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The scattering wave functions can then be calculated at any given energy below
400 MeV. Special attention is devoted to the zero-energy limit of the low partial
waves. An easy-to-use FORTRAN program, which allows the user to calculate
these parametrized wave functions, is available via electronic mail.
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I — INTRODUCTION
Nudeon-nucleon (NN) scattering wave functions are important objects: they contain
not only on-shell information like phase shifts, but also - as the t-matrix or the NoyesKowalski half-off-shell function - information about the off-shell behavior of the underlying NN interaction [1]. Furthermore, they play a crucial role in few-body problems, as
the two-body input into these calculations is very often provided in terms of scattering
wave functions. Examples for such applications are inelastic electron-deuteron scattering
[2] or photodisintegration of the deuteron [3]. Moreover, the solution of nucleon-deuteron
scattering via Faddeev-equations has become feasible in the last few years [4] and people
are tackling already the exact solution of four- and more-body systems [5]. Furthermore
the step from plane wave to distorted wave Born approximation (DWBA) requires the
knowledge of scattering wave functions.
The calculation of the scattering wave functions is performed by solving the
Schrodinger or, equivalently, the Lippman-Schwinger equation or some minimal-relativistic version of it, like the Blankenbecler-Sugar equation. The solution of these equations can be complicated, time consuming and tricky, for example in the very low-energy
regime. These problems are even more severe when dealing with sophisticated realistic
NN potentials like those of the Paris [6], Bonn [7] or Nijmegen [8] groups. In order to save
time in applications, the Paris group has provided an easy-to-use parametrized form of
the often needed bound state wave function of the deuteron [9]. This was followed by the
Bonn group who parametrized deuteron wave functions of some of their potentials in
exactly the same way [10]. However it is so far still necessary to solve the basic equation
in order to get the scattering wave functions, and therefore rough approximations like
the asymptotic forms of the wave functions or, even more crudely, plane waves are often
used.
In this paper we will construct parametrizations of the scattering wave functions of
the Paris potential in an energy range from zero energy up to a laboratory kinetic energy,
Ti, of 400 MeV, and for total angular momenta, J, up to 4. Due to the explicit energy
dependence of the scattering wave functions one has to parametrize - in principle - an
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infinite set of functions. Making use of the smoothness of the energy-variation we will
proceed in the following way. We will parametrize the inner part of the wave function,
defined as the part where the actual wave function deviates from its asymptotic form,
by a polynomial of a certain degree. The coefficients of the power series in the parameter
r, the internuclear distance, are adjusted by a least square fit. The energy dependence
of these coefficients is relatively weak and it is possible to parametrize them again by
polynomials in the energy-variable.
The actual procedure has shown that the second part of this two-step process was not
feasible over the entire energy range. Therefore we had to split this range into smaller
regions, namely from TL = 0.1 to 50 MeV, from 50 to 200 MeV and from 200 to 400
MeV. Since the wave functions with higher angular momentum (L > 2) are very small
at low energies, the first interval of the fit for these waves is from 10 to 50 MeV with
the other intervals as given above. The zero-energy waves need a different normalization
than that usually applied. In order that the user can calculate wave functions at energies
as small as wanted, we have parametrized the wave functions for L < 3 also with this
new normalization from 0-5 MeV.
The number of partial waves to be taken into account is large, namely 14, and each
partial wave is fitted within several regions. Therefore the output of the parametrization,
necessary to calculate the requested wave functions, consists of large tables of parameters. It would not be of very practical use to publish these numbers. So, an easy-to-use
FORTRAN program has been written and is available via electronic mail. It contains
the sets of parameters and calculates the neutron-proton scattering wave functions together with the corresponding phase shifts. It allows for a simple and fast computation
of the scattering wave functions for a given partial wave and energy and can also easily
be implemented in other programs.
The present paper is organized as follows. Chapter II contains relevant formulae
pertinent to scattering wave functions, including peculiarities at zero energy, details
thereof are given in Appendix A. The procedure of the parametrization is described
in Chapter III. The results are given in Chapter IV, and a description how to use the
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FORTRAN program is also provided there. A table of numerical values of the fitted wave
functions at r = 1 fm and at one energy in each interval of the fit is also given. It allows
to check the proper use of the FORTRAN program. In order to check the accuracy of the
fit we have calculated, in DWBA, matrix elements of the regularized one-pion-exchange
potential with the original and the parametrized wave functions. Numerical results of
this check are also given in Chapter IV. Details of the DWBA calculation are explained
in Appendix B.

