglected the redistribution of the outer electrons leads to
negligible errors for iv(r*)> except in case of small r* and for light atoms,
where the number of outer electrons represents a consistent fraction of Z.
pM(r), as defined by (3.21), is the electron density of a promolecule. or,
in other words, of an assembly of spherically averaged free atoms
thermically agitated and superimposed on the molecular geometry. Such a
model is unsatisfactory if one is interested in the deformation of the electron
density consequent to bond formation. In a real molecule the electron
density is generated by superposition of molecular space orbitals. xfjj with
occupation «,:
Pmolecule

=

2J «/ | Vr i^i

Since pmoiCcuie can be decomposed into atomic fragments, a finite set of
appropriately chosen basis functions can be used to represent each yth
atomic fragment (see Appendix 3.D). Then
Pmolecule ~ Ppromolecule <~ &P

where Ap models the effects of bonding and of molecular environment (in
particular, pseudoatoms may become aspherical and carry a net charge).
By Fourier transform of Ap the deformation scattering is obtained:
~~ * molecule

— 24 —
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Since the core deformation scattering is negligible AF practically coincides with deformation scattering of the valence shells.

Diffraction by a crystal
One three-dimensional infinite lattice can be represented (see Appendix
3.A, p. 174) by the lattice function

where d is the Dirac delta function and ruv w= ua + vb + we (with u, v, w
being integers) is the generic lattice vector. Let us suppose that pM(r)
describes the electron density in the unit cell of an infinite three-dimensional
crystal. The electron density function for the whole crystal (see Appendix
3.A, p. 183) is the convolution of the L(r) function with pM(r):
*L{r).

(3.23)

As a consequence of eqns (3. A.35), (3. A.30), and (3.22) the amplitude of
the wave scattered by the whole crystal is
F,(i-*) = T[p M (r)]-T[L(r)]

4

2

<5(r*-r£)

(3.24)

where V is the volume of the unit cell and r^ — ha* + kb* + lc* is the
generic lattice vector of the reciprocal lattice (see pp. 63-5).
If the scatterer object is non-periodic (atom, molecule, etc.) the amplitude of the scattered wave FM(r*) can be non-zero for any value of r*. On
the contrary, if the scatterer object is periodic (crystal) we observe a
non-zero amplitude only when r* coincides with a reciprocal lattice point:
r* = r£.

(3.25)

The function Kc(r*) can be represented by means of a pseudo-lattice: each
of its points has the position coinciding with the corresponding point of the
reciprocal lattice but has a specific 'weight' FM(H)/V. For a given node the
diffraction intensity 7H will be function of the square of its weight.
Let us multiply eqn (3.25) scalarly by a, b, c and introduce the definition
(3.5) of /•*: we obtain

a-(s-so)

= hX

b-(s-so)

= k?L

c-(s-s o ) = /A.

(3.26)

The directions s which satisfy eqns (3.26) are called diffraction directions
and relations (3.26) are the Laue conditions.
Finiteness of the crystal may be taken into account by introducing the
form function <t>(r): <!>(/•) = 1 inside the crystal, <£(/•) = 0 outside the crystal.
In this case we can write
Per = P™

— 25 —
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and, because of eqn (3.A.35), the amplitude of the diffracted wave is
F(r*) = T[pm(r)] * [*(r)J = /-.(r*) * D(r*)

(3.27)

where
D(r*) = f <t>(r) exp (2jrir* • r) dr = f exp (2mr* - r) dr
and £2 is the volume of the crystal. Because of eqn (3.A.40) the relation
(3.27) becomes
F(r*) = ^FM(H) §
= ^M(H) 2

6(r*-r$*D(r*)
D(r*-rft.

(3.28)

If we compare eqns (3.28) and (3.24) we notice that, going from an
infinite crystal to a finite one, the point-like function corresponding to each
node of the reciprocal lattice is substituted by the distribution function D
which is non-zero in a domain whose form and dimensions depend on the
form and dimensions of the crystal. The distribution D is identical for all
nodes.
For example, let suppose that the crystal is a parallelepiped with faces A 1(
A2, A3: then
rA,/2

£Kr*)=

rA2a

rAj/2

I

<zxp[2xi(x*x + y*y + z*z)]dx dy dz.

