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Abstract

The stabilization of the tilt disruption in a field-reversed configuration is in-

vestigated by means of a three-dimensional particle simulation. The growth rate of

tilting instability decreases as the /? value at magnetic separatrix f5ap increases, while

it is slightly affected by the finite-Larmor radius parameter s and the hollowness

parameter of an equilibrium current profile D under the condition that {3sp is less

than 0.1. It is found that the number flux of ions crossing the separatrix repeatedly

increases with increasing j3sp and the crossing motion of energetic ions plays a role

in leading to the tilt stabilization by disturbing the unstable tilting motion.
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I. Introduction

The tilt instability is one of the global instabilities which lead to the disruption of

a FRC (field-reversed configuration) plasma. It has been well-known that a Spheromak

is unstable against the tilt instability from the theoretical analysis based on the ideal

magnetohydrodynamic (MHD) theory.1 Compared with the Spheromak, there are a few

different features in the FRC, e.g., the FRC plasma is confined only by the poloidal

magnetic field and has a finite pressure gradient within the separatrix. The extended

analyses concerned with the tilt instability were applied to the FRC and concluded that

the tilt mode of the FRC would be also unstable within the framework of ideal MHD

theory.2'3 Although the growth time of this mode was theoretically estimated to be about

an Alfven transit time, experimental observations show that the FRC plasma remains

stable for many growth time.4'5

Until now, many theoretical and numerical studies have been carried out in order

to explain this contradiction and several models have been proposed as a stabilization

mechanism against the tilt instability. We particularly notice three effects among them

: (A) the finite ion Larmor radius effect, (B) the profile control effect, and (C) the ion

beam effect. The finite-Larmor radius effect is characterized by the parameter s which is

defined by

s= fr'rdr/rsXt, (1)

where ra is the separatrix radius, R is the radius of the field-null, and A, is the local

ion gyroradius. It has been numerically evaluated that the growth rate of the tilt mode

decreases with decreasing s.6'7 The dependence of the tilt instability on s can be shown

in a recent experimental result. Tuszewski et a/.8 have observed the tilt instability for

large s (s > 2) in the FRX-C/LSM device. On the other hand, Slough and Hoffman9

have reported that the tilt mode is stable over a wide range of s (1 < s < 8) in the LSX

device. This apparent contradiction between two experimental results means that the tilt
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stability is not determined only by a single parameter s. Second, a possibility to stabilize

the tilt mode by controlling an equilibrium profile has been reported.10'11'12 Cobb et o/.10

have pointed out that a FRC with a hollow current profile is stable for the enough high

separatrix /? value. The ion beam effect or the ion inertia effect can stabilize the tilt mode

if its kinetic energy becomes comparable to the bulk plasma energy.13 However, this effect

may be classified into a different category from previous two effects, because it is intro-

duced not to explain the contradiction between theoretical predictions and experimental

results, but to apply an additional kinetic effect to the unstable FRC. In this paper, we

discuss both the finite ion Larmor radius effect and the profile control effect.

In real plasma various effects are included simultaneously, which makes the phenom-

ena complex. In considering the problem "what is a dominant process leading to the

stabilization of the FRC plasma", it is important to develop the physical model which

can control each effect independently and dealt with them simultaneously. We carry out

the three-dimensional macroscale particle simulation7 based on such a physical model.

In this paper, we examine the dependences of tilt instability on both the finite ion

Larmor radius effect and the profile control effect, and clarify the physical mechanism of

tilt stabilization. The simulation model and the initial condition are described in Sec. II.

The results obtained from the particle simulation are discussed in Sec. III. We present

the stabilization mechanism in connection with the number flux of ions which cross the

magnetic separatrix repeatedly in Sec. IV. Summary and discussions are given in Sec. V.

II. Simulation model

We consider the FRC plasma confined by the external magnetic field within the

cylindrical conducting vessel. The plasma consists of ions and electrons which are treated

as superparticles. The total number of particles is fixed to 106. The boundary conditions

applied to the vessel surface are the conducting wall in the radial direction (r = Rj ; R.j



is the vessel radius) and periodic in the axial direction (z = ±Zd ; Zj is fixed to ZRd in

this paper). The equations to be solved are the equations of motion

«2S> = JL [E + 2>xB], (2)

at rrij c

^ - v (3)

and the Maxwell equations i f = -VxE, (4)
c at

10E
- — = VxB - 4TTJ, (5)
c ar

V • E = 4?rp, (6)

where x;-(f), v;-(<), m^ and g;- are the position, the velocity, the rest mass and the charge

of the j-th particle, and the relativistic 7-factor of the j-th particle is defined by

7; = l /v / l - (v> -v ;)/c2. (7)

The current density j(x, t) and the charge density p(x, t) are obtained by summing over

all the particles, namely,

N / \

* ™ (8)

(9)

where iV is the total number of particles and 5(x) is the form function of particles.14

The numerical scheme used for the three-dimensional particle simulation relies on the

semi-implicit method.7

Two-dimensional MHD equilibrium configurations are used for the initial conditions.