II — FORMALISM
The scattering wave function i>k(r) of the relative motion of two nucleons is a solution
of the Schrodinger equation

(2.1)

T is the kinetic energy operator, E the center-of-mass relative energy related to the
momentum k by
E_ T _—,

(2.2)

where m is the nucleon mass chosen here as the average neutron-proton mass, viz.
938.9190 MeV.
The peculiarity of the interaction enters via the potential V(r). In the following we
will use the NN potential which was derived by the Paris group. For the construction of
the potential dispersion relations were applied including information from pion-nucleon
and pion-pion scattering [11]. This ansatz gives a realistic description for the long and
medium range of the interaction (r > 1 fm). For the short range part a phenomenological
component was added, the parameters of which were adjusted by a fit to NN data up
to a laboratory kinetic energy of Ti = 330 MeV. In order to facilitate applications,
the energy dependence of the potential was cast into a velocity dependence, and the
entire potential, theoretical and phenomenological part, was parametrized by a sum of
Yukawa-type terms [6].
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The Schrodinger equation was solved by the Paris group with a Runge-Kutta method
integrating from small r = 0.01 fm to larger distances. The resulting wave functions
were normalized by matching at r = 15 fm the numerical solution of the equation
with the asymptotic waves and their first derivatives, expressions of which are given in
Ref. 12. The velocity dependence of the potential was taken into account by a specific
renormalization as explained in Ref. 13.
In the actual calculation one separates radial from angular and spin variables, and a
decomposition into total, 7, and orbital, L, angular momenta leads, for ^*(r), to [14,15]
°° 1
Z

J+i

(2-3)

x

-uJL(*,r)<f>jMLifi, <f,spin variables)
J=0L=J-\

T

with
M+l

,<p,spin variables) =

J^

< LmSSz \ JM > YLm{&,<p)xsst •

(2.4)

m=Af-l

Here, u(k,r) denotes the radial part, xssM the spin function, YJM{Q><P) the spherical
harmonics, and the Clebsch-Gordan coefficient builds up the conserved total angular
momentum J out of the orbital momentum L and spin S.
The first term in Eq. 2.3 belongs to the spin singlet, the second to the coupled and
uncoupled triplet states. One can then rewrite 1 0 t (r) as

j=o

with, for the singlet wave,
(2.6)
for theiuncoupled triplet wave, *5s.7 =
and for the coupled triplet waves

--^r^tJS.j

(2.7)
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>r)j.
9JS.J-1

,

{k)
(2.8)

The asymptotic forms of the radial parts can be expressed for the uncoupled waves by
[12]
uaj(k,r) = cosSj jj{kr) - sinSj nj(kr)

(2.9)

and for the coupled ones by
u

a(*i r ) = -cosej[cosSj-i jj-\(kr)

-

w

a(kir) = -sinej[cosSj-i jj-i{kr) -

{)}
(2.10)

u£(fc,r) = 3tnej[cos6j+1

j

J + 1

(kr) - sin£j+x

= -cosej[cosSJ+1 }j+i(kr) - sinSJ+1

h ( k ) ]

nJ+1(kr)].

jj(kr) and iij(kr) are the Riccati-Bessel and Riccati-Neumann functions related to
the spherical Bessel functions of the first and second kind by jj(kr)

= kr jj(kr)

and n = kr nj(kr). The phase parameters £j±i, ej belong to the Blatt-Biedenharn
parametrization [15].
In order that the zero-energy wave function is the limit as k goes to zero of the
small-energy wave function, a slightly different normalization is useful (see Appendix
A). The expression for the zero asymptotic energy uncoupled waves can be denned as
kJ

,

rJ+1

with po = 9o = 1 and for J > 0
PJ

= [1.3-5-.-(2/-l)],
l)]1

(2.12)

Here, aj is the scattering length of the 7-wave. As explained in Appendix A the
scattering length can be calculated without any ambiguity by solving the zero-energy *
Schrodinger equation.
The corresponding expressions to Eq. (2.11) for the zero-energy coupled case are
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fin,t-^-<(fc,r) =pj-1
= - lim
= — lim
k—o

wjj(0,r) =

lim

ib J + 1

t-»o sxnoj+x

In these equations aj±\ are the scattering lengths of the J± 1 waves and coj is specified
by

!fi

(2.14)

III — PARAMETRIZATION
The radial parts uj(k,r), ttjj(Jb,r), itQi^(A!,r) and wa>p(k,r) of the wave functions
(see Eqs. 2.6 - 2.8) are parametrized in the following way. For a given energy (or equivalently for a given momentum fc, see Eqs. 2.1 and 2.2) the full radial wave function
un(k,r) is split into its inner part (r < rmax) and its asymptotic part (r > rmax).