If we integrate this function over separate variables, it becomes, in
accordance with Appendix 3.A, p. 174

*, sin (nAtx*) sin (nA2y*) sin (nA3z*)
JtX*

7iy*

KZ*

Each of the factors in eqn (3.29) is studied in Appendix 3.A and shown in
Fig. 3.A.I (p. 174). We deduce:
1. The maximum value of D{r*) is equal to A{A2A3,
of the crystal;

i.e. to the volume Q

2. The width of a principal maximum in a certain direction is inversely
proportional to the dimension of the crystal in that direction. Thus,
because of the finiteness of the crystals each node of the reciprocal lattice
is in practice a spatial domain with dimensions equal to Afl. In Fig. 3.6
some examples of finite lattices with the corresponding reciprocal lattices
are shown.
When we consider the diffraction by a crystal the function FM(H) bears the
name of structure factor of vectorial index H (or indexes h, k, I if we make
reference to the components of r») and it is indicated as:
jrir^ • r,)

where N is the number of atoms in the unit cell. In accordance with
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©

••/

1/

Fig. 3.6. Direct and reciprocal lattices for: (a) a
one-dimensional lattice; (b) a two-dimensional
lattice in the form of a rectangle; (c) a twodimensional lattice in the form of a circle; (d) a
cubic crystal in the form of a sphere; (e) a cubic
crystal in the form of a cube; (f) a crystal in the
form of a parallelepiped (from Kitaigorodskii, A.
I. (1951). The theory of crystal structure analysis.
Consultants Bureau, New York).

'\!

p. 64 we write
^^fi

exp (2jriHX;) = AH + iBH

(3.30a)

where
N

(3.30b)
According to the notation introduced in Chapter 2, we have indicated the
vector as /•£ and the transpose matrix of its components with respect to the
reciprocal coordinates system as H = (hkl). In the same way /} is the y'th
positional vector and the transpose matrix of its components with respect to
the direct coordinates system is X; = [xjyj Zj\. In a more explicit form (3.30a)
may be written
imag. axis

N
F

hki = 2 fi exp 2jzi(hXj + kyj + Izj).

/—

—Z??J...

\ * /

In different notation (see Fig. 3.7)
FH = |FH| exp (i<pH) where cpH = arctan (BjAH).

(3.31)

cpH is the phase of the structure factor FH.
If we want to point out in eqn (3.30a) the effect of thermal agitation of
the atoms we write, in accordance with p. 149 and Appendix 3.B
N

FH = 2 fv

Of
\

V

FH\

\

a,

real axis
ex

P (2jriHX;. - 8^2[/y sin2 6IX2)

— 27 —

Fig. 3.7. FH is represented in the Gauss plane for
a crystal structure with N = 5. It is at
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or

exp (27riHX, -

depending on the type of the thermal motion (isotropic or anisotropic) of
the atoms. fOj is the scattering factor of the yth atom considered at rest. Let
us note explicitly that the value of FH, in modulus and phase, depends on
the atomic positions i.e. on the crystal structure.
Details of the structure factors calculation from a known structural model
are given on pp. 87-8 and Appendix 2.1.

Bragg's law

Fig. 3.8. Reflection of X-rays from two lattice
planes belonging to the family H = |b, k, I), d is
the interplanar spacing.

A qualitatively simple method for obtaining the conditions for diffraction
was described in 1912 by W. L. Bragg who considered the diffraction as the
consequence of contemporaneous reflections of the X-ray beam by various
lattice planes belonging to the same family (physically, from the atoms lying
on these planes). Let 6 be (see Fig. 3.8) the angle between the primary
beam and the family of lattice planes with indices h, k, I (having no integer
common factor larger than unity). The difference in 'path' between the
waves scattered in D and B is equal to AB + BC = Id sin 6. If it is multiple
of A then the two waves combine themselves with maximum positive
interference:
2dH sin 6 — nX.