The pressure profile P(*) is written in the form as10

PoKoe-x/K° for X > 0,



where $> denotes the poloidal flux function, x = ^/l^oil? ®ax is the # value at the field

null, Po is constant, Ko = Pv(l-D/2)/(l-0,p), flsp{= P(0)/P(x = 1 ) ) i s t h e normalized

pressure value at the magnetic separatrix, and D is hollowness parameter. The parameter

f3sp represents roughly the plasma /? value at the separatrix for the FRC plasma. This

form of the pressure profile is equal to that used in neither Barnes et a/.6 nor Horiuchi

and Sato.7 Two-dimensional MHD equilibrium as the initial condition is obtained by an

iteration method15 for solving the Grad-Shafranov equation. The ion temperature and the

electron temperature are assumed to be the same and spatially uniform. Then the initial

positions and velocities of particles are determined through the pressure P(r,t), number

density n(r,t) and diamagnetic current J(r,t) by using the quiet-start technique.16

The parameters used for the simulation are listed in Table I. In the present model,

three parameters can be controlled independently. The first is the parameter s which

controls the finite-Larmor radius effect. The others are the profile control parameters f3sp

and D which determine the value of the pressure at the separatrix, and the hollowness of

the current profile, respectively.

III. Simulation results

Let us examine the behaviors of the tilt instability based on the simulation results

for the typical case Rl. Figures 1 and 2 depict the spatial profiles of mass flow vectors

and mass density contours in the (r,z) plane at four different time periods, respectively.

Time is normalized by the Alfven transit time t /i(= RII/VA) where VA is Alfven velocity

estimated from the magnetic field at r = Rj on the midplane and the ion density at the

field-null. It is clearly seen in Fig.l that the asymmetric flow with respect to the major

axis grows gradually as time goes on. As a result of the development of the tilt motion,

the two peaks of the density contours move in the opposite directions to each other. The

development of tilt instability is hereafter expressed in terms of the Fourier amplitude of



the z-component of the fluid velocity V^1^*), where superscript (l) denotes the azimuthal

mode number n = 1, the other spatial dependence disappears by integrating it over the

(r, z) space.

Three kinds of simulation runs are carried out to investigate the dependence of the

tilt instability on the parameter s, {3ap, and D. First, let us examine the dependence on

ftap. Figure 3 shows the time histories of tilt mode V^ for three different values of [5ap

where s = 3.0, D = -0.6 and j3ap are 0.02 (Rl), 0.10 (R2), and 0.20 (R3), respectively.

The growth rate 7 normalized by MHD growth rate JM 17'18 is listed in Table I where JM

is denned by

1M = C^- , (11)

VA is the average Alfven velocity associated with the volume-averaged magnetic field

and the ion density at the field-null, and Zap is the separatrix half-length in the axial

direction. The coefficient C in Eq.(ll), which is of the order of unity and depends on the

configuration of magnetic separatrix, is fixed to 3 in this paper.18 Figure 3 clearly shows

that the growth rate decreases drastically with increasing f3ap. For the case of (3ap = 0.02,

it can be found that the tilt mode is fairly unstable in comparison with the other cases

of f3ap = 0.10 and 0.20.

Now let us examine how the tilt instability is affected by the finite-Larmor radius

effect. The time histories of the tilt modes are shown in Fig.4 for three different values of

s where (3ap(= 0.02) and D(= -0.6) are fixed, the values of s are equal to 2.0 (R4), 3.0

(Rl), and 5.0 (R5), respectively. There are no distinct differences among the growth rates

(also see the cases Rl, R4, R5 in Table I). The previous simulation results6'7 indicated

that the growth rate of tilt mode decreases with decreasing s. The differences between

the previous and our results may be explained by following reasons. Horiuchi et al.7

expressed the FRC plasma by the rigid rotor model in which average ion velocity along

the 9 direction increases as the radial location moves outwards and s decreases. Thus,



the stabilization by the ions with a high rotational velocity may be more efficient with

decreasing $. Furthermore, their initial condition was fairly different from that of the

present model, e.g., the pressure profile P(*) .

In Fig.5, time histories of the tilt mode are shown for three cases with the different

hollowness parameters where (33p(= 0.10) and s(= 3.0) are fixed, the values of D are —0.6

(R2), 0.0 (R9), and 0.4 (R7). Cobb et al.10 showed that the tilt mode tends to be stable

if (3ap is enough large and the current profile is hollow. We can not find such a tendency

in the behavior of the growth rate, as is shown in Fig.5. The reason may come from the

fact that the value of ftsp (= 0.1) used here is too small compared with that (= 0.6) in

Cobb et al.