Here

the tilda denotes the parametrized wave and n corresponds to the orbital momentum:
n = J for uj{k,r) and ujj(k,r),

n = J — 1 for ttai^(fc,r) and n = J + 1 for u;Q;a(fc,r).

The matching value r m a z is chosen such that at this point the deviation between the
value of the wave and of its asymptotic is already very small. rmax depends slightly on
the angular momentum and more crucially on the energy. Its increase is of about 1 to
2 fm from lower to higher partial waves, as the stronger centrifugal barrier pushes the
wave function to larger distances. On the other hand, the kinetic energy works against
the barrier contribution, i.e. the higher the energy the more the wave function is pushed
to smaller distances. For instance, for the P waves the asymptotic region starts around
5 to 6 fm for energies below TL < 10 MeV and around 2 fm for TL > 300 MeV.
Eqs. 2.9 and 2.10 are used for the asymptotic part, with the phase parameters 8j,
£j±ii ej taken from the solution of the Schrodinger equation. For the inner part the
numerical values of the wave functions are parametrized by a polynomial in r,
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(3.1)
The parameters a"(k) are adjusted by a least-square fit for ro < r < rmax. The parameter ro allows to cut off the very small-range region, where the waves are reproduced
automatically by the constraint that limun(Jb,r) = r n + 1 and by the fit at higher rr—»0

values. For partial waves going to zero linearly in r (X5o and 3 5j —3 D\) we have insured
the correct shape up to very small r values by performing an additional fit between 0
and 1 fm.
The least-square fit is further constrained to guarantee a smooth transition between
the parametrized and the asymptotic regions, i.e.
rmaiE)
(3.2)
r

mox) 5

where the prime denotes the derivation with respect to r. The number of needed terms,
M, varies from 7 to 10 - depending on the chosen partial wave and energy.
To get an analytic expression of the wave function over the entire energy range, one
can, in a second step, parametrize the phase parameters Sj, 8j±\ and ej, needed in the
asymptotic part, and the parameters a"(Jb) of Eq. 3.1 for the inner part.
In the low energy range (0 < TL < 5 MeV) the phase parameters Sn are parametrized
by an extension of the usual effective range expansion [16]
k2n+1 coU B = - — + \rnk2 - P n r 3 * 4 + Q.r*nk\

(3.3)

The scattering length an is known from the solution at zero energy of the Schrodinger
equation, therefore just the parameters rn,Pn and Qn are fitted, again by a least-square
procedure. The mixing parameter tj is fitted similarly by

J

(3-4)

where eoj again is taken from the zero-energy solution of the Schrodinger equation. In
the higher energy regions phases Sn themselves are adjusted by the parameters c?
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In the average JV = 7 or 8 terms give an excellent fit to the respective phases.
The parameters a?(Jb) are reproduced by the following expression
^

,

(3.6)

J=l

where JfemiTl corresponds to the lowest energy in each interval and b?0 = a"(fcmfB). At
the matching points of the intervals (TL = 50,200 MeV) it is more accurate to use the
higher interval since the series (3.6) is expanded from the lowest point of the interval.
The number of terms is in the average N = 5 to 8 to guarantee a good fit to aj*(Jb).
The wave un(k,r) is now produced with the fitted values of a"(i), therefore Eqs.
3.2 do not hold anymore and a small discontinuity would exist in the wave functions at
r m a z . In order to guarantee a smooth behavior of the waves and their first derivatives,
a cubic spline function connects the fitted and the asymptotic parts. Likewise a cubic
function is introduced around 1 fm for the 1So and the 3Si —* D\ waves connecting fits
done in the short and medium range parts.