(3.32)

Since the X-rays penetrate deeply in the crystal a large number of lattice
planes will reflect the primary beam: the reflected waves will interfere
destructively if eqn (3.32) is not verified. Equation (3.32) is the Bragg
equation and the angle for which it is verified is the Bragg angle: for
n = 1, 2, . . . we obtain reflections (or diffraction effects) of first order,
second order, etc., relative to the same family of lattice planes H.
The point of view can be further simplified by observing that the family of
fictitious lattice planes with indices h' = nh, k' = nk, i = nl has interplanar
spacing dw = dH/n. Now eqn (3.32) can be written as
2(dH/n) sin d = 2dw sin 6 = A

(3.33)

where h', k', /' are no longer obliged to have only the unitary factor in
common.
In practice, an effect of diffraction of nth order due to a reflection from
lattice planes H can be interpreted as reflection of first order from the family
of fictitious lattice planes H' = rcH.
It is easy to see now that eqn (3.33) is equivalent to eqn (3.25). Indeed, if
we consider only the moduli of eqn (3.25) we will have, because of eqns
(2.14) and (3.6),
r* = 2 sin 0/A = l/dH.

The reflection and the limiting spheres
Fig. 3.9. Reflection and limiting spheres.

Let us outline (see Fig. 3.9) a sphere of radius I/A in such a way that the
primary beam passes along the diameter IO. Put the origin of the reciprocal
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lattice at O. When the vector r& is on the surface of the sphere then the
corresponding direct lattice planes will lie parallely to IP and will make an
angle 6 with the primary beam. The relation
.

OP = rj$ = l/dH = IO sin 9 = 2 sin 0/A

holds, which coincides with Bragg's equation. Therefore: the necessary and
sufficient condition for the Bragg equation to be verified for the family of
planes (hkl) is that the lattice point defined by the vector rj!j lies on the
surface of the sphere called the reflection or Ewald sphere. AP is the
direction of diffracted waves (it makes an angle of 20 with the primary
beam): therefore we can suppose that the crystal is at A.
For X-rays and neutrons A —(0.5-2) A, which is comparable with the
dimensions of the unit cell (=10 A): the sphere then has appreciable
curvature with respect to the planes of the reciprocal lattice. If the primary
beam is monochromatic and the crystal casually oriented, no point of the
reciprocal lattice should be in contact with the surface of the Ewald sphere
except the (000) point which represents scattering in the direction of the
primary beam. It will be seen in Chapter 4 that the experimental techniques
aim to bring as many nodes of the reciprocal lattice as possible into contact
with the surface of the reflection sphere.
In electron diffraction A —0.05 A: therefore the curvature of the Ewald
sphere is small with respect to the planes of the reciprocal lattice. A very
high number of lattice points can simultaneously be in contact with the
surface of the sphere: for instance, all the points belonging to a plane of the
reciprocal lattice passing through O.
If TH > 2/A (then dH < A/2) we will not be able to observe the reflection H.
This condition defines the so-called limiting sphere, with centre O and
radius 2/A: only the lattice points inside the limiting sphere will be able to
diffract. Vice versa if A>2a max , where amax is the largest period of the unit
cell, then the diameter of the Ewald sphere will be smaller than r^in (the
smallest period of the reciprocal lattice). Under these conditions no node
could intercept the surface of the reflection sphere. That is the reason why
we can never obtain diffraction of visible light (wavelength =5000 A) from
crystals.
The wavelength determines the amount of information available from an
experiment. In ideal conditions the wavelength should be short enough to
leave out of the limiting sphere only the lattice points with diffraction
intensities close to zero due to the decrease of atomic scattering factors.
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X-ray diffraction of poiycrystalline materials
An ideal polycrystalline material or powder is an ensemble of a very large
number of randomly oriented crystallites. Figure 4.47 shows the effect that
this random orientation has on the diffraction of a specimen assumed to
contain only one reciprocal lattice node. The most remarkable difference
with the single-crystal case is that we must now think of the scattering
vectors not as lying on discrete nodes of reciprocal space but on the surfaces
of spheres whose radii are the reciprocal lattice vectors /•«, the distances
from the single-crystal reciprocal lattice nodes to the origin of reciprocal
space. Thus, with these specimens, diffraction is observed when the
scattering vectors lie at the intersection of the Ewald sphere and a series of
concentric spheres centred at the reciprocal lattice origin. So, rather than
having one point on the Ewald sphere, which together with the position of
the sample A fixes the direction of the diffracted beam, we now have a
series of circles. In strict analogy with the single-crystal case, these circles
and the sample define a series of concentric cones with apex in A. The
entire surface of these cones gives rise to diffraction.
A simple way to record the diffraction pattern of a poiycrystalline
material is by placing a film perpendicular to the incident X-ray beam. The
diffraction cones will, in this case, give rise to a series of concentric rings.
Alternatively, a narrow strip of film can be placed on a cylinder centred at
the sample. In this case, the cones will generate concentric arcs, which are
segments of the rings, on the strip. A final possibility is to reduce the strip
to a line, that is to simply record the position and the intensity of the
diffracted radiation on any plane that contains the incident X-ray beam. In
this last case one only measures the radius of the cone and the diffracted
intensity at a single position. If the sample can be considered perfectly
isotropic this single measurement is sufficient to completely characterize the
diffraction pattern. The parameters reported are 20, that is the angle made
by any vector with origin in A and lying on the diffraction cone surface and
the incident X-ray beam, and the relative intensity of the radiation along
any direction on the cone. If the orientation of the crystallite in the
specimen is not perfectly random, the pattern obtained will not be isotropic.
It may even present spots corresponding to single reciprocal lattice nodes.
In that case the powder sample can be appropriately rotated so that each
crystallite adopts many different orientations in the course of data collection, thus generating a more homogeneous diffraction pattern. The result is
equivalent to having a sample with many more possible crystallite orientations and therefore closer to isotropy. Rotation of the specimen is a
standard practice in data recording of poiycrystalline materials. Exceptions
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Fig. 4.47. (a) If the specimen is an aggregate of
randomly oriented crystallites, the vector r* is
found in all the possible orientations with
respect to the X-ray beam. These orientations
define a sphere of radius r*. (b) The intersection
of the sphere of radius r* with the Ewald sphere
is a circle that together with point A defines a
diffraction cone of all the possible directions in
which diffraction is observed.
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X rays
Fig. 4.48. The four reciprocal lattice nodes
represented in the figure are found at the same
distance from the origin of reciprocal space 0
and therefore they will all contribute to the
intensity of the line of the cone corresponding to
the distance r*.