These results lead us to the conclusion that both the finite-Larmor radius effect (pa-

rameter s) and the profile control effect (hollowness parameter D) are not efficient in the

FRC plasma of small /?ap, but the tilt stabilization effect becomes significant only in the

large 0sp plasma.

IV. Stabilization mechanism

In order to clarify the stabilization mechanism by the parameter fiap, we focus on

the role of the ions which move across the separatrix repeatedly (we call them "cycling

ions" to distinguish them from the diffusive ions). The number of the cycling ions can be

calculated each Alfven time (cycling ion flux). The time histories of cycling ion flux are

shown in Fig.6 for the same cases as Fig.3 where the ion flux is normalized by the initial

total number of ions. The number flux increases monotonously with increasing /3sp. At

the period of t/tA = 2, the flux becomes equal to 1.2 x 10"1 for (3ap = 0.02, 2.4 x 10"1

for j3sp = 0.1, and 4.3 x 10~1for (i3p = 0.2, respectively. In contrast to this, the number

flux scarcely depends on the values of s and D, as is seen in Figs.7 and 8. That is, the

flux increases slightly as s decreases ( see Fig. 7 ) or the current profile becomes hollow



( see Fig. 8 ). However, the net increments in the flux for both cases are much smaller

compared with that in Fig.6. Figure 9 shows the growth rate as a function of the averaged

flux of cycling ions per Alfven time for all cases from Rl to RIO in Table I. It is important

to note that there is a clear correlation between the averaged flux and growth rates of the

tilt mode i.e., the larger the averaged flux is, the smaller the growth rate becomes. In

other words, energetic ions crossing the magnetic separatrix repeatedly contribute to the

stabilization of the tilt mode.

In order to elucidate the physical picture of the tilt stabilization by the cycling ions,

let us expand the current density into the cycling component J*c) and the non-cycling

component J^"'. The force (J x B)'.1^ which generates the tilt motion in the plasma can

be calculated with these two components separately. Suppose that Fourier expansion of

the force takes the following form as

(J^'xB)!1 ' = AM(r, z) cos 9+ B{a)(r.z) sin 9, a = c,n. (12)

We can define the average amplitude of this force F^(t) and the phase difference A<p

between the forces acting on the cycling ions and on the non-cycling ions as

F{a)(t) = v/(yl(«))2 + <B(«))2, a = c,n, (13)

where {) stands for the average over the (r,z) space, i.e., (A(r,z)) = / A(r, z)rdrdz.

Figure 10 shows the time development of (a) the amplitude and (b) the phase difference

for the unstable case R4 where the dotted and solid lines represent the forces acting on

the cycling ions and the non-cycling ions, respectively. The phase difference is nearly

equal to — TC at t = 0 i.e., the directions of two forces are opposite to each other. The

difference, however, disappears as time elapses. Thus, one component of the J x B force

works synchronously on the plasma to the same direction as the other component so that

the tilt instability grows swiftly on the whole. Figure 11 also shows the time development
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of (a) the amplitude and (b) the phase difference for the stable case R7. In contrast to

the unstable case, the phase difference remains large (A<f> ~ ±TT), as is seen in Fig.ll(b).

If we take into account the fact that two forces have always the same amplitude (see

Fig.ll(a)), it is concluded that the J x B force by the cycling ions works on the plasma

so as to cancel the tilting force by the non-cycling ions.

V. Summary and discussions

In order to investigate the tilt stabilization mechanism in the FRC plasma, we have

developed a three-dimensional particle simulation code which can describe both the finite

ion Larmor radius effect and the profile control effect. By carrying out the simulation

runs with different values of f3sp, s and D, we have clarified that it is effective against the

tilt instability to increase the separatrix beta value (/?ap). On the other hand, decreasing

s value and making current profile hollow (D < 0) scarcely affect the stabilization of tilt

mode under the condition that (3sp is less than 0.1. The detailed analysis reveals that

the large value of (3ap corresponds to the large flux of the ions which cross the magnetic

separatrix repeatedly ("cycling" ions). If we choose the suitable profile for ions to be able

to cross the separatrix many times, the growth rate of the tilt mode can be reduced.