IV — RESULTS
In the following we show and discuss the wave functions produced via the procedure
described in the previous chapter. These wave functions can be obtained by a FORTRAN
program available for users. We start with a short description how to get and how to
use this program.
IV.l The Program PARISWF
The program, which calculates the parametrised scattering wave functions'of the
Paris potential for partial waves up to J < 4 and for laboratory energies between
TL = 0 and 400 MeV, is written in double precision in FORTRAN 77. The main input,
in particular the numbers of the coefficients c? and 6",- of Eqs. 3.5 and 3.6, are given
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in a BLOCK DATA subroutine. The actual size of the FORTRAN program, including
a small main program calling PARISWF, is 342 blocks and 3142 FORTRAN lines on
a VAX4000-90. The data need approximately 17000 units in double precision of array
and the executable version of the program has a size of 291 blocks. The calculation of
all waves at one energy and at 100 values of r, between 0 and 10 fm, takes less than 3
seconds of CPU time on a VAX4000-90.
The program is to be distributed via electronic mail and can be obtained from the
authors. The corresponding e-mail addresses are LOISEAU@IPNCLS.IN2P3.FR and
MATHELITSCH@KFUNIGRAZ.AC.AT. It can also be obtained via anonymous ftp
from ftp.kfunigraz.ac.at, directory:/fbn/paris_ scatt.wf.
The user has to call a subroutine: PARISWF(TLAB, R, IWAV, IRENOR, TITWF,
PHAS, WF, WFP). The program asks the user for the specification of 4 parameters of
this list of arguments: the energy, the r value, the partial wave, and which normalization
of the wave function should be used. The kinetic energy TLAB can be a real number
between 0 and 400 and the real parameter R (internuclear distance r) should be larger
than zero.The partial wave is indicated by an integer number IWAV ranging from 1
to 14 with the following correspondence to the individual quantum states: 1So (IWAV
= 1), 3 P 0 (2), XP, (3), 3P1 (4), *D2 (5), 3D2 (6), *Ft (7), 3F3 (8), lG< (9), 3G4 (10),
3

5j - 3£>! (II), 3 P 2 - 3F2 (12), 3D3 - 3G3 (13), 3 F 4 - 3H4 (14). If a renormanzation

of the wave function is desired in order to provide the zero-energy calculation, the
parameter IRENOR should be given a value of 1, otherwise IRENOR = 0. This different
normalization (see Appendix A) is provided just for partial waves J < 2 and for energies
between 0 and 5 MeV.
The output consists of the name of the partial wave, its phase, the values of the
wave function and of its first derivative at the given energy and at the given internuclear distance. The corresponding parameters have to be declared as: CHARACTERS
for TITWF and "arrays for PHAS(3), WF(4) and WFP(4). TITWF gives the name of
the partial wave asked by the user. For instance, if IWAV is 8, TITWF is 3Ft and if
IWAV=13, TITWF is *D3 - 3 G S . The rest of the output are double precision num-
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bers: PHAS(l), WF(1) and WFP(l) are the phase, the value of the wave function
and its derivative with respect to r for the uncoupled states. PHAS(l), PHAS(2) and
PHAS(3) give the Blatt-Biedenharn parametrized values of £ j - i , e j and 6j+\ coupled
states. In this case, WF(i), for i=l to 4, contain the values of

ua(k,r),wa(k,r),Ufi(k,r)

and wp(k,r), respectively. WFP(i), for i=l to 4, contains their corresponding first
derivatives. This simple call of the subroutine PARISWF(TLAB,R,IWAV,IRENOR,
TITWF,WF,WFP) should allow for a fast and handy implementation in other programs.
In order to provide an easy test-run, a sample program PWF.FOR with a given
input-data file PWF.DAT is mailed with the subroutine. The user is asked to test all
partial waves she/he is going to use at each energy intervals needed. Correct values for
all partial waves at a value of r = 1 fm and at one energy in each interval are given in
the following subchapters to allow for a comparison with the user results.
IV.2 Zero energy expansion
As explained in Chapter II and in Appendix A the calculation of wave functions at
zero energy requires a special renormalization of the wave function. Important quantities
in this respect are the scattering lengths of the specific states. These scattering lengths
were calculated from the solution of the Schrodinger equation at zero energy and they
serve as input to the fit of the phases according to Eqs. 3.3 and 3.4. The parameters of
the usual effective range expansion (Eq. 3.3) are given in Table 1 for uncoupled partial
waves with J < 2. The corresponding results for the coupled states 3S\ — iD\ and
3

/*2 — 3j^2 are shown in Table 2, where expansion (3.3) is applied for the phases 6j±\

and equation (3.4) for the mixing parameter ej.
Though the zero-energy expansion is valid till 5 MeV in our program, we will show
results just for zero energy. Fig. 1 gives the results for the isospin 1 uncoupled partial
waves 1 5o, 3Po, sPi, and 1Z>2 respectively. Fig. 2 shows the results for the isospin 0
channels 1Pi, and 3X>2, again at Ti = 0 MeV. The precision of the approximation is so
good that one barely sees a difference between the exact wave, indicated by symbols,
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and the resulting one from PARISWF given by solid lines. Numerical values at r = 1
fm are given in Table 1 for the uncoupled partial waves, again at Ti — 0 MeV.
We have plotted in Figs. 3 and 4 the four waves ua,wa,up,wp

as defined in Eq. 2.8

for the coupled states 3S\ — 3D\ and 3P?, —3F2- Again the precision of the fit is rather
good. The numerical values of the two triplet cases 3S\ — 3D\ and 3P2 — 3F2 at r = 1
fm and at zero energy are given in Table 3.
As explained in Appendix B one check of the quality of the fit consists in the comparison of the DWBA matrix elements of the regularized one-pion-exchange potential
(Eqs. B6-B10). Table 4 gives as an example the values of the matrix elements for the
calculation with the exact and the fitted wave functions for the XSQ and 3 5i — *D\
cases. The agreement is better than 1%. This precision does not hold just for the waves
exhibited in Table 4, but also similarly for all the other cases.
Another check consists in the calculation of the deviation between the exact and the
approximated results by means of a x2 routine. We used the expression
rf