are the cases in which the preferred orientations and other properties of the
crystallites need to be studied.
Another important feature which distinguishes powder diffraction is that
the intensity of the diffracted radiation on the cone surfaces can arise from
the contributions of more than one single-crystal reciprocal lattice node.
Figure 4.48 shows in projection that this can happen both as a result of
chance and crystal symmetry. A powder diffraction maximum, measured
along any direction on the cone surface, is thus said to have a certain
multiplicity that will be higher the higher the symmetry of the crystallites
under examination.
When the diffraction experiment is performed with monochromatic
radiation, that is when there only a single Ewald sphere, there is only one
diffraction cone corresponding to each sphere of a given radius r* in
reciprocal space. In other words, the angle 201 corresponds unambiguously
to the sphere of radius r*, 20 2 to that of radius r*, etc., and we have only
one possibility if we want to measure the diffraction that arises from the
sphere of radius r*: to have some means of detecting radiation at an angle
20, with the incident X-ray beam. It is, however, possible to shine on the
specimen X-rays with a wavelength variable within a certain range. The
experiment is exactly equivalent to the Laue method used for single crystals.
In this case, there will be many Ewald spheres, one for each wavelength,
and each will generate a diffraction cone with a given sphere of radius rf.
Figure 4.49 shows the Ewald spheres corresponding to the two values
limiting the wavelength interval of the radiation used. In the figure it can be
seen that the diffraction due to the sphere of radius rf can be measured at
many different values of the angle 20,. For different acceptable choices of
20, there will be diffraction produced by radiation of different wavelengths.
The methods which use polychromatic incident radiation and analyse the
energy or wavelength of the scattered radiation at a fixed scattering angle
are called energy dispersive methods in powder diffraction. They obviously
require a detector that will discriminate the energy of the arriving scattered
radiation and have some advantages that make them the best choice in
certain situations.'79' Just like the Laue method they are best practised with
a synchrotron source which can furnish, as we have seen, radiation of
adequate intensity in a rather extended energy interval. For the remainder
of this chapter we will assume that we are dealing with monochromatic
X-rays. The methods which use them are the most widely diffused in
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Fig. 4.49. The two Ewald spheres limiting the
wavelength range of the polychromatic radiation
used define with the sphere of radius r* two
limiting diffraction cones. All the cones in
between correspond to r* for different
wavelengths. The shaded region in the figure
shows the range of 8 values that can be used to
measure the diffraction in an energy dispersive
experiment.

standard laboratories. From the rich literature that covers the diffraction of
polycrystailine materials in depth we recommend two books.'80'81'
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