After all, the cycling ions are found to contribute to the suppression of the tilt in-

stability. The stabilization mechanism is as follows. Tilt instability is triggered by the

internal mode, i.e., the collective motion of plasma is generated inside the magnetic sep-

aratrix. The ions which make a cyclic motion across the separatrix are not able to follow

the collective motion when they are moving outside of the separatrix. Hence, the phase

of cycling ions do not coincide with that of non-cycling ions inside the separatrix. When

the cycling ions turn back inside the separatrix, the internal tilting motion is disturbed

and suppressed through the interference by the cycling motion. We have confirmed this

process by examining the behaviors of two kinds of the tilt forces (J x B)^1), which act on



the cycling and non-cycling ions. One can speculate that the cycling ions play a role as

"chain" to connect the internal plasma and the external plasma and stabilize the tilting

motion through their "chain" effect.

Let us discuss the role of electric field. The electric force qE^ may also drive the

tilting motion. The difference between the ion and electron Larmor radii causes the

charge separation near the separatrix, thus generating the radial components of electric

field. However, the radial component causes merely the E x B drift which makes the FR.C

plasma to rotate about the symmetric axis. It has been observed that the z component Ez

which directly cause the tilting motion is always much smaller than the radial component

Er, and the tilting motion is caused by the J x B force, but not by the electric force gE.

The same situation holds for the pressure gradient force.

Though the dependence of the tilt mode on s value has been observed in some

experiment,8 it is not straightforward to compare experimental results with our simula-

tion results. For example, the experimental equilibrium doesn't coincide with our model

exactly and in experiments j3sp may be larger than the value of this case (fiap = 0.02).

Moreover, the observed FRC plasma have a tendency to rotate about the symmetric axis

which gives rise to the rotational instability.4 In our equilibrium model, plasma is at rest

initially.

Although we have investigated in this paper the system including both the finite-

Larmor radius effect and the profile control effect, our model is able to treat the ion beam

effect simultaneously with them. That is to say, it is possible to control three kinds of

parameters that characterized three effects in the stabilization of tilt mode. This extended

study will be reported elsewhere in the future.
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RUN

Rl
R2
R3
R4
R5
R6
R7
R8
R9

RIO

ftp

0.02
0.10
0.20
0.02
0.02
0.02
0.10
0.02
0.10
0.02

D

-0.6
-0.6
-0.6
-0.6
-0.6
0.4
0.4
0.0
0.0
0.4

s

3.0
3.0
3.0
2.0
5.0
3.0
3.0
3.0
3.0
2.0

Xs

0.841
0.798
0.739
0.841
0.841
0.742
0.709
0.802
0.760
0.742

E

2.14
2.27
2.44
2.14
2.14
2.46
2.53
2.26
2.39
2.46

hot

8.90
7.20
6.00
8.90
8.90
6.90
6.20
7.90
6.80
6.90

l/lM

0.58
0.20
0.02
1.00
0.93
0.63
0.33
0.54
0.21
0.70

Table I. Characteristics of equilibrium solutions used in particle simulations, includ-

ing beta value at separatrix, fisp\ hollowness parameter, D; kinetic effect parameter, s:

ratio of separatrix to vessel radius, Xa; elongation, E; total toroidal current, Itot\ normal-

ized growth rate,
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Figure captions

Fig. 1. Vector plots of mass density flux in the (r,z) plane at the periods of t/tA = 0.0,1.0,3.0, 5.0

for the case Rl.

Fig. 2. Contour plots of mass density for the same case as Fig.l.

Fig. 3. Time history of the tilt mode amplitude V^1) for three different values of 0sp, i.e.,

0.02(Rl), 0.10(R2), and 0.20(R3).

Fig. 4. Time history of the tilt mode amplitude Vj1^ for three different values of s, i.e.,

2.0(R4), 3.0(Rl), and 5.0(R5).

Fig. 5. Time history of the tilt mode amplitude V^1) for three different values of D, i.e.,

-0.6(R2), 0.0(R9), and 0.4(R7).

Fig. 6. Time history of the normahzed flux of the cycling ions per Alfven time for the same

cases as Fig. 3.

Fig. 7. Time history of the normalized flux of the cycling ions per Alfven time for the same

cases as Fig. 4.

Fig. 8. Time history of the normalized flux of the cycling ions per Alfven time for the same

cases as Fig. 5.

Fig. 9. Tilt growth rates as a function of averaged flux of the cycling ions per Alfven time.

Fig. 10. (a) Time history of tilt force (J x B ) ^ acting on the cycling ion current and the

non-cycling ions for the case R4. (b) Time history of phase difference between the

tilt force acting on the cycling ion current and that acting on the non-cycling ion

current for the same case as Fig. 10(a).

Fig. 11. (a) Time history of tilt force (J x B ) ^ acting on the cycling ion current and the

non-cycling ions for the case R7. (b) Time history of phase difference between the
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tilt force acting on the cycling ion current and that acting on the non-cycling ion

current for the same case as Fig. 11 (a).
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