,n)]2 (4.1)

with the number of mash points N being N = 120.
Again for illustration, we give in Table 5 the x 2 values for one uncoupled (15o) and
one coupled case ( 3 5i —3 Di). The quality of the fit with respect to x 2 was very similar
for all other cases.
IV.3 Scattering wave functions from 0.1 to 400 MeV
Phase shifts are important quantities in the construction of a scattering wave function
since they determine entirely the asymptotic part (Eqs. 2.9 and 2.10). Therefore great
emphasis was put on a good fit to the phases given by the Paris potential (Eqs. 3.3-3.5).
Indeed the x 2 P e r data point (the number of energies in a given interval is between 10
and 20) is better than x 2 — 10~4 for the uncoupled phases. The quality of the fit is less
good for the coupled waves, in particular the SH± phase has a x 2 of .015. The program
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PARISWF can therefore be used also for the calculation of the phase shifts of the Paris
potential to a very good accuracy.
As indicated above, the asymptotic wave is given with the same precision as the
phase shift. The matching value rmax was finally adjusted such that the deviation of
the asymptotic wave from the exact one was at rmax approximately the same as the
difference between the fitted wave and the exact result, and, as already described above,
a smoothing cubic function is inserted around rmaz.
IV.3.1 Uncoupled partial waves
The isospin 1 uncoupled wave functions 1 5o, 3i>o, 3Pi and 1I?2> are shown in
Fig. 5, now for TL = 150 MeV, and the isospin 0 states xPi and 3 D 2 in Fig. 2.
Again the difference between the fitted and the exact waves can hardly be seen.
The DWBA matrix elements are for the example of the 1SQ wave DWBAappr
-.7469 (compared to DWBA"act
a

r

DWBA ™

(DWBAexaci

act

= -.7247 (DWBA"

=

= -.7472) for the energy of TL = 25 MeV,
= -.7263) for 150 MeV, and DWBAa"r

= -.7205

= -.7351) for 250 MeV, respectively. The \2 values for these cases are

X2 = .59.10-4,.88.10"4 and .11.10~3.
In the average the quality of the fit decreases slightly in the high energy range in
each interval. For the 1So wave the worst case is at Ti = 250 MeV (the results are
quoted above). The result of the parametrization of the other uncoupled waves is alike.
In order to allow a check of PARISWF we give in Table 6 values for all waves at
r = 1 fm. The energies are chosen such that they lie more or less in the middle of each
interval.
FV.3.2 Coupled partial waves
The important partial wave 'Si —3 D\ created the largest difficulty in the fit: to get
a good result we had to split the 200-400 MeV energy range into two regions namely
from 200 to 300 MeV and from 300 to 400 MeV. Therefore the check values of the waves
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at r = 1 fm are also shown at four energies at TL = 25,150,250 and 350 MeV (Table
7).
In general, the fit is not as good as for the uncoupled waves, in particular for the wa
and up waves, which represent the transition from J ± 1 to J ^f 1. In Figs. 6 and 7 the
results are plotted for TL = 150 MeV for the cases 3 Si - 3 D i and 3 P 2 -*F2. One difficulty
with the coupled states was that the asymptotic wave gives a good approximation only
at higher r values than for the uncoupled waves (rmax had to be as high as rmax = 10
fm in one case).
The accuracy of the DWBA matrix elements, with the example of the 3 5i — 3D\
wave at TL = 150 MeV, are DWBAa"r
Jo,o, DWBAa"r
(DWBAexact

= 1.179 (DWBA"act

= -.5021 (DWBAezaet

= -.4989) for

= 1.171) for J2,2, DWBAw

= 1.995

= 2.033) for J0,2. The x 2 values for these waves are 1.2.10"5, 1.7.10"1,

1.9.10"5, and 9.8.10"6, respectively.
A similar accuracy is reached by all the other coupled waves. Fortunately, the notso-good fit to the 3-ff4 phase did not influence the wave function too much, because the
phase has a small value compared to the phase of 3F^ and to the mixing parameter C4.
The DWBA value was good to .1% at 380 MeV and the \2 was 6.5.10""6.
The results of the remaining waves ( 3 P 2 - 3 F 2 , 3 D3 - 3 G3,3 F 4 - 3 J?4) are given in
Table 8.
V — CONCLUSION
We have parametrized the phases and the scattering wave functions of the Paris
potential from zero laboratory energy up to 400 MeV. The parametrization was done in a
two-step process: First the scattering wave functions were approximated by a polynomial
in r below a value of rmax, where the deviation of the scattering wave function from the
asymptotic one is already very small. This was done for a variety of energies. Second,
the coefficients of the first fitting procedure (as well as the scattering phases and the
respective mixing parameters) were described by a polynomial in the energy (more
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exactly in k2). To achieve a good accuracy we had to split the entire energy range into
3 to 4 sections.
The quality of the approximation was tested by a x 2 calculation and by using DWBA
integrals with a regularized one pion exchange potential. Both tests showed a good to
excellent quality of our results.
Scattering wave functions at very low energies are needed, e. g. for the calculation
of atomic levels, and show some peculiarities. To allow for a smooth transition to the
zero energy wave function, we parametrized the wave functions from 0 to 5 MeV laboratory energy in addition with a different normalization, as explained in the text and
in Appendix A. We got a very satisfactory approximation to the exact wave functions
also in this energy regime.
The main purpose of this work was that users should get access to the scattering wave
functions of the Paris potential without having to solve the dynamic equation. In order to
facilitate this supply we offer a computer program which includes the parametrization
parameters and which calculates the parametrized wave functions for a given partial
wave and at a given energy and r value. It can be implemented easily in other programs
and should serve for more realistic calculations of nuclear processes.
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APPENDIX A

NORMALIZATION OF THE ZERO ENERGY NN WAVE FUNCTIONS

The zero-energy NN asymptotic partial wave functions, for coupled and uncoupled
states, ti°(0,r), satisfy the following reduced partial wave Schrodinger equation
- ^ r ) = =^<(0,r) .

(A.I)

The general solutions of this equation are
<(0,r) = ar-"+/3rn+1,

(A.2)

where a and 0 are constants determined by matching at large r (ra ~ 15 fm) the
asymptotic waves and their first derivatives to the corresponding numerical solutions of
the full Schrodinger equation. One obtains

and
r -(n+l)

Here u n (0,r) and ti n (O,r) are the numerical solutions and their first derivatives respectively. It is interesting to normalize the zero-energy solutions in such a way that they can
be obtained as the limit, as the energy tends to zero, of the non-zero energy solutions.
The non-zero energy asymptotic partial waves, for uncoupled states, are usually chosen as in Eq. 2.9 and one can then define the zero-energy asymptotic solution according
to Eqs. 2.11 and 2.12. The zero-energy uncoupled wave functions are then normalized
as

Comparison of Eq. 2.11 with Eq. A.2 shows that the scattering length an which is
defined as
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an = - lim(Jb2n+1 cot Jn)" 1

(A.6)

is given by the ratio

This can be generalized to the coupled case and the asymptotic waves are given by
Eqs. 2.13 and 2.14. Let us remark that the low energy expansion of Eq. B.13 of Ref. 12
shows that, at low energy, the nuclear bar phases, 8j±i, of the Stapp parametrization
[17], are equal to the corresponding Blatt-Biedenharn, 6j±i, phases. Furthermore for
the nuclear bar coupling parameter, ij{k) one has
=-eojaj-1

{A B)

•

-

The normalization of the zero-energy coupled wave functions can then proceed in a
similar way to that shown in Appendix B of Ref. 12 for non-zero energy waves. For
completeness let us describe here the different steps which will also allow to give the
expressions for the scattering lengths aj±\ and the
One first builds up two independent sets of numerical solutions in such a way that
their asymptotic limits behave like those of Eq. A.2. At large r one requires for the first
set
_i(0,r)i.rfe r = aipj-!r~J~l

+a2qj-irJ

{A.9a)
and for the second set
uj_i(0,r)j ari , e

r

= aipj-ir"*7"1

wJ+1(O,r)iarge

r

=l

J+1

+a2qj-irJ

b

J

+

{A.9b)

Z

The coefficients, a,-, 6;,a,- and 6,- (t = 1,2) are obtained by equating at r = r a the
numerical solutions of the two sets and their first derivatives to those of the asymptotic
forms A.9a and A.9b. One obtains analogous expressions to those given in Eqs. A.3 and
A.4. One can then define the following normalized sets

f
and

^

18

B. Loiseau and L. Mathelitsch

),r))+T\wj+1(O,r)J

•

The A, /*, v and r coefficients are determined by requiring the asymptotic limits of Eqs.
A.9a and A.9b to be equal to the corresponding asymptotic waves given in Eq. 2.13.
This leads to

h
fi = —

—

^
aj-i

=

(A.1U)

A02 + fia2

and
T =

oi 6i — 6i
v =-T—

*1

(A.llb)

Constancy of the Wronskian,
titi' - u«' = ww' - ww' ,

(^-12)

which gives

shows that both expressions of toj in Eqs. A.lla and A.lib are identical as it should
be. The previous formulae can also be applied to scattering with an optical potential
as in the antinucleon-nucleon process. In that case the waves, phases and zero-energy
parameters are complex numbers.
Solving the fcero-energy Schrodinger equation with the Paris potential [6] for neutronproton scattering, i.e. for isospin T=0 and T = l states, gives, for / < 2, the scattering
lengths displayed in Table 1 for uncoupled waves and in Table 2, together with the eQj
parameters, for coupled waves.
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APPENDIX B

REGULARIZED ONE-PION EXCHANGE POTENTIAL DWBA INTEGRALS

In order to test the accuracy of our parametrized wave functions we shall compare
integrals on r calculated with the exact Paris potential waves and with the parametrized
ones. We consider integrals entering in the derivation of the partial-wave DWBA scattering amplitude. In the triplet-singlet basis the DWBA scattering matrix is
T™BA

= e'V"*)* < V# ( r ) | V ( r ) \ ^ (r) >

(2?.l)

where a and a' denote the different total spin projections. For the transition potential
we choose the one-pion exchange potential, regularized in the following way. One has,
leaving out the isospin dependance Tj • T2i

V(r) = Va{vy • a2 + VT(r)S12(f)

(B.2)

with the tensor operator
S12(r) = 3 * 1 • ra2r-

<rx • <r2

(B.3)

and

K-W = ^ ( 1 - «-*•),

(B.i)

Here /i is the pion mass {fi = 138.04 MeV for the isospin 0 potential and /1 = 134.97
MeV for isospin 1) and the short range regularization parameter A is taken to be A =
lGeV.
The different important integrals entering in the calculation of the partial wave of
the scattering matrix (B.I) are given below. For the singlet amplitudes one has
Ij(k) = - 3 f°°dr Va(r)(uj{kfr))z
./o
and for the uncoupled triplet

(£.6)

B. Loiseau and L. Mathelitsch
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2VT(r))(ujj(k,r))>.

(5.7)

For the coupled triplet transitions one needs to calculate
dr V.(r) -

f°°
Ij+i,j+i(k) =

dr

VT
2J + 1
2( J + 2)
VT
2J + 1

(5.8)
(5.9)

Jo
and
(5.10)
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FIGURE CAPTIONS
Fig. 1 Uncoupled, isospin 1 and J < 2 parametrized zero energy wave functions (solid
lines) compared to the exact ones (symbols).
Fig. 2 Uncoupled, isospin 0 and J < 2 parametrized wave functions at zero energy and at
150 MeV (solid lines) compared to the exact ones (symbols).
Fig. 3 3 5i — 3Di zero-energy wave functions (solid lines) compared to the exact ones
(symbols).
Fig. 4 3P2 — 3i*2 zero-energy wave functions (solid lines) compared to the exact ones (symbols).
Fig. 5 As in Fig. 1 but at 150 MeV.
Fig. 6 As in Fig. 3 but at 150 MeV.
Fig. 7 As in Fig. 4 but at 150 MeV.
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2S+1

So

Lj

3

i

Po

1

3

Pi

3

02

D2

-.17618 + 02

.30445 + 01

.29663 + 01

.18488 + 01

-.18550 + 01

-.75656 + 01

r n (fm- 2/+1 )

.28830 + 01

.34855 + 01

-.57888 + 01

-.79767 + 01

.11419 + 02

.24558 + 01

P n (fm 4 ')

.29979 — 01

-.41965 — 01

-.14249 — 01

-.37844 — 02

-.13352 — 01

-.21293 + 00

<?n(fm4')

.19383 — 01

-.39585 — 02

-.14232 — 02

-.62149 — 04

-.34155 — 01

u(k = 0,r = lfm)

.68693 + 00

.11031 + 00

— 03
-.66600 — 01 -.10413 + 00

.41608 — 01

.14384 — 01

a n (fm 2/+1 )

-.30881

Table 1
Parameters of the effective range expansion and values of the zero-energy wave functions at r = 1 fm for uncoupled
states.

3

Si

a,(fm 2 ' +1 )

.54273 + 01

r,(fm- 2 ' +1 ) .17658 + 01

S

3

.62578 + 01 -.29585 + 00

F2

.14744 + 02

-.31545 + 01 -.13268 + 02 -.32539 + 01

/Mfm4')

.61801 - 02 -.13692 + 00 -.14366 - 01 -.54818 + 00

<?f(frn4')

.96260 - 01 -.92034 -02 -.20864 - 02

ei

£2

.17943 HhO2 -.42334 HhO2 <roj(deg.fm2)
.52725 HH04

ci(deg.fm4)

.77344 -1-03 -.33592 H(-05

c 2 (deg.fm a )

.55836 HhO5

c 3 (deg.fm 8 )

-.12393-hO3

.21288 + 00 -.30712 -1-04

Table 2
Parameters of the effective range expansion (Eqs. (4.1) and (3.4)) for the coupled states 3 5i — ZD\ and *P% —

wa
3
3

«/?

wp

S1-3D1

.49845 + 00

.28111 + 00

.93752 - 01

P 2 - 3F2

.14771 + 01 -.90206 - 01 -.21530 + 00

.13350 - 01

.17587 + 00

Table 3
Values of the zero-energy wave functions at r = 1 fm for the coupled
states ' S j - J D i and SP2 - 3F2.

i

S1-*D1

'So

h

/0,2

DWBA"act

-0.961

-0.327

-1.56

0.676

DWBAa'pr

-0.966

-0.329

-1.57

0.676

Table 4
DWBA matrix elements as defined in Appendix B for the 1SQ and
3
Si —3D\ exact and parametrized wave functions at T& = 0 MeV.

3

S -3D1

'So

x2

«o

ua

u;a

Up

tup

.37 - 06

. 4 9 - 07

.82-- 0 7

. 6 5 - 06

.65 - 0 5

Table 5
2

1

3

3

X for the S0 and Si - P i wave functions at TL = 0 MeV.

TL (MeV)
'So
a
Po

'Px
Px
l
D2
3
D2
X
F3
3
F3
a

3

G<

25

150

300

.70794 + 00

.82649 + 00
.34836 + 00
.30934 + 00
.28110 + 00
.16584 + 00
.22719 + 00
.19389 - 01
.22099 - 01
.45921 - 02
.49637 - 02

.85626 + 00
.52886 + 00
.56159 + 00
.46724 + 00

.96157 - 01
.54985 - 01
.53914 - 01
.12538 - 01
.19540 - 01
.59303 - 03
.66538 - 03
.54403 - 04
.56860 - 04

.37344 + 00
.43186 + 00
.69919 - 01
.78645 - 01
.23951 - 01
.25788 - 01

Table 6
Values of the wave functions of the uncoupled states at r = 1 fm
at three different laboratory energies.

T L (MeV)

25
.59837 1 00

•Si »£>,
wn
up
wp

150
.70024 \ 00

-.20627 + 00
.85621 - 01

-.27094 + 00
.25621 + 00

.23268 - 01

.92549 - 02

i

i

Values of the wave functions of the S\- D\

250
.69703 + 00
-.33020 + 00
.35962 + 00
-.40144 - 01

350
-.63394 + 00

-.39025 + 00
.46945 + 00
-.87155 - 01

Table 7
coupled state at r = 1 fin at four different energies.

TL(MeV)
3

P2-3F2

D3-3G3

25

150

300

uQ

-.12648 + 00

-.61620 + 00

-.87693 + 00

WQ

.78450 - 02

.46045 - 01

.62930 - 01

Up

-.38487 - 01

-.14448 + 00

-.16489 + 00

wp

.20026 - 02

-.10220-01

-.57847 - 01

UQ

-.74375-02

-.11697 + 00

-.27362 + 00

wa

-.15243-02

-.29283-01

-.78280-01

Up

.65678 - 02

.74595 - 01

.16525 + 00

wp

.12662 - 02

.13681 - 01

.22513 - 01

Ua

-.75909-03

-.27933 - 01

-.10887 + 00

Wa

.18281 - 04

.11919-02

.50802 - 02

up

-.61033 - 03

-.17739 - 01

-.54136-01

wp

.94904 - 05

.30477 - 03

-.64833-03

3

3

F4 - 3 # 4

Table 8
Values of the wave functions of the three coupled states 3P2-3i'2>
F4-3Hi at T = 1 fm at three different laboratory energies.

3

3

D3-3G3,

